Globally Converging Algorithm for Multistage Stochastic Mixed-Integer

Programs via Enhanced Lagrangian Cuts

Abstract

This paper proposes a globally converging cutting-plane algorithm for solving multistage
stochastic mixed-integer programs with general mixed-integer state variables. We demonstrate
the generation process of Lagrangian cuts and show that Lagrangian cuts capture the convex
envelope of value functions on a restricted region. To approximate nonconvex value functions
to exactness, we propose to iteratively add binary state variables and generate Lagrangian cuts
on the lifted state space. This lift-and-cut procedure converges to the global optimum with
probability one. We further propose two types of enhanced Lagrangian cuts, Pareto-optimal
Lagrangian cuts and square minimization cuts, to improve the computational performance of
vanilla Lagrangian cuts. Extensive computational experiments on the generation expansion
planning and stochastic unit commitment problems demonstrate the effectiveness and efficiency
of our proposed methodology in solving large-scale, multistage stochastic mixed-integer pro-
grams.

1 Introduction

Multistage stochastic mized-integer programming (MS-SMIP) models sequential decision-making
under uncertainty with both continuous and integer decision variables. Decisions are made based on
the realized values of random parameters and the system’s current state while accounting for future
uncertainty. MS-SMIP framework is widely applied in many practical problems, such as power
system planning and operations (De Matos et al. 2017, Flatabg et al. 1998, Newham and Wood
2007, Rajagopalan et al. 1998, Takriti et al. 1996, Yang et al. 2024, Zou et al. 2018), transportation
and logistics (Fan and Liu 2010, Listes and Dekker 2005, Wang and Jacquillat 2020), and healthcare
scheduling (Gul et al. 2015, Guo et al. 2021).

We consider an MS-SMIP model (1) similar to those discussed in Romeijnders and van der Laan
(2024), Zou et al. (2019). Decisions are made at each stage over a finite time horizon consisting of
T stages, with uncertainty represented by a scenario tree N. For each node n € N, we let a(n)
denote its unique ancestor node, and p,, be the probability of reaching node n. The root node of N’
is labeled as node 1, with initial condition x,q) =0 and p1 = 1. We let N represent the subset of
nodes in stage t = 1,...,T. At each node n, the local decision y, is made based on its ancestor’s

state x,(,), and the state is updated to x;, for subsequent stages.

V*= ' min Z Dn (C;ern + g;—yn) (1a)
{mnvyn}nef\/ neN

st. Watn + Bpyn = TnZan) + dn VneN (1b)

Ty € Xn,Yn € Yy VneN. (1c)

Model (1) minimizes the expected cost over the scenario tree A'. At each node n, the cost includes

a linear term in the state variables x,, with cost vector ¢, and a linear term in the decision variables



(1}

yn with cost vector g,. We use the subscript “j” to denote the j-th component of the vector z,,
written as x, ;. The index set [J,, represents the indices of x,,. The set X,, and Y,, model general
mixed-integer constraints, which can include simple bounds or be extended to incorporate more
complex linear constraints, i.e., rational MILP-representable.

We can also represent an MS-SMIP model in a recursive fashion with cost-to-go functions. The

problem at the root node can be expressed as:

V*=min ¢z +g{y + Z GQm@m(z1) (2a)
xr1,Y1
meC(1)
s.t. Wixy + Biyp = dy (Qb)
x1 € X1,y1 € Y1, (2¢)

where C(n) represents the set of child nodes of some node n € N, gum = pm/pn denotes the
conditional probability of transitioning from node n to its child node m € C(n), and @,,(+) represents
the optimal value function at node m. The recursive value function @), for any non-root node n is

defined as:

Qn(xa(n)) = gnlyn C;zrxn + gr—{yn + Z Gm@Qm (Tn) (3a)
st WaTn + Bayn = Tng(n) + dn (3b)
Tn € Xp,yn € Yy, (3¢)

For any leaf node n € N, we set C(n) = () and the cost-to-go function as zero.

1.1 Literature Review

Multi-stage stochastic programs are computationally challenging because the uncertainty model
grows exponentially with the number of stages, and decisions at each stage depend on future
uncertainties, forming a nested problem structure. To address those challenges, cutting-plane de-
composition methods—such as stochastic nested decomposition (SND) (Birge 1985, Fiillner and
Rebennack 2022) and stochastic dual dynamic programming (SDDP) (Pereira and Pinto 1991)—
are widely used for multi-stage stochastic convex programs. These paradigms generate linear cuts
to approximate value functions, such that we can formulate decisions’ dependence on future in-
formation as a piecewise linear convex function with a closed-form representation and obtain an
optimal solution by solving a tractable convex program at each stage. The success of cutting-plane
decomposition methods depends heavily on the convexity of each stage’s problem.

However, once integer variables are introduced, such a convexity property no longer exists, as
subproblems become nonconvex mixed-integer programs and value functions are now nonconvex
and potentially discontinuous. Linear cutting planes may not be able to characterize value functions

exactly. For problems with special structure, such as pure binary state variables, nonconvex value



functions can be equivalently transformed to convex ones without introducing an optimality gap;
e.g., integer L-shaped cuts (Angulo et al. 2016, Laporte and Louveaux 1993), combinatorial Benders
cuts (Codato and Fischetti 2006), and logic-based Benders cuts (Guo et al. 2021, Hooker and
Ottosson 2003). For general problem structures, previous work focuses on iterative convexification
of the subproblem, including disjunctive programming (Sen and Higle 2005, Sen and Sherali 2006)
and Fenchel cuts (Ntaimo 2013), which address pure integer state variables, and parametric Gomory
cuts (Gade et al. 2014, Zhang and Kiiglikyavuz 2014), which incorporate state variables in the
subproblem to tighten subproblem feasible regions. Scaled cuts (van der Laan and Romeijnders
2024) can achieve an asymptotic converging approximation for the expected value function via
aggregating and transforming tight nonlinear cuts into linear ones.

Those convexification techniques often run into issues when extended to a multi-stage setting,
because the nested problem structure may require complicated bookkeeping for all state variables
across scenario paths (Romeijnders and van der Laan 2024). Again, for MS-SMIP with special
problem structures, there are recent theoretical and algorithmic developments. The stochastic
dual dynamic integer programming (SDDiP) algorithm (Zou et al. 2019) extends SDDP to cases
with binary state variables by introducing local state variable copies and relaxing nonanticipativity
constraints. With some monotonicity assumptions, the MIDAS approach (Philpott et al. 2016) uses
step functions to approximate monotonic cost-to-go functions. Nonlinear cuts, such as augmented
Lagrangian cuts (Ahmed et al. 2022, Fiillner et al. 2024b, Rahmaniani et al. 2020) and generalized
conjugacy cuts (Zhang and Sun 2022), provide theoretical convergence under specific Lipschitz
continuity conditions. However, theory and methods are still not well-established for many large-
scale practical problems under a general MS-SMIP setting.

That said, recent developments in Lagrangian cuts still bear much potential to capture com-
binatorial structures and tighten approximations, particularly for problems with pure binary state
variables (Zou et al. 2019), which highlights the potential in handling general mixed-integer cases.
Recent literature has Lagrangian cut implementations in three main areas: accelerating Lagrangian
dual solution processes (Chen and Luedtke 2022, Deng and Xie 2024); selecting cuts with desir-
able properties (Fiillner et al. 2024a,b); and improving cutting-plane frameworks by incorporating
additional cut families (Ahmed et al. 2022, Deng and Xie 2024, Zhang and Sun 2022). For ex-
ample, Chen and Luedtke (2022) combine feasibility and optimality cuts by employing techniques
from Fischetti et al. (2010) while restricting the coefficients to the span of prior Benders cuts. This
approach accelerates the cut-generation process but sacrifices optimality. Furthermore, Fillner
et al. (2024a) extends the concepts of facet-defining, Pareto-optimal, and deepest cuts from Ben-
ders cuts to Lagrangian cuts through appropriate normalization.

Therefore, our work aims to develop an iterative approximation tightening framework for a

general MS-SMIP setting, where we can still utilize linear Lagrangian cuts but simultaneously



guarantee asymptotic convergence to a global optimum. In addition, the framework should be
computationally tractable for large-scale practical applications, for which we develop cut enhance-

ment techniques with nice theoretical properties such as Pareto-optimality.

1.2 Contributions

This paper introduces a globally converging algorithm, termed Stochastic Dual Dynamic Program-
ming with Lifting (SDDP-L), to address general MS-SMIP problems. The proposed approach pro-
gressively lifts the state variables into a higher-dimensional space by introducing binary variables,
enabling a tighter characterization of future cost functions via linear Lagrangian cuts on the lifted
state variable space. We show that the lifting process helps the algorithm exactly characterize the
nonconvex future value function. We further propose geometrically motivated enhancement tech-
niques to overcome inefficiencies associated with vanilla Lagrangian cuts (Bansal and Kiiglikyavuz
2024, Zou et al. 2019), for which we demonstrate significant performance improvements in our

numerical experiments. We summarize our contributions as follows:

(i) We demonstrate that Lagrangian cuts approximate the convex envelope of value functions
over restricted regions of the state space. This concept of restricted region inspires the lifting

process and partition refinement.

(ii) We present the SDDP-L algorithm, which partitions the original state variable space and
generates Lagrangian cuts on a progressively lifted space. We prove asymptotic convergence

to the global optimum for MS-SMIP with general mixed-integer state variables.

(iii) We propose two enhancement techniques, Pareto-optimal Lagrangian cuts (PLC) and square
minimization cuts (SMC), to improve Lagrangian cuts’ quality. We show the validity and

tightness of those enhanced Lagrangian cuts.

(iv) Extensive computational experiments are conducted to compare the SDDP-L algorithm with
existing methods on two large-scale, real-world MS-SMIP problems. The results show that

SDDP-L consistently provides tighter lower bounds and runs faster than benchmarks.

The structure of this paper is as follows: Section 2 establishes the key geometric properties of
Lagrangian cuts, demonstrating how these cuts characterize the convex envelope of value functions
over restricted regions. Section 3 presents the SDDP-L algorithm and proves its asymptotic con-
vergence to the global optimum for MS-SMIP. Section 4 proposes two enhancement techniques to
improve Lagrangian cuts. Computational experiments are detailed in Section 5, highlighting the
efficiency and effectiveness of our proposed methods. Finally, Section 6 summarizes our findings

and suggests future directions.



1.3 Notation and Assumptions

We define the domain of value function @, as dom(Qy) = {T4(n) | I(Tn, yn) s.t.
constraints (3b) and (3c) holds} for every node n € A/ and state the necessary assumptions for our

decision problem:
Assumption 1. The following assumptions are satisfied by problems (1)-(3) for all nodes n € N :
(A1) All coefficients in cn, gn, Wy, Bn, Tn, dyn, and py, are rational.

(A2) The sets X,, andY,, are rational and compact MILP-representable sets. Specifically, for each
J € Ins Ty j < Tnj < Tpj. Overall we have Xy, C X, = Hjejn [gw»,fn’j].

(A3) We have relatively complete recourse, i.e., Xqny € dom(Qy).
(A4) Every value function is lower-bounded, Qn(Ta(n)) = 0y VTam) € Xan)-

The assumptions outlined above ensure that the value functions @, are proper, lower semi-
continuous, and piecewise linear with finitely many pieces as discussed in Schultz (1993, 2003).
The assumptions (A3) and (A4) for the root node n = 1 guarantee that model (2) is feasible and
bounded from below by a finite ;.

We denote the convex hull and the closed convex hull of a set X by conv(X) and conv(X),
respectively. We define the epigraph and closed convex envelope of f over a subset of domain

Z C dom(f) as:

(i) The epigraph of f over Z is given by
epiz(f) = {(z,n) € ZxR|n= f(z)}.
(ii) The closed convex envelope of f over Z by ¢oz(f) : conv(Z) — R:

coz(f)(z) = inf{n e R | (z,n) € conv(epiz(f))}.

If dom(f) is compact and f is lower semi-continuous, then the closed convex envelope coz(f)(x)

coincides with the convex envelope coz(f)(x) for all z € Z:

coz(f)(x) = coz(f)(x),

where coz(f) : conv(Z) — R is the supremum of convex functions majorized by f. We use them

interchangeably in this paper.



2 Lagrangian Cuts and Convex Envelope of Value Functions

In this section, we introduce Lagrangian cuts and present their key properties. We also demonstrate
how we generate Lagrangian cuts within a decomposition algorithm and what results such cuts can
achieve. Specifically, we examine the relationship between value functions’ convex envelopes and

Lagrangian cuts, leading to a generalization of established results in the literature.

2.1 Lagrangian Cuts

We first describe the process of generating a Lagrangian cut. Suppose that ®,, is a lower approxi-
mation for the future value functions of node n. We can formulate the following approximate value

function at node n:

(Pn) Qn(xa(n); ®,) =

min ¢} @ + g, yn + Z GnmPm (Tn) (42)
meC(n)

st Wyhan + Bpyn = Thzn +dy (4b)

Tn € Xn,Yn € Yn (4c)

Zn = Tq(n), (4d)

We explicitly write out the formulation for the root node:

(P)  V=min c¢lzi+gyi+ D> Qmbm(z) (ha)
meC(1)

s.t. Wixy + By = dy (5b)

r1 € X1,y1 € Y. (50)

Here we introduce an auxiliary variable z, and equate it to the parent node’s state z4(,), which
is commonly called the nonanticipativity constraint. If C(n) # (), the lower approximation of the

future value functions {Qu }mec(n) 18 Pn = {dm fmec(n) With

. 6
GmZUﬁl—i—ﬁfnTxn, Ye=1,...,Lny

¢m(xy) =min { 0,,

The approximation model (4) is a standard representation in cutting-plane algorithms, such as
SND (Fiillner and Rebennack 2022) and SDDiP (Zou et al. 2019).

Given a state variable &), the Lagrangian dual problem is defined as:

(Dn) max Ly (7Tn§ ﬂéa(n)’ P, Za(n)) ) (7)

Tn

where L, (7777,; jat(n)a P, ZCL(”)) -

min C,TLCUn + ggyn + Z QrmOm + ﬂ-g (‘%a(n) - Zn) (8&)
meC(n)



s.t. Wiy + Buyn = Thzn + dn (8b)
Ty € Xn,Yn €Yn (8¢c)
Zn € Zy(n) (8d)
Om > 0, Vm € C(n) (8e)
Hmvan—i—ﬂfnTxn VYmeC(n),L=1,...,Ly,. (8f)

The auxiliary variable z, lies within the restricted region Z,,). We assume Z,,,) = X,(n) for now,
aligned with previous works on dual decomposition methods (Rahmaniani et al. 2020). We will
show how different choices of Z,,) affect the generated Lagrangian cut in Section 2.2.

Let 7 be an optimal solution to the Lagrangian dual problem (7). We can generate a Lagrangian

cut as follows:
O > vy, + 7I-1>;—|—xat(rz)a 9)

where we let vy, = Ly, (7,5 Za(n)s Prs Za(n)) —W*Ti'a(n) be the intercept. The collection of Lagrangian

n
cuts (9) forms the lower approximation ¢,. When the state variable x,(,) is binary, Zou et al. (2019)

show that validity and tightness of the cut with Z,, defined as [0, 11771, e,
Uh 4+ 70 Tany € Q (Tan)i Pr)  YTa(n) € Xagn)
and
* %1 A A
v, + T, La(n) = Qn(xa(n)§ q)n)'
However, these properties may fail to hold when z,(,) includes general mixed-integer variables, as

strong duality may not hold at every point Z4(y)-

2.2 Lagrangian Cuts and Convex Envelope of Qn

In this section, we show the properties of Lagrangian cuts when applied to the case with general
mixed-integer state variables. Here, Lagrangian cuts still provide a valid lower approximation
for the value function @ . In addition, Theorem 1 in Geoffrion (1974) provides the intuition
that performing Lagrangian relaxation over a linear constraint is equivalent to applying the partial
convex hull operator to the remaining constraints. Following a similar logic, we connect Lagrangian

cuts to the convex envelope of Qn over the restricted region Z,,).

Theorem 1. For every node n € N, given ®,,, Za(n), and an incumbent solution Ty (ny € Zo(n), let
m be an optimal solution to (Dy,) in model (7). Then, the Lagrangian cut (9) defined by the cut

coefficients (v}, ") is valid and tight for the convex envelope of Qn(, D) over Zg:

(i) valid over Zqp,):
Qn(wa(n)) > Qn(xa(n); (I)n) > U:z + 7T:;T:Ua(n% v La(n) € Za(n); (10)

7



1) tight at T, for the convex envelope of Q (-;®y) over Z,,):
(n) Xnp (n)
U;; + ﬂ-;;T"ia(n) = COZa(n) (Qn ('; (bn)) (fia(n)) . (11)

Proof. For simplicity, let f,(2n, yn, On) = clxn + g, yn + Zmec(n) GnmOm where ©,, denotes the

collection of value function variables {0, }mec(n), and
Fn = A{(zn, Tn, Yn, On) | constraints (8b) — (8f)}.

First, we show the validity of Lagrangian cuts by induction. For nodes in the last stage n € N,
since C(n) = (, there is no further value function approximation in ®,,, and we have Qn(xa(n)) =
Qn(aza(n); ®,,). For any To(n) € Za(n), We have the following inequalities hold via taking Lagrangian

relaxation with dual multiplier 7,

Qn(Ta(ny) > max {min {fn(Zn,yn On) + 7 (Ta(n) = 2n) | (Zn: Tns Yn, On) € Fu}}
= max {7, (Za(n) = Fa(m)+
min { fr(Zn, Yn, On) + W;Lr(i'a(n) —2Zn) | (20, Tns Yns On) € Fr}}
> L (5 Fan)s P Za(n) + T (Tatn) — Fa(n)
>vr + W;T:ca(n).
Suppose for a node n € N\Nr and Lagrangian cuts defined by (v¢,,7’),

mrm

VYm e C(n),L=1,..., Ly, are all valid. For the induction step, we have,

Qn(Ta(n)) = min { fn(2n, Yn, On) | constraints (8b) — (8d), 2, = 24 (n),
Om > Qm(zyn),Ym € C(n)}
> min { fr(Zn, Yns On) | (20, Ty Yn, On) € Fny 2n = Tam) }
:Qn(xa(n); ®,,)

> max{min {fn(@n, Yn, On) + 7 (Ta(m) = 2n) | (2ns Tns Y, On) € Fu}}
= H}T‘clx{ﬂl(%(n) — Z(ny) + min {fn(Tn, Yn, On) + ) (Za(n) — 2n) |
(Zns Ty Yn, On) € Fun}}
> LT Ba(n)s Prs Zany) + 70 (Ta(n) = Eagn))
=0+ Tagn-
The steps above complete the argument that the Lagrangian cut defined by (7}, v}) is valid.

Next, we prove the tightness result of the Lagrangian cut:

* * 1 4
Uy + T La(n)

i { fo(n Y On) | (2 T Yy On) € oV (Fu) 20 = )}

=min {77 ‘ (i'a(n)an) S {(zm fn(mmyna @n)) ’ (vammym@n) € conv (‘Fn)}}
b) . N

(:)mln {77 | (xa(n)’n) € conv ({(Zn, fn(xnayna Gn)) | (znaxnayna ®n) € ]:n})}

= min {77 | (Za(n)»n) € conv ({(zn,n’) |7 > Q, (2n; ®n), 2n € Za(n)})}

8



D min {n | (Fagn).m) € conv (epiz, (@, (100)))}

=COZ, (Qn (5 (I)n)) (ia(n)) ’

where equality (a) results from Theorem 1 in Geoffrion (1974) and the definition of convex envelope
for a lower semi-continuous function leads to equality (¢). We provide a detailed proof of equality
(b) in Lemma 11. Thus, we prove the tightness of Lagrangian cut at () for the convex envelope

of @ (-;®n) over Z,(,). O

The convex envelope, obtained via the Lagrangian cuts, depends on the selection of Z,(,). The
result of Theorem 1 can be extended to the case where Z,) is a superset or a subset of X ().
If Xom) C© Z4(n), the validity of approximation for @, and Qn still holds. We use an example to
illustrate the relationship between the convex envelope of the value function and the corresponding

Lagrangian cuts over different restricted regions.

Example 1. We consider the following problem with a scenario tree N' = {1,n} with a(n) =1 and
X, = {0,1,2}:

Juin Qn(z1),

where Qp(x1) == min{z, | 1.5z, > x1,7, € {0,1,2}}. Let us define Z{ = [0,2] and Z? = {0,1,2}.
The three-piece black line represents the value function Q,, when we set its domain as Zi. The
illustration of Q, becomes three discrete dots if we set the domain as Z%. The choice of domain
results in different convex envelopes ozl (Qn) and Cozlz(Qn), represented by the teal lines and the
gray line, respectively. This comparison is illustrated in Fig. 1(a) and shows how different choices
of Z1 influence the convex envelope of the value function. Furthermore, if we solve the following

Lagrangian dual problem (DY) with Z1:

(D)) max min = x, + 7(T1 — 2p) (D?) max min = x, + 7(&1 — 2n)
s.t. 1.5z, > z, s.t. 1.5z, > z,
z, €{0,1,2} xn € {0,1,2}
2, € 2} 2, € Z2.

The Lagrangian cuts obtained at different &1 align with the teal lines and cannot be pushed further
up. In this case, Z{ is a superset of X1. However, if we substitute the restricted region of z, as
Z? = Xy = {0,1,2}, the Lagrangian cuts will align with the gray line. We can observe that when
expanding the restricted region Z1, the convex envelope coz,(Qy) becomes farther away from Qp
and cox, (Qn).

If 2} is partitioned into Z3 = [0,1] and Z{ = [1,2], the corresponding conver envelopes of Qy,
over Z} and Z{ are depicted in Fig. 1(b). Each of Z} and Z} is a subset of Zt. The Lagrangian



cuts generated to characterize the convexr envelope €Oz3 (Qn) and €Oz4 (Qn) may not be valid for

COZ%(Qn), nor for cozlz(Qn). However, the union of these convex epigraphs is a subset of the

convex epigraph over le, i.e.,

conv(epizs(Qn)) U conv(epizi (Qn)) C conv(epiz: (Qn))-

The union of two convex envelope curves cozs (Qn) and Cng(Qn) is closer to Qp and cox, (Qn)

compared to ozl (Qn). This inspires us with the idea of spatial partitioning in Section 3. O
1
2 - 2
1.5 coz2(Qn) 1.5
1 1
(30211 (Qn) COz4 (Qn)
0.5 - 0.5 1
COz3 (@n)
T X1
T o5 1 15 2 05 1 15 2

(a) Value function @,, and its convex envelopes under
Z{ (teal lines) and Z? (gray line).

(b) Hlustration of the union of convex envelopes of

Qn under Z} (teal lines) and Z¢ (gray line).

Figure 1: Illustration of different convex envelopes for Example 1.

We list natural choices for Z,(,) and discuss their properties.

1. Z4n) = Xa@n)- This is the most intuitive choice since X,y € dom(Qy). Here, Z,,) = Xy(n)

ensures that the approximation of @, is valid at any feasible z,,). Since X;, and Y,, are both
mixed-integer sets, using Z,(,) = X,() in the Lagrangian dual model does not affect the fact

that model (8) remains a mixed-integer program.

- Za(m) = conv(X,(,)). Although this choice may lead to loose lower approximations of @, on
Xa(n), as it extends the approximation over the convex hull of X,,), it can be advantageous
in certain contexts when the convex hull is easy to obtain; e.g., this choice was utilized in

SDDIP (Zou et al. 2019) to replace the binary range with [0, 1] interval.

- Zam) =X aL(]; ) In this case, Z,(,) represents the LP relaxation of X,,). The benefit of this
choice is that no additional integer variables are introduced in the Lagrangian dual func-

tion (8), simplifying the computational burden while retaining a valid lower approximation.

10



2.3 Lagrangian Cut-Based Cutting-Plane Algorithm for MS-SMIP

Cutting-plane algorithms, such as SND and SDDP, are widely used to solve multi-stage stochastic
programs, as the key issue is to approximate the future value functions. It is natural to replace the
Benders cut used in multi-stage stochastic convex programming by the Lagrangian cut to deal with
the nonconvexity introduced by mixed-integer variables. In this section, we first outline details of

the iterative cutting-plane procedure in Algorithm 1.

Algorithm 1: Lagrangian Cutting-plane Algorithm for MS-SMIP.

1 Initialize with LB <= —00,UB < +00,i < 1, sets Z,(,) <= X, and an lower approximation

{®1} VneN;
2 while stopping criterion is not satisfied do
/* Forward pass */
3 Sample M scenario paths {P**}* | independently;
4 forw=1,...,M do
5 for n € P do
6 Solve forward problem (P,) in model (4) with z,, ) and @} ;
7 Collect the solution (%, ¢ );
8 end
0 U = 3 epiw C T G Y
10 end
/* Update statisical upper bound */
11 Let i ¢ & M w® and 6% « 0 M (w — )%
12 UB<—ﬂ+Za/23/\/M§
/* Backward pass */
13 fort=T-1,...,1do
14 for n € N; do
15 if n € P4 for some w then
16 for m € C(n) do
17 Solve the Lagrangian dual problem (D,,) in model (7) with z¢, ®:*1 and Z,;
18 Collect (D,,)’s optimal solution 7" and intercept v.";
19 Add a Lagrangian cut defined by coefficients (v, 7%) to ¢ ;
20 Ly < Ly + 1 and ¢! « ¢ s
21 end
22 q)ib_‘—l — {(Z)ir_tl}mec(n) )
23 else
24 ‘ Oitl « Pl
25 end
26 end
27 end
/* Update lower bound */
28 Solve forward problem (P;), obtain the optimal value V¢ and set LB + V
29 Update i + 7+ 1;

30 end

Each iteration of Algorithm 1 can be divided into two parts: forward pass and backward pass.

The superscript ¢ represents the iteration index. In the i-th iteration, we first generate M scenario

11



paths {Pi’“’}f\flzl in the forward pass. Each path P** represents a sequence of nodes from the root
to a leaf, where each node has its ancestor and descendants in the same path. The forward pass
proceeds stage by stage from t = 1 to T, solving a forward nodal problem (P,) for each sampled
node n € P, given the optimal solution xfl(n) from the parent node a(n) and the current future
value approximation ®!,. The solution z!, obtained at each node n is then passed forward to solve
the problems at its sampled child node m € C(n). Note that 2% = z5* for all w such that n € P
Accordingly, we omit the superscript w when recording solutions.

Once all forward problems on the sampled paths are solved in iteration ¢, the backward pass
begins from the final stage T'. The purpose of the backward pass is to update the approximate
cost-to-go function ®? () for each sampled node n € P*“. In particular, given a solution z¢, for the
sampled node n € Np_q, for each child node m € C(n), we solve the Lagrangian dual problem (D,,)
to obtain the optimal dual multiplier T and intercept v, Those coefficients form a Lagrangian
cut underestimating the true value function @,,. The generated cut is used to update ¢! to ¢+t
Note that ®! = () for all i because there is no cost-to-go function at the last-stage node m, as
C(m) = (. For a sampled node n € N;_1, where t € {1,...,T — 1}, and for each child node
m € C(n), the updated set ®:! will be incorporated in model (D,,). We solve model (D,,) and

add the obtained Lagrangian cut to ¢!,, updating the lower approximation at node n from ®! to

i
m
@i+l The backward process continues iteratively until the root node is reached.

A potential termination criterion for Algorithm 1 can be that when the gap between UB and
LB is small enough. Another commonly used termination criterion is to set a time limit or an
iteration number limit (Dowson 2020).

Remark: Algorithm 1 is based on SND with a general scenario tree illustrated in Fig. 2(a),
where each node may have a distinct value function. This paper assumes a general scenario tree
structure for all the following algorithms. However, we can simplify the scenario tree structure
when we assume stage-wise independence. We refer to such a scenario tree representing stage-
wise independent uncertainty as an SDDP scenario tree, illustrated in Fig. 2(b). With stage-wise
independence, for any two nodes n and n’ in N, their child nodes C(n) and C(n’) are defined by
identical data and conditional probabilities. Therefore, for any m € C(n), the value function Q,,(-)
used in model (3) for node n should be identical when it is used for node n’. In such case, cuts
obtained for ¢,, at a sampled 2!, can be shared among all ®,, of nodes within the same stage n € N;.

We prove the convergence of Algorithm 1 by demonstrating that, with probability one, the
approximate cost-to-go functions constructed using Lagrangian cuts form a convoluted convex
envelope approximation of the value function. We recursively define the convoluted convex envelope

approximation of the value function as follows:

Definition 1. For n € Nr, we let

Qn(xa(n)) = min C;Lrl'n + g;{yn (123)
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(a) General scenario tree used for SND. (b) SDDP scenario tree.

Figure 2: Illustration of a general and SDDP scenario tree.
st. Waan + Bpyn = TnTo(n) + dn (12b)
Tn € Xn,Yn € Yn. (12¢)

Note that Qn(%(n)) = Qn(a@m)) for n € Nr. For any nodes that are neither a leaf node nor the
root node, n € N\(Ng U {1}), we let

Qn(xa(n)) = min Cr—lz—xn + gzyn + Z dnmCOz, (Qm) (zn) (13a)
meC(n)

st. Wazn + Bnyn = TnZe@m) + dn (13b)

Tn € Xp,yn € Yy, (13¢)

We call function COZ, () (Qn> the convoluted convex envelope approrimation of the value function
at node n € N\{1}. We assume X,, C Z, to avoid the invalid approximation issue. And finally,

for the root node 1, we define the optimal value for the convoluted convex envelope approximation

as:
V*=min ¢ 21 +g{y + Z ¢1mCoz, (Qm) (1) (14a)
meC(1)
st. Wixi + Biyr =da (14b)
1 €X1,y1 €Y. (14C)

Theorem 2. We assume the sampling process in Algorithm 1 satisfies the forward pass sampling
property and backward pass sampling property in Philpott and Guan (2008) and the Lagrangian cut
coefficients are finite Hm*f” < oo for alln € N\{1}. The following results hold:

(i) For any n € N\{1}, suppose we denote the optimal solution as (x’;(n),y];(n)) when model
(P,) is solved for the k-th time in Algorithm 1. For every converging infinite sequence
{(x];(n),ys(n))}kngN to (xz(n),y;:(n)), there exists an infinite subsequence J C K such that:

o The sequence {(xF, yF)}res converges to a point (x%,y%).
Lkl k
o The seQUfnce {COZa(n) (Qn( ; O )) (xa(n))}keJ converges to
oz, (Qn) (J:Z(n)) with probability one.
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e The sequence {¢£+1(x§(n))}kej converges to coz, (Qn) (:L‘Z(n)) with probability one.

(i) The sequence {V'};en converges to V* with probability one. Every accumulation point of the

sequence of the solution to model (Py) is an optimal solution to model (14).

The proof of Theorem 2 follows the convergence proof of Theorems 1 and 2 in Yang and
Nagarajan (2022). We present the details of this proof in Appendix B. The results demonstrate
that the cut approximation ¢! can only converge to the convoluted convex envelope approximation
COZ, () (Qn) rather than the true value function @Q,. Thus, Algorithm 1 only converges to a lower

bound, V*, rather than the true optimal value of MS-SMIP, V*.

3 Lift-and-Cut Algorithm

As discussed in Section 2, Algorithm 1 with Lagrangian cuts characterizes a convoluted convex
envelope approximation of value functions and only achieves a lower bound. In order to pursue
the global optimum of MS-SMIP, we must generate cuts that can characterize value functions
accurately.

According to Theorem 1, Lagrangian cuts form the convex envelope of @ —on a specific region
Z,4(n) given the future value function approximation ®,. The gap between the approximate value
function @ = and its convex envelope coz, (Qn) varies in different Z,(,,), and becomes zero uni-
formly over Z,(,) if Qn can be exactly characterized everywhere on Z,,,) by a piecewise linear
convex function, as shown in Example 1 where Z,.,) = {0,1,2}. In this section, we look into
the method to partition the set Z,,) into smaller pieces, for which we can use binary indicator
variables to represent. We can generate Lagrangian cuts on the lifted state space, including the
original state variables and the binary indicators, so that we can reduce the aforementioned gap

to zero and recover the true value function @Q,, eventually leading to global convergence of the

cutting-plane algorithm.

3.1 Lifted Lagrangian Cuts

For the subproblem at node n € N, each component of the state variable z, j,j € J, is bounded

in an interval [z,, ;, Zn ;] according to Assumption 1. We first define a partition of such an interval
[gn,j7 Tﬂ':]] ‘

Definition 2. A partition of interval [z,, ;,Tn ;] is an ordered set of two-element tuples Py ; =

{[z ;,T7 ;1,0 € Spj} with index set Spj = {1,2,...,5,;} and following properties:

.77

1

® Lpj = Inys
Snj
® I, =Tngj;
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O ag s
o Iy >y Vo € Sp 5

.EO'—l:xa" VU€{277STLJ}

’Vl,j —n,j

The partition is defined in a way to fit all types of variables, including continuous, integer, and
binary variables. In the actual implementation of algorithms, it is possible to adjust the partition
setup for integer or binary variables to only consider intervals feasible for them; e.g., a partition
of an integer variable in [1, 6] may consists of two non-adjacent intervals [1, 3] and [4, 6] since it is
not possible for the integer variable to take any value in (3,4). With the interval partition defined

in Definition 2, for each node n € N, we can represent the partition of the state variables’ feasible

Pp= [] Pus-

JETn

region via

We focus on the setup where each element within this partition [P, is a hyperrectangle, which makes
it straightforward to split elements within a partition for further bound-tightening derivation. The
hyperrectangle setup can be extended to other geometric shapes, such as simplices, cones, and
ellipsoids. For a discussion of other geometric shapes, we refer the reader to Chapter 5 of Locatelli
and Schoen (2013).

We introduce binary variables A7 ; and following logical constraints to indicate whether variable
Zn,j is within the interval o of partition P, ;. The feasible region of such binary variables, collectively

denoted as A,, can be represented by a set parametrized by the value of x, and the partition P,,:
An; €10,1} Yo €S,

An(l'napn) = An Zaesn,j )‘g,,j =1 Vi€ Tn g - (15)
DS, Tn Mg S Tng < Yges,  TnjAn
With a given partition P, and associated binary variables \,, we can add \,, as state variables

and reformulate the approximation problem on a lifted z-\ space:

(Pé/) Qﬁ (xa(n)a )‘a(n); (I)rlzla Py, ]P)a(n)) =

min szn + ggyn + Z Qnm(z)fn(xn? An) (16a)
meC(n)

s.t. Waon + Bpyn = Thzn + dn (16b)

Tn € Xn,Un € Y, A\n € Ap (0, Pp) (16¢)

Zn = La(n)s bn = )‘a(n)v (16d)

while for the root node, we have

(PE)  V=min cloitglyi+ Y. qmoéh(r1,M) (17a)
meC(1)

s.t. Wizy + Biyy = ds (17b)

r1 € X1,y1 €Y, M EAl(:L'l,Pl). (17(3)
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The cuts ®L = {qﬁfn}mec(n) are obtained on a lifted space:

dL (2, \y) =min { 0,,

Om >0
0, > vfn +7rfnTﬂsn +pfnT)\n, Ve=1,...,L, .
To generate a Lagrangian cut above, we also need to update the Lagrangian dual problem, given a

solution (Z4(n), Xa(n)) in the lifted space:

(Dﬁ) max [’5 (7Tn7 Pn; i‘a(n) )‘a(n) (I>L Za(n) P, ]P)a(n))v (18)

Tn,Pn

where Eﬁ (7Tn7 Pn; i;a(n)a Xa(n)7 (I)1[117 Za(n)v Py, ]P)a(n)) =

min C;ern + g;lryn + Z Gnmbm + 7T';Lr('ia(n) - Zn) + pl(;\a(n) - ,Un) (19&)
meC(n)

s.t. Whxn + Bpyn = Thzn + dy (19Db)

Tn € Xy Yn € Yo, A € A (2, ) (19¢)

Zn € Za(n)7 Hn € Aa(n) (ZTL7Pa(n)) (19d)

Om >0, VYm € C(n) (19e)

Om, van—i-ﬂ'fnTJSn—‘rpfnT/\n Ve=1,...,L,,méeC(n). (191)

Constraint (19d) serves a similar purpose as constraint (8d) by restricting the lifted copy variables

(2n, tn) to the set

3H(Za(n)vpa(n)) - {(zmﬂn) ’ Zn € Za(n)nu'n € Aa(n) (znapa(n)>}

Let the optimal solution to the Lagrangian dual problem (18) be (7}, ). We can determine the
cut intercept

~

= L3(m, 1 Fa(n)s Aa(n)s Ph's Zagn)s Prs Pagn)) = T Za(m) = P Na(n)s
and generate a Lagrangian cut on the lifted space:
On > 0 + 70 Ty + 95 Aagn)- (20)
Like Section 2, we present the validity and tightness properties of lifted Lagrangian cuts here.

Theorem 3. For every node n € N, given ®L, Za(n), current partitions Py, and Py, and an
incumbent solution (Z4(n), A a(n ) € 30(Zam)s Pagn)), let (7, py,) be an optimal solution to (DE) in
model (18). Then, the Lagrangian cut (20) defined by the cut coefficients (v}, mr, pt) is valid and
tight in the following sense:

(i) wvalid over Bn(Za(n),Pa(n))-'

Q( )>Q (an)v ()a(I)L]P) IEDa(n))
Zvn—i-wn Tam) + Pr, D) a(n)
v (xa(n)a a(n) ) € 3”( a(n)» a(n)); (21)
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(i3) tight at (Z4n), j\a(n)) for the convex envelope of Qi(, = @ﬁ,Pn,Pa(n)) over 3n(Za(nys Pa(n)):

U+ 15 Bagny + P Aan) =

L . L - A
CO?)n(Za(n),IP’a(n)) (Qn ('7 " (I)n s Pr, ]P)a(n))) (xa(n)a )‘a(n)) (22)

(i4) tight at o) for the convex envelope of Qn(-;q)n) over the active restricted region on the

original state variable space:

T, T3 .
v;kz + W;kz Ta(n) + p;kz )‘a(n) = Coéa(m (Q ('; q)n))(xa(n))a (23)
where the active restricted region is defined as:
Zumy = Zay N 1L | D2 Mwazha D Ml (24)
7€Ja(n) Lo7E€Sa(n).j o€8a(n),j

and the lower approzimation ®, is a projection of ®L onto the space of x, as:

P = {dm( Pn)}mEC(n)v

[V
>

O m
: . T T
Gm(Tn; Pp) =min< 60, | 6, > mMiny, e, (zn,Pr) vl +rl x4 pl A,

Ve=1,...,Ln

Proof. The first two parts of the proof follow the same logic of the proof for Theorem 1. Here we

focus on proving part (iii). Similar to the proof of Theorem 1, we define

fn(mny An,s Yn, @n) = C;ern + gr—{yn + Z Qnmem
meC(n)

Fon = {(zn, tin, Tny An, Yn, On) | constraints (19b) — (19f)} .
We further define two auxiliary feasible sets

Fl = {(zn,un,xn,)\n,yn,@n) | constraints (19b) — (19f), u, = ;\a(n)}
FI'={(2n, tn, Tns Ans Yn, On) | constraints (19b), (19¢), (19e), (19f),

Zn € Za(n)} s
and we can make the following derivation:

v:;, —+ 7"-7*7,T§3a(n) + pZT;\a(n)

(2 min {fn(xna Ans Yn @n) | (Zna Hns Tn, An,s Yn, @n) € COHV(-Fn)a

Zn = Fa(n)s Hn = Na(n) |

@min {fn(mn7>\n7yn7@n) | (20, tns Ty Ans Yn, On) € COHV(]‘Z),Zn = ja(n)}

=min {77 ‘ (ia(n),n) € {(zns fu(@ny Any Uns On)) | (20, Tny Any Y, On) € COHV(‘F':L/)}}
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(e . N
= mun {77 | (Jﬂa(n),n) € conv({(zn, fr(Tn, Any Uns On)) | (2ns Tny Ay Y, On) € 'F?{L/})}

@ . .
= min {n | (Z4(n), ) € conv ({(zn,7) |

77/ > min fn(xna /\nvyna(")n)v
s.t. constraints (19b), (19e),

Tp, € Xy Yn € Y, 2n € ;’-’Aya(n)

T T
0, > min ot Ly D })}
™2 ehopy T Tm EeE P An

(é)coza(n) (Qn) (Ta(n))s

where equality (a) results from Theorem 1 in Geoffrion (1974) and the definition of convex envelope
in the original state variable space (23) leads to equality (e). Since the auxiliary variable A, is
binary, the convex combination of a set of points in the set F should satisfy p, = ;\a(n), and thus
we obtain equality (b); see the proof of Theorem 3 in Zou et al. (2019). The proof of equality (c)
is similar to the one in Lemma 11 for equality (b) of Theorem 1. We can obtain equality (d) by
combining constraints \, € A, (z,,P,) and the cut definition in (19f) to project out the variable

A O

Theorem 3 shows that adding Lagrangian cuts in the lifted space is equivalent to generating
convex envelopes on each element of the feasible region partition and combining them together
in the original state variable space. We illustrate the equivalence between Lagrangian cuts in the
lifted space and the piecewise convex envelope on the original state variable space with the following

example.

Example 2. We consider a value function Q,, defined on scenario tree N = {1,n} with a(n) =1

and X7 =[0,4]:

—2x14+2 ifx1 €[0,1]
Qn(l'l) =42 if x1 € (1,3)
2x1 — 6 if ©1 € [3,4].

We introduce a binary variable A1 to represent the partition for the space of x1, P1: Ay =0 if
x1 €10,2] and A\ =1 if 21 € [2,4]. Since there is no future value function beyond node n, the lifted

value function equals to its lower approxrimation as:

—2x1+2 ifx; €[0,1] and A\ =0
2 if x1 € (1,2] and \y =0
2 ifx1 €2,3) and \; =1
221 — 6 if xt1 € [3,4] and A = 1.

Qi(xh/\lspl) =

We can generate two Lagrangian cuts on the lifted space as follows:
On > =21 +4X +2
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On > 221 — 4N — 2

Fig. 3(a) presents the original value function Q. Fig. 3(b) shows how the generated Lagrangian
cuts characterize the convex envelope on the lifted space COBH(ZhPI)(QfL). Fig. 3(c) illustrates when
we project those Lagrangian cuts back onto the original x1 space, they form a piecewise conver
envelope for the value function Qy,, with two pieces of convex envelopes on x1 € [0,2] and x1 € [2,4],

respectively.

@n

26 —0

x

1 2 3 4
(a) True value function and its convex (b) Convex envelope in the lifted x:-
envelope on X;. A1 space (Lagrangian cuts).

I
1 2 3 4

(c) Piecewise convex envelope in the
original x; space.

Figure 3: Geometric representation of the value function, lifted Lagrangian cuts, and piecewise
convex envelopes.

3.2 SDDP-L Algorithm and Global Convergence Results

Theorem 3 shows that the obtained Lagrangian cuts in the lifted space correspond to the piecewise
convex envelope in the original state variable space. We observe through Example 2 that when we
further partition the state variable, the piecewise convex envelope (Fig. 3(c)) becomes a tighter lower
approximation towards the nonconvex value function @,, than the convex envelope (Fig. 3(a)) over
the whole feasible region X;. This improved tightness echoes with the result shown in Example 1.
However, we need to generate the convex envelope on pieces Zf’ and Z{l separately in Example 1,

but with the added binary indicators A, the convex envelope on the lifted space will incorporate
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the information for both pieces simultaneously in Example 2. Adding a polynomial number of
variables A, achieves the equivalent effect of exploring an exponential number of partition elements
as the restricted region.

We need to refine the partition of the feasible region to iteratively lift the state variable space
by adding binary indicators and tighten the piecewise convex envelope approximation. We first

define the refinement of a partition.

Definition 3. For a node n € N, suppose we have two partitions PL and P? indexed by 87117]- and
87217]- for j € Ty, respectively. We say partition P? is a refinement of PL when

1 2 1 2

1 1 =0 =0 o o
Jdo~ €8,, st T;;>T; andz] ; < xp

n,Jg — n,j

VJ S jn7VO'2 S 82

n7j ’

We can refine a given partition by splitting a subset of its elements. Specifically, we list two
natural ideas for refining a given partition within a cutting-plane algorithm framework. Suppose

we obtain an incumbent solution Z,, A, at a node n € N. For some j € Jp, let & be the index

where \? ;= 1. We can split the interval [z j,fz’j]

e according to the incumbent solution: Let [gg j»&n,j] be the interval indexed by ¢ and [in,jjf% ;]

be indexed by & + 1 and we increase the index for all the subsequent intervals.

& =6
Lnj +Tn J

2] be the interval indexed by ¢ and |

& =6
gn,j'i_xn,j 0 ]

o
2 2 Tny

n’j’ 2
be indexed by 6 + 1 and we increase the index for all the subsequent intervals.

e according to bisection: Let [z

With the updated partition, we also need to lift previously generated Lagrangian cuts to fit the
current state variable space. We follow a similar scheme as Yang and Morton (2022) to update
those inherited cuts. Suppose for some node n € N/, we have a partition P,, and its refinement P/,
and for each j € J,, their index sets are S, ; and S;L’]-. For an interval indexed by o € S, ;, we
define the set of intervals it splits into as a descendant set A, ;(0) C S, ;. Then we can update the

inherited cut

-
O > U + T T, + Z Z P i,
]6;777, Uesn,j

to
Oy > Uy + T T + Z Z P Z )\Z:j
GETn 0ES, N

Algorithm 2 outlines the lifted Lagrangian cutting-plane algorithm, which enhances the ap-
proximation of value functions by incorporating lifted Lagrangian cuts on a dynamically lifted
state variable space in each iteration. The superscript ¢ represents the iteration index, same as the
setup in Algorithm 1.

Algorithm 2 follows the logic of Algorithm 1 but adds the lifting and inherited cut update

operations. In iteration i, we need to additionally record the partition information P!, for every
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Algorithm 2: Lifted Lagrangian Cutting-plane Algorithm for MS-SMIP.

1 Initialize with LB < —00,UB < +00,i < 1, sets Z,(,) < X,,, partition P! and an lower
approximation {®L} ¥n € N;

2 while stopping criterion is not satisfied do

/* Forward pass */
3 Sample M scenario paths {P*“}M | independently;
4 forw=1,...,M do
5 for n € P do
6 Solve forward problem (PX) in model (16) with xfl(n), Afz(nyPil’sz(n) and ®L+*. Collect
the solution (z%, A\, y5);
7 end
8 U = Y pepie Cn T+ Gn U
9 end
/* Update statisical upper bound */
10 Let i+ 4 Zi\;/[:1 u® and 62 + 71 Ziil(uw — )%
11 UB(—[H—za/g&/\/M;
/* Backward pass */
12 fort=T-1,...,1do
13 for n € NV; do
14 if n € P for some w then
15 Refine the partition to obtain Pi*! and update the inherited cuts;
16 for m € C(n) do
17 Solve the Lagrangian dual problem (DZ) in model (18) with
zh, AL, oLz, Pl and PLEL
18 Collect (DL )’s optimal solution 7%, p%# and intercept v%%;
19 Add a Lagrangian cut defined by coefficients (v}, w5, piit) to ¢kt
20 Ly < Ly, + 1 and ¢Li 1 « gLt
21 end
22 L {oL Y ey
23 else
24 Pitl < Pi and ®Li+L Lot
25 end
26 end
27 end
/* Update lower bound */
28 Solve forward problem (P}), obtain the optimal value V¢ and set LB « V'
29 Update i < i + 1;

30 end

node n € N. During the preparation phase of our paper, we noticed there is a new proposal of
using ReLU duality to generate tight Lagrangian cuts (Deng and Xie 2024). Our lifted Lagrangian
cuts can be considered as a generalization of ReLLU Lagrangian cuts. New binary auxiliary variables
are introduced in equation (8) of Deng and Xie (2024) to represent whether the decision variable is
less than the incumbent solution or not, which can be considered the same as refining the partition
to two intervals along one dimension according to the incumbent solution in our paper.

A key question regarding Algorithm 2 is whether it converges to the optimal value V* and
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eventually obtains an optimal solution. We first show that Algorithm 2 may run an infinite number
of iterations, with the true function value at the solution of each iteration never converging to the

optimal value.

Example 3. We consider the following instance defined on a scenario tree given in Fig. 4(a):

V* = i nWn
min, > qnQn(a1) (25a)
neC(1)
st. w11 € [—1, 1],%172 € [—1, 1]. (25b)

where we set the scenario probability q10 = q13 = % The value function Q,, is defined as:

1, T1,1 < 0 1, T12 < 0

Q2(x1) = { , and Q3(x1) = {

12, 11 >0 11, 1220

The optimal value is V* = 0 and there are infinite number of optimal solutions to model (25):
(i) 27, = 219 = 0, (ii) any points in {z1 | 0 < x7, < 1,27, = —1}, and (ii) any points in
{z1 |27, = —1,0 < a7, <1} We implement Algorithm 2 to solve model (25), and its iterations
go as follows. For simplicity, we project all obtained Lagrangian cuts to the space of the original

state variable space [—1,1] x [—1,1].

e Initial Approzimation (i = 1): Suppose we start with an initial solution x1 = [-1 —1]". At
this point, we can generate two Lagrangian cuts for each scenario n € {1,2}:

0
} , gz%(xl) = min { 05 32711 }

03 > —2x12—1

02 > 21,2

Oy > —2x17 —1

$3(x1) = min { 05

e First Refinement (i = 2): Solving the forward problem yields x3 = [—%, —%]T with optimal
value V? = —%. We partition the region according to the incumbent solution x3. After the

partition refinement, we observe that the optimal solution to the lower approximation problem
(P1) can only come from the top right element of the partition, e.g., [—%,1] X [—%,1] for
this iteration. From mow on, we only present the projected Lagrangian cuts on the top right

element of the partition:

Oy > 12 03 > x11
(]Sg(xl) = min 92 92 Z —2%1’1 -1 s ¢§($1) = min 63 93 Z —21‘1’2 —1
0y > —dxy g — 3 O3 > —4x1 5 — 3
o Second Refinement (i = 3): Solving the forward problem yields x3 = [— 3 —3]T with optimal
value V3 = —1—15. We partition the region according to the incumbent solution x3 and obtain
the projected Lagrangian cuts on the top right element of the partition [—%, 1] x [—%, 1]:
0y > 212 03 > x11
) Oy > —2x17 — 1 , 03 > 2115 —1
¢3(x1) = min{ 6, ) , ¢3(x1) =min{ 63 )
0y > —43)171 -3 03 > —4%‘172 -3
02 Z 7161‘171 - % 93 Z 7161’172 — %
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Solving the forward problem results in :1:‘11 =[- 1 1 ]T,

255 255

By iteratively applying this process, we observe that the sequence {}ien lies on the ray {x1 |
11 = 212,211 < 0,212 < 0}. It can only approach but never reach the optimal solution [0 O]T;
see Fig. 4(b) for an illustration.

Note that for the solution in every iteration %, the upper bound it yields Ene{m} %Qn(:ﬂl) =1,
but the lower bound V', obtained from evaluating the piecewise convexr envelope at i, is always
negative. The gap between each upper bound and the corresponding lower bound is always greater
than 1, and the gap between each upper bound and the optimal value is always 1. That is, although

the sequence of solutions converges to the optimal solution, each solution is suboptimal, and the

optimality gap does not converge to zero. O
,,,,,,,, 1,,,:121J2, e - =
| 0.5 |
1 9613,1
‘ ‘ i
-1 —0.5 0.5 1
I ® !
| -0.5 |
SR N |
(a) The scenario tree. (b) Sequence of solutions.
Figure 4: The left figure illustrates the scenario tree and the right figure shows the region [—1, 1] x
[—1,1] and the first four solutions in {z{}ien: [-1 =17 [-3 =3]7, [ — %7, and [~ 5= —52=] -

We observe that the sequence of lower bounds indeed converges to the true optimal value and
the accumulation point of the solutions converges to the optimal solution in Example 3, despite the
constant gap between upper bounds and the optimal value. With the aid of additional assumptions,

we can formally state the global convergence result.

Assumption 2. We assume the following properties when we refine the partition and generate

lifted Lagrangian cuts. For every node n € N :

o The size of every element in partition P}, diminishes to 0, i.e., (TZ’;

Si

n?]’

—20%) 2 0,Vj € Jn,0 €

as 1 — 00.

o The lower approximation ¢7Ll’i consists of Lagrangian cuts generated at every solution in
3n(Za(n) sz(n))'

Lemma 4. In every iteration i € N with Assumption 2, the projection of lifted lower approzimation

ﬁ’i(a:a(n), )\a(n)) to the original state variable space characterizes the piecewise convexr envelope, i.e.,
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for every iteration 1,

%(fff;(n)a IP%) = COzi (Q (7 ‘%))(%(m) V(.’Bz(n), )‘?z(n)) € 3:’1,(2(1(71)’]?:/1(71))7

a(n) —

where fz;(n) is the active region corresponding to (xfl(n), /\Z(n)).

Lemma 4 comes immediately after part (iii) of Theorem 3. With Assumption 2, every iteration
of Algorithm 2 generates a piecewise convex envelope of Qn for all nodes n € AN in the original
state variable space. Next, we show a series of convergence property results of lower approximation
functions QZ and their piecewise convex envelopes ¢! . For clarity, we present all results in the
original state variable space. We use “>” and “«2 to denote epi-convergence and pointwise
convergence. For nodes n € Ny and n = 1, we might need minor modifications to the following
results, but since they do not affect the correctness of the derivation, we present everything for all

n € N for simplicity.

Lemma 5. Suppose ¢, = Q,, and ¢, 2 Qe for anyn € N'ym € C(n). We have that Q;(, Pi)

pointwise converges to Q.

Proof. By Theorem 7.46 in Rockafellar and Wets (2009), the objective function in @ (- ®?)) follows
that

o Tnt Gutnt Y GmPn(Tn) Sy Tn A gyt D GumQum(Tn)
meC(n) meC(n)
because we assume ¢!, 5 Qm and oL, EN Qm for any n € N;m € C(n). This epi-convergence of
the objective function leads to the following pointwise convergence by Theorem 7.33 in Rockafellar
and Wets (2009):

Lm Q (za(); ®n) = Qn(@atm)  Voa(n) € Za(n)- (27)
This is equivalent to Q (- ) B Qu(). o

Proposition 6. For every iteration i € N at every node n € N, suppose Qn(, i) EN Qn(-). The
sequence {Qn(ma(n);iﬁl)} is asymptotically equi-lower semi-continuous (equi-lsc) everywhere over

Ta(n) S Za(n) .

Proof. We prove this proposition by contradiction. Suppose there exist € > 0 and T,(,,) € Z,(p) such
that for every 6 > 0, there is an infinite subsequence of iteration index Ny, that, for each i € Ny,
there exists a ball B(Z,(,),d) with a center Z,(,) and a radius 0. For any x,(,) € B(Zan),0) we
have

Qn(xa(n); (I):z) < Qn(ja(n); (1):1) — € (28)
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This inequality states that the sequence {Qn(a:a(n); ®i)}ien is not asymptotically equi-Isc at some
point T,y according to the definition in Rockafellar and Wets (2009). Since @y is lower semi-

continuous, there exists ¢’ > 0 such that

Qn(xa(n)) > Qn(ja(n)) - 6/2 vxa(n) € B(‘Ta(n)a 6/) (29)

For each i € Ny, we can find a point i‘z(n) € B(Zq(n), ") satisfying inequality (28). Let Z4(,) €
B(Za(n),¢") be a limit point of i‘g(n), and define Nc’l(n) C Ny(n) as the index set such that 532(”) —

Tyn) With i € N(/z(n)' For some natural number k£ > 0, we have

Q,(Fth: @) < Q (TR OL) < Q (Tagm); ®,7") — € < Qu(Ta(m)) — €

T

We obtain the first inequality because of the monotonicity of Qn as we generate more cuts. The
second inequality comes from the assumption (28). The last inequality results from @Q (- Pitk)

being a lower approximation of @Q,. Since @) is lower semi-continuous, we have
—~n

T ®) < liminf ”’“ < Qn — €. 30
Q (Za(n) n)_kﬁool,ggelN;(an( oy @n) < Qn(Tamy) — € (30)

By pointwise convergence of Qn(, ®!), we have that:
. lim Q (Jja(n)v ) Qn(xa (n) )

Therefore, by taking the limit on inequalities (30), we obtain Qn(Tq(n)) < Qn(Zam)) — €, Which
contradicts with inequality (29). Thus, the sequence {Q (Zq(n); ®¢)}ien is asymptotically equi-lsc

everywhere over Z,(,) € Zq(n)- O

Proposition 7. For node n € Ny, ¢t 5 Q, and ¢t 5 Q,.

Proof. For any n € Np, we let Ty(n) be any point on Z,,). We can always find an xz(n) in the
same partition element as Z,,) for every iteration ¢. Then we can form a convergent sequence
{Z‘Z(n)}ieNa(m with limen, ) x;(n) = Z4(n) because the diameter of each element in the partition

diminishes to zero. One of the following two statements will hold for this sequence:

(i) There exists an infinite subsequence K C Ny, such that
¢:’L( : )<Qn( a(n) Vi€ K.
(ii) There exists an index N such that

QS:’L( : )>Qn( a(n) VZ.Ej\fc/z(’rz)ai>]\r
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For case (i), we define ffz(n) € argmin Db (Ta(n)) As :Z“é(n) is the minimizer of the

Z‘a(n)GZZ(n)

i
convex envelope of (), over Za(n), we have

Qn (T ) = Pn(Thiny) < On(@ny) < QulTa(m))- (3

Since the sequence {xZ(n)}iGNa converges to T,(,) and the diameter of any element in the partition

(n)
diminishes to 0, we obtain

1y = Zam) | < NFhay = Ty || + [Ty = Ta)ll = 0 as i — oo,

Taking the limit inferior on each term of (31), we obtain liminf;ck ¢, (2" ) Qn(Tq(n)) because
Qn(Tg(ny) < liminfiex Qn(”'( )) < liminfiek ¢, (¢! i ) < Qn(Tam))- For 1nd1ces i ¢ K, we know
that gbﬁl( i ) > Qn(Z, ) Together they imply hm 1an€Na(n) o (a " ) = Qn(ia(n)).

For case ( i), by assumptlon,

¢ ( a(n)>Q7’b( a(n) ViGNa(n),i>N7 and
hmlnfgf)’( i ) > Qn(Tn).

ZENa(n)

Combining both cases, we conclude that

lim inf ¢!, (2" i ) = Qn(Za(ny) for all n € N
'LeNa(n)

Since this holds for any Z,(,) € Z4), by Proposition 7.2 in Rockafellar and Wets (2009), we
establish the epi-convergence: ¢ 5 Qn,Vn € Np.
Next, we prove that ¢, 2 Q, for all n € Np. Given any To(n) € Za(n), We define a new iz(n)

as 562(”) € argmin o (%(n)); where Za(n) is the active restricted region corresponding to

xa(n)ezam)
Zy(n). By definition of i‘;(n), we have

Q’Vl(j:a(n)) > (b:z(j;a(n)) > (b;,(iz(n ) QTL( a(n )

Taking the limit inferior for every term in the above inequalities, we obtain

Qu(Egmy) > lim ¢! (Ta@m)) = hmlnqu (z¢ V) > liminf Qn (&, ).
(n) n (n) n\*a(n) o0 a(n)

i—00

Since function @, is lower semi-continuous and jz(n) — :ﬁa(n) as i — 0o, we have lim inf; ., Qn(iﬁ;(n)) >

Qn(Z4(n)), and by combining the inequalities above, we obtain

Qn ( a(n )) > lim ¢n( La(n) ) = QTL( La(n) ) vja(n) S Za(n)7

1—00

i.e., the pointwise convergence result ¢, 2 Qn,Vn e Np. O

Lemma 5, Proposition 6 and 7 provide required convergence results for the lower approximation

functions obtained in our algorithm. Now we formally prove the convergence of Algorithm 2.
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Theorem 8. With Assumption 2, Algorithm 2 generates a sequence of optimal solution {(z, y}) }ien
to the root node problem (17), and with probability one we have
i T, i T, i i g
& Zliglov Zliglo Ty tgry+ %)Qm (21 ®5) |
meC(1

and every accumulation point of the sequence {(z%,y%)}ien, (z%,y}), is an optimal solution to
model (2).

Proof. We first prove that ¢/, > Q, and ¢, 5 Q,, for every n € N'\{1} via backward induction.
The convergence results for node n € N have been shown in Proposition 7.

We assume that ¢! 2 Q, and #' 5 Q, for all nodes beyond stage t. We aim to show that
o RN Qn and ¢, 5 Q,, for nodes n € N;_;. Under this assumption, Lemma 5 leads to the
pointwise convergence result that Q (-; ®') 5 Q,(-) and Proposition 6 shows that the sequence
{Q, (Ta(n); Pp,) bien 18 asymptotically equi-lsc everywhere over @4(,) € Z4(n). Now we aim to use
those results about @ (-; @’ ) as a bridge to show that ¢!, & Q, and ¢, = Q,, for nodes n € Nj_;.

For any Z4(n,) € Z4(n) and € > 0, there exists a 0n(€, T4(n)) > 0 such that, for all x4, €
B(Za(n), 0n(€,Ta(n))), there exists an infinite sequence Ny, for which by lower semi-continuity of

Qn, we have
Q ( a(n) ) >Q ( La(n)s n)_e ViENa(n). (32)

n
Suppose we define the active restricted region for Zy(,) as Za(n) defined in (24). Note that here
we perform our analysis on the original state variable space so Z,(,) may lie on the boundary of
an element within the partition P, resulting in different ;\Z(n). However, it actually expands the
selection of Z;(,), which does not affect the following result. For a sufficiently large i € Ny, we

can find an active restricted region Za(n) C B(Zq(n)» On(€, T4(n))) such that

QﬁL(fEa(n)) > min ¢fl(%(n)) = min Q (xa(n)a ) > Q (xa(n)» ‘ ) — €. (33)
ZTa(n)€EZa(n) Ta(n)€EZa(n)

We obtain the first inequality because Z,(,) is a feasible solution to the minimization problem in
the second term. The equality holds since the minimum of a lower semi-continuous function equals
to the minimum of its convex envelope on a compact set and we obtain such a convex envelope on
Za(n) by Lemma 4. The last inequality comes from inequality (32).

Taking limits for all terms in (33) with i € Nyt — oo and € — 0, we yield the point
convergence result ¢! 5 @Q, because Qn(,sz) 2 Qn() in Lemma 5. Since Qn(i'a(n);@fl) >
o (% Tq(ny) for any i € N, by the asymptotically equi-lsc property of {Qn(ma(n); ®i)}ien everywhere
OVET Zg(n) € Z4(n), We have

%(n)erg%gaw)gn(wd 0,) > Q (Za(n); Pp) — € > &), (Ea(n)) — €. (34)

On each element of the partition sz(n)’ function ¢ characterizes the convex envelope of Qn(, ).

We let sz(n) C IF’Z(n) where each element in PZ(n) has a non-empty intersection with Za(n). We can
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obtain the following equality

min Q (v ;<I>" = min min Q (x ;<I>i 354
za(n)eB(ia(n)’é)in( ) n) pefPfl(n) Ia(n)eme(ia(n),(S)in( a(n) n> ( )
= min min & (x 35b

peP ) Ta(n) EPNB(Za(n),5) nl a(")) (35b)

= min G (Tam)- (35¢)

Ia(n)eB(ja(n),(S)

Therefore, il e B(ign.5) gbfl(xa(n)) > qS%(ﬁ;a(n)) — ¢ for any given Z4(,) € Z,(,), and the se-
quence {qﬁfl(xa(n))} is asymptotically equi-lsc everywhere over z,,,) € Z4(,). By Theorem 7.10
in Rockafellar and Wets (2009), we have shown ¢!, = Q.

By induction, we prove that ¢/ % @Q, and ¢! 5 Q, for all n € AM\{1}. Theorem 7.33
in Rockafellar and Wets (2009) holds for the first-stage problem because we have ¢, % Q.
for all m € C(1) and both ¢!, and Q,, are bounded and lower semi-continuous, which leads to
V* = lim;_ye0 V.

For the optimal solution convergence, we can apply the same logic used in the proof of Theorem 2
in Appendix B to show that the objective value at (x7,y]) is bounded by V* both from below and

from above. O

3.3 Sparse Lifted Lagrangian Cuts

In every iteration of Algorithm 2, we add binary variables to lift the state variable space. The
number of binary variables added depends on how we refine the partition. For example, if we refine
the partition at node n € N according to the incumbent solution, we may add as many as |J,|
binary variables in one iteration. This may result in a high-dimensional lifted space, on which we
need to obtain optimal dual multipliers and generate cutting planes. In order to generate a lifted
Lagrangian cut, the convex optimization solution methods, such as the level method (Lemaréchal
et al. 1995) and the subgradient method (Fisher 2004), are widely deployed to solve the Lagrangian
dual model (18). The key component in those convex optimization methods is to search for an
optimal dual multiplier, and a high-dimensional search space significantly affects its efficiency.
Therefore, we propose to generate sparse Lagrangian cuts on a space with the original state
variables, x,, and only the binary variables representing the active element within the current
partition. To generate a sparse Lagrangian cut, we update the objective function in (19a) and solve
an updated Lagrangian dual with £~ defined as follows. Suppose we let Oa(n),j denote the index

a(n

representing the active element in Sy, ;, where the current ;\Z(n))}j =1foreveryn e N,j € J,.

L .5 )\ L _
ﬁn (Wna Pni La(n)> Aa(n)? (I)n ’ Za(n)a Py, IP)a(n)) -

min ¢}z, + g, yn + Z GrnmOm + W;(ia(n) — Zn)+
meC(n)
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aln Uan Uan
zpn()J a()] ﬂn,;”) (36)
]ejn

s.t. constraints (19b) — (19f).

Solving the updated Lagrangian dual yields the optimal solution 7}, p, and intercept v}, which
can further generate a Lagrangian cut in the same form of (20). We name this improved cut “sparse”
because there is only one non-zero element for each j € J,, within p}. It is equivalent to padding
the value of all p coefficients for inactive elements with zero. The updated formulation accelerates
the convex optimization method to solve the Lagrangian dual problem, since we only need to search
on a significantly lower-dimensional space of (, p) now.

The sparse Lagrangian cut retains the validity and tightness property of a regular Lagrangian
cut since the dual multiplier to generate a sparse lifted Lagrangian cut is a feasible and optimal
solution to the Lagrangian dual problem. Therefore, generating sparse Lagrangian cuts in the
framework of Algorithm 2 does not affect the asymptotic convergence to the global optimum. We

present the theoretical results of sparse lifted Lagrangian cuts in Appendix C.

4 Enhanced Lagrangian Cut

In this section, we explore geometric properties that may affect the strength of Lagrangian cuts. We
further utilize them to propose enhancement techniques for the cut generation process so that we
can achieve better computational efficiency. Those techniques can be applied in a unified problem
framework regardless of whether we introduce lifting variables. We first present such a unified
problem framework for notational clarity.

Throughout this section, for the node n € AN/, we let x,, be the state variable, y,, be the local
variable, and z, be the auxiliary variable introduced to model the nonanticipativity constraint.
The set Z,,) specifies the region which the input state variable x,,), or the auxiliary variable z,
should lie within. Note that this is the same setup as in Section 2. Therefore, the forward pass
problem here has the same formulation as (P,) in model (4) and the backward pass problem is the
same as (D,,) in model (7). We repeat those model formulations here to help readers find a quick

reference.

(Pn) Qn(xa(n); (I)n) =

min CrTan + g;yn + Z Gnm®Pm (fﬁn) (37&)
meC(n)

s.t. Whpxn + Buyn = Thzn + dn (37b)

Tn € Xp,yn €Yy, (37¢)

Zn = Lq(n)- (37d)
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(Dn) max L, (ﬂ'n; ia(n)a @, Za(n)) ) (38)

Tn

where

Ly (Wn; i'a(n)v @y, Za(n)) -

N minz el an + g yn + Z GnmOm + W;(S@a(n) — 2p) (39a)
monmEn meC(n)

st. Wyan + Bpyn = Thzn + dy (39b)

Tn € Xn,Yn € Yo, 2n € Za(n) (39¢)

Om > 0,, Vm € C(n) (39d)

szvfn—i—TrfnTxn VmeC(n),l=1,...,Ly,. (39e)

This framework can easily adapt to models with lifting variables in Section 3, as the unified state
variable z, include previous z, and A,, the unified auxiliary variables z, include previous z, and
lin, the unified feasible region X, is characterized by previous X,, and A, (x,,P,), and the unified
restricted region should correspond to the set 3n(Za(n),IP’a(n)).

4.1 Extreme Points and Multiple Optimal Dual Multipliers

When all state variables are binary, the solution to (P,) in every iteration is at an extreme point
of the convex hull of the restricted region for the auxiliary variable, which makes Lagrangian cuts
a tight lower approximation for value function Qn (Zou et al. 2019). When the state variables are
mixed-integer, we lose this property and can only achieve tightness against the convex envelope of
Qn over the restricted region Z,.,). That said, we can obtain a similar tightness result when we

have a solution #,(,) located at an extreme point of COHV(Za(n)):

Proposition 9. If Z,(,) is an extreme point of conv(Z,y)), we have
* %1 A A
v, + T, La(n) = Qn(xa(n); (I)TL) (40)

We show the proof of this tightness result in Appendix D. The lifting operations create binary
variables and smaller hyperrectangles within the partition, both of which make it more likely to
obtain a solution to (F,) at an extreme point of conv(Z,,)). This intuition explains why Lagrangian
cuts, together with the lifting scheme, can quickly close out the optimality gap. However, when we
obtain an extreme point solution Z,(,), the optimal solutions to (D)) are generally not unique. We
can generate multiple Lagrangian cuts, all of which are tight at Z,,). Let II, (Tq(n)) be the set of
optimal solutions to (D)) in (38). The following example demonstrates that different Lagrangian

cuts can have significantly different approximation effects.
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Example 4. We consider the same problem as Example 1 and let &1 = 2. Fig. 5(a) shows the
form of Lagrangian cuts and the range of optimal dual solutions, 11, (1), for two restricted regions,
Zi and 22, In Fig. 5(b), we visualize the Lagrangian cuts, with each cut color-coded for clarity to
distinguish their properties and approzimation effects.

The purple cut represents a facet-defining Lagrangian cut generated under Zi. Similarly, the
red cut is the facet-defining Lagrangian cut generated under Z2. Not only are these cuts tight at &1,
but they can also characterize the tight lower approximation elsewhere within the restricted region.
In contrast, the blue cut is valid and tight at &1, but is loose elsewhere. Generating loose cuts may
stgnificantly increase the number of iterations for the cutting-plane algorithm and lead to compu-
tational intractability; e.g., the integer L-shaped cuts (Laporte and Louveaur 1993). Therefore, we

aim to generate strong cuts by selecting the right dual multiplier from the set 1L, (Z4(n))- O

9 |
1.5 1
For m,, € I1,,(%1), a Lagrangian cut
is given by: 6, > mpx1 + 2(1 — 7). )
& |z
0.5 !
I, (1) | [2,400) | [1,400) coz: (Qn)," :. )
) ' 1
: t — :
0.5 1 1.5 2
(a) Lagrangian cut coefficient information at (b) Illustration of different valid Lagrangian cuts.
1 =2.

Figure 5: Multiple optimal dual multipliers to problem (D,,) may result in different valid Lagrangian
cuts in Example 4.

4.2 Pareto-optimal Lagrangian Cut (PLC)

To distinguish the strength of different cuts, Magnanti and Wong (1981) proposed a method to
generate Pareto-optimal cuts for Benders decomposition. No cut is stronger than the Pareto-
optimal cut over all points in the feasible region. Thus, Pareto-optimal cuts help generate a good
lower approximation and accelerate the cutting-plane algorithm. The method in Magnanti and
Wong (1981) aims to maximize the cut value at a core point, which is any point contained in the
relative interior of the convex hull of the feasible region.

We propose a two-phase methodology to generate such Pareto-optimal Lagrangian cuts (PLC).
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Phase I ensures Lagrangian cuts’ tightness at Z,(,) for the convex envelope €Oz, (Qn(-; @n)),
while Phase IT maximizes the cut value at a core point Z,(,) € relint(conv(Z,,)), the relative
interior of the convex hull of the restricted region Z,,).

To ensure the tightness guarantee, we must select the dual multiplier from the set of optimal
solutions to the Lagrangian dual problem II,,(Z,(,)). In addition, we need to represent the cut value
at the core point, with which we replace the objective function of the Lagrangian dual problem.
Combining those two factors, we propose the following cut-generation convex program (CGCP) to

replace (D)) in model (38) to obtain the cut coefficients:

(Dn) n}rax Ly (ﬂ'n; jf'a(n)a Py, Za(n)) + 71—Z(ja(n) - ja(n)) (413‘)
st Lp (ﬂ'n; i‘a(n)a Py, Za(n)) > Ly, (ﬁ'na ﬂAs'a(n)7 P, Za(n)) -6 (41b)

where € > 0 is a tolerance parameter and 7, is any optimal solution in the set IT,(#4,)). The
objective function is the sum of a piecewise linear concave function and a linear function of m,, and
thus concave in 7,. Constraint (41b) formulates a convex set as the left-hand side of the inequality
is a piecewise linear concave function of m,. Characterizing the set Il,(Z4(,)) presents significant
challenges, but we only need the optimal value of max L, (7rn; Ta(n) Pns Za(n)) without specifying
the exact 7, in CGCP. Therefore, in Phase I, we can solve the Lagrangian dual model (38) to
obtain the objective value. Then we can plug this optimal value in the constraint (41b) and solve
model (41) with convex optimization methods. We show that the Pareto-optimal Lagrangian cut

can simultaneously achieve validity, tightness, and Pareto-optimality.

Theorem 10. With e = 0, the Lagrangian cut generated by solving CGCP (41) is valid and tight

at Lo(ny for coz,,, (Qn(, @n)) Moreover, it is Pareto-optimal with respect to conv(Z,(y,))-

We show the proof of Theorem 10 in Appendix D. Note that we need to solve two convex
optimization models to generate a PLC, one to obtain the value of £, (frn; Zq(n), P, Za(n)) and the
other to solve model (41). This is consistent with Magnanti and Wong (1981) where the subproblem
needs to be solved twice. However, if we use specific refinement schemes, e.g., splitting the active
element in the partition along every dimension j € 7, according to the incumbent solution, the
incumbent solution becomes an extreme point of conv(Z,,)) in the next iteration, and we can use
the result of Proposition 9 to replace L, (frn;;%a(n), <I>n,Za(n)) by Qn(:ﬁa(n)ﬂ)n). We discuss the

details of computational techniques to generate a PLC in Section 5.

4.3 Square Minimization Cut (SMC)

Generating a PLC requires identifying a core point within the relative interior of the convex hull
of the restricted region Z,,). The selection of core points will directly affect the geometry of cuts,
and there is no rule to consistently guarantee the efficacy of cuts. Here, we propose an approach

that generates an enhanced Lagrangian cut without identifying a core point.
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In Example 4, we observe that among all tight cuts obtained at an extreme point, we would
prefer “flat” cuts (purple line) over “steep” cuts (blue line). This observation motivates us to find
a measure of “flatness” to differentiate cuts. Naturally, we use the two-norm of dual multiplier 7},

as such a measure. We can visualize this phenomenon with Example 4: The quantity ————

T | Tn+1
reflects the cosine of the acute angle formed by the cut and the horizontal axis. To generate a “flat”
cut, we would like to minimize the L2-norm of 7, so that such an acute angle is small. The idea

can be extended to high-dimensional cases, and we can formulate the following CGCP:

(Dp)  min ||| (42a)

st. Ly (7rn; i'a(n)7 D, Za(n)) > Ly (ﬁ'nv @a(n)v D, Za(n)) -6 (42b)

Model (42) remains a convex optimization problem since the objective function is minimizing a
convex function of m,, and constraint (42b) remains the same to formulate a convex set. We name
the cut square minimization cut (SMC), with cut coefficients obtained from solving model (42).
SMC can achieve validity and tightness but may fail to be Pareto-optimal, for which we show
an example in Appendix D. Yet the computational results in Section 5 show its computational
efficiency. We close this section with the following example that compares the vanilla Lagrangian
cut (LC), PLC, and SMC.

Example 5. We consider the same problem as Exzample 1 and let &1 = 1.5 and X; = [0,2] = Z;.
Fig. 6(a) shows the information of vanilla and enhanced Lagrangian cuts generated at 1 = 1.5.
These cuts are visualized and color-coded accordingly in Fig. 6(b). We can see that the PLC and
SMC generated for this case are facet-defining, while the LC may not be. O

5 Numerical Experiments

We conduct numerical experiments to test the performance of proposed algorithms and enhance-
ments to Lagrangian cuts for MS-SMIP problems (1). We build two large-scale test cases based on
real-world applications: (i) a power generation expansion planning problem with general integer
state variables, and (ii) a stochastic unit commitment problem with binary and continuous state

variables. These experiments aim to address the following key questions:

(i) How effective is our SDDP-L algorithm (Algorithm 2) compared to SDDP with Lagrangian
cuts (Algorithm 1) and SDDiP in Zou et al. (2019) with a binary representation for all state

variables, for MS-SMIP with general mixed-integer state variables?

(ii) To what extent do the enhancement techniques proposed in Section 4 improve the performance

of the Lagrangian cut?
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1.5
Type ‘ T ‘ Cut Formulation
1
LC ‘ - ‘ Hnanxl—%Wn+1 2
2 €Oz, (Qn) ," 2
prc | 10| On > 521 - o
(18] 6,220 ' g
. ’
2 ’ ’
SMC | - | 6.3 3m o .
5 . £ : :
For LC, Ty € [5,2] 05 1 1.5 )
(a) Vanilla and enhanced Lagrangian cut coeffi-  (b) Illustration of vanilla and enhanced Lagrangian
cient information at ; = 1.5. cuts, where we set m, = 1 for LC.

Figure 6: Comparison of L.C, PLC, and SMC.

(iii) What insights can be drawn about the features and mechanisms of different cuts and algo-

rithms across the test cases?

All optimization models are formulated using JuMP (Dunning et al. 2017) in Julia v1.11 (Bezan-
son et al. 2017) and solved with Gurobi v11.1 (Gurobi Optimization, Inc. 2014). The experiments
utilize 5 threads on a workstation with an M3 MAX CPU and 48 GB of memory. We set M = 500,
but only generate cuts for the solution obtained from the first sample path. The parameter € in
Section 4 is set to 1072. We return the obtained cut coefficients from the iteration before we en-
counter numerical issues, as any dual multiplier 7, together with L, (7p; Z4(n), P, Za(n)), results in
a valid cut. We let all test instances run for 3,600 seconds, recording upper and lower bounds and
the time and iteration number when the relative gap between the statistical upper bound and the
lower bound reaches 1%. For PLC, the core point is fixed at Z, ; = % foralln e N,j € J,.

The Lagrangian dual problems (D,,) are solved using the level method in Lemaréchal et al.
(1995). We set the convergence tolerance for the level method as 1072, with a maximum of 200
iterations. As mentioned in Section 4, generating a Lagrangian cut requires solving the Lagrangian
dual problem twice, which may be time-consuming. In the experiment, we use the optimal value
Qn(ia(n);fbn) (or Qﬁ(:&a(n);@n)) to replace Ly (7n; Za(n), Pns Za(n)) 50 We do not have to solve
the Lagrangian dual problem to obtain Ly, (7n; Z4(n), Pns Za(n))- Since Ly (Tn; Ta(n)> Pns Za(n)) only
provides a lower approximation of @ (or Qi), CGCPs may run into infeasibility. When we
encounter such infeasibility, we terminate the level method and output the cut coefficients from the
previous iteration. This technique results in a valid Lagrangian cut, following the same reasoning

when encountering numerical issues.
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5.1 Generation Expansion Planning

We consider a generation expansion planning problem (GEP) with b types of expansion technologies.
At a node of the scenario tree n € N, we decide the number of each type of generators built, w,,
total electricity generation by each type of generator, y,, and the outsourced demand, s,,, penalized
by a rate p. We let the state variable x,, represent the cumulative number of different types of
generators built until node n. We present the extensive formulation of this multi-stage GEP as

follows:

min Z Pn (C;Lrwn + g;lb—yn + psn)

neN

st. oz, <u VneN (43a)
1 yp + 5, > dy Vn e N (43b)
Yn < N (2, + wo) VneN (43c)
N (zy, + wo) < BN (4, + wo) Vn e N (43d)
Ty, = Wn + Tg(n) VneN (43e)
Wy, Ty € Zi, Yn € Rﬁr, sp € Ry Vn e N. (43f)

For a node n € N, the investment cost per generator is c,, and the unit generation cost, including
fuel and operational expenses, is g,. We assume one generator of each technology has a fixed
capacity, represented by a diagonal matrix N. We let u be the maximum number of generators for
expansion, d,, be the electricity demand, and wy be the number of initially installed generators.

Constraint (43a) imposes an upper bound @ on the total number of generators constructed.
Constraint (43b) ensures that the total electricity produced and outsourced must satisfy the elec-
tricity demand. Constraint (43c) ensures that the total electricity production does not exceed the
capacity of the installed generators. Additionally, we impose upper bounds in constraint (43d) on
the installed capacity share of certain generation types, with a matrix S representing share up-
per bound parameters. Constraint (43e) models the transition between stages; i.e., it updates the
number of total installed generators.

The detailed parametric setups are based on Jin et al. (2011). We consider a series of stage-wise
independent uncertain {dy, },cnr. We assume a deterministic initial demand d;. At each subsequent
stage t, the demand is independently generated by multiplying d; with a growth factor 1.05' and
a random fluctuation factor sampled from a uniform distribution Unif(1.0,1.2). The cumulative
installed capacities of nuclear and renewable energy units are each restricted to be no more than
20% of the total installed generation capacity. In each iteration, we refine the partition according
to the incumbent solution.

We compare the computational performance of SDDP-L with SDDiP and SDDP in Tables 1-3.
We test three different Lagrangian cut types: LC, PLC, and SMC. There are R scenarios for each
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stage. We record the best lower bound (LB) and optimality gap (Gap) between statistical upper
and lower bounds. The tables also include the number of iterations in the time limit (Iter), average
time per iteration (Time/Iter.) with the standard deviation in the parenthesis, the time and the

number of iterations to reach a 1% optimality gap (Time;o, and Iterjo).

SDDP-L Algorithm (Algorithm 2)
Cut | T R| LB Gap(%) Iter. Time/Iter. | Time;y, Iter;y

o B | 160080 655 206 17.6 (8.7) - -

Lo 10 | 15830.7 664 179  20.2 (9.9) - -
5 5| 157573 873 144 252 (109) - -

10 | 15830.7  86.2 150 24.2 (11.4) - -

o D |33397.3 08 620 57(21) 13.4 3

PLC 10 | 33643.6 0.3 426 8.5 (1.5) 18.4 4
5 577285 06 16 22035) | 18L7 12

10 | 70833.8 1.0 124 293 (5.0) | 876.6 33

o 5 |333996 06 816 44(14) | 254 10

MO 10 | 33555.8 0.4 453 8.0 (1.5) | 63.7 11
;5 5| T8ITT 09 216 168(25) | 5573 4l

10 | 71548.6 0.1 196 185 (4.9) | 2741 26

Table 1: Computational performance of SDDP-L algorithm for GEP.

Table 1 presents the performance of the SDDP-L algorithm with different types of cuts. With
enhanced cuts PLC and SMC, the SDDP-L algorithm achieves an optimality gap below 1% for
all instances, and we observe comparable computational performance between PLC and SMC. In
contrast, L.C does not close the optimality gap within the time limit.

Table 2 reports the result when we utilize the SDDIP algorithm in Zou et al. (2019) with general
integer state variables equivalently represented by binary variables. The original state variable
contains six integer elements, and the binary representation has 21 binary state variables. This
dimensional growth imposes a heavier computational load on the SDDiP algorithm, which matches
the nature of cutting-plane algorithms. As we compare Tables 1 and 2, the binary representation
leads to a longer average time per iteration with larger run-time variability. Enhanced cuts exhibit a
pronounced increase in per-iteration time, especially for PLC, because more iterations are required
for the level algorithm to search the higher-dimensional dual space to generate a cut. In addition,
a higher-dimensional state space also requires more cuts to approximate the value function to the
same tolerance level.

Table 3 shows the result using the SDDP algorithm with Lagrangian cuts (Algorithm 1). Algo-
rithm 1 demonstrates the best iteration efficiency as we do not need to include additional binary

variables in the state space as in SDDP-L and SDDiP. The gap result shows that the convoluted
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SDDiP Algorithm with State Variables Binary Representation
Cut | T R LB Gap(%) Iter. Time/Iter. | Timejy Iteryy

o B |2mte0 195 203 124 (T - -

LC 10 | 26882.2 714 261  14.0 (6.6) - -
5 5 |2638L5 823 240 152(7.0) - -

10 | 257950 852 215  16.9 (7.8) - -

o 5 |333939 09 70 527 (12.1) | 504 2

PLC 10 | 33639.5 0.0 37 101.2 (15.8) | 431.1 6
5 5| 728341 04 29 133.0 (45.1) | 958.0 12

10 | 71561.2 0.7 19 204.1 (73.4) | 17849 11

o 5 [330800 27 212 150 (53) - -

e 10 | 332734 2.0 167 218 (5.6) - -
5 5| 726638 10 126 200(9.2) | 10023 50

10 | 71128.1 1.0 88 419 (9.3) | 2676.8 68

Table 2: Computational performance of SDDiP algorithm for GEP.

convex envelope approximation is close to the original value function for GEP. This result echoes
with Dowson and Kapelevich (2021), demonstrating that the two are often close in many practical
problems. However, the SDDP-L algorithm is more reliable in guaranteeing a high approximation
accuracy for a general problem setting. Additionally, for this low-dimensional problem without
many added binary variables, LC also achieves convergence, but we observe that enhanced La-

grangian cuts achieve better lower bounds within the time limit.

SDDP with Lagrangian Cuts (Algorithm 1)
Cut | T R LB Gap(%) Tter. Time/Iter.

o 5 [328666 24 1046 34(12)

Lo 10 | 33140.3 25 1102 3.3 (0.5)
;5 5| TW6T8RO 20 694 5.2 (L1)

10 | 703985 2.1 681 5.3 (0.9)

o 5 |3207.7 26 756 48 (0.6)

PLC 10 | 33232.0 2.1 447 8.1 (1.3)
5 5| 719565 23 340 10.6 (L5)

10 | 70751.8 25 313 11.6 (3.8)

o | 328990 14 1450 25 (0.5)

MO 10 | 332485 1.2 1417 2.5 (0.5)
5 5| 719206 21 654 5521

10 | 70776.0 24 327 110 (6.3)

Table 3: Computational performance of SDDP with Lagrangian cuts for GEP.
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5.2 Multi-period Stochastic Unit Commitment

We consider a multi-period stochastic unit commitment (MSUC) problem, where we decide gener-
ators’ on/off status, generation levels, and power flows. We formulate our MSUC problem based on
similar models in Bienstock et al. (2024) and Zou et al. (2018). The electricity network consists of
a set of buses ¢ € B, loads d € D, and generators g € G. We use D; and G; to represent the subset of
loads and generators connected to bus 7. At a scenario tree node n € N, the state variables include
binary indicators for generator commitment y,,,, startup action vy, and shutdown action wg,, and
continuous power generation levels chfl for each g € G. We represent the proportion of load shed
by local decisions, (1 — z4,). The total cost includes a piecewise linear function of power output
costs, denoted by hg, with each piece o € O a linear function parametrized by intercept cgg and
and c , and load-shedding costs with a penalty rate of

slope ¢!, startup and shutdown costs ¢

0g° g
wq. Constraint (44c) models DC power flow equations. Constraints (44d) and (44e) specify bounds
for power flow on transmission lines and generation levels. Constraint (44f) represents the power
flow balance. Constraint (44g) links the on/off status with startup and shutdown decisions. Con-
straints (44h) and (44i) enforce minimum up and down time constraints for the generators, where
the set N'(n,t) contains the path of nodes from the ¢-th ancestor of n to n. Finally, constraints (44j)

and (44k) enforce the ramping limits with ramping bound parameters M.

Z Dn Z (hgn + cfvgn + chwgn) + Z wy(l — zgn) (44a)

neN g€g deD
st hgn > o P + Coglign Voe O,geG,neN (44Db)
Pz?t Bij (ezt — Gjt) V(’L,j) eL,ne N (440)
—Wi; < Pk, < Wy V(i,j) € L,n €N (44d)
PSygn < PS < P o Ygn Vge G, neN (44e)
Z Z ’L]t = Z Danxan Vie B,n e N (44f)
9€G; (i,7)EL deD;
Ugn — Wgn = Ygn — Yg,a(n) Yge g,n¢€ N (44g)
> vgm < Ygn VgeG,neN (44h)
meN (n,UT—-1)
> wgm < 1= ygm VgeGneN (441)
meN (n,UD-1)
PG = Py < My(Yga(n) + Vgn) VgeG,neN (44j)
PC iy — Pow < My(ygn + wgn) VgeG,neN (44k)
Vgn Ygn, Wgn € {0, 1} VgeG,neN (441)
Zan € [0,1] VdeD,neN (44m)

We test algorithms on a IEEE 30-bus test case (Shahidehpour and Wang 2003), across 6, 8, or
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12 periods, and each period corresponds to a stage. The uncertain demand series Dy, is modeled
as follows: We create a series of nominal demands with values for the first six stages equal to 90%
of the static demand and the values for the seventh stage and beyond equal to 130% of the static
demand, while each stage bears an additional +10% fluctuation distributed uniformly. We assume

stage-wise independence, each stage having 5 or 10 realizations.

SDDP-L Algorithm with Partitions Refined according to Incumbent Solutions
Cut ‘ T R LB Gap(%) Iter. Time/Iter. ‘ Time;q, Iteryy,

s 5| 16205 613 52 73.4(541) - -

10 | 12962 664 51  74.5 (55.9) - -

LC | g 5| 16628 T4l 44 88.3(68.4) - -
10 | 16628 742 43  88.8(70.1) - -

B | 16628 845 33 1126 (94.0) - -

10 | 1999.7 832 45  85.4 (44.9) - -

s 5] 42036 01 56 66.3 (55.0) | 24.3 4

10 | 3849.0 0.2 48 792 (57.0) | 33.1 4

PLC | ¢ 5] 64057 03 42 88.0 (70.9) | 85.7 8
10 | 6386.8 0.6 39 96.1(62.5) | 290.1 10

g 5 [105631 10 32 121.1 (94.3) | 1709.9 24

10 | 115741 2.5 30 133.4 (89.1) - -

s 5| 42063 0.1 57 66.0 (41.4) | 16.6 4

10 | 38534 0.0 53 715 (49.4) | 17.3 4

SMC | o 5 | 64131 0.1 44 87.9 (60.8) | 46.4 6
10 | 6399.3 0.0 43 88.8 (63.6) | 715 7

o O [10627.8 0.1 34 114.9 (84.8) | 161.7 9

10 | 11749.2 0.5 36 104.8 (80.4) | 308.3 12

Table 4: Computational performance of SDDP-L algorithm with partitions refined according to
incumbent solutions for MSUC.

Table 4 presents the performance of SDDP-L applied to MSUC, with the partitions refined
according to the incumbent solution. LC still fails to provide meaningful lower-bound improvements
within the time limit, while PLC and SMC quickly improve the lower bounds, closing optimality
gaps to 1% tolerance in most cases, except for PLC with T'= 12 and R = 10. SMC requires fewer
iterations and less time than PLC to achieve a gap below 1%.

We test SDDP-L applied to MSUC with the partitions refined according to bisection and show
the computational results in Table 5, so that we can further investigate the impact of partition re-
finement strategies. The results suggest that both partitioning schemes with enhanced Lagrangian
cuts can quickly close the optimality gap. However, refining partitions according to bisection sig-

nificantly improves computational performance for LC, especially for smaller cases. We believe the
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SDDP-L Algorithm with Partitions Refined according to Bisection
Cut | T R LB Gap(%) Iter. Time/Iter. | Time;y Iterjy

g 5| 4175 L7 50  77.2 (60.6) - -

10 | 37882 1.7 48 77.5 (60.5) - -

LC | 4 5] 63422 09 42 91.8 (80.9) | 20822 35
10 | 4004.9 374 41  94.5 (81.5) - -

o 5| 104023 108 32 1244 (112.7) - -

10 | 1999.7  83.0 32  121.0 (94.0) - -

s 5[ 42034 01 49 762 (55.4) | 30.7 4

10 | 3847.6 0.2 46 83.2 (55.8) | 30.2 4

PLC | 4 5| 64088 04 41 92.1(76.3) | 190.6 10
10 | 6389.5 0.2 39 1015 (78.0) | 146.0 8

o 8| 105603 L0 31 123.7 (97.8) | 27961 28

10 | 11568.1 1.9 28 133.6 (99.6) - -

o 5| 42064 01 49 750 (64.8) | 18.0 4

10 | 38531 0.1 50 74.3 (59.2) 18.5 4

SMC | ¢ 5 | 64137 03 42 91.6 (75.1) | 73.9 7
10 | 6399.2 0.5 41 912 (78.7) | 129.1 9

L 5| 10627.1 0.0 33 1134 (92.1) | 254.9 10

10 | 11746.0 0.8 32 117.7 (96.2) | 256.7 10

Table 5: Computational performance of SDDP-L algorithm with partitions refined according to
bisection for MSUC.

incumbent solutions often lie in the relative interior of an element of the partition when we use the
bisection refinement. Therefore, LC will encounter multiple optimal dual multipliers less frequently,
and the cuts generated will provide a good approximation for the value function elsewhere. On the
other hand, it is easier to identify an optimal dual multiplier to the Lagrangian dual problem when
we have multiple optimal solutions. This may explain why the average iteration time is slightly
longer across all test cases when we refine partitions according to bisection.

Fig. 7 illustrates the progression of the lower bound when 7" = 12. We observe that the lower
bound. PLC and SMC substantially improve the lower bound within a small number of iterations,
and SMC consistently performs better than PLC in both time and the number of iterations. In
contrast, LC exhibits slower progress in the early stages. In the case with R = 5, LC undergoes
many iterations without lower-bound improvement, followed by a sharp lower-bound increase only
in the final iterations. Although LC is tight at the incumbent solution that is also an extreme point
of Z,), it is often too steep to approximate the value function elsewhere. Thus, the algorithm
needs to explore many points on the boundary before exploring the points in the neighborhood of

the optimal solution. We also observe a similar trend for 7' = 6 and T' = 8. However, for the most
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challenging instance with 7' = 12 and R = 10, it takes too many iterations to enumerate boundary

points and close the gap within the given time limit, resulting in a flat lower-bound trajectory.
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Figure 7: Progression of lower bounds for the MSUC instance with T' = 12. Each row of panels
compares the effectiveness of two partitioning strategies in SDDP-L.

Table 6 reports the computational performance of the SDDiP algorithm with mixed-integer state
variables represented by binary variables for the MSUC problem. We also present the progression
of the lower bounds for instances with 7' = 12 in Fig. 8. We approximate each continuous variable
with a precision of 278, Binary representation increases the dimension of the state variable space
from 24 to 63, leading to a longer average iteration time and fewer iterations completed within
the time limit. Only SMC can obtain optimality gaps below 1% for T' = 6 cases. For larger cases
(T = 8 and 12), neither PLC nor SMC achieves a decent gap result within the time limit due to

the substantially increased complexity. Like GEP, LC fails to provide meaningful lower bounds in
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all test cases because of the steepness issue, and SMC achieves the best gap result because of its
computational efficiency. However, we observe a different trend for PLC as it exhibits the longest

per-iteration time among the three, resulting in few total cuts generated and poor lower bounds.

SDDiP Algorithm with State Variables Binary Representation of Precision 278
Cut ‘ T R LB Gap(%) Iter.  Time/Iter. ‘ Time;q, Iteryo,
5 | 2037.9 54.6 30 129.5 (67.3

)
O 10| 15544 617 32 1233 (17.0) - -
LC | g 5| 20037 695 29 1380 (72.2) - -
10 | 20034  69.8 25  159.0 (90.1) - -
5| 19528 825 24 160.6 (63.2) - -
10 | 23959 804 22 180.4 (72.9) - -
o 5| 28323 350 704.5 (114.2) - -

10 | 2391.1 41.5 983.4 (125.7) - -

7
5
PLC 5 | 24831 644 6  866.2 (127.0) - -
10 | 22755  65.6 4 1569.0 (322.4) - -
4
3

8
o 0| 22111 794 1217.3 (35.9) - -

10 | 27055  78.3 1900.9 (497.8) - -

s 5| 4261 0.1 60  62.5(29.0) 120.4 5

10 | 3887.9 0.2 30 127.2 (48.9) | 3496 5

SMC | o 5| 53549 182 23 1712 (35.7) - -
10 | 54378  16.6 23 173.4 (76.3) - -

O 100411 84 21 193.0 (68.7) - -

10 | 109852 8.5 27 149.0 (82.6) - -

Table 6: Computational performance of SDDiP algorithm for MSUC.

We test the performance of SDDP with Lagrangian cuts (Algorithm 1) for the MSUC problem
and present the results in Table 7 and Fig. 9. The results show that PLC and SMC quickly improve
lower bounds and reach a plateau. For larger instances (T' = 8 and 12), the optimality gaps are
approximately 2%, indicating a gap between the convex envelope and the original value function.
LC performs poorly as it does not improve the lower bound after many iterations. This is consistent
with observations from SDDP-L and SDDiP tests.

Fig. 10 lists statistics of the average iteration time and the average number of iterations required
to solve CGCPs for generating Lagrangian cuts for the MSUC instance with 7' = 12 and R = 10.
Fig. 10(a) shows the average number of iterations in the level method to generate a Lagrangian
cut, while Fig. 10(b) illustrates the average time per iteration to generate a Lagrangian cut. PLC
requires the longest average iteration time and the highest number of iterations across all cut types,

while SMC achieves good performance without requiring as much computational effort.
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Figure 9: Progression of lower bounds for the MSUC instance with T' = 12. The results compare
the performance of SDDP with Lagrangian cuts with R =5 and R = 10.
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SDDP with Lagrangian Cuts (Algorithm 1)
Cut | T R LB Gap(%) Iter. Time/Iter.

s 5[ 16205 613 116 314 (243)

10 | 12962 664 108 34.3 (21.5)

LC | ¢ 5] 16628 741 94 39.9 (30.0)
10 | 16628 741 97 37.5(26.0)

o 5| 16628 844 72 519 (44.6)

10 | 1999.7 831 76 49.2 (32.1)

6 5| 41693 09 108 344 (252)

10 | 3819.0 0.9 89 41.1 (22.7)

PLC | ¢ 5 | 63271 1.7 89  41.6 (28.9)
10| 62778 2.1 82  45.6 (28.2)

o 5| 104760 2.0 65 56.5 (44.0)

10 | 115744 1.5 62 59.2 (34.6)

s 5| 427 09 131 27.8(212)

10 | 38226 0.8 104 35.8 (29.8)

SMC | ¢ 5 | 6330.3 1.6 104 35.0 (25.3)
10 | 6265.6 2.0 94 39.2 (27.9)

L 5 |104003 17 80  46.8 (39.0)

10 | 11571.9 1.9 70 52.9 (45.3)

Table 7: Computational performance of SDDP algorithm with Lagrangian cuts for MSUC.

6 Conclusion

In this paper, we demonstrate the geometric structure of Lagrangian cuts and show how they char-
acterize the convex envelope of the value function over a restricted region. We integrate Lagrangian
cuts into the SDDP framework, propose Algorithm 1, and provide theoretical guarantees for the
convergence of Algorithm 1 to a convoluted convex envelope approximation of the value function.
To recover the global optimum with exactness for MS-SMIP, we progressively refine the partition
of state variables and represent it with additional binary state variables (lifting) in the SDDP-L
algorithm. We prove the tightness of lifted Lagrangian cuts and establish the asymptotic conver-
gence of the SDDP-L algorithm. The lifting process may lead to multiple candidate Lagrangian
cuts, and there is no consistent rule of cut selection to guarantee computational efficiency. We pro-
pose two enhancements for Lagrangian cuts, PLC and SMC, and we show their validity, tightness,
and Pareto-optimality properties. These properties help significantly accelerate convergence and
improve computational efficiency. Our numerical experiments validate the effectiveness and effi-
ciency of the proposed methods. In particular, the combination of progressive lifting and enhanced

Lagrangian cuts in the SDDP-L algorithm consistently improves lower bounds and ensures quick
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Figure 10: Statistics on the cut generation process for the MSUC instance with 7" = 12 and R = 10.

convergence to the optimal solution for MS-SMIP with general mixed-integer state variables.

Our methods provide a fundamental algorithmic framework to solve general MS-SMIP to ex-
actness. In the future, we plan to explore the use of restricted Lagrangian multipliers for cut
generation, as suggested in Chen and Luedtke (2022), and investigate the integration of regularized
Lagrangian cuts within the SDDP-L framework to enhance algorithmic stability and performance
further. Another future direction involves utilizing the power of machine learning to quickly gener-
ate Lagrangian cuts of good quality and establish partition rules to reduce the number of iterations.
All the future directions should serve the ultimate goal of building easily deployable tools to fully
solve general MS-SMIP to exactness.
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Appendix

A Proof of Equality (b) in Theorem 1

Lemma 11. Suppose we have the same setting as in Theorem 1. We let fn(Tn, Yn, On) = ¢, 2, +

9y yn + ZmGC(n) Gnmbm where Oy, denotes the collection of value function variables {0m}mec(n),

and
Fn = A{(2n, Tn,Yn, On) | constraints (8b) — (8f)}.

Then we have

mln{ﬁ | (ia(n)an) € {(vafn(xnvyna(_)n)) | (vaxnaynagn) € conv (‘FTL)}}
=min {n | (Zq(n),n) € conv ({(zn, fa(Tn, Yn> On)) | (zn: T, yn, On) € Fu}) },

where the incumbent solution T,y € Zq(n)-

Proof. We can rewrite the model in (45) as:

vl = min n
0,2n,%n,Yn,On

st (Zn, Tn, Yn, Opn) € conv(F,)

Zn = Tg(n)

n= fn(xna Yn, @Tl)

(472)
(47D)
(47¢)
(47d)

We can enumerate all combinations of discrete variables within F,,. For each element within this

combination set fixed, we can enumerate all the extreme points of the continuous part and collect a

finite set of points within JF,,, because the set F,, is compact and there must exist a set of extreme

points. We denote the indices of this finite set as 7 € ¥ and each point can be represented as

(27,27, yy,0O7). Then the model in (46) can be rewritten as the following model:

v? = min n
a7”7

st. (2, 25,Y,,05) € Fn

To(n) = Z arzy),

TET
n=>Y_ orfalay,yn,O7)
TEY
St
TET
ar >0 VT e X

(48a)
(48b)
(48c)

(48d)
(48e)

(48f)

We can show that v! > »2? by transforming the optimal solution to model (47) as a feasible

solution to model (48). Suppose the optimal solution to model (47) is (2}, z%, v}, 0%) and 2} =
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Ty, " = ful@h, Y5, O5). Since (25,75, Yn,©0;,) € conv(F,), we can find convex combination
coefficients ar > 0,7 € T where 2, = > s arz) = Tam), T = D rex WrThs Up = D ores O,
O = ;ce 0], > zar = 1. Since the function f is a linear function in z,,y, and ©,, we
have f(%;,y;k“@;) = f(ZTGT aT‘T;’ ZTET aTyg)ZTG‘Z aT@Z) = ZTE‘I O[Tfn($:”y;—“@£) . We can
directly see this solution ({a; },ex,n) is a feasible solution to model (48), and thus v* > v/2.

2

On the other hand, we can reach the conclusion that v? > v! by transforming the optimal

solution ({af}rex,n*) to model (47) as a feasible solution to model (48). We can directly construct
a solution z, = Y _cx @72 = Ta(n), Tn = D req OrThs Un = D _res Gln, On = D 7 a7O]. By the
linearity of function f, this solution satisfies all constraints in model (47) so it is a feasible solution
to model (47). Therefore, we show that v? > v!.

Combining both directions, we prove v! = 12, which is equivalent to the statement that (45)

equals to (46). O

B Proof of Theorem 2

Before proving Theorem 2, we show the validity result of Lagrangian cuts for COZ, () (Qn())

Lemma 12. For every noden € N, given ®,, and Za(n)- Then the lower approxzimation comprising

any collection of Lagrangian cuts ¢n(Zqn)) < 0z, (Qn) at any Ta(n) € Za(n)-

Proof. Each Lagrangian cut is a linear function of x4, and thus ¢, (7,(,)) is convex in z,,). By
the definition of convex envelope and the validity of Lagrangian cuts for Qn(, ®,,), for any n € N

we have
COZ,(ny (Qn(7 (I)n)> (:Ifa(n)) > @bn(ma(n)) vxa(n) S Za(n)'

We can use backward induction to prove for any node n € N, at any Za(n) € Za(n)

00z, (@, (5®n)) (Tagmy) < coz,,, (Qn) (@a(m) (49)

For all n € Np, we have Qn(%(n)§ o, = Qn(aza(n)) at any given x,(,) € Z4) since C(n) = ), and
the inequality (49) automatically holds. Suppose for a node n € N\Np with the inequality (49) true
for all m € C(n). The feasible regions of (i, y,) for Q, and Q (+;®p) are the same, and for every
feasible solution (x,,y,), we have coz, (Qm) (1) > dm(xy). Therefore, Qn(%(n)) > Q (Ta(n);®,)

for any z4(,) € Z4(,), and the same inequality should hold for their convex envelopes as well. O

Lemma 13 (Lemma A.1l. in Girardeau et al. (2015)). Suppose f is convex and X is compact, and

suppose for any integer k, the sequence of a-Lipschitz convex functions f*, k € N satisfies

= (x) < f¥a) < f(x), for allz € X.
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Then, for any infinite sequence =¥ € X

lim (f(z") — f*(@*) =0 < lim (f(z*) - f*7%(2%)) = 0

k—o0 k—o0

With the validity result and technical lemma above, we now prove Theorem 2.
Proof of Theorem 2

Proof. We prove part (i) by backward induction. For all n € N, since the feasible region X, is
compact, within the sequence K, there must exist an infinite subsequence J such that {(x%, y¥)}1ec s

converges to (z},yr). Suppose we rearrange the indices for K so that it aligns with the natural

numbers.
Since C(n) =0, Q (¥ <I>k+1) Qn(a* ) for all k € K, and so their convex envelopes over
Za(n) €qual to each other.

COZ,(n) (Qn('; @fLH)) (x];(n)) = C0Z4(m) (Q") (x’;(n))

By the continuity of convex envelope coz,, | (Qn) () and the convergence of the sequence {(m’;(n), yf(
the sequence {coza(n) (Qn(, @ﬁ)) (:Jc’;(n))}kej converges to
€0Z, ) (Qn) (:U:(n)) with probability one.

We can derive that for k € K,

COZ, () (Qn) (@) = et (@hi) (50a)
> Lo(nh bl L Ok 2, nk T @k ) — 2k L) (50D)
= €0z, (Qn(~; @2)) (x’;(_nl)) + Tr,]flT(x’;(n) - x’;(_nl)) (50c)
= oz, (Qn) (:cla“(;ll)) + Wﬁ_lT(x];(n) — $§(:zl)) (50d)

We obtain the first inequality by Lemma 12, the second inequality by the definition of the k — 1-th
Lagrangian cut, and the third equality by the tightness result in Theorem 1. Therefore, if we

subtract coz, (Qn) (ac];(n)) from every part in inequalities (50), we obtain:

0> ¢ (@) = oz, (@n) (2a0) (51a)
~ _ ~ 1T
> (coz,, (Qn) (@) = coz,) (@n) (ki) + 70" (2 — 255)): (51D)

We can take the absolute value of inequalities (51) to find a bound of the difference:

’@bfi“(ﬂflé(n)) — oz, (Qn) (wfi(n))’ = ‘Cozaw (Qn) @) = 0z, () (xs(”))‘ i

-4 g
We have ’coz (Qn) ( a(n) ) COZ, () (Qn) (ak af )) — 0 and ‘ La(n) 1'];(_1

one, due to the continuity of coz,,, (Qn) and the convergence of {(2F,y*)}rcx. As we assume
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HWfL_IH < +00, the second term converges to zero with probability one too. Then for the third

statement in part (i), we can derive:

05 (k) = 02, (@n) 5| < |51 (@) = 00z, (Qn) (@hi)| +
[c02,y (@n) (@hiy) = 02,0, (@n) (o) (59)

The first term in the right-hand side converges to zero with probability one by inequality (52) and
the second term converges to zero due to the continuity of COZ, () (Qn) and the convergence of
{(z*, y*)}rek, and we prove part (i) for n € N7.

Suppose for all m € C(n) the three statements in part (i) are true. We can use a similar proof
technique to show part (i) holds for n € N\Np. The feasible region X,, is compact, so within
the sequence K, there must exist an infinite subsequence J such that {(z¥,y)}recs converges to
(T yn), given {(x};(n))yﬁ(n))}keK - (fUZ(n)v?JZ(n))-

We first show that coz, (Qn(, @ﬁ)) (:U];(_nl)) converges to coz,,, (Qn) (z ]Z( 1)) with probability
one. Here we assume that a Lagrangian cut is only added to ¢, when both nodes a(n) and n
are within a sample path. This assumption does not affect the convergence of the cutting-plane
algorithm because we assume every node’s problem will be solved an infinite number of times, by

the forward pass sampling property when we obtain a sampled solution and the backward pass

sampling property when we generate a cut.

02 coz,y, (Qn('? (I’ﬁ)) (xs(_nl)) ) (Q") (@ Z(nl)) (54a)
> coz, ) (Q,(+@5Y) (h,)) — coz,, (Qn) (21 (54b)
=tk Gyt Y el (@) = coz,, (@n) (@) (54c)

meC(n)
> elak gl Y gt @)=
meC(n)
C;erzrcz 1+g7—{y7]§ 1+ Z QnmCOZn( )( k_l) (54(1)
meC(n)
= D g (05 @) = coz,, (Qm) (@57H)) - (54e)
meC(n)

We can obtain inequality (54a) by Lemma 12, inequality (54b) because we are adding additional

Lagrangian cuts to <I>k_1 to obtain (IDk equality (54c) because (wf; 1,y,’§ 1) is the optimal solution

k-1 , k-1
T ynTh) as a

feasible solution to coz, (Qn) (m’;(n)). Finally, the lower approximation function ¢¥ is a-Lipschitz

to the model (P,) for the k — 1-th time, and inequality (54d) by plugging in (

continuous because ||| is bounded by a finite number by our assumption. Therefore, Lemma 13

k-1
n

can show the right-hand side of (54e), limg_, o (qﬁﬁ{l(a}f{l) — oz, (Qm) (:L'k_l)) = 0, when we

n

holds. Combined with the induction assumption ¢ (z£=1) converges to COZ, ) (Qm) (zk=%), we

set k = 1.
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For the third statement, we can use a similar argument as the one in the last stage. We need to

replace the term coz, (Qn) (xli(_nl)) by coz, (Qn(‘; @ﬁ)) (z"-1Y in inequality (52), but we have

a(n)
'f“(x’;(n)) — 0z, (@n) (b)) (55)
< |eoz, ( Q, (5 @) (@hh) = coz,, (Qn) (@hi)| + ||mi ! —x’;(jj)H. (56)
’ a(n) (I)k)> (wk(nl)) COZ4m) (Q”) (xa >)
€0Z, ) (Qn) (i) = 02,10y (@n) ()| + 77| by — 55 (57)

The right-hand side still converges to zero and the rest of the proof follows. There we prove three
statements hold for any n € N\Nr, and thus finish part (i) of the theorem.
For part (ii) of the theorem, by part (i), we have with probability one

lim | (¢fz} +g{yi + Z Qi (2}))—

17— 00
meC(1

(cl2f+9lyi+ Y. @imcoz,,, (@m) (=) | =0. (58a)
meC(1)

By Lemma (13), equality (58) is equivalent to

lim | (e 2f + gyl + D) amdl(al))- (592)
meC(1)
(ef 27 + g yi + Z q1mCOz, (Qm) () ] =0 (59b)
meC(1)

with probability one.
The accumulation point (z7,y7) is also a feasible solution to the model (14) because the feasible

region X and Y7 are compact sets. Therefore,

dai+alyi+ Y. qimcoz,,, (Qm) (=) (60a)
meC(1)
>V (60D)
ezt +glyi+ D amoh ! (2}) (60c)
meC(1)
:CI$§+ngyi+ Z 41mCOzZ, ., (Qm) (le>+
meC(1)
7 qim (@) = coz, ., (Qm) (27)) - (60d)
meC(1)

Taking the limit of the right-hand side of inequality (60d) yields
el o+ gl i + 2 mec(1) imCOZ, (Qm) (x7) as the limit of the last term is zero. Therefore, we
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prove the sequence {V'};cn converges to V* with probability one, and every accumulation point of
the sequence of the solution to model (Pj) is an optimal solution to model (14). This is the part

(ii) of Theorem 2. O

C Properties of Sparse Lagrangian Cuts and Proof

Theorem 14. For every node n € N, given <I>L, Za(n), current partitions P, and Py, and an
incumbent solution (ia(n), an)) € 3n(Zan), Pany)- Let (7}, py,v5) be the sparse cut coefficients
obtained by solving (DE) in model (18) wzth an updated Lagrangian relazation function LL in

model (36). Then, the sparse Lagrangian cut is valid and tight in the following sense:
(i) wvalid over 3n(Z4(n), Pa(n)):

Qn(Ta(m) = Q (Ta(n): Ma(n; @ris P Pa(m)
2’0;;"‘7'(' ()—|—p*T)\()
v (l’a(n), Aa(n)) S 3n(Za(n)aIP)a(n)); (61)

(ii) tight at (Za(n), )\a(n ) for the convex envelope of QL( i ®L P, P a(n)) over
Sn(Za(n)a ]P)a(n)) :

U:; + ﬂ-:z—ri'a(n) + p:LT)‘a(n) =
€03, (Zatmy Pagm) (@5 (5 @ P Pa) (Ea(n) s Aa(n)) (62)

Proof. The proof for the validity in part (i) directly follows the proof in Theorem 1. There-
fore, we focus on proving part (ii) here. We follow the proof of Theorem 3 to define F,
{(Zns tns Tny Any Yn, ©p) | constraints (19b) (191)}.

Suppose we only dualize ,una(”” — A%em i for J € Jan (n),j € Sa(n),j Where Aoatmd _ q We

a(n),j a(n),j
follow Theorem 1 in Geoffrion (1974) and obtain

U Byt Y o AT
]eja(n)
=min {fn(xm A Y, On) | (2ns s Ty Ans Yny On) € conv(Fy), zn = -i'a(n)a

,Uzz(’l;n)’j =1 \V/J - ja(n)} .

Since constraint (19d) specifies that i, € Ay(y)(2n; Pagn)), We can find that the right-hand side is

equivalent to

min {fn(xna Ans Yns @n) ‘ (Zmumﬂ?n, Ans Yn, @n) S COHV(}—TL)> ‘n = ja(n)7
Hn = )‘a(n) Vj e ja(n)} >
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because the condition ,uZ‘j;")’j =1 Vj € Ty, together with u, € Aa(n)(zn, Pa(n)), implies the rest
of elements within ., is all zero. The rest of the proof follows the same principle as the proof of

Theorem 3. O

D Theoretical Results in Section 4
D.1 Proof of Proposition 9

Proof. The existence of extreme points of Z,,) is given in Ichiishi (1983). Note that the value
function approximation Qﬂ(, ®,,) is lower semi-continuous and piecewise polyhedral (Schultz 2003).
By definition, Z,(y) is an extreme point of conv(dom(gn)ﬂza(n)). Therefore, according to Corollary
3 of Tawarmalani and Sahinidis (2002), the convex envelope of @ = over dom(Q )N Z,,) coincides
with @ (+;®») at the extreme points of conv(dom(Q, ) N Z4(n))- ]

—n

D.2 Proof of Theorem 10

Proof. The Lagrangian cut supports coz, (Qn(, <I>n)) at T4,y because of its tightness. If 24,y €
relint(conv(Z,(,))), T4(n) i a core point, which indicates Pareto-optimality by Theorem 3.4 in Bran-
denberg and Stursberg (2021). On the other hand, suppose that Z,(,) is on the boundary conv(Z,,))
and the cut is not Pareto-optimal. That is, there exists 7, € Il,(Z4(,)) such that for any

Ty(n) € Za(n), the following inequality holds:

_ . _ T N
Ly (7771; La(n)s @, Za(n)) + Ty (xa(n) - ‘ra(n))

>Ly (77;);; i'a(n)a P, Za(n)) + 7T;);T(xa(n) - ja(n))' (63)

Moreover, inequality (63) extends to all ,(,) € conv(Zyy))-
By evaluating inequality (63) at x,(,) = #4(n), we deduce that 7 must be an optimal solution

to CGCP model (41). Therefore, we have:

Ly (7_Tn§ :%a(n)a D, Za(n)) + 7T—n—l—(xa(n) - 'i'a(n))
=Ly (W:L; jaL(n)a o, Za(n)) + 7"-jL—l—(J:(z(rL) - jcn(n))' (64)

*

If the Lagrangian cut defined by 7, dominates the Lagrangian cut defined by =}, then there

exists at least one point Z,(,) € Z4() such that:

Ly (ﬁn; jja(n)a P, Za(n)) + 7T-n—l—(ja(n) i’a(n))
>Ly, (77:1; ‘i‘a(n)a D, Za(n)) + 7"':;—l—('i'a(n) - ja(n))' (65)

Since T4,y € relint(conv(Z,(,))), there exists a scalar o > 1 such that azg(n) = Qg + (1 —

Q)Zq(ny and arg(n) € conv(Z,(,)). Multiplying equality (64) by o and inequality (65) by 1 — a, and
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adding the results yields:
Lo (Tni Za(n)s P Za(n) + 7o' (Ton) — Fa(n))
<Ly (77:13 i'a(n)a ,, Za(n)) + W:T(xg(n) - ‘%a(n))a
which contradicts inequality (63) for all x4,y € conv(Z,(,)). Therefore, we conclude that the
Lagrangian cut defined by 7 is Pareto-optimal. O
D.3 Example of SMC not Achieving Pareto-Optimality

Example 6. We consider a value function Q,, defined on the scenario tree N' = {1,n} with a(n) =1

and X1 = Z; = {0,1}%:

Qn(xl) = min Yn

s.t. Yn = 2 (1‘171 + :6'1’2) -1

Yn € Z.
Suppose we obtain an incumbent solution & = [1 O]T. The Lagrangian dual problem for ),
given &y s
max Ly, (7n; Z1, 21), (66)
where

£n(7rn;§31,21) =min vy, + Wl(i‘l — Zn)
st yn=2(2n1 +2p2) — 1

ynGZ, anezl.

We find that the closed form of function L, (my;T1, Z1) can be represented by a piecewise linear
concave function as Ly (my;T1,21) = min{my,1 —1,1,1 4+ m,1 — T 2,3 — T2} and the set of opti-
mal solutions to (66) is IL,(Z1) = {my, | ™1 > 2,mn2 < 2}. Therefore, any m, € II,(Z1) can be
used to generate a tight Lagrangian cut at &1, which takes a form of 0, > ) w1 + (1 — ) &1).

If we solve a CGCP according to model (42) to generate an SMC, the optimal solution to

model (42) is m, = [2 0]" and we can generate a Lagrangian cut
0p > 2211 — 1.
However, this cut is dominated at every point on Z1 by the following Pareto-optimal cut,
On > 2211 + 2212 — 1,

where the corresponding coefficients are m, = [22]T. O
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