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Abstract

Many real-life optimization problems need to make decisions with discrete variables and multiple,
conflicting objectives. Due to this need, the ability to solve such problems is an important and active
area of research. We present a new algorithm, called Pareto Leap, for identifying the (weak) Pareto slices
of biobjective mixed-integer programs (BOMIPs), even when Pareto slices intersect. The underlying
theory holds for BOMIPs whose continuous relaxations are nonlinear, while the implementation of the
algorithm is limited only by the capability of solvers that are used. The algorithm works by starting
on a Pareto slice of the outcome set of a BOMIP and then “leaping” to another Pareto slice, which we
demonstrate on numerical examples.
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1 Introduction

Many real-life optimization problems require discrete decisions to be made. For example, in a facility location
problem, a decision maker (DM) must choose whether or not to open a facility in a specific location. This is a
“yes” or “no” question, which is readily modeled using a binary variable. On the other hand, DMs often have
multiple conflicting objectives that they desire to reconcile and make a decision that balances these conflicts.
This aspect of decision making is modeled by multiobjective optimization problems (MOPs). Therefore, it
is of particular interest to bring these two components of decision making together and to develop methods
for solving multiobjective mixed-integer programs (MOMIPs), that is, methods for computing the solution
set in the decision space and/or objective space.

There is a recent survey in [16] where multiobjecitve mixed-integer linear programs (MOMILPs) are
discussed in-depth. In this work, however, we focus on the more general case where the underlying continuous
problem of an MOMIP is nonlinear. Broadly speaking, the literature on solving such general MOMIPs can
be categorized into two main approaches: approximation and exact methods, respectively. Interestingly, the
majority of the literature is focused on approximations.

Since MOMIPs are computationally difficult problems, approximations methods allow for speedy compu-
tational handling of such problems by producing an approximation of the Pareto set, typically within some
tolerance preset by the user; see e.g. [4, 10, 5, 9]. In [18], a new approximation method is presented which
uses inner and outer approximations of Pareto sets of subproblems of an MOMIP. Many approximation
methods use the well-established technique of extending branch-and-bound to the multiobjective case (e.g.,
[3, 20, 7, 13, 8, 12]).

Exact methods, on the other hand, are able to provide provably efficient solutions to MOMIPs. Some
methods, such as [15], also use extensions of branch-and-bound to find exact solutions.

Besides branch-and-bound, exact methods extend classical multiobjective scalarizations to handle integer
variables. In [10], the weighted-sum method is used to produce a subset of nondominated points of arbitrary
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precision as described by the coverage gap. Another technique, decomposition-based methods, utilize the
observation that it is possible to formulate subproblems of an MOMIP by fixing the integer variables at
feasible values and optimizing over the continuous variables. These subproblems go by various names such
as “subproblems”, “patches”, or “slices”; see, e.g., [2] for an exact method and [14] for an approximation
method. However, the literature [2, 13] has discussed that this is a difficult approach since up to this point,
there has been no method which can identify only the slices which contribute to the Pareto set.

Particularly relevant for this work are decomposition methods which use so-called “tabu constraints” or
“no-good constraints” [17]. In the context of mixed-integer programming, tabu constraints are introduced
in [15] and [26] and are of the form ||z− z̄|| ≥ 1, where z is an integer-valued variable, || · || is a norm, usually
the ℓ1-norm, and z̄ is some integer reference point, typically representing the current Pareto slice which is to
be considered “tabu”. Although this is a nonconvex constraint, most modern solvers can reformulate it into
a bilinear binary constraint, for which there are many suitable solution methods in the literature (e.g., [6]).
The idea for including tabu constraints is to cut off possible integer assignments as the algorithm searches
for efficient solutions. To the best of the authors’ knowledge, tabu constraint methods in the literature are
exclusively focused on MOMILPs. For example, [24, 25] use tabu constraints in a two-phase method for
biobjective mixed-integer linear programs (BOMILPs), while [23] proposes a method for MOMILPs which
iteratively adds tabu constraints as it searches the objective space using an approximation of the nadir
point. In [1], tabu constraints are also iteratively added but this method uses extreme points of previously
found slices to define cuts in the objective space to ensure that an efficient solution has been found. Also of
note, [21] combines tabu constraints with the boxed-line method described in [22] to find the Pareto set of a
BOMILP. It is worth noting that these tabu methods are able to not only idenitfy Pareto slices, but to also
produce a representation of the Pareto set. However, this is due to the fact that the underlying continuous
problem is linear.

The contribution of the present work is threefold.

1. We develop a two-phase method, which uses a reference point on a Pareto slice of a BOMIP and a tabu
constraint to identify a new Pareto slice, even when the underlying continuous problem is nonlinear.

2. Necessary and sufficient conditions for two Pareto slices to intersect are proven, a result which has not
been explicitly discussed in the existing literature.

3. Our theoretical results lead naturally to an algorithm, Pareto Leap, which exactly identifies all (weak)
Pareto slices of a BOMIP. We test Pareto Leap on test problems from the literature.

Thus, Pareto Leap provides a solution to the problem noted in the literature of identifying only the
slices which contribute to the Pareto set. Furthermore, Pareto Leap presents improvements to the class of
tabu methods in three ways. First, we have filled the gap in the literature by developing a tabu method
for nonlinear problems. Second, the implementation of Pareto Leap ensures that the constraint set of the
two-phase method tends not to grow over the course of the algorithm, unlike the tabu methods described
in [23, 1], meaning that each iteration has as few tabu constraints as possible. Finally, our method has
the advantage of flexibility in its implementation. Pareto Leap can be implemented with mixed-integer and
continuous solvers which are best suited for the mathematical properties of the problem under consideration.

The rest of the paper is organized as follows. In Section 2, essential definitions of multiobjective opti-
mization are presented. Furthermore, we provide details about Achievement Scalarizing Functions (ASFs),
a class of scalarizing functions for MOPs, which we use to test the efficiency of a point found over the course
of the algorithm. Section 3 provides the theoretical groundwork for Pareto Leap. Following this, Section
4 presents the algorithm and demonstrates Pareto Leap on an example, which includes intersecting slices.
Section 5 shows the results of performing numerical experiments with test problems from the literature.
Finally we discuss further work in Section 6.
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2 Preliminaries

We start with the following definitions.

Definition 2.1. Let nC , nI ∈ N and X ⊆ RnC × ZnI be a nonempty set. Let z∗ ∈ ZnI . We define the set
X(z∗) := {(x, z) ∈ X | z = z∗}.

Remark 2.2. Observe that it is possible for X(z∗) = ∅.

Definition 2.3. Let u = (u1, . . . , un), v = (v1, . . . , vn) ∈ Rn be n-dimensional vectors. Then

1. u < v ⇔ uj < vj for all 1 ≤ j ≤ n;

2. u ≤ v ⇔ uj ≤ vj for all 1 ≤ j ≤ n and there exists k such that uk < vk;

3. u ≦ v ⇔ uj ≤ vj for all 1 ≤ j ≤ n.

We additionally define the closed pointed convex cone R2
≧ = {x ∈ R2 | x ≧ 0} and denote the set of

nonnegative scalars by R≥ = {x ∈ R | x ≥ 0}.

Definition 2.4. LetX ⊆ RnC×ZnI be a nonempty set. A sequence is a subset ofX indexed by n = 1, 2, . . .
and denoted by {(xn, zn)}∞n=1.

We now consider a general biobjective mixed-integer optimization problem. Let nC , nI ∈ N. For i = 1, 2
let fi : RnC × ZnI → R be a continuous and convex function in x for every z ∈ ZnI . Let X be a nonempty
set such that if for some z ∈ ZnI X(z) is nonempty, then X(z) is also a compact set. The biobjective
mixed-integer programming problem is given by the following.

min f(x, z) =

[
f1(x, z)
f2(x, z)

]
(BOMIP)

s.t. (x, z) ∈ X

We say that X is the feasible set of (BOMIP) and the set Y = {f(x, z) | (x, z) ∈ X} is the outcome
set of (BOMIP).

Multiobjective mixed-integer optimization problems have properties which are not shared with multiob-
jective optimization problems in general. In particular, the BOMIP may be decomposed into so-called slice
problems.

Definition 2.5. Let X be the feasible set for (BOMIP) and let z∗ ∈ ZnI be such that X(z∗) is a nonempty
set. Then the slice set corresponding to z∗ is Y (z∗) := {f(x, z∗) | (x, z∗) ∈ X(z∗)}. When it is clear in
context, we refer to Y (z∗) as a slice.

Let z∗ ∈ ZnI be such that X(z∗) is a nonempty compact set. Then the slice problem corresponding to
z∗ is

min

[
f1(x, z

∗)
f2(x, z

∗)

]
(BOMIP(z∗))

s.t. (x, z∗) ∈ X(z∗).

Remark 2.6. Observe that (BOMIP(z∗)) is a biobjective optimization problem with continuous variables.

In this work, we use Pareto efficiency for the notion of optimality.

Definition 2.7. Let z∗ ∈ ZnI be fixed. Let X and X(z∗) be the feasible sets of (BOMIP) and (BOMIP(z∗)),
respectively.
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i. Let (x, z) be feasible for (BOMIP). We say that (x, z) is a (weakly) efficient solution if there is no
feasible (x′, z′) ∈ X such that

f(x′, z′)(<) ≤ f(x, z).

We denote the set of (weakly) efficient solutions by E(w). If (x, z) is a (weakly) efficient solution, then
we say that f(x, z) is a (weak) Pareto point and we denote the set of (weak) Pareto points by P(w).

ii. Let (x, z∗) be feasible for (BOMIP(z∗)). We say that (x, z∗) is a (weakly) z∗-efficient solution if
there is no feasible (x′, z∗) ∈ X(z∗) such that

f(x′, z∗)(<) ≤ f(x, z∗),

and we denote the set of (weakly) efficient z∗-solutions by E(w)(z
∗). If (x, z∗) is a (weakly) efficient

z∗-solution, then we say that f(x, z∗) is a (weak) z∗-Pareto point and we denote the set of (weakly)
z∗-Pareto points by P(w)(z

∗).

Definition 2.7 distinguishes between “global” optimal solutions and values (efficient solutions and Pareto
points) and “local” optimal solutions and values (efficient z∗-solutions and z∗-Pareto points).

It may be observed that for z∗ ∈ ZnI , the z∗-efficient solutions and z∗- Pareto outcomes of (BOMIP(z∗))
may have nonempty intersections with the efficient solutions and Pareto outcomes of (BOMIP), respecitvely.
Therefore, as discussed in the introduction, a naive approach to finding the efficient set of (BOMIP) could
be to find the z∗-Pareto set of each slice problem, take the union of all z∗-Pareto outcomes for all slice
problems, and apply a nondominance operator to yield the Pareto set for (BOMIP). This naive approach is,
of course, computationally inefficient at best. To develop a better algorithm for solving (BOMIP), we define
Pareto slices.

Definition 2.8. Let z∗ ∈ ZnI such that X(z∗) ̸= ∅. We say that Y (z∗) is a (weak) Pareto slice if
P(w)(z

∗) ∩ P(w) ̸= ∅.
We next introduce achievement scalarizing functions [28, 29]. These functions will be useful in ensuring

that Pareto Leap only selects slices which contribute to the Pareto set.

Definition 2.9. Let σ : Rp × Rp → R be a continuous function. Let y, y′, r ∈ Rp.

1. We say that r is the reference point of σ(·, ·);

2. We say that σ(·, ·) is strictly order preserving if y < y′ implies that σ(y, r) < σ(y′, r);

3. We say that σ(·, ·) is order representing if

{y ∈ Rp | σ(y, r) < 0} = r − int(Rp
≧),

where int(S) denotes the interior of a set S.

4. If σ(·, ·) is both strictly order preserving and order representing, then we say that σ(·, ·) is a strict
achievement scalarizing function (ASF).

The property of ASFs most salient for this work, however, is the following theorem, which shows how a
strict ASF can be used to define a separating set at a point.

Theorem 2.10 ([19]). Let σ : R2 × R2 → R be a strict ASF. Let y, r ∈ R2.

i. σ(y, r) < 0 if and only if y ∈ r − R2
>;

ii. σ(y, r) = 0 if and only if y ∈ ∂(r − R2
≧);

iii. σ(y, r) > 0 if and only if y ∈ (r − R2
≧)

C .

We refer the reader to [28, 29, 19] for more details on ASFs. With these preliminaries in place, we proceed
to the main contribution of this work. In the next section, we develop the underlying theory for the Pareto
Leap algorithm.
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3 Theoretical Results

To find the (weak) Pareto slices of (BOMIP), we propose a two-phase method. Figure 1 shows geometrically
the underlying intuition of both phases.

In the first phase, the so-called leap problem uses a (weak) Pareto point f(x∗, z∗) and searches the cone
f(x∗, z∗) + {(y1, y2) ∈ R2 | y1 ≥ 0, y2 ≤ 0} for a new slice in the objective space of (BOMIP). Figure
1a depicts this by showing a “leap” away from the point f(x∗, z∗) down to the point f(x̂, ẑ). The leap is
modeled by taking the smallest step away from the starting slice and moving as far down as possible. To
ensure that a new slice is found, a tabu constraint is used to force a change in the integer variables.

During the second phase, in order to ensure that the algorithm has found another Pareto slice, an ASF
is used by setting f(x̂, ẑ) as the reference point and searching the cone f(x̂, ẑ)−R2

≧, as shown in Figure 1b.

If the starting slice Y (z∗) is outside of the cone f(x̂, ẑ)−R2
≧, then f(x̂, ẑ) is a (weak) Pareto point, making

Y (ẑ) a (weak) Pareto slice. If, on the other hand, at least a subset of the starting slice is inside f(x̂, ẑ)−R2
≧,

then f(x̂, ẑ) is not a (weak) Pareto point. The algorithm returns to the first phase and leaps again.

f1

f2

ε̂
f(x∗, z∗)

f(x̂, ẑ)

(a) Leap problem.

f1

f2

σ = 0

f(x∗, z∗)

f(x̂, ẑ)

f(x∗
0, z

∗)

(b) ASF test.

Figure 1: Geometric intuition in the outcome space of a BOMIP for both phases of the Pareto Leap algorithm.

Let (x∗, z∗) be a weakly efficient solution for (BOMIP). The leap problem is formulated as the following
single-objective optimization problem.

min
x,z,ε

ε (LEAP(x∗, z∗))

s.t. f1(x, z) = f1(x
∗, z∗) + ε (1)

f2(x, z) ≤ f2(x
∗, z∗) (2)

nI∑
i=1

|zi − z∗i | ≥ 1 (3)

(x, z) ∈ X (4)

ε ≥ 0 (5)

In constraint (1), we seek a new point f1(x, z) which is a step of size ε away from the reference point
f1(x

∗, z∗). In constraint (2), we ensure that the new point found is below from where we started. Constraint
(3) is the tabu constraint and ensures that we do indeed shift to a new slice. Finally, constraints (4) and (5)
ensure feasibility. The following proposition shows that if (x̂, ẑ, ε̂) is an optimal solution for (LEAP(x∗, z∗))
then (x̂, ẑ) is a weakly efficient solution for (BOMIP(ẑ)).

Proposition 3.1. Let (x∗, z∗) be a weakly efficient solution for (BOMIP) and let (x̂, ẑ, ε̂) be an optimal
solution for (LEAP(x∗, z∗)). Then (x̂, ẑ) is a weakly efficient solution for (BOMIP(ẑ)).
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Proof. Let (x∗, z∗) ∈ Ew and (x̂, ẑ, ε̂) be an optimal solution for (LEAP(x∗, z∗)). Towards a contradiction,
suppose (x̂, ẑ) ̸∈ Ew(ẑ). Then there exists (x, ẑ) ∈ X(ẑ) such that f(x, ẑ) < f(x̂, ẑ). Consider the point
(x, ẑ, ε = f1(x, ẑ)− f1(x

∗, z∗)).
Observe that f(x, ẑ) < f(x̂, ẑ) implies that f2(x, ẑ) < f2(x̂, ẑ) ≤ f2(x

∗, z∗). Furthermore, since (x∗, z∗) ∈
Ew then it must be that f1(x, ẑ) ≥ f1(x

∗, z∗) which implies that ε ≥ 0. Finally, since (x̂, ẑ, ε̂) is feasible
for (LEAP(x∗, z∗)), it must be that ẑ ̸= z∗. Thus, (x, ẑ, ε) is also feasible for (LEAP(x∗, z∗)). However,
since f1(x, ẑ) < f1(x̂, ẑ) this implies that f1(x, ẑ)− f1(x

∗, z∗) < f1(x̂, ẑ)− f1(x
∗, z∗) and so ε < ε̂. But this

contradicts the optimality of ε̂. Thus, it must be that (x̂, ẑ) ∈ Ew(ẑ).

Remark 3.2. Proposition 3.1 shows that an optimal solution to (LEAP(x∗, z∗)) is always weakly ẑ-efficient.
In other words, (LEAP(x∗, z∗)) finds ẑ-weak Pareto points, but more is needed to determine weak Pareto
points for (BOMIP).

The next proposition presents a sufficient condition for an optimal solution to the first phase to be weakly
efficient for (BOMIP).

Proposition 3.3. Let (x∗, z∗) be a weakly efficient solution for (BOMIP) and let (x̂, ẑ, ε̂) be an optimal
solution for (LEAP(x∗, z∗)). If ε̂ = 0 then (x̂, ẑ) is a weakly efficient solution for (BOMIP).

Proof. Let (x∗, z∗) ∈ Ew and (x̂, ẑ, ε̂) be an optimal solution for (LEAP(x∗, z∗)) such that ε̂ = 0. Towards a
contradiction, suppose (x̂, ẑ) ̸∈ Ew. Then there exists (x, z) ∈ X such that f(x, z) < f(x̂, ẑ). Consider the
point (x, z, ε = f1(x, z)− f1(x

∗, z∗)).
Observe that since f(x, z) < f(x̂, ẑ) and (x̂, ẑ, ε̂) is feasible for (LEAP(x∗, z∗)) then f2(x, z) < f2(x̂, ẑ) ≤

f2(x
∗, z∗). This implies that f2(x, z) < f2(x

∗, z∗). Furthermore, since (x∗, z∗) ∈ Ew then it must be
that f1(x, z) ≥ f1(x

∗, z∗), which implies that ε ≥ 0. Next, suppose that z = z∗. Then by assumption
f(x, z∗) < f(x̂, ẑ) implies that f1(x, z

∗) < f1(x̂, ẑ) and since ε̂ = 0 then f1(x, z
∗) < f1(x̂, ẑ) = f1(x

∗, z∗). And
since f2(x, z

∗) < f2(x
∗, z∗), we have that f(x, z∗) < f(x∗, z∗), which contradicts the fact that (x∗, z∗) ∈ Ew.

Thus, it must be that z ̸= z∗.
Therefore, (x, z, ε) is feasible for (LEAP(x∗, z∗)). However, since f1(x, z) < f1(x̂, ẑ) then f1(x, z) −

f1(x
∗, z∗) < f1(x̂, ẑ)− f1(x

∗, z∗) and so ε < ε̂ = 0, which contradicts the optimality of ε̂.

Proposition 3.3 only applies in the case that ε̂ = 0. When ε̂ > 0, we propose a test problem which uses
a strict ASF to determine if (x̂, ẑ) is a weakly efficient solution of (BOMIP). Let (x̂, ẑ, ε̂) be an optimal
solution for (LEAP(x∗, z∗)) and σ : R2 × R2 → R be an ASF. The test problem is the following.

min
x

σ(f(x, z∗), f(x̂, ẑ)) (ASFT(z∗, x̂, ẑ))

s.t. x ∈ X(z∗)

Note that f(x̂, ẑ) = (f1(x̂, ẑ), f2(x̂, ẑ)) is used as the reference point for σ(·, ·) and that optimization
occurs over the slice set X(z∗). In what follows, we present properties of σ(·, ·), which use the following
assumptions.

Assumption 3.4.

1. (x∗, z∗) be a weakly efficient solution for (BOMIP);

2. (x̂, ẑ, ε̂) be an optimal solution for (LEAP(x∗, z∗));

3. x∗
0 be an optimal solution for (ASFT(z∗, x̂, ẑ)).

Lemma 3.5. Let σ : R2 × R2 → R be an order representing function and let Assumption 3.4 hold. If
σ(f(x∗

0, z
∗), f(x̂, ẑ)) < 0 then f1(x

∗
0, z

∗) ≥ f1(x
∗, z∗) and f2(x

∗
0, z

∗) < f2(x
∗, z∗).

Proof. Suppose σ(f(x∗
0, z

∗), f(x̂, ẑ)) < 0. Since σ(·, ·) is an order representing function, then f(x∗
0, z

∗) <
f(x̂, ẑ). This implies that f2(x

∗
0, z

∗) < f2(x̂, ẑ) ≤ f2(x
∗, z∗) and therefore f2(x

∗
0, z

∗) < f2(x
∗, z∗). However,

since (x∗, z∗) ∈ Ew, it must be that f1(x
∗
0, z

∗) ≥ f1(x
∗, z∗).
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In the rest of this work, we make the following additional assumption.

Assumption 3.6. The function σ : R2 × R2 → R is a strict ASF.

In the next proposition we examine the relationship between the efficiency of an optimal solution for
(LEAP(x∗, z∗)) and the optimal objective function value obtained in (ASFT(z∗, x̂, ẑ)).

Proposition 3.7. Let Assumptions 3.4 and 3.6 hold. Then the following two statements hold.

i. If σ(f(x∗
0, z

∗), f(x̂, ẑ)) ≤ 0 then (x∗
0, z

∗) is weakly efficient for (BOMIP).

ii. (x̂, ẑ) is a weakly efficient solution for (BOMIP) if and only if

σ(f(x∗
0, z

∗), f(x̂, ẑ)) ≥ 0.

Proof. Let the above hold.

i. Towards a contradiction, suppose (x∗
0, z

∗) ̸∈ Ew. Then there exists (x, z) ∈ X such that f(x, z) <
f(x∗

0, z
∗). We show that (x, z, ε = f1(x, z)− f1(x

∗, z∗)) is feasible for (LEAP(x∗, z∗)). First, note that
σ(f(x∗

0, z
∗), f(x̂, ẑ)) ≤ 0 implies that f(x∗

0, z
∗) ≦ f(x̂, ẑ). Thus, we have that f2(x, z) < f2(x

∗
0, z

∗) ≤
f2(x̂, ẑ) ≤ f2(x

∗, z∗) and so f2(x, z) < f2(x
∗, z∗). Since (x∗, z∗) ∈ Ew then it must be that f1(x, z) ≥

f1(x
∗, z∗) and so ε ≥ 0. Next, suppose z = z∗. Then since σ(·, ·) is strictly order preserving, f(x, z∗) <

f(x∗
0, z

∗) implies that σ(f(x, z∗), f(x̂, ẑ)) < σ(f(x∗
0, z

∗), f(x̂, ẑ)), which contradicts the optimality of x∗
0

for (ASFT(z∗, x̂, ẑ)). Thus, it must be that z ̸= z∗. Therefore, (x, z, ε) is feasible for (LEAP(x∗, z∗)).
However, since f(x, z) < f(x∗

0, z
∗) ≦ f(x̂, ẑ) we have that f1(x, z) < f1(x̂, ẑ). But this implies that

ε < ε̂, contradicting the optimality of (x̂, ẑ, ε̂) for (LEAP(x∗, z∗)). Therefore, (x∗
0, z

∗) ∈ Ew.

ii. Let σ : R2×R2 → R be a strict ASF. Let (x∗, z∗) ∈ Ew, (x̂, ẑ, ε̂) an optimal solution of (LEAP(x∗, z∗)),
and x∗

0 an optimal solution of (ASFT(z∗, x̂, ẑ)). First, we show that if (x̂, ẑ) ∈ Ew then σ(f(x∗
0, z

∗), f(x̂, ẑ)) ≥
0 by the contrapostive. To that end, let σ(f(x∗

0, z
∗), f(x̂, ẑ)) < 0. Then since σ(·, ·) is a strict ASF, it

is order representing, which implies that f(x∗
0, z

∗) < f(x̂, ẑ). Thus, (x̂, ẑ) ̸∈ Ew.
Conversely, assume σ(f(x∗

0, z
∗), (x̂, ẑ)) ≥ 0. Towards a contradiction, suppose (x̂, ẑ) ̸∈ Ew. Then

there exists (x, z) ∈ X such that f(x, z) < f(x̂, ẑ). We show that (x, z, ε = f1(x, z) − f1(x
∗, z∗)) is

feasible for (LEAP(x∗, z∗)). To that end, observe that f2(x, z) < f2(x̂, ẑ) ≤ f2(x
∗, z∗). Furthermore,

since (x∗, z∗) ∈ Ew it must be that f1(x, z) ≥ f1(x
∗, z∗) and so ε ≥ 0. Now suppose z = z∗. Then

since by assumption f(x, z∗) < f(x̂, ẑ) and σ(·, ·) is a strict ASF, we have that σ(f(x, z∗), f(x̂, ẑ)) <
σ(f(x̂, ẑ), f(x̂, ẑ)) = 0. But this contradicts the fact that x∗

0 is an optimal solution of (ASFT(z∗, x̂, ẑ))
with σ(f(x∗

0, z
∗), f(x̂, ẑ)) ≥ 0. Thus, z ̸= z∗. So (x, z, ε) is feasible for (LEAP(x∗, z∗)). However,

by assumption, f1(x, z) < f1(x̂, ẑ) implies that ε < ε̂, contradicting the optimality of (x̂, ẑ, ε̂) for
(LEAP(x∗, z∗)). Thus, (x̂, ẑ) ∈ Ew.

Figure 1b shows the result of the ASF test in the outcome space of a BOMIP. The dotted arrows show
the level curve {y ∈ R2 | σ(y, f(x̂, ẑ)) = 0}. Furthermore, we see that Proposition 3.7 shows that the
point f(x̂, ẑ) is dominated by f(x∗

0, z
∗). Note, however, that Figure 1b also shows that even if f(x̂, ẑ) is

not identified as being a (weak) Pareto point, this does not imply that the entire slice Y (ẑ) is not a (weak)
Pareto slice. This is especially important in the case of intersecting slices.

We now consider the question of determining when two weak Pareto slices intersect. To do so, we use
sequences of feasible points

{(x∗
n, z

∗)}∞n=1 ⊆ X and

{(x̂n, ẑ, ε̂n)}∞n=1 ⊆ X × R≥

which satisfy the following properties.
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Assumption 3.8. Let

{(x∗
n, z

∗)}∞n=1 ⊆ X and

{(x̂n, ẑ, ε̂n)}∞n=1 ⊆ X × R≥

be sequences satisfying the following.

1. (x∗
n, z

∗) is a weakly efficient solution for (BOMIP).

2. (x̂n, ẑ, ε̂n) is an optimal solution of (LEAP(x∗, z∗)).

3. x∗
n+1 is an optimal solution of (ASFT(z∗, x̂, ẑ)) with

σ(f(x∗
n+1, z

∗), f(x̂n, ẑ)) < 0.

Lemma 3.9. If there exist sequences

{(x∗
n, z

∗)}∞n=1 ⊆ X and

{(x̂n, ẑ, ε̂n)}∞n=1 ⊆ X × R≥

satisfying Assumption 3.8 then for all n,

f1(x
∗
n, z

∗) ≤ f1(x
∗
n+1, z

∗) < f1(x̂n, ẑ) ≤ f1(x̂n+1, ẑ)

f2(x̂n+1, ẑ) ≤ f2(x
∗
n+1, z

∗) < f2(x̂n, ẑ) ≤ f2(x
∗
n, z

∗).

Proof. Let n ≥ 1. Since σ(f(x∗
n+1, z

∗), f(x̂n, ẑ)) < 0 then f(x∗
n+1, z

∗) < f(x̂n, ẑ). Furthermore, since (x̂n, ẑ)
is feasible for (LEAP(x∗

n, z
∗)), f2(x̂n, ẑ) ≤ f2(x

∗
n, z

∗). Finally, since (x̂n+1, ẑ) is feasible for (LEAP(x∗
n+1, z

∗))
then f2(x̂n+1, ẑ) ≤ f2(x

∗
n+1, z

∗. Putting these inequalities together, we have

f2(x̂n+1, ẑ) ≤ f2(x
∗
n+1, z

∗) < f2(x̂n, ẑ) ≤ f2(x
∗
n, z

∗).

However, since (x∗
n, z

∗) ∈ Ew it must be that f1(x
∗
n, z

∗) ≤ f1(x
∗
n+1, z

∗). Furthermore, since (x̂n+1, ẑ) ∈ Ew(ẑ),
f1(x̂n, ẑ) ≤ f1(x̂n+1, ẑ). Therefore,

f1(x
∗
n, z

∗) ≤ f1(x
∗
n+1, z

∗) < f1(x̂n, ẑ) ≤ f1(x̂n+1, ẑ)

Using such sequences as defined in Assumption 3.8, we now provide necessary and sufficient conditions
for two weak Pareto slices of (BOMIP) to intersect. In the following proposition, || · || denotes the ℓ2-norm.

Proposition 3.10. There exist sequences

{(x∗
n, z

∗)}∞n=1 ⊆ X and

{(x̂n, ẑ, ε̂n)}∞n=1 ⊆ X × R≥

satisfying Assumption 3.8 such that

lim
n→∞

ε̂n = 0 and

lim
n→∞

σ(f(x∗
n+1, z

∗), f(x̂n, ẑ)) = 0

if and only if there exists y∗, ŷ ∈ R2 such that

i. y∗ = lim
n→∞

f(x∗
n, z

∗) and ŷ = lim
n→∞

f(x̂n, ẑ)

ii. y∗ = ŷ
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iii. y∗ = ŷ ∈ Pw.

Proof. Let the conditions of the proposition hold. We first prove the necessary condition. To that end,
suppose lim

n→∞
ε̂n = 0 and lim

n→∞
σ(f(x∗

n+1, z
∗), f(x̂n, ẑ)) = 0.

We first show that there exists y∗, ŷ ∈ R2 such that lim
n→∞

f(x∗
n, z

∗) = y∗ and lim
n→∞

f(x̂n, ẑ) = ŷ. Observe

that since Y (z∗) and Y (ẑ) are compact sets, they are bounded. In particular, let y∗I = (y∗I,1, y
∗
I,2), ŷI =

(ŷI,1, ŷI,2) ∈ R2 be the ideal points of Y (z∗) and Y (ẑ), respectively. Similarly, let y∗N = (y∗N,1, y
∗
N,2), ŷN =

(ŷN,1, ŷN,2) ∈ R2 be the nadir points of Y (z∗) and Y (ẑ) respectively. By Lemma 3.9, we have that for all n,

y∗I,1 ≤ f1(x
∗
n, z

∗) ≤ f1(x
∗
n+1, z

∗) ≤ y∗N,1

y∗I,2 ≤ f2(x
∗
n+1, z

∗) < f2(x
∗
n, z

∗) ≤ y∗N,2

ŷI,1 ≤ f1(x̂n, ẑ) ≤ f1(x̂n+1, ẑ) ≤ ŷN,1

ŷI,2 ≤ f2(x̂n+1, ẑ) < f2(x̂n, ẑ) ≤ ŷN,2

Thus, the sequences {f1(x∗
n, z

∗)}∞n=1, {f2(x∗
n, z

∗)}∞n=1, {f1(x̂n, ẑ)}∞n=1, {f2(x̂n, ẑ)}∞n=1 are each monotonic and
bounded, so they each converge. Let y∗ = (y∗1 , y

∗
2), ŷ = (ŷ1, ŷ2) ∈ R2 be such that for i = 1, 2

lim
n→∞

fi(x
∗
n, z

∗) = y∗i

lim
n→∞

fi(x̂n, ẑ) = ŷi.

Thus,

lim
n→∞

f(x∗
n, z

∗) = lim
n→∞

[
f1(x

∗
n, z

∗)
f2(x

∗
n, z

∗)

]
=

[
y∗1
y∗2

]
= y∗

lim
n→∞

f(x̂n, ẑ) = lim
n→∞

[
f1(x̂n, ẑ)
f2(x̂n, ẑ)

]
=

[
ŷ1
ŷ2

]
= ŷ.

However, by Lemma 3 in [27] Pw(z
∗) and Pw(ẑ) are closed in R2. This means that they must contain

their limit points and so y∗ ∈ Pw(z
∗) and ŷ ∈ Pw(ẑ).

We proceed to show that y∗ = ŷ. First, by assumption, we see that

lim
n→∞

ε̂n = 0

lim
n→∞

f1(x̂n, ẑ)− f1(x
∗
n, z

∗) = 0

lim
n→∞

f1(x̂n, ẑ) = lim
n→∞

f1(x
∗
n, z

∗)

ŷ1 = y∗1 .

Next, by Lemma 3.9, for all n,

f2(x̂n+1, ẑ) ≤ f2(x
∗
n+1, z

∗) < f2(x̂n, ẑ) ≤ f2(x
∗
n, z

∗).

This implies that

lim
n→∞

f2(x̂n+1, ẑ) ≤ lim
n→∞

f2(x
∗
n+1, z

∗) ≤ lim
n→∞

f2(x̂n, ẑ) ≤ lim
n→∞

f2(x
∗
n, z

∗)

ŷ2 ≤ y∗2 ≤ ŷ2 ≤ y∗2 .

This means that y∗2 = ŷ2 and so y∗ = ŷ.
It remains to show that y∗ = ŷ ∈ Pw. Let (x∗, z∗) ∈ Ew(z∗) be such that y∗ = f(x∗, z∗) and let

(x̂, ẑ) ∈ Ew(ẑ) such that ŷ = f(x̂, ẑ). Towards a contradiction, suppose f(x∗, z∗) = f(x̂, ẑ) ̸∈ Pw. Then
there exists (x, z) ∈ X such that f(x, z) < f(x∗, z∗) = f(x̂, ẑ). Since f1 is continuous in the real variable,
for δ = f1(x

∗, z∗) − f1(x, z) there exists N be such that for all n > N, |f1(x∗
n, z

∗) − f1(x
∗, z∗)| < δ.
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Furthermore, since {f1(x∗
n, z

∗)}∞n=1} is an increasing sequence by Lemma 3.9 then |f1(x∗
n, z

∗)− f1(x
∗, z∗)| =

f1(x
∗, z∗)− f1(x

∗
n, z

∗). Therefore, for all n > N ,

|f1(x∗
n, z

∗)− f1(x
∗, z∗)| < δ = f1(x

∗, z∗)− f1(x, z)

f1(x
∗, z∗)− f1(x

∗
n, z

∗) < f1(x
∗, z∗)− f1(x, z)

f1(x, z) < f1(x
∗
n, z

∗).

Furthermore, by assumption and Lemma 3.9 we have that f2(x, z) < f2(x
∗, z∗) ≤ f2(x

∗
n, z

∗). But this
implies that f(x, z) < f(x∗

n, z
∗), which contradicts the fact that (x∗

n, z
∗) ∈ Ew. Therefore, it must be that

y∗ = ŷ ∈ Pw.
Conversely, suppose y∗ = lim

n→∞
f(x∗

n, z
∗) = lim

n→∞
f(x̂n, ẑ) = ŷ such that y∗ = ŷ ∈ Pw. We denote y∗ = ŷ

by ȳ. Let δ > 0 and let N be such that for all n > N , ||f(x∗
n, z

∗) − ȳ|| < δ/2 and ||f(x̂n, ẑ) − ȳ|| < δ/2.
Observe that

|ε̂n| = |f1(x̂n, ẑ)− f1(x
∗
n, z

∗)|
= |f1(x̂n, ẑ)− f1(x

∗
n, z

∗) + ȳ1 − ȳ1|
≤ |f1(x̂n, ẑ)− ȳ1|+ |f1(x∗

n, z
∗)− ȳ1|

≤ ||f(x̂n, ẑ)− ȳ||+ ||f(x∗
n, z

∗)− ȳ||
< δ/2 + δ/2 = δ.

Thus, lim
n→∞

ε̂n = 0. Finally, for every δ > 0 there exists N such that for all n > N ,

∣∣∣∣∣∣∣∣[f(x∗
n+1, z

∗)
f(x̂n, ẑ)

]
−

[
ȳ
ȳ

]∣∣∣∣∣∣∣∣ <
δ. Since σ(·, ·) is continuous, then for any α > 0, there exists a δ > 0 and N such that for all n > N ,∣∣∣∣∣∣∣∣[f(x∗

n+1, z
∗)

f(x̂n, ẑ)

]
−
[
ȳ
ȳ

]∣∣∣∣∣∣∣∣ < δ implies that |σ(f(x∗
n+1, z

∗), f(x̂n, ẑ))− σ(ȳ, ȳ)| = |σ(f(x∗
n+1, z

∗), f(x̂n, ẑ))| < α.

Thus, lim
n→∞

σ(f(x∗
n+1, z

∗), f(x̂n, ẑ)) = 0.

These theoretical results, which are summarized in Figure 2, allow the Pareto Leap Algorithm to
work on BOMIPs where the underlying continuous problem is nonlinear. Note that (LEAP(x∗, z∗)) and
(ASFT(z∗, x̂, ẑ)) provide pointwise information about the objective space of (BOMIP). We start with a
weakly efficient solution (x∗, z∗) for (BOMIP), whose image is used as the reference point in (LEAP(x∗, z∗)).
Letting (x̂, ẑ, ε̂) be an optimal solution of (LEAP(x∗, z∗)), we have two cases. If ε̂ = 0, Proposition 3.3
guarantees that (x̂, ẑ) is a weakly efficient solution for (BOMIP). On the other hand, if ε̂ > 0, we use the
image of (x̂, ẑ) as the reference point for a strict ASF in (ASFT(z∗, x̂, ẑ)). Letting x∗

0 be an optimal solution
for (ASFT(z∗, x̂, ẑ)), we again have two cases. If σ(f(x∗

0, z
∗), f(x̂, ẑ)) < 0, then since σ(·, ·) is a strict ASF,

f(x0, z
∗) < f(x̂, ẑ). Furthermore, Proposition 3.7 i. guarantees that (x∗

0, z
∗) is a weakly efficient solution for

(BOMIP). On the other hand, if σ(f(x∗
0, z

∗), f(x̂, ẑ)) ≥ 0, then Proposition 3.7 shows that (x̂, ẑ) is a weakly
efficient solution for (BOMIP).

(x∗, z∗) ∈ Ew LEAP(x∗, z∗) (x̂, ẑ, ε̂)

ε̂ = 0

ε̂ > 0 ASFT(z∗; x̂, ẑ)

(x̂, ẑ) ∈ Ew

(x∗
0, z

∗)

σ(f(x∗
0, z

∗), f(x̂, ẑ)) < 0

σ(f(x∗
0, z

∗), f(x̂, ẑ)) ≥ 0

(x̂, ẑ) ̸∈ Ew,
(x∗

0, z
∗) ∈ Ew

(x̂, ẑ) ∈ Ew

Prop 3.3

Prop 3.7, i.

Prop 3.7, ii.

Figure 2: Summary of theoretical results from Section 3.

However, in order for the Pareto Leap Algorithm to find the weak Pareto set of (BOMIP), there must be a
way to not only determine when a weak Pareto point is found but also when two weak Pareto slices intersect.
To determine the intersection of two slices, the sequences described in Assumption 3.8 are needed. They
arise from iteratively solving (LEAP(x∗, z∗)) and (ASFT(z∗, x̂, ẑ)), where the optimal solutions alternate
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between two slices, namely Pw(z
∗) and Pw(ẑ).When such sequences exist, Lemma 3.9 shows that in the

objective space, the first component of the objective function yields an increasing sequence, while the second
component yields a decreasing sequence. This result is important because it leads to the necessary and
sufficient conditions in Proposition 3.10 for two (weak) Pareto slices to intersect. These conditions guarantee
that the step size ε̂n in the leap problem and the ASFT optimal objective value converge to zero if and only
if the slices intersect, i.e., Pw(z

∗) ∩ Pw(ẑ) ̸= ∅. While these conditions are theoretically valuable, they can
also be easily integrated with the algorithm to detect the intersection of two slices.

As we iteratively solve both (LEAP(x∗, z∗)) and (ASFT(z∗, x̂, ẑ)), the results proven here guarantee
that we will always find a new weakly efficient solution for (BOMIP), whether it is additionally z∗-weakly
efficient or ẑ-weakly efficient. In the next section, we apply both (LEAP(x∗, z∗)) and (ASFT(z∗, x̂, ẑ)) in an
algorithm for finding the weak Pareto slices of (BOMIP).

4 Pareto Leap Algorithm

The results of Section 3 provide the basis for the Pareto Leap algorithm to identify all slices which contribute
to the global weak Pareto set. Up to this point, we have assumed that f1 and f2 are continuous in their
real variables and that each slice set is nonempty and compact. However, for the algorithm, we make the
following additional assumption about (BOMIP).

Assumption 4.1. There exists ℓ, u ∈ ZnI such that ℓ ≦ z ≦ u.

Observe that in Step 4, we initialize the algorithm by minimizing f1 over the feasible set X and obtain
an optimal solution (x∗, z∗). Since f1 is minimized, we have that Y (z∗) is a (weak) Pareto slice and thus we
store the value of z∗. After this initialization step, we proceed to the main while loop.

Within the while loop, in Step 7, we attempt to find an optimal solution (x̂, ẑ, ε̂) for (LEAP(x∗, z∗)). If
(LEAP(x∗, z∗)) is infeasible, then the algorithm terminates; all weak Pareto slices have been found. Other-
wise, we then proceed to determine if (x̂, ẑ) is weakly efficient for (BOMIP). Step 10 checks if Proposition
3.3 holds; if so, then Y (ẑ) is a weak Pareto slice, and we set (x∗, z∗) to be (x̂, ẑ). After this, the algorithm
returns to Step 7.

If ε̂ > 0, then the algorithm proceeds to step 15 and performs the ASF test by solving (ASFT(z∗, x̂, ẑ)).
Since σ(·, ·) is a strict ASF, Proposition 3.7 applies. Thus, in Step 16, if σ(f(x′, z∗), f(x̂, ẑ)) ≥ 0, then
(x̂, ẑ) is a weakly efficient solution for (BOMIP) and Y (ẑ) is a weak Pareto slice, so the algorithm changes
its reference point to (x̂, ẑ) and returns to Step 7. Otherwise, in Step 20, if σ(f(x′, z∗), f(x̂, ẑ)) < 0 but
|σ(f(x′, z∗), f(x̂, ẑ))| > tol, where tol denotes the tolerance set by the user, then the reference point
is set to (x′, z∗) and the algorithm returns to Step 7. On the other hand, in Step 23, if ε̂ < tol and
|σ(f(x′, z∗), f(x̂, ẑ))| < tol then Proposition 3.10 is applied and Y (ẑ) is a weak Pareto slice. The reference
point is set to (x̂, ẑ) and the algorithm returns to Step 7. Steps 23-26 are possible because Proposition
3.10 shows that if during the course of the Pareto Leap algorithm we find a sequence of step sizes ε̂n which
converge to zero and the ASF test values also converge to zero, then we must have two intersecting slices.
Thus, for computational reasons, the tolerance level is used so that when ε and σ are less than the tolerance,
we proceed to the next slice, recognizing that Pw(z

∗) and Pw(ẑ) have a non-empty intersection. Furthermore,
in the actual implementation of Algorithm 1, an additional step to determine if (x̂, ẑ) has already been found
can help increase the speed of the algorithm. If Y (ẑ) has already been determined to be a weak Pareto slice,
then ẑ can be added as a tabu constraint to (LEAP(x∗, z∗)).

In the next section, we apply Algorithm 1 to a mathematical example.
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Algorithm 1 Pareto Leap Algorithm.

1: input: f1, f2, X,tol. {Input functions f1, f2, feasible set X, and a tolerance tol.}
2: Initialize S = ∅. {S will store the integer values of the Pareto slices.}
3: Initialize flag = 0. {This will determine when to end the “while” loop.}
4: Minimize f1 with optimal solution (x∗, z∗).
5: Add z∗ to S.
6: while flag = 0 do
7: Solve (LEAP(x∗, z∗)) with optimal solution (x̂, ẑ, ε̂).
8: if (LEAP(x∗, z∗)) is infeasible then
9: flag = 1 {Nowhere else to leap to; all Pareto slices have been found.}

10: else if ε̂ = 0 then
11: Add ẑ to S.
12: if f(x∗, z∗) ̸= f(x̂, ẑ) then
13: Set (x∗, z∗) = (x̂, ẑ).
14: else if f(x∗, z∗) = f(x̂, ẑ) then
15: Add z ̸= ẑ as a tabu constraint.
16: Go to Step 7.
17: end if
18: Return to Step 7.
19: else if ε̂ > 0 then
20: Solve (ASFT(z∗, x̂, ẑ)) with optimal solution x′.
21: if σ(f(x′, z∗), f(x̂, ẑ)) ≥ 0 then
22: Add ẑ to S.
23: Set (x∗, z∗) = (x̂, ẑ).
24: Go to Step 7.
25: else if σ(f(x′, z∗), f(x̂, ẑ)) < 0 and |σ(f(x′, z∗), f(x̂, ẑ))| > tol then
26: Set (x∗, z∗) = (x′, z∗).
27: Go to Step 7.
28: else if |ε̂| < tol and |σ(f(x′, z∗), f(x̂, ẑ))| < tol then
29: Add ẑ to S.
30: Set (x∗, z∗) = (x̂, ẑ)
31: Go to Step 7.
32: end if
33: end if
34: end while
35: return S, the collection of Pareto Slices.
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4.1 Example

We consider the following biobjective mixed-integer program.

min
x,z

f1(x, z) =
[
x z

] [ 0.0586 −0.1461
−0.1461 0.7321

] [
x
z

]
+

[
0.3923 0.1543

] [x
z

]
f2(x, z) =

[
x z

] [0.2930 0.0395
0.0395 0.0221

] [
x
z

]
+

[
−0.7347 0.0961

] [x
z

]
 (EX)

s.t. x ∈ [−5, 5]

z ∈ [−2, 1] ∩ Z

Observe that for fixed z ∈ Z, the objective functions f1, f2 are strictly convex in x and thus for each
z ∈ [−2, 1]∩Z, Pw(z) = P(z). Figure 3a shows the Pareto sets of each slice. In this example, we use the well
known strict ASF σ(y, r) = max

i=1,2
{yi − ri} [19]. We work through the steps of the Pareto Leap Algorithm,

following the rows outlined in Tables 1 and 2. Figure 3 visually represents the steps taken. In the discussion
which follows, let n denote the step of the algorithm.

n x∗
n z∗n, Tabu values x̂n ẑn ε̂ x∗

n+1 z∗n+1

0 −5 −1 − − − − −
1 −5 −1 −4.9038 −2 0.6191 −4.8372 −1
2 −4.8372 −1 −4.7420 −2 0.6681 −4.6578 −1
3 −4.6578 −1 −3.3473 0 0.6826 −3.1518 −1
4 −3.1518 −1 −3.2190 0 0.3419 −3.0358 −1
5 −3.0358 −1 −3.1013 0 0.3071 −2.9298 −1
6 −2.9298 −1 −2.9935 0 0.2754 −2.8331 −1
...

...
...

...
...

...
...

...
14 −2.3710 −1 −2.4240 0 0.1091 −2.3290 −1
15 −2.4240 0 −2.1123 −1 0 − −
16 −2.4240 0, −1 −2.3014 −2 1.2890 −1.8162 0
17 −1.8162 0, −1 −0.8541 1 1.3629 −0.0425 0
18 −0.0425 0, −1 0.1407 1 0.9182 0.9659 0
19 0.9659 0, −1 0.4344 −2 2.6215 1.2535 0
20 0.4344 −2 − − − − −

Table 1: Optimal solutions for each step of Pareto Leap algorithm applied to (EX).

n = 0: Initialize the algorithm by minimizing f1(x, z) over the feasible set. (Figure 3b.)

n = 1: Formulate and solve (LEAP(x∗
0, z

∗
0)), which gives an optimal solution denoted by (x̂1, ẑ1, ε̂1). Observe

that the algorithm lands in P(−2). Then (ASFT(z∗0 , x̂1, ẑ1)) is formulated and solved. The optimal value is
negative.

n = 2: The algorithm leaps again by formulating and solving (LEAP(x∗
2, z

∗
2)), finding (x̂2, ẑ2, ε̂2). Once

more, ẑ = −2. (ASFT(z∗2 , x̂2, ẑ2)) is formulated and solved. Again, σ(f(x∗
3, z

∗
3), f(x̂2, ẑ2)) < 0.

n = 3: Leap again using f(x∗
3, z

∗
3) as the reference point. However, a new slice is found, defined by ẑ3 = 0.

But σ(f(x∗
4, z

∗
4), f(x̂3, ẑ3)) < 0.

n = 4 . . . 13: The algorithm continues leaping back and forth between P(−1) and P(0). Observe that the opti-
mal values of the ASF test problem are decreasing: σ(f(x∗

n+1, z
∗
n+1), f(x̂n, ẑn)) > σ(f(x∗

n, z
∗
n), f(x̂n−1, ẑn−1))

for each n.

n = 14: The algorithm leaps to P(0), but |σ(f(x∗
15, z

∗
15), f(x̂14, ẑ14))| ≤ 0.1, the tolerance. By Proposition

3.10, P(−1)∩P(0) intersect, so P(−1)∩P(0) ̸= ∅. The new reference point is set to (x∗
15, z

∗
15) = (x̂14, ẑ14).
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n f(x∗
n, z

∗
n) f(x̂n, ẑn) f(x∗

n+1, z
∗
n+1) σ∗

n

0 (−1.3797, 11.3195) − − −
1 (−1.3797, 11.3195) (−0.7606, 11.3195) (−1.3621, 10.7179) −0.6016
2 (−1.3621, 10.7179) (−0.6940, 10.7179) (−1.3391, 10.0728) −0.6451
3 (−1.3391, 10.0728) (−0.6566, 5.7421) (−0.9975, 5.4012) −0.3409
4 (−0.9975, 5.4012) (−0.6556, 5.4012) (−0.9602, 5.0966) −0.3045
5 (−0.9602, 5.0966) (−0.6530, 5.0966) (−0.9246, 4.8250) −0.2716
6 (−0.9246, 4.8250) (−0.6492, 4.8250) (−0.8911, 4.5831) −0.2419
...

...
...

...
...

14 (−0.7157,3.5025) (−0.6066,3.5025) (−0.6986,3.4105) −0.0919
15 (−0.6066, 3.5025) (−0.6066, 2.9521) − −
16 (−0.6986, 3.4105) (0.6824, 3.5025) (−0.5192, 2.3009) −1.2028
17 (−0.5192, 2.3009) (0.8437, 0.8920) (−0.0166, 0.0318) −0.8611
18 (−0.0166, 0.0318) (0.9016, 0.0318) (0.4336,−0.4363) −0.4685
19 (0.4336,−0.4363) (3.0551,−0.4363) (0.5838,−0.4606) −0.0255
20 (3.0551,−0.4363) − − −

Table 2: Optimal values of each step of Pareto Leap algorithm applied to (EX).

n = 15: The algorithm leaps from P(0) and finds that ε̂15 = 0 and ẑ15 = −1. Thus, (x̂15, ẑ15) is a weakly
efficient solution for (EX). But it is known that Y (−1) is a weakly Pareto slice. ẑ15 = −1 is added as a tabu
constraint.

n = 16: The algorithm leaps from f(x∗
15, z

∗
15) but with the addition of a new tabu constraint, where ẑ16 ̸= 0

and ẑ16 ̸= −1. Here, the algorithm finds that ẑ16 = −2 but σ(f(x∗
17, z

∗
17), f(x̂16, ẑ16)) < 0.

n = 17 . . . 19: The algorithm leaps from P(0), but now finds P(1). However, the results from the ASF test
problem show that P(1) is a dominated slice.

n = 19: Leaping from P(0), P(−2) is found and finally |σ(f(x∗
20, z

∗
20), f(x̂19, ẑ19))| < 0.1. The algorithm

sets the reference point to (x∗
20, z

∗
20) = (x̂19, ẑ19).

n = 20: The algorithm formulates (LEAP(x∗
20, z

∗
20)), but it is infeasible. The algorithm terminates.

The algorithm returns that the slices P(−1), P(0), and P(−2) are Pareto slices. Observe that when
n = 14, by Propositioin 3.10, the algorithm detects that slices P(−1) and P(0) intersect. In particular,
observe that for steps n = 4, . . . , 13, ε̂n is decreasing while σ∗

n is increasing, as shown in Lemma 3.9. Thus,
the algorithm concludes that P(−1) ∩ P(0) ̸= ∅ since ε̂14 < 0.1 and |σ∗

14| < 0.1, where 0.1 is the tolerance
used in this example. Although this tolerance is acceptable for this instance, in practice a much smaller
value for the tolerance must be used in order to provide sufficient evidence that two slices intersect.

When n = 15, however, since the algorithm has already determined that P(−1) is a weak Pareto slice,
it adds z ̸= −1 as a tabu constraint to the leap problem. This tabu constraint remains until n = 20, when
P(−2) is found. When the algorithm uses f(x∗

20, z
∗
20) as the reference point in the leap problem, there is no

need to keep the extra tabu constraint of z ̸= −1 since the algorithm will use reference points from the new
slice P(−2). Computationally, this is an important feature of the Pareto Leap Algorithm since the constraint
set remains as small as possible through each iteration.

In the next section, we test the Pareto Leap Algorithm on test problems from the literature.
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(a) Pareto sets of the slices of (EX).
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(e) n = 17, 18

−1 0 1 2 3 4

0.0

2.5

5.0

7.5

10.0

P (−2)
P (−1)
P (0)
P (1)

(f) n = 19, 20

Figure 3: Graphical representations of notable steps from Pareto Leap Algorithm applied to (EX)

5 Numerical Results

We present results on applying Pareto Leap to four test instances from the literature. In particular, we use the
test instance generator suggested in [11] and the test problems explored in [7]. For the experiments, we set a
time limit of 3600 seconds. We implement Pareto Leap in Julia 1.11.2 and we use JuMP v1.23.5 to model
each optimization problem and use Gurobi 12.0.0 as the continuous and integer solver. All computations
are done on a Linux machine with 11th Gen Intel(R) Core(TM) i7-11800H @ 2.30GHz processor and 32

Gb of memory.
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Tables 3 and 4 present the results of test instances of BOMIPs from [7] and [11], respectively. In particular,
the columns of Table 3 list the number of integer variables, the CPU time in seconds, and the number of
times (LEAP(x∗, z∗)) was solved over the course of instance. As the number of integer variables increases,
Pareto Leap times out and is therefore unable to find all of the Pareto slices. However, this is due to the
difficulty the solver faces as the test instances grow in the number of integer variables.

nI : # integer vars CPU time (secs) # leaps
Test Instance 4.2

1 0.130232546 12
2 0.276263542 6
4 1.417349512 6
8 22.792150244 6
10 210.478535816 6
16 -
32 -

Test Instance 4.3

1 0.005424441 1
10 0.032031277 1
20 0.226425646 1
30 11.023565311 1
40 7.908380391 1
50 68.733359474 1

Test Instance 4.4
(2 continuous variables used)

1 0.882077267 5
2 0.382480336 101
4 - -
8 - -

Table 3: Results from testing Pareto Leap on test instances from [7].

The test instances from [11] provide the ability to observe this computational difficulty directly since
these test instances have been specially constructed so that explicit computation of the number of integer
values which correspond to Pareto slices, as well as the number of Pareto slices, is possible. Note that in
Table 4, the first column lists the number of integer variables, while the third and fourth columns list the
average CPU time in seconds and the average number times the leap problem was solved, respectively. The
second column, however, list the parameters used in the construction of the test instances.

# integer vars a ≤ |J | ≤ b Avg CPU time (secs) Avg # leaps
2 a = 1, b = 1 0.01149255 3
4 a = 1, b = 3 0.134401771 30.33333333
8 a = 3, b = 7 0.62530959125 126
16 a = 12, b = 15 0.7292080355000001 124
32 a = 28, b = 31 0.86698306625 121

Table 4: Results from testing Pareto Leap on test instance 4.13 from [11] with α1 = α2 = 1/5 and n = 4.

By the definition of Test Instance 4.13 in [11], the integer part of the mixed-integer program is constructed
by a set J , which represents a strict subset of indices of the integer variables. In order to determine the
number of integer values which correspond to a Pareto slice, [11] provides the formula 3nI−|J|, where nI

is the number of integer variables and |J | is the size of the strict subset J ⊂ {1, 2, . . . , nI}. Similarly, the
formula for the number of Pareto slices is 2(nI − |J |) + 1.

For instance, in the case of nI = 8, if |J | = 1 then there are 38−1 = 2187 efficient integer assignments
and 2(8− 1) + 1 = 15 Pareto slices. One result of this is that there are on average 2187/15 = 145.8 possible
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integer values per Pareto slice. As such, Pareto Leap adds a tabu constraint for each integer assignment
corresponding to the same slice. In such cases, the algorithm times out. Nonetheless, when the algorithm
does indeed find a new slice, the constraint set for the leap problem returns to only one tabu constraint since
it uses a reference point from the new slice.

However, in the case that nI = 8 and |J | = 3, then the number of integer values corresponding to a
Pareto slice is 38−3 = 243 and the number of Pareto slices is 2(8− 3) + 1 = 11, which results in an average
of 243/11 = 22 integer values per Pareto slice. This is much more manageable for the solver to find all
Pareto slices before timing out. Indeed, similar conclusions may be inferred about the test instances from
[7], although such explicit formulas about the efficient set and Pareto set are not known a priori.

Since Pareto Leap is the first method in the literature to focus on exactly identifying the (weak) Pareto
slices of (BOMIP), we cannot make any comparisons to other MOMIP methods. Furthermore, since Pareto
Leap is also the first tabu constraint algorithm to address the case of nonlinear BOMIPs, we cannot compare
its performance to other tabu constraint methods either.

6 Conclusion

We have presented Pareto Leap, an algorithm which identifies all (weak) Pareto slices for a generic BOMIP.
A special feature of this algorithm is the ability to recognize the existence of and to compute the intersection
of the (weak) Pareto sets of two slices. In particular, we have provided necessary and sufficient conditions
for (weak) efficiency and necessary and sufficient conditions for detecting and computing intersecting (weak)
Pareto slices. This last result of detecting intersecting (weak) Pareto slices has previously not been possible
in the literature. The requisite theoretical results we have proved lead naturally to the development of the
algorithm. We then demonstrated the algorithm on an example which includes intersecting slices to show
how Pareto Leap is able to handle such problem instances. Additionally, we tested the algorithm on test
problems from the literature and concluded that Pareto Leap is a competitive algorithm for BOMIPs.

A benefit of the Pareto Leap Algorithm for solving (BOMIP) is that it provides information about the
mapping between the Pareto set and the efficient set, namely which integer values correspond to which
(weak) Pareto slices. Indeed, the results shown here enrich the class of tabu constraint methods because the
Pareto Leap is able to handle BOMIPs whose underlying continuous problem is nonlinear.

As an additional benefit, Pareto Leap can be flexibly implemented. Since in general the (weak) Pareto
set of (BOMIP) is disconnected, and Pareto Leap finds all values of the integer variables which correspond
to each (weak) Pareto slice, the algorithm may be readily coupled with a solver that is well-suited for the
underlying continuous problem. Thus, as Pareto Leap identifies (weak) Pareto slices, the continuous solver
may be left with the task of finding a representation of each (weak) Pareto slice.

We see two primary directions for future work. First, improving the implementation of Pareto Leap
for problem instances with a large number of integer variables. This direction is primarily a computational
question and may depend on applying solvers that are specifically designed to take advantage of the properties
of the particular problem instance. Secondly, it is interesting, and likely challenging, to consider in what
ways the geometric intuition underlying Pareto Leap can be extended, or needs to be altered, to problems
with more than two objective functions.
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