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Abstract

Derivative-free optimization algorithms are particularly useful for tackling blackbox op-
timization problems where the objective function arises from complex and expensive proce-
dures that preclude the use of classical gradient-based methods. In contemporary decentral-
ized environments, such functions are defined locally on different computational nodes due
to technical or privacy constraints, introducing additional challenges within the optimization
process.

In this paper, we adapt direct-search methods, a classical technique in derivative-free
optimization, to the decentralized setting. In contrast with zeroth-order algorithms, our
algorithms rely on positive spanning sets to define suitable search directions, while still
possessing global convergence guarantees thanks to carefully chosen stepsizes. Numerical ex-
periments highlight the advantages of direct-search techniques over gradient-approximation-
based strategies.

Keywords: Decentralized optimization; derivative-free optimization; decentralized direct-
search; global convergence.

1 Introduction

Decentralized optimization (also referred to as distributed, network, or consensus optimization
in the literature) has been an increasingly popular topic of investigation in recent years [20,
Chapter 11], as networked control and learning systems have proliferated. In a decentralized
setting, an objective function is defined as a sum of functions wherein each individual function
is known only locally to some agent, and the problem can be solved only through peer-to-peer
communication. Note that this is distinct from another form of distributed, namely “federated”,
optimization, wherein a central node uses subsidiary worker notes to ease the computational bur-
den, but otherwise coordinates the procedure [7]. Decentralized optimization algorithms work
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at the agent level by updating local copies of the problem variables individually, then combining
these updates with information obtained through communications. The most classical algorithm
of that form is decentralized gradient descent (DGD), for which a number of convergence results
have been derived in the convex setting [19, 27]. The nonconvex case proved significantly more
challenging, leading to the development of another class of algorithms termed gradient track-
ing [4, 17, 23]. Still, convergence guarantees have also been derived for DGD techniques in the
nonconvex setting, either by relying on carefully chosen step sizes [28] or focusing on subclasses
of communication networks [24]. A key distinction between the aforementioned results and their
centralized counterparts lies in the fact that each agent possesses its own copy of the problem
variables. As a result, a globally convergent method should guarantee that all copies are even-
tually in agreement, i.e. that consensus is reached among all agents. This property is typically
obtained through the analysis of an appropriate Lyapunov function, possibly used within the
algorithm itself [20, Chapter 11]. An alternate approach consists in ensuring approximate con-
sensus by a penalty reformulation of the problem, where the level of consensus is controlled by
the penalty parameter [28]. In both cases, improvement of the objective function is obtained for
each agent by taking steps in the negative gradient directions.

When derivatives of the local function are unavailable, the decentralized optimization lit-
erature has focused on using zeroth-order algorithms, that estimate gradients or directional
derivatives through finite-difference type estimates [3, 8, 11, 16, 21, 22, 25]. Although a common
choice to alleviate the absence of explicit gradient values, zeroth-order approaches are only a
subset of derivative-free optimization, a field that has grown in importance due to multiple ap-
plications in engineering simulations and parameter tuning [1, 2, 15]. Among derivative-free op-
timization techniques, direct-search algorithms proceed by exploring the variable space through
suitably chosen directions. Even though those directions are chosen without gradient knowledge,
the resulting algorithms can be endowed with a rich convergence analysis [6, 14]. In addition,
direct-search schemes have been successfully implemented in parallel environments, with conver-
gence guarantees being established in both synchronous and asynchronous settings [10, 12, 13].
However, to the best of our knowledge, these results only consider a centralized setting, and
an investigation (both theoretical and practical) of direct-search methods on decentralized op-
timization problems has yet to be conducted.

In this paper, we propose variants on the direct-search paradigm dedicated to solving decen-
tralized optimization problems. We preserve key features of direct-search schemes, such as the
use of positive spanning sets to explore the variable space and sufficient decrease conditions, but
we adapt stepsize conditions in order to guarantee convergence despite the decentralized envi-
ronment. Our analysis either guarantees convergence to at least a stationary point of a certain
penalty function corresponding to the problem, or certifies consensus in the limit. Our numerical
experiments, in which we adapt a standard DFO benchmark to the decentralized setting, show
promising performance of direct-search schemes compared to zeroth-order strategies.

The rest of this paper is organized as follows. Section 2 formalizes the decentralized opti-
mization setting, and provides background material on decentralized gradient descent and its
zeroth-order variants. Section 3 details two direct-search proposals based on adapting the decen-
tralized gradient iteration. Section 4 contains global convergence results for the two proposed
methods. Section 5 reports numerical comparisons between our algorithms and zeroth-order
strategies. We discuss our findings in Section 6.



Notations In the rest of the paper, ||z|| will denote the Euclidean norm of the vector z; we
will use the same notation for the induced operator norm on matrices. For any r € N, the vector
of ones in R" will be indicated by 1,, while I, will denote the identity matrix in R™*". Given
two matrices A € R™*"™2 and B € R™*™ (C := A® B denotes the Kronecker product of A and
anB - a,B

B, i.e. the matrix C' € R™"8X"2™ ojyen by C' = :

(lnllB s aanB

2 Background on decentralized optimization

In this paper, we are interested in the following optimization problem

m

. ‘ 1

min > fi(), (1)
=1

where every function f; is smooth but its derivative is unavailable for algorithmic use. Through-

out this paper, we make the following standard assumptions about the objective function.

Assumption 2.1 For every i € {1,...,m}, the function f; is continuously differentiable and
the gradient V f; is L;-Lipschitz continuous.

Assumption 2.2 The function x — Y ;- fi(z) is bounded from below by fiow € R.

In a decentralized setting, the problem (1) is to be solved over a network of m agents
modeled by an undirected graph G = (V, ), where V = {1,...,m} represents the set of agents
and & C V x V represents the set of edges. Each agent ¢ can evaluate the function f;, but is
unaware of the other functions that define the objective. In order to solve problem (1) over the
network, every agent ¢ € V thus maintains its own copy of the vector of parameters, denoted by

z1
x; € R™. Letting x := : € R™" denote the concatenation of all local copies, the original
T
problem (1) becomes equivalent to
i F(x):=>" fi(xy
i (%) := 2255 fil@) @
subject to x; =xz; V(i,j) €.

To enforce the constraints in problem (2), any agent ¢ can obtain the values of the copies of its
immediate neighbours through communication. Letting N; := {j € {1,...,m} | j #1, (i,j) € £}
denote the sets of immediate neighbors of agent i, a round of communications allows agent i to
receive xn; = {x;}jen;. This information is typically combined with that of agent i by means of
a mizing matriz W € R™*™ whose non-zero entries correspond to elements in {\;}, for which
we enforce the following requirements.

Assumption 2.3 The mizing matriz W = [w;;] is a symmetric matriz with nonnegative coef-
ficients such that wi; > 0 if and only if i = j or j € Nj. It is also doubly stochastic, i.e.

m m
dwy=1,Yje{l,....om} and Y wiy=1,vie{l,...,m}.
i=1 j=1



Finally, letting \i(W) > Xa(W) > --- > X\, (W) denote the eigenvalues of W, we have:
i) MM(W) =1 and \y(W) < 1,

i) W1=1,

iii) —1 < Ay(W) < 0.

Under Assumption 2.3, the eigenvalues of W necessary lie between —1 and 1, with the largest
eigenvalue equal to 1. As a result, problem (2) is equivalent to

min F(x) = Z;’il fi(z;)

i ®)
subject to x; =371 wiz; Vi=1,...,m.

It follows that any solution x* = [z}]; € R™ of problem (2) must satisfy (I, —/V[7)x* =0,
where W = W ® I,, € Rrmxnm,

2.1 Penalty function and reformulation

A common approach to decentralized optimization consists in replacing the constrained formu-
lation (2) by an unconstrained minimization problem of a suitable penalty function, where the
penalty function is typically chosen to be quadratic and depends on the mixing matrix W [28].
The resulting optimization problem has the form

Juin - L0x;) = F(x) + P(x;7), (4)

where F(x) :==>"", fi(z;), v >0, and

1 1 — 1 &
P(x;7) = —|x||? = XTI _W)x = S a2
7)== 5 o~ = 5 D8,
with z; := E wi;x;. The gradient of this penalty function is given by

JENU{i}

—

1
VP(x;vy) = ;(Inm —-W)x.

As v — 0, solutions of the penalized formulation (4) converge to that of the constrained
problem (2). However, note that a stationary point of x* = [z}] of problem (4) is not necessarily
a stationary point of problem (2), since the vectors x7,...,z}, need not be identical. Still,
standard analyses of decentralized gradient methods establish convergence towards a stationary

point of the penalty function [19, 28].

2.2 Decentralized gradient descent

Decentralized gradient descent is based on the following recursion

2 =30 _a®v ) vkeN, vie {1,...,m}, (5)



where T w = Z wmm ) and o® > 0is a positive stepsize. In a decentralized setting, the
JEN;U{3}
stepsize sequence {a(k)} is typically fixed a priori, either as a constant or a decreasing sequence,
and all agents use the same sequence throughout the iterations.
A natural extension of decentralized gradient techniques in absence of derivatives consists in
approximating derivatives through deterministic or randomized finite differences. The resulting
algorithms, termed zeroth-order decentralized gradient techniques, have the form

25 =20 _a® g%y vkeN, Vie {1,...,m}, (6)

where gi(wz(-k)) is a gradient approximation. Akin to their first-order counterparts, zeroth-order
decentralized gradient methods do not use function values to check for decrease in the objective.
Although appropriate in a decentralized environment, this paradigm differs significantly from
the dominant approach in derivative-free optimization, that consists in accepting steps that
reduce the objective value, and reject those that do not [2]. In the next section, we describe two
ways to adapt this approach to the decentralized setting.

3 Decentralized direct-search frameworks

In this section, we propose two ways to adapt the classical direct-search algorithmic frame-
work [14] to solve problem (1). Section 3.1 describes a method that uses a Lyapunov function at
every iteration, this variant being close in spirit to decentralized gradient techniques. Section 3.2
is concerned with an alternative approach in which every agent accepts steps solely based on its
own function decrease.

3.1 Algorithm based on Lyapunov function decrease

Our first algorithm is based on the penalty formulation (4), and asumes that every agent has
access to its own function, neighbor copies of the variable as well as the penalty parameter v > 0.
The objective function of (4) can be rewritten as

1
Losy) = Y file) + 5 ZHW ZZwmx zj
=1 v =1 j=1
m 1 m
= Zfz(xz) + B Z(l — wii) ||| Z Z wmx Zj
i=1 7T \i= i=1 jeN;

When W satisfies Assumption 2.3 (in particular A; (W) = 1), we know that the quantity

m m m
Z llyill> — Zwijy?yj = Z (1 —wi) lwill* — Z wljyz Yj
i=1 j=1 i=1 JEN;
is nonnegative for any yi,...,ym € R™ [27]. As a result, under Assumption 2.2, fioy is also a

lower bound on L(-;) for any v > 0. Therefore, for a given agent i, we consider a specific local



Lyapunov function defined as

1
L; (i, ) = filzi) + > (1= wig) il = 2 ) wijafz;| (7)
JEN;

where xn;, = {xj}jen; represents the information transferred to agent ¢ from its neighbours.
With this definition, we have

vmlf’l (111'1; TN7 5 7)
VL(x;7) = :
Vi Lon (Tm3 TN, V)

During a decentralized optimization process, every agent ¢ updates its local copy by perform-
ing an (approximate) minimization step of the function £;(-;za;, ), then broadcasts its local
copy to its neighbors and receives their local copies. The agent then updates its function before
performing another approximate minimization process.

Algorithm 1 describes a direct-search version of this approach, that allows every agent to
perform one step of direct-search on this local penalty function at every iteration. The method
follows a standard direct-search framework with sufficient decrease, that every agent applies
in parallel to its own Lyapunov function £; (x;;xa;,7). Each agent polls a set of directions
defined by a positive spanning set {D(k)}. If there is at least one direction for which the local
Lyapunov function £; exhibits sufficient decrease, defined by (8), then a step along that direction
(scaled by the current stepsize a(k)) is taken. Otherwise, this agent’s local copy is not updated.
Communication here is implicit: evaluz(xt)ion of the conditions for sufficient decrease requires

knowledge of the current estimates of x /\I;-v and thus an iteration of Algorithm 1 requires each

7

agent to communicate its local copy to its neighbors.

3.2 Algorithm based on local function decrease

Our second algorithmic proposal is described in Algorithm 1. It hews closer to standard direct
search, in that every agent decides to accept or reject a step based on whether a sufficient
decrease condition is satisfied for its own local function. This idea is also in agreement with the
DGD principle (5), since the negative gradient of the local function f; but not necessarily for
the penalty function.

In addition to differing from Algorithm 1 in the sufficient decrease acceptance condition,
Algorithm 2 also updates the iterate of every agent at each iteration through a consensus step
involving the mixing matrix W. This approach is a significant difference with centralized direct-
search techniques, and is key to guaranteeing asymptotic consensus between all agents. As we
will show in Section 3.2, this seemingly more natural variant is more challenging to analyze.

4 Convergence results

4.1 Generic assumptions

This section details the assumptions that are common to our two algorithms. We will assume,
as it is done in classical directional direct-search [14], that all positive spanning sets considered
by the algorithm include bounded directions and have cosine measure bounded away from zero.



Algorithm 1: Decentralized direct-search based on local Lyapunov decrease (DDS-L)

Inputs: Initial points wgo) =...= xﬁS) € R™ and initial stepsizes ago) =...= agg) > 0.

Consensus parameter v > 0, sequence of positive spanning sets {D(k)}, forcing function
p: Rt — RY mixing matrix W € R™*"™,
for each iteration £k =0,1,2,3... do
for each agent ¢ = 1,...,m do
if there exists d € D®) such that

7

Set xEkH) = xgk) + agk)dgk) and declare the iteration successful for agent i.

Set 2 F ) = l‘gk) and declare the iteration unsuccessful for agent 1.

Compute ozg_]?l .
end for

end for

Assumption 4.1 Consider the sequence {D(k)} of positive spanning sets used in either Algo-
rithm 1 or 2. There exists k € (0,1) such that for every k, the set D®) s a k-descent set,
i.€.,

dT
em(D®) := min max !

—— > K. 10
o JE05 o] (10)

A consequence of Assumption 4.1 is that Hdgf))H =1 for dgf) € D) Yk and Vi. Note that this
choice is made for simplicity of exposure, and that the anafysis easily generalizes to the case of
directions that are uniformly bounded in norm, i.e. when there exist 0 < Bmin < Bmax < 00 such
that

Vk, Vd € D® | B < |ld|| < Bumax-

A typical choice of direction set that satisfies Assumption 4.1 is D*) = Dg = [I — I] (in that
_ 1
case K = ﬁ)
As in standard convergence analyses of direct-search schemes, we rely on the following re-
quirements for the forcing function. Those guarantee in particular that the sufficient decrease
condition can be satisfied for a sufficiently small step size [6].

Assumption 4.2 The forcing function p : RT™ — RY used in either Algorithm 1 or Algorithm 2
satisfies the three properties below.

(i) p is nondecreasing,
(i) a— £ s nondecreasing,
[e%

(iii) p(a) = o(a) as o — 0.



Algorithm 2: Decentralized direct-search based on local function decrease (DDS-F)

Inputs: Initial points w&o) =...= xgg) € R™ and initial stepsizes ago) =...= agg) > 0.
Sequence of positive spanning sets {D(k)}, forcing function p : RT™ — RT, and mixing matrix
W e Rmxm,
for each iteration £ =0,1,2,3... do
for each agent ¢ = 1,...,m do
if there exists dgk) e D®) such that
k k) 5(k k k
fi (20 + 0P < fi (+0) ~ plaf®) (9)
then
Set xﬁkﬂ) = > wijacg-k) + agk)dz(-k) and declare the iteration successful for agent 7.
JENU{4}
else
Set xEkH) = > wijx§k) and declare the iteration unsuccessful for agent i.
JEN;U{i}
end if
Compute agi)l.
end for
end for

Finally, we state our key assumptions on the step size sequences used by our algorithms,
that are instrumental to derive theoretical results for our method.

Assumption 4.3 For the stepsize sequences {agk)} used in either Algorithm 1 or Algorithm 2,
there exist two sequences {aﬁf&x} and {affi)n} such that:

(i) OéI(Ilfi)n < agk) <alh) for all indices (i,k) € {1,...,m} x N;

(ii) The sequence {a,(ﬁx} is square summable, i.e.,

> (afl)? < . (11)
keN

(iii) The sequence {p(afr’fi)n)} is not summable, i.e.,

> plali) = . (12)

keN

A few remarks are in order regarding Assumption 4.3. First, square summability of stepsizes
as in (11) is a standard property that is used in both direct-search [9] and decentralized gradient
methods with a unique decreasing stepsize [28]. Secondly, property (12) on the forcing function
departs from classical choices used in direct-search, such as p(a) = o2 [14], while relating to
standard requirements in decentralized gradient techniques. Thirdly, we assume properties that
involve the maximal and minimal stepsizes among all agents.



A possible choice for satisfying Assumption 4.3 consists in predefining the sequences {agk)}
independently of the agents . For instance, for any k € N, one may set

and p(agk)) = (13)

, k) _ ) k) @
1,... = ) = =
Vie{l,...,m}, e « a o

0
i min max m

where ag > 0, pg > 0, 0.5 < 7, < 7, < 1. It is clear that the resulting sequences satisfy
Assumption 4.3. This choice is in line with the standard practice in decentralized optimization,
that favors a priori stepsize rules [19].

( )An alternate stepsize choice, closer to that of direct-search schemes, consists in updating
k

Qs

.~ in an adaptive fashion for every agent. More precisely, if sufficient decrease holds for agent

1 at iteration k, then iteration k is successful and one possibly increases agk). Otherwise, the
Ek). In addition, the choice of p is made
so as to satisfy Assumption 4.3. Overall, for any ¢ € {1,...,m} and k € N, the update formulas

are given by

iteration is unsuccessful, in which case one decreases «

) min {9_1%@, a](ngx} if k£ is successful for 7

( (k) (k)\ 1T
) = and p(o;’) =clo; , (14
max {Ha(k), alk) } otherwise, (@) ( ) (14)

% min
where {agfgx} and {agfi)n} are positive sequences that converge towards 0, § € (0,1), 7, € (0,1),
and ¢ > 0.

The analysis in the upcoming sections will rely heavily on Assumption 4.3 while distin-
guishing between successful iterations (for which at least one agent updates its local copy) and
unsuccessful iterations (for which all agents leave their local copies unchanged). To this end, we
let S®) C {1,...,m} (resp. U*) C {1,...,m}) denote the set of agents for which iteration k is
successful (resp. unsuccessful).

4.2 Convergence analysis of Algorithm 1 (DDS-L)

We begin by analyzing Algorithm 1. Since this method relies on a penalty function defined with
a constant penalty parameter, it cannot be expected to converge to a solution of problem (2), in
the sense that consensus is not guaranteed. However, we will show that the method converges
towards a stationary point for problem (4), akin to decentralized gradient schemes [28].

An iteration of Algorithm 1 corresponds to applying one step of a direct-search algorithm to
the function £; for agent i. Classical analyses of direct-search methods rely on a link between
the gradient of the objective and the stepsize on unsuccessful iterations. The following lemma
provides an analogous result for the decentralized setting.

Lemma 4.1 Let Assumptions 2.1 and 4.1 hold. Suppose that the k-th iteration of Algorithm 1
is unsuccessful for agent i. Then, one has

[ ()] = 1 (St 250, o

where M; := L; + %



Proof. Since the k-th iteration is unsuccessful for agent i, condition (8) does not hold.
Therefore, we must have

L; (xf'“)x(ﬁ) ,7) —plaf?) < L; (xf '+ oM d; 1)) 7) (16)

for every d € D®)_ In particular, letting g(k) =V, Lilx < (k). :cﬁ\/) 'y> and

K3 K3

_ dT = (k)
d; 1= arg max ;¢ ) [ i ] , we have by Assumption 4.1 that JZT [g(k)} < —n\|g§k)|].

7

Now, by Assumption 2.1, the function £;(:; a;f\]}) ) is continuously differentiable, and its

gradient is Lipschitz continuous with Lipschitz constant M, k) .~ =L+ 1= w“ As a result,

2

M;
£i (2525 7) = akllg | + Sl

£ (= + 0l 0) < £ (o0l 7) + o o]+ ol

IN

Combining the last inequality with (16) applied at d leads to

(
() < £ (2 0P dizall).y) - £ (272 )

M;
< —of" kgl + S ™).

Re-arranging the terms and replacing ozl(k)

(k)
(k) 1 A@(m pla;™)
”gi H < K [ 2 + a(k) ’

(2

and BZ-(k) by their expressions, we obtain:

proving the desired result. m

The contrapositive of Lemma 4.1 implies that an iteration for which (15) does not hold is
necessarily successful. In centralized direct-search, this property is combined with the fact that
the stepsize sequence goes to zero to produce convergence and complexity guarantees [26]. In
our case, our assumptions on the stepsize and forcing function sequences yields the following
result.

Theorem 4.1 Let Assumptions 2.3, 4.1, 2.1, 2.2 and 4.3 hold. Suppose further that {agk)}k —
0 for any i € {1,...,m}. Then, the sequence of iterates {{xgk) 2”;1} generated by Algorithm 1
satisfies :

hmlnf HVC )H =0. (17)

Proof. We proceed by contradiction. Suppose that |[VL(x),~)|| > € for any j € N. Then, by
definition of this gradient, this implies

}:ch 22l )| ze vien,

10



hence there must exist an agent 4, such that

[vEs@ia) ) 2 <.

Since afﬁx — 0, we now that there exists K, such that for every k > K., we have

i < l <mln1§i§m MZOZ‘F p<a)) }’ (18)
«

m K 2

1<i<m max

max oz()<a(k) <1nf{a>0

and therefore the k-th iteration will be successful for at least one agent. Overall, assuming
that (17) does not hold, there exists K, such that every iteration of index k > K, is successful
for at least one agent.

For any k > K., a Taylor expansion of L(-,7) gives

M
L) = £57) < VL) T — x0) 4 2D — xO)2,
where M = maxi<;<;, M;. Recalling that x(¥) = [xgk)];il and
Vi L(x®);y) = [V, L(x; ), x}@,’y)];’ll for every k, we obtain:

M
Lty) — £xPi) - < Z[vc (a2, >T<a:§’““’—:c§’“>>+2||x§k+1>_xgk>”2]

M
> [m@g >;x553,7>T<x5’f“>—x§’“>>+2r\x§’““)—x§’“>u2].

ieSk)
(19)

Using now a Taylor expansion of Ei(xng) :cf\l;), 7) for every i € S*), we have:

M;
L@ 28 ) = L@ 2, y) + VL@ 2, )T @ — M) - e a2,

1 2 (2
leading to
M;
VLA @ ) < Ll - Ll + G - a0
M;
< —plaf?) + ol - PP, (20)

since the iteration is successful for agent i. Plugging (20) into (19) then gives

L0 :9) — £xP) - < R L xE’”n?]

ieSk) -
= > _p(a(k))+M(a(k))2]

i

2
ieSk) -
< Y [ea) + ey
ieS®)
< 3 [rotalf + M
. S -
LD~ £x®) < —p(a fm)n)+mM( ®)7, (21)

11



where the last inequality comes from the fact that the iteration is successful for at least one
agent, and at most for all m agents.
Now, for any J > K, summing (21), for any k € {K,,...,J — 1}, gives

J—1 J—1
3 el < £ Fiq) — LxDiy) 4 mM Y (alk),)?
k=K. k=K.

J—1
< L&D y) = fiow +mM D (k) )2,
k=K

where the last inequality comes from Assumption 2.2. As J — 400, the left-hand side goes to
400 while the right-hand side is finite by Assumption 4.3. Therefore, we obtain a contradiction,
from which we conclude that (17) holds. m

Theorem 4.1 shows that Algorithm 1 converges to a stationary point of the penalized ob-
jective (4), but does not provide consensus guarantees. As we will show in our experiments,
consensus for this approach does improve as the penalty parameter v decreases.

4.3 Convergence analysis of Algorithm 2 (DDS-F)

We now turn to Algorithm 2, whose analysis requires a number of ingredients from the decen-
tralized optimization literature. On one hand, Assumption 4.3 is critical for convergence as it
guarantees convergence of the stepsize sequence to zero, akin to standard analyses of decen-
tralized gradient descent in a nonconvex setting [27]. On the other hand, the properties of the
mixing matrix W are instrumental for reaching asymptotic consensus, as they yield the following
guarantees.

Proposition 4.1 [19, Proposition 1] Under Assumption 2.3, there exists a constant Cy > 0
such that .
7 ] < ue

for any j € N, where A, := % (lmla) ® I, and C is the spectral mizing matriz constant defined
by
¢ == max ([A(W)|, [An(W)]) . (22)

Lemma 4.2 [28, Lemma 8] Under Assumptions 2.3 and 4.3, there exists Cc > 0 such that
k
> F ), < Cealh,
j=0

for any k € N.

The previous results allow to bound the consensus error at every iteration, by a reason-
ing similar to the derivative-based setting [28, Proposition 3]. Since our approach does not
necessarily update each local copy at every iteration, we provide a full proof of that result.

Proposition 4.2 Let Assumption 2.3 hold. For any k € N, we have
[x® = 4, < vimCw (6" + Ceallnd)

where Cy and C¢ are the constants defined in Proposition 4.1 and Lemma 4.2, respectively.

12



Proof. By definition of the kth iteration, we have

k—1
x® = Wkx© 4 3 k1= (a(j) ® 1n> ©dW),
7=0

where dU) € R™" concatenates the directions used by each agent at iteration j, i.e. dl(.j ) if
i € SU) and Og» otherwise. As a result,

N
—_

K ® = (4 A ) X0 4 3 (7 4,719 (a0 81, @ a0,

<
I
o

Meanwhile, by Assumption 2.3, we have Amwk_l_j v = A,V for any v € R™" and any j €
{0,...,k —1}. Using this property together with Cauchy-Schwarz inequality, we obtain

Hx(k) - Amx(k)H < HWk - AmH 11| + ki [WHE=1=7 — A, H (a(j) ® 1n) © dU)H .
j=0

For any j € {0,...,k — 1}, we have

A g1,)0d?| = a?|d9| "< vmal),,
b

ieSU)

where we used that [|dD||2 = 3, 50 [d7)2 and ||dY || = 1. Thus,

k-1
[x® = Apx® | < [ — A | IO+ D2 W — Al vmali,
j=0
k—1 o
< CwlHxO)+) " vVmCw T al),
§=0
< Cwlx®¢E + O v/maliy!

where the second inequality follows from Proposition 4.1 and the third one follows from Lemma 4.2.
Rearranging the constants yields the desired conclusion. m

Provided the stepsize is chosen so as to satisfy our assumptions, one can establish that the
iterates of Algorithm 2 reach asymptotic consensus.

Theorem 4.2 Under Assumptions 2.3 and 4.8, the iterates of Algorithm 2 satisfy

lim Hx(k) — Wx(k)H =0.

k—o0

Proof. For any k € N, we have

[x® = Wx®| < 58 — Apx®]| 4+ Apx® — Wx®)].
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Noticing that
AmI//I\/x(k) = Amx(k) = WAmx(k),

we obtain
[x® = Wx @)= x4 x O] [T Ax® — x|
< A WIHIE® — Anx®)
< VmCw 1+ W) (Ix016E + Cealind)) (23)

where the last inequality is from Proposition 4.2. By Assumption 2.3, ( € (0,1) and thus
limy_so0 ¢¥ = 0. By Assumption 4.3, Zk(aﬁr’fix)? < 0o and therefore

(k1) _

. k) 1
lim a®) = khﬁrrolo Onax

max
k—o0

Combining these observations with (23) yields the desired conclusion. m

The result of Theorem 4.2 is somewhat expected, since Algorithm 2 performs a consensus
step at every iteration for all agents, regardless of the successful nature of that iteration. Note
however that Assumption 4.3 (and in particular the fact that {afllfa)hx} converges to zero) is
instrumental to such a result.

Unlike DGD techniques, however, we cannot establish convergence to a first-order stationary
point for this framework, in part because the decrease condition may not be in line with the
consensus step, while relying on directions that are not directly related to the true gradients. We
illustrate this issue using a two-dimensional example with two agents. Suppose that n = m = 2
and that

9 9 11 1
A = (=17, hlo)=a wd W= ]
. : (0) (0) T
Suppose further that we apply Algorithm 2 with =7’ = zy’ = [0 1] and D, = D =
{d,—d,...} with d = [1 1}T. Then, any decreasing stepsize sequence a(*) such that the
iteration is always successful for agent 1 using direction d and for agent 2 using direction —d
would lead to consensus without optimality. Indeed, in such a case, the average iterate would
}T, while the iterates would have the form

(k) _ Qk (k) _ | —Ck
1= |:1+Oék:| v T2 T |:1—Oék:| ’

implying that Algorithm 2 never converges to a minimizer. This example cast doubts on the
convergence guarantees of Algorithm 2, yet we have found that method to perform quite well in
our experiments, described in the next section.

always equal [0 1

5 Numerical Results

In this section, we evaluate the performance of our proposed direct-search algorithms compared
to zeroth-order variants of decentralized gradient descent. We first compare our algorithms on a
toy problem from the decentralized literature [11]. We then adapt the Moré-Wild test set [18],
a standard benchmark in derivative-free optimization, to the decentralized setting.
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5.1 Implementation details

Our experiments are conducted in MATLAB version R2024a. Algorithms 1 (DDS-L) and 2
(DDS-F) were implemented using the same positive spanning set across all iterations, namely
D = [Bg,—Bg] where Bg corresponds to the canonical basis of R™. For each method, we
considered two variants based on the following stepsize updating rules:

e Vanishing: alk) = ar(fe)lx = ozl(fi)n = %, c=10"%, and 7, = 0.8;
e Adaptive: ar(rlfa)m = 400, affi)n = —00,0=0.5,c=10"%, and 7, = 0.8.

We compared DDS-L and DDS-F with two zeroth-order decentralized gradient schemes based
on the iteration

MY = S wga —a®g® wkeN, vie {1,...,m},
JEN;
(k)

where g, is a gradient approximation built from function values. The variant Z0-DGD(FD) is
built from centered finite differences based on evaluating f; along all directions in D with a finite
difference parameter of 1073, The variant Z0-DGD (LM) fits a linear model to previously available
values, in the spirit of model-based derivative-free optimization [2].

We run all solvers using a® = ||zg|| + 1 as an initial stepsize, where x is the same starting
point for all solvers. The underlying network for all problems is a graph G = (V, £) of m agents
where agents are connected with probability p. = 0.5.

At each iteration k, we record the following metrics:

o« > fi(ng))), where Z'Ef)) is the iterate associated with agent i at iteration k,

o 37 fi(W), where z(F) = % Sy a:g.c)) is the average of the iterates associated with all
agents m at iteration k,

o« >, Ha:gf)) — z(¥)||, representing the consensus of all m agents at iteration k.

The first two metrics are associated with optimality, while the last metric measures the agreement
between the local iterates.

5.2 A separable problem

We consider the following optimization problem from Hajinezhad et al [11]:

a; 2 o .o
2{16111&1}1 Z fi(zi) = HTp(—:lzi) + b;log(1 + %) xi=x; V(i,j) €V. (24)

Problem (24) fits our general framework (1) with m = n. Moreover, note that the problem
is separable, in that every function f; depends solely on the i¢th optimization variable. We
consider three instances of problem (24) corresponding to n € {5,10,15}. In each instance, the
parameters {a;, b; }i—1,..m were generated following an i.i.d. standard Gaussian distribution. All
methods were run with a maximum budget of 100n evaluations, using the vector of all ones in
R"™ as a starting point.
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——70-DGD (FD)

x

(a) y=1 (b) y=10 (c) =100
Figure 1: Convergence plots for problem (24) in dimension n = 5.

100
# Iterations

Figure 1 focuses on the case n = 5. Our goal is both to compare our algorithms with zeroth-
order schemes, and to investigate the impact of v on the performance of DDS-L (Algorithm 2).
First, note that the best variant in terms of objective value at the iterates and the averaged
iterate is the finite-difference variant Z0-DGD (FD). However, we note that DDS-F with vanishing
stepsizes converges more quickly in terms of objective value, even though it plateaus at a higher

value overall. Besides, the DDS-F (Vanishing) variant outperforms the other methods in terms
of consensus, which is a key aspect in decentralized algorithms. We note that increasing -
improves consensus for the DDS-L variants, although those variants are outperformed by the
zeroth-order schemes as well as the DDS-F ones.

DS (Vening) < DS (Vansine)

DDS-L (Adaptive)
DDS-F (Adaptive) = ZO-DGD (LM)

—— DDS-L (Vanishing) =—==DDS-F (Vanishing)
——70-DGD (FD)

DDS-L (Adaptive)
DDS-F (Adaptive) = ZO-DGD (LM)

——70-DGD (FD)

=~

\
\
\
\
\
\
\
d
\
\
\
\
\

——DDS-L (Vanishing) =—==DDS-F (Vanishing) DDS-L (Adaptive)
DDS-F (Adaptive) ===ZO-DGD (LM)  ===Z0-DGD (FD)

Figure 2: Convergence plots for problem (24) with v = 1.

Figure 2 illustrates the variability in performance as the dimension of the problem changes.
We observe again that DDS-F (Vanishing) outperforms the other variants in terms of objective

and consensus values for most values, while the finite- difference zeroth-order scheme yields the
lowest average objective value.

Overall, these results suggest that classical direct-search ap-

proaches can outperform zeroth-order schemes in a decentralized setting, akin to the centralized

5.3 Decentralized Moré-Wild test set
We now compare our algorithms on a test set built from that of Moré and Wild [18]. This test
set comprises 22 nonlinear smooth vector functions of the form F' : R" — R™ where 2 < n < 30

and 2 < m < 65. In our experiments, we consider that the components of F' are aggregated as
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a sum of squares, yielding an objective of the form > I*; Fj(z)?. The local function of agent i
is thus the function f; : 2 — Fj(x)?. We run our algorithms using the default starting points of
the test set [18] as well as a maximum budget of either 400nm local function evaluations (i.e.,
a budget of 400n evaluations per agent ) or 500 iterations.

The computational analysis is carried out by using well-known tools from the literature,
that is performance and data profiles (see [5, 18] for further details). We briefly recall here their
definitions. Given a set S of algorithms and a set P of problems, for s € S and p € P, let
tp,s be the number of function evaluations required by algorithm s on problem p to satisfy the
condition

opt(x(k)) < optgw T @ (opt(x(k)) — opthW) ,
where o € (0,1) , opt(x()) is the optimality metric (i.e., S/, fz(xgg)), S fi@®), or

Yoy ngf)) — zW])), and opt]yw IS the best optimality metric value achieved by any solver
on problem p. Then, the performance and data profiles of solver s are defined by

1 ths
= — : 2 <
ps(7) |P| Hp €p min{t, s : s’ € S} ~ 7} ’
1
ds(k) = W’{pepitp,sgﬁ(”p"‘l)}’ )

where n,, is the dimension of problem p. In our tests, for both data and performance profiles,
we used two tolerance choices for o: 1073 and 107,

Perf. Profiles: 37", fi(af;). a=0.001, and 7=1 Perf. Profiles: Y7, f,(2"), a=0.001, and y=1 Perf. Profiles: 37", [laf; — 2*|, a=0.001, and 7=1
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Figure 3: Performance profiles using three different optimality metrics.
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Figure 3 shows performance profiles [5] comparing our various algorithms. We observe that
the DDS variants mostly outperform the Z0-DGD methods in terms of function values and con-
sensus, with DDS-F (Vanishing) standing out as the best variant overall. We note that the
discrepancy between direct-search and zeroth-order methods is less pronounced in terms of
function values at the average iterates, which is on par with the observations of Section 5.2.

Data Profiles: Y, fi(af,), a=0.001, and y=1 Data Profiles: Y1, £i(z*), a=0.001, and y=1 Data Profiles: Y [lf;, — #*], @=0.001, and 7=1
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Figure 4: Data profiles using three different optimality metrics.

Figure 4 complements our study by presenting data profiles [18] for our runs. Those profiles
are consistent with the performance profiles, and further illustrate that DDS-F (Vanishing)
reaches the best compromise between function value and consensus. Overall, these experiments
support the use of direct-search techniques in a decentralized setting.

6 Conclusion

In this paper, we adapted direct-search techniques to operate in a decentralized setting. We
proposed sufficient decrease conditions and stepsize updating techniques which borrow from the
decentralized gradient descent literature as well asthe derivative-free optimization literature.
While only endowed with partial convergence guarantees, our algorithms can outperform zeroth-
order decentralized gradient descent techniques in practice

Our study can be extended in several directions. First, other decentralized schemes, such
as gradient tracking algorithms, could be combined with direct-search techniques. Extending
our framework to account for nonsmoothness or stochasticity in the objective values is also an
interesting avenue for future research.
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