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ABSTRACT. Inverse problems are inherently ill-posed, leading standard optimization techniques to fail and ne-
cessitating the use of regularization. This paper introduces a regularized, structure-exploiting Powell-Symmetric-
Broyden method under modified secant conditions for solving ill-posed inverse problems in both infinite dimen-
sional and finite dimensional settings. Our approach integrates regularization and structure exploitation directly
within the Quasi-Newton framework, leveraging the strengths of Quasi-Newton methods, Tikhonov-type regu-
larization, and structure exploitation. We provide a convergence analysis demonstrating local super-linear and
weakly super-linear convergence in both infinite and finite dimensional settings.

Furthermore, we discuss a globalization approach based on the dynamic control of the regularization parameter,
which not only ensures global convergence but also provides an a priori method for the specific choice of the
regularization parameter. The iterative adaptation of the regularization parameter within this globalization
framework assures convergence even when starting far from the true solution of both the proposed method and
the Levenberg-Marquardt method.

By introducing compact representations of the proposed methods, we also enable efficient computation of Hes-
sian approximations. These representations, particularly in limited-memory forms, are well-suited for large-
scale inverse problems. Finally, we discuss a numerical example based on a PDE-driven parameter identifica-
tion problem, relevant to industrial applications.

1. INTRODUCTION

Inverse problems usually aim to determine an unknown cause that leads to a known effect or consequence.
They occur in numerous real-world applications. As the unknown cause often appears in a state space
system that serves as the underlying mathematical model, several types of inverse problems can be catego-
rized.

e Inverse source problems: The objective is to determine an unknown source term in the PDE from
observed data. This class of problems is common in fields such as physics and biomedical imaging,
where identifying the origin of signals or forces is crucial to understand underlying phenomena.

e Inverse boundary value problems: The task is to determine unknown boundary conditions from
measurements or observations. Such problems often arise in geophysics and engineering where
characterization of boundary interactions is essential for modeling the behavior, such as in heat
transfer analysis in which surface temperatures and fluxes need to be identified.

e Parameter identification problems: The goal is to reconstruct unknown functions that appear as
parameters within a mathematical model to best fit the observed or measured data. This type of
problem arises frequently in engineering and material science, where parameters such as diffusion
coefficients need to be estimated from experimental data.

Note that this categorization should not be understood too strictly, as combinations also often occur, e.g.,
one wants to identify a parameter and a source term.

To tackle these types of problems, an associated, well-posed forward problem is needed, i.e., a mathe-
matical model that is uniquely solvable and stable, meaning that small changes in the cause lead to small
changes in the effect. In contrast, inverse problems are often ill-posed, meaning that solutions may not ex-
ist, may not be unique, or may not depend continuously on the observed data. As a result, inverse problems
are highly sensitive to measurement errors and noise. Therefore, regularization techniques are required to
stabilize the problem and achieve well-posedness. Specifically, inverse problems aim at solving an operator
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equation
(1.1) F(z) =y’

to determine x for given data y°. These problems are in practice often approached via iterative regular-
ization methods that refine an approximate solution from an initial guess. For that purpose, they apply
regularization iteratively in order to stabilize the problem and to achieve a reduction of the effects of noise.
Frequently they are local methods, depending on the quality of the initial guess.

Well-known examples are the Landweber iteration, the Levenberg-Marquardt method (LM) and the itera-
tively regularized Gauss-Newton method (IRGN). The Landweber iteration is a method based on gradient
descent with constant stepsize. The LM and IRGN method are popular approaches based on linearizing the
operator equation to be solved and iteratively applying Tikhonov regularization. Although those methods
are effective for many inverse problems, they are sensitive to the deviation of the initial guess. Unfortu-
nately, in real-world problems a good initial guess is often difficult to find or not available at all. Therefore,
effective optimization techniques are required for the regularized problem. As Newton-type methods use
gradient information to provide an efficient approximation of the Hessian matrix, they typically converge
fast and robust. Consequently, we will take this advantage into account and additionally incorporate reg-
ularization in Newton-type methods. Since inverse problems frequently share a very similar structure, we
will also exploit that structure, resulting in a regularized structure exploiting (RSE) Quasi-Newton (QN)
approach.

Related Work. QN methods for solving well-posed optimization problems have been extensively studied
over the last five decades. Among the most prominent examples are the Broyden-Fletcher-Goldfarb-Shanno
(BFGS), the symmetric rank-one (SR1), the Powell-symmetric Broyden (PSB) and the Davidon-Fletcher-
Powell (DFP) method, which all belong to the class of symmetric secant updates considered, e.g., by
Dennis [|6] in 1971. As a matter of fact, exploiting the structure of the problem and developing theory for
structured secant methods to construct a more efficient approximation to the Hessian can be traced back to
Dennis and Walker [8]] in 1981 and has since evolved, see e.g., [7,/9} 17} 24].

A comprehensive study of structure-exploiting QN methods in finite dimensional spaces is given in [10].
In this paper, local and super-linear convergence of QN methods from the convex Broyden class is proved
with partially known Hessian matrices. Additionally, the application to least squares problems is addressed.
In [16], the analysis of structure exploitation in finite dimensional least squares problems is further inves-
tigated in detail. Furthermore, in [3] structure exploitation of QN methods in the context of compact
representations, especially of BFGS, is discussed.

Regarding inverse problems, structure-exploiting QN methods have been applied to finite dimensional
settings, see e.g., [15]], where an electromagnetic inverse problem was decomposed in a data discrepancy
term and a regularization term. Similarly, [21] extends this decomposition to infinite dimensional Hilbert
spaces using L-BFGS updates.

Unstructured QN methods for infinite dimensional problems have also been explored. For example, [23]]
derives QN formulas such as BFGS, DFP, SR1, and PSB via variational frameworks, while [[25| 26| analyze
their local convergence via bounded deterioration principles and discusses the application on well-posed
inverse problems. Further insights into Hilbert-space applications and convergence are given in [2, 3].
The publications that are closest to this article are [19] and [18]]. Firstly, in [19] a Kantorovich theorem
and local convergence of a structured PSB method in Hilbert spaces is discussed. Secondly, in [18] a
globalization approach for unstructured bounded QN Hessian approximations in a finite dimensional setting
is presented as well as the compact representation of QN matrices, particularly the compact representation
of the PSB method is given. However, we have a slightly different setting and weaker assumptions for
convergence than in [[19]] and [[18]] does not consider possibly unbounded QN Hessian approximations.

Contribution. Consequently, the first aim of this paper is to extend and generalize the previous theory by
introducing two Tikhonov-type regularizers used additively in the target functional and deriving a modi-
fied secant equation in the Hilbert space setting. With this, we propose a local algorithm for regularized
structure exploiting PSB methods with both Tikhonov-type regularizers. Then, local convergence results of
[19] are extended to an adjusted framework, to weaker assumptions and to the inclusion of regularization,
yielding a local convergence result for a regularized structure exploiting PSB method in Hilbert spaces.
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Additionally, we address convergence behavior in this context and contribute results on the local super-
linear and weakly super-linear convergence, respectively. Moreover, the relationship to the LM and the
IRGN method are discussed.

The second aim of this paper is to address globalization of the proposed methods, motivated by possi-
bly large deviations of the initial guess to the ground truth in the application of the proposed algorithm.
Therefore, a globalization approach in the discretized setting is presented, relying on the results of [[18].
As the PSB method in general can have unbounded Hessian approximations, we establish a globalization
result for the regularized structure exploiting PSB method using results of [12]] and proof techniques of
[18]]. Subsequently, the proposed globalized algorithm is also shown to be locally super-linear convergent.
Lastly, we also give a compact representation of the proposed method.

To the best of our knowledge, this method has not been addressed in the literature so far. Previous studies
have primarily focused on finite dimensional cases or on structure exploitation via Hessian approximation
of the data discrepancy term and directly computing the Hessian of the regularizer. This paper aims to fill
this gap by presenting a comprehensive analysis of the proposed method in infinite dimensional spaces and
a globalization approach in finite dimensional spaces, contributing novel insights and methodologies to the
field.

Structure of the paper. The second section deals with the regularization and the exploitation of the prob-
lem structure in QN methods in a general Hilbert space setting. Therein, the derivation of a modified secant
equation is given, and two regularization methods are discussed. Subsequently, using both regularization
methods, the local RSE-PSB algorithm is introduced, leading to the R'SE-PSB method and the R2SE-PSB
method, which are then analyzed. In the third section, a globalization approach in a finite dimensional en-
vironment is provided to account for larger deviations of the initial estimate to the ground truth. Then, the
global RSE-PSB algorithm (GRSE-PSB) is presented and analyzed with respect to its convergence. Fur-
thermore, the compact representation of the proposed methods follows. Numerical experiments, especially
for the global converging methods, are shown in the fourth section. The final section briefly summarizes
the contributions of this paper.

2. REGULARIZED STRUCTURE EXPLOITING QN METHODS IN HILBERT SPACES

2.1. Mathematical setup and notation. Let X and Y be separable Hilbert spaces and let U C X be open
and convex. For an operator F', we denote the first Fréchet derivative with F”, its adjoint with F*, and
the dual space of X with X*. Furthermore, we assume to have a well-defined operator F' € C?(U,Y),
where neither F nor its continuous Fréchet derivatives F” and F"’ are necessarily continuously invertible.
Let 31° be the data contaminated with noise up to a noise level § > 0, which might not be in the range of F'
and Hy -0 H < 6, where y is the possibly non-unique projection, i.e., an element in the range of F' with
minimal distance to y‘s. Since the measurement data is contaminated with noise, the direct inversion of
the forward operator is ineffective as it tends to produce solutions that deviate significantly from the exact
solution. Hence, we want to consider the inverse problem as an optimization problem, where we define

i 3 1
2.1 J:X =R, (@)= 5||F) —°

and want to find z* that minimizes J. Due to the ill-posedness of the problem, we regularize .J with an
sufficiently smooth additive regularization term R, : X — R with regularization parameter o > 0,
yielding the regularized target functional

(2.2) J(x) = J(x) + Ral(z)

with Fréchet derivatives

J'(z) = J'(2) + Ry (@),
J"(x) = J"(x) + Ry (x).

By including the regularization term, the problem is transformed, at least locally, into a well-posed prob-
lem to which optimization methods can be applied. For the derivation of our theory we will employ the
following assumptions:
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Assumptions 2.1.

M1 There exists a minimizer of (2.2) in U.
M2 There exists a minimizer of (2.2)) in a convex and compact set D C U.

Assumptions 2.2.
A1 The operator F” is Lipschitz continuous with Lipschitz constant Lz > 0 and the operator C' with
C(z) := F'(z)* F'(z) is Lipschitz continuous with Lipschitz constant L > 0.
A2 The operator J” is Lipschitz continuous with Lipschitz constant L j» > 0.
A3 The operator J” (z*) is self-adjoint and positive in the sense that

(J"(@*)h, k) > N|h|%, Vh € X, where A > 0.

Assumption and F' being a continuous operator, implies that F'(D) is compact, yielding that there
exists a projection y in the range of F with minimal distance to y°, which might not be unique in general.
The compactness assumption on D can be replaced by assuming that the range of F' is a closed subspace of
Y, since compactness is only needed for the existence of a projection. If the range of F' is a closed subspace
of Y, then it would be sufficient to just assume that D is closed, bounded and convex. Furthermore, note
that J” (z*) is invertible if Assumption [A3|holds.

2.2. Derivation of the secant equation. Consider the classic Newton method obtained by employing the
Taylor approximation

0=J(z) + J"(xx)(Tps1 — k),
yielding
(2.3) j"(a:k)(ka — xk) = —j/(l‘k).
By computing the first and second Fréchet derivative of J we obtain

J'(x) = F'(x)* (F(z) —¢°)

(24) J"(x) = F'(2)*F'(z) + F" ()" (F(z) —¢°) .
As J" () might not be continuously invertible, we regularize J as mentioned already above. For this
purpose, we introduce two Tikhonov-type regularizers
2.5) RL: X SR, x'—>%||$—$k||§<

(2.6) R?

(0%
2. X SR, x»—)EHmf:coH?(

with regularization parameter o > 0, where x is the initial guess and zy, is the last obtained iterate or the

linearization point, respectively. This yields for ¢ € {1, 2} the regularized target functional

2.7 J X R, Ji(x) = J() + R ().

17

As R' = R?! = al, we obtain for i € {1,2}
(2.8) T (@) = J'(2) + R, (2)
(2.9) J'(x) = J" (z) = J* () = J"(z) + al.

Consequently, this results in a regularized Newton method
(2.10)  (F'(zp)* F'(z1) + F"(z)* (F(zr) = ¥°) + and) (zps1 — 21) = —F'(z3)* (F(zk) — y°)
for the regularizer R, ., and in case of choosing RZ , We obtain
(F'(wp)" F'(xr) + F" ()" (Fax) — ¥°) + anl) (whs1 — k)
2.11) = —F'(z)* (F(xk) - y‘s) + ap(zr — T0).

As in general the second Fréchet derivatives of the target functional are numerically very costly to com-
pute, usually approximations of the Hessian operator are used, leading to QN methods. Generally they
do not take possible decompositions of the objective function or of its analytical second Fréchet deriva-
tive into account. In the second Fréchet derivative of the objective function (2.9) the second derivative of
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the regularizer is known. Furthermore, we assume that we have access to the first derivative of the for-
ward operator F. Then, just the term F”'(zy)* (F(z)) — y°) is difficult and expensive to compute. As
a result, there is basically no necessity to approximate the full Hessian operator, but rather only the term
F' () (F(zr) —y°).

Methods using gradient information as well are the LM method

(2.12) (F'(xk)" F'(w) + i) (w41 — ax) = F'(2r)" (Fax) — y°)
and the IRGN method,
(2.13) (F'(zk)*F' (k) + o) (zp1 — 2x) = —F'(2)* (F(z1) — y°) + anlzr — 20),

which are based on iteratively applying Rik in the LM case and Rik in the IRGN case. Due to the clear
similarities to the regularized Newton methods (2.10) and (Z.TT)), respectively, these methods can be seen
as QN methods. The problem using these methods is that the approximation of the Hessian matrix may be
too inaccurate as with F”(xy)* F'(z) + axl =~ J"(zx) in 2.9) the approximation error reads as

Q1 @)~ Fa) P ) — ondl = || (P — 7)) (Bl - o)

This approximation error is only small if F' is linear or the residual is sufficiently small, i.e., we have a good
approximation with small noise level d. In our setting F’ can also be non-linear. Additionally, in real-world
applications one does neither necessarily know the noise level a-priori nor can influence the noise level, as
it is dictated by the measurement process. Furthermore, both the LM and the IRGN method require exactly
the same access to the Fréchet derivative of the forward operator as we assumed to have. Thus, we want to
derive an approximation for F”'(2x)* (F(zx) — ¢°) .

Define

(2.15) Sk 1= Tp41 — Tk
and consider the Taylor approximation of F',

F(zp41) = F(ar) + F'(zx)sk + O sk ])?)

(2.16) & Fl(zp)se = F(zpg1) — Fxe) + O(||sel?).
By defining
2.17) i = Fy) — y°,

we conclude
F'(ag)* (rin — i) = F/(23) " (F(wp1) —y° = Flay) +9°) = F'(21)"(F(2r41) = F(xy))
(2.18) = F'(2)" F'(zx)sk + O]l s ]|?).
Then, exploiting the Taylor approximation of Jie.,
T (@ri1) = F'(zr41) a1 = F (@) i + (F" () 1k + F' (@) F' () s + O(|lse]|)

& (F"(wx) re + F'(2) F'(wx) sk = F'(@x11) i1 — F'(2x) i+ O(||se]|*)

and using (2:18) yields
(F"(@x)*re + F'(@x) " F' (2x))sk = F'(w501) rier — F' (@) i+ O([|se]|)

& (F" () i)k = F'(wxg1) rern — F/ () — F' () F' (@) s+ Ol sk |*)
& (F"(a1) ) sk = (F (tpg1) — F'(21)) s + F (@) (rhgr — ) — F' () F' (z1) 55 + O(||s]]?)
& (F"(xx) rr)sk = (F'(wes1) — F'(21)) Trsr + O(|[sell).
Consequently, we obtain the essential modified secant condition
(2.19) (F"(wr) ri) sk = (F' (k1) — F' (1)) g

Hence, this equation defines the step sy to be taken. We now consider the relationship between the standard
secant condition used for unstructured QN methods and the modified secant condition (2:19).
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Remark 2.3. Assume that a secant equation holds for J, i.e., we know

(2.20) J"(xg)sk = J" (xg) sk + agsk = J (xp11) — I (zk) + agsk
for i € {1, 2}. Hence,
J"xp)s, = J (zhi1) — T (xr) + arsy
= F'(wx11)" (Fleepn) = v°) — F'(ae)* (Flar) —°) + ansk
= (F'(xx11) — F'(@1))" (F(@ri1) —9°) + F' (@) (F(zp1) — F(21)) + ansi.
By the Taylor theorem in Banach spaces and the Lipschitz continuity of F’ we know
F(xpy1) — F(zg) = F' () sk + Exs,  with
@2 1Bl < 2L max{l2” — ai ], 2* — i},
which yields
J"(@x)sk = (F'(wp41) = F'(2x))* (F(ek1) —y°) + F/(2r) " F'(ax)sy, + F' (1) Egsy, + agsy.
Hence, with identity (2.4) and (2:9) we obtain
(2.22) (F"(xx)"r)se = (F'(whr1) — F'(21)) rhg1 + F'(2x)" Eg sy

Consequently, equation (2.20) can be transformed into (2.22) for i € {1,2}. This describes the relation
to the modified secant condition (Z.19), as equation (2Z.22)) consists of the same components as equation
(2:19) but with the additional error term F’(zy,)* Ej;s), on the right-hand side.

Then by defining
(2.23) Yi = (F'(xp41) = F' (1)) Tht1,
(2.24) b= J (wper) — J (2p) fori e {1,2}

we introduce the secant condition for .J as
(2.25) Bl sp=(, forie {1,2}
where Bj/, | has to be chosen such that it approximates J" (x).

Remark 2.4. Using the operator C' defined in Assumption[AT] we obtain due to Remark [2.3] that

(2.26) Ch = Gk =y + Can)sk + F'(zr)" Egsk + arsk,
fori € {1,2}. Hence, using (2.26) yields that B} can be expressed as

(2.27) Bl = C(xp) + Ay + al + F'(v1)* Eg,
where the modified QN condition

(2.28) ApSp—1 = Yr—1,

with Ay & F"(x_1)*r,_1 has to be determined.

2.3. The regularized structure exploiting PSB. We now want to find approximations A1 to F”' (xg)*rg
satisfying (2:28). In finite dimensional spaces one suitable outer product is represented by the matrix zy” .
In infinite dimensional Hilbert spaces, QN methods require the definition of the outer product. This can be
achieved by introducing the dyadic product, see [3]] or [[19].

Definition 2.5 (Dyadic product). Let X and Y be Hilbert spaces. Then the dyadic product ® : X x Y —
L(Y, X) is a rank-1 operator defined forz € X,y € Y by

(r®y)z=(y,z)yx forallz €Y.
We now recall some properties of this operator, see [3] or [[19].

Proposition 2.6. Let X and Y be Hilbert spaces and z € X and y € Y. Denote with L(X,Y") the space
of bounded linear operators 7' : X — Y and L(X) := L(X, X). Then it holds that:

e The operator ® : X x Y — L(Y, X) is bilinear.
o [lz@yll = [lzllllyll.
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e IfY = X, then for all selfadjoint operators A € L(X) it holds that Ao (x®y) o0 A = (Az) o (Ay),
where o denotes the concatenation of operators or functions.
e Forall z1,22,y1,92 € X, (21 ® y1) 0 (22 ® y2) = (y1, 22) (21 ® Y2).

e P=1-— qu%") is an orthogonal projector, i.e., || P|| = 1.

We assume that F'(z*)* (F(2*) — y°) is self-adjoint but not necessarily positive. Thus, we need QN
methods that converge without assuming positivity of the operators, while still forcing symmetry. One
method satisfying these requirements is the symmetric-rank-1 update, which needs a well-definedness
condition to prevent the denominator from being zero. To overcome this drawback, we want to focus
on a rank-2 update, satisfying the restrictions, namely the Powell-symmetric Broyden update (PSB), which
is given in the unstructured case via

(2.29) B/ — B+ (Ch — Bilsk) ® si + 51 ® (G — Bilsk)  (Ci — Bilsk, 5k)5K @ s,
. k+1 — k

(Sk» 8k) (Sk» 8k)?

fori € {1,2}. We define
(2.30) oy = max{||z* — x|, ||z" — zp41 |}
and state the following result motivated by [[19].

Lemma 2.7. Let Assumption[2.2]and Assumption[MT]be satisfied. Then, the unstructured PSB method in
Hilbert spaces satisfies the bounded deterioration principle

(231) 1Biea = 7" @")|| < [|BE = J"@")]| + Co.
Proof. Similarly to Theorem 2.1 in [I9] we use the orthogonal projector defined in Proposition [2.6] to

reformulate the distance between B, | and J”(z*) for i € {1,2}. Due to Theorem 2.1 in [[19], we have
that

i pJ i _ RBJ

Bl — J"(x*) = B — J"(a*) + (Ck i Sk) © ZI:S?; ® (¢, Pse) (G- <Sil’c;<zl;>3k @ S

_ (Bl — gy - BECT @) + T ) o & )

(sk,sk)
L (e ®si) " (@) sk ® sn) | (G @ sk) + (56 ©G) (51 ® Gi)(sk © sx)
(Sk Sk)? (Sk» Sk) (Sks sK)?
(2.32) _ p(p] — @) p 4 G =S @) (G T ()s) © s
(Sk» k) (Sks Sk)
Using the triangle inequality and Proposition [2.6] we have
//

(2.33) 1By — 7" (@) < ||BL - ()| + Ik = I @ )sl]

[kl
By the fundamental theorem of calculus in Banach spaces and the Lipschitz continuity of J” on U we
obtain

1
I = 7 @sel) = |77 rsa) = 1) = 5" @se | = | [ 07+ 7s0) = 77 odr
0

1
< IISkH/ 17" (@ + 7s8) = J" (") d7
0

1
< Lyo|lsil / I (@es — 2%) + (L= 7) (@ — 2*)] dr
0

1 1
< Lyl ( [ e —atlar+ [ (1—r>||mk—m*df)
0 0

< Ly |lskllow
for i € {1,2}. With this, inequality (2.33) simplifies to
(2.34) | By = J" ()| < || B — J"(a)|| + 2L o
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O

Therefore, the unstructured PSB update satisfies the bounded deterioration principle and Theorem 4 in [3]]
guarantees its local linear convergence.
Using the operator C' defined in Assumption[AT] the structure exploiting PSB update is given by

(2.35) By = C(.Tk) + Ay + a1
where Ay, is updated with the PSB update rule, i.e.,
(Y — Apsk) @ sk + 51 @ (Yr — Axsk)  (Yr — ArSk, Sk)Sk @ S

2.36 A =A —

(2.36) k+1 K+ Tsm o) (s, 502
Remark 2.8. Note that Remark yields that B,‘CI is given by

(2.37) B = By, + F'(z1,)" Eg.

Using this update, we introduce the following method, which exploits the structure of the inverse problem
and regularizes it.

Algorithm 1 Regularized structure exploiting PSB for inverse problems (RSE-PSB)

Require: Ay € L(X),Ozo >0,7>0,29 € U,go = ’ j/(l‘o) ,y5 €Y, 0e (0, 1)
k=0
while g, > n do
Evaluate the forward operator F'(xy)
§

Compute the derivative F’(zy,) of the forward operator, its adjoint and the residual r, = F'(zy) —y°.

if £ > 0 then
Compute Ay, using (2.13) and (2.23) according to (2.36).
end if

Compute By, according to (2.35) and solve for s:
(R'SE-PSB) Bysy = — (F'(x1)*ry)
or
(R?SE-PSB)  Bysy = — (F'(xx)*ry — ag(zr — x0)) .
Compute update x;4+1 = T + Sk
Compute gx+1 = Hj'(fka)H
Update a1 = Oag

k=k+1
end while

As by construction we just approximate a part of the Hessian operator, namely F"'(zy)* (F(zx) — y°)
using the PSB update with modified secant conditions, it is natural to ask if this algorithm shows a similar
local convergence behavior to the unstructured PSB update. Furthermore, the next intuitive question is on
how to improve the linear convergence behavior. Therefore, we now prove convergence and convergence
rates for the regularized structure exploiting PSB algorithm in Hilbert spaces, i.e., Algorithm [T}

Theorem 2.9. Let Assumption and Assumption be satisfied. Let F' be bounded on U by M > 0
and let the regularization parameters satisfy
(2.38) |Olk+1 — Ckk| <aopVk €N

for some a > 0 and oy, defined as in 2.30). Then, the sequence {xy}ren defined by Algorithm is well-
defined and converges linearly to x*. Furthermore, By " exists and || By || as well as HBk_l || are bounded.
If additionally

o F''(x*)* (F(2*) — y°) is boundedly invertible, F' is Lipschitz continuous and
Ag = F"(z*)* (F(z*) —y°)

is compact, then {xy }ren converges weakly super-linearly to x*, or
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e By — J'(x*) is compact, then {xy }ren converges super-linearly to x*.

Proof. Due to Remark 2.4]and Remark [2.8] we conclude that
Ck — Bilsk = yk — Arsi,

and therefore
Biy1 = C(@p41) + A1 + gl

= C(zpsn) + anad + Ag + (yi — Arsik) @ sk + 55 ® (Y — Arsk) (Y — Ak, k) Sk @ Sk

(Sk,5k) (8K, 8K)?
= C(zpy1) — Clzp) + (apy1 — ap)] + Bi — F'(x)*Ey,
N (Ck — Bilsk) ® s + 55 @ (G, — Bilsk)  (Ci — Bilsk, 5k)5K @ 55,
(Sks Sk) (Sky Sk)*

= Clxhs1) — Claw) + (argr — ap) + Bilyy — F'(wx) By

for i € {1,2}. Since C'is Lipschitz continuous with Lipschitz constant L¢, F” is bounded by M > 0, Ej,

is bounded by 2Ly oy, for all k € N due to 2.2T)) and the condition (2.38) on the regularization parameter,
we obtain

(2.39) | Brt1 — Biaal| < Lellskll + (a + 2M Lps)og.
Now, applying Lemma[2.7 and using specifically inequality yields
|Bigr — J"(@")|| = || Bes1 — Bisa || < || Begr — J" (%) = Brga + Bi ||
= [[Bis = 7" @)
<|B{ - J" (")
By using identity and the estimates (2.39) and (2.21)), we obtain
| Brs1 — J" ()| < ||Bx + F'(z)*Ex — J"(z*)|| + (2Lc + 2Ly + a + 2M Lg1)oy,
<||Bx = J"(z*)|| + (2Lc + 2Ly + a + 4M L1 )o.

This means that By obtained by Algorithm || satisfies the bounded deterioration principle. Therefore,
Theorem 4 in [3]] guarantees that {xy } ey generated by Algorithmis well-defined and converges linearly
to x*. Furthermore, B, ' exists and {|| By }ren as well as {||B; ||} ken are bounded. If By — J” (")
is compact, applying Theorem 5.4 in [2] together with the generalized Sherman—Morrison—Woodbury for-
mula, see 23], yields super-linear convergence. If F”/(z*)* (F(z*) — y°) is boundedly invertible, F” is
Lipschitz continuous and Ay — F”(z*)* (F(2*) — y°) is compact, then due to the Lipschitz continuity
of C and condition (2.38), the bounded deterioration principle is satisfied. Hence, using Theorem 5.4 in
[2]] and the Lipschitz continuity of C' as well as condition (2.38)) together with once more the generalized
Sherman—Morrison— Woodbury formula, see 23], yields weak super-linear convergence.

’ + 2L jr0p.

O

We now want to discuss the context of our regularization method in the broad field of iterative regularization
of inverse problems. Due to the existence of the minimizer, the minimizer has a finite norm. Then, when
choosing R? as regularizer, Algorithm generates a sequence strongly convergent to the minimizer and as
still a; — 0 for £ — oo, meaning that the counter position of Proposition 3.2 in [4]] guarantees that there
exists a xog-minimum-norm solution to (12;21), i.e., a least squares solution with minimum norm distance to
the initial guess zy. For noisy data in general this can similarly be adopted by choosing the regularization
parameter to satisfy o(d) — 0 and 62/a(5) — 0 for § — 0, see [4]. Note that in case of choosing R as
regularizer, it is not necessary to obtain a minimum-norm solution as the regularization term converges to
0 for sequences converging to the minimizer.

Conversely by choosing R? as regularizer, F' maps the z:o-minimum-norm solution for exact data to the
projection 3 on D, since otherwise a contradiction to y having minimal distance to y° would follow. This
is caused by D being compact, i.e., Assumption and F’ being a continuous operator. Therefore, it is
not very restrictive to assume that there exists a xo-minimum-norm solution z' to in D in case of
choosing R? as regularizer.
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As {|| Bg||}xen is a bounded sequence on D and therefore also {||Ag|}xen is a bounded sequence on
D, applying the regularized structure exploiting PSB method (2.7)) can also be interpreted as applying a
gradient step to

1) 2 1 o
(2.40) jkl(:c) = §HF’ () (z — zk) + F(zg) — y‘sH + §<x — Tk, Ag(z — 1)) + f”x — xk||2,
respectively to

1 1
(2.41) JP(z):= §||F’*(xk)(x — i) + Flag) — y5H2 + 5(96 — g, Ap(z — 1)) + %Hx — x0|)?,

1
depending on which regularizer is chosen. The first term B | F"™* (k) (x — a) + F(ag) — y‘SH2 depicts

the idea of Newton methods, namely to linearize the non-linear operator equation F(z) = 3° around an
approximate solution zy, yielding the linearized equation F'*(x,)(x — x) = y® — F(x}). Note that

the linearized equation is still ill-posed. The second terms 5(:17 — xk, Ag(xz — x)) is bounded due to

{|| A% ||} ren being bounded and can therefore be interpreted as penalty term that controls the distance to
the point around which the linearization of the non-linear operator equation was performed. Lastly the
third term is the standard iterated Tikhonov regularization term used for deriving the IRGN or LM method,
respectively. Furthermore, with the condition

(2.42) ap >0, 1<-2 <p lim ay =0,

Q41 k—o0

for some r > 1, the IRGN method without penalization reads as

~ 1
Te (@) = 5| F* @)@ = an) + Flaw) = o[ + S lle = ol

and the LM method without penalization is given by

~ 1 . 2 af

F@h = 1P @) — o) + Flew) = " + Sl — ol
For the sequence {z } ey generated by Algorithm one obtains

j : i S 1 S i
J'(x*) = Jm Ti—1(xr) = Jim Ti—1(xr) + §<1‘ — xp, Ap(r — 1)) = Jm Ti—1(wr)

fori € {1,2}.

3. REGULARIZED STRUCTURE EXPLOITING QN METHODS IN FINITE DIMENSIONAL SPACES

In order to computationally solve the inverse problem one can follow the optimize-then-discretize approach,
meaning that we have to discretize the proposed methods after formulating them in function spaces. On the
other hand one can use the discretize-then-optimize approach where we discretize the problem setting, i.e.,
the forward operator and the corresponding spaces first and optimize afterwards. In the latter approach the
easy access to the first derivative of the forward operator F’ is provided by algorithmic differentiation (AD).
Developed in the last decades, this method offers an outstanding way to provide derivative information for
a given code segment [14]. The central concept is that the computation of a discretized operator can be
decomposed into a finite sequence of elementary operations such as addition, multiplication and elementary
function calls. By calculating the derivatives with respect to the arguments of these operations, which can
be easily computed, one has the necessary tool to systematically apply the chain rule in order to arrive at
the derivatives of the entire sequence of operations with respect to the input variables. An advantage of
this method is that the derivative information provided is as accurate as possible in a computationally
measurable sense, i.e., in machine precision. Based on the starting point, a distinction can be drawn
between the forward mode and the reverse mode of AD. In our context, the forward mode is similar to
a sensitivity approach, while the reverse mode is a discrete analogue of the adjoint-based calculation of
gradients. As any Newton-type method is highly dependent on the quality of the first derivative in terms of
consistency and high precision [[13]], we explicitly recommend using AD tools in the discretized framework.
Therefore, we use the discretize-then-optimize approach, i.e., X = R" and Y = R™, where m,n € N.
Consequently, we are interested in regularized non-linear least-squares problems with the forward function
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F : R™ — R™. Hence, one obtains C(zx) = F'(xx)TF'(x1,), Z(2x) = F"(2x)T (F(z1) — y°) and the
modified secant condition

G.1) yr = (F'(xp11) — F' (1)) regn

analogously to (2:19). Next, we discuss the PSB update in the finite dimensional setting, which belongs to
the general class of symmetric secant updates for QN methods [[10] and can be represented by
(ye — Apsi)vf +vi(ye — Agsi)T (yo — Agse) s ¢

32 A1 =A — .
(3.2) k41 K+ Tor (0Tsn)? VRV,

Therein, the vector vy € R"™ is a scaling vector that can be a function of sg, y; and Ag. In the PSB case we
set v = sy, for the update routine.

Corollary 3.1. Let Assumption[M1]and Assumption[2.2]be satisfied. Assume F” is bounded on U and the
regularization parameters satisfy condition (2.38) for some a > 0. Then, the sequence {x, },en generated
by Algorithm [I]in the finite dimensional setting is well-defined and converges super-linearly to z*.

Proof. As R" is a finite dimensional separable Hilbert space for all n € N, Theorem[2.9|guarantees that the
sequence {xj }ren defined by Algorithm in the finite dimensional setting is well-defined and converges
linearly to z*. As By — J”(x*) being compact is always satisfied in the finite dimensional case [2], the
assertion is again a direct consequence of Theorem [2.9] O

On the one hand, it is necessary to regularize the ill-posed problem and thus obtain a well-posed problem
while, on the other hand, one is usually interested in obtaining a globally convergent algorithm that is
resistant to the quality of the initial guess. Moreover, a common difficulty in solving inverse problems
in practice is the specific choice of the regularization parameter. Therefore, we want to assess whether
we can address these two issues by controlling the regularization parameter in such a way that it leads to
globalization. To obtain global convergence, QN methods are usually combined with a line search or trust
region method. Kanzow and Steck [18] have already given extensive studies on this topic, which serve
as a basis for us. They have developed a globalization strategy in which the Hessian approximation is
regularized and the regularization parameter is controlled by combining some of the respective advantages
of line search and trust region methods. Therefore, our framework uses the results of [18]] to improve the
robustness by combining regularization to stabilize the solution with globalization to handle poor initial
guesses. For this purpose, we will focus on the regularizer R!.

Algorithm 2 Global regularized structure exploiting QN (GRSE)

Require: A() S Rnxn; @, N > O;xo S Rn;g() = HVj(iL’())H,yé S Rm; c,p, 0 e (0, ].), o > ]., k=0
while g;, > n do
Evaluate the forward function F'(xy), compute its derivative F”’(xy,), the residual r, = F(xzx) — y
and the gradient V.J(zy) = F'(x1) 7y
Set By, = F'(z1)T F' () + Ay and solve for sy

(Ek + akl) sp = —VJ(xg)

)

Compute pred,, = %||si|*> — 3V J (i) sp, aredy, = J(zy) — J(z + si) and py, = g‘;‘;i
if pr, < corpred,, < pgi||sk|: then
Set ag 11 = oy, Tpr1 = xf and Ap 1 = Ay (unsuccessful step)
else
Set xp4+1 = xk + Sk, g1 = B and compute gr1 = HVj(xk_H)H (successful step)
Compute Ay according to (3.2) with (3.1) and vy, = si.
end if
k=k+1

end while
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Remark 3.2. Note that V.J () = V.J(x), as we only deal with the regularizer R' and that this global-
ization is also applicable for the LM method by simply setting A = 0 for all & € Ny. Furthermore, we
have the relationship By = By, + ay, I between the Hessian approximation matrices of Algorithm and
Algorithm 2]

We now proceed with analyzing the convergence of Algorithm [2]both in the PSB case and in the LM case.

Theorem 3.3 (Global Convergence). Let V C X be bounded and let the sequence {xy }ren generated by
Algorithm2|be a subset of V, where the termination criterion is neglected, i.e., n = 0. Let Ag be regular,
J be bounded from below and F, C and Z be Lipschitz continuous on V. Then, for the sequence {xy }ren
generated by Algorithm[2)it holds that

liminf |V J(z)| = 0.
k—o0
Furthermore, if VJ is uniformly continuous on V, then limy,_, |V J(z1)|| = 0.

Proof. Preliminarily, we prove that Algorithm 2] performs infinitely many successful steps. Therefore, we
assume contrary, namely that there exists kg € N such that all steps with index k > k( are unsuccessful.
This yields that a;, — oo for k — oo as well as x;, = xy, for all k > k. Consequently, By, = By, for all
k > kg. Thus, for sufficiently large £ > ko we know that Bko + a1 is invertible and that

(Bko + ozkf) s s

lim — =—.
k— 00 H (Bko + Oéch) SH HSH
This implies that s, — 0 for & — oo and
lim Sk _ VJ(I]%) '
koo [|sk| IV (ko)

Observing (B, + axl)sy = —V.J(x,) for k > kq yields that
im agllsgl] = [V (zk,)]]-
k—o0

With this, arguing analogously as in the proof of Lemma 2 in [18]] leads to a contradiction. Hence, the set
of indices S C N of successful steps of Algorithm 2] has infinite cardinality. Now, as every step k € S is
successful, we have for every k € S that

J(xr) — J(wp41) > cpredy, > princl| VI (k) |[[|sk |-
‘We assume for the sake of contradiction that

(3.3) lim inf [|VJ ()] > 0,
k—o0

which yields that there exist kg € N and ¢ > 0 such that |VJ(zy)|| > € forall k > ko. As J is bounded
from below and xj, is not updated in unsuccessful steps, we obtain

00> Y (J(aw) = J(ar1) = D (J(@r) = J(@41) = pmmee Y sl

keN kes keS,k>kq

This particularly means that ) 3, s ;. |Isk|l < oo. Since >, s 1y, [Isk[ is bounded as it is a finite
sum, we conclude that there exists a constant Mg > 0 such that

S flswll = Ms < oc.
keS

Thus, s —s 0for k — oco. As F, C and S are Lipschitz continuous on V/, they are bounded on V. By
Lemma 2 in [[12]] we know that there exist constants dy, ds > 0 such that

k
(3.4) Appr <di+d2 Y |Is;ll-

j=1
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Now, for every step k € S we have (Bk+ak1)sk = —VJ(z). By denoting the bound of C' with M¢ > 0,
we obtain

VI (@)l < [|C(@r) skl + 1Akl skl + o llsk
< (MC +di + dQMS)HSkH + ak||sk|\

Therefore, there exists at least one subsequence {ay, }ics tending to 400, since otherwise all subsequences
would be bounded, which implies that all subsequences ||V .J(zy, )| converge to 0 for I — oo as sx, —s 0
for I — oco. This yields that ||V.J(zy)|| converges to 0 for & — oo, which violates (3.3). Hence one
obtains a, — +00, meaning that Algorithm[2]also performs infinitely many unsuccessful steps. With this,
arguing now analogously as in the proof of Theorem 1 in [[18]] yields a contradiction to (3.3). Consequently,
Hminfkﬁoo ||VJ(CL'k)|| =0.

Additionally, if VJ is uniformly continuous on V/, arguing in the same way as in the proof of Theorem
2 in [18], it follows that limg_, o ||VJ(xg)|| = 0, since the argumentation therein does not distinguish
specifically between successful and highly successful steps.

If the LM update is chosen, { A }ren is a sequence of zero matrices and C' is bounded on V' as depicted
before, yielding boundedness of {Bk} ren. Hence, we can directly apply Lemma 1, Lemma 2, Theorem 1
and Theorem 2 in [18]]. t

Remark 3.4. This yields that, given any 1 > 0, Algorithm [2] terminates with || V.J(z,)| < 7 after finitely
many iterations.

Corollary 3.5. Let Assumption[MI] Assumption[2.2]and the assumptions of Theorem [3.3]be satisfied with
n > 0. Suppose condition (2:38) holds for all k& € S. Then the iterates {x, }ren generated by Algorithm 2]
converge super-linearly on U.

Proof. Due to Remark [3.4] we know that Algorithm 2] terminates for 7 > 0 after finitely many steps.
Therefore, there exists an N € N such that for all £ > N it holds that «;, decreases to 0 geometrically, the
condition (2.38) holds and {zj : & > N} C U. Then, due to Corollary we have that B, = By + a
satisfies the Dennis-Moré condition

H (Bk + apl — JN(J}*)) SkH
lim

=0
k—o0 ||5kH ’

yielding super-linear convergence. O

QN methods depend on the choice of the initial matrix. If F/(x9)” (F(x¢) — %°) can be computed at the
initial guess z¢, then we suggest choosing Ay as this matrix. If F"'(z¢)7 (F(zo) — y°) is not accessible,
we choose to scale the identity by « similarly to the initial regularization parameter with x > ay.
Additionally, compact representations, in which recursive QN update formulas are given as compact matrix
factorizations, are advantageous for large scale inverse problems or limited memory QN methods. The
compact representation of structured QN methods was already presented in [5]. In [18] regularized QN
methods were discussed with regard to their compact representations. The compact representation of QN
methods can be formulated as

Ay = Ay + MpQ; ' ML,
where A is the initial approximation, M}, is a matrix that captures the updates at iteration k, and @y, is a
matrix related to curvature information.
For the regularized structure exploiting approach with the given regularization parameter o, > 0, the
regularized Hessian approximation can be compactly expressed by

Clxg) + A + ol = Czk) + apl + Ap + MkQ,ZleT.

We define

(3.5) Sk =[50, 56_1] € R™*F
(3.6) Yi = [yo, .- yk—1) € R™F
(3.7) Wi =Y, — AgSp € R™*F

(3.8) Gy, = diag(STWy,) € RF*F,
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Let Vj, be the strictly lower triangular part of S{ W), and Uy, the non-strictly upper triangular matrix of
SgSk. Thus, by Theorem 3 in [|18]] we obtain

(3.9) Mk = [Sk Wk],

[ o Us
(3.10) @=1 T yorarvT |

This is particularly useful for limited-memory versions of the compact representation. In such cases, only
the most recent k& > m > 0 matrices are retained. If we now want to invert C(zy) + Ag + axl, we
apply the Sherman—Morrison—Woodbury formula. We set Ag := kI, where & is chosen according to our
suggestions above and define vy, := Kk + ay, for all £ € N. Applying the Sherman—Morrison—Woodbury
formula yields that the inverse of By, has the following structure

_ _ —1
B = (Clay) + vl + M@y ' M)

= (C(zg) + I/kf)il (I — My, (Qk -l-Mg (Clzg) + I/kf)il Mk) ' ME (Clzg) + I/kI)1> .

4. NUMERICAL EXPERIMENT

In this section, we analyze our algorithms by applying them to a suitable parameter identification problem
using a parameter-dependent PDE model and additional observations or measurements. Therefore, the
model is dependent on the state u and the parameter p that one wants to identify. As solutions to PDEs are
commonly understood in the weak sense, we define the model operator via

.1 (A(p, u),¢) =0,
where ( is the test function. To recover information on the parameter p, we model the observed data
(4.2) O(u) =y

from observations of the state u, where O denotes the observation operator and y the noiseless data. The
reduced approach is common for stating and solving parameter identification problems, where the model
is eliminated by introducing a parameter-to-state map S, mapping the parameter to the solution of the
underlying PDE model. Hence, S is defined implicitly by satisfying the model for all parameters and test
functions, i.e.,

(4.3) (A(p, 5(p)), ¢) =0.

Then, with noisy measurements y° and the forward operator F(p) = (O o S)(p), we want to identify p
such that

(4.4) F(p) =y’

Furthermore, we may also consider F as a vector-valued forward operator, such that 7" would be a 3-
tensor-valued operator, which however results in a matrix-valued operator when applied to the residual.
We now introduce the specific numerical example. Let Q C R? be a domain with a sufficiently smooth
boundary 0f) and define the differential operator

B:

0
pP= .
( 0 m)
We consider the elliptic PDE system
(4.5) —BTBu(z) + Pu(x)
(4.6) N - Bu(x)

N
Ssle o

as well as the parameter matrix

f(x), z€Q,
0, x € 09,
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where A denotes the outward normal vector on the boundary 09, u :  — R2 is the state and f:Q— R2
is the inhomogeneity. As this system describes the underlying forward problem, it is necessary to ask for
the well-posedness of the forward problem. Thus, we need unique existence of solutions to the weak form

4.7 / (Bu(z))T Bu(x) + (Pu(x)) v(z) dz = /(f(:z:))Tv(x) dx

Q Q
forallv € H'(2), which is guaranteed by [11]. Then, the inverse parameter identification problem aims to
identify the unknown parameters p; € R* and po € R in (@.7) from measurements of the solution . This
system models a variety of stationary physical processes in which diffusion or transport occurs alongside
a potential. The term Pu(z) can be interpreted as a potential, whereas the term —B7 Bu(z) models the
diffusion or transport of u(x) through the domain and f(z) describes an external source.
In many industrial and scientific applications, the identification of the parameter matrix P based on ob-
servational data is of decisive importance. In our setting, system (@.3)-(4.6) can be used to describe the
distribution of mechanical stress and strain in a material, where P can be interpreted as a mechanical
damping parameter and u(x) represents displacement. In the analysis of mechanical structures, such as
bridges or aircraft, system (@.3)-(4.6) can be used to model the stationary distribution of mechanical stress,
particularly when damping or frictional effects need to be considered, see, e.g., [20]].
In order to define the observation operator, we utilize measurements taken strictly inside of the domain €2
and do not cover the entire domain, but rather only on disjoint subdomains. Hence, let these measurement
areas {; C Q, | € {1,2,3,4} be pairwise disjoint and let their union be a proper subset of 2. Then we
define the observation operator O : H*(Q, R?) — R* via

le uwTudx
sz uTude
f93 uTude
fQ4 uTude

O(u(z)) =

Thus, we are dealing with the forward operator
F=0085:R" xR - R*,
where
S:RY x RT = HY(Q,R?), S(p1,p2) := u(p1,p2)-
Therefore, we want to solve

min ||F(py, p2) — yéH2 + R'(p1,p2),
P1,p2

where we can choose the regularizer with ¢ € {1,2}.

To implement and numerically solve the inverse problem, we employ a discretize-then-optimize approach.
For this purpose, the full problem setting is discretized in advance to take advantage of AD. In particular,
we use a classical finite element method (FEM), which in practice is realized with the finite element tool
FEniCS [1]] in dolfin version 2019.2.0.dev0, using AD via the dolfin adjoint [22] library of FEniCS in ver-
sion 2019.1.0. As domain 2 we consider the unit square and as measurement areas ; C 2, | € {1, 2, 3,4}
we use squares with the same side length 0.04 within the unit square, where 2, starts at vertex (0.05, 0.05),
) starts at vertex (0.55,0.05), Q3 starts at vertex (0.05,0.55) and €4 starts at vertex (0.55,0.55). The
source term f is chosen to be a non-isotropic vector field of the form

f(z1,22) = <2 exp <_ (1 — 05)2032@2 - 0-5)2)76Xp <_ (1 — 0'5)2032(9:2 - 0.5)2>>T'

The generation of the observed data is done with the following set of material parameters

p1:1757 p2:1a

where we used a mesh two times finer than the mesh used for the optimization algorithm. These material
parameters, consequently, serve as the ground truth. Furthermore, we used the same hyperparameters in all
of the following implementations

0=05 ay=1"7, k=10"° Ay=rl, 0=2, c=1le—4, p=10"% and n=10"12%
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For the sake of better visualization, the reconstructed parameter values have been normed with the respec-
tive true parameter in all figures below, so that convergence to the value 1 is desired. Furthermore, we
assumed in the following that the initial guess is an overestimate. In our numerical tests, underestimating
the initial guess yielded similar results. We start by focusing on the numerical results of the local methods.
Therefore, we choose a sufficiently small deviation of the initial guess from the true parameter of 10 %,
which means that the initial guess is 10% larger than the true parameter. We compare the performance
during the parameter identification process of the R'SE-PSB method and the LM method in Figure

1.10 —— 1 R'SE-PSB
o —+ p» R'SE-PSB
= 108 —— P LM
S P2 LM
S
&5 1.06
—
5}
g 1.04
S
3
£.1.02
ho}
g

1.00
= —
Z. 0.98

0 1 3 3 ) 5 6 7 8

Iteration

FIGURE 1. Performance of R!SE-PSB and LM with 10% deviation of the initial guess
to the ground truth.

1.10 —e— p1 R?SE-PSB
g —— P2 R2SE-PSB
= 1.08 —=— p1 IRGN
> p2 IRGN
=
&5 1.06
~——
=

1.04
g
©.1.02
o]
D
g 1.00 %% =
)
Z. 0.98

0 2 4 6 8 10 12 14 16
Iteration

FIGURE 2. Performance of R?SE-PSB and IRGN with 10% deviation of the initial guess
to the ground truth.
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These two methods differ in the choice of Ay, as in the R'SE-PSB method Ay, is computed in each step
k € N using the PSB method under the modified secant condition (2.19) and in the LM method Ay, is kept
constant 0. The reconstruction results of the R!SE-PSB method are printed in blue and purple and the
reconstruction results of the LM method in red and orange per iteration step. The reconstruction results
of the R'SE-PSB method show clear similarity to the LM method, which is to be expected at this point,
since the deviation of the initial guess to the ground truth is small and the forward operator is quadratic.
Consequently, the approximation error of the LM method is correspondingly small.

For our second regularization method, we compare the performance of the R2SE-PSB method and the
IRGN method during the parameter identification process, as the key difference between these two methods
lies in the choice of Ay. In Figure 2| the reconstruction of the parameters p; and p, employing the R2SE-
PSB method and the IRGN method, is shown. Analogously, the reconstruction results of the R?SE-PSB
method are shown in blue and purple, and of the IRGN method in red and orange, for each iteration step.
Similar to the previous comparison, the convergence results of R*>SE-PSB method are closely resembled to
those of the IRGN method for the same reasons as mentioned before. Furthermore, we observe convergence
to the true parameter of all four local methods used above.

Finally, the reconstruction results of the R'SE-PSB and the R2SE-PSB exhibit super-linear convergence
behavior, which can be recognized in Figure[3]

1071 « - linear
—— p1 R'SE-PSB
o —— p» R'SE-PSB
—
g —=— P1 R’SE-PSB
= 1072 p2 R2SE-PSB
Gy
S
=
=
© 1073
—
(]
—
2
— 107
10° 10t 102 103

Log. iteration
FIGURE 3. Local super-linear convergence behavior of R'SE-PSB and R2SE-PSB.

However, since in application the quality of the initial guess may not be sufficient for local methods, we
now focus on the numerical results of the global methods. Therefore, we choose a deviation of the initial
guess to the true parameter by 100%. Since we have focused on the regularization method defined in
([2-3) in the globalization approach, we will now take a closer look at the globalized R!SE-PSB method
(GRSE-PSB) and the globalized LM method (G-LM). Therefore, in Figure f] we compare the performance
of the GRSE-PSB method and the G-LM method during the parameter identification process, due to the
fact that these methods differ only in the choice of A and show similar local convergence results. For each
iteration step, the reconstruction results of the GRSE-PSB method are shown in blue and purple and those
of the G-LM method in red and orange. The right figure is a zoomed-in representation of the left figure for
improved visualization. It can be clearly seen that the G-LM method requires roughly ten times as many
iteration steps as the GRSE-PSB method to satisfy the specified threshold n. This can be explained by the
fact that the approximation error is large due to the large deviation of the initial guess. Nevertheless, the
reconstruction results for both methods show convergence to the true parameter.
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FIGURE 5. Parameter identification performance of GRSE-PSB with 190% deviation of
the initial guess to the ground truth.

Note that with all deviations above, every iteration step remains in the feasible set, as both parameters must
be positive to maintain well-posedness of the forward problem. Keeping that in mind, the deviation can
even be chosen to be 190%, depicted in Figure |5} As the G-LM method does converge, but much slower,
we have omitted the G-LM method in the Figure[5]to emphasize the GRSE-PSB method more effectively.
Keeping the deviation of 190%, a limited memory implementation of the GRSE-PSB method that exploits
the derived compact representation is shown in Figure[6] There we only retained the ten recent matrices.
Once more, we observe fast convergence to the true parameter. Furthermore, we see that some segments
of the reconstruction graph in Figures [4] - [6] show no changes in the parameter value. This illustrates the
control of the regularization parameter and should clarify that the regularization parameter was increased
here and the current computed iteration value was rejected.

Lastly, our focus will be on the case of overestimating the true parameter by 100%, where our observed
data is contaminated with 2% uniformly distributed random noise, while the mesh on which the data is
generated is still twice as fine as the mesh on which the optimization is performed. The performance of the
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FIGURE 6. Performance of the limited memory GRSE-PSB with 190% deviation of the
initial guess to the ground truth.

GRSE-PSB method and the G-LM method during the parameter identification process in the noisy case is
compared in Figure[7} Similarly, the reconstruction results of the GRSE-PSB method are shown in blue
and purple, whereas those of the G-LM method are shown in red and orange, respectively. The figure on
the right is an enlarged representation of the figure on the left for better visualization. As before, it can
be seen that the G-LM method requires roughly ten times as many iterations as the GRSE-PSB method to
reach the specified threshold value 7 for the same reasons.
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FIGURE 7. Performance of GRSE-PSB and G-LM with 100% deviation of the initial
guess to the ground truth and 2% uniformly
distributed random noise on the data.

The reconstruction results show convergence for both methods, but the noisy data causes the reconstruction
to be less precise, especially for po. However, the GRSE-PSB method converges to the same values as the
G-LM method.
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5. CONCLUSION

This paper proposed a regularized QN method designed for solving ill-posed inverse problems in both
infinite dimensional and finite dimensional settings. Through the derivation of a modified secant equation
in an infinite dimensional Hilbert space setting and by directly integrating Tikhonov-type regularization into
the QN framework we presented the RISE-PSB method and the R2SE-PSB method, which both overcome
challenges inherent in ill-posedness. They leverage the problem structure not only by decomposing in data
discrepancy and regularization terms but also by exploiting the structure of the analytical second Fréchet
derivative of the respective regularized target functional. The local convergence of the novel regularization
methods was demonstrated, and results on its super-linear convergence behavior were established.

To ensure robustness in practical applications, particularly when the initial guess significantly deviates
from the true solution, we developed a globalization approach that employs a dynamic control of the reg-
ularization parameter, ensuring global convergence and simultaneously stabilizing the ill-posed problem.
Therefore, the control approach of the regularization parameter also serves as an a-priori choice.

Towards practical applications, especially in large-scale problems, we have introduced a compact represen-
tation of the proposed methods, which enables efficient computation of Hessian approximations, particu-
larly beneficial for limited memory implementations.

In conclusion, this work contributes to the field by connecting regularization techniques and Quasi-Newton
methods, offering a comprehensive theoretical and practical framework for solving ill-posed inverse prob-
lems.
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