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Abstract

We consider the Mathematical Program with Complementarity Constraints (MPCC). One of the
main challenges in solving this problem is the systematic failure of standard constraint qualifi-
cations. Carefully accounting for the combinatorial nature of the complementarity constraints,
tractable versions of the Mangasarian-Fromovitz Constraint Qualification (MFCQ) have been
designed and widely studied in the literature. This paper looks closely at two such MPCC-MFCQs
and their influence on MPCC algorithms. As a key contribution, we introduce a third MPCC-
MFCQ), lying between these two, under which we prove the convergence of the inexact sequential
penalisation and Scholtes relaxation algorithms. This significantly weakens the assumptions cur-
rently used in the literature. We then form the problem of tuning hyperparameters of a nonlinear
Support Vector Machine (SVM), a fundamental machine learning problem for classification, as
an MPCC. For this application, we establish that the aforementioned new qualification holds
under very mild restrictions. Moreover, we program robust implementations and carry out com-
prehensive numerical experiments on real-world data sets, where we show that the sequential
penalisation method applied to the MPCC formulation for tuning SVM hyperparameters can out-
perform both the Scholtes relaxation technique and the derivative-free methods from the machine
learning literature.
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1 Introduction

The Mathematical Program with Complementarity Constraints (MPCC) is now a well-established
optimisation problem, with a wide range of applications including in economics [1], chemical engineer-
ing [2], energy distribution [3], transportation [4], and machine learning (see Section 4 for an important
problem class, as well as some relevant references).

Most standard optimisation algorithms are ineffective at finding solutions of MPCCs, in part due
to the systematic failure of classical Constraint Qualifications (CQs) and the combinatorial nature
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of the problem’s feasible set [5, Chapter 3]. To address the issue with standard CQs, many alterna-
tive tractable ones tailored to the complementarity constraints have been developed in the literature
(see, e.g., [6-10]). Considering the importance of the Mangasarian—Fromovitz Constraint Qualifica-
tion (MFCQ) in optimisation, it has been particularly at the centre of attention. Two categories of
MFCQ-type CQs for the MPCC have emerged in the literature; one is based on the decomposition of
the complementarity constraints, especially the constraints associated with the biactive index sets, to
build suitable versions of MFCQ that can hold for MPCCs [6, 8, 11]. A second category, constructed
from the lens of variational analysis, consists of reformulating the complementarity constraints either
with non-smooth operator functions or sets that lead to normal cone operations that restore the
fulfilment of such CQs; see, e.g., [10, 12, 13].

In the literature, the MPCC-MFCQ-T, where we use the label “T” to represent the fact that
it is built from a tightened decomposition of the complementarity constraints, has emerged as one
of the most used CQs for MPCCs; see, e.g., [6, 8, 9, 14]. However, looking at the MPCC-MFCQ-T
very closely, one can observe that it boils down to the MPCC-LICQ, the well-known tailored linear
independence constraint qualification for MPCCs, when the feasible set does not involve any inequality
constraint apart from the ones in the complementarity constraints; cf. Remark 2.8 in Section 2. For
this reason, and considering the fact that the MPCC-LICQ is very strong, the MPCC-MFCQ-T fails
for many MPCC problems (see Example 2.7 and Proposition 4.4).

Alternatively, there is another version of MPCC-tailored MFCQ, studied in [15, 16], based on a
relaxation of the complementarity constraints associated with the biactive index set. Hence, we denote
it as MPCC-MFCQ-R with the label “R” representing the corresponding relaxation framework. We
show in this paper that the MPCC-MFCQ-R is strictly weaker than the MPCC-MFCQ-T. We then
introduce a third qualification, the MPCC-MFCQ-C, which we show lies strictly between these two
and which we denote with a “C” because it is associated with the Lagrange multiplier pattern of C-
stationarity. It is related to conditions in [8, 10] but, to the best of our knowledge, has not been stated
explicitly before.

Based on this observation, we revisit two classical algorithms for MPCCs that rely on MPCC-type
CQs for their convergence results, namely, the partial penalisation and Scholtes relaxation meth-
ods, which have been widely studied and used in the literature (see, e.g., [16-18] and [11, 19-22],
respectively).

The partial penalisation method consists of moving the product of the complementarity constraint
functions from the feasible set to the objective. Two options have been pursued for this approach:
(i) the exact penalisation, where the penalty parameter is fixed [16], and (ii) the sequential version,
where the penalty parameter increases sequentially throughout the algorithm [18]. As is well known
in constrained optimisation, a big challenge with exact penalisation is identifying a suitable penalty
parameter which is highly impactful on the numerical performance. Crucially, for sequential penalisa-
tion algorithms, the selection of the initial penalisation parameter is not too critical, as theoretically,
under suitable assumptions, the algorithm gets to a point of stability where a solution is found.

Considering this practical advantage of the sequential approach, we focus on it in the analysis in
this paper. The article [18] shows that the sequential partial penalisation algorithm, in conjunction
with an interior-point method for the subproblems, converges to an S-stationary point, under the
MPCC-LICQ), as a key assumption. In this paper, we establish the convergence of the sequential
partial penalisation method to C-stationary points under the MPCC-MFCQ-C, and to S-stationary
points under the MPCC-MFCQ-R together with an additional assumption at the biactive indices; cf.
Theorem 3.1. Not only are the MPCC-MFCQ-C and MPCC-MFCQ-R far weaker than the MPCC-
LICQ, but the subproblems can be solved with any method, and not necessarily with an interior-point
method, as required in [18].

As for the Scholtes relaxation algorithm, its convergence has been established under the MPCC-
MFCQ-T; see, e.g., [9]. Here, we show that the weaker MPCC-MFCQ-C is sufficient to establish this
convergence, and that S-stationarity follows under the MPCC-MFCQ-R. together with an additional
assumption at the biactive indices; cf. Theorem 3.4. Moreover, to make the method more practically
relevant, in our proof, we only require the computation of approximate Karush-Kuhn-Tucker (KKT)
points for the relaxed problem at each iteration. This is a significant departure from the existing



convergence results, where it is usually assumed that the KKT points of the relaxed problem are
computed exactly, something that is typically not possible in a practical implementation. A notable
exception is [23], which allows errors in all the KKT conditions of the relaxed problem but requires the
MPCC-MFCQ-T and a tolerance that tends to zero faster than the relaxation parameter; see Table 1
for a comparison of the assumptions.

Subsequently, we explore the application of our aforementioned results for general MPCCs to the
problem of computing optimal hyperparameters for a Support Vector Machine (SVM). Note that
the SVM represents one of the most potent tools for classification in machine learning. Since its
introduction in 1995 by Cortes and Vapnik [24, 25], it continues to be prolifically used to solve a
multitude of practical problems, including facial authentication [26], protein sequencing [27] and speech
recognition [28]; it also sets a competitive benchmark in all classification problems.

One of the biggest challenges with SVMs is choosing their hyperparameters. Unlike model param-
eters, which are learnt from patterns in the training data, hyperparameters define the learning process
itself and so must be considered separately. The two most common hyperparameters are the regu-
larisation parameter, which balances the empirical loss against the complexity of the model, and the
choice of kernel. There is no one model that will be best suited to all scenarios [29)].

Traditionally, in the machine learning literature, derivative-free search algorithms such as grid
search and Bayesian optimisation have been used to select the hyperparameters that provide the
best validation accuracy [30]. However, these methods all assume that training is a black box — that
a new model must, each time, be trained in its entirety before being evaluated. They are general
methods that neglect the specific structure of the SVM problem and scale very poorly with multiple
hyperparameters.

More recently, a new approach to hyperparameter selection using bilevel optimisation has been pro-
posed [31-33]. It enables the simultaneous training of the model while hyperparameter tuning is being
conducted. The bilevel optimisation technique has been applied thoroughly and with great success to
linear models. For example, the series of papers [34-36] proposes some non-smooth optimisation meth-
ods for selecting linear support vector regression and classification hyperparameters. Other authors
have created a similar framework but propose different approaches to solving the bilevel program; e.g.,
a value function-based descent, global relaxation, and stochastic gradient descent methods have been
proposed in [37], [38] and [39], respectively. The aforementioned works are on linear models; thus,
enabling some mathematical simplicity, but such a framework is less useful in practice, as real-world
data sets are rarely linearly separable.

Of particular interest to us is the sequence of papers [40-42], as they suggest an extension of the
bilevel optimisation framework to nonlinear kernel models, while proposing an MPCC reformulation
for the corresponding problem. However, they do not provide much theoretical insight into the problem.
The paper [43] begins addressing this gap. Our paper expands on the latter work by first rigorously
constructing the MPCC model of tuning the hyperparameters of nonlinear kernel SVMs. We then
prove for the first time that the MPCC-MFCQ-C, and hence the MPCC-MFCQ-R, automatically
holds at any feasible point, provided that the corresponding pair of hyperparameters is positive, at
least one training point of each fold is a free support vector, and the training inputs of each fold are
distinct; cf. Proposition 4.2. Note that this positiveness is not a strong requirement, as for SVMs, those
values cannot be zero in practice; the two other restrictions are also mild [44]. As a consequence of
this result, the sequential penalisation and Scholtes relaxation algorithms, discussed above, converge
automatically, almost for free, to C-stationary points for the MPCC model. It is important to note
that we also show that for the MPCC hyperparameter optimisation model, the MPCC-MFCQ-T fails
at any of its feasible points with more than two biactive indices; see Proposition 4.4.

As another key contribution of this paper, we conduct a robust implementation of the partial
penalisation and Scholtes relaxation methods and compare them to each other, and also to classi-
cal hyperparameter tuning algorithms in the machine learning literature. First, we observe that the
sequential penalisation method, on average, not only runs faster but also converges to a stationary
point with a lower objective function value than the Scholtes relaxation algorithm. Moreover, we
show that the sequential partial penalisation technique can outperform the traditional derivative-free
methods such as grid, random, Bayesian and pattern search. Note that for the experiments, we use



18 well-known classification datasets from the literature, where the median problem size is 1773 vari-
ables, 1015 constraints (excluding complementarity constraints) and 1010 pairs of complementarity
constraints. To the best of our knowledge, these problems are far larger than any others that have
been used for experiments in the context of non-convex MPCCs. For illustration, observe that for
the MacMPEC collection [45], which is classical for MPCC numerical experimentation, the median
problem size is 49 variables, 20 constraints (excluding complementarity constraints) and 12 pairs of
complementarity constraints.

For the remainder of the paper, note that Section 2 covers preliminaries with particular attention on
the difference between the two MPCC-tailored CQs that are a key focus in this paper; i.e., the MPCC-
MFCQ-T and MPCC-MFCQ-R, as well as the new MPCC-MFCQ-C lying between them. In Section 3,
we present the sequential inexact penalisation and relaxation methods and prove new convergence
results which allow these methods to be applicable to a broader range of problems. In Section 4, we
construct the MPCC optimisation-based hyperparameter tuning model for SVMs and prove that it
satisfies MPCC-MFCQ-C, and hence MPCC-MFCQ-R, but not MPCC-MFCQ-T. Finally, Section 5
presents our numerical experiments and a demonstration that the MPCC model solved with sequential
penalisation can outperform traditional derivative-free methods from the machine learning literature.
Many technical details, which could further facilitate the comprehension and implementation of some
aspects of the paper, are provided in the supplementary materials at the end of this document.

2 Preliminaries on MPCCs

For a number of concepts used throughout the paper, we refer to a general Nonlinear Program (NLP)
defined, for given dimensions n,p,q € N, as

minimise f(2)
subject to g;i(z) >0 fori=1,....p,
=0

hi(2) fori=1,...,q,

where the functions f : R = R, ¢g : R™ — RP, h: R™ — RY representing the objective, inequality, and
equality constraint functions, respectively, are continuously differentiable. However, the main focus of
our analysis is the Mathematical Program with Complementarity Constraints (MPCC), defined for
given dimensions n,p,q,r € N, as

minimise f(z)

z€Rn
subject to g;(z) >0 fori=1,...p,
hi(z) =0 fori=1,...,q,
Gi(z) >0, Hi(z) >0, Gi(z)H;(z) =0 fori=1,..,r,

where the functions f: R" - R, g : R" - RP, h : R" — R? and G, H : R®* — R" are continuously
differentiable. G and H are referred to as complementarity constraint functions and G;(z)H;(z) as the
product term. The last line of problem (MPCC) can be written compactly as 0 < G(z)LH(z) > 0.

2.1 Constraint qualifications

In continuous constrained optimisation, constraint qualifications (CQs) are usually required to con-
struct necessary optimality conditions and prove the convergence of numerical algorithms. To introduce
a CQ for problem (NLP), we define the index sets

I9z)={ic{l,...,p}: gi(2) =0} and I":={1,..,q}.



Based on this notation, the Linear Independence Constraint Qualification (LICQ) is satisfied at a
feasible point zZ € R" of the (NLP) iff the family of gradients

{Vhi(z):ie Ih} U{Vygi(z):1 € I9(z)} is linearly independent,

while, the Mangasarian-Fromovitz Constraint Qualification (MFCQ) will be said to hold at a feasible
point Z € R™ of the (NLP) iff

{Vhi(z):i€ I"} is linearly independent and
S\T 4 — : h
SJdeRrr Vhi(f)d—o Vz.el,i
Vgi(z)Td >0 Viclz).
Obviously, the LICQ is stronger than the MFCQ. These CQs play a fundamental role in nonlinear
constrained optimisation thanks to their versatility in deriving fundamental properties for problem
NLP; see the excellent tutorial in [47] for an overview of these properties.

Unfortunately, it is well known that LICQ and MFCQ are systematically violated at every feasible
point of problem MPCC when viewed as a constrained problem with equality and inequality constraints
in the format described in NLP [48]. To observe this, consider an index ¢ = 1,...,r, a feasible point
z and the three constraints G;(z) > 0, H;(z) > 0 and G;(2)H;(z) = 0. Assuming, without loss of
generality, that H;(Z) is zero, the gradient of the second constraint VH;(z) and the gradient of the
third constraint G;(2)VH;(2z) (by the product rule) are not linearly independent.

The main challenge in addressing problem MPCC comes from the combinatorial nature of the
complementarity constraints. For each index i = 1,...,r, either H; or G; may be positive, but not
both. To further study this, we partition these cases by defining the following index sets:

I9z)={ie{l,...,r}: Gi(z)=0,H;i(z) >0},
Mz)={ie{l,.,r}: Giz)>0,Hi(z)=0}, (2.1)
199 (z) ={ic {1,...,r}: Gi(z) =0,H;(2) =0}.

Based on these index sets, at a given feasible point z of problem MPCC, we first introduce the
corresponding Tightened Nonlinear Program (TNLP(Z)):
miznei[g}}se f(z)
subject to  g;(z fori=1,...,p,
fori=1,...,q,
0 for i € 19(z2),
(2)=0 for i € 1" (%),
0 for i € 9% (z).

Wl

(TNLP(2))

It is very important to remember that these index sets depend on the point 2z, so the (TNLP(z))
may be a different program when constructed around a different point. The decomposition of the
complementarity constraints in MPCC makes the fulfilment of standard CQs more likely. Hence,
problem (TNLP(Z)) is commonly used to define CQs tailored to problem MPCC as follows.

Definition 2.1 The MPCC-MFCQ-T holds at a feasible point z of the MPCC if the corresponding tightened
program (TNLP(Z)) satisfies the MFCQ at the same point z. Equivalently, the MPCC-MFCQ-T holds at a
feasible point z iff

{Vhi(z) e Ih} U {vc:i(z) cie1%z)U ]GH(Z)} U {VHZ-(i) cie 1 (z)uU IGH(Z)}



is linearly independent and

Vhi(z)'d=0 Viell,
VGi(z)'d=0 Viel%z)uI®(z),
VH;(z2)Td=0 VieI(z)uIf(z),
Vgi(z)Td>0 Viel(z).

JdeR":

Definition 2.1 has been widely used in the literature (see, e.g., [6, Definition 3.1}, [14, Definition 4],
[8, p. 4] and [9, Definition 5.4]) and is usually referred to as the MPCC-MFCQ. However, we denote
this as MPCC-MFCQ-T to emphasise the fact that it is based on the tightened program. In addition,
this avoids conflict with the alternative definition that we will present next.

An alternative MPCC-tailored MFCQ relies on the Relaxed Nonlinear Program (RNLP;(Z))
defined, for a given feasible point z of problem MPCC and a subset J C I%H(2) of the biactive
indices, as

minimise f(2)

zER™
subject to  g;(z) >0 fori=1,...,p,
hi(z) =0 fori=1,...,q,
Gi(z) =0, Hi(z)>0  forieI%z), (RNLP;(z))
Gi(z) >0, Hi(z)=0 for i € 1" (2),
Gi(z) >0, Hi(z)>0 for i € 19 (2)\ J,
Gi(z) <0, Hi(z)<0 for i € J.

This problem is similar to the tightened program but for the biactive indices i € I9H(z), where
inequality constraints rather than equality constraints are added for G; and H;. For J = {J, as in the
following Definition 2.2, these are the constraints G;(z) > 0, H;(z) > 0 for all i € I (z). On the
other hand, for a nonempty J, as in the following Definition 2.3, the signs of the constraints for ¢ € J
are reversed. In either case, z is feasible for (RNLP ;(2)), since G;(2) = H;(2) = 0 for all i € I“H (z).
Analogously, we use the notation (RNLP ;(2)) to make clear that this program is defined at a feasible
point z and for a subset J. This leads to two interesting variants of the MPCC-tailored constraint
qualification.

Definition 2.2 The MPCC-MFCQ-R holds at a feasible point z of the MPCC iff the corresponding relaxed
program (RNLP(Z2)) satisfies the MFCQ at the same point z. Equivalently, the MPCC-MFCQ-R holds at a
feasible point z of the MPCC iff

{Vhi(z) e Ih} U {vai(z) ie IG(z)} U {VHi(z) = JH(z)}

is linearly independent and (2.2)
Vhi(z) d=0 vielIl,
VGi(z)'d = Vi e 19(z),

JdeR": {VH;(z)'d=0 Vi e I8 (z), (2.3)
Vgi(z)'d >0 Vi € 19(z),
VGi(2)Td>0, VHi(z)'d>0 VieIH(z).

Definition 2.2 is less common. It can be found in [15, Definition 2.5] and [16, Definition 2.5]. These
papers call it MPCC-MFCQ as well, but to avoid confusion, we will call it MPCC-MFCQ-R, denoting
that it is based on the relaxed program. We now introduce a third MPCC-tailored MFCQ, which
lies strictly between the MPCC-MFCQ-T and the MPCC-MFCQ-R (see Theorem 2.6) and is the one
needed for the relaxation method of Section 3.2.



Definition 2.3 The MPCC-MFCQ-C holds at a feasible point z of the MPCC iff the relaxed pro-
gram (RNLP ; (%)) satisfies the MFCQ at Z for every subset J C 19 (2). Equivalently, the MPCC-MFCQ-C
holds at z iff the family in (2.2) is linearly independent and, for every J C IGH(,%),

Vhi(z)'d=0 vie Il
VGi(2)'d=0 Vi € I%(z),
S deR" VHiEz)TTd:O vgeIng), (2.4)
Vgi(z)'d>0 Vi € 19(z),
VG;i(2)'d >0, VHi(z)'d>0 VieIH(z)\J,
VGi(2)'d <0, VHi(2)'d<0 Viel

Why is such a definition worth introducing? Firstly, it is precisely the CQ needed in our proof that
the sequential Scholtes relaxation of Section 3.2 converges. At a KKT point of the relaxed problem,
the multipliers v; and &; of VG; and VH; for an index ¢ that is biactive in the limit come from one
of two places: either from the constraints G;(z) > 0, H;(z) > 0, in which case v;,&; are both non-
negative, or from the constraint G;(z)H;(z) < 7, in which case v;, §; are both non-positive. These two
cases are mutually exclusive, since G;(z) = 0 or H;(z) = 0 gives G;(z)H;(z) = 0 < 7. In the limit,
the two multipliers therefore share a sign and v;§; > 0, which is exactly the sign condition (2.11C) of
C-stationarity. The MPCC-MFCQ-R only excludes non-negative multipliers, which is why it does not
suffice. The MPCC-MFCQ-T excludes all multipliers, which is overly strong. The MPCC-MFCQ-C,
in contrast, excludes exactly the sign pattern 1;&; > 0, which is precisely what this argument requires.

Secondly, the MPCC-MFCQ-C expresses the same structure for other reformulations. Applying
Clarke’s multiplier rule to the reformulation min(G;(z), H;(2z)) = 0 of the complementarity constraints
gives Fritz John-type conditions whose multipliers have exactly the sign pattern v;&; > 0 excluded by
the MPCC-MFCQ-C; the MPCC-MFCQ-C thus relates closely to the work of Scheel and Scholtes [8,
Lemma 1]. We note that a similar constraint qualification, called MPEC-NNAMCQ), was introduced
by Ye [10, Definition 2.10], which excludes the multipliers with the sign pattern of M-stationarity.
Since the sign pattern of M-stationarity is a special case of that of C-stationarity, the MPCC-MFCQ-
C implies the MPEC-NNAMCQ (Theorem 2.6), so that any local minimiser of MPCC at which the
MPCC-MFCQ-C holds is M-stationary [10, Theorem 2.2]. To the best of our knowledge, the condition
associated with the sign pattern of C-stationarity has not been stated explicitly before.

Remark 2.4 The MPCC-LICQ holds at point z of problem MPCC iff any of the following three equivalent
statements holds:

(i) The corresponding tightened program (TNLP(Z)) satisfies the LICQ at the same point Zz.
1 e corresponding relaxed program z)) satisfies the at the same point z.
ii) Th di laxed RNLPy isfies the LICQ h i
(iii) The following family of vectors is linearly independent:
{vm(z) e [h} U {Vgi(z) e 19(2)} U {vai(z) ie1%z)U IGH(E)}
(2.5)
U{VHZ»(E) vie 1 (z)U IGH(z)}.

This means that the concept of the MPCC-LICQ is the same regardless of whether it is defined from the
tightened or relaxed program.

Observe that the MPCC-MFCQ-T, MPCC-MFCQ-R and MPCC-MFCQ-C are defined above in
primal space due to the involvement of feasible directions. Next, we introduce the dual forms of these
CQs, which are usually more handy in practice. To proceed, consider two sets of vectors A = {a; :
i€} and B :={b; :i € I,}. We say that (A, B) is positive-linearly dependent iff there exist scalars
{Aitier, and {p;}ier,, not all of them zero, such that

Z Nia; + Z ;b =0, where \; >0 for ¢ € I; and p; free for ¢ € Is.
i€l i€l



If no such scalars exist, we say (A, B) is positive-linearly independent. The concept of positive-linear
independence, which appears to have been introduced in [49, p. 965, Definition 2.1], has since been
widely used, in particular in the MPCC literature; see, e.g., [20, p. 260, Definition 2.1] and [9, p. 63,
Definition 4.5]. We now state a lemma that will be useful for many of the proofs below.

Lemma 2.5 The following statements hold true:

(i) The MFCQ holds at a feasible point z of problem (NLP) if and only if (A, B) is positive-linearly
independent where:
A={Vg(z):iecI’z)}, B={Vhi(z):ieI"}.

(i) The MPCC-MFCQ-T is satisfied at a feasible point Z of problem MPCC if and only if (A, B) is positive-
linearly independent where:
A={Vygi(2):i€I’(2)},

2.6
B= {Vhi(z) i€ Ih} U {VGi(z) cie1%z) UIGH(E)} U {VHi(z) cieIfl(z) UIGH(E)}. (2:6)
(i1) The MPCC-MFCQ-R is satisfied at a feasible point z of problem MPCC if and only if (A, B) is positive-

linearly independent where:
A={Vg(2):ielz)}U {vci(z), VH;(2):ie IGH(z)} ,
(2.7)
B= {Vhi(z) e Ih} U {vai(z) ie IG(Z)} U {VHi(i) i€ IH(E)} .

(iv) The MPCC-MFCQ-C is satisfied at a feasible point z of problem MPCC if and only if, for every subset
JC IGH(E), (A, B) is positive-linearly independent where B is given in (2.7) and
Ay =1{Vgi(z):ie(z)}uU {VGi(z),VHi(z) ie I9H(z)\ J}

U{-VGy(2), ~VH;(2) i€ J}.

(2.8)

Equivalently, there exist no scalars {\;}Yiero(z), {1itiern {Vitierezyuron zy and {&i}iern zyuren z),
not all of them zero, such that

> ANV + Y wVhi(2)+ Y viVGi(2)+ Y &VH(2) =0,

i€I9(z) ieIh i€I€(z)uICH (z) eI (2)UICH (2) (2.9)
N>0 forieI(z), & >0 forie I (z).

(v) The MPEC-NNAMCQ [10, Definition 2.10] holds at a feasible point Z of problem MPCC iff there exist
no scalars, not all of them zero, that satisfy the equality in (2.9) with \; > 0 fori € I9(Z) and, for every
i € IS8 (2), either v; >0 and & > 0, or v;&; = 0.

Proof This follows directly from applying Motzkin’s theorem of the alternative [50, p. 27] to the definitions.
For the second statement in (iv), observe that v;§; > 0 holds iff v; and §; are both non-negative or both
non-positive. Given scalars, not all zero, satisfying (2.9), let J be the set of indices ¢ € GH (z) with v; < 0
or £ < 0. Then the coefficients —v;, —&; of —VG;(2), —VH;(z) for i € J and v;, & of VG;(z), VH;(Z)
for i € 1GH (2) \ J are all non-negative, so (A, B) is positive-linearly dependent. Conversely, a positive-
linear dependence of some (A, B) yields scalars satisfying (2.9) after changing the signs of the coefficients of
—VG;(z) and —VH;(Z) for i € J. O

We have the following sequence of implications. The first is well known, see for exam-
ple [6, Corollary 3.2], and the implication from MPCC-MFCQ-T to MPEC-NNAMCQ was given
in [10, Theorem 3.2].

Theorem 2.6 For any feasible point z of problem MPCC, the following implications hold:
MPCC-LICQQ = MPCC-MFCQ-T — MPCC-MFCQ-C =—> MPEC-NNAMCQ — MPCC-MFCQ-R



Proof For the second implication, assume that the MPCC-MFCQ-C does not hold at z. By Lemma 2.5(iv),
there exist scalars, not all of them zero, satisfying (2.9). In particular, the coefficients \; of Vg;(z), i €
I9(z), are non-negative, while every other vector in (2.9) belongs to the set B in (2.6), whose coefficients are
unrestricted in sign. This contradicts the positive-linear independence of (2.6). Therefore, MPCC-MFCQ-T
also fails. For the third implication, note that v; > 0 and & > 0, or v;§; = 0, implies v;&; > 0. Hence, any
scalars, not all of them zero, that violate the MPEC-NNAMCQ also satisfy (2.9), and the MPCC-MFCQ-C
fails by Lemma 2.5(iv). For the fourth implication, assume that the MPCC-MFCQ-R does not hold at z. By
Lemma 2.5(iii), the pair (A4, B) in (2.7) is positive-linearly dependent; that is, there exist scalars, not all of
them zero, that satisfy the equation in (2.9) with A; > 0 for i € I9(z) and v;,&; > 0 for i € 197 (2). Each
such pair (v;,€;) either has both components positive or satisfies 1;§; = 0, so the MPEC-NNAMCQ fails. O

The implications in Theorem 2.6 are strict; for the first one this is well known, and for the others
it is shown in the following example.

Ezample 2.7 Consider the following (MPCC):

minimise 2z + 29
z€R2

subject to z1 + 22 >0,
0<21129>0
The inequality constraint is g(z) := z1 + 22 and complementarity is G(z) = z; and H(z) = z2. At the
point z = [0,0] ", we are in the biactive case where G(z) = H(z) = 0. Consider the derivatives of the
constraints: Vg(z) = [1,1]7, VG(2) = [1,0] " and VH(2) = [0,1]". Choosing, for example, d = [3,4], we
get d"Vg(z) =7 >0and d' VG(2) =3 > 0 and d' VH(z) = 4 > 0. Thus, the MPCC-MFCQ-R. holds
at z. However, there does not exist any direction d € R? such that d' Vg(z) > 0 and d' VG(2) = 0 and
d'"VH(z) = 0. This implies the failure of the MPCC-MFCQ-T at Z.

The same example shows that MPCC-MFCQ-R does not imply MPCC-MFCQ-C. Consider J = IGH(Z),
no direction d € R? satisfies d'Vg(z) > 0, d' VG(2) < 0 and d' VH(2) < 0. Equivalently, A\ = 1 and
v =& = —1 satisfy (2.9). In fact, every solution of the equation in (2.9) for this example has v = £ = —\ with
A > 0, so no nonzero solution has the sign pattern of the MPEC-NNAMCQ. The example therefore satisfies
the MPEC-NNAMCQ), which consequently does not imply the MPCC-MFCQ-C. Adding a second copy of the
constraint 0 < z7 Lz9 > 0 to the example preserves the MPCC-MFCQ-R, since d = [3, 4]T still satisfies (2.3),
but violates the MPEC-NNAMCQ since the multipliers v; = 1 and v2 = —1 of the two copies of VG(Z), with
all other multipliers zero, satisfy the equation in (2.9) and have v;&; = 0. On the other hand, if the constraint
21 + z2 > 0 is replaced by z1 — z2 > 0, then the MPCC-MFCQ-C holds at 2z, since d = [2, 1]T (for J = 0)
and d = [—1,-2] (for J = I°H(2)) satisfy (2.4), while the MPCC-MFCQ-T still fails for the same reason
as above. Hence, all implications in Theorem 2.6 that involve the MPCC-MFCQ-C or the MPEC-NNAMCQ
are strict.

Another important example that satisfies MPCC-MFCQ-C (and hence MPCC-MFCQ-R) but not
MPCC-MFCQ-T is the main topic of Section 4. For further evidence of the very strong nature of the
MPCC-MFCQ-T, we end on the following remark.

Remark 2.8 For any problem of the form (MPCC) with p = 0 (in other words with no inequality g;(z) > 0
constraints but still possibly with equality h;(z) = 0 and complementarity 0 < G;(z)LH;(z) > 0 constraints),
the MPCC-MFCQ-T is equivalent to the MPCC-LICQ.

2.2 Stationarity

This subsection states some well-known stationarity concepts for problem MPCC, which have been
extensively studied in the literature; see, e.g., [8], which seems to be one of the early papers on the
subject. We begin by introducing a problem-specific Lagrangian function

L(z, A p,v,€) = f(2) = > Nigi(z) = Y pihi(z) = Y viGi(z) = Y &iHi(2). (2.10)
i=1 i=1 i=1 =1



Observe that this function does not include the product terms G;(2)H;(z) for i =1,...,r.

Definition 2.9 The feasible point z of problem MPCC is said to be Weakly (W)-stationary if there exist
multipliers (X, p, v, €) such that the following conditions hold:

VZ£(27A7/J/7V55):0 (211&)
N >0foriel9%z), \=0forig¢l%z), &=0fricl®z), vi=0foriel’(z). (2.11b)

The point z will be said to be Alternative (A), Clarke (C), Mordukhovich (M) or Strongly (S)-stationary if
additionally to (2.11b), we respectively have the conditions

A-stationary: vi>0org& >0 for i € 197 (z), (2.11A)
C-stationary: vi& >0 for i € I¢H (2); (2.110)
M-stationary: vi,& >0or ;& =0 foriel H( ); (2.11M)
S-stationary: vi, & >0 for i € IGH(,%). (2.118)

It is important to note a few properties of these stationarity conditions. They only differ by the
nature of multipliers on the biactive index set 1. Figure SM9 highlights these differences. So, if the
problem is strictly complementary at z, that is G;(2) > 0, H;(2) = 0 or G;(2) = 0, H;(2) > 0 for all
i =1,...,r, then all five concepts are equivalent. S-stationary is the strongest and is equivalent to the
KKT conditions of the MPCC if the complementarity constraints are viewed as ordinary inequality
and equality constraints. The following relationships hold [6, p. 60]:

—> A-stationary ==

S-stationary = M-stationary = C-stationary —>

W-stationary

3 Solution methods

In this section, we study the partial penalisation and Scholtes relaxation methods. There are at least
two motivations to study these algorithms. First, they are among the most commonly used in the
literature on MPCCs (see, e.g., [14]). Secondly, there is a nice symmetry between the two approaches.
In the penalisation method, the constraint G(z)"H(z) = 0 is moved from the feasible set to the
objective function, while this same constraint is instead relaxed to form a larger feasible set in the
context of the relaxation approach.

As will become clear in the next two subsections, a common point between the two methods,
which does not seem to have been discovered before, is that they converge under the same CQ); i.e.,
the MPCC-MFCQ-C, which is strictly weaker than the MPCC-LICQ and MPCC-MFCQ-T used in
[9, 18] to prove the convergence of these algorithms. In both cases, the limit point is C-stationary, and
it is S-stationary under the weaker MPCC-MFCQ-R together with an additional assumption at the
biactive indices.

3.1 Penalisation

We start by recalling that the penalisation method works by moving the problematic product term
G(z)TH(z) from the constraints of problem (MPCC) to its objective function. This leads to the
penalised problem with m > 0 being the penalty parameter:

mizneiur{gise f(z) +7 G(z)"H(z)
>

subject to  g;(z) >0 fori=1,...,p, (P)
hi(z) =0 fori=1,...,q,
Gi(z)>0, Hi(z)>0 fori=1,..,r
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f(z) f(z) ,@,’ (=) I/;\xk/lc[zJH\z‘,

Objective
Objective
Objective
>
E
Objective
S~

=)H(z) G2 (2) G (z) G H(z)

Fig. 1 This figure visualises applying the penalisation sequence to a hypothetical MPCC with a single complementarity
constraint. The vertical axis is the objective value, while the horizontal axis is the product of the two complementarity
constraint functions G(z)H (z). The green line shows the objective value f(z), and the red curve shows the penalised
objective f(z) + mG(z)H(z) for increasing penalty parameters 7. The grey dots show infeasible stationary points that
are slowly ironed out.

Interestingly, (P, ) is more likely to satisfy standard constraint qualifications. In fact, if MPCC satisfies
MPCC-MFCQ-R at a point z*, then (P,) will satisfy the MFCQ at z* [16, Theorem 5.1]. This means
that we can employ standard NLP solvers such as the interior-point method (IPM) or sequential
quadratic programming (SQP) for (P, ). However, when employing such solvers, we should not expect
them to find a global minimum but instead terminate within a certain tolerance ¢ > 0 of a KKT point.
With this in mind, we define a point z € R™ to be an e-KKT point for (P,) if there exists a Lagrange
multiplier vector (X, i, v, €) € RPH4+27) gatisfying the following system:

Hv F(2) + 7H(2) [VG(2)] + 7G(2) Z AiVgi(z Z 11V hi(2

—ZWG Z@VH )| <

(3.1a)

gi(z) >0, X\ >0, gi(z)/\i =0, fori= 1,...,p7

hi(z) =0, p; free, fori=1,...,q, (3.1b)
G,(z) ZO, V; ZO, Gi(Z)I/Z':O, fOTiZl,...,T, ’
Hi(z)>0, & >0, Hi(2)¢=0, fori=1,...,r

This concept is widely used in the literature; see, e.g., [51, Definition 3.1]. For ¢ = 0 the system
(3.1a-b) is the classical KKT conditions for (P;). The idea is then for a large enough penalty parame-
ter m and small enough tolerance ¢, finding a solution to (3.1a-b) that will correspond to a stationary
point of problem MPCC. If we know such values for 7 and €, we only need to solve (P,) once. This is
called exact penalisation. However, in practice, we may not have this information, or in the case where
7 is too large, (P,) may become ill-conditioned [18, Example 3]. Therefore, a more practical approach
is to introduce an increasing sequence of non-negative penalty parameters (7¢);en and a decreasing
sequence of tolerances (e!);en and solve problem (Py¢) repeatedly using the previous solution as the
starting point for the next iteration until our stopping criteria are met. We call this sequential penali-
sation. A precise description of the method is provided in Algorithm 1 and its theoretical convergence
is established in the result below. A graphical illustration, for increasing penalty parameter values, is
given in Figure 1.
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Algorithm 1 Inexact sequential partial penalisation
Input: Access to the MPCC’s functions f, g, h, G, H and their first order derivatives; Starting point
2% € R, Initial penalty parameter 7! > 0; Initial KKT tolerance e! > 0; Exit tolerance eqyj; > 0;

Procedure:
1: repeat fort =1,2,3,...:
2 Find an ¢'-KKT point 2! of (P,+) with starting point z°~1;
3 Increase the penalty parameter 7*+! > 7, ensuring 7t — oc;
4: Decrease the KKT tolerance €'*! < €, ensuring ! — 0;
5: until Stopping condition: max; (min(G;(2"), H;(2"))) < €exit-
6: Output 2.

Theorem 3.1 Consider problem MPCC and a sequence of iterates (zt) generated by Algorithm 1, which

teN’

is assumed to converge to the point z* where G(z*) T H(z*) = 0, then

(i) If MPCC-MFCQ-C holds at z*, then 2* is a C-stationary point.

(ii) If MPCC-MFCQ-R holds at z* but additionally 7'G;(z") — 0, n'H;(2') — 0, for the biactive indices
€ IGH (2*) then z* is an S-stationary point.

Proof For each iterate z!, since it is an e-KKT point of (Py), let ()\t, ut vt .ﬁt) € RPHa+27) he o Lagrange
multiplier vector satisfying (3.1a-b). We now define augmented multipliers:

A - WtHi(zt) and & =¢l— ﬂtGi(zt). (3.2)
In this way we can rewrite (3.1a) as
T T
ZWgz me (VGi(z") =Y EVH(Z) (3.3)
i=1 i=1
We wish to prove that the sequence (at);cy, where a; = ( LTL At,ﬁ' ) has a convergent subsequence.

Suppose towards a contradiction that it does not. Then [la¢|| — oo; for otherwise some subsequence of (at),cn
would be bounded and would, by the Bolzano—Weierstrass theorem, admit a convergent sub-subsequence.
Now, dividing equation (3.3) through by |la|| leads to

)\12‘ t Mf gz
H el *Z‘;natuvg’(z)*zua n Z||at|| Z||aanH )

i=1

Et

= lall”

(3.4)

We consider the normalised sequence of Lagrange multipliers a¢/ ||a¢||. As it is bounded, by the Bolzano—
Weierstrass theorem, there exists some infinite subsequence that converges. Let (A, u/, f/,é") be the limit of
that subsequence. Since every term of the normalised sequence has unit norm, so does its limit, by continuity
of the norm; in particular (X, p’, ﬁ/,é/) # 0. We next identify the components that vanish in the limit. For
i€ {l,...,p} \ 19 we have g;(z*) > 0, hence g;(z%) > 0 for all large ¢, and the complementarity slackness
in (3.1b) gives \! = 0; therefore \; = 0. Now consider i € [H7 so that G;(2*) > 0 and H;(z*) = 0. Then
Gi(z ) > 0 for all large t, so complementarity slackness gives v/ = 0 and hence 7} = —7'H;(z") by (3.2). If
Hi(z ) =0, then ©; = 0. Otherwise, complementarity slackness gives § =0, so that 5 —7mtGi(2Y) # 0, and
since [£] < [lael],

ot

il WtHi(zt) _ Hi(zt) 0 .
G| T WGz T Gilzh) | Gi(zh)

Vi

[lat]]

In either case 7, = 0 for i € IH; exchanging the roles of G and H gives é; =0 fori e I9. Using this

indexing, we can say that it must be the ()\'Ig, w, ﬁ}culcn,élIUU[cn) components of the sequence that are

t
non-zero. Now, returning to (3.4), as t — oo, the terms % and ﬁ go to zero, leaving the following
linear combination equal to zero

D ONVgi(z) + D wiVhi(zY) + Y 0iVGi(2*) + Y &GVH(2F) =0. (3.5)

i€T9 ielh ieIGUIGH ieITyrGH
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Under the assumptions of part (i), since A} > 0 and, for i € IH 2/£/ > 0 as the limit of #{£!/||a¢||, which
is non-negative for every t by the identity shown below in the proof of C-stationarity, the non-zero vector
X ﬁ',é") satisfies (2.9) at 2, contradicting MPCC-MFCQ-C by Lemma 2.5(iv). Under the assumptions
of part (i), i.e. 7 G;(2%) — 0 and 7t H;(2!) — 0 for i € 1" | we have that 2/ > 0 and &, > 0 for i € I¢H
so that the sets of gradients given in (2.7) are positive-linearly dependent, contradicting MPCC-MFCQ-R. By
these contradictions, we conclude in both cases (i) and (ii) that (at);cy has a convergent subsequence. Let

()\*, w*, o, é*) be the limit of that convergent subsequence. By the continuous differentiability of f, g, h, G, H,

and since the sequence (zt) converges to z* in their domain, these functions and their derivatives must

teN
converge in range. Applying this to inequality (3.3), and recalling that et =0, we get

p q T T
V() =D N Vgi(z") = > pi Vhi(z") = Y i VGi(z") = > & VHi(2") =0, (3.6)
=1 i=1 =1 =1

satisfying the stationarity condition (2.11a) of Definition 2.9. To establish W-stationarity, it remains to be
shown that condition (2.11b) is satisfied, i.e., 7 = 0 for each i € I'f and £ = 0 for each i € 19, Considering an
index i € 1€, by definition, we have G;(z*) = 0 and H;(z*) > 0. Since H,(z") — H;(z*) > 0, complementarity
slackness gives &! = 0 for all large ¢. To deduce £ = 0 from (3.2), the penalty term 7'G;(z") must vanish in
the limit. For every ¢ with G;(2") > 0, complementarity slackness forces v/ = 0, so that of = —7' H;(2"); since
ﬁf converges to the finite limit ;] while Hi(zt) is bounded away from zero, the penalty parameter 7' remains
bounded for all such ¢. Consequently 7‘G;(z") — 0, because for each t either G;(2") = 0 or 7' is bounded
while Gi(zt) — 0; therefore éf =0forallielC. Exchanging the roles of G and H, the same argument gives
pf =0foralliel".

To establish C-stationarity (2.11C) under the assumptions of Theorem 3.1 (i), consider a biactive index
i € ISH and the product ﬁf éf Expanding it and cancelling the two cross terms by the complementarity
slackness v/ G;(z") = 0 and £/ H;(2!) = 0 of (3.1b), we obtain, for every t € N,

of & = (vf — " Hy(2)) (6f — n'Gi(=z") = v} &} + (Wt)zGi(Zt)Hi(zt)

\Y]

0.

To establish S-stationarity (2.11S) under the assumptions of Theorem 3.1 (ii), consider a biactive index
i € 1% Since vf,¢! > 0, (3.2) gives 0 > —x'H;(2) and & > —ntGi(2"). Under the assumption that
thigzt) — 0 and WtHi(Zt) — 0, we therefore have lim infs_, [/f > 0 and lim inf¢_ oo ff >0, and thus ;" > 0
and & > 0. O

Recall that Ralph and Wright [16, Theorem 5.2] provide a nice proof for penalisation with a fixed
parameter w. However, in practice, a user would not know a good value for m ahead of time. If the
chosen 7 is too small, the property G(z*)T H(z*) = 0 may not hold. On the other hand, if it is too
large, the program may become ill-conditioned [18, Example 3] as is common with penalisation-based
algorithms [52, 53]. This provides a motivation for the sequential approach. Also, observe that the
paper by Leyffer et al. [18, Theorem 3.4] already presents a sequential penalisation theory in the
case where the subproblem (P;) is specifically solved with the interior-point algorithm. Theorem 3.1
provides two useful generalisations over their work. Firstly, it gives flexibility to the user in the selection
of the algorithm for the penalised subproblem (P, ). Secondly, we only assume the MPCC-MFCQ-C in
part (i) and the MPCC-MFCQ-R in part (ii), which are far weaker CQs compared to the MPCC-LICQ),
required in [18]. Table 1 compares the full assumptions of Theorem 3.1, and of Theorem 3.4 below,
with those of the closest results in the literature. It is also important to note all the aforementioned
convergence results for penalisation, including ours, require the fulfilment of firstly G(z*)T H(z*) = 0,
and secondly, for S-stationarity, 7'G;(2*) — 0 and 7' H;(2') — 0 for biactive indices i € I¢H . If the
penalty parameter is held fixed, 7¢ = 7, as in the exact penalisation of [16], then the latter assumption
is automatically satisfied, since 7G;(2?) — 7G;(2*) = 0 and 7H;(2*) — 0 for i € I9H. Note that the
proof of Theorem 3.1 does not use the monotonicity of (');en, and so applies verbatim in this case. In
this case, we have shown that one can weaken the MPCC-MFCQ-C assumption of part (i) to MPCC-
MFCQ-R, and obtain S-stationarity. However, it is unclear how to ensure that G(z*)T H(z*) = 0 in
practice. In the remainder of this section, we provide Theorem 3.2 and Example 3.3 to establish when
this assumption may and may not be reasonable.

13



Table 1 Assumptions of Theorems 3.1 and 3.4 and of the closest convergence results in the literature.

Penalisation Relaxation
Ralph & Hu & Leyffer ~ This paper, Scholtes Schwartz Kanzow & This paper,
Wright Ralph et al. [18] Theorem 3.1 [11] 9] Schwartz Theorem 3.4
(16] [54] [23]
Setting
z* is MPCC feasible: assumed assumed implied assumed® implied  implied implied implied
Subproblem solver: any any IPM any any any any any
Subproblem inexact: — - v v — - v v
Tolerance condition: - - et =0 et =0 - - t=o(rt) et =0

C-stationarity of z* under

MPCC-LICQ: v v v v v v v
MPCC-MFCQ-T: @ - - v - v v v
MPCC-MFCQ-C: - - v - - - v
MPCC-MFCQ-R: — - - - - — —
S-stationarity of z* under
MPCC-LICQ: v v v v - - v
MPCC-MFCQ-T: - - v - - - v
MPCC-MFCQ-C: a — - v - - v
MPCC-MFCQ-R: - - v - - - v
With further assumptions: SONC, decay? decay? SONC, - - decay?
ULSCe ULSCe

v': the result holds in this setting or under this assumption. The ticks for the CQs follow from the implications of
Theorem 2.6. IPM stands for an interior-point method. The same result of [9] also appears in [20].

2Ralph and Wright consider a fixed parameter m and a single KKT point of (Pr) that is feasible for MPCC, rather
than a limit of iterates, and show that it is S-stationary without any CQ. They use the MPCC-MFCQ-R to show
that (P ) satisfies the MFCQ [16, Theorem 5.1].

bTheorem 3.2 gives a sufficient condition.

¢A (weak) second-order necessary condition (SONC) at each z*, which gives M-stationarity, and upper-level strict
complementarity (ULSC) at z* to get S-stationarity.

dDecay refers to the assumption that for the indices i € T¢H (2*) we have m*G;(2%) — 0 and 7* H;(2*) — 0 for the
penalisation or similarly w!G;(2?) — 0 and w!H;(2") — 0 for the relaxation. Note that for a fixed penalty parameter,
this holds automatically.

Theorem 3.2 Let (zt)teN be a sequence of iterates generated by Algorithm 1 with w* — co such that 2% is
a global optimal solution of problem (Prt) for t € N, and suppose that problem MPCC has a feasible point. If

lim 2! = 2%, then G(z*) T H(z*) = 0.
t—o0

The proof is given in supplementary material Subsection SM3.1.

Next, we provide an example, which shows when the assumption that G(z*)T H(z*) = 0 fails. In
this example, the objective and constraint functions f,G, H : R?> — R are all continuously differen-
tiable, and the MPCC-LICQ is satisfied. Nevertheless, its corresponding penalisation formulation has
a sequence of local minima that converge to an infeasible point for the corresponding MPCC.

Ezample 3.3 Consider the following example of MPCC:

minimise f(z) = (21 — 3)2 + (22 — 3)2
21,22

subject to  G(z) == (12% — gz% + gzl) >0,

37T g 3.7)
1 9 9

H(z) = (gzg - ZZ% + 52’2) >0,

G(z)H(z) =0.
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Fig. 2 A graphical representation of Example 3.3. On the left are the contours of the objective function f(z). When
the complementarity constraints 0 < G(z)LH(z) > 0 are added, the feasible set becomes the positive vertical and
horizontal axes. In the centre are the contours of the penalised objective function f(z) + 7G(z)H(z). The two dark
green wells at (0,3) and (3,0) are the two global minima. The light green well at (3,3) is a local minimum. On the right
is the constraint G(z) plotted against z1.

It is helpful to note that G or H are only equal to zero for z; = 0 or 2o = 0, respectively. The
feasible set is, therefore, the union of the two non-negative axes; see Figure 2. We begin by writing
the derivatives of all the functions involved in the above problem:

e =[5y vew = [ TRE I e | )

Program (3.7) has two local minima at [3,0]" and [0,3] . Furthermore, it satisfies MPCC-LICQ at
all feasible points. This can be verified by checking the two strictly complementary cases of (G(z) =
0,H(z) > 0) and (G(z) > 0,H(z) = 0) and the biactive case (G(z) = 0,H(z) = 0). For each
of these, in order, the set of gradients of the active constraints are {[%,O}T} and {[0, %]T} and

{[%, O]T , [0, %] T} which are each linearly independent sets.

Now consider the penalisation formulation (P, ) of this example whose feasible set is the whole non-
negative quadrant. Note (3.7) has only complementarity constraint functions G, H and no inequality
g nor equality h constraint functions. We introduce multipliers v and £ corresponding to G and H

respectively and write the KKT conditions of the corresponding problem (P ):

0=V [f(2)+7'G(z)H(z)] — vVG(z) — (VH(z), (3.8)

G(z) >0, H(z)>0, v>0, £€>0, G(z)v=0, H(z)=0. '
Consider the point (27,23) = (3,3), feasible for the corresponding version of problem (P;) for our
example but not for problem (3.7) itself. At this point G(z*) = H(z*) = 2.25 and all the derivatives
are zero. Vf(z*) = VG(z*) = VH(z*) = 0. Substituting these values into the KKT conditions
for the penalisation problem (3.8) we can find that (27, z5,v,£) = (3,3,0,0) is a KKT point of the
penalisation problem (Py:) for all parameters 7 > 0. Algorithm 1 could reasonably find the sequence
of iterates 2! = (3,3) for each t € N. However, this converges to a point that is infeasible for the
original MPCC. This highlights a key weakness of the penalisation method.

3.2 Relaxation

Scholtes [11] proposed the first regularisation scheme where problem MPCC is approximated by a
sequence of parametrised nonlinear programs. Since then, many alternative relaxation schemes have
been proposed (e.g., [19, 22]), and a good survey on the subject is given by Hoheisel et al. [20].
Typically, in relaxation schemes for MPCCs, the constraint involving the problematic product term
G(z)TH(z) of the complementarity system is relaxed. This enlarges the feasible set and can make
the resulting problem more tractable. In the specific context of the Scholtes relaxation, the following
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subproblem is considered:

minimise f(2)
z

subject to  g;(z) >0 fori=1,...,p,
hi(z) =0 fori=1,...,q,
0

Gi(z) >0, Hi(z2) >0, Gi(2)Hi(z) <7 fori=1,...,m

Note that for 7 close to zero, the feasible set of subproblem (R, ) closely approximates that of MPCC.
This is illustrated in Figure SM2. This forms the basis of the relaxation method.

In a similar fashion to our construction for penalisation, we shall not expect the NLP solvers to
find the exact global minimum but instead terminate within a certain tolerance ¢ > 0 of a KKT
point. We say a point z € R™ is an e-KKT point for (R;) if there exists a Lagrange multiplier vector
(A, 1, v, €, w) € RPHIE3) guch that

V()= > AVailz) Zulwb ZZ/ZVG Z@VH
i=1

i=1

(3.9a)
—|—Zw,; [Gi(2)VH:(2) + Hy(2)VGy(2 H <e,
i=1
gl(z) 207 AL 207 gz(z))\l:07 fori:17"'7pa
hi(z) =0, p; free, fori=1,...,q,
Gi(z2) >0, v; >0, Gi(z)v;=0, fori=1,...,r, (3.9b)
Hl(Z)ZO, ELZO, Hz z)f,»:(), fOI"iZl,...,T,
[T —Gi(2)Hi(2)] >0, w; >0, [1—Gi(2)Hi(z)]w;, =0, fori=1,... 7.

In the following we prove that a sequence of such e-KKT points generated by Algorithm 2, under
certain assumptions may converge to a C-stationary point, or to an S-stationary point, of the original
MPCC problem.

Algorithm 2 Inexact sequential Scholtes relaxation

Input: Access to the MPCC’s functions f, g, h, G, H and their first order derivatives; Starting point
2z € R"; Initial relaxation parameter 7! > 0; Initial KKT tolerance ¢! > 0; Exit tolerance
€exit > 07

Procedure:
1: repeat fort =1,2,3,...:
2 Find an €/-KKT point 2! of (R,¢) with starting point 2!~
3 Decrease the relaxation parameter 7¢+! < 7t ensuring 7* — 0;
4: Decrease the KKT tolerance ¢!t < ¢!, ensuring ¢! — 0;
5. until Stopping condition: max; (min(G;(2%), H;(2'))) < €exit-
6: Output 2.

Theorem 3.4 Consider problem MPCC. Let (zt)teN be a sequence of €. -KKT points of (Rt ) parametrised
teN teN that both
tend to zero, and let w' denote the corresponding multipliers of the constraints G;(z)H;(z) < 1t. Let z* :=
lim¢—s 00 (zt) exist. Then

(i) If MPCC-MFCQ-C holds at z*, then z2* is a C-stationary point for problem MPCC.

(i) If MPCC-MFCQ-R holds at z* but additionally w!G;(z") = 0 and w!H;(z") — 0 for the biactive indices
i€l H( *), then 2* is an S-stationary point for problem MPCC.

by a strictly decreasing sequence of positive relaxation parameters (’Tt) and tolerances ( )
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Proof For each iterate z?, since it is an €/-KKT point of (R,+), there exists a vector of Lagrange multipliers
()\t7 put vt et wt) € RPHTaH37) gatisfying (3.9a-b). Consider the following constructions:

vt if i € 19(z4) U IGH (2,
oY= —wiH; (2% ifie {i:Gi( (2" H; (2" = Tt},
0 otherwise,
I3 if i e I (24 U I1GH (2,
&= —wlGi(z") ifie {i:Gi(zHHi(z") = 7'},
0 otherwise.

This allows us to rewrite equation (3.9a) as

T T
Z NiVgi(=z me IVGi(z') = Y _&§VH(2' (3.10)
i=1 i=1
We also note that for each i € {i: G zt)Hi(zt) = Tt} both 2! and £! are non-positive, while for each

ie I9:HUTH (2 uICH (2Y), both » ! and £! are non-negative. For all other indices, they are zero. Therefore,

we can conclude that R
sEb>0 vie{l,..,r} (3.11)

We now wish to prove that the sequence a; == ()\t, ut ot ét) N has a convergent subsequence. Suppose
t

towards a contradiction that it does not. It must be that a; is unbounded and ||a¢|| — co. Dividing equation
(3.10) through by |lat|| leads to

p t t t
A t i t Vi
E Vgi(z") — E —1_Vh;(z") — E —L= VG ( E i
H IIatII = llaxll 42 llacll (2 = llal] Hatll )

Et

< —, 3.12
S ey &2

i=1

. A pt ot .-
Now consider the normed sequence ”( w8 Clearly, it is bounded. It follows from the Bolzano—

(A ut ot
Weierstrass theorem that there exists some subsequence that converges. Let the point (/\’, "o 5 ) be the
limit of that subsequence. Since every term of the normed sequence has unit norm, so does its limit; in
particular, the limit is non-zero. From the complementarity slackness conditions in (3.9b) we conclude that: A,
is non-zero only for i € I9 and ¥/ is non-zero only for i € 1€ UIGH and fz is non-zero only for ¢ € Myt
While the claim on X', and also A’ > 0, follows directly, the claims on &’ and é’ require a short argument,
since the constraint Gi(zYH;(z%) < 7' may be active. Consider i € I so that G;(z*) > 0 and H;(z*) = 0.
Then G; ( ) > 0 for all large ¢, so that i ¢ 19(2")UT9H (2%) and, by construction, 7} is either zero or equal to

—wlH;(2Y), the latter only if G;(2%)H;(z") = 7°. In the latter case H;(z!) > 0, so that also &f = —w!G;(2"),
and if w! > 0, then, since |£!] < |||,

ot ot

7 il wai(zt) Hi(zt) 0
lal = @] T @lGizh | Gz Gi(z)

In either case 0, = 0 for i € 1. exchanging the roles of G and H gives EZ =0 foriclIC. Using this indexing

we can say that it must be the ()\/Ig, w, ﬁ}GU[GH , f}HU]GH) components of the sequence that are non-zero.

t
Returning to (3.12), as t — oo, the terms % and < | 80 to zero, and we are left with

Ha |
> NiVgilz )+ > 1iVhi(z Y. UVG(E)+ Y GVH(ZY) =o0. (3.13)
iel9 i€lh zeIGUIGH ieHUIGH

Under the assumptions of part (i), since A’ > 0 and, by (3.11), ﬁléé > 0 for i € 19" the non-zero vector

()\/,/L/,l)/,é/) satisfies (2.9) at z*, which contradicts the MPCC-MFCQ-C by Lemma 2.5(iv). Under the

assumptions of part (ii), consider i € IGH . By construction 197‘ is equal to 1/ >0, to —wy YH;(2%) or to zero,
so that ! > —w!H;(2") — 0. As |la¢]| — oo, thls gives 7/ > 0 and, in the same way, £, > 0 for i € 168,
From the assumptions of part (ii), we have that z* satlsﬁes MPCC-MFCQ-R. By Lemma 2.5(iii), the set of
gradient vectors in (2.7) should be positive-linearly independent. But that is contradicted by (3.13). Therefore,

in both cases, we conclude a; must have a convergent subsequence. Let ()\*,u*, %, €*) be the limit of that

convergent subsequence. By the continuous differentiability of f, g, h, G, H, and since the sequence (zt)teN
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converges in their domain, these functions and their derivatives must converge in range. We can apply all this
0 (3.10), recalling that e — 0, to get the following'

Z A Vgi(z Z 17 Vhi( 1),*VG Z & VH;( (3.14)

=1
The conditions in (2.11b) on A* follow dlrectly from (3.9b). For those on * and £*, consider i € 7. As
shown above, for all large t, ﬁf is either zero or equal to fwai(zt), and in the latter case 514 = fwai(zt).

Since 51 converges to the finite limit é ; along the subsequence whlle Gi(z ) is bounded away from zero, wt
remains bounded for all such ¢. Consequently 7 ot — 0, because H;(2") — 0, and therefore 7 = 0 for all i € I H
Exchanging the roles of G and H gives f =0 forall i € I¢ . Therefore, under the assumptions of part (i),
from equations (3.14), (3.9b) together with the argument above, and (3.11), we can conclude that (2.11a),
(2.11b) and (2.11C) hold, respectively. These are exactly the C-stationary conditions. Under the assumptions
of part (ii), we showed above that 7! > —w!H;(z!) — 0 and, in the same way, £ > —w!Gi(z") — 0 for
i e I9H Hence 07 > 0 and £ > 0 for i € I which together with (2.11a) and (2.11b) gives (2.11S); that
is, z* is S-stationary. O

A similar version of Theorem 3.4 was initially proven by Scholtes [11, p. 922, Section 3] but
required the stronger MPCC-LICQ. An updated proof is given by Schwartz [9, p. 112, Theorem 7.3],
which weakened the requirement to MPCC-MFCQ-T. We present a similar proof but weakening the
CQ further to MPCC-MFCQ-C in part (i), and to MPCC-MFCQ-R under the additional assumption
on the multipliers in part (ii). This is a significant weakening of assumptions (cf. Theorem 2.6 and
Example 2.7). The MPCC-MFCQ-R alone, however, is not sufficient; see the supplementary materials,
Subsection SM3.2, for an example in which a sequence of global minimisers of the relaxed problems
converges to a point that satisfies the MPCC-MFCQ-R but is not even W-stationary. Another feature
of our result (Theorem 3.4) is that we only require an inexact KKT point to be computed at each
iteration, unlike in [9, 11], where exact KKT points were used for the relaxed problem. Kanzow and
Schwartz [23] also consider inexact KKT points of the relaxed problems, with errors in all the KKT
conditions, including the signs of the multipliers, but they require the MPCC-MFCQ-T and €' = o(7").
Our €!-KKT points only allow an error in the stationarity condition, but any ¢! — 0 suffices, and the
required qualification MPCC-MFCQ-C is weaker; see Table 1. This allows the theorem to be applied
to a much broader class of problems and for the numerical implementation to reflect the theory more
closely.

4 Application

In this section, we construct an MPCC model to optimally select the hyperparameters of a Support
Vector Machine (SVM). We then show, amongst other theoretical properties, that the model satisfies
MPCC-MFCQ-C, and hence MPCC-MFCQ-R, for any feasible point with positive hyperparameters,
under two further mild assumptions, but that it systematically fails MPCC-LICQ and MPCC-MFCQ-
T in general.

4.1 Modelling hyperparameter tuning

A major aspect of machine learning is judging if a model is overfitted to its training data [55, p. 28],
[56, Chapter 7]. For classifiers, this could mean unreasonably contorting the decision boundary to
include outliers. By doing so, the classifier achieves near-zero empirical training error but misses the
overarching pattern. SVMs’ power comes from their ability to accept some level of empirical error in
favour of a simpler boundary that generalises well to unseen data. These two objectives are balanced
by the hyperparameters. This leads to the question of how to evaluate the accuracy of a model or the
choice of hyperparameters if training error does not provide the whole picture.

The cross-validation procedure (see literature [56, Section 7.10.1], [55, p. 77], [57]) partitions the
data indices into K folds. It then runs K experiment(s) such that at the k-th experiment (k =
1,..., K), new model parameters are learned using all the examples but withholding those from fold
k. Then, the remaining data points from fold k& can be used as unseen validation data to evaluate the
model’s ability to generalise. This typically results in a less biased evaluation of the model.
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To denote the cross-validation procedure applied to a classification dataset, let K be the total
number of folds. For each experiment k = 1,..., K, the feature vectors =¥ € R? and labels y¥ €
{=1,+1} relating to that fold will be identified with the superscript k. More precisely, we use the
following notation for experiment k:

TRAINING VALIDATION
Cardinality: n” nP
Data/examples: (mf,yf)lzlnk (*f,gz’?)l:l, ik
Kernel matrix:  Q(v)" Q)"

To represent a non-linear relationship we use the RBF kernel though our theory holds for any pos-
itive semi-definite kernel, except for Proposition 4.2, which requires the kernel matrices to be positive
definite; for the RBF kernel, this holds whenever the training inputs are distinct (Lemma SM2.3).

Note that in training, the kernel Q(v)¥, = yfyf exp (—’y||:ci’C - w’?||2) is calculated between two train-
k

©j 'J
ing examples (z¥,y¥) and (mf, y;“) but, in validation, the kernel Q(v); = yfy;“ exp (—v||zk — mf||2) is

between one validation (¥, 7¥) and one training example (a:f, y;? ). The scalar v > 0 is a hyperparam-

eter. With this notation in mind we proceed to define the SVM hyperparameter tuning optimisation
problem.

1 & L &
PPN
k=1 =1

minimise
Cyv,¢,o,v,0,u
subject to C >0,
v =0,
k
¢F>0 (Validation)
k - k Ak k, k fork=1,.... K,
G >1=) aiQ() —iu fori=1 n”
= yo.., 0", (M)
nk
> abQ)l —1—vf + ok +utyk =0
:1
J o (Training)
0<aily >0
3 /k . fOrkZly--'aKﬂ
0<(C—=a™LlvF >0
:( o) Loi > forizl,...,nk.
et =0
j=1

The set of constraints tagged (Training) are exactly the KKT conditions of the (Dual-SVM)
for hyperparameters C' and v [58]. The decision variable o is non-zero if training data point i from
experiment k is a support vector and v¥, v and u” are the Lagrange multipliers corresponding to
its lower bound, upper bound and bias respectively. Since the (Dual-SVM) is convex with affine
constraints, these constraints are only satisfied for an optimal choice of support vectors. For a full
exposé on this system see supplementary material Subsection SM4.3 and [58, p. 1891].

The variable Cf and the two constraints tagged (Validation) calculate the validation loss of each
data point ¢ from fold k. The objective function then seeks to minimise the average validation loss. In
the language of bilevel optimisation this is equivalent to the KKT-reformulation of a bilevel program
with lower-level programs corresponding to training K dual SVMs over training datasets k = 1,..., K
and an upper-level program minimising the validation loss over the choice of hyperparameters. For
full details on the link to bilevel programming see supplementary material Section SM2.

19



Problem (M) is explicit but not concise. It uses a two-dimensional indexing scheme: First, it
indexes the fold kK = 1,..., K, then the individual examples 7 within that fold. We now wish to flatten
the indices into a one-dimensional sequence. Hence, we introduce the index sets

I={(ki):k=1,...,K,i=1,....,nF} and T :={(k,i): k=1,....,K,i=1,...,a"}. (41

This allows us to stack all the constraint functions into vectors via the notations

k

ZFz)=¢F -1+ Zaé‘@(q/)g + gk for (k,i) eI, (4.2a)
j=1
nk
0 (2) =) akQ()E —1—of +of +ubyf for (ki) € I, (4.2b)
j=1
nk
oF(2) = Zaé‘yf for k=1,...,K, (4.2¢)
j=1
where we have also introduced z = [C,~,(, o, v, D, u]—r € RY to collect all variables, which has the

dimension N = 3(K — 1)n+n + K + 2, where n denotes the total number of data points. This leads

=k
to the representation f(z) = & Zle % S-i, ¢F for the upper-level objective function of (M), as
well as its constraint functions

C
g [ 01(2) ] af [ vi ]
! : : :
_ : 05 (2) _ ok N A%
g(Z) T C»,-{,{K ) h(z) — (pl(z) ) G(Z) T (C _ a}) ) H(Z) T ,51 ) (43)
Zi(2) : :
5 L5 (2) L(C = agiic) | Ty
| 235 (2)]

where we obviously have g(z) € R?t2" h(z) € RE-DUn+K and G(z), H(z) € R2E D", Subsequently,
using the above constructions for the functions f, g, h, G and H, we can re-write problem (M) more
compactly in the general form MPCC.

4.2 Theoretical properties of the model

We begin by making an important assumption that for each fold, there exists at least one dual variable
in the interior of its bounds. This implies that at least one data point lies on the margin.

Vk=1,...,K, 3Jie{l,...,n*} suchthat 0 <ol <C. (4.4)

In practice, (4.4) typically holds. Furthermore, for a fixed v > 0 and distinct training inputs, it has
been proven that there exists a threshold C' such that (4.4) holds for all C > Cj see [44, Section 2,
Case 2]. In the proof of Proposition 4.2 below, assumption (4.4) is used to show that the multiplier
associated with the bias constraint ¢*(z) = 0 vanishes.

We now give the derivatives of the constraint functions of (M). This will be useful later in studying
which constraint qualifications problem (M) satisfies.
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Proposition 4.1 The transposed Jacobian matriz of the constraint functions of (M) is

Constraint functions

9(z) h(z) G(z) H(z)
—

‘ C ~ ¢ Z(z) 0(z) p(z) a (C—a) v ©

- Vee| 1 0 0 VeZ(z) 0 0 0 1 0 0
S Ve |0 1 0 V,Z(z) Vi0(2) O 0 0 0 0 (4.5)

S Vee|l0 0 I 0 0 0 0 0 0

2 Vae |0 0 0 VaZ(z) Q() Y I I 0 0

S Vye |0 0 0 0 -7 0 0 0 Z 0

S Vee |0 0 0 0 I 0 0 0 0 I

S V|0 00 YT T 0 0 0 0 0

with the column headers denoting which constraint function (refer to (4.3)) the column corresponds to; the
row headers Vye denote that their row corresponds to the derivative with respect to decision variable v; I is
the identity matriz with inferred dimension; Q € R gng ye{-1,0, 1}‘I|XK are block diagonal matrices
formed by

QM) 0 y' 0 ur
Qy) = , Y= and yk:: fork=1,... K.
0 QM~ oy~ vh

Using the standard MPCC index sets I9, I, "1 TSH that were defined in (2.1) becomes laborious
and hides the structure of our problem. Recalling the indexing scheme of (4.1), we define the problem-
specific index sets

IC={(k,i)eI:¢f =0} and I? :={(k,i)el:Zf(z)=0}.

We then partition the index set I into five cases that better describe (M):

Cy = {(k,i) af =0, >0, (C-af)y=cC,  o=0};
Co = {(k,i) af =0, =0, (C-af)y=0C,  oF=0};
Cy={(kyi)el: af€(0,C), vf =0, (C—a})e(0,C), v} =0};
Cy = { (ki) af =C, =0, (C—af)=0, o] =0};
Cs = {(k‘,z) af =C, yf =0, (C—(l%f;) =0, lf > 0}.

We denote the union of multiple cases in the subscript. For example, C123 := C; UC2UC5. It is easy to
see that these sets are disjoint and cover all possible cases. That is, Cy2345 = I. Figure 3 illustrates the
geometry of these index sets. Next, we show which constraint qualification of Section 2.1 (M) satisfies.

Proposition 4.2 Let z = [C’,'y,(,oz,y,ﬁ,u]—r be any feasible point of problem (M) such that C > 0, v > 0
and (4.4) holds, and suppose that, for each fold k, the training inputs mlf, RN :I:ﬁk are distinct. Then MPCC-
MFCQ-C, and hence MPCC-MFCQ-R, holds at this point.

Proof Recall from Lemma 2.5(iv) that MPCC satisfies MPCC-MFCQ-C if and only if there are no scalars,
not all of them zero, satisfying (2.9), which involves the family of gradients (A, B) defined in (2.7). We write
these gradients explicitly for (M) using the problem specific variables, index sets I C, 1% , and partition C for
l=1,...,5:

A= {Veal, Vol (h0) € Co b U {Va(C — o), Vatl + (k,0) € Cu}

U {vzgf (ki) € f<} U {vzzf(z) (ki) € IZ}; (4.62)

21



Case 2 Case 3
(\ff»": 0, vF= (,yff €(0,0)

Fig. 3 This figure illustrates the geometry of our problem by showmg example feasible points for each of the five index
sets Cl, Ca, Cg, Cy and C5. The horlzontal axis represents values of a . The vertical axis represents non-negative values
of yz and U when a = 0 and a = C, respectively. The orange arrows show directions in the normal cone of the
feasible set of the problem

B = {Vzaf (ki) € Cl} {Vzv (k,3) € 0345} {Vz — al) (k,3) € 05}

U {Vzﬁi (kyi) € 0123} U {vzef(z) (ki) € 1} U {Vchk(z) k=1, K} (4.6b)

Suppose there exist multipliers )\1,)\2,)\3,)\4,)\5,)\6 corresponding to the vectors in set A, with >\5,)\6 >
0, /\llci)‘ii > 0 for (k,i) € Cy and /\zi)‘%i > 0 for (k,i) € C4, and free multipliers ,ul,,uQ,,uS,;ﬁ,,f’,u(}
corresponding to the vectors in set B such that together they give rise to a linear combination whose sum is
zero. More precisely,

S (el AL l) £ Y0 (Aiivz(C—ai")Hiivz@f)

(k,i)eCy (k,i)€C,
O NG DD ALRZE(R) D Vel D> Ve
(k,i)eI¢ (k,i)eI? (k,3)€Cy (k, i)60345

+ Z 1 V= (C = of) + Z 1k Vel + Z TS z)‘f'ZNszéﬂ () =0. (4.7)

(k,i)eCs (k,i)€C123 (kji)erl k=1
where we have written Ve to denote the derivative with respect to the full decision variable z :=
[C)v, ¢ a , 0,0, u] Moving forward, we will ignore the derivatives with respect to C' and v and write the

remaining components of the derivative as Vectors of ﬁve blocks corresponding to the derivatives with respect
to [¢, o, v, ¥, u]. For example V¢ o 4 5.4 (c ¥) =1[0,€F,0,0,0] " where e is the standard basis vector of zeros
with a 1 at index (k, ). Thus we take (4.7) and rewrite explicitly

0 0 0 0
ek 0 —ek 0
ST M | O AR el |+ DD | M| 0| A "
(k,i)ECa 8 8 (k,i)ECy 8 66
k ek 0 07
ki \Y Z’“( ) k 0
@ €;
+ O Ao+ > A + phi | 0|+ >0 ui|el
(k,i)el¢ 0 (k,i)elZ 0 (k,i)eCy 0 (ki) ECsas 0
0 kygk 0 0
- (4.8)
0 0 0 &
Lo L0 Ko vk . Q('V])Ci
0wk | 0 D>k QDm0+ D mk | e | =0
(ki)ECS 0 (k,i)EC123 €; k=1 0 (k)el e
0 0 ekyk
7 Jd

Inspecting the first row of the vector derivatives, which represents the derivative with respect to ¢, we have
that A% + A% = 0. By their non-negativity we conclude A’ =0and A6 = 0.

We continue by inspecting subvectors of the multipliers based on Cj2345. For a vector u € R |, denote its
subvector according to the index set C; C I as

c
HCy = H(ka)ec] © R for i = L...,5.
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Note that the matrix Q@ = Q(v) € RIIXHI g positive definite by Lemma SM2.3, which applies since v > 0
and the training inputs are distinct. It is still a function of v, but we drop the argument for brevity.

Consider the derivative with respect to yf” for (k,i) € Cy; i.e., the third row in our block notation in (4.8).
We have that A2 — “%2 = 0, which implies that M%Q is equal to A%. For (k,i) € C1, the same row block gives
,u%l = 0, since ;Uf > 0 and the gradient of yf‘ does not appear in (4.7).

In a similar manner, we now consider the derivative with respect to 73,]‘” for (k,i) € C4; i.e., the fourth row
block in (4.8). We have that A\* + “604 = 0, which implies that “2‘4 is equal to —\*. For (k,i) € Cs, the same
row block gives u%{) = 0. Moreover, since A6 = 0, the fifth row block, i.e. the derivative with respect to u,
gives yT 18 = 0. Consider now the derivative with respect to a;" for all (k,i) € I, i.e. the second row block in
(4.8). Since A% = 0, it reads

Mot = ou® + i’ =o,
where )\1, )\3, ul and MS are extended by zeros from Cs, Cy, C1 and Cj, respectively, to I. Taking the inner
product with pc6 and using NGCI =0, N605 =0and V' ,u,6 = 0 gives

(18.) N = (48) N+ (1) 2u® = () N+ () N+ (1) eul =0

Since A}, A2, > 0 for (k,i) € Co and Aj, A3, > 0 for (k,i) € Cy, all three terms are non-negative and hence
zero. By the positive definiteness of Q (Lemma SM2.3), we must have ,uG = 0 and therefore A2 = ,u6C2 =0
and A\t = 7/1%4 =0.

At this point, we have shown that )\2, )\4, /\57 A and u6 are all zero. Now, consider the remaining vectors
involved in (4.8) whose multipliers we have not yet concluded are zero. The third and fourth row blocks of (4.8)
give u2 = “2‘345 =0 and u4 = _“%123 = 0, and the second row block reduces to A' — A3 —I—ul — u?’ +yu5 =0.
Its components for (k,:) € Cs read yf,uz = 0. For each fold k, assumption (4.4) provides an index i with
0 < af < C, for which the complementarity constraints force yf = ﬂf = 0, so that (k,i) € C3. Since
yf € {—1,1}, we obtain u5 = 0. The remaining components for C'1, C2, C4 and C5 then give ,u1 =0,Al =0,
A% = 0 and u?’ = 0, respectively. Therefore, equation (4.7) is satisfied for multipliers with the above sign
restrictions only when A = 0, = 0, giving us that MPCC-MFCQ-C holds by Lemma 2.5(iv), and hence
MPCC-MFCQ-R holds by Theorem 2.6. O

Remark 4.8 The above proof uses the dual form of MPCC-MFCQ-C. It would be equivalent to show for the
sets defined in (4.6a,b) that B is linearly independent and, for every subset J of the biactive indices, there
exists a direction d such that Bd = 0 and Ajd > 0, where A is obtained from A by changing the sign of
the gradients of the biactive pairs in J (cf. Definition 2.3), and where A, Ay and B also denote the matrices
whose rows are the corresponding gradient vectors. For J = (), i.e. for the MPCC-MFCQ-R, this direction d
is illustrated geometrically by the orange arrows in Figure 3. Also, as a key consequence of Proposition 4.2,
the constraint qualifications assumed in Theorem 3.1 and Theorem 3.4 hold accordingly.

We now show that problem (M) in general fails the stronger constraint qualification MPCC-
MFCQ-T, and therefore displaying that the second implication in Theorem 2.6 is strict for the
application problem under consideration in this section.

Proposition 4.4 The MPCC-MFCQ-T fails at all feasible points z == (C,~,(, a,v, D, u) of the program (M)
with more than two biactive indices; i.e., with |17 (z)| > 2.

Proof MPCC-MFCQ-T requires that the following family of vectors be linearly independent:
{Vhi(z) i€ Ih} U {VGi(z) ieI9z)u IGH(Z)} U {VHi(z) vie I (z) U IGH(Z)}. (4.9)

The constraint functions h, G and H are in the variable («,v,v,u,C,~), which has a dimension of 3(K —
1)n + K + 2, where n is the total number of data points and K is the number of folds in the cross-validation.
Observe that all the vectors in (4.9) are constant with respect to ¢, so their derivatives are zero with respect
to ¢. There are a total of 3(K — 1)n + K + [I%| vectors in this set (4.9). Therefore, if [I“H| > 2, then there
are more vectors than non-zero dimensions, and so they cannot be linearly independent. O
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By Theorem 2.6, we conclude that MPCC-LICQ also fails for program (M). These results are
conditional on the hyperparameters C and - being strictly positive. This is a very sensible restriction,
since on any dataset for which C'= 0 or v = 0 is optimal, the best classifier ignores the data entirely.
Proposition 4.2 therefore makes no claim at such boundary points C' = 0, v = 0, which are admitted
by (M) but are of no practical interest.

We close this subsection by relating these results to earlier work. Firstly, the CQs of an MPCC
reformulation of the linear SVM hyperparameter tuning problem (i.e., when @ is a linear kernel) are
analysed by Li et al. [38], in 2022, with the training problem in primal form. Secondly, a model very
similar to (M) has already been introduced by Coniglio et al. [43]. They also use a reformulation
for an RBF kernel that is derived from the dual SVM, but with the multipliers v¥ eliminated using
0% (2z) = 0 (see Section 5.2). Another notable difference is that they keep the max of the hinge loss in the
upper-level objective, smoothing it only in their experiments, rather than introducing slack variables.
In Theorem 20 of this preprint [43], they assert that the MPEC-MFCQ, i.e., the MPCC-MFCQ-T,
holds at every feasible point, but they prove something much weaker. This stems from a misreading of
positive linear independence: they rule out only combinations in which all multipliers are non-negative,
rather than splitting the gradients into the sets A and B of (2.6), where the multipliers relating to B
are free. The proof carries this mistake through to [43, Equations (41) and (44)], where they conclude
that the coefficients of VG and VH vanish only because they are non-negative. This motivates the
care of Subsection 2.1 in establishing the correct dual form of each qualification. Hence the MPCC-
MFCQ-C, and with it the MPCC-MFCQ-R, is established for the first time in Proposition 4.2, whereas
the MPCC-MFCQ-T, claimed by [43], in fact fails by Proposition 4.4.

5 Numerical experiments

In this section, we present our numerical experiments on hyperparameter tuning for support vector
machines where we solve large instances of the highly non-convex MPCC problem (M) using the
solution methods presented in Section 3 under various settings.

5.1 Implementation details

Each program and system of equations we wish to solve, such as (Dual-SVM), (M), (R,), (Px)
and (SM3.5), is written in the algebraic modelling language AMPL [59]. This allows us to robustly
compute the derivatives and interface with the solvers we wish to use. The algorithms from Section 3
are implemented in Python [60] with use of the library NumPy [61] for efficient linear algebra com-
putation. For solving the subproblems (R.) and (Pr), we trialled two different solvers: Interior Point
Optimizer (IPOPT) [62], an open source solver that implements a primal-dual interior point method
with line search, and Artelys’ Knitro [63], a commercial solver that implements an interior point trust
region method. Both converged reliably in our context though our results are stated for Knitro as it
shows faster runtimes.

Regarding cross-fold validation, it is common in the literature to set K = 3 (see [55, p. 91]) and
K = 5 (see [56, Section 7.10.1]) as the number of folds. We set K = 3 because it gives a more
stable validation accuracy for small datasets. The stopping tolerance for the subprograms is gradually
decreased to 107°. The overarching MPCC loop in Algorithms 1 and 2 is terminated when one of each
pair of complementarity constraint functions is at most 107, i.e.,

max (min(|G4(2)], |Hi(2)])) <107°. (5.1)

For the penalisation method, we select the initial penalty parameter to be 100 and sequentially
increase it by multiples of 10. For the relaxation method, we select the initial relaxation parameter to
be 0.01 and sequentially decrease it by multiples of 10~!. Many publications have suggested using the
so-called ezact penalisation (e.g., [16]) and ezxact relazation (e.g., [20]) approaches. Here, the parameter
7 (resp. 7) is fixed at some chosen value. If chosen correctly, only a single instance of the subproblem
(Pr) (resp. (R;)) is solved resulting in an MPCC feasible solution. In our experiments, we implement
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Fig. 4 This heat map shows the hyperparameter space of the Moons dataset. Green regions correspond to (C,7)
combinations, which allow the SVM to achieve high validation accuracy. The eight coloured lines represent the path of
iterates produced by the Relaxation method from eight different starting points (triangles) to various stationary points
(stars).

this approach but note that our designation of fixed parameter comes from an intimate knowledge of
the problem and is, in general, hard to find. Regarding the theory of Section 3, the above geometric
updates satisfy ¢ — oo and 7t — 0, so that the sequential methods meet the parameter requirements
of Theorems 3.1, 3.2 and 3.4. For the exact approaches, Theorem 3.2 does not apply, and the MPCC
feasibility of the computed point is not guaranteed. However, if a KKT point of (P,) with a fixed
parameter 7 is MPCC feasible, then it is S-stationary [16, Theorem 5.2]. The same holds for a KKT
point of (R,) with a fixed 7 > 0, since the constraints G;(z)H;(z) < 7 are then inactive, so that their
multipliers vanish.

We use 18 datasets, 6 synthetically generated and 12 from real-world observations. For full details
see the supplementary material Subsection SM5.2. When (M) is parametrised with these data sets,
it is large in comparison to other non-convex MPCCs that have been solved in the literature so far.
The median problem size is 1773 variables, whereas for example, see Leyffer’s famous MacMPEC
collection [45], which has a median problem size of 49 variables.

5.2 Numerical behaviour of penalisation and relaxation methods

Our first observation is that due to the highly non-convex nature of (M), the stationary point to
which the algorithms converge is quite variable depending on the initialisation of the decision variables;
see Figure 4. Throughout the experiments a multi-start strategy is used which is fully described in
supplementary material Subsection SM5.1.

Secondly, we observe that for the sequential relaxation method, parameter 7 almost always
decreases to 1075, That is, at each iteration t with ¢ = 1072,1073,10~%,107°, the solutions found
by Algorithm 2 for the subproblem (R.:) are not MPCC feasible (i.e. (5.1) does not hold) and the
algorithm only terminates when the relaxation parameter reaches 10~% and the complementarity con-
straints are forced within the exit tolerance. On the other hand, the penalisation method terminates
with a range of different penalty parameters 7* between 10® and 10 producing MPCC feasible solu-
tions. For more details see Table SM2. Further research should investigate the structure of (M) to
quantify why the penalisation approach is able to find an MPCC feasible solution before the penalty
parameter 7! potentially gets too large and causes (P,¢) to become ill-conditioned (e.g., [18, Example
3]), as is usually observed for penalty-based algorithms [52, 53].

Next, we note that the complementarity constraint functions of (M) are all linear. Also, observe
that for all indices k =1,...,K,i = 1,...,n", the equality constraint (4.2b) could be rearranged and
used to substitute out either @f‘ or T)f‘ from the complementarity constraints as is done by Coniglio
et al. [43]. This would reduce the number of variables and constraints by (K — 1)n but introduce a
nonlinear term in the complementarity constraints. In line with the advice of Fletcher and Leyffer [64,
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Fig. 5 These box plots show the distribution of objective values achieved by initialising from a range of different
starting points. The four axes represent the datasets (left to right): Ionosphere, Palmer, Moons and Wisconsin. Within
each axis, the box plots represent the solution method (left to right): 1. Penalisation (Exact), 2. Penalisation
(Sequential), 3. Relaxation (Exact), 4. Relaxation (Sequential), 5. Semi-Smooth Newton, 6. Grid Search,
7. Random Search, 8. Bayesian Optimisation, 9. Pattern Search.
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65], we find that keeping the complementarity constraints linear is more beneficial than reducing the
number of variables via substitution.

Finally, we remark that the MPCC optimisation approach for hyperparameter optimisation, stud-
ied in this paper, sometimes overfits to the validation data. To monitor this, on top of the training and
validation data that parametrises problem (M), we require further data that is entirely unseen by the
model; this will be called test data and is formed by putting aside 10% of examples and parametris-
ing with the remaining 90%. Refer to Figure SM1. The overfitting can then be observed when the
classifiers, represented by the solutions of problem (M), achieve higher validation accuracy than test
accuracy. Evidence of this is presented in our later experiments, in particular, see the Ionosphere and
Moons datasets in Table SM3.

5.3 Performance evaluation in comparison to derivative-free optimisation

Across industry and academia, Derivative-Free Optimisation (DFO) remains by far the most used tool
for hyperparameter tuning [66]. It is simple and effective. The defining characteristic of DFO is that it
treats training as a black box, meaning it does not use any information from the training process other
than the final evaluation of the model in optimising the hyperparameters. We compare the MPCC
optimisation to four such methods: grid search, random search, Bayesian optimisation, and pattern
search. For the exact derivative-free parametrisations and procedures used see Subsection SM5.3.

Note that (Dual-SVM) has, for each fold k, only n* < n variables and 2n* 4 1 constraints. On the
other hand, with K = 3 folds, the MPCC model (M) has 7n+5 variables, 2n+2 inequality constraints,
2n + 3 equality constraints and 4n complementarity constraints. Therefore, the comparison must be
made as to whether better performance can be achieved by minimising the much smaller problem
(Dual-SVM) many times employing a DFO method or by minimising the much larger (M) with the
solution methods from Section 3.

We also add the semi-smooth Newton method to the experiment suite. This is an entirely different
approach to solving MPCCs and converges to an M-stationary point, making it an interesting compar-
ison, given that the sequential penalisation and Scholtes relaxation algorithms that we primarily study
in this paper have been shown to instead converge to C-stationary points, and to S-stationary points
under an additional assumption. For the full algorithm see supplementary material Subsection SM3.3.

For each of the eighteen datasets detailed in supplementary material Subsection SM5.2, each
solution method is run 100 times from different initialisations. We document the range of objective
values achieved; see Table SM3 and box-plots in Figure 5. In general, the MPCC methods run much
faster, but, on the other hand, converge to a large variety of stationary points, many of which have
poor objective function values. To gain an understanding of their overall performance, we attribute a
target test accuracy to each of the datasets. We then study the average runtime to achieve the target
test accuracy. These results are plotted as a performance profile in Figure 6.
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Fig. 6 This performance profile graph plots the proportion of instances that were solved to the target test accuracy
(vertical axis) within the given time (horizontal axis). The lines are coloured and enumerated for clarity as follows:
1. Penalisation (Exact), 2. Penalisation (Sequential), 3. Relaxation (Exact), 4. Relaxation (Sequential),
5. Semi-Smooth Newton, 6. Grid Search, 7. Random Search, 8. Bayesian Optimisation, 9. Pattern Search.

Overall, the obtained results make a convincing argument that our model (M), being solved with
the sequential penalisation method, can consistently outperform derivative-free methods in the tun-
ing of SVM hyperparameters. Additionally, the sequential approach, when compared to the exact
approach, often achieves a smaller range of objective function values (see Figure 5). The exact relax-
ation outperforms the derivative-free methods on a majority of instances. The semi-smooth Newton
method performs well on small problems but fails to converge for larger problems — it seems to get
stuck at the non-differentiable corners of the stationarity function. Among the derivative-free methods,
grid and random search perform equally well on all but the very largest problems for which Bayesian
optimisation is preferable. The penalisation methods clearly come out on top overall. Sequential penal-
isation is the fastest method to achieve the target test accuracy in 88% of instances. For the other
12%, exact penalisation is the fastest. However, it must be noted that, in practice, a user may prefer to
always use sequential penalisation as it does not require the selection of a penalty parameter a priori.

6 Conclusion

We began by highlighting the distinction between the definitions of MPCC-MFCQ-T and MPCC-
MFCQ-R, which is often overlooked in the literature. We also introduced the MPCC-MFCQ-C, which
lies strictly between them and is associated with the sign pattern of C-stationarity. From there, we
presented two solution methods for the MPCC. For both the penalisation and relaxation methods, we
provided new convergence proofs that an inexact sequence of KKT points converges to a C-stationary
point under the assumption of MPCC-MFCQ-C, and to an S-stationary point under the assumption
of MPCC-MFCQ-R together with an additional assumption at the biactive indices. This provides a
generalisation over the existing literature and allows the methods to be applied to a broader range of
problems.

In the paper’s second half, we presented our model (M) for the hyperparameter tuning of
support vector machines. We then proved that this satisfies the MPCC-MFCQ-C, and hence the
MPCC-MFCQ-R, under mild assumptions, thus satisfying the constraint qualifications assumed in the
theorems proved earlier in the paper. Finally, we ran an extensive set of experiments on real-world data
sets. In this context, we showed the practical use of our methods in beating the derivative-free search
that is most commonly used. We conclude that the sequential penalisation method both converges
faster and is more likely to converge to a higher quality objective value than the other methods.

For future work, we will develop first-order gradient descent methods to solve (M) such as those
being studied by Bengio [67] and Chapelle et al. [68]. These have a distinct advantage in machine
learning applications as they can be efficiently parallelised on modern graphics processing units.
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SM1 Table of notation
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Parameters
Hyperparameters that determine the kernel.
Regularisation hyperparameter for (Soft-Margin-SVM).
Penalty parameter at iteration t.
Relaxation parameter at iteration t.

Training and Validation Data
Data point i.
Training data point 4 in cross fold experiment k.
Validation data point 4 in cross fold experiment k.

Label for data point 1.
Label for training data point ¢ in cross fold experiment k.
Label for validation data point 4 in cross fold experiment k.

Total number of data points.
Number of training data points in cross fold experiment k.
Number of validation data points in cross fold experiment k.

yiy; exp (—7|lzi — x;]|?) the full RBF kernel matrix.

yryk exp (—7||x¥ — 2%?) the k™ training RBF kernel matrix.

yfyjc exp (—[|zF — .13%”2) the k' validation RBF kernel matrix.
Decision Variables

Weights and bias for the primal program (Soft-Margin-SVM).

Dual variables for the dual program (Dual-SVM).

Multipliers in the KKT conditions of the dual SVM (KKT-SVM).

Lagrange multipliers for the MPCC; see (2.10).

Functions
Objective function.
Inequality constraint function i.e. g(z) > 0.
Equality constraint function i.e. h(z) = 0.
Complementarity constraint functions i.e. 0 < G(z)LH(z) > 0.
Specific constraint functions of model (M) defined in (4.2).
System of nonlinear equations corresponding to M-stationary
points (SM3.5).

Index Sets
Index sets of the active constraints; see Section 2.1.
Index sets of the complementarity constraints; see equation (2.1).
Sets of indices (k, ) for fold k, example i in training and validation
respectively; see equation (4.1).
The five index cases used for the proof of Proposition 4.2.
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SM2 Relationship to bilevel optimisation

As our support vector machine (SVM) application can be viewed as a bilevel optimisation problem, it
is important to introduce the definition of a bilevel optimisation program and present its relationship
to the MPCC.

First, recall that bilevel optimisation dates back to Stackelberg’s economic leader-follower game
theory [71], where the leader first gets to select their decision variable, that we denote here by z; € R™,
to optimise their upper-level objective function fu,(21,22) subject to some upper-level constraints
Gup(z1) > 0 and hyp(z1) = 0. Whatever selection the leader makes for z;, the follower will then get
to choose their own variable, represented here by z2 € R™, to optimise their lower-level objective
function fiow(21, 22) subject to some lower-level constraints giow(21,22) > 0 and hjow (21, 22) = 0.
However, as the leader’s choices depend on the follower’s variable zo, the upper-level player has to
carefully choose their strategy. More precisely, given dimensions n,m,p,q,r,s € N and differentiable
functions fup, fiows Jup, Pups Glows and higy from domain R™™™ to range R, R, R, R?, R", and R?,
respectively, the described Bilevel Optimisation Program can be written as

minimise  fup (21, 22)
Z1,22

subject to  gup(z1) >0,
hup(zl) = 07
zo € S(z1) = argmin { fiow(21,25) 1 Glow(21,25) > 0, higw(z1,25) =0},

)
where the lower-level problem is the following program parametrised by z1:

minimise fiow(21,25)  subject to giow (21, 25) > 0, Alow(21,25) = 0.
Z2

Problem (BP) has a wide range of applications (see, e.g., [72] for more details) and our SVM
hyperparameter tuning problem in Section 4 is one of its practical applications.

General NLP assumptions and CQs can be applied to the lower-level program. For instance, we
say that problem (BP) has a convex lower-level program if and only if for all z; € R"™, the function
fiow(21,-) is convex, the functions giow,i(21,-), for i = 1,...,r, are concave (so that the constraints
Glow,i(21,-) > 0 describe a convex set) and hiow(z1,-) is affine linear. Additionally, we say that the
Lower-Level Linear Independence Constraint Qualification (LLICQ) and respectively the Lower-Level
Mangasarian—Fromovitz Constraint Qualification (LMFCQ) are satisfied at a point (z1,22) if and
only if (LICQ) and respectively (MFCQ) are satisfied at the point z, for the lower-level problem
parametrised by z.

A common technique towards solving problem (BP) is to replace the lower-level problem with its
Karush-Kuhn—Tucker (KKT) conditions, leading to the problem

minimise  fup(21,22)
z1,22,\, 4

subject to  gyup(z1) >0,

hup(zl) =0, (KKTR)
Vzgflow(zla z2> - )\Tvzgglow(zla Zg) - NTszhlow(zh z2) =0,
0 S AJ—glow('zla Z2) Z 07
hlow(zla z2> = Oa

where A € R” and g € R? correspond to the Lagrange multiplier associated with the lower-level

constraint functions g(z1,22) and h(z1,z2) at the point (z1,22) such that z; is the upper-level
selection and zs is the corresponding lower-level optimal solution.
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Fig. SM1 A visualisation of 5-fold cross-validation with dedicated test data kept aside.

Clearly, problem (KKTR) is a special class of problem (MPCC). However, problem (KKTR) is
not necessarily equivalent to the original problem (BP), as shown in [73]. Nevertheless, under suitable
assumptions, the following global and local relationships are well-known.

Theorem SM2.1 ([73]) Let the lower-level problem in (BP) be convez.

(1) Let (27,25) be a global (resp. local) optimal solution of problem (BP) and assume that the LMFCQ holds
at (27,25). Then, for each choice of Lagrange multipliers

Vz;flow(zfa z3) — A*Tvz;glow(va 23) — /J'*Tvz§ hiow(27,23) =0,
(A", ") such that § 0 < A* Lgpon(27,25) >0,
hlow(zL Z;) =0,

the point (27,25, X", u™) is a global (resp. local) optimal solution of problem (KKTR).

ii) Let (27,25 X", u*) be a global (resp. local) optimal solution of problem (KKTR) and assume the LLICQ
1,%<2
holds at (27, 25) (resp. LLICQ holds at (21, 22), for all zo € S(z1), for all z1 : gup(z1) > 0, hup(z1) =0).
Then, (27, 2z35) is a global (resp. local) optimal solution of problem (BP).

This theorem establishes global and local relationships between problem (BP) and its KKT/MPCC
reformulation (KKTR). This will be useful in Section 4 when we construct a model for hyperparameter
selection in support vector machines.

SM2.1 SVM hyperparameter tuning as a bilevel program

With the above theory in mind, we can now model our SVM hyperparameter tuning problem as a
bilevel program. We begin in the primal space using the notation of Subsection SM4.1. The leader is to
select hyperparameters C' and a feature mapping ¢ that minimise the average K-fold cross-validation
error measured by the hinge loss. The follower wishes to select optimal model parameters w® and b*
according to (Soft-Margin-SVM), for each fold k, that minimise the training error.

K n
1 1
minimise — — max (0,1 — ¥ (w*T ¢ (zF bk
C,p,wt,... ,wkK bl . pK K kZ:l nk Pt X( ’ Yi ( ( 1) + ))
subject to C >0, (BP-primal)

For each k = 1, ..., K, lower-level variables w®, b* optimise

(Soft-Margin-SVM) parametrised by (xf,yf)izl’ nk -

ceay

For the problem to be well-posed, as before, we will convert the lower-level variables into dual
ones, by means of the kernel trick referring to the notation of Subsection SM4.2. This can be done
by substituting w* = Zj a’;yfgzﬁ (w;“) into the objective function and applying the kernel trick

gjfyé% (:Ef)—r 1) (:cgf) = Q(v)fj A few other technical arrangements with the bias b* will lead to the
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dual formulation.

K n® n
1 1 = )
Jminimise 35S Tmax | 0,1= 3 aQ() — 7t (a',7,C)
k=1 =1 j=1
subject to C > 0,7 >0, (BP-dual)

For each k = 1, ..., K, lower-level variables o” optimise

(Dual-SVM) parametrised by (¥, yf)lzlnk

To obtain a smooth upper-level objective function, we remove the max operator by introducing
slack variables (¥ and pairs of constraints (¥ > 0 and (¥ > 1 — > (X?Q("y)?j — yFbk (o, ~,C). This
must be done for each fold k = 1, ..., K and for each validation example in those folds i = 1,..., a*.
To remove the embedded lower-level optimisation problem, we perform a KKT reformulation. This
results in the MPCC model (M) given in Subsection 4.1.

We now show that the lower-level problem (Dual-SVM) satisfies the assumptions of
Theorem SM2.1, and so, in the provided framework, problems (M) and (BP-dual) will be locally

equivalent.

Proposition SM2.2 Problem (BP-dual) has a convex lower level program, and satisfies the LLICQ at every
point z == [C,~,(, a,y,f),u]T where C > 0, v > 0 and (4.4) holds.

Proof By Lemma SM2.3, and more generally since every kernel matrix is positive semi-definite, the objective
function of (Dual-SVM) is a convex quadratic function. Each of the constraints is linear in a. Therefore, we
have convexity. For each index 4, only one of the constraints 0 < «; or a; < C' can be active. Therefore, each
of our active inequality constraints is in a unique variable. Furthermore, by assumption (4.4), there exists
some index i such that the variable «; is involved in the equality constraint > o;y; = 0 but none of the
active inequality constraints. Thus, their derivatives are linearly independent, and problem (BP-dual) fulfils
the LLICQ. O

SM2.2 Kernel matrix Q is positive definite

Lemma SM2.3 Given distinct data points x’f, . ,xfbk € R and labels yf, ... 7ka € {-1,1} for each k =
1,...,K and v > 0, we have:

(i) Each RBF kernel matriz Q(v)" R X g d b ko ybyk — E_ k| —
)" € , defined by Q(V)5; = yiyiexp = |zi — 3| ) fori =

1,... ,nk andj=1,..., nk, is positive definite.
(ii) The following block diagonal matriz Q(y) formed from blocks Q(), ..., Q)X is also positive definite:
QM* 0
Q(y) = - . (SM2.1)

0 QMK

Proof The Gaussian z — exp(—~||z||?) is a positive definite function on R? [74, Theorem 6.10]. Therefore,
PZ@ = exp (,7 ’

k
v € R"™ | by the positive definiteness of P¥ it holds that

2
mf - mI;H is a positive definite matrix [74, Definition 6.1]. Hence, for any non-zero vector

’I’Lk ’I’Lk
T k k k
v QMo =) wivjuiy; exp (—7‘

i=1j=1

=) = @ P > 0
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k
where vy € R is the non-zero vector (vy); = viyf fori =1,...,n". Thus, Q(’y)k is positive definite and so
has only positive eigenvalues. Applying either [75, Definition 1.59, Property a] or Schur determinant formula
[76] to the characteristic polynomial of Q(y) we get:

det (Q(7) = Ay ) = Hdet( — L)

Hence, Q() has all positive eigenvalues and is therefore positive definite. O

SM3 Further details of the solution methods

Here we provide the equations, algorithms and proofs that were excluded from Section 3 of the main
article for brevity.

SM3.1 Proof of Theorem 3.2

Proof We first want to show that (G(zt)TH (zt))teN is a non-increasing sequence. We will apply the classical

trick of taking a difference of terms at two indices. Let £ > t. Notice both 2z and 2" are feasible for both (P.7)

and (P, ). Since z' minimises f(z)+7'G(z)H(z) and z' minimises f(z)+7'G(z)H(z) we can conclude that
FH + ' GEHH(EY) > f(2h) + TG H(2Y), (SM3.1a)
F) + 7 GENYH(ZY > f(2) + 7lG (Y H(Z). (SM3.1b)

Adding the two inequalities (SM3. la) and (SM3.1b) gives

(xt —xt (G G(z?)H(z{)) >0.

Since (7rZ —xt) > 0, it follows that G(z")H(2%) > G(zZ)H(z?).

Next, we show that lim; oo (G(zt)TH(zt)) = 0. Let Z be any feasible point of MPCC, which exists
by assumption. Let z! be the minimiser of the penalised problem for 71'1, i.e. the first iterate. Towards a
contradiction, suppose that there exists an ¢ > 0 such that for all T € N we have G(zt)TH(zt) > ¢ for

some ¢ > T. Under that premise, and since ¢ — oo, we can choose an arbitrarily large ¢ such that b >
%|f(£) — f(zY)] +2 and G(z")H(2") > €. Consider the infimum over the objective values of problem MPCC:

inf{f(z): g(2) >0, h(z) =0, 0 < G(z)LH(z) >0} (SM3.2a)
> inf {f(z) +7lG(2)H(2) : g(2) >0, h(z) =0, G(z) >0, H(z) > o} (SM3.2b)
= f(z") +'G(z")H (2"

> f(zY) +rlG(2HH (Y (SM3.2¢)
> f(z') + e

> (") +1f(2) — f(z")] + 2

> f(2). (SM3.2d)

It is helpful to remember that ¢ here is chosen according to e. The first inequality (SM3.2b) comes from
the fact that any feasible point of MPCC is also feasible for (P,t), with the same objective value since its
penalty term vanishes. The equality comes from the fact that 2 is a global minimum of f(z) + n'G(z)H(z),
and the second inequality (SM3.2¢c) from f(z') > f(z!), which follows from (SM3.1a), with ¢ and ? replaced
by 1 and t, respectively, since G(z*) T H(2") is non-increasing.

The conclusion of (SM3.2d) implies that Z achieves a smaller objective value than the infimum over
objectives of the MPCC feasible points in problem (SM3.2a). But this contradicts the MPCC feasibility of

z. Therefore we conclude that lim¢_ (G(zt)TH(zt)) = 0. By the continuity of the functions G and H, we
have G(z*) T H(z*) = 0. O
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Fig. SM2 The feasible set for the relaxation subproblems with (left to right) decreasing relaxation parameters.

SM3.2 Scholtes relaxation under MPCC-MFCQ-R alone

The following example, which is due to an anonymous reviewer, shows that the MPCC-MFCQ-R
alone is not sufficient for the conclusion of Theorem 3.4. A sequence of global minimisers, and hence
exact KKT points, of the relaxed problems converges to a point at which the MPCC-MFCQ-R holds,
but which is not even W-stationary. The example also illustrates the roles of the MPCC-MFCQ-C in
part (i) and of the additional assumption in part (ii) of the theorem.

Ezample SM3.1 Consider the following MPCC in the variables z = (z,y,w, s) € R*:

minimise —w
T,Y,W,S

subject to s =0,
0<zly>0,

ng—wQLy—wzzo.

(SM3.3)

That is, p = 0, ¢ = 1 and r = 2 with f(z) = —w, h1(2) = s, G1(2) = z, H (z) =y, Ga(z) = & — w? and
Hy(z) =y — w?.

The limit point. If z is feasible for (SM3.3), then x = 0 or y = 0 by the first complementarity constraint,
and so w? < min{z,y} = 0 by the second. Hence, the feasible set is {(x,4,0,0) : 0 < zly > 0}, on
which f =0, so that z* := (0,0,0,0) is a global minimiser. Both complementarity pairs are biactive
at 2*; ie., I" = {1}, I¢(2*) = IH(2*) = () and I“H (2*) = {1,2}. Denoting by e, e,, €w, €5 the unit
vectors of R* corresponding to the four variables, the gradients at z* are

Vf(z") = —ew, Vhi(2")=es, VG1(2") =VGa(z") =€, VH(2") =VHy(z") =ey.

The MPCC-MFCQ-R holds at z*: the family in (2.2) reduces to {es}, which is linearly independent,
and d = (1,1,0,0) satisfies (2.3), since Vhy(2*)'d = 0 and VG;(2*)'d = VH;(2*)'d =1 > 0
for i = 1,2. However, Vf(z*) = —e,, does not lie in the span of e,,e,, e;, which contains all the
constraint gradients at z*. Therefore, condition (2.11a) cannot hold, and z* is not W-stationary and,
in particular, not C-stationary. In line with Theorem 3.4(i), the MPCC-MFCQ-C fails at z*: the
scalars v1 = 1 and v = —1, with all others zero, satisfy (2.9), since v;&; = 0 for ¢ = 1,2. Note also
that, as z* is a global minimiser, the MPCC-MFCQ-R, unlike the MPCC-MFCQ-C, does not ensure
that local minimisers of MPCC are W-stationary.

The relaxed problems. For § > 0, consider the relaxed problem (R,) with 7 := §* and the point
z(8) == (6%,62,6,0).

This point is feasible for (R.), since G1(z()) = Hi(2(5)) = 62 > 0 with G1(z(8))H1(z(8)) = 6* = 7,
and G2(z(9)) = Hz2(z(d)) = 0. It is in fact a global minimiser of (R;): every feasible point of (R;)
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satisfies © > w? and y > w?, as well as xy < 6%, so that w* < zy < §* and hence f(z) = —w > —6 =
f(z(9)). Moreover, z(9) satisfies (3.9) with e = 0 for the multipliers

1 =v1 =& =ws =0, vy =& = — W1 = =

Indeed, all multipliers are non-negative, the complementarity slackness conditions in (3.9b) hold since
G2(z(0)) = Hz(2(6)) = 0 and the constraint G1(z)H1(z) < 7 is active, and, with VG2(z(d)) =
ex — 20ey,, VHa(2(8)) = e, — 28e,, and G1VH; + Hi1VGy = 6%(e; + €,) at z(4), the left-hand side
of (3.9a) is the norm of

ey — 20ey) + 1 6% (ex +e,) = 0.

1
—ey — — (e — 20ey,) — 15

46 475(

The sequence of iterates. Let (6%)en be any strictly decreasing sequence of positive numbers tending
to zero, and let 7¢ = (§")* and 2! := z(6). Since each z! is an exact KKT point of (R,¢), it is
an €-KKT point for any sequence of tolerances e’ | 0, and 2! — z*. Thus, all the assumptions of
Theorem 3.4 other than the constraint qualifications are satisfied, and the MPCC-MFCQ-R holds
at the limit z*, yet z* is not C-stationary. The additional assumption of Theorem 3.4(ii) fails, since
WGy (2Y) = wiH (2% = 1/(46") — .

It is instructive to follow the proof of Theorem 3.4 for this sequence. The augmented multipliers are
o= —wlHy(2t) = —1/(46") and £ = —w! Gy (2!) = —1/(46"), since the constraint Gy (z)H;(z) < 7
is active, and 74 = £, = 1/(40), since Go(2') = Hy(2') = 0. Hence, ||la¢|| = 1/(26') — oo, and the
normalised multipliers converge to

01 7) = (6.4) = (-3 1),

for which (3.13) reads —%ew + %em — %ey + %ey = 0. The coefficients of the biactive index i = 1 are

negative, so this does not contradict the MPCC-MFCQ-R, whereas ﬁ;él’ = i >0 for i = 1,2, so that
it does contradict the MPCC-MFCQ-C, as in the proof of part (i).

SM3.3 Semismooth Newton method

During our experiments, we compared to the semismooth Newton method. This method writes the
M-stationary conditions of problem MPCC as a system of semismooth equations, which can be solved
with a Newton-style method. This framework is proposed in [77]. It requires, in the first instance, the
use of an NCP function that, given inputs a,b returns zero if and only if a,b > 0 and ab = 0. Two
examples of such functions are the minimum and Fischer—-Burmeister functions defined by

b otherwise;

i <
min(a, b) = {a ifas<d fb(a,b) = Va2 +b%2—a —b.

The second step of building the framework consists of introducing the M-stationarity function
msf : R* — R?, which has the property that its zero level set {(G;, H;, v;,&;) : msf(Gy, Hy, v, &) = 0}
is equal to the set of points that satisfy the M-stationary conditions; i.e.,

0<G;LH; >0,
Giv; =0,

me(Gi,Hi, Vi,gi) =0 < Wi (SM34)
H;& =0,

(1/7;751; 2 O or 1/7& = 0) .

35



For an example of such a function, see [77, p. 1470, Section 3.2]. The full system of equations to be
solved to compute M-stationary points for problem MPCC becomes

V.L(z, A v, E)
[tb(gi(2), Ai)liza,
[h'(z)h 1g
[me(Gz(Z) ( ) V17€7)] LT

1,.

F(z,\ p,v,€) = =0 (SM3.5)

with the function F' being semismooth (see [77] and references therein for the definition), while £ is
the Lagrangian function as defined in (2.10). Note that here, the fb function may be replaced by min
or any other NCP function.

It can easily be shown that (z*, A\*, u*, v*, £") solves equation (SM3.5) if and only if z* is an M-
stationary point of the MPCC with Lagrange multipliers (A", u*, v*, £€). To solve the system, we use
a semismooth Newton method with an Armijo line search and the Newton derivative to address the
involved non-smoothness, according to [77, Algorithm 5.1].

The system of equations, when applied to our SVM hyperparameter tuning model (M), is

V.L(z,A)
fh(C, AC)
fb(y, A7)

[ [T( £ G, 1))})(1]371)61

b Z(z)f”‘,AZ_’i
[a(z)ﬂ:z;z
[‘P(z)k]k 1,00 K

H
[mbf( ak f,A(M,AUgl))}

[msf (C = ok, 08,052, AL, Sk}

79 L’

Fu(z,A) (ki)el (SM3.6)

i)eT

where fb : R? — R is the Fischer-Burmeister function and msf : R* — R? is the M-stationarity
function, the derivatives of the Lagrangian are written explicitly in Subsection SM3.4 and the functions
Z,0, ¢ are written in (4.2a,b,c).

SM3.4 Explicit formula of the Lagrangian and its derivatives

Early in the paper, we dealt with a compact form of the MPCC problem (M). However, when
it comes to implementing solution methods, we need accurate formulas for the Lagrangian and its
first and second-order derivatives. We use the notation defined in equations (4.1) and (4.2). In this
supplementary material, we present those explicit formulas in full, beginning with the Lagrangian

= DS NTC Ay = Y AL DD AL Z(R)E - Y Al (2)

(kg)el (kg)el (kg)el (ki)el
G k H, G- k Hy -~k k
- Z A(klo i Z A(,“ Z A (€ —af) = Z Ay — Z Afp(z
(kg)el (k,i)el (kyi)el (ky)el k=1,....K

(SM3.7)

where the decision variables and Lagrange multipliers are
z=1[C,7,( o, 0,0, u) € RAK-Dmint iz,

A— [AC’A'y’AC’AZ’AG,AGl’AHlvAGQ’AHz’Aw} € ROK-1n+2ntK+2,
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with dimensions in terms of the total number of data points n and the number of folds K
The first order derivative with respect to all input variables is a vector to vector function V. :
RE — RE where L = 8(K — 1)n + 3n + 2K + 4. We define it in terms of each partial derivative.

k

K n K nF
VeLl(z, A) ZZA(Z;C 1)§fvcb—ZZAg2L>3
k=1 1=1 k=1 1i=1

‘I’Lk

K @
Vo L(z,A) == A+ 3 ST A7 [ S ok ||z - 2k Qe - 5V, b
k=1 i=1 j=1

nk nk

K
—|—Z A(k,) Za/ Hm —IkH Qv ;

k=1 1i=1 =

— ¢ Z .
VerL(z, A)_1_AH Ao

VarL(z,A) ZAuw(i IV ad) - ZAu:) 5= Aoy +AG) — ALY

Vo L(z,A) =+ Ay ;) — Agll)~

VorL(z,A) = A(,M) ARy

V“k-E(Z, A) = Z A(Zkz)yf
=1

The Hessian of the Lagrangian is:

Vicl Vi L 0 Vi,L 0 0 0
oL v37£ 0 V2,L 0 0 0
0 0 0 0 000
Vi.L(z,A)= | V2L V2L 0 V2, 0 0 0
0 0 0 0 000
0 0 0 0 000
|0 0 0 0 0 0 0]

The partial second-order derivatives can be written explicitly as:

>

K n
VicL(z,A) = - Z A(Zk;ﬂ:)ngQch (a*,7,C);
k=1 1i=1
K @a* nk
T 4 = _
Vi L(z A Z Ak Zalj |75 —2F || Q)i + 5 V3
k=1 i=1 =1
K n*
Z A?’H Zaknx _IkH Qly ’L]’
k=11i=1 j=1
ke
vika" E(Z A) A(Zk ) kvoﬂ‘ ukb ( )77 C) 5
i=1
K @
v%'yﬁ(sz) = _Z A(k z)yz vC'y ( ka/}/vc) 5

B
I
—
o
Il
—
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Fig. SM3 Each of the four plots shows blue and red data points in a two-dimensional space. Plots a and b (left) are
the same linearly separable data set. Plots ¢ and d (right) are sampled from the Moons data set. The first plot shows
a naive separating hyperplane. Plot b shows a more intelligent hyperplane with a maximum margin found using the
(Hard-Margin-SVM). Plot ¢ shows two possible hyperplanes in black and green found by the (Soft-Margin-SVM) with
different choices of hyperparameter C. Plot d shows a nonlinear boundary with a maximum margin. We found this using
the (Dual-SVM) attached with an RBF kernel.

VQC'@]“C 2, A ZA(k z)yz Cu;\"b (akvvac) ;
Vi Z% ) (Hff—foQQ( )i kviwb) +ZA<k o [l = 25| ().

SM4 Preliminaries on the Support Vector Machine (SVM)

The concept of support vector machine (SVM) was introduced by Cortes and Vapnik [24, 25] and has
since been a prolific research subject; see, e.g., [78]. Here, we provide an introduction to the topic as
well as a setup of notation that is used throughout the final half of the paper.

SM4.1 Primal SVM

The SVM is defined by a set of n training examples, denoted by (x;,y;) for i = 1,...,n, such that
each example 7 is a vector of features collected by x; € R? and a class label y; € {—1, 41}, where the
aim is to find weights w € R? and a bias b € R describing a hyperplane {x € R? : w x + b = 0} and
a margin around it, {x € R?: —1 < w x4+ b < 1}. The weights should be such that the positive label
points lie above the margin (w'ax; +b>1 Vi:y; = +1) and the negative label points lie below the
margin (w'x; +b < —1 Vi:y = —1). This is equivalent to the constraint 1 — y;(w x; +b) < 0
for any i. Under these constraints, our goal is to maximise the width of the margin given by ﬁ
Intuitively, this means new unseen data points have the most leeway to deviate beyond the range
of the training data without crossing to the wrong side of the hyperplane; see Figure SM3a-b. Once
optimal weights w* and bias b* are found, we can predict the label of new data using the classifier
x > sign ('w*Tx + b*) where the sign function returns -1 for negative inputs and +1 otherwise. This
problem can be formulated as

1
minimise —w'w
wER? bER 2 (Hard-Margin-SVM)

subject to 11—y ('wTsci—i—b)SO fori=1,...,n.

The weakness of the (Hard-Margin-SVM) becomes apparent when data is not linearly separable;
the above problem is then infeasible. Thus, the (Hard-Margin-SVM) is rarely used in practice. A far
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Fig. SM4 On the left, data in two dimensions that is not linearly separable is shown. On the right, the same data is
lifted into a third dimension, where a separating hyperplane exists.

more common approach is to use the hinge loss function
HingeLoss(x;, ;) '= max (O, 1 -y (wTwl- + b)) ,

which measures how much example (x;, y;) violates the margin constraint for a given weight and bias.
It takes the value zero when the constraint is satisfied. By replacing each constraint with a hinge
loss penalty in the objective function, we can form a model that discourages but allows some points
to violate the constraint in favour of ensuring a large margin. A regularisation parameter C' can be
introduced to instruct the balance between these two objectives, with a large C ensuring that the
margin constraint is less violated, whereas a smaller C' is more tolerant to such violations where it
can find a larger margin. The new objective is now to minimise the function

1 n
inw + C;max (0,1 —y; (wT:cZ- + b)) .

The non-smooth max operator in this new objective function can be eliminated by introducing a
variable &; for each example (x;,y;). This leads to the soft margin formulation of the SVM problem

1+ =
inimi —w w+C i
Lomise  quTwEO) ¢
i (Soft-Margin-SVM)
subject to &E>1—vy; (meZ——i—b) fori=1,...,n,
& >0 fori=1,...,n

Now, we wish to extend this model so that it can find nonlinear boundaries to separate data. To
achieve this, we consider a mapping x; — ¢(x;) that lifts the features of each data point x;, for
i1 =1,...,n, to a higher dimension. We can then find a hyperplane in this higher dimension, which
corresponds to a nonlinear boundary in the original feature space; see Figure SM4 for an illustration.
However, it is often computationally hard to compute ¢(x;). The solution is the so-called kernel
trick, which allows us to find a separating hyperplane in the higher dimension without ever explicitly
evaluating ¢(z;). In our numerical experiments, we use the Radial Basis Function (RBF), which is
defined by

K, (21, ) = exp (—7 [P m2\|2) (SM4.1)
(with hyperparameter «y) and maps features to an infinite-dimensional space, making the kernel
trick necessary. Other kernel functions commonly used in the literature [78, 79] include the linear,
polynomial, and Sigmoid ones, respectively given as follows (for hyperparameters -y, d):

K(z1,@2) =] 2, K, s5(x1,22) = (y&{ T2 +6)?, and K, s(x1,22) = tanh (*ya:lT:cg +9) .

To apply the kernel trick, we need to work with the dual of the soft margin SVM optimisation
problem. This was first discovered by Guyon, Boser and Vapnik in 1992 [79, 80] and is now standard.
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Nevertheless, for the paper to be self-contained, in the following Subsection SM4.2, we provide the
details of the conversion from the primal problem (Soft-Margin-SVM) to the dual (Dual-SVM).

SM4.2 Dual SVM

The first step in dualising the SVM is to write the Lagrangian function £ : R437+1 _ R of the primal
program (Soft-Margin-SVM). This is the sum of the original objective function plus each constraint
scaled by corresponding Lagrange multipliers a € R™ and 7 € R™. For the textbook theory on
Lagrange functions, see Boyd and Vandenberghe [81, Section 5.1.2].

L(w, &, b,a,n) = %w w—&-CZ&-ﬁ-Zal(l—él yi(w' ¢(x;) +b) an@ (SM4.2)

i=1 i=1

We note three properties of the primal problem (Soft-Margin-SVM). First, the objective function is
convex (in particular, positive quadratic). Secondly, the constraints are each linear in w, &€,b, and so
the feasible set is an (unbounded) convex polyhedron. Thirdly the feasible set has a non-empty interior
since we can pick £ = max (0, 11—y (wai + b)) + 107% which strictly satisfies each inequality.
Therefore the problem satisfies Slater’s condition and strong duality. Any feasible point w,&,b is a
local minimiser of (Soft-Margin-SVM) (equivalent to a global minimiser by convexity) only if there
exist Lagrange multipliers a, 7 that satisfy the following first-order stationarity conditions

vwﬁ(wuga b7 «, 77) =w — Zazyz(b(wz) = 07 (SM43&)
i=1

Vil(w, &, b, a,m) Z:ozlyZ =0, (SM4.3Db)

Vel(w,€,b,a,m) = Cl —a—n=0. (SM4.3c¢)

We now manipulate the Lagrangian (SM4.2) by substituting in the stationary conditions (SM4.3a,
SM4.3b, SM4.3c). This will give us a function of the Lagrangian in terms of a,n assuming optimal
choices for w, &,b. The term Y ., (C' — «; — ;)& vanishes due to (SM4.3c). The term Y ., a;y;b
vanishes due to (SM4.3b). And we eliminate w by substituting in (SM4.3a). The conversion of the
problem from primal space variables (w, & and b) to dual space variables ( and 7)) like this allows us
to apply the kernel trick ¢(zx;) " ¢(x;) = K, (x;, ;). Below, we work through the manipulation line
by line.

L (a,m)
- éuﬁwamZ (1-& - o) +0) = Y g
i=1
= %w—rw +Z(C*(Y7ﬁ*7/i)§i +i(¥i *i%yi’w—rgﬁ(ﬂ?i) *i@v‘,yib
i=1 ' i i=1
= %w—rw +0 +Zaz —Z()éiyin¢($i) -0

i=1
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- %(iaiyi¢($i))T(zn:ajyj¢($j)) +i0&i —zn:aiyi<zn:ajyj¢(wj))T¢(mi)
' Jj=1 i=1 i=1 j=1

i=1
1 n n n n n
D) MO AN CH NS SYTIED S SR CHNIC
i=1 j=1 i=1 i=1 j=1
1 n n n
= - §Zzaia.7yiyjKV ((L‘Z‘,CL‘J‘) —I—ZO@
i=1j=1 i=1

By considering the infimum of the {L(w,&,b,a,n)} (SM4.2) we now write the dual of (Soft-
Margin-SVM). For the textbook duality theory of convex programs, see Boyd and Vandenberghe [81,
Section 5.2].

maximise inf {E w, €, b, o, }
aeR™ neR” w,£€R™ beR ( € n)
subject to 0<«; fori=1,...,n,

0<n fori=1,....n

The above is impractical for us. We replace the infimum of the Lagrangian (inf{L(w,&,b,a,n)})
with the expression £*(a, n) derived from the stationary conditions above. Next, we multiply by —1
to convert from maximisation to a minimisation problem. Finally, the constraints « > 0, 7 > 0 can
be rearranged to 0 < o < C' by substituting out 7; = C' — «; according to (SM4.3¢c). Thus, the dual
problem can be written as follows

n n n
. 1
minimise - g g ;oYY Ky (g, x5) — g Q;
oER™ 2 : —
=

i=1 j=1
subject to 0<aq; <C fori=1,...,n, (Dual-SVM)

n
Z ay; = 0,
i=1

which will be the main focus of our attention for the remainder of this section.

The (Dual-SVM) is highly effective at learning to separate real-world data. Many machine-learning
libraries have become proficient at solving this; one of the most widely used is the open-source library
LIBSVM [82]. At this point, it is worth discussing the link between the primal variable (w,b) and
dual variable a.. For each index i, if o; = 0, the solution represents a boundary that ensures data
point 4 lies on the correct side of the margin. If a; > 0, then the data point 4 lies on the edge of the
margin, within the margin or on the wrong side. Details of how to reconstruct the primal variables
and further explanations are provided in Subsection SM4.4.

SM4.3 KKT system of the dual SVM

We conclude this subsection by stating the Karush-Kuhn-Tucker (KKT) conditions for problem
(Dual-SVM), which will be useful later. For the theory on KKT conditions, we refer again to Boyd
and Vandenberghe [81, Section 5.5.3]. Since the program is convex and the constraints are linear, a
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point « is optimal if and only if there exist Lagrange multipliers v, € R", u € R such that

S 0Q()y — v+ ugi =1 fori=1,...,n,
j=1

0< f’iJ—)i>O f '21,..., ,

= il = o " (KKT-SVM)
0<(C—-a;)ly; >0 fori=1,...,n,

Zoz,;yi:(),

i=1

where Q(7)i; = viy; Ky (i, x;), i=1,...,n, j =1,...,n, denotes the so-called kernel matrix which
we write as a function of v as this will become a decision variable of our MPCC model.

SM4.4 Reconstruction of primal variables from dual solutions

The weights w and bias b are primal variables. In order to use the kernel trick, we will be solving the
dual optimisation problem (Dual-SVM) in terms of dual variables c. This makes it less obvious what
our final classifier should predict as we cannot explicitly calculate x — sign (qu[)(a:) + b). From the
stationary conditions (SM4.3a), we have

w = Z ;Y (). (SM4.4)
i=1
Using this formula (SM4.4), we can substitute out w from the classifier. Our classifier should predict
n
x — sign <Z b () () + b) .
i=1

We must work harder to find an expression for the bias b. Below, we write the complementarity
slackness conditions for (Soft-Margin-SVM)

(1-¢& —yi(w dla;) +b)) a; =0, (SM4.5)
&ni =0. (SM4.6)

Suppose «; > 0. Then by complementarity slackness (SM4.5) we must have
1—& —yi(w' é(2;) +b) =0 for i € {1,...,n} : a; > 0. (SM4.7)

Suppose 7); > 0. Notice, this is equivalent to a; < C by the stationary condition (SM4.3c). Again, by
complementarity slackness (SM4.6) we must have

& =0 forie{1,..,n}:a; <C. (SM4.8)
Putting these two (SM4.7, SM4.8) together we get
11—y (wT¢(mi)+b) =0 forie{l,..,n}:0<a; <C.

This gives us an important insight. If «; takes a value between 0 and C' then we can conclude
yi(w' ¢(z;) +b) = 1. Geometrically, this means that example i sits exactly on the edge of the margin.
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190 ©)

Fig. SM5 A graph of the function Q(cy, C)

We call these “free support vectors”, and they are our classifier’s most crucial data points. Now recall
that y; € {—1,4+1}, so we can divide through by y;, using yi = y;. This leads to

b=y, —w' ¢(x;) forie{l,..,n}:0<a; <C.

We can now substitute out w using (SM4.3a), giving:
b=y — Zaljyjcﬁ(xj)T(b(xi) forie{l,..,n}:0<a; <C. (SM4.9)
j=1

Theoretically, we can reconstruct the bias according to (SM4.9) from any support vector ¢ on the
margin’s edge, identified by 0 < «a; < C. However, most libraries make the bias reconstruction
calculation (SM4.9) for each such support vector and then take the average. With this in mind, let
Q(a;, C) be the indicator function that equals 1 if 0 < «; < C and 0 otherwise. Whenever we write
the bias as a function of dual variables b(c, C) we mean the following reconstruction

1 n n
b==———> U, O)yi— ) ojy;K (x5,25) |- (SM4.10)

The algorithms we propose require a further adjustment. Firstly, because we want to avoid the
combinatorial nature of a 0,1 indicator function. Secondly, it is hard to distinguish between «; very
close to zero and o; that should be zero but carries some small numerical error. We, therefore, use an
alternative indicator function as proposed by Anthony Dunn [43].

Q(ai, O) =

2c 2 :
_ i <o <
{1 (G -1 +7 H0<asC, (SM4.11)

0 otherwise.

Similar to the original indicator, this takes the value zero for a; ¢ (0,C) and a positive value
for o; € (0,C). Importantly, it assigns a much smaller value to «; close to 0 or C. With this new
indicator, the reconstruction (SM4.10) still averages across the examples where 0 < o; < C and so is
still theoretically correct but far more numerically stable.

SM5 Further details on the numerical experiments

To allow reproducibility of our experiments, this section of supplementary material provides full details
on the starting point selection (Subsection SM5.1), datasets (Subsection SM5.2) and derivative-free
methods (Subsection SM5.3) we employed.

Our experiments run on Southampton University’s Iridis Compute Cluster [83]. Each experiment
is scheduled on a single Intel Xeon Gold 6138 CPU. This CPU is comparable with most modern home
PCs.
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| LL-Zero LL-Centre LL-Feasible

Relative computational cost low low high
Feasible z° for (M)? no no yes
Feasible 20 for (Pr0)/(R,0)? no yes yes

Table SM1 Summary of the lower-level initialisation strategies.

SM5.1 Starting point selection

In this subsection, we discuss multi-starts and initialisation strategies for the algorithms in Section 3,
since each requires the user to provide a starting point 20 = [C? 70, (% a® v°,8°,4"]" in the context
of our problem (M). The methods are deterministic but perform very differently depending on the
choice of 2°. Recall also that the penalisation and relaxation methods converge to C-stationary points,
and to S-stationary points under an additional assumption at the biactive indices (Theorems 3.1
and 3.4). Such points may not be global or even local minima. Therefore, initialising the methods from
a range of different starting points can increase the chance of finding one. However, it is well-known
that under an MPCC-specific second-order sufficient condition [16, Definition 2.8], S-stationary points
correspond to strict local minima [16, Theorem 3.1]. We remind the reader here of the theoretical
advantage of converging to S-stationary points and their potential to be local minima.

We propose a multi-start, where the upper-level variable (C° ~%) shall be initiated according to
a grid spread uniformly across the log space such as {10™ : n = —5,...,4} x {10" : n = =3,...,6},
for example. This encourages the solution paths to explore as much of the hyperparameter space as
possible. Note that this grid is far coarser than the derivative-free grid search we compare against
later. Figure 4 shows a two-by-four grid of starting points and the resulting path of iterates that the
sequential relaxation algorithm produced for the Moons dataset. Of these, three converge to the global
minimum, while the remaining five converge to other stationary points.

Considering that the variable ¢ is only involved in two constraints, given an initialisation of a,
we can simply choose

k

¢% —max | 0,1— Za%"@(’y)fj — grok (aOk,VO,CO) for k=1...K,i=1,...a",
=1

i =

J

which ensures initial feasibility of the constraints (% > 0 and ZF(2°) > 0; see (4.2a).

It remains to be discussed how to initialise the lower-level variables o, v°, ©° and u". We propose
three strategies. The first and simplest strategy shall be referred to as LL-Zero. This strategy initialises
all of the lower-level variables to zero. Notice this satisfies the complementarity constraints 0 <
afLoF > 0 and 0 < (C — of)LoF > 0 but violates the stationarity constraint 6%(2) = 0 for each
(k,i) € I. The strategy has no computational cost and can perform well but must be treated with
caution as it is infeasible for all the programs (M), (P,) and (R,).

We call the second strategy LL-Centre, which, for a given choice of C° and 7°, selects values for
the lower-level variables as follows:

k k
C0 : o~
a();f = 27]@ (1 - yzky;c)v yoik = Imnax Oa ZQUJI‘Q(’Y)Z -1+ yzk ) (SM51)
et j=1
’I’Lk
WOk =1 0k _ _ ok k ok
ut =1, 7" = max | 0, Za FQM); 11—y (SM5.2)

j=1
fork=1,...,K,i=1,...,n*. By construction, 05(2:°) = 0 for k = 1,...,K, i = 1,...,n*, and

©*(2%) = 0 for k = 1,..., K; see (4.2). For a balanced dataset, where there is a similar number of
positive and negative labels yf in each fold, the variables af are initialised close to %, the midpoint
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Penalisation Relaxation
(Sequential)  (Sequential)

Parameter 7/7 Q1 10% 10-6
Parameter 7/7 Q2 106 10—6
Parameter /7 Q3 108 10—6

MPCC Feasibility Q1 3.94e — 07 1.00e — 06

MPCC Feasibility Q2 1.93e — 08 9.98e — 07

MPCC Feasibility Q3 4.88e — 09 2.0le — 07
Table SM2 This table presents the observed
distributions of final parameter 7w and 7 as well as the
MPCC feasibility at termination. Q1, Q2, Qs denote
the first quartile, median and third quartile.

Penalisation Relaxation
1.4 - 4
1.2 9 E 1
3104 * 1 @ E x
©
> 0.8 1
2
¢ H
=] | i
i 0.6 x ® g
S 0.4 E
x [
0.2 = - -
004 i JESSVES ]S S

y T y
LL-Centre LL-Feasible LL-Zero LL-Centre LL-Feasible LL-Zero

Fig. SM6 These box plots summarise the distribution of objective values achieved when using each of the three
different lower-level initialisation strategies for the Circles dataset.

of its feasible interval 0 < af < C,fork=1,...,K,i=1,...,nF. Since one of ¥ or v is also
positive, the complementarity constraints are violated. This means that the initialisation is not MPCC
feasible for problem (M) but is feasible for the corresponding penalisation (Pro) and relaxation (R o)
formulations for suitable choices of 7 and 7°.

Finally, we call the third strategy LL-Feasible, which corresponds, for a given choice of (C°,~),
to find a’, v", ¥° and u° that satisfy the KKT conditions (KKT-SVM), characterising the lower-level
problem. This is essentially the task of solving a mixed system of equations with complementarity
terms, as studied by Michael Ferris and Steven Dirkse [84]. In our experiments we will call the PATH
solver [85-87] K times, where K is the number of folds, to solve each of the K lower-level KKT
systems. It is the most computationally expensive initialisation but ensures z° is feasible for all the
programs (M), (Pro) and (R,0). The three strategies can be summarised in Table SM1.

When a feasible initialisation is made (i.e. LL-Feasible), at each index i, the complementarity
choice (for example, choosing G;(2°) = 0 or H;(2°) = 0) is pre-decided. We observe that, for many
indices, this is unlikely to flip throughout the iterations of the solution methods. However, when
an infeasible initialisation (i.e. LL-Centre, LL-Zero) is chosen that violates the complementarity
constraint (like having G;(2") = 1 and H;(2") = 1, for example), we observe that the same algorithms
are more free to choose between G;(2°) = 0 and H;(2°) = 0 in the convergence process and arrive
at better solutions. This phenomenon is demonstrated in the following experiment: For each dataset
and solution method, we run 75 starting points, with 25 according to each of the strategies LL-Zero,
LL-Feasible and LL-Centre. We then assess the quality of the solution by the distribution of objective
values found. These results for dataset Clircles are summarised as box plots in Figure SM6, where
the effect of the lower-level initialisation is particularly pronounced for the relaxation method. The
algorithms are sensitive to the initial choice of (C,~). This is due to the highly non-convex nature of
the hyperparameter space. The choice of lower-level variable initialisation only has a very small effect
on most datasets. However, overall, it is clear that LL-Centre encourages the algorithms to converge
to higher quality solutions and have a low computational cost. Therefore, we will use the LL-Centre
initialisation strategy for the remainder of our experiments.
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Scholtes Visualisation
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Fig. SM7 The columns correspond to fold k = 1 and indices ¢ = 1,2,3,4 (Left to right). The rows correspond to
sequentially smaller relaxation parameters 7¢ (top to bottom). The feasible regions for the relaxed program (R, :) are
coloured in green. Each of the 16 small plots has a red point for the value of the complementarity variables «; (horizontal
axis) and v; (vertical axis) that were found to solve (R.¢).

An interesting visualisation of the iteration of the sequential relaxation method solving problem
(M), parametrised by the Ionosphere dataset, is given in Figure SM7. This shows the values of the
complementarity variables «; and v; for the first fold and first four indices i = 1,2, 3, 4. Note that the
variables are initially infeasible for the MPCC but feasible for the subproblem (R;). As we proceed
down the rows, the variables z converge to either the axis corresponding to «; = 0 or the axis
corresponding to v; = 0, therefore generating an MPCC feasible final solution.

SM5.2 Details of the classification datasets

We now present the data used for our experiments. We use eighteen datasets altogether. Six of these
(namely, Circles, Hastie, Linear, Moons, Swiss roll and XOR) are synthetically generated with code
from scikit-learn [88]. This is useful as globally and locally, optimal classifiers can be known from
inspection, but could still be hard for an SVM to find. This allows us to test the solution methods
objectively. The remaining twelve datasets come from real-world observations. In these cases, the
optimal values are unknown, and we must compare our solutions to those achieved by other authors
in the literature. We perform standard preprocessing on these datasets before passing them to the
solvers. All rows with missing values are dropped. For continuous features, we subtract the mean
and divide by the standard deviation. The resulting scaled data has a mean of zero and a standard
deviation of one. This helps avoid scaling issues that can cause our problem to become ill-conditioned.

Regarding categorical features, we either drop the column entirely or apply a one-hot encoding
where 0 — 1 indicator variables are added when they are relevant to the classification. Finally, we
partition the multi-class labels into binary classes, which we replace with the labels -1 and +1. A
better classifier can sometimes be achieved through principal component analysis or other feature
manipulation, however, we stick to these very simple preprocessing steps to allow a direct comparison
to the original papers where the data was published.

Below, we list the datasets we use with a short description of any adjustments we make and a
citation to the original publication. Each dataset is annotated with a tuple (n,d) where n is the
number of observations and d is the dimension of the feature vectors.

1. Banknote (1372,4) The four features of this data set are digitally extracted from images of
banknotes. Each banknote is then labelled as either genuine or forged. It is mostly balanced with
762 genuine and 610 forged examples. The banknote identification dataset was collected by Volker
Lohweg [89].
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10.

11.

. BUPA Liver Disorders (345,6) Five features come from various blood tests relevant to liver

disorders. A sixth feature comes from the patient’s response to the question, “How many half-pint
equivalents of alcoholic beverages do you drink per day?”. If the patient is found to have any form
of liver disorder, the patient is given a positive label. The data was published by Richard S. Forsyth
and BUPA Medical Research Ltd. [90]

. Circles (n,d) A synthetic dataset where half the examples are scattered uniformly over the surface

of the d-dimensional unit ball and given a positive label. The other half are scattered on the surface
of a smaller ball within the interior of the unit ball and given a negative label. Gaussian noise with
mean zero and standard deviation o2 is added to each point. For our experiments in Section 5, we
parametrise with n = 54,d = 2,02 = 0.2. See Figure SM4 for an illustration.

. Cleveland (297, 14) The Cleveland Heart Disease data set was introduced by Detrano et al. [91]. Its

features represent the physical attributes of a patient, such as age, sex, blood pressure, cholesterol,
and heart rate, as recorded by their doctors. The labels represent a positive or negative diagnosis
of heart disease. Originally, the dataset had 303 examples, 76 attributes and five classes. We adjust
the dataset in the following manner. First, we select only 14 features that are commonly used by
other authors. Then, we remove examples with missing values. Finally, we replace the different
classes of heart disease with a positive label and the absence of heart disease with a negative label
so that we can train a binary classifier.

. Glass (138,9) Each sample is described in terms of its oxide content (sodium, magnesium, alu-

minium, etc.) and refractive index. The samples are labelled by their glass type, which can be
useful to determine for criminal investigations. This data was collected by B. German [92] and is
openly available on the UCI Machine Learning Repository. Since it is a multi-class dataset, we make
‘building windows float processed’ (70 examples) into the positive class and combine the vehicle,
containers, tableware and lamp glass types (68 examples) into the negative class.

. Hastie (100, 10) This is the simulated data set from equation 10.2 of “The Elements of Statistical

Learning” [56]. It has ten features that are independently and identically sampled according to
a unit-independent Gaussian distribution. The labels are determined as y; = 1 if |lz;[> > 9.34
otherwise y; = —1.

Ionosphere (351, 34) This data was collected from radar antennas in the ionosphere in Goose Bay,
Labrador [93] and used to classify structure in the ionosphere. It is somewhat unbalanced, with
225 positive labels and 126 negative labels.

. Iris (100,4) The famous Iris flower data set was introduced by Anderson and Fisher [94, 95]. Its

four features represent the lengths and widths of the sepals and petals. The labels represent the
species as either Setosa, Virginica or Versicolor. We discard all examples of the Versicolor class, so
we end up with balanced binary labels of 50 Setosa and 50 Virginica.

. Linear (n,d) A simple synthetic dataset where the data points are scattered randomly and uni-

formly over the space [0,1]?. A random hyperplane is chosen. The labels are then assigned as +1 if
they lie above the hyperplane and —1 if they lie below. This is the only linearly separable dataset.
In our experiments we choose n = 100, d = 10.

MNIST (600, 784) Low resolution, 28x28 pixel, images of handwritten digits 0, 1, 2, ..., 9. The
dataset is massive with 60,000 examples. We subsample 300 examples of the digit 0 and 300
examples of the digit 1 in order to convert to a binary classification problem [96].

Mushrooms (300, 117) This dataset details observations of gilled mushrooms in the Agaricus and
Lepiota families [97]. All of the features are categorical, for example, the feature ‘cap shape’ could
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take the value bell, conical, convex, flat, knobbed or sunken. We add indicator variables for every
category, which makes 117 features. Each example is labelled as either poisonous or edible.

12. Moons (54,2) A synthetic two-dimensional data set where points of the different classes are scat-
tered in interweaving half-circles around each other, which can only be separated by a very nonlinear
‘S’-shaped boundary.

13. Palmer (342,5) Penguins had their features, such as the culmen length, culmen depth, flipper
length, body mass and sex, recorded and were labelled by their species. We perform a few modifi-
cations: drop the rows with missing values; replace the sex with a binary 1,0 indicator; and replace
the species with a positive label if Gentoo and a negative label otherwise. The data was collected
by Palmer Station Antarctica LTER and K. Gorman [98] and is openly available on GitHub.

14. Pima (768,8) The features of the Pima Indians Diabetes Database are measurements such as
BMI, insulin level, and age from female patients of Pima Indian heritage. The labels represent the
diagnosis of diabetes. It is quite unbalanced with 500 negative examples but only 268 positive. The
dataset was provided by the National Institute of Diabetes and Digestive and Kidney Diseases and
introduced to the literature by Smith et al. [99].

15. Sonar (208, 60) This data was collected to improve mine detection in the ocean. The many features
are those collected from the sonar signal. The labels are positive if the sonar signals bounced off
a metal cylinder and negative if they bounced off rocks. Terry Sejnowski made the data available,
and it was first published by Gorman and Sejnowski [100].

16. Swiss Roll (n, d) Swiss Roll is a common synthetic dataset that can be tricky for an SVM as the two
classes are rolled inside one another. It is presented in the book Machine Learning: An Algorithmic
Perspective [66, Chapter 6, figure 6.13]. We use the Scikit-learn function make_swiss_roll to generate
the data with Gaussian noise with standard deviation 0.1. In our experiments we choose n = 90,d =
3.

17. Wisconsin (569, 30) This first breast cancer dataset was presented in the work of Street et al. [101].
Its thirty features are detailed measurements of the breast and tumour, such as radius, concavity,
and compactness. Each example is then labelled as malignant or benign.

18. XOR (n,2) A two-dimensional synthetic data set where points are scattered uniformly at random
across the plane [—1,1]2. They are then labelled as positive if the product of their coordinates is
positive and negative otherwise. This leads to the top right and bottom left quadrants being the
opposite class to the top left and bottom right quadrants. It can be a particularly problematic
dataset for classifiers. In our experiments we choose n = 100.

These datasets are selected because they have quite different structures. The optimal (C,~) hyperpa-
rameter choices are, for Tonosphere (1.00e + 01, 3.16e — 02), Palmer (1.00e 4+ 06, 1.00e — 05), Moons
(1.78¢401, 5.62e+00) and Wisconsin (3.16e+03, 1.78¢ —04). Furthermore, they show various different
spreads of objective values and runtimes.

SM5.3 Details of the derivative-free methods

Grid search [55, p. 79][66] considers a sequence of plausible candidate choices for each hyperparameter
and then forms a grid of every combination. At each coordinate of the grid (representing a choice
for each hyperparameter) the algorithm trains, evaluates and then discards K fresh SVMs according
to K-fold cross-validation. This is repeated independently for every combination in the Cartesian
product that constitutes the grid. Finally, the hyperparameter combination that results in the best
mean validation accuracy across the K classifiers is returned. In our experiments we select a grid of
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Fig. SM8 The heat map shows the hyperparameter space for the dataset Ionosphere. Green regions correspond to
(C, ) combinations, which allow the SVM to achieve high validation accuracy. The heat map is repeated four times for
the grid, random, Bayesian and pattern search methods. On each, blue crosses are plotted on all the (C,~) combinations
evaluated by that search method.

size 10 x 10 where ten choices of C' are picked log-uniformly between 10~ and 10° and ten choices of
~ are picked log-uniformly between 10~° and 10%.

Random search [55, p. 81][102] proceeds similarly to grid search; however, rather than a systematic
traversal of a grid, at each iteration the hyperparameters are drawn randomly and independently from
predefined distributions. This has the advantage of being able to search in-between the grid points of
a grid search. In our experiments we select 100 random points from a log-uniform distribution with
the same upper and lower bounds as the grid search.

Bayesian optimisation [103-106] is a more sophisticated probabilistic method. It maintains a
model approximation of the function f that maps hyperparameter selections to their corresponding
mean validation accuracy and an acquisition function representing the expected improvement in f.
At each iteration, the next choice of hyperparameters is determined by maximising the acquisition
function; then the observed validation accuracy is used to update the approximation of f. The meta-
hyperparameters of the surrogate model, including those controlling the balance between exploration
and exploitation and the smoothness assumptions of f, must themselves be carefully chosen. Bayesian
optimisation has much more computationally expensive iterations, but is often able to find points near
the global optimum. We use the scikit-optimize implementation [107] with the following setup

skopt.gp_minimize (func,
dimensions=[Real(le-4, le+6, "log-uniform"), Real(le-5, le+4, "log-uniform")],
acq_func="gp_hedge", n_calls=100, random_state=42, xi=0.01, kappa=1.96,

)

Pattern search [108, Algorithm 9.2] differs from the previous three DFO methods in that it is a
local rather than a global search. The algorithm maintains a current best hyperparameter selection
(C,~) and step size h. At each iteration, it evaluates new hyperparameters {(C £ h,v)} U{(C,v+h)}
one step size away along each of the coordinate axes. If it finds a better objective value, it updates
the current best selection and continues. Otherwise, it reduces its step size. Once the step size is
sufficiently small, it terminates—at a local minimum if the function landscape is well-behaved. This
method can be made more sophisticated with pattern moves, momentum or a line search. Although
it is less commonly used in machine learning, it provides an interesting comparison to the relaxation
and penalisation algorithms, which are also local methods. In our experiments steps are made in log-
space. The step size is initialised to h = 1 and halved whenever a smaller objective cannot be found,
down to 107, All four methods are visualised in Figure SMS.

Our MPCC optimisation method has two clear advantages over DFO. The first advantage comes
from the idea that two choices of hyperparameters with similar values often result in similar SVM
states. For example, an optimal SVM with (C, ) = (15, 0.3) is likely to have many of the same support
vectors as the optimal SVM with (C,~) = (12,0.2). This means only a few decision variables o for
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(k,i) € I must be changed to move between optima for the adjusted hyperparameters. When one of
grid, random, Bayesian or pattern search moves between two nearby hyperparameter selections in this
manner, it recalculates the optimal decision variables from scratch, whereas the MPCC optimisation
method only adjusts the required variables. The second advantage comes from the fact that the MPCC
optimisation approach makes use of the first and second-order derivatives of the objective function
with respect to the hyperparameters to move in a descent direction through the hyperparameter space.

g 5§ g a= 2
2o 25 S22 2S£ §s g 2 =
e Eg fH % B2 O 5z F
5T f2 &7 &2 4§ I
Runtime Q1 4 9 16 55 386 64 69 400 83
o Runtime Q2 11 12 29 90 589 98 106 880 132
5%  Runtime Qs 17 17 40 149 1369 135 136 2152 133
S Objective Q1 1.05 0.84 1.01 1.01 1.32 0.40 0.40 0.35 1.01
% Objective Q2 0.62 0.47 0.42 0.40 0.87 0.37 0.38 0.33 0.47
8 Objective Q3 0.54 0.33 0.40 0.34 0.75 0.35 0.36 0.33 0.33
S Iterations 188 208 546 1569 891 49 50 50 8
Validation acc. 84% 89% 86% 88% 79% 88% 8% 89% 89%
Test acc. 83% 89% 86% 86% 79% 88% 87% 89% 89%
Runtime @ 1 106 111 200 579 71 73 389 105
Runtime Q2 1 133 168 616 798 108 111 968 160
.. Runtime Q3 27 201 569 808 1639 143 143 2200 206
QE) Objective Q1 0.89 0.69 0.91 0.42 1.26 0.20 0.04 0.04 0.90
= Objective Q2 0.80 0.36 0.19 0.19 0.63 0.09 0.04 0.03 0.90
QCE Objective Q3 0.44 0.03 0.19 0.19 0.46 0.04 0.04 0.03 0.04
Iterations 54 235 290 849 516 49 50 50 8
Validation acc.  90% 99% 95% 95% 90% 99% 99% 99% 99%
Test acc. 90% 99% 95% 95% 90% 99% 99% 99% 99%
Runtime Q) 1 2 2 6 3 49 49 447 72
Runtime Q2 1 2 2 8 4 82 104 678 103
” Runtime Q3 1 3 3 16 112 104 111 979 217
2  Objective Q1 0.95 0.92 0.49 0.49 0.76 0.35 0.35 0.32 0.81
8 Objective Q2 0.60 0.38 0.48 0.32 0.54 0.34 0.34 0.31 0.47
2 Objective Q3 0.56 0.31 034 0.31 0.48 0.32 0.33 0.31 0.31
Iterations 65 335 348 1125 665 49 50 50 8
Validation acc. 83% 89% 88% 89% 74% 89% 89% 89% 89%
Test acc. 83% 8™ 8™% 89% T4% 89% 89% 8% 87%
Runtime Q1 18 59 147 198 317 68 72 172 7
Runtime Q2 27 70 247 467 547 82 85 210 97
% Runtime @3 47 83 369 560 1431 94 95 591 104
2  Objective Q1 0.76 0.09 0.40 0.17 0.96 0.10 0.09 0.08 1.00
8 Objective Q2 0.52 0.08 0.18 0.13 0.51 0.09 0.08 0.08 0.12
& Objective Q3 0.27 0.08 0.18 0.12 0.39 0.08 0.08 0.08 0.08
B Iterations 85 230 852 1565 979 49 50 50 8
Validation acc.  93% 97% 94% 96% 90% 97% 9% 97% 96%
Test acc. 93% 97% 94% 96% 90% 9T% 97T% 9% 96%

Table SM3 A summary of the performance of the solution methods (columns) on four of the
eighteen datasets (rows). The first quartile (Q1) is the runtime/objective value achieved by 75% of
initialisations; the second quartile (Q2) is the median; and the third quartile (Q3) is the
runtime/objective value achieved by the top 25% of initialisations.
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Fig. SM9 This diagram highlights the differences in the W, A, C, M and S stationary conditions. Areas coloured in
red show possible values the multipliers v; and &; may take for a stationary point z where G;(2) = H;(2) =0
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