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Abstract

Graphs of minimal point mappings of parametric optimization prob-
lems appear in the definition of feasible sets of bilevel optimization
problems and of semi-infinite optimization problems, and the inter-
section of multiple such graphs defines (generalized) Nash equilibria.
This paper shows how minimal point graphs of nonconvex parametric
optimization problems can be written with the help of purely box-
constrained problems with additional parameters. This yields a su-
perset of the graph, which coincides with it under mild assumptions.
We specify our results to the setting of generalized Nash equilibrium
problems.

The presented box-constrained reformulation allows to construct
approximations of the graphs of minimal point mappings by branch-
and-bound methods. We provide corresponding numerical results in a
separate paper.
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1 Introduction

For nonempty compact sets X C R"™ and T" C R" let the functions f and
w be real-valued and continuous on X x 7. We consider the parametric
optimization problem

P(t) : mxin flz,t) st xeQt)
with the (possibly empty) compact sets
Q) = {r e X |w(x,t) <0}
and t € T'. With the graph

G = gphQ = {(z,t) e X xT |z € Q(t)}
= {(z,t) e X x T | w(z,t) <0}

of the set-valued mapping €2 : T" = X we assume the parametric problem to
be nontrivial in the sense that G is nonempty. Under these assumptions, P(t)
is solvable for each ¢ from the (effective) domain of the set-valued mapping
Q:T=X,

domQ = {t €T |Q(t) #0}.

For each t € T let S(t) and v(t) be the set of minimal points and the minimal
value of P(t), respectively (with S(¢t) = () and v(t) = +oo for Q(t) = 0). The
graph of the minimal point mapping S : T' = X is denoted by

S = gphS = {(z,t) e X xT |2z € S(t)}.

Due to S(t) C €(t) one obtains S C G, so that we may as well write S =
{(z,t) e G|z € S(t)}.

The graphs of minimal point mappings provide central building blocks for
some intricate optimization models. For example, in bilevel optimization the
graph of the lower level minimal point mapping defines the upper level fea-
sible set 3], and in generalized Nash equilibrium problems the intersection
of the graphs of the players’ response mappings forms the set of generalized
Nash equilibria (Section [3). Since every generalized semi-infinite optimiza-
tion problem may be considered to be a special bilevel problem [10], also its
feasible set is defined by the graph of a minimal point mapping.

In the present paper we provide foundations for the computational treat-
ment of graphs & of minimal point mappings. The paper builds up on two



publications. Firstly, it is an extension of the theory presented in [9] for
minimal point sets of non-parametric continuously constrained optimization
problems. Secondly, the computational method for the approximation of
equilibrium sets of standard Nash equilibrium problems, presented in [7], im-
plicitly treats the special case when X and T are boxes and P(t) is purely
box-constrained with fixed feasible set Q(t) = X. The computational meth-
ods in both publications base on the branch-and-bound paradigm from global
optimization.

The aims of the present paper are to formulate such a method directly for
graphs of minimal point mappings, and thus extend the above mentioned
methods to the case of parameter dependent continuously constrained feasible
sets (t). This allows us to expand the algorithmic framework from [7] to
generalized Nash equilibrium problems.

In Section [2| we extend the reformulation from [9] to the parameter depen-
dent case. This results in a purely box-constrained formulation of P(t) with
an additional parameter vector s € R"™. This makes it accessible to the
branch-and-bound construction from [7]. Since the graph of the minimal
point mapping of the reformulated problem may in general contain some
spurious points, we provide regularity conditions under which it coincides
with §. In Section |3| we apply our findings to generalized Nash equilibrium
problems. Section 4] concludes this article with some final remarks. The sep-
arate article [6] is devoted to the algorithmic exploitation of the results from
the present paper.

2 The improvement function reformulation of
constrained problems

2.1 The main construction

For the treatment of the parametric optimization problem P(t), t € T, we
consider the auxiliary parametric problem

Q(s,t) : min ¢(z,s,t) st zeX
with
b(x,s,t) = max{w(,t), f(z,1) = f(s,1)}
and parameters (s,t) € X x T. With the set R(s,t) of minimal points of

Q(s,t) we put
R = {(s,t) € G| s € R(s,t)}.
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We remark that R is defined via a fixed-point condition for the set-valued
mapping R : X xT = X on G with respect to s, while it possesses a graph-
like structure with respect to t. If the sets S and R coincide, the computation
of R instead of § is particularly useful. We will see that this is the case under
mild assumptions. In [9] this relation has been studied for non-parametric
optimization problems. In particular, the subsequent characterizations of R
as well as Theorem [2.6] were proven in [9] without additional consideration
of a parameter vector.

Lemma 2.1. The identity
R = {(5,1) € G | min (z,5,1) = 0} (1)
holds.

Proof. To be able to apply the corresponding result for the nonparametric
case from [9], consider the set-valued mapping R’ : T' == X, t — {s € Q(¢t) |
s € R(s,t)}. For each t € T' |9 Lem. 2.1] yields

R'(t)={seQt)|s € R(s,t)} ={s € Qi) | néi)r(lw(x, s,t) =0}
and therefore

R =gph B = {(s,t) € G [ min ¢(z,s,1) = 0}.

Since, by a standard result from parametric optimization, the function
mingex ¢¥(x, -, ) is continuous on G, yields the closedness of the set R.

The description of R also forms the basis for its algorithmic treatment by
a branch-and-bound approach in [6]. Indeed, each (s,t) € G satisfies s € X
and w(s,t) <0, which implies

1 < = 0.
min Y(z, s,¢) < ¢(s,s,t) = 0

The set R therefore consists of the maximal points of mingex ©(x, s,t) over
(G, where the maximal value is known to be zero. A branch-and-bound
method can determine the set R by removing all points (s,t) from X x T
which satisfy w(s,t) > 0 or mingey ¥(z,s,t) < 0. For details we refer to [6].

In order to discuss the relation between S and R, we define for ¢ € T the
‘parametric strict feasible sets’

Qo(t) = {zr e X |w(xt) <0}
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which satisfy c1 Q. (t) C Q(t) for all t € T' and, therefore, dom cl 2. C dom €.
We define the parametric problems

P_(t) : min f(z,t) st.  z€cdQ(t)

with (possibly empty) compact feasible sets cl2-(¢) and minimal values
v ().

Lemma 2.2. The identity
R=A{(s;t) e G| f(s,t) Sv(t)}

holds, where the occurrence of parameters t ¢ domclQ., which formally
fulfill v (t) = +o0, corresponds to the more explicit identity

R={(s,t) e G|t edomclQ., f(s,t) <v(t)}U{(s,t) € G|t & domeclQ.}.

Proof. As in the proof of Lemma , we may use R = gph R’ and apply [9]
Lem. 2.3| from the nonparametric case to the sets R'(t) with t € T'. O

For all t € dom 2, due to v(t) < v(t) the values o(t) := v (t) — v(t) satisfy
o(t) > 0. Thereby, for t € domQ \ domcl{l. we obtain o(t) = 400. For
t € T\ dom ) we define o(t) = 0. Lemma [2.2 thus yields

R={(s,t) € G| f(s.t) <v(t) +o(t)}.
With the set
S = {z e Q)| flat) < o(t) + o (1)}

of o(t)-minimal points of P(t), t € T, it turns out that R coincides with its
graph

8" = {(xt) eX xT|ze Sy} = {(x.t) €G| flz,t) Sv(t) +o()}.
In view of

S = {50 eG[fst)=v(t)}
Lemma [2.2] yields the following result.

Lemma 2.3. The sets S and R satisfy

R = SU{(s,t) € G|v(t) < f(s,t) <v(t)+a(t)}.



X x! x? z3 T

Figure 1: Graph of the minimal point mapping in Example

Example 2.4. Fig. [1] illustrates the result from Lemma [2.5  We choose
flx,t) =2 and w(x,t) := v(x) — t. Then the point (z',t?) belongs to S, but
the points (2%, t?) and (23, %) do not. However, we have R = S U{(2?,1?), (x3,1%)}.
In particular, this illustrates that R is a closed set, while S may not be closed.

Note that Lemma [2.3] and the closedness of R imply
S C R. (2)

Example also illustrates that the latter inclusion may be strict.

The aim to remove the set of ‘parametric spurious points’ {(s,t) € G | v(t) <
f(s,t) <wv(t)+o(t)} from the identity in Lemma [2.3| motivates the following
assumption, under which Lemma [2.3] implies the subsequent Theorem
For the proof note that for ¢ € T there exists some s € X with (s,t) € G if
and only if t € dom 2 holds.

Assumption 2.5. At each t € dom Q) at least one of the following two con-
ditions holds:

a) the value o(t) = v (t) — v(t) vanishes,
b) the identity S(t) = Q(t) is true.

Theorem 2.6. Assumption implies R = S.

Theorem and the closedness of R yield, in particular, the closedness of
S under Assumption [2.5]

In Example the condition from Assumption is violated at t*, so
that Theorem cannot be applied and, indeed, its assertion is wrong.
We point out, however, that this example also illustrates how the condition



from Assumption can be satisfied in a natural manner, namely at the
boundary point ¢! of dom Q with the singleton set Q(t!).

Assumption acts as an abstract regularity condition. The option in its
part b is crucial for considering Assumption mild. This is mainly due
to the following result which rules out that under merely Assumption
Q(t) = 0 holds for any ¢ € T, as it is the case, e.g., in Example

Proposition 2.7. Let T' be connected, and let o(t) = v(t) — v(t) vanish for
allt € dom(2. Then domQ =T holds.

Proof. Under our assumption of compact sets X and 7" and an on X x T
continuous function w, also the function ((t) := min,e y w(x, t) is real-valued
and continuous, and the set domQ = {t € T | {(t) < 0} is compact. Due
to our standing assumption that G is nonempty, we may choose some t° €
dom Q, that is, t° € T and ¢(¢°) < 0 hold.

The inclusion dom Q C T is clear. Assume that some ¢! € T'\ dom Q exists,
that is, some t! € T with (') > 0. Then, in view of the connectedness of
T, a continuous function ¢ : [0,1] — T with #(0) = t° and #(1) = ¢ exists,
and the intermediate value theorem yields the existence of some « € [0, 1)
with ((t(a))) = 0. For the supremum & of these « the continuity of ¢ and ¢
imply ((t(a)) = 0, thus & < 1, as well as ((t(«)) > 0 for all « € (a,1]. The
point ¢ := t(@) lies, hence, on the boundary of dom 2. From the closedness
of dom Q we obtain Q(¢) # 0 and thus v(t) € R.

Assume that also Q. (¢) is nonempty. Then we may choose some element
T € Q.(t). The continuity of w on X x T implies the existence of some
neighborhoods U of T and V of ¢ with w(z,t) < 0 for all (z,t) € (U x V)N
(X x T). This implies Q(¢) # 0 for all t € VNT, that is, VNT C dom . In
particular, all sufficiently small a € (&, 1] satisfy ((t(«)) < 0, in contradiction
to the above construction. Consequently, we have Q_(t) = 0, v-(t) = +oo
and, in view of v(f) € R, o(f) = +o0. The latter contradicts the assumption
o(t) = 0 and, thus, proves the assertion. O

2.2 The fiber MFCQ and optimal points

In this section we first state an abstract sufficient condition for Assumption
and then a stronger, but more concrete, constraint qualification. Part a
of the following definition is taken from [9, Def. 2.8].

Definition 2.8.



a) For a parameter-independent function w we say that the sequential
Slater condition (SSC) holds at z € Q = {z € X | w(z) < 0} if
x € clQ. is true, that s, if x can be approrimated by Slater points of
Q relative to X.

b) We say that the fiber sequential Slater condition (fSSC) holds at (x,t) €
G if the SSC from part a holds at x in the fiber Q(t) of G, i.e., x €
clQ(t) is true.

As seen above, a natural sufficient condition for Assumption 2.5p is that Q(%)
is singleton. This implies Q () = 0 and, thus, o(f) = +oo as well as the
violation of fSSC at the unique point (z,t) € G.

Assumption 2.9. At each t € domQ one of the following two conditions
holds:

a) the fSSC is satisfied at some (z,t) € S,
b) Qt) is a singleton.
Lemma 2.10. Assumption implies Assumption[2.5.

Proof. For each t € dom ) Assumption says that the SCC is satisfied
at some x € S(t). By [9, Lem. 2.11] this implies o(¢) = 0. Furthermore,
Assumption implies S(t) = Q(t). Altogether this shows the assertion.

[

In [9] it is shown that the SSC is strictly weaker than the Mangasarian-
Fromovitz constraint qualification (MFCQ), where the latter can be stated if
the feasible set possesses a smooth functional description. To generalize this
result, we assume a functional description X = {z € R" | {4(z) <0, k € K}
of X with a finite index set K (satisfying J N K = (). In the following
we will define different versions of the Mangasarian-Fromovitz constraint
qualification for P(t). Therefore we assume

w(z,t) = max w;(z,t)

jedJ

with a finite index set J and on X x T' continuously differentiable functions
wj, j € J, and on R" continuously differentiable functions &, k € K. A
functional description of 7" is not required.



We obtain
Qt) = {z eR" |wj(x,t) <0, jeJ, &x) <0, ke K} (3)

for all ¢ € T and denote the active index sets of z € Q(t) by Jo(x,t) =
{j € J|w;j(z,t) =0} and Ko(x) = {k € K | &(x) = 0}. The expressions
D,wj(x,t) and Dyw;(x,t) stand for the row vectors of partial derivatives of
w; at (x,t) with respect to x and ¢, respectively.

Definition 2.11. We say that the fiber Mangasarian-Fromovitz constraint
qualification (fMFCQ) holds at (z,t) € G if the common MFCQ holds at z in
the fiber Q)(t) of G, i.e., there exists a direction d, € R"™ with Dywj(x,t)d, <
0, j € Jo(x,t), and Dy, (z)d, <0, k € Ko(x). We will occasionally refer to
d, as an fMF vector.

Assumption 2.12. The feasible sets Q(t), t € T, are given in the form (3)
with C'-functions w;, j € J, &, k € K, and at each t € dom ) one of the
following two conditions holds:

a) the fMFCQ is satisfied at some (x,t) € S,
b) QUt) is a singleton.
Lemma 2.13. Assumption [2.19 implies Assumption [2.9
Proof. For each t € dom$) Assumption [2.12a implies that the common

MFCQ is satisfied at some = € S(t). By [9, Lem. 2.13| this implies that
the SSC holds at x, which shows the assertion. n

Lemma [2.10], Lemma [2.13] and Theorem [2.6] yield the following result.

Theorem 2.14. Either of the Assumptions and imply R =S8.

While neither of the two assumptions from Theorem[2.14/hold in Example[2.4]
they are satisfied in the same problem with a parameter set 7' modified such
that its lower boundary point is moved to #3.

In the special case of parameter-independent functions w;, 7 € J, and the
resulting constant feasible set

Q ={reR"|wjx) <0, jeJ, &) <0, ke K}

even the stronger regularity assumption of the following result can be con-

sidered mild.



Corollary 2.15. Let the functions w;, j € J, be independent of t, and let
the MFCQ hold everywhere in the constant set . Then S = R is true.

Proof. Our standing assumption G' # () implies © # () and, thus, domQ = T.
By assumption, for each ¢ € T the MFCQ holds at every x € S(t). Therefore,
Assumption is satisfied, and Theorem yields the assertion. m

2.3 The unfolded MFCQ and an approximation by e&-
optimal points

This section considers a case where Assumption is violated, that is, for
some ¢ € dom 2 the IMFCQ does not hold at any (z,t) € S, and Q(%) is not
a singleton. The parameter t* in Example illustrates that one may not
expect § = R in this situation, but we will show a related weaker result.

For its statement we introduce the subsequent constraint qualification. In
the following, int A and bd A will denote the topological interior and the
topological boundary of a set A, respectively.

Definition 2.16. We say that the unfolded Mangasarian-Fromovitz con-
straint qualification (UMFCQ) holds at (x,t) € G with t € intT if there
exists a direction (d,,d;) € R" x R" with

D,w;(z,t)d, + Dywj(x,t)d; <0, j € Jo(x,t), (4)
Dy&(x)dy < 0, k € Ko(). ()

We will occasionally refer to (d,,d;) as a uMF vector.

At every (z,t) € G with t € intT the fMFCQ implies the uMFCQ), since
in the latter one may choose the uMF vector (d,,0) with the fMF vector
d, from the fMFCQ. If one wanted to define the uMFCQ also at boundary
points of T, one would need to take explicit constraints for the description of
T and the corresponding strict inequalities for active constraints into account.
Then, however, the above construction would not work at these boundary
points of T. Even more importantly, the subsequent Lemma which
bases on the validity of the uMFCQ), does not hold at boundary points of T,
even if the definition of the uMFCQ was extended to such points. This will
be illustrated in Example 2.21] Therefore we consider the uMFCQ only at
points (z,t) € G with ¢ € int T

Since the uMFCQ does not imply the fMFCQ at any (z,t) € G with t €
int T', the fMFCQ is strictly stronger then the uMFCQ at these points. This
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motivates the following two assumptions, which one may employ in case that
Assumption [2.12]is violated.

Assumption 2.17. If for some t € int T N domQ none of the cases from
Assumption holds, then the following set of conditions hold:

a) S(t) is a singleton {x}, and the uMFCQ is satisfied at (Z,t) € S.
b) The fMFCQ holds at all (x,t) € G with x # .

Assumption 2.18. For each t € bdT NdomQ one of the cases from As-
sumption holds.

We remark that in Example [2.4] Assumption [2.1§]is satisfied, while Assump-
tion is violated, since the point (22, t?) prevents its part b from holding.

Under Assumption [2.17] and Assumption [2.1§] a slightly weaker result than
the one from Theorem [2.14] can be shown. Its proof relies on a result about
set-valued mappings which we state and prove independently of the present
application. We are not aware of results from the literature covering it.

Lemma 2.19. Fort € intT let T € X be an isolated point of Q(t), and let
the uMFCQ hold at (Z,t) with some uMF vector (d,,d;) € R" x R" satisfying
, . Then there exist an open neighborhood U of Z and some § > 0 such
that the two properties

t—dd, € T, (6)
Qt—6d)NU = 0 (7)
hold for all § € (0,6).

Proof. The condition @ holds since ¢ is assumed to be an interior point of
T. It guarantees that ) is defined at the parameters occurring in ([7)).

Assume that is wrong. Then there exist sequences (z¥) C R" with
limy ¥ = 7 and (6%) C R.. with limy % = 0 such that

holds. Since each point B

Yt o= (aF - 0"d,)
lies in G = gph(), it satisfies w(y*) < 0, and the above properties yield
limy y* = 3 := (Z,1).

11



Furthermore, by the uMFCQ), for some sufficiently small o > 0 the point
z = (Z,t) + a(d,, d;) fulfills w(z) < 0. We will derive a contradiction by
examining the behavior of w on the connecting line segments

SE = {1 =Ny + Xz | A €0, 1]}
of y* and z.
So far we know w(y*) < 0 and w(z) < 0 for the two endpoints of S*. Further-
more, consider the point u* € S* corresponding to A\¥ := 6 /(a+6%) € (0,1),
ie.,
ut = (ugur) = (1= Ayt + A"
with i
ub = (1 - M)2F + N (7 + ad,)
and
ub = (1= X (T - 6%d,) + N¥(F + ad,)
=i+ Na-1-X)")d = t+ (N(a+6)—0"d = &
In view of limy, \* = 0 the points u* = (u*,f) converge to (7,%). Since 7 is

an isolated point of Q(f), all sufficiently large k fulfill u* ¢ Q(#) and, thus,
w(uk) > 0.

Next, for these k we consider maximal points v* of w over S*. They exist by
the Weierstrass theorem, and in view of u* € S* and w(u¥) > 0 they satisfy
w(vF) > 0. Therefore, v* cannot be the endpoint y* of S*. As a consequence,
the directional derivative of w at v¥ in the direction y* — 2z cannot be positive
and we obtain

0 > W', y"—2) = max Duw;(v*)(y" —2) > min Dw;(*)(y* — 2)
JET(vF) JET«(vF)
(8)

with the active index set J,(v¥) = {j € J | w;(v*) = w(v")}. The contradic-
tion will follow from the limiting behavior of these terms.

Indeed, from limgy* = 4 and z = § + ad we obtain limy(y* — 2) = —ad.
The points v* possess the representation v¥ = (1 — p¥)y* + p*z with some
pF € [0,1]. Without loss of generality we may assume the convergence of the
sequence (p*) to some i € [0, 1] and, hence,

7 = 1i£nv’“:(1—/1)g+/1z = g+ iz —9) = 7+ jad.

In the case g > 0 (and for sufficiently small & > 0) the uMFCQ would imply
w(y + jfiad) < 0, which is impossible in view of (w(v*)) C R.. This yields
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fi = 0and o = g. For each j € J the terms Dw;(v*)(y* — z) therefore
converge to —aDw;(y)d.

Finally, consider the active index set Jo(y) = {j € J | w;(y) = 0}. Since
T is an isolated point of Q(t), we have w(y) = 0 and may rewrite Jy(y) =
{j € J|wj(y) =w@®} = Ju(y) = J(v). A standard continuity argument
yields J,(v¥) C J,(v) for all sufficiently large k, so that implies 0 >
minje s ;) Dw;(vF)(y* — 2) and, in the limit, 0 > minje ;) (—aDw;(y)d).
This yields 0 < max;e s, ;) Dw;()d and therefore contradicts the fact that d
was chosen to be some uMF vector. Hence is true. ]

Subsequently we will consider e-optimal points of P(t) for ¢ > 0, that is,
points s € () with
1) < i 1)+ €.

fls,t) < min f(w.t)+e
In contrast to the above o(t)-optimal points with the predetermined values
o(t) = v<(t) — v(t), the values € do not depend on t and may be chosen to
tend to zero. Indeed, with the set S.(t) of e-optimal points we define the
graph S; = gph S. = {(s,t) € X x T | s € S:(t)}. The set liminf.\,S;
denotes the set of limit points of points z. € S. for € (0. In view of S C .
for all € > 0, this set satisfies S C liminf.\ o S..

The next results states that replacing the overall validity of the fiber MFCQ
by the combination of the weaker Assumption and Assumption [2.18
entails that the parametric spurious points are at least limit points of e-
optimal points for & 0.

Lemma 2.20. Assumption[2.17 and Assumption imply
C im i .
R\S C (hrgn\lglfss) \'S

Proof. For clarity, we split the proof into four parts.

Part 1. For the set
Go = {(s,t) € G| o(t) =0}

with o(t) = v<(t) — v(t), Lemma yields (R \ §) NGy = 0. Assume
that there exists some (5,7) € R\ S with ¢ € bdT. By Assumption [2.1§
either Ass. [2.12h or Ass. holds at . The first and [9, Th. 2.14] entail
o(t) = 0 and thus (5,¢) € Go. The latter implies S(¢) = Q(¢), which then
implies (5,¢) € S. Consequently, in both cases the existence of such a point

13



is refuted. Therefore, every point (s,t) € R\ S fulfills ¢ € intT. Hence,
to complete the proof it suffices to show § € liminf.\ (S, for every point
7= (51t €eR\S withtecintT.

Part 2. In the following let § = (5,¢) € R\ S with ¢ € int 7. Lemma
entails

u(t) < f(5,8) < v<(t) (9)

and in particular o(f) > 0. Condition (9) implies f(z,?) = v(f) < f(5.1)
for all z € S(t). The fIMFCQ must be violated at all these (z,f) € S,
since otherwise the contradiction o(t) = 0 would follow from [9, Th. 2.14].
Furthermore §2(¢) cannot be a singleton, because another point must exist
which realizes v(f). Therefore, and due to (5,f) € R\ S with ¢ € intT,
Assumption yields that S(¢) is a singleton {Z} and that at z := (Z,t) €
S the uMFCQ is satisfied. By Assumption at all (z,f) € G withx # T
the fMFCQ holds. Since f(Z,t) < f(5,¢) implies 5 # Z, in particular the
fMFCQ holds at 5 = (5,1).

Moreover, we have

f(5,8) < fla,t) Vae Q@) \{z}. (10)
Indeed, assume that is wrong. Then there exists some ¥ € Q(¢) \ {z}
with f(5,1) > f(Z,7). In view of (Z,f) € G, T # z and Assumption 2.17p,
the fIMFCQ holds at z := (7,¢). Hence there exists some direction d, € R"
with D,w;(Z,t)d, < 0, j € Jo(Z,t), and D& (Z)d, < 0, k € Ko(Z). From
this, with a similar argument as in the proof of [9, Th. 2.14], we obtain
wi(T+ad,,t) <0,j € J, (T +ad,) <0, k€ K, and f(5,t) > f(T+ ad,, t)
for some sufficiently small o > 0. This yields T + ad, € Q(t), so f(5,t) >
f(@+ ad,,t) > v.(t), in contradiction to (9).
Together with f(z,t) < f(5,¢) and the continuity of f, the property
implies that 7 is an isolated point of (). Since the uMFCQ holds at z, the
assumptions of Lemma [2.19] are satisfied for the set-valued mapping Q and

the point z = (7, ). It yields the existence of some open neighborhood U of
T with @ and for all sufficiently small § > 0.

Part 3. Next we construct a direction vector d at y. As seen in part 2,
the uMFCQ holds at z, and the fMFCQ holds at 7. Hence, there exist
an uMF vector (d,,d;) € R™ x R" with D,w;(z,t)d, + Dw;(z,t)d; < 0,
j € Jo(Z,t), D.x(T)d, < 0, k € Ko(Z), as well as an fMF vector d, € R"
with Dyw;(5,0)d, < 0, j € Jo(5,1), Do&i(5)dy < 0, k € Ko(5). We combine
these statements and define

d = (dyydy) = (pdy — dy, —dy).
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For some sufficiently large p > 0 the validity of the fMFCQ at y yields
Du;(g)d = pDyw;(y)d, —Dw;(g)d < 0, j € Jo(y), (11)
—

<0
D,&(5)dy = pDu&i(5)dy —Dubi(3)d, < 0, ke Ko().  (12)

<0

We fix such an appropriately large p, and with the resulting vector d we
define the points

y(8) = §+6d = (5(8),t(0)) = (54 8(pd, —d,),E—ody), &> 0.

Then (1)), imply w;(y(d)) <0, j € J, and &(s(9)) < 0, k € K, for all
sufficiently small 6 > 0, which yields the feasibility conditions

s(0) € Q(t(0)) (13)

for these 8. Moreover, by (6)), (7)., the ¢(§)-component of y(d) satisfies
t(0) € T, (14)
QtO)nNU =0 (15)

for all sufficiently small § > 0, where U is some open neighborhood of z.

Part 4. Finally we prove that for every ¢ > 0 we can choose § sufficiently
small such that y(0) € S. holds, which means firstly s(d) € Q(#(6)) and
secondly

f(s(0),2(0)) < v(d) +e (16)

with the minimal value function

v(0) = zegl(itr(l(;))f(x’t(é))'

The first statement holds by . To check the validity of , note that
allows us to rewrite the minimal value function as

v(d) = pealin f(z,(5))

for all sufficiently small 6 > 0. Because of the continuity of its defining
functions and the openness of U, the set-valued mapping ¢ — Q(t(6)) \ U is
outer semicontinuous at § = 0. Moreover, for all § the set Q(¢(6)) \ U C X
is bounded. Therefore, by a standard result from parametric optimization,
the minimal value function v is lower semicontinuous at ¢ = 0, yielding

liminfo(d) > mi n > i D > f(5.1
im in v(d) > xerggl(glwf(xﬁ > xd%r\l{i}f(xﬁ > f(5,1),

15
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Figure 2: Graph of the minimal point mapping in Example

where the last inequality follows from . Hence, for all sufficiently small o

v(6) = f(5,1) =3

holds. The continuity of f also implies

f(s(0),4(8)) < f(5,8) + 3

for all sufficiently small §. The combination of the last two inequalities results
in (1)

We have thus shown that for each € > 0 there exists some §(¢) > 0 with
y(0) € S, for all § € (0,0(¢)). In particular, for € N\, 0 there exist ¢'(g) \, 0
with y(8'(¢)) € S.. The point § = lim.\ o y(d'(¢)) is hence the limit point of
elements from S, which means § € liminf.\ o S.. O

Example 2.21. Fig. [3 illustrates the result from Lemma [2.20. For better
visibility, the t-axis is not drawn through x* := 0. The smooth function vy is
assumed to be even, and we put w(x,t) :=t—~y(x). Let the objective function
be the C'-function f(x,t) = (z)? — (max{0,2' — x})?. This results in the
graph S sketched in the figure. In particular, (z*,t) belongs to S, but (z',1)
and (z3,t) do not. However, we have R = SU{(z,?), (3,%)}.

It is not hard to see that Assumption[2.17 and Assumption[2.18 are satisfied,
so that Lemma can be applied. Indeed, both (x',t) and (z3,1) lie in
(liminfpS:)\'S.

The existence of the point (z3,1) € R also illustrates that Assumption
and Assumption do not entail R = clS.

If we replace the upper boundary point of T by t, then Assumption is
wviolated, but the above mentioned extension of the uMFCQ to boundary points
of T holds, taking the activity of the constraint t < t into account. Indeed,
also the corresponding extension of Assumption holds. However, the
points (z',1),(23,t) € R\ S do not lie in liminf~S.. This illustrates

16



the necessity to require the separate Assumption at boundary points of
T, rather than covering them by an extension of Assumption in the

statement of Lemma[2.20,

Lemma Lemma and (2) yield the following result.
Theorem 2.22. Assumption[2.17 and Assumption imply

clS§ € R C liminfS..
e\ 0

3 Application to generalized Nash equilibrium
problems

3.1 Definition of the problem class

In this section we consider a game theoretic setting with a finite number
of players v = 1,..., N whose strategy sets are assumed to be subsets of
boxes BY C R™. With n = Ziv:l n, and B := B! x ... x BN C R", each
player v’s objective function is denoted by 6” : B — R. Moreover, for each
r™V € BV :=B'x...B" ' x B"! x ... x B" the strategy set of player v
is described by

Q™) ={y" € B" | w"(y",27") <0}

with w” : B — R. As is common in this field of research, the notation
= (z¥,27") with 27 = (2!, 2L av™ . 2™) € R"™™ emphasizes
the v-th player’s decision variables, but does not reorder the entries of the
vector (xl, R O ) Moreover, we often replace the variable name x¥

by y” if it refers to a general, rather than a special point.

All functions #” and w” are assumed to be at least continuous but, in contrast
to the vast majority of literature on Nash equilibrium problems, we do not
impose any convexity assumptions. For some results in this section we will
require additional differentiability properties.

With the graphs

G" = gph Q" = {(y",27") e B |y" € Q(z7")}
= {(y",27") € B|w’(y",27") <0}

of the set-valued mappings 2 : B~ = B" we assume the player problems
to be nontrivial in the sense that each set G, v =1,..., N, is nonempty.

17



Our aim is to compute the set F of all generalized Nash equilibria (GNEs),
that is, points # = (2',...,2") € B such that 2” € Q”(z™") and

0" (x",x7") < 0"(y",x™") forall y”e€Q’(z™")

holds for all players v = 1,..., N. This means that for each v = 1,..., N
the point x¥ solves the problem

P’(z7"): min 0"(y",27") st y" € Q(z).
yl/

The collection of problems P”(x~") with x™ € B™", v =1,..., N, is called
generalized Nash equilibrium problem (GNEP). As opposed to standard Nash
equilibrium problems (NEPs), which were introduced in [8] and consider
players with fixed strategy sets €2” and only objective functions 8” depending
on the other players’ decisions 7%, the GNEP framework also allows each
player’s strategy set 2“ to depend on x7". These problems were introduced
in [1IL 2]. For a detailed review of theory and algorithms for generalized Nash
equilibrium problems we refer to [4].

For each v = 1,...,N, let S*(x7") denote the set of minimal points of
PY(x7"), and let us define the graph

S§” = gphS” = {(z¥,27") e B|z" € S"(z7")}

of the corresponding minimal point mapping S” (which is also known as
player v’s response mapping). The set of generalized Nash equilibria then
possesses the representation

E =(1s" (17)

Therefore, £ may be studied using the results from the previous sections.
Indeed, with X" := B, TV := B7", t¥ := 27" and f"” := 6, each player v’s
parametric optimization problem P¥(x~") = P¥(t") satisfies the assumptions
of Section [

In view of S¥(z7%) C Q¥(x™") we have §” C G" for each v, and therefore
EC ﬂi\;l G" =: G, where G is called the joint feasible set. Hence it suffices
to search for GNEs in the subset G of B.

3.2 The improvement function reformulation for GNEPs
Along the lines of the constructions in Section [2] in the sequel let
(7)) = min  0"(y",x7"
¢"(z7") ocun (y )

18



denote player v’s minimal value function for x™ € B™". Moreover, with the
‘strict strategy sets’

QL(z™") = {y" e B |wW(y,z7") <0}
we define the parametric problems

PY(z™"): min 0”(y”,z7") st.  y’ €cdQl(z™)
yl/

as well as their minimal value functions

“(x7Y) = min  0"(y",x™"
(70<( ) yrEclQL (=) (y )

and the difference

for x™% € B7V.

For parameters (s”,27") € B we define the functions
Wy, 87, a7") = max{w”(y”,a7"), 0" (v, 2a7") — 07(s", 27"}
and the auxiliary parametric problems
Q" (s, x7"): Hylln Yy, 8", 7)) st yY e B
With the minimal point set R”(s”,z7") of Q" (s”,27") we put
RV = {(s",27") e G"|s" € R'(s",27")}
as well as

N
R = ﬂ RY.
v=1

From Lemma [2.T] and Lemma [2.3] we obtain the two subsequent descriptions
of R.

Lemma 3.1. The identity

R = {z€G| min P’ (y",2",27")=0, v=1,...,N} (18)

yueBV

holds.
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By the set R is closed. This description of R can also form the basis
for its algorithmic treatment by a branch-and-bound method.

Lemma 3.2. The set R satisfies
N
ﬂ (S"U{(s",27") e G" | ¢"(z7") < 0"(s",27") < p"(x7") + 0" (z7")}) .

In view of , Lemma states that R is the union of the equilibrium set £
and a set of ‘spurious equilibria’ R\ E. For one thing, this implies cl £ C R,
but in analogy to Assumption [2.5 and Theorem [2.6] it also motivates the
following assumptions, under Wthh Lemma [3.2]implies the subsequent Theo-
rem [3.4 on the absence of spurious equilibria. These assumptions also exploit
that R is always a subset of the joint feasible set G (see Lemma . Ac-
cordingly, regularity conditions are not required to hold on the whole domain
of each player. Instead, it suffices if they hold on the refined domain

rdom Q" :={z7" e R | 2" e R": (z",27") € G} C dom ",
which was also introduced in [5].

Assumption 3.3. For allv € {1,...,N} at each 7" € rdom Q" at least
one of the following two conditions holds:

a) the value o¥(x7") = @2 (z7") — ¢”(x™") vanishes,
b) the identity S¥(z™") = Q¥(z™") holds.

Theorem 3.4. Assumption [3.5 implies R = E.

In particular, under Assumption the set F is closed. The following Sec-
tion [3.3] provides a sufficient condition for Assumption [3.3]

Remark 3.5. In contrast to the ‘one-player’ parametric case from Section[3,
where Assumption 1s not only sufficient for the absence of spurious op-
timal points (Theorem @), but also necessary, Assumption s only suf-
ficient, but not necessary for the absence of spurious equilibria. Indeed, the
structure of R as defined in Lemmal[3.3 is an intersection of graphs and al-
lows non-zeros of o”(x™") for some players and points =" € rdom Q" as long
as each non-equilibrium point is ‘cut away’ by at least one player. Together
with the identity E = NY_,S¥, we can observe that, by Lemma R=F
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follows directly from the following assumption: For all x € G\ E at least one
player v exists such that

0" (x", x7") > "(z7") + " (x™") (19)

holds. By x € G\ E, there must exist at least one player v with ¥ ¢ S¥(z7"),
i.e. 0"(x¥,x7") > " (z7"). For each of those players, Assumption[3.3, would
require o¥ (") = 0 and thus imply the above statement. However, may
also hold in the case o”(x™") > 0. If is violated for some v (e.g. for
0" (z¥,x7") = pL(x™") > ¢”(x™")) it may also be possible to use it with some
w# v, xt ¢ SFa™*) and ot (z™H) > 0.

Since this weakening of Assumption [3.5 is rather impractical to handle, in-
stead we will strengthen it by appropriate constraint qualifications. Anyway,
we can remark that degeneracies in the form of a violation of Assumption
will potentially not lead to R # E.

3.3 The private space MFCQ and generalized Nash equi-
libria

From now on, for each v we assume

w'(x) = max wy ()

with a finite index set J” and on B continuously differentiable functions w”

Vi 7
j € JY. We also assume the functional description of the box B” = {y” €

R™ | &(y”) <0, k € K"} with index set K" (satisfying J* N K” = ()) and
with 2n, linear functions &/, k € K*, which we do not formulate explicitly.

We obtain
Q@) = {y" eR™ |wj(y",27") <0, j€J”, &) <0, ke K}

for all z7¥ € B™". We denote the active index sets of y* € Q"(x™") by
Jo(y ', xz™") ={j € J" | wj(y",27) = 0} and Ko(y") = {k € K¥ | §(y") =
0}.
Definition 3.6. We say that the private space Mangasarian-Fromovitz con-
straint qualification for player v (psMFCQ") holds at x = (z¥,27") € G¥ if
there exists a direction d” € R™ with

Dpwi(x)d” <0, j € Jg(x),

D& (x")d” <0, k € Ki(z").
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The psMFCQ is the fMFCQ from Definition 2.11] for player v. Hence, if for
some v and 7% € dom ¥ the psMFCQ" holds at some (y”,z~") € §, then
o’(z7") = p2(z™") — ¢¥(z7") = 0 follows from [9, Th. 2.14], Consequently,
the following assumption implies Assumption [3.3]

Assumption 3.7. For allv € {1,...,N} and all x™" € rdom Q" one of the
following two conditions holds:

a) the psMFCQ" holds at some (y",z7") € 8,

b) Q(x7") is a singleton.

Theorem yields the following result.
Theorem 3.8. Under Assumption[3.7 the identity R = E holds.

Given Assumption [3.7, Theorem states the absence of spurious equilib-
ria. In particular, £ may be computed by a method for computing R. We
remark that, along the lines of the discussion in Section [2.2, in Assump-
tion the psMFCQ" can be replaced by the corresponding weaker notion
of a player space sequential Slater condition for the players v, which still
implies Theorem [3.8|

From Corollary we obtain the following result about standard NEPs
under a mild regularity assumption.

Corollary 3.9. For eachv € {1,..., N} let the functions wy, j€J”, bein-
dependent of x™7, and let the MFCQ) hold everywhere in the constant strategy
set

O = {y eR™ |wi(y") <0, j€J", &y) <0, ke K}

Then R = E is true.

3.4 The full space MFCQ and generalized -Nash equi-
libria

In the following, we apply Theorem to the GNEP setting in order to
define milder constraint qualifications. This firstly requires the introduction
of e-minimal points

S(x™) = {y" e Q@) [ 07(y",27") < ¢"(27") + ¢}
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of player v’s problem PY(z~) for any ¢ > 0 and v € {1,..., N}. The graph
of player v’s e-minimal point mapping is denoted by

S¢ = gphS! = {(a",z7") € B[ 2" € S/(z7")}

€

and also known as e-best response mapping. One may also define the set of
generalized e-Nash equilibria as E. = N)_;S”.

Definition 3.10. We say that the full space Mangasarian-Fromovitz con-

straint qualification for player v (sMFCQY) holds at x = (z¥,27") € G
with x=v € int B~V if there exists a direction d = (d*,...,dN) € R™ with

Dw}-’(x)d <0, je Jy(z), (20)

D& (x")d” <0, k € Ki(z"). (21)

In view of TV = B™¥ the fsMFCQ” is the uMFCQ from Definition for
player v.

At every x € G¥ with 7" € int B™" the psMFCQV is strictly stronger than
the sMFCQY. This motivates the subsequent Assumption which we
shall use in case that Assumption is violated.

Assumption 3.11. If for some player v € {1...,N} and some ™" €
rdom Q¥ Nint B™" none of the cases from Assumption holds, then the
following set of conditions holds:

a) S*(x7") is a singleton {z"}, and the fsMFCQ" holds at (z",27") € 8,
b) The psMFCQ) holds at all y = (y”,x™") € G¥ with y* # z".

Assumption 3.12. For allv = {1,...,N} and all z™" € rdom Q” N bd B¥
one of the cases from Assumption[3.7 holds.

Under Assumptions and [3.12] Lemma yields the following charac-
terization of the reformulation R” for each player. The intersection with GG
comes from the fact that the reformulation has only an effect on the refined
domain, like argued in Section [3.2]

Lemma 3.13. Assumption [3.11] and Assumption imply
GN(R"\S8")C Gn (lim\iélfSa”\S”)

Lemma Lemma (3.13 the closedness of R and the fact R C G (see
Lemma yield the following result.
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Theorem 3.14. Assumption|3.11 and Assumption|3.19 imply

N
clll C R C liminf S7.
e\

v=1

The statement from Theorem can be verbalized as follows: For each
player v every point x € R can be approximated arbitrarily well by e-best
responses. This has a somewhat similar conjunctive nature as the definition
of the GNE itself. We remark that the limit sets

N N
() liminf S D liminf (1] S := liminf E.
1 e\0 e\0 _ e\0

do not necessarily coincide, e.g. for the reason that some points in lim inf.\ o S¥
might be approximated by a sequence from G” \ G. However, achieving

R C liminf,\o E. would require a more complex structure of constraint

qualifications, which would require each player to respect the constraints of

all other players. We believe that such an assumption would contradict the

noncooperative nature of GNEPs.

4 Final remarks

It is possible to strengthen the results of this paper under convexity assump-
tions on the involved functions. However, the presented results are meant
as foundations for the computational approach using the branch-and-bound
paradigm in [6], which is primarily used in the absence of convexity assump-
tions. Therefore we do not consider this specialization explicitly.

In view of Theorem and [3.14] sufficient conditions for 1S O R in the
parametric case and for cl E D R in the GNEP case are of interest to obtain
identities for these sets. Example suggests that it may be helpful that
for each player all local minimal points possess different objective values.
Also sufficient conditions for R 2 liminf.\ oS, and R O liminf.\ o E. are of
interest and will be subject of future research.
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