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Abstract

While it has been mathematically proven that Projective Splitting (PS) algo-
rithms can converge in parallel and distributed computing settings, to-date,
it appears there were no open-source implementations of the full algorithm
with asynchronous computing capabilities. This note fills this gap by pro-
viding a Julia implementation of the asynchronous PS algorithm of Eckstein
and Combettes for solving fully nonsmooth convex optimization problems.
Our methodology includes inter-operability with existing packages within the
Julia ecosystem, and we also document observations from running this algo-
rithm asynchronously on problems in image processing and machine learning.

Keywords: nonsmooth, convex, optimization, asynchrony, parallel
computing

1. Introduction

The rapid advancement of data-driven applications have intensified the
need for efficient algorithms capable of addressing first-order nonsmooth op-
timization problems, e.g., those appearing in machine learning, signal pro-
cessing, and operations research, as surveyed by Bach et al. [1], Chambolle
and Pock [2], Combettes and Pesquet [3], and Hintermüller and Stadler [4].
Despite the critical importance of first-order nonsmooth optimization, the
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landscape of available algorithms remains somewhat limited, particularly
when considering algorithms which are both (A) proven to converge and
(B) designed to leverage parallel and distributed computing environments
[5]. In this article, we consider a promising recent class of algorithms which
satisfies both of these criterion – projective splitting (PS) algorithms.

In 2008, Eckstein and Svaiter proposed the projective splitting framework
for finding a zero of a sum of maximally monotone operators, with a pri-
mary application in minimizing a sum of nonsmooth convex functions [6]. In
recent years, several extensions of the PS framework have been contributed
by Johnstone, Eckstein, and Combettes [7, 8, 9, 10, 11]. Perhaps one of
the first major theoretical breakthroughs for this class of algorithms came in
2016–2018, when Eckstein [10] and Combettes and Eckstein [11] proved that
a PS algorithm will still converge when its updates are performed in parallel
with bounded asynchrony. This potential for asynchronous parallelization
makes PS algorithms unique among the class of provenly-convergent algo-
rithms for solving nonsmooth convex minimization problems with a variety
of benefits, as further explained in Bui, Combettes, and Woodstock [5]. Al-
though the PS algorithm of Combettes and Eckstein [11] for convex mini-
mization has been used to solve a variety of problems in image processing,
recommender training, and progressive hedging, all implementations to-date
relied on synchronous use of processors [5, 9, 12]. While the potential for
asynchrony has been known for several years, to-date there appears to be no
asynchronously parallel implementation of [11]. Furthermore, even though
PS is proven to converge for a wide range of hyperparameters [10, 11], their
choice can drastically influence performance in practice, and there is a lack
of literature discussing their selection.

Our main goal of this article is to (A) fill this gap in the literature by
sharing our experience in using asynchronous algorithms on applications in
classifier training and image processing, and (B) provide an open-source soft-
ware implementation of the asynchronous parallel PS algorithm of [11].

1.1. Literature Review
One computational study was performed by [5], where it was established

that the synchronous algorithms [13] and [11] (in synchronous mode) appear
to be the only two methods with certain desirable properties for mathematical
optimization (e.g., the abilities to fully split the mathematical optimization
problem, handle nonsmoothness, and omit estimates for the norm of the lin-
ear operators). It was shown that, in several applications in machine learning
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and image processing, [11] appears to out-perform [13] in terms of wall-clock
time. However, the experiments in [5] were entirely for the synchronous ver-
sion of the projective splitting algorithm in [11]. A more recent variant of
projective splitting is also proven to allow for parallel block-asynchronous
updates [9]. While the article includes very impressive experiments, it again
does not study the impact of asynchrony.

The progressive hedging method studied in [12], which is a special case of
[10, 11], is shown to perform exceedingly well for this particular application.
This work is encouraging for us to develop a general software implementa-
tion of [11] with asynchrony for the use in all applications, not just that of
progressive hedging.

2. Background

We begin with preliminaries; for further background, see [14].

2.1. Mathematical Optimisation
Let H be a real, finite dimensional Hilbert Space with norm ∥·∥ and inner

product ⟨· | ·⟩. We define the extended real line [−∞,+∞] as (−∞,∞) ∪
{−∞,+∞}. For algebra on the extended real line, for the purposes of opti-
misation, we are mainly concerned with defining addition, a binary operator
such that for x ∈ R, x+∞ = ∞ and ∞+∞ = ∞.

For f : H → [−∞,+∞], we are interested in finding

argmin
x∈H

f(x)

Definition 2.1. The proximity operator Prox γf (x) of a function f : H →
[−∞,+∞] at point x with parameter γ > 0 is defined as:

Prox γf (x) = argmin
y∈H

{
f(y) +

1

2γ
∥y − x∥22

}
.

The simplest example of using proximity operators for minimisation is per-
haps [15] showing the sequence formed by the recursive application of Prox γf

converges to a minimizer of f . As is well-known in the optimization com-
munity, computing Prox Σfi , i.e., the proximity operator for the sum Σfi,
is oftentimes computationally expensive or intractable; on the other hand,
evaluating the individual operators (Prox fi)i∈I is far easier. Minimising sums
via the use of the individual proximity operators is called splitting.
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We implement Algorithm 4 of [11] which, in addition to being a splitting
algorithm, is also block-activated, and asynchronous. For minimising the
sum of functions Σfi for i ∈ {1, ...,m}, computing Prox γfi for each i, may
still be prohibitively slow. Block-activated (or block-iterative) algorithms ac-
tivate a subset In ⊂ {1, ...,m} of the proximity operators, during the nth

iteration. Asynchrony in our algorithm allows us to compute proximity op-
erators Prox γfi for i ∈ In+1 without waiting for the proximity operators to
be computed in In.

2.2. Notation and problem formulation
Our notation and definitions are standard in continuous optimization; for

further background see, e.g., [14]. We will use H to represent a Hilbert Space
with inner product ⟨· | ·⟩ and ∥ · ∥ =

√
⟨· | ·⟩. For most problems our H will

be Rn with inner product as the usual Euclidean dot product. The direct
sum is defined as×m

i=1
Hi = H1 × . . . × Hm, where Hi represents the ith

Hilbert space. The inner product on the direct sum is defined as
⟨(xi)

m
i=1, (yi)

m
i=1⟩ =

∑m
i=1 ⟨xi, yi⟩Hi

where (xi)
m
i=1, (yi)

m
i=1 ∈×m

i=1
Hi. The set of

functions from H to [−∞,+∞] that are convex, lower-semicontinuous, and
proper is denoted Γ0(H).

Our implementation of [11] minimises an objective function of the follow-
ing form

minimize
(xi)i∈I∈×Hi

∑
i∈I

fi(xi) +
∑
k∈K

gk

(∑
i∈I

(Lki · xi)
)

(1)

where fi : Hi → R with fi ∈ Γ0(Hi) and gk : Gk → R with gk ∈ Γ0(Gk).
(Hi)i∈I and (Gk)k∈K are real Hilbert spaces with I = {1, ..,m}, K = {1, .., p}
and Lki : Hi → Gk are linear operators ∀k ∈ K, i ∈ I. From here on, we will
use gk(x) to represent the splitting functions that take in a linear combina-
tion of transformed xi as their inputs.

2.3. The variational Combettes-Eckstein projective splitting algorithm
The variational Combettes-Eckstein projective splitting algorithm is proven

to converge under the following assumptions [11].
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Algorithm 1 Combettes-Eckstein Algorithm [11]
Require: I0 = {1, . . . ,m} and K0 = {1, . . . , p}. Suppose Assumption 2.2

holds and (ci(n))n∈N and (dk(n))n∈N are sequences in N as defined in
2.2. For every i ∈ {1, . . . ,m} and every k ∈ {1, . . . , p}, let {γi,n, µk,n} ⊂
]0,+∞[, xi,0 ∈ Hi, and v∗k,0 ∈ Gk.

1: for n = 0, 1 to . . . do
2: λn ∈ ]0, 2[
3: if n > 0 then
4: Select ∅ ̸= In ⊂ {1, . . . ,m} and ∅ ̸= Kn ⊂ {1, . . . , p}
5: end if
6: for i ∈ In do
7: x∗

i,ci(n)
= xi,ci(n) − γi,ci(n)

∑p
k=1 L

∗
k,iv

∗
k,ci(n)

8: ai,n = Prox γi,ci(n)fix
∗
i,ci(n)

9: a∗i,n = γ−1
i,ci(n)

(x∗
i,ci(n)

− ai,n)
10: end for
11: (ai,n, a

∗
i,n)i∈{1,...,m}∖In = (ai,n−1, a

∗
i,n−1)i∈{1,...,m}∖In

12: for k ∈ Kn do
13: y∗k,n = µk,dk(n)v

∗
k,dk(n)

+
∑m

i=1 Lk,ixi,dk(n)

14: bk,n = Prox µk,dk(n)gky
∗
k,n

15: b∗k,n = µ−1
k,dk(n)

(y∗k,n − bk,n)
16: end for
17: (bk,n, b

∗
k,n)k∈{1,...,p}∖Kn = (bk,n−1, b

∗
k,n−1)k∈{1,...,p}∖Kn

18: (tk,n)k∈{1,...,p} = (bk,n −
∑m

i=1 Lk,iai,n)k∈{1,...,p}
19: (t∗i,n)i∈{1,...,m} = (a∗i,n +

∑p
k=1 L

∗
k,ib

∗
k,n)i∈{1,...,m}

20: τn =
∑m

i=1 ∥t∗i,n∥2 +
∑p

k=1 ∥tk,n∥2
21: if τn > 0 then
22: πn =

∑m
i=1

(
⟨xi,n | t∗i,n⟩ − ⟨ai,n | a∗i,n⟩

)
+
∑p

k=1

(〈
tk,n | v∗k,n

〉
−
〈
bk,n | b∗k,n

〉)
23: end if
24: if τn > 0 and πn > 0 then
25: θn = λnπn/τn
26: (xi,n+1)i∈{1,...,m} = (xi,n − θnt

∗
i,n)i∈{1,...,m}

27: (v∗k,n+1)k∈{1,...,p} = (v∗k,n − θntk,n)k∈{1,...,p}
28: else
29: (xi,n+1)i∈{1,...,m} = (xi,n)i∈{1,...,m}
30: (v∗k,n+1)k∈{1,...,p} = (v∗k,n)k∈{1,...,p}.
31: end if
32: end for
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Assumption 2.2. For every i ∈ I and every k ∈ K, let (ci(n))n∈N and
(dk(n))n∈N be the sequences in N that represent the most recent iterations for
which (A) computations Prox fi or Prox gk were respectively launched, and
(B) their computation has completed by the current iteration n.

(i) A solution to (1) exists.
(ii) For every i ∈ I and k ∈ K, we have fi ∈ Γ0(H) and gk ∈ Γ0(G).1
(iii) There exists a strictly positive integer M such that

∀n ∈ N,
n+M−1⋃
j=n

Ij = I and
n+M−1⋃
j=n

Kj = K. (2)

(iv) There exists a positive integer D such that for every iteration n ∈ N,
and all indices i ∈ I, k ∈ K, we have

n−D ≤ ci(n) ≤ n and n−D ≤ dk(n) ≤ n. (3)

(v) The hyperparameters γi,n and µk,n are bounded away from 0 and ∞.
That is,

0 < lim inf
n→∞

γi,n ≤ lim sup
n→∞

γi,n < ∞, (4)

0 < lim inf
n→∞

µk,n ≤ lim sup
n→∞

µk,n < ∞. (5)

Here, (iii) ensures that for some positive integer M , every M consecutive
blocks cover the entire set. In addition, (iv) ensures that in any current
iteration, no prox computation that is left unfinished is older than D.

Theorem 2.3 ([11, Theorem 5]). Consider the problem of (1) using Al-
gorithm 1 under Assumptions 2.2. Then the sequences xn = (xi,n)i∈I and
an = (ai,n)i∈I converge to a solution of (1).

1usually H and G are of the form×m

i=1
Rni
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3. Methodologies

We engineered our application to be compatible with Julia 1.9.0 and
higher versions. It is compatible with any proximal operators of the type
defined in ProximalOperators.jl2. We also allow for usage of custom prox
operators for complex functions in the format prescribed by the library wher-
ever needed. To handle asynchronous programming, we make use of Julia’s
Distributed3 library, spawning P workers and cyclically assigning prox com-
putations over them.

3.1. Inputs and problem description
The code requires the following inputs

(i) m, p : to describe the blocks I = [m], K = [p].
(ii) (fi)1≤i≤m, (gk)1≤k≤p : the definitions for functions corresponding to (1).

The prox computation for non-standard functions can also be added in
the format prescribed by ProximalOperators.jl.

(iii) L : AbstractMatrix consisting of operators Lki used inside (1). The
operators Lki can be input either as matrices or as functions. We add
support of LinearAlgebra.jl4 for the use of these operators.

(iv) L∗ : AbstractMatrix consisting of the adjoint operators L∗
ki.

(v) D : the maximum delay allowed in iterations. As defined in Assump-
tion 2.2.

(vi) In, Kn : in the form of functions that return the corresponding blocks
for the nth iteration.

(vii) γi,n, µi,n : in the form of functions generate_gamma(i,n) and
generate_mu(i,n).

We implement the algorithm to be able to handle inputs with variable
sizes i.e., for x ∈×m

i=1
Hi, the input can belong to×m

i=1
Rki where ki can

be all different. The L matrix consisting of Lki operators mentioned in the
original equation, can be input as a matrix of operators of the form of both
- matrices and functions. We allow this flexibility so that when Lki operator
is a matrix, the adjoints can be simply handled as the transpose; on the
other hand, when inputting operators as a function which computes matrix

2https://juliafirstorder.github.io/ProximalOperators.jl/latest/
3https://docs.julialang.org/en/v1/stdlib/Distributed/
4https://docs.julialang.org/en/v1/stdlib/LinearAlgebra/
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vector products, a means to compute of their adjoint operators (L∗
ki) must

be provided.

The blocks (In), where n is the iteration count, can be described by the
user as a function of n. We provide standard block functions (In)n∈N (for
|I| = m) such as:

(i) Full activation: In = I.
(ii) Cyclic activation: In = {n mod m}.
(iii) Cyclic 1

M
activation : I is partitioned into M subsets of (approximately)

equal cardinality.

3.2. Implementation
The algorithm is implemented in Julia using standard multi-process par-

allelism. On the 24-core machine, we run Julia with -p N flags, creating (N)
workers plus a master process; the operating system maps these workers onto
the physical cores with a one-to-one relationship.5 All algorithm parameters
are broadcast to every worker at startup, so each worker can independently
execute proximal steps when requested. For each i ∈ In and k ∈ Kn, the prox-
imal subproblems appearing in Algorithm 1 are evaluated asynchronously on
different workers. Concretely, at each iteration n, we form the shifted argu-
ments x∗

i,ci(n)
and y∗k,dk(n), and submit the evaluations of Prox γi,ci(n)fi(x

∗
i,ci(n)

)

and Prox µk,dk(n)gk(y
∗
k,dk(n)

) as remote tasks, spread evenly across the workers.
The implementation maintains, for every outstanding proximal task, the

index of the corresponding operator and the iteration at which it was launched.
A user-defined integer parameter plays the role of the (iteration) delay bound
D in Assumption 2.2. At iteration n, any task whose launch iteration is older
than n−D is waited on (via a blocking fetch), and its output is immediately
used to update the associated pairs (ai,·, a

∗
i,·) or (bk,·, b

∗
k,·). This update also

includes tasks (with birth iterations older than the maximum delay) that did
not need to be waited on. These updated values are then used to form the
projective-splitting residuals

tk,n = bk,n −
m∑
i=1

Lk,iai,n, t∗i,n = a∗i,n +

p∑
k=1

L∗
k,ib

∗
k,n,

5If there are fewer cores, the workers will by default time-slice on the available cores.
This can be avoided by launching more than 1 thread per core using JULIA_NUM_THREADS
to ensure each worker is mapped to a single thread.
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Figure 1: Schematic comparison of block-synchronous (top) and block-asynchronous (bot-
tom) execution on four cores. Each coloured segment corresponds to a block of operators;
colours indicate the iteration in which the block is logically associated. Vertical dashed
lines mark synchronous iteration boundaries

and the corresponding scalars τn, πn and θn in Algorithm 1. Tasks whose
results have been harvested in this way are removed from the pool of out-
standing tasks.

3.3. Block asynchrony
To illustrate the difference between a block-synchronous and a block-

asynchronous realisation of the algorithm, Figure 1 shows a schematic time-
line on four cores. In the synchronous variant, all proximal evaluations as-
sociated with a given iteration must complete before the next iteration can
begin, so slow operators delay the entire system. Our implementation is a
block-asynchronous variant, since once an operator in a block finishes its
proximal computation, the corresponding core can immediately start work
on a block from a later iteration, while still respecting the iteration-based
delay bound D. This allows us to overlap work across iterations and improve
utilisation of the available cores.

9



3.4. Recording
We also provide mechanisms to record observations such as ||xn − xn−1||,

||xn − xfinal||6, function values and other customisable metrics, over any of
the following:

(i) epochs (refer Remark 3.1 for definition)
(ii) iterations
(iii) prox-calls.

These quantities are used to estimate the optimality of the current iterate,
speed of convergence and compare relative optimality respectively over dif-
ferent variables.

Remark 3.1. In the context of projective splitting algorithms [5], an epoch
is a collection of consecutive iterations during which the proximal operator
associated with every function in (fi)i∈I and (gk)k∈K is evaluated at least
once.

4. Experiment Setup and Results

Two problem settings (Sections 4.1–4.2) were used in our experiments
(Sections 4.3–4.4). Computations were performed on a single compute node
equipped with dual Intel Xeon Platinum 8358 processors (Ice Lake architec-
ture), providing a total of 64 cores (2 × 32 cores at 2.6 GHz) and 256 GB of
RAM. Jobs were managed using the Slurm workload manager on a Linux-
based operating system. The implementation and experimentation code can
be found in our repository https://github.com/zevwoodstock/AsyncProx/.

4.1. Problem 1: Sparse linear classifier training
We consider the sparse linear classification problem studied in [16], com-

monly referred to as the latent group lasso (or lasso with overlapping groups),
and later reused in subsequent works such as [5]. The experiment in this sec-
tion closely follows these prior studies and is included here to illustrate how a
standard benchmark problem can be formulated within our projective split-
ting framework; for full modelling details, we refer the reader to the original
references.

6xfinal refers to the position at the final iteration
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Let {G1, . . . , Gm} be a covering of {1, . . . , d}, and define

X = {(x1, . . . , xm) | xi ∈ Rd, supp(xi) ⊆ Gi}.

The target classification vector is ỹ =
∑m

i=1 xi, where (xi)
m
i=1 solves

min
(x1,...,xm)∈X

m∑
i=1

∥xi∥2 +
p∑

k=1

hk

(
m∑
i=1

⟨xi, µk⟩

)
, (6)

with µk ∈ Rd and hk(ξ) = 10max{0, 1 − βkξ}. Here βk = ωk sign(⟨y, µk⟩),
where y ∈ Rd is the ground-truth vector (d = 10,000). The vectors µk are
generated by sampling v ∼ N (0, Id) and setting µk = v/∥v∥2, and the signs
ωk ∈ {−1, 1} are chosen so that 25% of the measurements are misclassified.
We set p = 1000 measurements and m = 1429 groups, where each Gi has
cardinality 10 and overlaps with Gi+1 on 3 indices.

Since each xi is supported on Gi, we equivalently work with compressed
variables x̃i ∈ R10 and a fixed linear F : R10 → Rd that pads x̃i with zeros
outside Gi. With this notation, (6) can be written in the form of (1) as

argmin
x̃1,...,x̃m

m∑
i=1

∥x̃i∥2 +
p∑

k=1

gk

( m∑
i=1

Lkix̃i

)
, (7)

where Lki = F and gk(yk) = 10max{0, 1−βk⟨yk, µk⟩} with x̃i ∈ R10, µk ∈ Rd,
and yk =

∑
i Lkix̃i. The corresponding proximal functions are fi : xi 7→ ∥xi∥2

and gk : yk 7→ 10max{0, 1− βk⟨yk, µk⟩}, and the adjoint of Lki is L∗
ki : Rd →

R10 with L∗
ki(y) = (y7i+1, . . . , y7i+10).

The operators Prox fi are available in ProximalOperators.jl, and Prox gk

are calculated using [14, Proposition 24.14].

4.2. Problem 2: Image Recovery
We consider a Stereoscopic Image Recovery problem akin to [17, Sec-

tion 4.2] where, instead of restoring a pair of images, we restore a series of
M images {xi}1≤i≤M , xi ∈ RN , acquired sequentially by an observer moving
in a fixed direction. Noisy degraded versions are available via

zi = Lxi + wi, wi ∼ N (0, σ2I),

where L blurs via convolution with a 5×5 averaging kernel with equal weights,
and wi is additive Gaussian noise with mean zero and variance σ2 = 0.0001.
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We define linear shift operators Di : RN → RN , i ∈ {1, . . . ,M − 1}, that
model the geometric relationship between successive views. Each Di applies
a horizontal shift (warp) to the pixels of an image represented as a vector
in RN . The stereoscopy xi ≈ Dixi+1 is modelled by these successive shift
operators, with the shift amounts estimated by us before the experiment is
run.7 We seek to solve

argmin
xi∈RN ,1≤i≤M

M∑
i=1

N∑
k=1

ϕi,k(⟨xi|ei,k⟩)+
M∑
i=1

1

2σ2
||Lxi−zi||2+

M−1∑
i=1

v

2
||xi−Dixi+1||2,

(8)
where (ei,k)1≤k≤N are orthonormal symlet wavelet basis vectors and ϕi,k =
µi,k| · |.8 9 This can be formulated into our optimisation algorithm’s input
as follows. Let Hi = RN , Gi = RN , fi(xi) = |⟨ (µi,k)k∈N |DWT(xi)⟩| for
1 ≤ i ≤ M , and

gk(yk) =

{
1

2σ2 ||yk − zi||2 for 1 ≤ k ≤ M,
ϑ
2
||yk||2 for M + 1 ≤ k ≤ 2M − 1,

where DWT is the Discrete Wavelet Transform Operator. The proximal
operator for f is computed as IDWT

(
prox∥·∥1(DWT(x))

)
, where prox∥·∥1

denotes the soft-thresholding operation and IDWT represents the inverse
discrete wavelet transform.

Let L be the degradation operator and D be the linear "shift" operator
as defined in (8). Then,

for 1 ≤ k ≤ M, Lki =

{
L if i = k

0 otherwise
(9)

for M + 1 ≤ k ≤ 2M − 1, Lki =


Id if i = k

−Di−k if i = k + 1

0 otherwise.
(10)

7We note that the shift operator can also induce some errors, since a horizontal shift
of pixels is not the same thing as shifting perspective in a 3d environment.

8In our experiment, we choose µi,k = 1.
9Gaussian blurring is a standard degradation model in image recovery, although in

practical applications the blur operator typically needs to be estimated.
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(1a) (2a) (3a)

(1b) (2b) (3b)

(1c) (2c) (3c)

(1d) (2d) (3d)

Figure 2: Original stereoscopic images (column 1), Degraded stereoscopic images (column
2) and their corresponding restored images (column 3).
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We ran our algorithm for 300 iterations over the formulation described
by (8). The images in Image 2 were taken after roughly equal horizontal
displacement. The shift operator for each pair was thus found by trial and
error.

4.3. Experiment 1: Synchrony versus asynchrony
We performed an experiment to determine if asynchrony can provide a

speedup in practice. We also compared the performance of the asynchronous
run of our implementation over variable number of process workers (or pro-
cesses).

4.3.1. Setup
We ran the algorithm on Problem 1 (Section 4.1) and set D to 0 for

the synchronous case and 5 for asynchronous. This variable describes the
maximum delay (in terms of number of iterations) that is allowed before
prox evaluation, i.e., the heaviest part of our computation, is completed.
To simulate latencies, an artificial delay t associated with prox computation
was added with t ∼ U(0, 0.5) and added variance e ∼ N (0, 0.005). We ran
the algorithm for 10 iterations (which was sufficient to get ||xn−xn−1||2

||xn−x0||2 ≈ 10−2)
with blocks In = [1,m], i.e., full activation and µi = 0.42 − 0.01i, γi = 1.
Results were averaged over 10 runs with x∞ being taken as the position
reached in the first iteration n with relative error ( ||xn−xn−1||2

||xn−x0||2 ) < 10−3.

4.3.2. Results

P D Sync/Async ||f(xmin)−f(x∞)||2
||f(x0)−f(x∞)||2

||x−x∞||2
||x0−x∞||2 Time

2 0 Sync 0.00173 0.598 881.144s
2 5 Async 0.00129 0.335 728.214s
3 0 Sync 0.00181 0.641 923.442s
3 5 Async 0.00132 0.376 701.419s

Table 1: Comparison of Asynchronous vs Synchronous run

Here, P is the number of processes spawned (each, on a separate core) and
D is the maximum allowed delay (see Assumption 2.2). Note that D = 0
is akin to a block-synchronous run since after each iteration, we would wait
for all workers launched in the previous iteration to finish. We see from
Table 1 that the Asynchronous run takes considerably less time while also
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P D Sync/Async ||f(xmin)−f(x∞)||2
||f(x0)−f(x∞)||2

||x−x∞||2
||x0−x∞||2 Time

2 5 Async 0.00129 0.335 728.214s
3 5 Async 0.00132 0.376 701.419s
4 5 Async 0.00143 0.339 745.372s
5 5 Async 0.00183 0.359 747.237s
6 5 Async 0.00139 0.341 753.665s
7 5 Async 0.00139 0.345 826.691s
8 5 Async 0.00177 0.428 912.192s

Table 2: Time taken for Async run with different number of Processes

approaching optimality just as well. Table 2 compares the performance across
the number of processes launched which seems to reach a minimum at 3,
beyond which the overhead from additional processes begins to increase the
total execution time. We expect this trend to remain true in general, although
the actual number of ideal processes will vary depending on the exact problem
and the underlying hardware architecture.

4.4. Experiment 2: Hyperparameter search
In this experiment, we try to find the best performing settings for the

hyperparameters γn and µn where n is the number of iterations. For a sin-
gle iteration, their values were taken to be constant for different Proximal
operators.

We first search to find the ideal value of µn = c1 and γn = c2, i.e., constant
w.r.t. n. This was done by performing a grid search over the logarithmic scale
followed by a ternary search between the two best performing orders. The
objective values for comparison were the function values for Problem 4.1 and
Problem 4.2 as two separate independent searches. We found that the values:
(µn = 0.332, γn = 0.0001), were the optimal values for Problem 4.1 for full
activation with variation in µn being almost the sole contributor towards
the objective value reached over 10 iterations. For 0.1 activation, the values
were (µn = 0.352, γn = 0.0001), i.e., almost entirely same. Problem 4.2,
run over 300 iterations showed the ideal constant values being of the order
(µn = 0.1, γn = 0.0001) for various activations, with µn, again being the
dominant factor. A consistent trend showed the order of µn = 10−1 yielded
good results. Although we conducted our grid search on the synchronous
case, we found that in practice it yields similar performance improvements
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for asynchronous algorithms as well, so we use the same hyperparameters for
both.

Next, we also compared the performance of different variations over n,
specifically µn, γn of the form -

(i) linear decrease (a− bn)
(ii) constant (c)
(iii) non-linear decrease (a− b

n
)

(iv) uniform random (∼ U
[
ϵ, 1

ϵ

]
)

Results were compiled with the same metrics as described above and they
showed that linear decrease (i) performed the best with hyperparameter val-
ues µn = max(0.01, 0.42 − 0.03n) for Problem-4.1. This was followed by
non-linear decrease (iii) at a close second. Our findings suggest that de-
creasing strategies for hyperparameters tend to outperform constant ones,
while increasing strategies perform poorly.

4.5. Limitations and future work
In these experiments, variability in proximal evaluation times was intro-

duced via artificial random delays in order to emulate heterogeneous com-
putation costs across operators. While this allows us to study the qualita-
tive impact of asynchrony in a controlled setting, experiments arising from
applications with naturally uneven proximal runtimes—such as distributed
environments where proximal operators are evaluated on remote or hetero-
geneous compute resources—would be more compelling. Investigating such
real-world settings, where delays arise organically rather than synthetically, is
an important direction for future work. Extending the experimental evalua-
tion in 4.1 to real-world datasets and to applications whose problem structure
or data distributions differ substantially from the synthetic setting is also an
important direction for future work. Additionally, the extension to M images
in 4.2 could be more suitably used for deblurring a burst of images, such as
consecutive video frames captured while moving in the same direction (e.g.,
video recorded from a vehicle).

5. Conclusion

We presented an open-source Julia implementation of the asynchronous
projective splitting algorithm of Combettes and Eckstein for fully nons-
mooth convex optimization. Our experiments on sparse classifier training
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and stereoscopic image recovery demonstrate that the algorithm works in
practice. We verified that asynchrony can reduce wall-clock time while pre-
serving convergence quality. We also observed that hyperparameter schedul-
ing, especially for µn, strongly affects performance, with decreasing strategies
outperforming constant ones.

This work bridges a gap between theoretical guarantees of asynchronous
projective splitting and practical implementations.

6. Data Statement

The data (images) used to replicate these experiments is publically avail-
able and can be found at https://github.com/zevwoodstock/AsyncProx/.
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