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Abstract We consider the Mathematical Program with Complementarity Constraints (MPCC).
One of the main challenges in solving this problem is the systematic failure of standard Constraint
Qualifications (CQs). Carefully accounting for the combinatorial nature of the complementarity
constraints, tractable versions of the Mangasarian Fromovitz Constraint Qualification (MFCQ)
have been designed and widely studied in the literature. This paper looks closely at two such
MPCC-MFCQs and their influence on MPCC algorithms. As a key contribution, we prove the
convergence of the sequential penalisation and Scholtes relaxation algorithms under a relaxed
MPCC-MFCQ that is much weaker than the CQs currently used in the literature. We then form the
problem of tuning hyperparameters of a nonlinear Support Vector Machine (SVM), a fundamental
machine learning problem for classification, as a MPCC. For this application, we establish that
the aforementioned relaxed MPCC-MFCQ holds under a very mild assumption. Moreover, we
program robust implementations and comprehensive numerical experimentation on real-world data
sets, where we show that the sequential penalisation method applied to the MPCC formulation
for tuning SVM hyperparameters can outperform both the Scholtes relaxation technique and the
state-of-the-art derivative-free methods from the machine learning literature.
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1 Introduction

The Mathematical Program with Complementarity Constraints (MPCC) is now a well-established
optimisation problem, with a wide range of applications including in economics [3], chemical en-
gineering [4], energy distribution [32], transportation [52], and machine learning (see Section 4 for
an important problem class, as well as some relevant references).

Most standard optimisation algorithms are ineffective at finding solutions of MPCCs, in part
due to the systematic failure of classical Constraint Qualifications (CQs) and the combinatorial
nature of the problem’s feasible set [63, Chapter 3|. To address the issue with standard CQs,
many alternative tractable ones tailored to the complementarity constraints have been developed
in the literature (see, e.g. [27,75,82,84,104]). Considering the importance of the Mangasarian
Fromovitz Constraint Qualification (MFCQ) in optimisation, it has been particularly at the centre
of attentions. Two categories of MFCQ-type CQs for the MPCC have emerged in the literature;
one is based on the decomposition of the complementarity constraints, especially the constraints
associated with the biactive index sets, to build suitable versions of MFC(Q that can hold for
MPCCs [27,82,83]. A second category, constructed from the lens of variational analysis, consists of
reformulating the complementarity constraints either with non-smooth operator functions or sets
that lead to normal cone operations that restore the fulfilment of such CQs; see, e.g., [18,38,104].

In the literature, the MPCC-MFCQ-T, where we use the label “T” to represent the fact that
it is built from a tightened decomposition of the complementarity constraints, has emerged as one
of the most used CQs for MPCCs; see, e.g., [27,48,82,84]. However, looking at the MPCC-MFCQ-
T very closely, one can observe that it boils down to the MPCC-LICQ, the well-known tailored
linear independence constraint qualification for MPCCs, when the feasible set does not involve
any inequality constraint apart from the ones in the complementarity constraints; cf. Remark 2
in Section 2. For this reason, and considering the fact that the MPCC-LICQ is very strong, the
MPCC-MFCQ-T fails for many MPCC problems (see Example 1 and Proposition 4).

Alternatively, there is another version of MPCC-tailored MFCQ), studied in [79,81], based on
a relaxation of the complementarity constraints associated with the biactive index set. Hence,
we denote it as MPCC-MFCQ-R with the label “R” representing the corresponding relaxation
framework. We show in this paper that the MPCC-MFCQ-R is strictly weaker than the MPCC-
MFCQ-T; see Theorem 1 and Example 1. Based on this observation, we revisit two classical
algorithms for MPCCs that rely on MPCC-type CQs for their convergence results, namely, the
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partial penalisation and Scholtes relaxation methods, which have been widely studied and used in
the literature (see, e.g., [2,57,81] and [16,44,60,83,91], respectively).

The partial penalisation method consists of moving the product of the complementarity con-
straint functions from the feasible set to the objective. Two options have been pursued for this
approach: (i) the ezact penalisation, where the penalty parameter is fixed [81], and (ii) the se-
quential version, where the penalty parameter increases sequentially throughout the algorithm
[57]. As it is well known in constrained optimisation, a big challenge with exact penalisation is
identifying a suitable penalty parameter. Furthermore, the numerical performance of an exact pe-
nalisation method highly depends on this choice. Crucially, for sequential penalisation algorithms,
the selection of the initial penalisation parameter is not too critical, as theoretically, under suitable
assumptions, the algorithm gets to a point of stability where a solution is found.

Considering this practical advantage of the sequential approach, we focus on it in the analysis in
this paper. The article [57] shows that the sequential partial penalisation algorithm, in conjunction
with an interior-point method for the subproblems, converges to an S-stationary point, under the
MPCC-LICQ), as a key assumption. In this paper, we establish the convergence of the sequential
partial penalisation method under the MPCC-MFCQ-R, irrespective of the algorithm for solving
the corresponding subproblems; see Theorem 3. Not only is MPCC-MFCQ-R far weaker than the
MPCC-LICQ, but the subproblems can be solved with any method, and not necessarily with an
interior-point method, as required in [57].

As for the Scholtes relaxation algorithm, its convergence has been established under the MPCC-
MFCQ-T; see, e.g., [84, page 112, Theorem 7.3]. Here, we show that the MPCC-MFCQ-R is
sufficient to establish this convergence; cf. Theorem 5. Moreover, to make the method more practi-
cally relevant, in our proof, we only require the computation of approximate Karush-Kuhn-Tucker
(KKT) points for the relaxed problem at each iteration. This is a significant departure from the ex-
isting convergence results, where it is usually assumed that the KKT points of the relaxed problem
are computed exactly, something that is typically not possible in a practical implementation.

Subsequently, we explore the application of our aforementioned results for general MPCCs
to the problem of computing optimal hyperparameters for a Support Vector Machine (SVM).
Note that the SVM represents one of the most potent tools for classification in machine learning.
Since their introduction in 1995 by Cortes and Vapnik [15,96], it has been prolifically used to
solve multiple practical problems, including facial authentication [94], protein sequencing [80] and
speech recognition [87]; it also sets a competitive benchmark in all classification problems.

One of the biggest challenges with SVMs is choosing their hyperparameters. Unlike model pa-
rameters, which are learnt from patterns in the training data, hyperparameters define the learning
process itself and so must be considered separately. The two most common hyperparameters are the
balance of empirical loss reqularisation parameter and the choice of kernel. There is no one model
that will be best suited to all scenarios [102]. Traditionally, in the machine learning literature,
grid search is used to select the value that provides the best validation accuracy [66]. The method
considers a sequence of candidate choices for each hyperparameter and then forms a grid of every
combination. Each coordinate of the grid (representing a choice for each hyperparameter) requires
a new model to be trained and evaluated. This scales very poorly with multiple hyperparameters
and is only as precise as the spacing between grid points. Many other direct (general, non-convex,
gradient-free) search methods have been employed to tune hyperparameters. For example, random
search [37,65], Bayesian optimisation [34,49,77,88], Nelder-Mead simplex [71] and genetic algo-
rithms [54]. A good survey of these approaches can be found in [98]. However, these methods all
assume that training is a black box — that a model must be trained in its entirety before being
evaluated. They are general methods that neglect the specific structure of the SVM problem.

More recently, a new approach to hyperparameter selection using bilevel optimisation has been
proposed [31,59, 74]. It enables the simultaneous training of the model while hyperparameter tuning
is being conducted. The bilevel optimisation technique has been applied thoroughly and with great
success to linear models. For example, the series of papers [67,68,69] proposes some non-smooth
optimisation methods for selecting linear support vector regression and classification hyperparam-
eters. Other authors have created a similar framework but propose different approaches to solving
the bilevel program; e.g., a value function-based descent, global relaxation, and stochastic gradient
descent methods have been proposed in [33], [58] and [47], respectively. The aforementioned works
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are on linear models; thus, enabling some mathematical simplicity, but such a framework is less
useful in practice, as real-world data sets are rarely linearly separable.

Of particular interest to us is the sequence of papers [6,50,51], as they suggest an extension
of the bilevel optimisation framework to nonlinear kernel models, while proposing an MPCC re-
formulation for the corresponding problem. However, they do not provide much theoretical insight
into the problem. The paper [14] begins addressing this gap. Our paper expands on the latter work
by first rigorously constructing the MPCC reformulation for the bilevel optimisation problem of
tuning the hyperparameters of nonlinear kernel SVMs. We then prove for the first time that the
MPCC-MFCQ-R automatically holds at any feasible point of the MPCC reformulation of the bilevel
hyperparameter optimisation problem, provided that the corresponding pair of hyperparameters
is positive; cf. Proposition 3. Note that this positiveness is not a strong requirement, as for SVMs,
those values cannot be zero in practice. As a consequence of this result, the sequential penalisation
and Sholtes relaxation algorithms, discussed above, converge automatically, almost for free, for the
MPCC reformulation of the problem. It is important to note that we also show that for the MPCC
reformulation of our bilevel hyperparameter optimisation problem, the MPCC-MFCQ-T fails at
any of its feasible points with at least two biactive indices; see Proposition 4.

As another key contribution of this paper, we conduct a robust implementation of the partial
penalisation and Scholtes relaxation methods and compare them to each other, and also to classical
hyperparameter tuning algorithms in the machine learning literature. First, we observe that the
sequential penalisation method, on average, not only runs faster but also converges to a stationary
point with a lower objective function value than the Scholtes relaxation algorithm. Moreover, we
show that the sequential partial penalisation technique can outperform the traditional derivative-
free methods such as grid, random, Bayesian and pattern search. Note that for the experiments, we
use 18 well-known classification datasets from the literature (see Table 1 for references), where the
median problem size is 1773 variables, 1015 constraints (excluding complementarity constraints)
and 1010 pairs of complementarity constraints. To the best of our knowledge, these problems
are by far larger than any other that have been used for experiments in the context of non-
convex MPCCs. For illustration, observe that for the MacMPEC collection [55], which is classical
for MPCC numerical experimentation, the median problem size is 49 variables, 20 constraints
(excluding complementarity constraints) and 12 pairs of complementarity constraints.

For the remainder of the paper, note that Section 2 covers preliminaries with particular atten-
tion on the difference between the two MPCC-tailored CQs that are a key focus in this paper; i.e.,
the MPCC-MFCQ-T and MPCC-MFCQ-R. In Section 3, we present the sequential inexact penali-
sation and relaxation methods and prove new convergence results which allow these methods to be
applicable to a broader range of problems. In Section 4, we construct the bilevel optimisation-based
hyperparameter tuning model for SVMs and prove that its KKT/MPCC reformulation satisfies
MPCC-MFCQ-R but not MPCC-MFCQ-T. Finally, Section 5 presents our numerical experiments
and a demonstration that the MPCC model solved with sequential penalisation can outperform tra-
ditional derivative-free methods from the machine learning literature. Some conclusions are given
in Section 6. Many technical details that could further facilitate the comprehension of some aspects
of the paper, especially developments related to the SVM and the corresponding hyperparameter
tuning problem, are provided in the appendices.

2 Preliminaries on mathematical programs with complementary constraints

For a number of concepts used throughout the paper, we refer to a general Nonlinear Program
(NLP) defined, for given dimensions n,p,q € N, as

minimise f(2)
subject to  gi(z) >0 fori=1,...,p, (NLP)
hi(z) =0 fori=1,...,q,

where the functions f: R” - R, ¢g: R” — RP, h:R" — R? representing the objective, inequality,
and equality constraint functions, respectively, are continuously differentiable. However, the main
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focus of our analysis is the Mathematical Program with Complementary Constraints (MPCC),
defined for given dimensions n,p,q,r € N, as

minimise f(z)

subject to  g;(z

Y

fori=1,...,p, (MPCC)
(z fori=1,...,q,

0
h; 0
Gl(z) Z O, Hl(z) Z 0, Gl(Z)Hl(Z) =0 for i = 1, ey Ty

S~—"
I

where the functions f: R” - R, g: R" - RP h:R™ — R? and G, H : R — R" are continuously
differentiable. G and H are referred to as complementary constraint functions and G;(z) H;(z) as the
product term. The last line of problem (MPCC) can be written compactly as 0 < G(z)LH(z) > 0.

2.1 Constraint qualifications

In continuous constrained optimisation, constraint qualifications (CQs) are usually required to
construct necessary optimality conditions and prove the convergence of numerical algorithms. To
introduce a constraint qualification for problem (NLP), we define the index sets

I9(z):={ie{l,...,p}: g;(2) =0} and I":={1,...,q}.

Based on this notation, the Linear Independence Constraint Qualification (LICQ) is satisfied at
a feasible point z € R™ of the (NLP) iff the family of gradients

{Vhi(z):ieI"} U{Vgi(2):i€I9z%)} is linearly independent, (LICQ)

while, the Mangasarian-Fromovitz Constraint Qualification (MFCQ) will be said to hold at a
feasible point Z € R™ of the (NLP) iff

{Vhi(z) :i € I"} is linearly independent and

B {vm(z)Td —0 Viell, (MFCQ)
Vgi(2)Td >0 Viel(z).

Obviously, the LICQ is stronger than the MFCQ. These CQs play a fundamental role in nonlinear

constrained optimisation thanks to their versatility in deriving fundamental properties for problem

(NLP); see the excellent tutorial in [89] for an overview of these properties.

Unfortunately, it is well known that LICQ and MFCQ are systematically violated at every fea-
sible point of problem (MPCC) when viewed as a constrained problem with equality and inequality
constraints in the format described in (NLP) [13]. To observe this, consider an index ¢ = 1,...,r,
a feasible point Z and the three constraints G;(z) > 0, H;(Z) > 0 and G;(2)H;(Z) = 0. Assuming,
without loss of generality, that H;(Z) is zero, the gradient of the second constraint VH;(Z) and the
gradient of the third constraint G;(2)V H;(Z) (by the product rule) are not linearly independent.

The main challenge in addressing problem (MPCC) comes from the combinatorial nature of
the complementarity constraints. For each index i = 1,...,r, either H; or GG; may be positive, but
not both. To further study this, we partition these cases by defining the following index sets:

I9z) :={ic{l,.,r}: Gi2) =

0 0
) ={iec{l,..,r}: Gi(2)>0,Hi(z) =0
199 (z):={ie{l,.,r}: Gi(2)=0 0
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Based on these index sets, at a given feasible point z of problem (MPCC), we first introduce the
corresponding Tightened Nonlinear Program (TNLP(Z)):

miyeiﬂg}bise f(2)

fori=1,...,p,

fori=1,...,q,
0 for i € I19(%),

, Hi(2)=0 for i € I (%),
0 for i € I9H ().

(TNLP(2))

It is very important to remember that these index sets depend on the point Z, so the (TNLP(z))
may be a different program when constructed around a different point. The decomposition of the
complementarity constraints in (MPCC) makes the fulfilment of standard CQs more likely. Hence,
problem (TNLP(Z)) is commonly used to define CQs tailored to problem (MPCC) as follows.

Definition 1 The MPCC-MFCQ-T holds at a feasible point z of the (MPCC) if the corresponding
tightened program (TNLP(Z)) satisfies the MFCQ at the same point z. Equivalently, the MPCC-
MFCQ-T holds at a feasible point z of the (MPCC) iff

{vm(z);ieﬂ}u{mi( 2) i€ IG(2) U IGH (3 )}u{vm( )i M (z)UICH (z )}
is linearly independent and (2)
Vh()Td—o Vie Ih,
()Td—o Vi€ IG(2) UIGH (%), 3)
Hi(z)Td=0 VielI"(z)uI(z),
Vgi(E)Td>0 Vi € 19(z).

JdeR":

Definition 1 has been widely used in the literature (see, e.g., [27, Definition 3.1], [48, Definition 4],
[82, page 4] and [84, Definition 5.4]) and is usually referred to as the MPCC-MFCQ. However, we
denote this as MPCC-MFCQ-T to emphasise the fact that it is based on the tightened program.
In addition, this avoids conflict with the alternative definition that we will present next.

An alternative MPCC-tailored MFCQ relies on the Relaxed Nonlinear Program (RNLP(Z))
defined, for a given feasible point z of problem (MPCC), as

minimise  f(2)

z€eR™
subject to  g;(2) >0 fori=1,...,p,
hi = O f ) = 1, ) —
(2) ot 1 (RNLP(%))
Gi(2) =0, Hi(z)>0 for i € 19(2),
Gi(2) >0, H;(2)=0 for i € I(%),
Gi(2) >0, Hi(z)>0 for i € 199 ().

This problem is similar to the tightened program but for the biactive indices i € I (%), where
inequality constraints rather than equality constraints are added for G; and H;. Analogously, we
use the notation (RNLP(Z)) to make clear that this program is defined at a feasible point z. This
leads to a second, different MPCC-tailored constraint qualification.

Definition 2 The MPCC-MFCQ-R holds at a feasible point z of the (MPCC) iff the corresponding
relaxed program (RNLP(Z)) satisfies the MFCQ at the same point z. Equivalently, the MPCC-
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MFCQ-R holds at a feasible point z of the (MPCC) iff

{Vhiz) i e 1"} u{VGi(a) sie 190 f U {VHi(z) i e 17(2)}

is linearly independent and 4)
Vhi(2)Td=0 Vie I,
VGi(2)Td=0 Vi e I19(z2),

ddeR"™: VH;(z2)"d=0 vie I'fl(z), (5)
Vgi(z2)Td >0 Vi e I9(%),

)
VGi(2)Td >0, VH;(2)Td >0 ViecI®H(z).

Definition 2 is less common. It can be found in [79, Definition 2.5] and [81, Definition 2.5].
These papers call it MPCC-MFCQ as well, but to avoid confusion, we will call it MPCC-MFCQ-R,
denoting that it is based on the relaxed program. We next provide the statement of MPCC-LICQ.

Remark 1 The MPCC-LICQ holds at point Z of problem (MPCC) iff any of the following three
equivalent statements holds:

1. The corresponding tightened program (TNLP(Z)) satisfies the LICQ at the same point Zz.
2. The corresponding relaxed program (RNLP(Z)) satisfies the LICQ at the same point Z.
3. The following family of vectors is linearly independent:

{th(z) e Jh} U {Vgi(z) ie 19(2)} u {vai(z) Lie IS(z) U IGH(z)}
(6)
U{VHl-(z) e I (z)u IGH(z)}.

This means that the concept of the MPCC-LICQ is the same regardless of whether it is defined
from the tightened or relaxed program.

Observe that the MPCC-MFCQ-T and MPCC-MFCQ-R are defined above in primal space due
to the involvement of feasible directions. Next, we introduce the dual forms of these CQs, which
are usually more handy in practice. To proceed, consider two sets of vectors A :={a; : 7 € I } and
B :={b; :i € I,}. We say that (A, B) is positive-linearly dependent iff there exist scalars {\; }icr,
and {1 }ier,, not all of them zero, such that

Z \ia; + Z by =0, where \; >0 for ¢ € I; and p,; free for i € I5.

ich icla
If no such scalars exist, we say (A, B) is positive-linearly independent. The concept of positive-linear
independence, which might have been introduced in [78, page 965, Definition 2.1], has since been
widely used, in particular in the MPCC literature; see, e.g., [44, page 260, Definition 2.1] and [84,
page 63, Definition 4.5]. We now state a lemma that will be useful for many of the proofs below.

Lemma 1 The following statements hold true:

1. The MFCQ holds at a feasible point Z of problem (NLP) if and only if (A, B) is positive-linearly
independent where:
A={Vyg(2):ieIl2)}, B={Vhi(2):ieI"}.
2. The MPCC-MFCQ-T is satisfied at a feasible point Z of problem (MPCCQC) if and only if (A,B)

is positive-linearly independent where:
A={Vygi(z):ie€ (2},
B={Vhi(2) i€ I"} U{VGi(2) :i € I°(z) UI“"(2)} U{VH,;(2) : i € I"(2) UI®"(z)}.
3. The MPCC-MFCQ-R is satisfied at a feasible point z of problem (MPCC) if and only if (A, B)
1s positive-linearly independent where:

A={Vgi(2):ie€I2)}U{VGi(2),VH;(z) : i € I (2)},

B={Vhi(z):ieI"} U{VG;(2) :i € I°(2)} U{VH;(2):i e I"(2)}. ™)
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Proof Direct results from applying Motzkin’s theorem of the alternative [64, page 27] to the defi-
nitions of MFCQ, MPCC-MFCQ-T and MPCC-MFCQ-R for the corresponding problems. (]

We have the following sequence of implications, where the first is well known [27, Corollary 3.2].
The second implication is presented for the first time. We include both proofs for completeness.

Theorem 1 For any feasible point z of problem (MPCC), the following implications hold:
MPCC-LICQ — MPCC-MFCQ-T — MPCC-MFCQ-R

Proof For the first implication, assume that the MPCC-LICQ holds at z, but the MPCC-MFCQ-T
does not hold at this point. By Lemma 1, we have the positive-linear dependence of the two sets
of vectors given in (2). That is, there exist scalars A > 0 and pu, v, ¢ free, not all zero, such that

SN AV + Y wVh(E+ Y wVGE+ Y. GVH(R) =0.

i€19(Z) 1=1,...,q i€IG (z2)UIGH (%) 1€IH (Z)UIGH (z)

But this contradicts the linear independence of (6). Therefore, MPCC-MFCQ-T must hold.

For the second implication, assume that the MPCC-MFCQ-R does not hold at z. By Lemma 1,
we can conclude the positive-linear dependence of (7). That is there exist scalars 5\, ﬁ,é > 0 and
i, v, € free, not all of them zero, such that

Z Xngi(E) + Z ﬁZVGl(E) + Z 51VG2(2)

1€19(%) 1€IGH (z) 1€IGH (%)
+ Y wVhi()+ Y. wiVGi(5)+ > &VH(2) =0.
i=1,....q i€I%(z) i€TH (z)

This contradicts the positive-linear independence of (2). Therefore, MPCC-MFCQ-T also fails. [J

MPCC-MFCQ-R is strictly weaker than MPCC-MFCQ-T as shown in the following example.

Ezample 1 Consider the following (MPCC):

minimise 27 + 2o
z€R2

subject to 21 + 29 > 0,
0 S ZlJ_ZQ Z 0

with g(2) := 21422, G(2) := z; and H(2) := zo. At the point Z = [0,0] ", we are in the bi-active case
where G(Z) = H(z) = 0. Consider the derivatives of the constraints: Vg(z) = [1,1]T, VG(2) =
[1,0]T and VH(2) = [0,1]". Choosing, for example, d = [3,4]", we get d' Vg(z) = 7 > 0 and
d"VG(z) =3 >0and d' VH(z) = 4 > 0. Thus, the MPCC-MFCQ-R holds at z. However, there
does not exist any direction d € R? such that d'Vg(z) > 0 and d' VG(2) =0 and d ' VH (%) = 0.
This implies the failure of the MPCC-MFCQ-T at Z.

Another important example that satisfies MPCC-MFCQ-R but not MPCC-MFCQ-T is the
main topic of Section 4. For further evidence of the very strong nature of the MPCC-MFCQ-T,
we end on the following remark.

Remark 2 For any problem of the form (MPCC) with p = 0 (in other words with no inequal-
ity gi(z) < 0 constraints but still possibly with equality h;(z) = 0 and complementarity 0 <
H;(2)LG;(z) < 0 constraints), the MPCC-MFCQ-T is equivalent to the MPCC-LICQ.
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W-stationary A-stationary C-stationary M-stationary S-stationary
(vi, & free) (vi >0o0r& >0) (vi& > 0) (vi, & > 0o0r ;& =0) (vi & > 0)
fi {’l fi fz Ez
Vg vy v vy v;

Fig. 1: This diagram highlights the differences in the W, A, C, M and S stationary conditions. Areas coloured in
red show possible values the multipliers v; and §; may take for a stationary point zZ where G;(z) = H;(2) =0

2.2 Stationarity
This subsection states some well-known stationarity concepts for problem (MPCC), which have

been extensively studied in the literature; see, e.g. [82], which seems to be one of the early papers
on the subject. We begin by introducing a problem-specific Lagrangian function

L(z, A\ p1,v,8) := f(2) — Z Aigi(z) — Z,Uihi(z) - Z viGi(z) — ZfiHi(z)- (8)

Observe that this function does not include the product terms G;(z)H;(z) for i = 1,...,7.

Definition 3 The feasible point Z of problem (MPCC) is said to be Weakly (W)-stationary if
there exist multipliers (A, u, v, ) such that the following conditions hold:

V. L(Z A, pyv,6) =0 (9a)
A >0 for i ¢ I9(z), (9b)
Ai=0 for i € I9(z), (9¢)
& =0 for i € 19(z), (9d)
v; =0 for i € 17 (z). (%)

The point z will be said to be Alternative (A), Clarke (C), Mordukhovich (M) or Strongly (S)-
stationary if additionally to (9a-e), we respectively have the conditions

A-stationary: vi>0or& >0 for i € 191 (z); (9A)
C-stationary: vi& >0 for i € I9%(z); (9C)
M-stationary: vi,&;>0o0r ;& =0 for i € 161 (2); (9M)
S-stationary: vi,& >0 for i € 199 (). (9S)

It is important to note a few properties of these stationary conditions. They only differ by the
nature of multipliers on the biactive index set 1. Figure 1 highlights these differences. So, if the
problem is strictly complementary at z, that is G;(z) > 0, H;(z) = 0 or G;(2) > 0, H;(z) = 0 for
alli=1,...,r, then all five concepts are equivalent. S-stationary is the strongest and is equivalent
to the KKT conditions of the (MPCC) if the complementary constraints are viewed as ordinary
inequality and equality constraints. The following relationships hold [27, page 60]:

—7 A-stationary =

S-stationary = M-stationary ~. C-stationary —

W-stationary
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2.3 Link to bilevel optimisation

As our support vector machine (SVM) application problem in this paper is primarily a bilevel
optimisation problem, it is important to introduce the definition of a bilevel optimisation program
and present its relationship to the MPCC. This is exactly what we do in this subsection.

First, recall that bilevel optimisation dates back to Stackelberg’s economic leader-follower game
theory [90], where the leader first gets to select variable, that we denote here by z; € R™, to optimise
their upper-level objective function F(z1,z22) subject to some upper-level constraints G(z1) > 0
and H(z1) = 0. Whatever selection the leader makes for z1, the follower will then get to choose
their own variable, represented here by zo € R™, to optimise their lower-level objective function
f(z1, z2) subject to some lower-level constraints g(z1,22) > 0 and h(z1,22) = 0. However, as the
leader’s choices depend on the follower’s variable zo, the upper-level player has to carefully choose
their strategy. More precisely, given dimensions n,m, p, q,7, s € N and differentiable functions F', f,
G, H, g, and h from domain R"™™ to range R, R, RP, R?, R", and R®, respectively, the described
Bilevel Optimisation Program can be written as

minimise F(z1, 22)

21,722

subject to G(z1) > 0,
(1) (BP)

H(Zl) = O7

2 € S(z1) = argmin{f(z1,23) :  g(21,23) >0, h(z1,23) =0},
23
where the lower-level problem corresponds to the following program parametrised by zi:

minimise f(z1,25) subject to g(z1,25) >0, h(z1,23) = 0. (10)

?2

Problem (BP) has a wide range of applications (see, e.g., [19] for more details) and our SVM
hyperparameter tuning problem in Section 4 is one its practical applications.

General NLP assumptions and CQs can be applied to the lower-level program. For instance, we
say that problem (BP) has a convex lower-level program if and only if for all z; € R™, the functions
f(z1,.) and g¢;(z1,.), for i = 1,...,q, are convex and h(z1,.) is affine linear. Additionally, we say
that the Lower-Level Linear Independence Constraint Qualification (LLICQ) and respectively the
Lower-Level Mangasarian—Fromovitz Constraint Qualification (LMFCQ) are satisfied at a point
(21, 22) if and only if (LICQ) and respectively (MFCQ) are satisfied at the point 25 for the lower-
level problem (10) parametrised by z;.

A common technique towards solving problem (BP) is to replace the lower-level problem with
its Karush—-Kuhn—Tucker (KKT) conditions, leading to the problem

minimise F(z1, 22)
21,22, )\, /4

subject to  G(z1) > 0,
H(Zl) = 0,
szf(zla Z2> - )\Tvzzg(zla 22) - MTVZQh(Zlﬂ 22) = 07
0<Alg(z1,22) >0,
h(zy,22) = 0,

(KKTR)

where A € R” and i € R® correspond to the Lagrange multiplier associated with the lower-level
constrain functions g(z1,22) and h(z1,22) at the point (z1,29) such that z; is the upper-level
selection and z, is the corresponding lower-level optimal solution.

Clearly, problem (KKTR) is a special class of problem (MPCC). However, problem (KKTR)
is not necessarily equivalent to the original problem (BP), as shown in [17]. Nevertheless, under
suitable assumptions, the following global and local relationships are well-known.
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Theorem 2 ([17]) Let the lower-level problem in (BP) be convex.

(i) Let (z7,25) be a global (resp. local) optimal solution of problem (BP) and assume that the
LMFCQ holds at (27,23). Then, for each choice of Langrage multipliers

Vz;f(ZT, Z;) - )\*Tvzgg(zf, Z;) - /I’*Tvzéh(zik’ Z;) =0,
(A", ") such that ¢ 0 < \* Lg(z7,25) >0,
h(z7,23) =0,

the point (27,25, A", 1u*) is a global (resp. local) optimal solution of problem (KKTR).

(ii) Let (25,25, N, 1i*) be a global (resp. local) optimal solution of problem (KKTR) and assume
the LLICQ holds at (z%,z3) (resp. LLICQ holds at (z1,z2), for all zo € S(z1), for all z; :
G(z1) > 0,H(z1) =0). Then, (27, 23%) is a global (resp. local) optimal solution of problem (BP).

This theorem establishes global and local relationships between problem (BP) and its KKT/MPCC
reformulation (KKTR). This will be useful in Section 4 when we construct a model for hyperpa-
rameter selection in support vector machines.

3 Solution methods

In this section, we introduce and study the partial penalisation and Scholtes relaxation methods.
There are at least two motivations to study these algorithms. First, they are among the most
commonly used in the literature on MPCCs (see, e.g., [48]). Secondly, there is a nice symmetry
between the two approaches. In the penalisation method, the constraint G(z) " H(z) = 0 is moved
from the feasible set to the objective function of the MPCC, while this same constraint is instead
relaxed to form a larger feasible set in the context of the Scholtes relaxation approach. Another
interesting feature in the dynamics of the two methods is that in the penalisation algorithm, the
penalty parameter can be sequentially increased (this is the main focus of the analysis here), while
the relaxation parameter instead decreases sequentially throughout the iterative process of the
method.

As it will be clear in the next subsection, a common point between the two methods, which does
not seem to have been discovered before, is that they converge under the same CQ; i.e., the MPCC-
MFCQ-R, which is strictly weaker than any CQ that has been used so far to prove the convergence
of these algorithms. However, a key departure point on the outcomes of the convergence of these
two algorithms is that the penalisation method will be shown to converge to a S-stationary point,
while we get C-stationarity from the Scholtes relaxation method.

3.1 Penalisation

We start by recalling that the penalisation method works by moving the problematic product term
G(2)"H(z) from the constraints of problem (MPCC) to its objective function. This leads to the
penalised problem with 7 being the penalty parameter:

minimise  f(z) +7 G(2) " H(z)

z€R™
subject to g;(z) >0 fori=1,...,p, (Pr)
hi(z) =0 fori=1,...,q,
Gi(z) >0, Hij(z)>0 fori=1,..r.

Interestingly, (P, ) is more likely to satisfy standard constraint qualifications. In fact, if (MPCC)
satisfies MPCC-MFCQ-R at a S-stationary point z*, then (P,) will satisfy the MFCQ at z*
[81, Theorem 5.1]. This means that we can employ standard NLP solvers such as interior point
method (IPM) or sequential quadratic programming (SQP) for (P,). However, when employing
such solvers, we should not expect them to find a global minimum but instead terminate within
a certain tolerance ¢ > 0 of a KKT point. With this in mind, we define a point z € R™ to be an
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Fig. 2: This figure visualises applying the penalisation sequence to a hypothetical MPCC with a single comple-
mentary constraint. The vertical axis is the objective value, while the horizontal axis is the product of the two
complementary constraint functions G(z)H (z). The green line shows the objective value f(z), and the red curve
shows the penalised objective f(x)+ nG(z)H (x) for increasing penalty parameters m. The grey dots show infeasible
stationary points that are slowly ironed out.

eKKT point for (P,) if there exits a Lagrange multiplier vector (X, i, v, &) € RP+4+27) gatisfying
the following system:

Hv f(2) +7H(2) [VG(2)] + 7G(2) [VH(2) = S AVgi(z) = 3 1 Vhi(2)
i=1 i=1 (113,)

T

~3 uVGi(z) - Z &VHZ-(z)H <e
=1 =1

gi(z) >0, X\ >0, gi(z)\i=0, fori=1,...,p,
hi(z) =0, p; free, fori=1,...,q, (11b)
Gi(2) >0, v; >0, Gi(z)v;=0, fori=1,...,r

Hi(2) >0, & >0, Hi(2)§,=0, fori=1,...,r

This concept is widely used in the literature; see, e.g., [25, Definition 3.1]. For € = 0 the system
(1la-e) is the classical KKT-conditions for (P,). The idea is then for a large enough penalty
parameter 7 and small enough tolerance e, finding a solution to (11la-e) that will correspond to a
stationary point of problem (MPCC). If we know such values for 7 and ¢, we only need to solve (P;)
once. This is called exact penalisation. However, in practice, we may not have this information, or
in the case where 7 is too large, (Pr) may become ill-conditioned [57, Example 3]. Therefore, a
more practical approach is to introduce an increasing sequence of non-negative penalty parameters
(r')¢en and a decreasing sequence of tolerances (€*);cn and solve problem (P,:) repeatedly using
the previous solution as the starting point for the next iteration until our stopping criteria are met.
We call this sequential penalisation. A precise description of the method is provided in Algorithm 1
and its theoretical convergence is established in next result below. A graphical illustration, for
increasing penalty parameter values, is given in Figure 2.

Algorithm 1 Inexact sequential partial penalisation method for problem (MPCC)

Input: Access to the (MPCC)’s functions f, g, h,G, H and their first order derivatives; Starting point 20 € R";
Initial penalty parameter 7! > 0; Initial KKT tolerance ! > 0; Exit tolerance eeyiz > 0;

Procedure:

repeat for t =1,2,3,...:
Find an ¢t-KKT point 2t of (P,+) with starting point 2t~1;
Increase the penalty parameter w*T1 > 7t;
Decrease the KKT tolerance ett1 < €t;

until Stopping condition: G(2*) T H(2?) < €oxit-

: Output zt.

SO whe

Theorem 3 Consider problem (MPCC) and a sequence of iterates (z'),oy, generated by Algo-
rithm 1, which is assumed to converge to the point z*. Furthermore, suppose that MPCC-MFCQ-R
holds at z* and G(z*) " H(z*) = 0. Then z* is a S-stationary point for problem (MPCC).
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Proof For each iterate 2!, since it is an €-KKT point of (Py¢), let (A, ut, 0%, 1) € RPTIH2) be a
Lagrange multiplier vector satisfying (11la-e). We now define augmented multipliers:

phi=vl — 7t Hy(2Y) and & =&l —n'Gy(2h). (12)

7

In this way we can rewrite (11a) as

H ZAthz ZMZVh Z VIVGi(2 Zg VH;(z

(13)

We wish to prove that the sequence a; := (/\"’7 ut, ot éf) , has a convergent subsequence. Suppose
te

towards a contradiction that it does not. It must be that a; is unbounded and ||a¢|| — co . Now,
dividing equation (13) though by ||a;|| leads to

HVf(Z)_ p Vai(z") = 2 1||a HVh( &)

llazll i=1 HatH

=i Hatqu( 2 = i ||<i\|VH( I <

llazll®

. . . )\l,’ [)Al,’A[ . .
We consider the normed sequence of the Lagrange multipliers ”( n ) Clearly, as it is

Mot ot €|
bounded, by Bolzano—Weierstrass theorem, there exists some inﬁnit(e sflbseciu)e‘r‘me that converges.
Let ()\’, W, A’,E) be the limit of that subsequence. We know (A’,u',ﬁ’,é’) must be non-zero;
otherwise, the original sequence a; would also have a subsequence converging to zero. From the
complementary slackness conditions in (11b) we conclude that: \; = 0 for i € {1,...,p} \ IY and
7, =0 for i € Il and é; =0 for i € I9 respectively. Using this indexing, we can say that it must

be the ()\’,_,,,/1,’, 79}cU[c;H,E’IHU1GH) components of the sequence that are non-zero. Now, returning

o (14), as t — oo, the terms v”{li(’z”t) and Ha 7 8o to zero,
DTNV + > V() + Y UVGi(zY) + D VH (") = 0. (15)
iels ielh ierurct ier®ure?

From the assumptions of the theorem, we have that z* satisfies MPCC-MFCQ-R. By Lemma 1,
the set of gradient vectors in (7) should be positively linearly independent. But that is contradicted
by (15). Therefore, we conclude that a; has a convergent subsequence. Let ()\*, W, 0*,5*) be the

limit of that convergent subsequence. By the continuous differentiability of f, g, h, G, H, and since
the sequence (zt)teN converges in their domain, these functions and their derivatives must converge
in range. Applying this to inequality (13), we get

Z)\ Vgi(z Z“ Vhi( Z 7; VG Zéj Z)=0.  (16)

Considering an index i € I¢, by definition, we have G;(z*) = 0 and H;(z*) > 0. By the
complementary slackness, we have £ = 0. Thus, we can conclude from (12) that £ = 0 for all
i € I¢. In the same way, we can conclude that 7¥ =0 for all i € I, Now considering a bi-active
index i € ISH, G;(2*) = 0 and Hy(z*) = 0. Thus 0¥ = v > 0 and £ = £ > 0. Hence,

vi=0 Viell, & =0 VielC, vEEF>0 VieICH. (17)

Consider the feasible point z* and vector of multipliers (/\*, W, éx) From equations (16), (11b)

and (17), we can conclude that conditions (9a), (9b-e) and (9S) are respectively satisfied. These
are exactly the S-stationary conditions. ([l
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Recall that Ralph and Wright [81, Theorem 5.2] provide a nice proof for penalisation with a
fixed parameter . However, in practice, a user would not know a good value for the 7 ahead of time.
If the chosen 7 is too small, the property G(z*) " H(z*) = 0 may not hold. On the other hand, if it is
too large, the program may become ill-conditioned [57, Example 3] as is common with penalisation-
based algorithms [70,103]. This provides a motivation for the sequential approach. Also, observe
that the paper by Leyffer et al. [57, Theorem 3.4] already presents a sequential penalisation theory
in the case where the subproblem (P;) is specifically solved with the interior point algorithm.
Theorem 3 provides two useful generalisations over their work. Firstly, it gives flexibility to the
user in the selection of the algorithm for the penalised subproblem (P ). Secondly, we only assume
MPCC-MFCQ-R, which is a far weaker CQ compared to the MPCC-LICQ, required in [57]. It is
also important to note all the aforementioned convergence results for penalisation, including ours,
require the fulfilment of G(z*)T H(2*) = 0. However, it is unclear how to ensure that this is the
case in practice. In the remainder of this section, we provide Theorem 4 and Example 2 to establish
when this assumption may and may not be reasonable.

Theorem 4 Let (z )teN be a sequence of iterates genemted by Algorithm 1 such that 2t is a global
optimal solution of problem (Pr) fort e N. If tlim 2t = 2%, then G(z*) TH(z*) = 0.
[ee]

Proof We first want to show that (G(zt)TH (zt)) ten 18 a non-increasing sequence. We will apply

the classical trick of taking a difference of terms at two indices. Let ¢ > t. Notice both 2t and
2" are feasible for both (P_7) and (Pg¢). Since z' minimises f(z) + 7'G(z)H(z) and z' minimises
f(2) + 7'G(2)H(z) we can conclude that

(") + 7' G(" ) H ("), (18a)

d (18b)

!
FE) +7'G(H (2

Sl
~—

Since (7t — wt) > 0, it follows that G(2*)H () > G(2)H(z).

Next, we show that limy—o (G(2") " H(2")) = 0. Let z be any feasible point of (MPCC). Let
2! be the minimiser of the penalised problem for 7! = 1. Towards a contradiction, suppose that
there exists an € > 0 such that for all T € N we have G(z!) " H(z!) > € for some ¢ > T. Under that
premise, we can choose an arbitrarily large ¢ such that 7¢ > 1| f(2)— f(z')|+2 and G(z")H(z") > e.
Consider the infimum over the objective values of problem (MPCC):

inf{f(z): g(z) >0, h(z) =0, 0 < G(2)LH(z) > 0} (19a)
> inf {f(2) + 7'G(2)H(2) : g(2) 20, h(2) =0, G(2) >0, H(2) > 0} (19b)
= f(z") + 7' G(") H (")
> f(z') + 7' G H(2) (19¢)
f(zY) +7te
> f(21) +1£(2) = (1) + 2
(2). (19d)

It is helpful to remember that ¢ here is chosen according to e. The first inequality (19b) comes
from the fact that any global minimum of (MPCC) is also feasible for (P, ). The second inequality
(19¢) comes from the fact that 2! is a global minimum of f(z) + w*G(2)H(z).

The conclusion of (19d) implies that z achieves a smaller objective value than the infinimum
over objectives of the MPCC feasible points in problem (19a). But this contradicts the MPCC
feasibility of z. Therefore we conclude that lim;_, (G(z')TH(z")) = 0. By the continuity of the
functions G and H, we have G(z*) T H(z*) = 0. O
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Contours of f(z) ,Contours of f(z)+2G(2)H(z)

Plot of G

Fig. 3: A graphical representation of Example 2. On the left are the contours of the objective function f(z). When
the complementary constraints 0 < G(z)LH(z) > 0 are added, the feasible set becomes the positive vertical and
horizontal axes. In the centre are the contours of the penalised objective function f(z) + 7G(z)H(z). The two dark
green wells at (0,3) and (3,0) are the two global minimums. The light green well at (3,3) is a local minimum. On
the right is the constraint G(z) plotted against 2.

Next, we provide an example, which shows how important it is for the sequence of points
generated by Algorithm 1 to be global optimal solutions for the penalised problem (P;). In this
example, the objective and constraint functions f, G, H : R? — R are all continuously differentiable,
and the MPCC-LICQ is satisfied. Nevertheless, its corresponding penalisation formulation has a
sequence of local minimums that converge to an infeasible point for the corresponding (MPCC).

Ezxample 2 Consider the following example of MPCC:
minimise  f(2) := (21 — 3)* + (22 — 3)?

21,22
1 9 9
subject to  G(z) := (ng - sz + 521) >0,

1 9 9
H(z):= <§z§’ - Zzg + 522) >0,
G(z)H(z) =0.
It is helpful to note that G or H are only equal to zero for z; = 0 or 2o = 0, respectively.

The feasible set is, therefore, the union of the two non-negative axes (see Figure 3). We begin by
writing the derivatives of all the functions involved in the above problem:

- 221—6 o (zl—%)(zl—?)) o 0
Vf(z)= [2,22—6} . VG(z) = [ 0 ., VH(z) = (2 — 8)(22— 3)|
Program (20) has two local minima at [3,0]T and [0,3]T. Furthermore, it satisfies MPCC-LICQ
at all feasible points. This can be verified by checking the two strictly complementary cases of
(G(z2) =0,H(z) > 0) and (G(z) > 0,H(z) = 0) and the biactive case (G(z) = 0, H(z) = 0). For
each of these, in order, the set of gradients of the active constraints are {[0, g]‘r and [%, 0] T}

and { [0, g] T , [%, O} T} which are each linearly independent sets.

Now consider the penalisation formulation (P) of this example whose feasible set is the whole
non-negative quadrant. Note (20) has only complementary constraint functions G, H and no in-
equality g nor equality A constraint functions. We introduce multipliers v and & corresponding to
G and H respectively and write the KKT conditions of the corresponding problem (Pj):

0=V [f(2) +m'G(2)H(z)] —vVG(z) — {VH(2),

G(z)>0, H(z)>0, v>0, £€>0, G(z)r=0, H(z)¢=0. (21)

Consider the point (27, z5) = (3, 3), feasible for the corresponding version of problem (P, ) for our
example but not for problem (20) itself. At this point G(z*) = H(z*) = 2.25 and all the derivatives
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are zero. Vf(z*) = VG(z*) = VH(2z*) = 0. Substituting these values into the KKT conditions
for the penalisation problem (21) we can find that (27,23,7,£) = (3,3,0,0) is a KKT point of
the penalisation problem (P,:) for all parameters ¢ > 0. Algorithm 1 could reasonably find the
sequence of iterates z* = (3, 3) for each t € N. However, this converges to a point that is infeasible
for the original MPCC. This highlights a key weakness of the penalisation method.

3.2 Relaxation

Scholtes [83] proposed the first regularisation scheme where problem (MPCC) is approximated by
a sequence of parametrised nonlinear programs. Since then, many alternative relaxation schemes
have been proposed (e.g., [16,91]), and a good survey on the subject is given by Hoheisel et al.
[44]. Typically, in relaxation schemes for MPCCs, the constraint involving the problematic product
term G(z) " H(z) of the complementarity system is relaxed. This enlarges the feasible set and can
make the resulting problem more tractable. In the specific context of the Scholtes relaxation, the
following subproblem is considered:

minimise f(2)
z

subject to  g;(z) >0 fori=1,...,p, (R.)
hi(z) =0 fori=1,...,q,
Gi(2) >0, Hi(2) >0, Gi(2)Hi(z) <71 fori=1,...,r

Note that for 7 close to zero, the feasible set of subproblem (R,) closely approximates that of
(MPCC); see Figure 4. This forms the basis of the relaxation method. The program (R.¢) is solved
multiple times with a sequence of decreasing parameters 7¢. For this, any classical NLP solver may
be used.

In a similar fashion to our construction for penalisation, we shall not expect the NLP solvers
to find the exact global minimum but instead terminate within a certain tolerance ¢ > 0 of a KKT
point. We say a point z € R™ is an e-KKT point for (R, ) if there exits a Lagrange multiplier vector
O\, 1, v, €, w) € RPHIE3) guch that

V1) Z)\ V(2 me A ZgVH

i=1

(22a)
£ s (G VHL () + () VG (= N <e
i=1
gi(z) >0, X\ >0, gi(z2)\;i =0, fori=1,...,p,
hi(z) =0, p; free, fori=1,...,q,
Gi(z) >0, v;>0, Gi(z)v; =0, fori=1,...,r, (22b)
Hi(2) 20, & >0, Hi(2)¢; =0, fori=1,...,7,
[T —Gi(2)Hi(2)] 20, w; >0, [r—Gi(2)H;(2)]w; =0, fori=1,...,r

We now show that a sequence of such e-KKT points generated by Algorithm 2, under certain
assumptions, converges to a C-stationary point of the original (MPCC) problem.

Algorithm 2 Inexact sequential Scholtes relaxation method for problem (MPCC)

Input: Access to the (MPCC)’s functions f,g,h,G, H and their first order derivatives; Starting point 2° € R";
Initial relaxation parameter 71 > 0; Initial KKT tolerance e! > 0; Exit tolerance ecyit > 0;

Procedure:

repeat fort =1,2,3,...:
Find an ¢t-KKT point 2t of (R,+) with starting point 2¢~1;
Decrease the relaxation parameter 7t+1 < 7t;
Decrease the KKT tolerance ¢tt1 < et;

until Stopping condition: G(2?) T H(2?) < €oxit-

Output z?.
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Fig. 4: The feasible set for the relaxation subproblems with (left to right) decreasing relaxation parameters.

Theorem 5 Consider problem (MPCC). Let (2'),oy be a sequence of €-KKT points of (Rrt)
parametrised by a strictly decreasing sequence of positive relaxation parameters (Tt)teN and toler-
ances (e )tGN that both tend to zero. Let z* :=limy_, (2) exist. Let MPCC-MFCQ-R hold at z*.
Then, z* is a C-stationary point for problem (MPCC).

Proof For each iterate 2%, since it is an e-KKT point of (R,:), there exists a vector of Lagrange
multipliers (A, p?, !, £, w?) € RPHa+31) satisfying (22a-e). Consider the following constructions:

Vi if i € I9(2") U TGH (21),
D= —wlH(2Y)  if i € {i: Gi(2H) Hy(z) = 7},
0 otherwise,
& if i € TH (2t) U IGH (1),
éi = —wiGi(zh)  ifie {i: Gi(zY)Hi(2h) = 1t}
0 otherwise.

This allows us to rewrite equation (22a) as

H ngz Z,ﬁwl VG, () - S V()
=1

=1

<e. (23)

We also note that for each i € {i : G;(z")H;(z') = 7'}, both ! and £ are non-positive, while for
each i € I9(2t) U T9H(2), both 7! and ¢! are non-negative. For all other indices, they are zero.
Therefore, we can conclude that

PEL>0 Vie{l,.,r} (24)

We now wish to prove that the sequence a; := ()\t, ut, ot éf) , has a convergent subsequence.
te

Suppose towards a contradiction that it does not. It must be that a; is unbounded and ||a;|| — oo.
Diving equation equation (23) through by |la¢|| leads to

Vhi(z")

Vf(zt
H ||];(tn) —Xin uatnvgl( #) =i ||atu (25)

t

— S0 VG = Y, e V(2 )H < TaT-

Now consider the normed sequence m Clearly, it is bounded. It follows from the

Bolzano—Weierstrass theorem that there exists some subsequence that converges. Let the point
()\’ T ,é’) be the limit of that subsequence. We know this must be non-zero; otherwise, the
original sequence a; would also have a subsequence converging to zero. From the complementary
slackness conditions in (22b) we conclude that: \; is non-zero only for ¢ € I9 and 7} is non-zero
only for i € I¢ U I and f; is non-zero only for i € I'f U I%H. Using this indexing we can say
that it must be the (N, i/, jan, & on ) components of the sequence that are non-zero.



18 Samuel Ward et al.

Returning to (25), as t — oo, the terms V”ai(j‘t) and H H go to zero, and we are left with
D NV + D i Vhi(z Y. UNGE) A+ Y SVH() =0 (g
i€l ielh 1€IGUIGH i€IHUIGH

From the assumptions of the theorem, we have that z* satisfies MPCC-MFCQ-R. By Lemma 1,
the set of gradient vectors in (7) should be positively linearly independent. But that is contradicted

by (26). Therefore, we conclude a; must have a convergent subsequence. Let (/\*, u*,z?*,f*

the limit of that convergent subsequence. By the continuous differentiability of f, g, h,G, H, and
since the sequence (zt)tGN converges in their domain, these functions and their derivatives must
converge in range. We can apply all this to (22a) to get the following:

r

Z)\ Vi(z Zuth Za*va )= {VH(z)=0. (27

=1

From equations (27), (22b) and (24), we can conclude that (9a), (9b-e) and (9C) hold, respectively.
These are exactly the C-stationary conditions. |

A similar version of Theorem 5 was initially proven by Scholtes [83, page 922, Section 3]
but required the stronger MPCC-LICQ. An updated proof is given by Schwartz [84, page 112,
Theorem 7.3], which weakened the requirement to MPCC-MFCQ-T. We present a similar proof
but weakening the CQ further to MPCC-MFCQ-R (cf. Theorem 1 and Example 1). Another unique
feature of our result (Theorem 5) is that we only require an inexact KKT point to be computed at
each iteration, unlike in the previous papers, where exact KKT points were used for the penalised
problem. This allows the theorem to be applied to a much broader class of problems and for the
numerical implementation to reflect the theory more closely.

4 Application to hyperparameter tuning for nonlinear support vector machines

In this section, we construct a model to optimally select the hyperparameters of a support vec-
tor machine (SVM) model. To proceed, we first introduce the problem of training a SVM (Sub-
section 4.1). Subsequently, we discuss the cross-fold validation method and then build on it to
formulate a bilevel optimisation problem where the lower-level program trains the SVM model
parameters while the corresponding upper-level program chooses the optimal hyperparameters.
Based on the KKT reformulation introduced in Subsection 2.3, this bilevel program is transformed
into a MPCC (Subsection 4.2), which is then carefully analysed in light of the results established
in the previous two sections. In particular, we show that the MPCC reformulation of the bilevel
hyperparameter tuning model for our nonlinear SVM automatically satisfies MPCC-MFCQ-R for
any feasible point with positive hyperparameters. Additionally, we prove that the MPCC-LICQ
and MPCC-MFCQ-T fail in general (Subsection 4.3).

4.1 Support vector machine

The concept of support vector machine (SVM) was introduced by Cortes and Vapnik [15,96] and
has since been a prolific research subject; see, e.g., [10]. Here, we provide an introduction to the
topic as well as a setup of notation that will be useful for the discussion in the sequel.

The SVM is defined by a set of n training examples, denoted by (x;,y;) for i = 1,...,n, such that
each example i is a vector of features collected by z; € R? and a class label y; € {—1,+1}, where
the aim is to find weights w € R? and a bias b € R describing a hyperplane {x € R? : w2z +b = 0}
and a margin around it, {z € R? : —1 < w'x + b < 1}. The weights should be such that the
positive label points lie above the margin (w'z; +b > 1 Vi : gy = +1) and the negative label
points lie below the margin (w'z; +b < —1 Vi :y; = —1). This is equivalent to the constraint
1 — yi(w'z; +b) < 0 for any 7. Under these constraints, our goal is to maximise the width of
the margin given by ﬁ Intuitively, this means new unseen data points have the most leeway to
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Fig. 5: Each of the four plots show blue and red data points in a two-dimensional space. Plots a and b (left) are the
same linearly separable data set. Plots ¢ and d (right) are sampled from the Moons data set. The first plot shows a
naive separating hyperplane. Plot b shows a more intelligent hyperplane with a maximum margin found using the
(Hard-Margin-SVM). Plot ¢ shows two possible hyperplanes in black and green found by the (Soft-Margin-SVM)
with different choices of hyperparameter C. Plot d shows a nonlinear boundary with a maximum margin. We found
this using the (Dual-SVM) attached with a RBF kernel.

deviate beyond the range of the training data without crossing to the wrong side of the hyperplane;
see Figure 5a-b. Once optimal weights w* and bias b* are found, we can predict the label of new
data using the classifier x — sign (’w*TQT + b*) where the sign function returns -1 for negative
inputs and +1 otherwise. This problem can be formulated as

minimise —w W

wERY,bER 2 (Hard-Margin-SVM)
subject to 1 —y; (w'z; +b) <0 fori=1,...,n

The weakness of the (Hard-Margin-SVM) becomes apparent when data is not linearly separable;
the above problem is then infeasible. Thus, the (Hard-Margin-SVM) is rarely used in practice. A
far more common approach is to use the hinge loss function

HingeLoss(z;,y;) := max (0, 11—y (waZ- + b)) ,

which measures how much example (z;,y;) violates the margin constraint for a given weight and
bias. It takes the value zero when the constraint is satisfied. By replacing each constraint with a
hinge loss penalty in the objective function, we can form a model that discourages but allows some
points to violate the constraint in favour of ensuring a large margin. A regularisation parameter C
can be introduced to instruct the balance between these two objectives, with a large C ensuring
that the margin constraint is less violated, whereas a smaller C' is more tolerant to such violations
where it can find a larger margin. The new objective is now to minimise the function

1 1 <
inerC; ;max ((), 11—y (wT:EZ— + b)) .

The non-smooth max operator in this new objective function can be eliminated by introducing a
variable &; for each example (x;,y;). This leads to the soft margin formulation of the SVM problem

1+ 1 &
L 1 cl i
v T L P I

= (Soft-Margin-SVM)
subject to E>1—wy; (wa,»—&—b) fori=1,...,n,

& >0 fore=1,...,n.

Now, we wish to extend this model so that it can find nonlinear boundaries to separate data.
To achieve this, we consider a mapping x; — ¢(x;) that lifts the features of each data point x;, for
t=1,...,n, to a higher dimension. We can then find a hyperplane in this higher dimension, which
corresponds to a nonlinear boundary in the original feature space; see Figure 6 for an illustration.
However, it is often computationally hard to compute ¢(z;). The solution is the so-called kernel



20 Samuel Ward et al.

xx
%
X o q&?’%}%
X X, X
K Xx KOXE R wx X
*x Ko /
X g 2 >
RN s P '
“x % %
X x ¥
g x * ;
x xx
o ¥
e S X X%x *
X X Yodn % x
x x %
X
x X XX
x
x Xx Xx
T

Fig. 6: On the left, data in two dimensions that is not linearly separable is shown. On the right, the same data is
lifted into a third dimension, where a separating hyperplane exists.

trick, which allows us to find a separating hyperplane in the higher dimension without ever explicitly
evaluating ¢(z;). In our numerical experiments, we use the Radial Basis Function (RBF), which is
defined by

Ky (w1, w2) = exp (|1 — 2] (28)

(with hyperparameter ) and maps features to an infinite-dimensional space, making the kernel
trick necessary. Other kernel functions commonly used in the literature [7,10] include the linear,
polynomial, and Sigmoid ones, respectively given as follows (for hyperparameters -, d):

K(xy,22) := xirxg, Ky 5(z1,22) = (’Y.T;r.’lﬁg +6)%, and K, 5(x1,22) := tanh (71‘?1:2 + 5) )

To apply the kernel trick, we need to work with the dual of the soft margin SVM optimisation
problem. This was first discovered by Guyon, Boser and Vapnik in 1992 [7,40] and is now standard.
Nevertheless, for the paper to be self-contained, in Appendix B, we provide the details of the
conversion from the primal problem (Soft-Margin-SVM) to the dual (Dual-SVM)

o ) 1 n n n
minimise 3 Z Z a0y Y Ky (e, ) — Z oy
=1 j=1 i=1
subject to 0<; <C fori=1,...,n, (Dual-SVM)
n
Z a;y; =0,
i=1

which will be the main focus of our attention for the remainder of this section.

The (Dual-SVM) is highly effective at learning to separate real-world data. Many machine-
learning libraries have become proficient at solving this; one of the most widely used is the open-
source library LIBSVM [11]. At this point, it is worth discussing the link between the primal
variable (w,b) and dual variable a.. For each index i, if o; = 0, the solution represents a boundary
that ensures data point 4 lies on the correct side of the margin. If «; > 0, then the data point 4
lies within the margin or on the wrong side. Details of how to reconstruct the primal variables and
further explanations are provided in Appendix B.2.

We conclude this subsection by stating the Karush-Kuhn-Tucker (KKT) conditions for problem
(Dual-SVM), which will be useful later. For the theory on KKT conditions, we refer again to Boyd
and Vandenberghe [8, Section 5.5.3]. Since the program is convex and the constraints are linear, a
point « is optimal if and only if there exist Lagrange multipliers v,v € R™, u € R such that

n

Z%’Q(W)ij —v; 0 fuy; =1 fori=1,...,n,

j=1
0<a;lv; >0 fori=1,...,n, (29)
0<(C—aw;)ly; >0 fori=1,...,n,

n
Z a;y; =0,
=1
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Fig. 7: A visualization of 5-fold cross-validation with dedicated test data kept aside.

where Q(7v)i; = viy; Ky (2, 2;), i = 1,...,n, j = 1,...,n, denotes the so-called kernel matrix
which we write as a function of + as this will become a decision variable in the next section. For
full details on this, see Appendix B.

4.2 Modelling hyperparameter tuning

A major aspect of machine learning is judging if a model is overfitted to its training data [37, page
28][43, Chapter 7]. For classifiers, this could mean unreasonably contorting the decision boundary
to include outliers. By doing so, the classifier achieves near-zero empirical training error but misses
the overarching pattern. SVMs’ power comes from their ability to accept some level of empirical
error in favour of a simpler boundary that generalises well to unseen data. These two objectives
are balanced by the hyperparameter C. This leads to the question of how to evaluate the accuracy
of a model or the choice of hyperparameters if training error does not provide the whole picture.
Traditionally, data scientists have suggested withholding some (validation) data from the training
process and using it separately to test the classifier’s accuracy more fairly. However, this reduces
the amount of data that the model has to learn from and can be sensitive to the choice of data
withheld for validation. Our goal is to find the optimal hyperparameters without overfitting the
model so we must use a more robust validation methodology.

The cross-validation procedure (see Figure 7 and literature [43, Section 7.10.1], [37, page 77],
[92]) partitions the data indices into K folds. It then runs K experiment(s) such that at the k-th
experiment (k = 1,..., K), new model weights w* and bias b* are learned using all the examples
but withholding those from fold k. Then, the remaining data points from fold k can be used as
unseen validation data to evaluate the model by calculating the average accuracy across the K
experiments. This typically results in a less biased evaluation of the model.

Moving forward, K will represent the total number of folds, while k denotes the index of a
given fold. For each experiment k = 1,..., K, the superscript k corresponds to variables related
specifically to that experiment; i.e., precisely, we use the following notation for experiment k:

Training Validation
Number of examples: n* n*
Examples: (I?’yf)izl,.“,nk (‘f,gf)l_ly Ak
Kernel matrix: QMY =iy exp (—llzf —afll) QN = wi'yy exp (=12} — 7))

Note that in training, the kernel Q(’y)fj is calculated between two training examples (z¥,y%)
and (x;“, yf) but, in validation, the kernel Q(v)fj is between one validation (Z¥, §¥) and one training
example (xf, y;“) In a similar fashion, we define w*, v*, and o* as the decision variables related to
experiment k. This allows us to denote each experiment k£ independently of the other experiments.

With all the above notation in mind, we can now create our hyperparameter tuning model,
which is a bilevel optimisation problem. The leader is to select hyperparameters C' and ¢ that
minimise the average K-fold cross-validation error measured by the hinge loss. The follower wishes

to select optimal model parameters w* and b* according to (Soft-Margin-SVM), for each fold k,
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that minimises the training error:

K P
. 1 _ _
oIS 27w 2 mex (001 = (w0 ) + )

subject to C >0, (31)
Foreach k=1,...,K :

w”, b* optimal for SVM problem parametrised by (z*, yk)k:L_“mk.

For the problem to be well-posed, as before, we will convert the upper-level Variables into dual
ones, by means of the kernel trick. This can be done by substituting w* = Z a® Ty kg ( ) into the

objective function and applying the kernel trick gjfyfgb (Jff) 10) (xf) = Q(*y)fj A few other technical
arrangements with the bias b* will lead to the dual objective:

3
e

K g
2 aF

max | 0,1 — Z Y)ij —ykbk( ' ,7,0) . (32)
k=1 j=1

1

o
Il

More precise details on the process for this conversion can be found in Appendix B.

To obtain a smooth upper-level objective function, we remove the max operator by introducing
slack variables (; and pairs of constraints ¢; > 0 and {; > 1 — Zn (fy)” — ok (oF ,’y,C’)
before. This must be done for each fold ¥ = 1,..., K and for each vahdatlon example in those
folds i = 1,...,7". To remove the embedded lower level optimisation problem, we perform a KKT
reformulation. This results in the following MPCC:

760,000

K 1 P
minimise E — E Cf
c v nk 4
k=1 i=1

subject to C >0,

v 20,
(>0 (Validation)
. . fork=1,..., K,
- b - b 5 7C .
g(LJQ( i Y ( v ) fOI‘ZZl,...,ﬁk7 (M)

ZOQ —1—1' + 0 4+ uPy; =0

0<af Lok >0 (Training)
il fork=1,..., K,
0<(C—af)1or>0 ) K
fori=1,...,n"

n

k. k __

§ Y =
J

where the Lagrange multipliers v*, 0%, v for k = 1,..., K which were introduced in the KKT
conditions (29) are now decision variables. The constraints resulting from the upper-level are tagged
as (Validation) given that they measure the error over the validation data. The (Training) tag
corresponds to the KKT conditions (29) of the lower-level problem.

Problem (M) is explicit but not concise. It uses a two-dimensional indexing scheme: First, it
indices the fold k£ = 1,..., K, then the individual examples ¢ within that fold. We now wish to
flatten the indices into a one-dimensional sequence. Hence, we introduce the index sets

I={(kd):k=1,....,K,i=1,....n"} and I:={(k,i):k=1,...,K,i=1,...,aF}. (33)
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This allows us to stack all the constraint functions into vectors via the notations

TLk
sz(z) = Cf -1+ Za?@(’y)z + gfb’f (ak,’y, C) for (k,i) eI, (34a)
nk -

0F () = > akQy)l —1—vf + 0} + uy; for (ki) eI, (34b)

J::
oF(2) == Za?yf for k=1,...,K. (34c)

J
where we have also introduced z := [C,~,(, o, v, T, u]T € R" to collect all variables, which has the

—k
dimension N := 3(K — 1)n+n+ K + 2. This leads to the representation f(z) := Zszl LG
for the upper-level objective function of (M), as well as its constraint functions

C
v [ 01(2) ] [ ar ] [ 01 ]
11 . .
_ : _ HKK (Z) L Q;’,\K _ 47[1\’\"
g(Z) - T_IL(K ) h(Z) - S01(Z> ) G(Z) i (C _ (Y}) ) H(Z) - F} ) (35)

4) z z z

L% (2) | (C—aly) L0 ]
| Z ] (2)]

where we obviously have g(z) € R*t?? h(z) € RE-D"+K and G(z), H(z) € R K=" Syubse-
quently, using the above constructions for the functions f, g, h, G and H, we can re-write problem
(M) more compactly in the general form (MPCC).

4.3 Theoretical properties of problem (M)

We start here by showing some properties of the matrices Q(7)* for k = 1,..., K.

Lemma 2 Given distinct data points %, ... ,xflk € RY and labels y¥, . . ., yﬁk € {-1,1} for each
k=1,...,K and v > 0, we have:

1. Each RBF kernel matriz Q(y)* € R™ ", which is defined by Q(fy)fj = yfy;“ exp (—7 ||:cf — :L'é“ ||2)

fori=1,....,n and j =1,...,n, is positive definite.
2. The following block diagonal matriz Q(vy) formed from Q(v)!,..., Q(v)¥ is also positive defi-
nite:
QM) 0
Q) = : (36)
0 QX

Proof The Gaussian x — exp(—||z||?) is a positive definite function on R? [100, Theorem 6.10].
Therefore, PZ} ‘= exp (f’y fo — zf“2) is a positive definite matrix [100, Definition 6.1]. Hence,
for any non-zero vector v € R”, by the positive definiteness of P*, it holds that

vTQ('y)kv = Z Zvivjyfyf exp (—7 Hazf — xf”2) = (vy)TPk(vy) >0,

i=1j=1
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where vy € R™ is the vector (vy); = v;yF fori = 1,...,n. Thus, Q(v)* is positive definite and so has
only positive eigenvalues. Applying either [35, Definition 1.59, Property a] or Schur determinant
formula [105] to the characteristic polynomial of Q(y) we get:

det (Q(y) = AZ,) = [] det (Q(1)* = AZ,x) .
k=1

Hence, Q(7) has all positive eigenvalues and is therefore positive definite. (Il

Next, we make an important assumption that for each fold, there exists at least one dual
variable in the interior of its bounds. This is equivalent to assuming at least one data point lies on
the margin.

Vk=1,...,K, 3Jiel,...,n" suchthat 0 <ol <C. (37)

We can now show that the lower-level problem (Dual-SVM) satisfies the assumptions of Theo-
rem 2, and in the provided framework, problems (M) and (31) will be locally equivalent.

Proposition 1 Problem (M) has a convex lower level program, and satisfies the LLICQ at every
point z := [C,v,(,a,v,0,u] " where C >0, v > 0 and (37) holds.

Proof By Lemma 2, the objective function of (Dual-SVM) is a positive quadratic function. Each
of the constraints is linear in «. Therefore, we have convexity. For each index i, only one of the
constraints 0 < «; or «; < C can be active. Therefore, each of our active inequality constraints
is in a unique variable. Furthermore, by assumption (37), there exists some index ¢ such that the
variable «; is involved in the equality constraint »_ «,;y; = 0 but none of the active inequality
constraints. Thus, their derivatives are linearly independent, and (M) fulfils LLICQ. ]

Next, we give the derivatives of the constraint functions of (M). This will be useful later in
studying which constraint qualifications problem (M) satisfies.

Proposition 2 The transposed Jacobian matriz of the constraint functions of (M) is

Constraint functions

9(2) h(2) G(2) H(z)
C v ¢ Z(z) 0 ¢k o (C-a) v v
. Vee|l 0 0 VeZ(z) 0 0 0 1 0 0
S Vye |0 1 0 V,Z(z) V.0() 0 0 0 0 0 (38)
S Veel0 0TI I 0 o 0 0 0 0
] Voo [0 0 0 ViZ(z) Qv) y T -7 0 0
S V|0 0 0 0 -7 0 0 0 Z 0
S V|0 0 0 0 7 0 0 0 0 I
SR velo 0 0 0 VT 0 0 0 0 0

with the column headers denoting which constraint function (refer to (35)) does the column cor-
responds to; the row headers V,e denote that their row corresponds to the derivative with respect
to decision variable v; T is the identity matriz with inferred dimension; and Y € {—1,0, 1}”‘“{ 18
the block diagonal matriz formed by

vyt 0 v
V= and y* = S| fork=1,...K.
0 yK nyk

Using the standard MPCC index sets 19, I, I IGH that were defined in (1) becomes labour-
some and hides the structure of our problem. Recalling the indexing scheme of (33), we define the
problem-specific index sets

I = {(kyi) e I:¢f =0} and I? :={(k,i) e l:Zz)=0}.
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Case 5
af=C, 0F >0
Case 3 Case 4
ok € (0,0) af =0, 1F =0
k
]

Fig. 8: This figure illustrates the geometry of our problem by showing example feasible points for each of the
five index sets C1, Ca, Cg, Cy and Cs. The horlzontal axis represents values of af’. The vertical axis represent
non-negative values of 1 * and 1 * when a =0 and a = C, respectively. The orange arrows show directions in the
normal cone of the fea51ble set of the problem

We then partition the index set I into five cases that better describe (M):

Cri={(kji)el: of=0, >0 (C-al)=0C, v=0};
Co={(kji)el: of=0, =0 (C-al)=0C, v=0};
Cy:={(kyi)eI: o€ (0,C), vf =0, (C-al)e(0,0), v =0};
Cy={(kyi)el: ol =C, vP =0, (C—aof)=0, o =0};
Cs:={(kyiyel: of=C, =0, (C-al)=0, ol >0}

We denote the union of multiple cases in the subscript. For example, C23 := C; U Cy U Cs. It is
easy to see that these sets are disjoint and cover all possible cases. That is, C12345 = I. Figure 8
illustrates the geometry of these index sets. Next, we show that (M) satisfies MPCC-MFCQ-R at
every feasible point with positive hyperparameters.

Proposition 3 Let z := [C,v,(, o, v,0,u]" be any feasible point of problem (M) such that C > 0,
v >0 and (37) holds. Then MPCC-MFCQ-R holds at this point.

Proof Recall from Lemma 1 that (MPCC) satisfies MPCC-MFCQ-R if and only if the family of
gradients (A, B) defined in (7) is positive-linearly independent. We write these gradients explicitly
for (M) using the problem specific variables, index sets I¢, I?, and partition C; for | =1,...,5:

A= {v aF Vb (ki) € 02} U {vz(c— o), v,k (ki) € 04}
{v Ch (ki) € IC} U {vzzf(z) (ki) € IZ}; (39a)
- {vzaé’f (kyi) € 01} u {vzyj' (kyi) € 0345} U {vz(c o) (ki) € 05}
U {vzuf (ki) € 0123} U {vzef(z) (ki) € 1} U {Vchk(z) k=1, K} (39b)
Suppose there exist non-negative multipliers A*, A2, A3, A*, A3, A% > 0 corresponding to the vectors

in set A and free multipliers u', u2, u3, u*, 1°, u® corresponding to the vectors in set B such that
together they give rise to a linear combination whose sum is zero. More precisely,

> (Ve £ ALVN) + YD (AL VL(C = af) + X, VL))

(k,i)eCa (k,i)€Cy
K K
+ Z A VLCF + Z PYA AP Z Vo 4 Z AR
(k,i)eI¢ (k,i)elZ (ki)EC) (k,i)ECsas
K
+ Z piiVo(C = o) + Z PV =0} + Z i V07 (2) + Zugivzapk(z) =0. (40)
(k,i)ECS (k,i)€C123 (kji)el k=1
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We have written V,e to denote the derivative with respect to the full decision variable z :=
[C,v,¢, o, v,0,u]T. Moving forward, we will ignore the derivatives with respect to C' and ~ and
write the remaining components of the derivative as vectors of five blocks corresponding to the
derivatives with respect to [¢,a, v, v, u]. For example V¢ o 1 5.4] (a¥) =0,e¥,0,0,0]T where e is

the standard unit vector of zeros with a 1 at index (k,¢). Thus we take (40) and rewrite explicitly

0 0 0 0
ek 0 —el 0
ST O] A e [+ DD A0 [+ |0
(k,1)ECs 0 0 (k,i)eCa 0 ek
0 0 0 0
ek ek 0 0]
K 0 K VaoZE(2) ek 0
D NGO DD A 0 D e [0 D |
(ki)elz 0 (kyi)el¢ 0 (kyi)eC 0 (k,i)€C345 0
0 0 0 0
: (41)
0 0 0 0
—ef 0| x v Q¥
(k,i)ECs 0 (k,i)€C123 ekl k=1 0 (ki)el ek
0 0 0 Y|

Inspecting the first row of the vector derivatives, which represents the derivative with respect to
¢, we can have that A% + A6 = 0. By their non-negativity we conclude \> = 0 and \® = 0.

We continue by inspecting subvectors of the multipliers based on Cja345. For the vector u € R
and matrix Q € RIIXII denote the subvector and submatrix according to index set C; C I as

per = pkiec) € RO and Qe e, = QMirecs,iw,inec,) € RIGI],

respectively, for [ =1,...,5. Note that Qc, ¢, is a principal submatrix of a positive definite matrix
(Lemma 2); therefore, it is positive definite itself. It is still a function of gamma, but we drop the
argument for brevity.

Consider the derivative with respect to v for (k,4) € Cs; i.e., the third row in our block notation
in (41). We have that A\* - u¢, = 0, which implies that x¢, is non-negative. Consider the derivative
with respect to o} for (k,i) € Cs. i.e. the second row block in (41). We have A\! + Qc, ¢, pé, = 0.
Taking the inner product with u¢, gives

(1e) " () + (1) (Qeuc) (1) = 0.

By the positive definiteness of Qc¢,.c, and since A\, A2, ,uGC2 > 0 we must have \! = \2 = ng =0.
In a similar manner, we now consider the derivative with respect to % for (k,i) € Cy; i.e.,
the fourth row block in (41). We have that \* 4 p¢:, = 0 which implies that p¢, is non-positive.

Considering the derivative with respect to o} for (k,i) € Cy, we have —\*+Qc¢, capl, = 0. Taking
the inner product with u& leads to

—(1&) " () + (18) " (Qeuca) (1) = 0.

By the positive definiteness of the principal submatrix Qc, ¢, of Q, and given that A*, A* > 0 and
,uGC4 < 0, we must have the equalities A3 = \* = uﬁc4 =0.

At this point, we have shown that A1, A2, A3, X%, A%, A8, p%z and u%4 are all zero. Now, consider
the remaining derivatives in (41) whose multipliers we have not yet concluded are zero. We stack
these vectors as columns of the matrix
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1 2 3 4 5 6 7 8
05 (=)  (87(2) 05 (2))  (¢¥(2) (af) (C—a7) (@F) ()
(k,i)eC’l (k,i)€C3 (}C,i)ECE; k:L...,K(k,i)GCl (k,i)EC5 (k),i)60345 (k,’i)eclzg
L (Vor®)iec, | Qewe Qcs,.ch Qcs.ch Yo, ZIg 0 0
2 (Var®)kiecs | Qorcs Qc,.C5 Qcsos Yo 0 0 0 0
3(Var®)iecs | Loros Qcs.05 Qcs,Cs Yes 0 —Zcs 0 0
4 (vv%’.>(k,i)€Cl Icl 0 0 0 0 0 0 0
o (vl;f’.)(k,i)60345 0 [_1-03 )0, O}T[Oa 0, _IC:,]T 0 0 0 IC345 0
6 (v'ﬁf".)(k},i)eclzg [IC1 s Oa O]T [07 O7Ics]T 0 0 0 0 0 IC123
(Vo ®) (iyecs 0 0 e, 0 0 0 0 0
8 (Vur®)k=t,.x | V&, Ve, V.. 0 0 0 0 0

that we denote by (M), which is a submatrix of the transposed Jacobian in (38). The top-left
element of (M) has column header (6¥(2))(x:ec, and row header (V:®)(.iec,- This helps the

reader to observe that this element is the derivative of constraint function (6¥(z)) over indices
(k,i) € Cy w.r.t. variables o over indices (k,i) € Cy, which in this case is the submatrix Q¢, ¢, -

From here, we perform a sequence of elementary row operations to demonstrate that (M ) is full
rank. These are described in five steps. First, the row-blocks are enumerated 1,2,3,4,5,6,7,8 are
reordered to 1,3,5,6,2,4,7,8. Secondly, the column-blocks are enumerated 1,2,3,4,5,6,7,8 are
reordered to 5,6,7,8,2,1,3,4. Thirdly, we multiply rows in row-block 3 by —1 so that its leading
entries are positive.

Observe that Qc, ¢, has full rank, so there exist elementary row operations that map Qc,,c,
into row echelon form. Denote with R the product of matrices that perform those elementary row
operations so that RQ¢, ¢, is in row echelon form. The fourth step is to premultiply row-block 2
by R.

Finally, take the rows of 8 and subtract scaled copies of rows of 2, 4 and 7 according to
Gaussian elimination until the rows of 8 are zero in all columns of 2, 1, and 3. This leaves some
non-zero matrix which we will denote S in row-block 8, column-block 4. Since the individual rows
k=1,..., K of row-block 8 correspond to the same folds k = 1,..., K as the columns k =1,..., K
of column-block 4, the matrix S is diagonal. Furthermore, assumption (37) gives us that Cj is non-
empty for each fold k = 1,..., K; therefore, the diagonal elements of S are non-zero. After these
five steps of row operations, the resulting matrix can be written in the following way:

5 6 7 8 2 1 3 4
(@) (C=a}) (i) (@)  (0i(z) (0F(2)  (0f(2)) (¥"(2))
(k,i)€Cy1 (k,i)€Cs (k,i)EC345(k,i)EC123  (k,i)€Cs (k,i)eCy (k)eCs  k=1,...K
1 <v“i“ .)(k’i)ecl ICl 0 QCS;CH QC1,C1 QCs,C1 yCl
3 - (v”f:.)(kvi)ecf’ 0 IC5 0 0 7QC3705 7QC’1,C‘5 *QCs,Cs 73}05
5 (vy,’f.)(k,i)ecms 0 0 IC345 0 [_IC37 0, O]T 0 [O» 0, _IC5}T 0
6 (vl‘f‘.)(k,i)Gcms 0 0 0 IC123 [07 0, ICg]T [IC1 ,0, O]T 0 0
2R(V,:®)kiecs | 0 0 0 0 RQc,.0c; RQc,0; RQc;0 RYVe,
4 (Ve @) kiec 0 0 0 0 0 Ic, 0 0
7 (foj’)(k,i)ecs 0 0 0 0 0 0 ICS 0
87 0 0 0 0 0 0 0 S

From this sequence of row reductions, we see that each column has a unique row index with its
leading non-zero entry. Therefore, the matrix (M) has full rank. The equation (40) is satisfied for
non-negative A only when A = 0, u = 0, giving us that (A, B) is positive-linearly independent and

(M) satisfies MPCC-MFCQ-R. O

Remark 3 1t is worth remarking that the above proof uses the dual form of MPCC-MFCQ-R. It
would be equivalent to show for the sets defined in (39a,b) that B is linearly independent and there
exists a direction d such that Bd = 0 and Ad > 0. This direction d is illustrated geometrically
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by the orange arrows in Figure 8. Also, as a key consequence of Proposition 3, the assumptions of
Theorem 3 and Theorem 5 hold accordingly.

We now show that problem (M) in general fails the stronger constraint qualification MPCC-
MFCQ-T, and therefore displaying that the second implication in Theorem 1 is strict for the
application problem under consideration in this section.

Proposition 4 The MPCC-MFCQ-T fails at all feasible points z := (C,v,(,«,v,v,u) of the
program (M) with at least two biactive indices; i.e., with [IGH (2)| > 2.

Proof MPCC-MFCQ-T requires that the following family of vectors be linearly independent:
{Vhi(z) e Ih} U {VGi(z) i e I%(z) U IGH(Z)} U {VHZ-(Z) e TH(z)U IGH(z)}. (42)

Here, each vector is a derivative with respect to the decision variable z.

The constraint functions h, G and H are in the variable («, v, v, u, C,~), which has a dimension
of 3(K — 1)n 4+ K + 2, where n is the number of training examples and K is the number of folds
in the cross-validation. Observe that all the vectors in (42) are constant with respect to ¢, so their
derivatives are zero with respect to ¢. There are a total of 3(K — 1) + K + [ISH| vectors in this set
(42). Therefore, if [ISH| > 2, then there are more vectors than non-zero dimensions, and so they
cannot be linearly independent. O

By Theorem 1, we can conclude that MPCC-LICQ also fails at all these points. This program
is a good practical example to show that the implication MPCC-MFCQ-T — MPCC-MFCQ-R
is strict. We have now shown that (M) satisfies the relevant constraint qualifications to employ the
solution methods from Section 3. Many of these propositions are conditional on the regularisation
hyperparameter C' being strictly positive. This is a very sensible restriction as any dataset where
C =0 or v =0 is optimal implies that the best classifier ignores the data entirely.

5 Numerical experiments on hyperparameter tuning for support vector machines

In this section, we present our numerical experiments on hyperparameter tuning for support vector
machines where we solve large instances of the highly non-convex MPCC problem (M) using the
solution methods presented in Section 3 under various settings.

5.1 Implementation details

We begin by describing the hardware, software, and approach used for the implementation of the
algorithms. Each program and system of equations we wish to solve, such as (Dual-SVM), (M)
(R+), (Pr) and (58), are written in the algebraic modelling language AMPL [30]. This allows us
to robustly rearrange the equations and use automatic differentiation to calculate the derivatives
of the objective and constraint functions. Furthermore, we exploit the fact that AMPL offers
interfaces to all the solvers we wish to use. The algorithms from Section 3 are implemented in
Python [95] (version 3.12) with use of the library NumPy [42] (version 1.26.4) for efficient linear
algebra computation. All graphics are produced using Matplotlib Pyplot [46] (version 3.8.2) and
seaborn [99] (version 0.13.2).

For solving the subproblems (R,) and (Pr), we use two different solvers: Interior Point Opti-
mizer (IPOPT) [97], an open source solver that implements a primal-dual interior point method
with line search, and Artelys’ Knitro [9], a commercial solver that implements an interior point
trust region method. Both solve reliably for our model though our results are stated for Knitro
as it seems to show faster runtimes. For solving a mixed system of equations with complementary
terms, as studied by Michael Ferris and Steven Dirkse [22], we use the PATH solver [21,23,24]. All
of these solvers interface with AMPL models and derivatives. Our experiments run on Southamp-
ton University’s Iridis Compute Cluster [72]. Each experiment is scheduled on a single Intel Xeon
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Dataset n d Ref. Description

Banknote 1372 4 [62] Images of banknotes labelled as either genuine or forged.

BUPA 345 6 [29] A collection of blood tests labelled by liver disorder diagnosis.
Circles 90 2 - Coordinates of a positive class encircled by a negative class.
Cleveland 297 14 [20] Various patient attributes used to predict heart disease.

Glass 146 9 [36] Oxide content and refractive index of glass samples.

Hastie 100 10 [43] This is a famous example from [43, equation (10.2)].

Tonosphere 351 34 [85] Antennas radar signals used to classify structure in the ionosphere.
Iris 100 4 [1,26] Length and width of sepals and petals labelled by species.

Linear 100 10 - Synthetically generated linearly separable dataset.

MNIST 600 784 [53] Images of handwritten digits.

Mushroom 300 117 [61] Observations of mushrooms labelled as either poisonous or edible.
Moons 54 2 - Coordinates sampled from two interweaving crescent moons.
Palmer 342 5 [45] Observations of penguins used to classify their species.

Pima 768 8 [86] BMI, insulin and other features used in the diagnosis of diabetes.
Swiss roll 90 3 [66] See [66, Figure 6.13] where one class is rolled inside another.

Sonar 208 60 [39] Marine sonar signals used to detect sea mines.

Wisconsin 569 32 [93,101] Measurements of breast tumours labelled as malignant or benign.
XOR 100 2 - Positive label assigned if and only if exactly one coordinate is positive.

Table 1: Summary of the eighteen datasets used throughout our numerical experiments.

Gold 6138 CPU. This CPU is compatible with most modern home PCs. It has 2 processors at 2.0
GHz/processor and twelve 16GB TruDDR4 2666 MHz RDIMM of installed RAM.

In our experiments, we focus on the RBF kernel (28) and the computation of the hyperparame-
ters C' and «y forming the upper-level variables of (M). It is common in the literature to set K =3
(see [37, page 91]) and K = 5 (see [43, Section 7.10.1]) as the number of folds for K-fold cross-
validation. We set K = 3 because it gives a more stable validation accuracy for small datasets. The
stopping criterion for the subprograms is gradually decreased to a tolerance of 10~%. The overar-
ching (MPCC) loop in Algorithms 1 and 2 is terminated when one of each pair of complementary
constraint functions is at most 10~¢. This condition can be written as

ma (min|Gi(=)], [Hi2)])) < 10°°. (43)

For the penalisation method, we select the initial penalty parameter to be 100 and sequentially
increase it by multiples of 10. For the relaxation method, we select the initial relaxation parameter
to be 0.01 and sequentially decrease it by multiples of 107!.

Many publications have suggested using the so-called ezact penalisation (see e.g. [81], resp.
exact relazation see e.g. [44]) approach. Here, the parameter 7 (resp. 7) is fixed at some chosen
value, and only a single instance of the subproblem (P;) (resp. (R;)) is solved. In our experiments
here, we compare this exact approach to the sequential one presented in Algorithm 1 (resp. 2). To
do so, we use values for the parameter 7 (resp. 7) resulting in an MPCC feasible solution to the
corresponding subproblem. It is worth keeping in mind that, in practice, it is hard to find a good
value for such a parameter.

We now present the data used for our experiments. We use eighteen datasets altogether; cf.
Table 1. For each of them, we state a value for n, the number of examples, and the number of fea-
tures d. Six of these (namely, Circles, Hastie, Linear, Moons, Swiss roll and XOR) are synthetically
generated with code from scikit-learn [76]. This is useful as globally and locally, optimal classifiers
can be known from inspection, but could still be hard for a SVM to find. This allows us to test the
solution methods objectively. The remaining twelve datasets come from real-world observations. In
these cases, the optimal values are unknown, and we must compare our solutions to those achieved
by other authors in the literature. We perform standard preprocessing on these datasets before
passing them to the solvers. All rows with missing values are dropped. For continuous features, we
subtract the mean and divide by the standard deviation. The resulting scaled data has a mean of
zero and a standard deviation of one. This helps avoid scaling issues that can cause our problem
to become ill-conditioned.

Regarding categorical features, we either drop the column entirely or apply a one-hot encoding
where 0 — 1 indicator variables are added when they are relevant to the classification. Finally,
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Fig. 9: This heat map shows the hyperparameter space of the Moons dataset. Green regions correspond to (C,~)
combinations, which allow the SVM to achieve high validation accuracy. The eight coloured lines represent the path
of iterates produced by the Relaxation method from eight different starting points (triangles) to various stationary
points (stars).

we partition the multi-class labels into binary classes, which we replace with the labels -1 and
+1. A better classifier can sometimes be achieved through principle component analysis or other
feature manipulation, however, we stick to these very simple preprocessing steps to allow a direct
comparison to the original papers where the data was published. Further details on the datasets
and modifications that we made to them are provided in Appendix F.

When (M) is parametrised with these data sets, it is large in comparison to other non-convex
MPCCs that have been solved in the literature so far. The median problem size is 1773 variables,
whereas for example, see Leyffer’s famous MacMPEC collection [55], which has a median problem
size of 49 variables.

5.2 Starting point selection

In this subsection, we discuss multi-starts and initialisation strategies for the algorithms in Sec-
tion 3, since each requires the user to provide a starting point 2% = [C?,~%,¢% o 0", 0% 4] in the
context of our problem (M). The methods are deterministic but perform very differently depend-
ing on the choice of 2°. Recall also that the penalisation and relaxation methods converge to S and
C-stationary points, respectively. Such points may not be global or even local minima. Therefore,
initialising the methods from a range of different starting points can increase the chance of finding
one. However, it is well-known that under a MPCC-specific second-order sufficient condition [81,
Definition 2.8], S-stationary points correspond to strict local minima [81, Theorem 3.1]. We remind
the reader here of the theoretical advantage that the penalisation method has by converging to
S-stationary points and their potential to be local minima.

We propose a multi-start, where the upper-level variable (C°,~4°) shall be initiated according to
a grid spread uniformly across the log space such as {10™ : n = —5,...,4]} x {10™ : n = =3, ..., 6]},
for example. This encourages the solution paths to explore as much of the hyperparameter space as
possible. Note that this grid is far coarser than the derivative-free grid search we compare against
later. Figure 9 shows a two-by-four grid of starting points and the resulting path of iterates that
the sequential penalisation algorithm produced for the Moons dataset. Of these, three converge to
the global minimum, while the remaining five converge to other stationary points.
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Considering that the variable  is only involved in two constraints, given an initialisation of o,
we can simply choose

nk
(Oik =max | 0,1 — Za%@(v)fj — gfb’“ ((MU]“,'VO,CO) for k=1...K, i=1,...7aF,
j=1

which ensures initial feasibility of the constraints (% > 0 and ZF(2°) > 0; see (34a).

It remains to be discussed how to initialise the lower-level variables o, v", ©° and u". We
propose three strategies. The first and simplest strategy shall be referred to as LL-Zero. This
strategy initialises all of the lower-level variables to zero. Notice this satisfies the complementary
constraints 0 < of1v¥ > 0 and 0 < (C — o) LoF > 0 but violates the stationarity constraint
0F(z) = 0 for each (k,i) € I. The strategy has no computational cost and can perform well but
must be treated with caution as it is infeasible for all the programs (M), (P,) and (R).

We call the second strategy LL-Centre, which, for a given choice of CY and ~, selects values
for the lower-level variables as follows:

k k
0y : S o0k
ot = D (gl o =max | 0.3 aTQM)G — 14w, (44)
= 7=1
.
n
ut =1, ’l}(],,-k =max | 0, — Z aojl-"Q(’y)fj +1-y (45)
J=1

for k =1,...,K,i=1,...,n*. By construction, 8¥(z°) = 0 and ¢¥(2°) =0 for k = 1,..., K,
i =1,...,nF; see (34). For a balanced dataset, where there is a similar number of positive and
negative labels y¥ in each fold, the variables af are initialised close to %, the midpoint of its
feasible interval 0 < of < C,fork=1,...,K,i=1,...,n*. Since one of © or v is also positive, the
complementary constraints are violated. This means that the initialisation is not MPCC feasible
for problem (M) but is feasible for the corresponding penalisation (Pro) and relaxation (R, o)
formulations for suitable choices of 7% and 79.

Finally, we call the third strategy LL-Feasible, which corresponds, for a given choice of
(C°,49), to find ”, 0", v° and 1 that satisfy the KKT conditions (29), characterising the lower-
level problem. This can be done by calling the PATH solver [21,23,24] K times, where K is the
number of folds, to solve each of the K lower-level KKT systems. It is the most computationally
expensive initialisation but ensures 2 is feasible for all the programs (M), (Pyo) and (R,0). The
three strategies can be summarised in Table 2.

| LL-Zero LL-Centre LL-Feasible

Relative computational cost low low high
Feasible 20 for (M)? no no yes
Feasible 20 for (P,0)/(R0)? no yes yes

Table 2: Summary of the lower-level initialisation strategies.

When a feasible initialisation is made (i.e. LL-Feasible), at each index ¢, the complementarity
choice (for example, choosing G;(z°) = 0 or H;(2°) = 0) is pre-decided. We observe that, for many
indices, this is unlikely to flip throughout the iterations of the solution methods. However, when
an infeasible initialisation (i.e. LL-Centre, LL-Zero) is chosen that violates the complementarity
constraint (like having G;(2") = 1 and H;(z°) = 1, for example), we observe that the same algo-
rithms are more free to choose between G;(2") = 0 and H;(2°) = 0 in the convergence process and
arrive at better solutions. This phenomenon is demonstrated in the following experiment: For each
dataset and solution method, we run 75 starting points, with 25 according to each of the strategies
LL-Zero, LL-Feasible and LL-Centre. We then assess the quality of the solution by the distri-
bution of objective values found. These results for dataset Clircles are summarised as box plots in
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Fig. 10: The columns correspond to fold ¥ = 1 and indices i = 1,2,5,6 (Left to right). The rows correspond to
sequentially smaller relaxation parameters 7¢ (top to bottom). The feasible regions for the relaxed program (R..t)
are coloured in green. Each of the 16 small plots has a red point for the value of the complementary variables «;
(horizontal axis) and v; (vertical axis) that were found to solve (R, ¢).

Figure 11, where the effect of the lower-level initialisation is particularly pronounced for the relax-
ation method. The algorithms are sensitive to the initial choice of (C,~). This is due to the highly
non-convex nature of the hyperparameter space. The choice of lower-level variable initialisation
only has a very small effect on most datasets. However, overall, it is clear that LL-Centre encour-
ages the algorithms to converge to higher quality solutions and have a low computational cost.
Therefore, we will use the LL-Centre initialisation strategy for the remainder of our experiments.

An interesting visualisation of the iteration of the sequential relaxation method solving problem
(M), parametrised by the Tonosphere dataset, is given in Figure 10. This shows the values of the
complementary variables «; and v; for the first fold and first four indices i = 1,2, 3,4. Note that
the variables are initially infeasible for the MPCC but feasible for the subproblem (R.). As we
proceed down the rows, the variables z converge to either the axis corresponding to «; = 0 or the
axis corresponding v; = 0, and therefore generating an MPCC feasible final solution.

5.3 Numerical behaviour of penalisation and relaxation methods

Here, we discuss the behaviour of the methods from Section 3 when applied to problem (M). First,
for the sequential relaxation method, we observe that the relaxation parameter almost always de-
creases to 1076, That is, at each iteration ¢ with 7/ = 1072,1072,10~%,10~°, the solutions found
by Algorithm 2 for the subproblem (R, ) are not MPCC feasible (i.e. (43) does not hold) and the
algorithm only terminates when the relaxation parameter reaches 1076 and the complementary
constraints are forced within the exit tolerance. On the other hand, the penalisation method ter-
minates with a range of different penalty parameters between 10% and 10°. That is, for those values
of 7t, the solvers find solutions to the subproblem (Py:) that are MPCC feasible and so satisfy
the exit condition. The distribution of these observations at termination is presented in Table 3.
The value for MPCC feasibility, more precisely, the maximum violation over the constraints of
(M) is also given. Further research should investigate the structure of (M) to quantify why the
penalisation approach is able to find an MPCC feasible solution before the penalty parameter ¢
potentially gets too large and causes (P,¢) to become ill-conditioned (e.g. [57, Example 3]), as it
is usually observed for penalty-based algorithms [70,103].

Note that the complementarity constraint functions of (M) are all linear. Also, observe that for
all indices k = 1,...,K,i = 1,...,nF, the equality constraint (34b) could be rearranged and used
to substitute out either v¥ or % from the complementary constraints as is done by Coniglio et al.
[14]. This would reduce the number of variables and constraints by (K — 1)n. However, this would
introduce a nonlinear term in the complementary constraints. In line with the advice of Fletcher
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Penalisation =~ Relaxation 14 Fenalisaton feakation
(Sequential)  (Sequential) 12 T T
Parameter w/7 Q1 10% 10-° %10 - §
Parameter m/7 Q2 106 106 2 s . ® x
Parameter 7/7 Q3 108 10~ % 06 = o 8
MPCC Feasibility Q1 3.94e — 07 1.00e — 06 8 04
MPCC Feasibility Q2 1.93e —08  9.98¢ — 07 02 . %
MPCC Feasibility Q3 4.88e — 09 2.0le — 07 0.0 T 4

y u u
LL-Centre LL-Feasible LL-Zero LL-Centre LL-Feasible LL-Zero

Table 3: This table presents the observed distributions Fig. 11: These box plots summarise the distribution of

of final parameter w and 7 as well as the MPCC feasibil- objective values achieved when using each of the three
ity at termination. Q1, @2, @3 denote the first quartile, different lower-level initialisation strategies for the Cir-
median and third quartile. cles dataset.

and Leyffer [28,56], we find that keeping the complementary constraint linear is more beneficial
than reducing the number of variables via substitution.

Next, observe that the bilevel optimisation approach for hyperparameter optimisation, studied
in this paper, sometimes overfits to the validation data. To monitor this, on top of the training and
validation data that parameterises problem (M), we require further data that is entirely unseen
by the model; this will be called test data. For each of the synthetic datasets, this is generated
according to the same distribution. For each of the real-world datasets, the test data is formed by
putting aside 10% of examples and parametrising with the remaining 90%; refer back to Figure 7.
The overfitting can then be observed when the classifiers, represented by the solutions of problem
(M), achieve higher validation accuracy than test accuracy. Evidence of this is presented in our
later experiments, in particular, see the Ionosphere and Moons datasets in Table 4.

5.4 Performance evaluation in comparison to derivative-free optimisation

Across industry and academia, Derivative-Free Optimisation (DFO) remains by far the most used
tool for hyperparameter tuning [66]. It is simple and effective. The defining characteristic of DFO
is that it treats training as a black box, meaning it does not use any information from the training
process other than the final evaluation of the model in optimising the hyperparameters. We compare
the bilevel optimisation to four such methods: grid search, random search, Bayesian optimisation,
and pattern search. For more details and references to the algorithms we used see Appendix E.

Our bilevel optimisation method has two clear advantages over DFO. The first advantage comes
from the idea that two choices of hyperparameters with similar values often result in similar SVM
states. For example, an optimal SVM with (C,~) = (15,0.3) is likely to have many of the same sup-
port vectors as the optimal SVM with (C,~) = (12,0.2). This means only a few decision variables
ol for (k,i) € I must be changed to move between local optima for the adjusted hyperparameters.
When one of grid, random, Bayesian or pattern search moves between two nearby hyperparameter
selections in this manner, it recalculates the optimal decision variables from scratch, whereas the
bilevel optimisation method only adjusts the required variables. The second advantage comes from
the fact that the bilevel optimisation approach makes use of the first and second-order deriva-
tives of the objective function with respect to the hyperparameters to move in a descent direction
through the hyperparameter space.

Note that (Dual-SVM) has n variables and 2n constraints. On the other hand, the MPCC model
(M) has Tn + 5 variables, 2n inequality constraints, 3 equality constraints and 4n complementary
constraints. Therefore, the comparison must be made as to whether better performance can be
achieved by minimising the much smaller problem (Dual-SVM) many times according to DFO or
by minimising the much larger (M) with the solution methods from Section 3. This is answered
empirically in the next subsection.

In the following, we evaluate both the exact and sequential type penalisation and relaxation
methods from Section 3 and the derivative-free methods according to their runtime and quality of
solution in solving problem (M). Furthermore, the semi-smooth Newton method (see Appendix D)
is added to the experiments. This is an entirely different approach to solving MPCCs and con-
verges to an M-stationary point, making it an interesting comparison, given that the sequential
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Fig. 12: These box plots show the distribution of objective values achieved by initialising from a range of different
starting points. The four axes represent the datasets (left to right): Ionosphere, Palmer, Moons and Wisconsin.
Within each axis, the box plots represent the solution method (left to right): 1. Penalisation (Exact), 2. Penalisation
(Sequential), 3. Relaxation (Exact), 4. Relaxation (sequential), 5. Semi-Smooth Newton, 6. Grid Search, 7. Random
Search, 8. Bayesian Optimisation, 9. Pattern Search.
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Fig. 13: This performance profile graph plots the proportion of instances that were solved to the target test accuracy
(vertical axis) by a given method using restarts (annotated 1 through 9) within the given time (horizontal axis).

penalisation and Scholtes relaxation algorithms that we primarily study in this paper have been
shown to instead converge to S- and C-stationarity, respectively.

For each of the eighteen datasets listed in Table 1, 10% of the data is reserved for testing.
Then, each of the solution methods are parametrised by the remaining 90% of data and run
one hundred times from different initialisations. This whole process is repeated ten times with
a different 10% sample reserved for testing. The runtime, objective function value and final test
accuracy are measured. These datasets are selected because they have quite different structures.
The optimal (C,) hyperparameter choice being for Ionosphere (1.00e + 01, 3.16e — 02), Palmer
(1.00e + 06, 1.00e — 05), Moons (1.78e + 01, 5.62e + 00) and Wisconsin (3.16e + 03,1.78e — 04).
Furthermore, they show various different spreads of objective values and runtimes.

It is important to note that the penalisation method consistently converges faster than the
other methods across all datasets. Additionally, the sequential approach, when compared to the
exact approach, often achieves a smaller range of objective function values. To demonstrate this,
we document the results of four datasets as quantiles in Table 4 and box-plots in Figure 12. It
would be inappropriate to compare a single run of the penalisation, relaxation or semismooth
Newton method to the derivative-free techniques. We see that the bilevel-based methods run much
faster, but, on the other hand, converge to a large variety of stationary points, many of which
have poor objective function values. To compare them on a fair footing, we attribute a target
test accuracy to each of the datasets. We then multiply the mean runtime by 1 where p is the
proportion of initialisation from which the method achieves the target test accuracy. This adjusted
runtime estimates the expected time to achieve the target test accuracy by repeatedly restarting
the method from random initialisations. For example, if the average runtime is 10s but only one in
five of the initialisations achieves the target test accuracy, then the adjusted runtime is recorded
as 50s. These results are plotted as a performance profile in Figure 13.
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Runtime Q1 4 9 16 5 386 64 69 400 83
Runtime Q2 11 12 29 90 589 98 106 880 132
% Runtime Q3 17 17 40 149 1369 135 136 2152 133
) Objective Q1 1.05 0.84 1.01 1.01 1.32 0.40 0.40 0.35 1.01
%‘ Objective Q2 0.62 0.47 0.42 0.40 0.87 0.37 0.38 0.33 0.47
S  Objective Q3  0.54 0.33 040 034 075 035 036 0.33 0.33
2 Iterations 188 208 546 1569 891 49 50 50 8
Validation acc. 84% 89% 86% 88% 79% 88% 8% 89% 89%
Test acc. 83% 89% 86% 86% 79% 88% 87% 89% 89%
Runtime Q1 1 106 111 200 579 71 73 389 105
Runtime Q2 1 133 168 616 798 108 111 968 160
o Runtime Q3 27 201 569 808 1639 143 143 2200 206
Q Objective Q1 0.89 0.69 0.91 0.42 1.26 0.20 0.04 0.04 0.90
T% Objective Q2 0.80 0.36 0.19 0.19 0.63 0.09 0.04 0.03 0.90
A, Objective Q3 0.44 0.03 0.19 0.19 0.46 0.04 0.04 0.03 0.04
Iterations 54 235 290 849 516 49 50 50 8
Validation acc. 90% 99% 95% 95% 90% 99% 99% 99% 99%
Test acc. 90% 99% 95%  95% 90% 99% 99% 99% 99%
Runtime Q1 1 2 2 6 3 49 49 447 72
Runtime Q2 1 2 2 8 4 82 104 678 103
Runtime Q3 1 3 3 16 112 104 111 979 217
E Objective Q1 0.95 0.92 0.49 0.49 0.76 0.35 0.35 0.32 0.81
8 Objective Q2 0.60 0.38 0.48 0.32 0.54 0.34 0.34 0.31 0.47
2 Objective Q3 0.56 0.31 0.34 0.31 0.48 0.32 0.33 0.31 0.31
Iterations 65 335 348 1125 665 49 50 50 8
Validation acc. 83% 89% 88% 89% 74 % 89% 89% 89% 89%
Test acc. 83% 87% 87% 89% T74% 89% 89% 87% 87%
Runtime Q1 18 59 147 198 317 68 72 172 77
Runtime Q2 27 70 247 467 547 82 85 210 97
8 Runtime Q3 47 83 369 560 1431 94 95 591 104
@ Objective Q1 0.76 0.09 0.40 0.17 0.96 0.10 0.09 0.08 1.00
8 Objective Q2 0.52 0.08 0.18 0.13 0.51 0.09 0.08 0.08 0.12
& Objective Q3 027 0.08 0.18 012 0.39 0.08 0.08 0.08 0.08
3 Iterations 85 230 852 1565 979 49 50 50 8
Validation acc. 93% 97% 94% 96% 90% 97% 97% 9T% 96%
Test acc. 93% 97% 94% 96%  90% 9T% 97T% 9T%  96%

Table 4: A summary of the solution methods (columns) performance on each of the datasets (rows). The first
quartile (Q1) is the runtime/objective value achieved by 75% of initialisations; the second quartile (Q2) is the
median; and the third quartile (Q3) is the runtime/objective value achieved by the top 25% of initialisations.

Overall, the obtained results make a convincing argument that our model (M), being solved
with the sequential (partial) penalisation method, can consistently outperform derivative-free meth-
ods in the tuning of SVM hyperparameters. The exact relaxation outperforms the derivative-free
methods on a majority of instances. The semi-smooth Newton method performs well on small
problems but fails to converge for larger problems - it seems to get stuck at the non-differentiable
corners of the function F' that arise from the use of the min operator. Between the derivative-
free methods, grid and random search perform equally well on all but the very largest problems
for which Bayesian optimisation is preferable. The penalisation methods clearly come out on top
overall. Sequential penalisation is the fastest method to achieve the target test accuracy in 88% of
instances. For the other 12%, exact penalisation is the fastest. However, it must be noted that, in
practice, a user may prefer to always use sequential penalisation as it does not require the selection
of a penalty parameter a priori.
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6 Conclusion

We began by highlighting the distinction between the definitions of MPCC-MFCQ-T and MPCC-
MFCQ-R, which is often overlooked in the literature. From there, we presented three solution
methods for the (MPCC). For the relaxation and penalisation methods, we provided new conver-
gence proofs that an inexact sequence of KKT points under the assumption of MPCC-MFCQ-R
converge to S-stationary and C-stationary points, respectively. This provides a generalisation over
the existing literature and allows the methods to be applied to a broader range of problems.

In the paper’s second half, we presented our model (M) for the hyperparameter tuning of
support vector machines. We then proved that this satisfies the MPCC-MFCQ-R, thus satisfying
the assumptions of the theorems proved earlier in the paper. Finally, we ran an extensive set of
experiments on real-world data sets. In this context, we showed the practical use of our methods
in beating the derivative-free search that is most commonly used. We conclude that the sequential
penalisation method both converges faster and is more likely to converge to a higher quality
objective value than the other methods.

For future work, we will be looking to find more general sufficient conditions for the assumption
lim;,0 (G(2') "H(z")) = 0 in Theorem 3 to hold. Additionally, we will develop first-order gradient
descent methods to solve (M) such as those being studied in the work of Bengio [5] and Chapelle et
al. [12]. These have a distinct advantage in machine learning applications as they can be efficiently
parallelised on modern graphical processing units (GPUs). Finally, in future works, we will develop
a stochastic model where the gradients are approximated by subsampling a small number of data
points. This will allow the model to scale to much larger datasets.
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A Table of notation
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Parameters
Hyperparameters that determine the kernel.
Regularisation hyperparameters for (Soft-Margin-SVM).
Penalty parameter at iteration t.
Relaxation parameter at iteration t.

Training and Validation Data
Data point <.
Training data point ¢ in cross fold experiment k.
Validation data point ¢ in cross fold experiment k.

Label for data point i.
Label for training data point 4 in cross fold experiment k.
Label for validation data point ¢ in cross fold experiment k.

Total number of data point.
Number of training data point in cross fold experiment k.
Number of validation data point in cross fold experiment k.

yiy;j exp (—v||z; — x;||) the full RBF kernel matrix.
yfy;? exp (—7|lzF — w?” the training RBF kernel matrix.

gfy;? exp (—||lzF — xf” the validation RBF kernel matrix.

Decision Variables
Weights and bias for the primal program (Soft-Margin-SVM).
Dual variables for the dual program (Dual-SVM).
Multipliers in the KKT conditions of the dual SVM (29).
Lagrange multiplies for the MPCC (8).

Functions
Objective function.
Inequality constraint function i.e. g(z) > 0.
Equality constraint function i.e. h(z) = 0.
Complementary constraint functions i.e. 0 < G(z)LH(z) > 0.
System of nonlinear equations corresponding to M-stationary points (58).
Specific constraint functions of model (M) defined in (34).

Index Sets
Index sets of the active inequality and equality constraints; see Section 2.1.
Index sets of the complementary constraints; see (1).
Sets of indices (k, %) for fold k, example i in training and validation; see (33).
The five index cases used for the proof of theoretical properties in Section 4.3

B Further details of the dual SVM

We begin by repeating the definition of the soft margin SVM, which we will call the primal

1 T 1 &
minimise —w' w+ C— ;
weRd £ERM bER 2 n ;&
T (Soft-Margin-SVM)
subject to &E>1—y; (w xi—f—b) fori=1,...,n,

fiZO fOI‘iZl,...,TZ.

B.1 Conversion from Primal to Dual SVM

Here is presented the conversion from (Soft-Margin-SVM) to its dual form (Dual-SVM). The first step is to write the
Lagrangian function £ : R4+t37+1 5 R of the primal program (Soft-Margin-SVM). This is the sum of the original
objective function plus each constraint scaled by a corresponding Lagrange multipliers v € R™ and 1 € R". For the
textbook theory on Lagrange functions, see Boyd and Vandenberghe [8, Section 5.1.2].

L& b0 = g w+ O S 6+ i (1- & — ilwlz) + ) = 3 & (46)
=1

=1 i=1
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We note three properties of the primal problem (Soft-Margin-SVM). First, the objective function is convex
(in particular, positive quadratic). Secondly, the constraints are each linear in w,&,b, and so the feasible set is
an (unbounded) convex polyhedron. Thirdly the feasible set has a non-empty interior since we can pick & =
max (0, 1—vy; (wT:ci + b)) + 106 which strictly satisfies each inequality. Therefore the problem satisfies Slater’s
condition and strong duality. Any feasible point w,&,b is a local minimiser of (Soft-Margin-SVM) (equivalent to
a global minimiser by convexity) only if there exist Lagrange multipliers o, n that satisfy the following first-order
stationarity conditions

Vwl(w,&b,a,n) =w— Y aiyip(zi) =0, (47a)
=1
VuL(w,&,b,0,n) = aiy; =0, (47b)
i=1
Ve, L(w,&,b,0,m) =Cl—a—n=0. (47¢)

We now manipulate the Lagrangian (46) by substituting in the stationary conditions (47a, 47b, 47¢). This will
give us a function of the Lagrangian in terms of ¢, ) assuming optimal choices for w, &, b. The term 7, (C—a;—1;)&;
vanishes due to (47c). The term Y7 ; o;y;b vanishes due to (47b). And we eliminate w by substituting in (47a).
The conversion of the problem from primal space variables (w, £ and b) to dual space variables (o and 7) like this
allows us to apply the kernel trick ¢(z;)p(x;) = K- (x4, 2;). Below, we work through the manipulation line by line.

L*(a,n)

= %wTw + C’% D> &+ Z“'(l =& —yi(wo(z;) + b)) - ni&
o | i=1

1 n n n n
= 5wTw +Z(C* a; —ni)é +Zaz‘ *Zdiyz‘il@(mi) *Z“z‘yib
=1 i=1 =1 =1
= %wTw +0 Y i =Y amiwd(z) 0
1 n T m = n = n m
= 5(2(1’1%45(%)) <Zujyj¢>(xj)> +ZU“ fZ(riyi(Za’jyjqﬁ(mj))gb(:vi)
=1 Jj=1 =1 =1 Jj=1
= %ZZ(\im,jyiijS(zi)qb(xj) +Z(\a7- —Zz(mc,(yjyiyjq&(xi)d)(a:j)
i=1j=1 i=1 i=1j=1

1 n m n
= - izzam_/yiyﬂﬂ (wisxj) + o
i=1j=1 i=1

By considering the infimum of the {£(w,&,b,a,n)} (46) We now write the dual of (Soft-Margin-SVM). For the
textbook duality theory of convex programs, see Boyd and Vandenberghe [8, Section 5.2].

maximise inf {C(w,f, b, o, 7])}
a€R™ ,neR™ w,EER™ ,bER

subject to 0<«a; fori=1,...,n,

0<n fori=1,...,n.

The above is impractical for us. We replace the infimum of the Lagrangian (inf{L(w, £, b, o, n)}) with the expres-
sion L*(a, 1) derived from the stationary conditions above. Next, we multiply by —1 to convert from maximisation
to a minimisation problem. Finally, the constraints @ > 0, 7 > 0 can be rearranged to 0 < o < C by substituting
out 1; = C — «; according to (47c). Thus, the dual problem can be written as (Dual-SVM), which we will work with
throughout the paper.

L ) 1 n n n
m})nel%}se 5 ;; oYy Ky (@, 05) — ;al
subject to 0<a; <C fori=1,...,n, (Dual-SVM)
n
Z()z,jyi =0.
i=1
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The Karush-Kuhn-Tucker (KKT) conditions for the (Dual-SVM) are

m

Vo, L(a,v,0,u) = Za]yiyjK«, (x4, ) —1—v; +v; +uy; =0
j=1

0< a;lv; >0 fori=1,...,n,

0<(C—ay)lov; >0 fori=1,...,n,

n

3w =0,

=1

where

n

1 n n n n n
Lo, v,v,u) = 5 Z Z oy yi Ky (x4, 25) — Zm - Zymf, + Zfz(m‘ - C)+u Zmyz
; i=1 i=1 i—1

1=1

B.2 Reconstruction of primal variables from dual solutions

The weights w and bias b are primal variables. In order to use the kernel trick, we will be solving the dual optimisation
problem (Dual-SVM) in terms of dual variables «. This makes it less obvious what our final classifier should predict
as we cannot explicitly calculate = — sign (wT¢(z) + b). From the stationary conditions (47a), we have

n

w = Z oy d(;). (48)

=1

Using this formula (48), we can substitute out w from the classifier. Our classifier should predict

x — sign <Z aiyie(zi)e(x) + b) )

i=1

We must work harder to find an expression for the bias b. Below, we write the complementary slackness conditions
for (Soft-Margin-SVM)

(1—& —yi(w ¢(z) + b)ey; =0, (49)
&mni =0. (50)

Suppose «; > 0. Then by complementary slackness (49) we must have
(1—& —yi(w' ¢(x;)+b) =0 fori € {1,..,n}:a; > 0. (51)

Suppose 7; > 0. Notice, this is equivalent to «; < C' by the stationary condition (47c). Again, by complementary
slackness (50) we must have
& =0 fori € {1,...,n}:a; <C. (52)

Putting these two (51, 52) together we get
1—y; (qub(xi)qu) =0 fori e {l,..,n}:0<a; <C.

This gives us an important insight. If a; takes a value between 0 and C' then we can conclude y; (w " p(zi) + b) = 1.
Geometrically, this means that example ¢ sits exactly on the edge of the margin. We call these “support vectors”,
and they are our classifier’s most crucial data points. Now recall that y; € {—1,4+1} so we can divide though by
i = y;. This leads to

b=y —w' d(z;) fori e{l,..,n}:0< a; <C.
We can now substitute out w use (47a) giving:

m

b=y; — Za]yjqﬁ(xj)—rgb(xi) forie{l,...,n}:0<a; <C. (53)
j=1

Theoretically, we can reconstruct the bias according to (53) from any support vector 4 on the margin’s edge -
identified by 0 < a; < C. However, most libraries make the bias reconstruction calculation (53) for each such
support vector and then take the average. With this in mind, let £2(«;, C') be the indicator function that equals 1
if 0 < a; < C and 0 otherwise. Whenever we write the bias as a function of dual variables b(«, C) we mean the
following reconstruction

1 n n
b= e 3 2000,0) (i = S K (i) | - (54)
2oiey £2(i, C) ; J; e ’
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Qo C)

Fig. 14: A graph of the function (o, C)

The algorithms we propose require a further adjustment. Firstly, because we want to avoid the combinatorial
nature of a 0,1 indicator function. Secondly, it is hard to distinguish between «; very close to zero and «a; that should
be zero but carries some small numerical error. We, therefore, use an alternative indicator function as proposed by
Anthony Dunn [14].

2
200, C) = 1—(%—1) tr if0<a; <C, (55)
0 otherwise.

Similar to the original indicator, this takes the value zero for «; ¢ (0,C) and a positive value for «; € (0,C).
Importantly, it assigns a much smaller value to «; close to 0 or C. With this new indicator, the reconstruction (54)
still averages across the examples where 0 < «; < C and so is still theoretically correct but far more numerically
stable. The derivatives of this function are detailed in section Appendix B.3.

B.3 Derivatives of the bias

Here we provide explicit expressions for the first and second order derivatives of the bias that are useful when

2
implementing code. The first and second order derivatives of the function £2(c;,C) =1 — (2(# - 1) + T are:

C
aiiﬂ(m,C) - %;
aii.z 2(c;, C) = ;TS;
%Q(QI',,C) = 8(195734%0’
ajch?(%c - 16&1-0; 4c

Given functions f, g, h : R? — R in two variables where h(z,y) = f}%i’z; we have the following rules. The first-order

quotient rule:

And the second-order quotient rule:

o, o g _ (t) ~ (o) () - (29) (55h) — (559) (350)

h = == :
oxdy oxdy g g

2 s () h(o) -a(89)(84)
7"~y - |
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B.3.1 Derivative of the bias with respect to alpha

We wish to take the derivative of b = % wrt to «. Start by just considering the derivative of the numerator:
P ;

fle) =" 2() (yi = ajyjexp (=7l — =, 2))
i j
=02(ou) (yk = " ajyjexp (—7llwk — sz))

J
+ Z 2(cv) (—oyk exp (=[x — :kaQ))
i#k
+ (Terms that do not include ay).

Take the first order derivative of the numerator:

7] 7]
g0 f (@ =5 —2ow) <yk - ;%‘yg‘ exp (=7 llzx — ij|2)>
— Z 2(ci)yx exp (—y|lzs — kaQ) .

And the second-order derivative of the numerator:

9?2 52 .
Wf(ﬂ)kl 2e) |y — Zajyj exp (—llex — 2;112)

80;#)(1 7

o
- @Q(M) (v exp (—7llzk — z111%))

0
- 8(7”9(07) (yk exp (—yllzr — &%) -

’ ’
Use the quotient rule %5 =1 gg_zfg to calculate the first order derivative of the bias wrt a:

(%f(a)k) (ZZ Q(m)) = f(a) (dik _Q((yk.)) -

ib(oz7 ,C) =
! (= 2600)°

day,

And then the second-order quotient rule:

52 (%f(@)k,l) — (aaaijwﬂ(u;c))b(u) — (%Q(uz)) (%b(u;ﬂ) — (%b((w)) (%Q(uﬂ)
A2ar oy b7, 0) = > 2(ay) ’

B.3.2 Derivative of the bias with respect to C

We wish to take the derivative of b wrt to . Start by just considering the numerator:

£(O)=> "0, 0) (yi = > ajyjexp (=l — Ij|2)) ;

i=1 =1

P P
5670 =22 55, 0) (yi = ajyjexp (—7llzi — wj2)> ;

3 "

J
92 02 )
@f(C) :Z@Q(QHC’) yi—Z(!jy]' exp (—’y”iﬂl—.ﬁBJ” ) .

@ J

’ ’
Use the quotient rule %5 = fgg%fg to calculate the first order derivative of the bias wrt C':

, (32/©@) (£: 9, 0) - (5©) (L4 g2, 0)
%b(a,CﬁY) = (ZZ Q(uz,C))Q .

And then the second-order quotient rule:

(522 £(©)) = (Zi 52200, 0)) (HO)) —2( s 55201, ©) (i 54(C)
5b(a, C,y) = 2 '
el (X; 2(ei, 0))

2
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B.3.3 Derivative of the bias with respect to gamma

We wish to take the derivative of b wrt to . Start by just considering the numerator:

fv) = Z 2(ci, C) (yi = > ojyjexp (=l — 27]'2)) ;

j=1

= 2(x;,C) (Z a;jyjlle; — z;]|% exp (—llw: — $j||2)) ;
i

5
=Y 2(x,0) (Z s (—)llwi — aj]|* exp (|2 — xj||2)> :
i 5

The first-order derivative of bias with respect to -~ is:

o]

9 57/ (7)

—b(o, C, —_
9y MO = >, 2000, C)

The second-order derivative of bias with respect to « is:

(92 8 ~2 (7)
—b(a,Cyy) = =L —— .
ER S TCe)

B.3.4 Mixed derivative of the bias

Take second order derivatives of the numerator (f) with respect to each pair of C,~, « giving:

(o, C,7) ZQ a;,C (yi - Zﬂﬂjyj exp (—’YHM - $j||2)) ;
J

8037 —Z—Q @i, C (Za;yjnm—xj||2exp<—w||xi—zj||>);

J

52 2 ,
808Cf zaak@CQ(ak) (yk - ;ijj exp (—7llzk — x4 %)

Z Dk exp (—7llzs — zl|?) ;

0?2 o}
a(u%lf :@Q(%) (; ajyjller — 251 exp (—vllzx — IjZ))
+ 3 Q(c)yrllzr — 21 exp (—yllwi — 2kl?) -

[
The derivative of bias with respect to both C and gamma is:
el
0° _ (59057 ) (Z (i, )) - <£Tyf> (Zz acg(au ))

9o, b(a, vy, C) (ZZ Q((u,C))Q

’ ’
‘i f_f gg}f 9 we calculate the second order derivative of the bias wrt o and ~:

Use the quotient rule drg

87217(“%%0): <a“6"‘28” )<Z Q(m,c)> ( wf) (dfk Q(”m@).

oy, Oy (Zi Q((!i,c)>2

The derivative of bias with respect to both o and C is:

o (aeet) ~ (shee 20w 0) () - (525 201.0) (Feb) - (Siae 20 0) (557)
Bapac 1 C) = >, 20, C) '
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C Explicit formula of the Lagrangian of (M) and derivatives

Early in the paper, we dealt with a compact form of the MPCC problem (M). However, when it comes to imple-
menting solution methods, we need accurate formulas for the Lagrangian and its first and second-order derivatives.
We use the notation defined in equations (33) and (34). In this appendix, we present those explicit formulas in full,
beginning with the Lagrangian

Lzp)= D G+-nTC—uy— 3 uh o= D uGnZ@E— >0 nln

(kyi)el (k,i)el (k,i)el (ki)eT
k Hy -k 4 k.
Z H(k z)a - Z u’(k i) U, - Z /'l’(k z) i) - Z M(kfi)lf',i - z H:(P(Z) H (56)
(kyzi)el (k,i)el (k,i)el (kyii)el k=1,...,.K

where the decision variables and Lagrange multipliers are

z=1[C,7,¢ a,v,7,u] € RAK-DntntK+2,

¢

= [Hcvlﬂ,ll 7 ] c R5(K—1)n+2n+K+2;

zZ ) G H G- H-
N A RN Ve NN N

with dimensions in terms of the total number of data points n and the number of folds K.

The first order derivative with respect to all input variables is a vector to vector function VL : RF — R where
L=8(K —1)n+3n+ 2K + 4. We define it in terms of each partial derivative.

K @
VCL‘,(Z,H,) = — /LC _ Z ’u‘g&’z)yl Vcb — Z Z'“(k 1),
k=11i=1 k=1i=1
K ak nk
- 2 _ _
VoL(zm) ==+ > > nbn | 2ok ’ T - wa QM5 — 7 Vb
k=1i=1 j=1
K nF 2
+Z /L(ek i) Z”’ ‘zf—z?” Q(V)?j ;
k=1i=1 j=1
Venl(zp) =1 - ufk,i) — 1y
k, k
VarL(z, 1) Zu(k 0 (Q(’Y)U + 95 akb) Zu(k QM M) -Ht(,u), —niy;
Vi L(zp) =+ Whay = MW);
Vi Llz p) =~ iy = ;Lgf,i);
Ve Lz, p) = — Z/L(Gk,i)yf~
i=1
The Hessian of the Lagrangian is:
Veel Vi, L 0 VL 0 0 0
2 P 2
V2L VZL 0 VEL 0 0 0
0 0 0 0 0 0 O
2Lz = | V2oL V2L 0 V2,L 0 0 0
0 0 0 0 0 0 O
0 0 0 0 0 0 O
0 0 0 0 0 0 O
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The partial second-order derivatives can be written explicitly as:

K n
VioL(z ) = Z ,ugc’i)ng%cb (uk,ﬂy, C) ;
k=1i=1
K aF nk 4 K nF m
VL) == 30 Yot | Dok |lak — o Qe + 5 Ve | = 3T 3wt > ol [t - k| @l
k=1i=1 j=1 k=1i=1 j=1
Ak
il\”}['(zuu): (Z DY v“/\wkb<0‘ 7%0),
i=1
K @k
V%yﬁ(zvﬂ) = Z (k L)yz VC’W (akv'Yv C) )
k=11i=1

x?HQQ(’Y)%

Viul;:‘c(z7“) = ZH’(Zk,I) ()

2 _ n
zf - x?H QY - y’“Vi ; ) > s
=1

D Semismooth Newton method

During our experiments, we compared to the Semi-smooth Newton method. This method writes the M-stationary
conditions of problem (MPCC) as a system of semismooth equations, which can be solved with a Newton-style
method. This framework is proposed in [41]. It requires, in the first instance, the use of an NCP function that, given
inputs a, b returns zero if and only if a,b > 0 and ab = 0. Two examples of such functions are the minimum and
Fischer-Burmeister functions defined by

i <
min(a, b) := {a ffax I_)’ fb(a,b) := Va? + b2 —a—b.

b otherwise;

The second step of building the framework consists of introducing the M-stationarity function msf : R* — R2,
which has the property that its zero level set {(G;, H;,v;,&;) : msf(G;, Hi,v;,&;) = 0} is equal to the set of points
that satisfy the M-stationary conditions; i.e.,

0<G;LH; >0,
Giv; =0,
f(Gi, Hi,vi, &) =0 <— 57
ms( i iy Vi fz) Hifz':O, ( )

(”11757‘, >0orv& = ()) .

For an example of such a function, see [41, page 1470, Section 3.2]. The full system of equations to be solved to
compute M-stationary points for problem (MPCC) becomes

VaL(z, A v, 5)
[tb(gi(2); Ai)liz1,.
hi(2)];= 1,.

[msf(Gi(2), Hi(2), Vugz)]izl,m,r

F(Zv)\zl'L7 v, 5) = =0 (58)

with the function F' being semismooth (see [41] and references therein for the definition), while £ is the Lagrangian
function as defined in (8). Note that here, the fb function may be replaced by min or any other NCP function.

It can easily be shown that (z*, \*, u*,v*, £*) solves equation (58) if and only if 2* is an M-stationary point of
the (MPCC) with Lagrange multipliers (A\*, u*,v*,£*). To solve the system, we use a semismooth Newton Method
with an Amijo line search and the Newton derivative to address the involved non-smoothness, according to [41,
Algorithm 5.1].
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Fig. 15: The heat map shows the hyperparameter space for the dataset Ionosphere. Green regions correspond to
(C,~) combinations, which allow the SVM to achieve high validation accuracy. The heat map is repeated four times
for the grid, random, Bayesian and pattern search methods. On each, blue crosses are plotted on all the (C,~)
combinations evaluated by that search method.

The system of equations, when applied to our SVM hyperparameter tuning model (M), is

[ V2L(z, 1) T

fb(C, u<)

kfb(g,u”)

oo e
[ ( ( )z’“m))]
[[z((z))i}](k,i.)el
ko, k 67;'1 (k’l)felf

[msf (ai , Vs Hu(kﬂ')"“‘(k,i))] ki)l
[msf (C — af, /Ei»", pgji), uga))]

Fam(zp) = (kii)el (59)

(k,i)erd

where fb : R? — R is the Fischer Burmeister function and msf : R* — R2 is the M-stationarity function, the
derivatives of the Lagrangian are written explicitly in Appendix C and the functions Z, 6, ¢ are written in (34a,b,c).

E Summary of derivative-free methods

Grid search [37, page T9] requires the data scientist to choose a set of plausible values for each hyperparameter.
Given a combination of hyperparameters, the algorithm trains, evaluates and then discards K fresh SVMs according
to K-fold cross-validation. This is repeated independently for every combination in the Cartesian product that
constitutes the grid. In the end, the hyperparameter combination that results in the best mean validation accuracy
across the K classifiers is returned.

As for random search [37, page 81][65], it works in much the same way as grid search. But, rather than a
systematic search over a grid, at each iteration, the hyperparameters are drawn randomly and independently from
predefined distributions. This has the advantage of being able to search in-between the grid points of a grid search.

Bayesian optimisation [34,49,77,88] is a more sophisticated probabilistic method. It maintains a model approxi-
mation of the function f that maps hyperparameter selections to their corresponding mean validation accuracy and
an acquisition function representing the expected improvement in f. At each iteration, the next choice of hyperpa-
rameters is determined by minimising the acquisition function - then the observed validation accuracy is used to
update the approximation of f. Top-level parameters controlling the balance between exploration and exploitation
and the smoothness assumptions of f must themselves be carefully chosen. Bayesian optimisation has much more
computationally expensive iterations, but is often able to search points close to the global minimum.

Pattern search [73, Algorithm 9.2] differs from the previous three DFO methods in that it is a local rather
than a global search. The algorithm maintains a current best hyperparameter selection (C,~) and step size h. At
each iteration, it evaluates new hyperparameters {(C & h,~v)} U {(C,v £ h)} one step size away along one of the
coordinate axes. If it finds a better objective value, it updates the current best selection and continues. Otherwise,
it reduces its step size. Once the step size is sufficiently small, it will terminate—hopefully at a local minimum. This
method can be made more sophisticated with pattern moves, momentum or a line search. Though it is less used in
machine learning, it provides an interesting comparison to our bilevel approach, which is also a local method. All
four methods are visualised in Figure 15.
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F Further details of the classification datasets

Below, we list the datasets we use with a short description of any adjustments we make and a citation to the
original publication. Each dataset is annotated with a tuple (n,d) where n is the number of observations and d is
the dimension of the feature vectors.

1.

10.

11.

12.

13.

Banknote (1372,4) The four features of this data set are digitally extracted from images of banknotes. Each
banknote is then labelled as either genuine or forged. It is mostly balanced with 762 genuine and 610 forged
examples. The banknote identification dataset was collected by Volker Lohweg [62].

BUPA Liver Disorders (345,6) Five features come from various blood tests relevant to liver disorders. A
sixth feature comes from the patient’s response to the question, “How many half-pint equivalents of alcoholic
beverages do you drink per day?”. If the patient is found to have any form of liver disorder, the patient is given
a positive label. The data was published by Richard S. Forsyth and BUPA Medical Research Ltd. [29]

Circles (n,d) A synthetic dataset where half the examples are scattered uniformly over the surface of the d-
dimensional unit ball and given a positive label. The other half are scattered on the surface of a smaller ball within
the interior of the unit ball and given a negative label. Gaussian noise with mean zero and standard deviation
o2 is added to each point. For our experiments in Section 5, we parametrise with n = 54,d = 2,02 = 0.2. See

figure 6, for an illustration.

Cleveland (297,14) The Cleveland Heart Disease data set was introduced by Detrano et al. [20]. Its features
represent the physical attributes of a patient, such as age, sex, blood pressure, cholesterol, and heart rate, as
recorded by their doctors. The labels represent a positive or negative diagnosis of heart disease. Originally, the
dataset had 303 examples, 76 attributes and five classes. We adjust the dataset in the following manner. First,
we select only 14 features that are commonly used by other authors. Then, we remove examples with missing
values. Finally, we replace the different classes of heart disease with a positive label and the absence of heart
disease with a negative label so that we can train a binary classifier.

Glass (214,9) Each sample is described in terms of its oxide content (sodium, magnesium, aluminium, etc.)
and refractive index. The samples are labelled by their glass type, which can be useful to determine for criminal
investigations. This data was collected by B. German [36] and is openly available on the UCI Machine Learning
Repository. Since it is a multi-class dataset, we make ‘building windows float processed’ (70 examples) into the
positive class and combine the vehicle, containers, tableware and lamp glass types (68 examples) into the negative
class.

Hastie (100, 10) This is the simulated data set from equation 10.2 of “The Elements of Statistical Learning”
[43]. It has ten features that are independently and identically sampled according to a unit-independent Gaussian
distribution. The labels are detriment as y; = 1 if ||x;]|2 > 9.34 otherwise y; = —1.

Ionosphere (351,34) This data was collected from radar antennas in the ionosphere in Goose Bay, Labrador
[85] and used to classify structure in the ionosphere. It is somewhat unbalanced, with 225 positive labels and 126
negative labels.

Iris (100,4) The famous Iris flower data set was introduced by Fisher and Fisher Anderson [1,26]. Its four
features represent the lengths and widths of the sepals and petals. The labels represent the species as either
Setosa, Virginica or Versicolor. We discard all examples of the Versicolor class, so we end up with balanced
binary labels of 50 Setosa and 50 Virginica.

Linear (n,d) A simple synthetic dataset where the data points are scattered randomly and uniformly over the
space [0, 1]¢. A random hyperplane is chosen. The labels are then assigned as +1 if they lie above the hyperplane
and —1 if they lie below. This is the only linearly separable dataset. In our experiments we choose n = 100,d = 10.

MNIST (600, 784) Low resolution, 28x28 pixel, images of handwritten digits 0, 1, 2, ..., 9. The dataset is massive
with 60,000 examples. We subsample 300 examples of the digit 0 and 300 examples of the digit 1 in order to
convert to a binary classification problem.[53]

Mushrooms (300,117) This dataset details observations of gilled mushrooms in the Agaricus and Lepiota
families [53]. All of the features are categorical, for example, the feature ‘cap shape’ could take the value bell,
conical, convex, flat, knobbed or sunken. We add indicator variables for every category, which makes 117 features.
Each example is labelled as either poisonous or edible.

Moons (54,2) A synthetic two-dimensional data set where points of the different classes are scattered in inter-
weaving half-circles around each other, which can only be separated by a very nonlinear ‘S’-shaped boundary.

Palmer (344, 5) Penguins had their features, such as the culmen length, culmen depth, flipper length, body mass
and sex, recorded and were labelled by their species. We perform a few modifications: drop the rows with missing
values; replace the sex with a binary 1,0 indicator; and replace the species with a positive label if Gentoo and a
negative label otherwise. The data was collected by Palmer Station Antarctica LTER and K. Gorman [45] and
is openly available on GitHub.
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14.

15.

16.

17.

18.

Pima (768, 8) The features of the Pima Indians Diabetes Database are measurements such as BMI, insulin level,
and age from female patients of Pima Indian heritage. The labels represent the diagnosis of diabetes. It is quite
unbalanced with 500 negative examples but only 268 positive. The dataset was provided by the National Institute
of Diabetes and Digestive and Kidney Diseases and introduced to the literature by Smith et al. [86].

Sonar (208,60) This data was collected to improve mine detection in the ocean. The many features are those
collected from the sonar signal. The labels are positive if the sonar signals bounced off a metal cylinder and
negative if they bounced off rocks. Terry Sejnowski made the data available, and it was first published by
Gorman and Sejnowski [39].

Swiss Roll (n,d) Swiss Roll is a common synthetic dataset that can be tricky for an SVM as the two classes are
rolled inside one another. It is presented in the book Machine Learning: An Algorithmic Perspective [66, Chapter
6, figure 6.13]. We use the Scikit-learn function make_swiss_roll to generate the data with Gaussian noise with
standard deviation 0.1.

Wisconsin (569, 30) This first breast cancer dataset was presented in the work of Street et al. [93]. Its thirty
features are detailed measurements of the breast and tumour, such as radius, concavity, and compactness. Each
example is then labelled as malignant or benign.

XOR (n,2) A two-dimensional synthetic data set where points are scattered uniformly at random across the
plane [—1,1]2. They are then labelled as positive if the product of their coordinates is positive and negative
otherwise. This leads to the top right and bottom left quadrants being the opposite class to the top left and
bottom right quadrants. It can be a particularly problematic dataset for classifiers.
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