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Abstract

We present a new spatial branch-and-bound approach for treating
optimization problems with nonconvex inequality constraints. It is
able to approximate the set of all global minimal points in case of
solvability, and else to detect infeasibility. The new technique covers
the nonconvex constraints by means of an improvement function which,
although nonsmooth, can be treated by standard bounding operations.

The method is shown to be successful under a weak regularity con-
dition, and we also give a transparent interpretation of the output
in case that this condition is violated. Numerical tests illustrate the
performance of the algorithm.
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1 Introduction

With a nonempty bounded box X C R" and continuous functions f,w : X —
R we consider the optimization problem

P: min f(z) s.t. w(z) <0, zeX.
While we will introduce additional differentiability properties of f and w as
needed, we do not impose any convexity assumptions on f or w. We shall
denote the set of feasible points and the set of global minimal points of P by

Q and 9, respectively, and the optimal value by v. We will occasionally refer
to global minimal points as minimal points.

The aim of this paper is to present a new branch-and-bound approach that

e handles the nonconvex constraint w in a deterministic manner which
allows a convergence proof,

e approximates not only one, but all global minimal points of P in case
of solvability (‘complete global optimization’),

e clse detects infeasibility.

The branch-and-bound paradigm was first introduced for discrete optimiza-
tion problems in [32, II]. Its extension to spatial branch-and-bound for
continuous global optimization problems goes back to [19]. Various im-
provements and related methods have been proposed since then, such as
branch-and-reduce [44} 45|, symbolic branch-and-bound [47,, 48], branch-and-
contract [55] or branch-and-cut [52]. Several state-of-the-art global opti-
mization solvers are based on implementations of branch-and-bound algo-
rithms, for example ANTIGONE [36], BARON [46], COUENNE [9], LIN-
DOGLOBAL [33], SCIP [1] and SHOT [34]. For extensive reviews on deter-
ministic global optimization we refer to [20], 27].

Within a spatial branch-and-bound algorithm, lower bounds for the minimal
value v of P are typically obtained by tailored bounding procedures. We
will discuss some of them in Section [3.1 On the other hand, upper bounds
can be generated by evaluating the objective function f at feasible points
of P, either directly or indirectly by applying local solvers. However, as we
do not assume the inequality constraint function w to be convex, finding a
feasible point may be as difficult as solving the problem itself. Therefore,
there is no guarantee for the occurrence of feasible points within current
branch-and-bound algorithms [30], let alone convergent valid upper bounds,
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which are required to prove finite termination. To cope with this, in the
literature sometimes it is suggested to accept almost feasible points [20], but
[30] shows that instead of upper bounds this may generate arbitrarily bad
lower bounds.

As a remedy [30] suggests to enforce feasibility of infeasible iterates by their
perturbation along Mangasarian-Fromovitz directions, which requires the so-
lution of one auxiliary LP per iteration as well as the assumption of the
Mangasarian-Fromovitz constraint qualification (Section in all optimal
points. Using different tools, the follow-up articles [21], 29] show how un-
der suitable constraint qualifications valid upper bounds can be obtained for
optimization problems with nonlinear equality constraints and nonconvex
inequality constraints, respectively.

Most spatial branch-and-bound approaches have in common that, for solvable
problems, they output the minimal value v up to some user-defined tolerance
e, together with one feasible point at which the objective function attains
this approximate minimal value, hence an e-minimal point. Some solvers,
e.g. BARON, offer the option to compute multiple or all solutions and indi-
cate that this functionality is reliable in continuous domains, as long as all
solutions are isolated. The output then consists of multiple e-minimal points
that differ by a specified threshold. Although often this suffices for practical
purposes, there exist important applications that require an assured approx-
imation of all eractly minimal points, which we refer to as complete global
optimization (not to be confused with complete solvers for global optimiza-
tion [39]). This typically happens if the problem P is part of a larger model,
for example as the lower level of a bilevel optimization problem [I2], as a
player problem in a (generalized) Nash equilibrium problem [I§|, or in the
lexicographic optimization of multicriteria problems [16]. To facilitate the
computation of the set of global minimal points, these problem classes are
often treated under convexity assumptions, which possess, however, limited
modeling power.

An available method that is capable of computing an enclosure of all minimal
points of P is presented in the monograph [24]. It is referred to as an inter-
val method because, in contrast to spatial branch-and-bound methods, every
step of the algorithm is carried out using interval-valued quantities. In detail,
it combines the branch-and-bound paradigm with discarding tests based on
the interval-valued evaluation of necessary first- and second-order optimality
conditions. It has been proven that the method returns a list of boxes in
which each box has a width below a predefined tolerance and the objective
function varies within a predefined tolerance. The highest objective value



attained within the approximation is given by the maximum upper bound of
the interval evaluation of f over all boxes. In particular, there is no guarantee
that this upper bound will converge, because there is no deterministic pro-
cedure for computing arbitrarily good feasible points. The monograph does
not provide a convergence proof, even when further assumptions on P are
imposed. A solver-package that implements an interval method for complete
global optimization is IBEX [40]. The procedures used to compute feasible
points, described in [6], are classified as heuristic.

Complete global optimization is also considered in the field of Lipschitz op-
timization, see [25] for an introduction. These approaches construct a single
bounding function by iteratively sampling points and their objective values,
and, using the Lipschitz constant, form a so-called saw-tooth cover. For
boz constrained optimization problems, [25] states that Piyavskii’s method
[42] can, in principle, be adapted to perform complete global optimization.
For generally constrained optimization problems, the Lipschitz optimization
approach switches from sampling to the closely related branch-and-bound
approach because of the necessity to remove infeasible partitions of the do-
main. An algorithm similar to that in [27] is introduced and also applied to
the minimax risk evaluation with bounded parameters [22]. However, no ex-
tension to complete global optimization is mentioned and the authors argue
that convergence is difficult to establish under the mere Lipschitz assump-
tion, due to feasibility verification and that additional assumptions on the
involved functions are not in the scope of Lipschitz optimization [25].

A spatial branch-and-bound method for the approximation of all global min-
imal points of nonconvex problems is presented in [I7]. It handles twice dif-
ferentiable boz-constrained optimization problems and is based on the BB
technique from [4, 38l [5]. For predefined tolerances £ and 4, its output ap-
proximates the entire set of minimal points by a set of e-minimal points A
with the following property: Each minimal point has at most the distance
of § to some element of A. As there are only box constraints involved, the
method terminates without any further assumptions. However, a generaliza-
tion to optimization problems with nonconvex constraints is not straightfor-
ward since, as explained above, the reliable construction of feasible points for
the generation of valid upper bounds can no longer be assumed. Furthermore,
in the above mentioned applications, one might prefer an approximation that
gives an enclosure of the set of minimal points.

We place our method in the broader class of spatial branch-and-bound tech-
niques. Although we use interval arithmetic to compute rigorous lower and
upper bounds, not all operations are carried out in that way. While in



Section [5 bounds are also computed via Lipschitz constants, we require dif-
ferentiable functions, and thus our method deviates from a purely Lipschitz-
optimization-based framework. Our approach takes the difficulty of finding
arbitrarily good feasible points for nonconvex constraints into account. Un-
der mild conditions, that allows us to outer approximate the set of all global
minimal points deterministically with a predefined accuracy. It is based on
the consideration of the auxiliary parametric optimization problem

Q(s) : min Y (z,s) st. rze€X
with

P(x,s) = max{w(z), f(z) — f(s)}

and a parameter s € X which may be considered a ‘parametric copy of z’.

Let R(s) denote the set of minimal points of Q(s) and
R = {se€Q|seR(s)} (1)

the fixed-point set of the set-valued mapping R : X = X on 2. We shall
see that R coincides with the set S of global minimal points of P under mild
assumptions. Note that they are both void in the case Q = 0. For S = ) we
follow the usual convention to set v := +oo. On the other hand, for Q # ()
the problem P is solvable by the Weierstrass theorem.

Constructions using the objective function 1 of Q(s) have been used in the
derivation of Karush-Kuhn-Tucker type necessary optimality conditions for
nonsmooth constrained optimization problems |26, Th. VII.2.2.5], and in the
derivation of first and second order optimality conditions for standard semi-
infinite optimization problems in [10, Sec. 5.4]. In [53] it is used as one way
to construct separators, which allow the global minimization of constrained
problems using d.c. optimization. In [7] it is employed in an iterative lin-
earization approach for nonsmooth constrained optimization problems (with
the previous iterate in place of s), and there the function ¢ is called im-
provement function. A related technique appears in [54] for the solution of
semi-infinite optimization problems. Despite these different applications, we
are not aware of any studies showing the explicit relation between the fixed
point set R of R and the optimal point set S.

Compared to the problem P, in @(s) the improvement function moves func-
tional constraints from the description of the feasible set {2 to the objective
function without the need to specify appropriate penalty parameters as in
penalty (or barrier) approaches, or multipliers as in (augmented) Lagrangian
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methods. Considering Q(s) instead of P is particularly useful if X is a
box and an algorithm, like a standard branch-and-bound method, requires a
purely box-constrained feasible set.

This reformulation comes at the price of the introduction of a parametric op-
timization problem with nonsmooth objective function, and the fact that the
validity of S = R requires some mild assumptions. The nonsmoothness of
the max-type objective function in @(s) is, however, not an issue for branch-
and-bound methods, since they do not rely on smoothness of the problem
functions, but rather on the existence of convergent bounding procedures.
The latter are available for the function v, if they are for f and w (Sec-
tion . The proposed branch-and-bound method can therefore approximate
the set R without further assumptions, whereas we decouple the theoretical
considerations on why mild regularity assumptions guarantee S = R from
the algorithmic design of the method.

This article is structured as follows. In Section [2] we show that S is a subset
of R, and we provide mild conditions under which both sets coincide. Based
on these results, in Section [3] we formulate the branch-and-bound method
for the approximation of all global minimal points of P. Section [4 provides
a convergence proof for the proposed method, and Section [5| presents our
numerical experience on a test set. Section [0 concludes this article with
some final remarks.

2 Reformulations by the improvement function

In the following, we investigate central theoretical properties of the intro-
duced reformulation. In this section, we can reduce the assumptions on X
to being a nonempty compact set from R". However, for the later branch-
and-bound approach in Section [3 we will assume X to be a box.

2.1 The relation of S and R

The following result is the key to the algorithmic treatment of the parameter-
dependence in the definition of R from (1)) (Section [3).

Lemma 2.1. The following assertions hold:

Vse: Hél)r(l P(z,s) <0, (2)
R = {sEQ|rrél)I(1 W(z,s) =0}, (3)
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Proof. Since each s € () satisfies s € X and w(s) < 0, we obtain
min ¥(z,5) < ¥(s.5) = max{w(s).0} = 0
e
showing . Assertion follows by
{s€Q minw(z,s) =0} = {s € Q| minv(r,s) = v(s,5))
= {seQ|seR(s)} = R.
O
Remark 2.2. The construction from Lemmal[2.1] is reminiscent of the Blum-
Oettli type equilibrium formulation of P [{1], namely to find some s € Q with
flz)—f(s) >0 forallz € Q={x € X |w(x) <0}, where s corresponds to
a global minimal point. From this point of view, the improvement function
approach replaces this equilibrium problem by the task to find some s € ) with
Y(z,s) = max{w(x), f(x) — f(s)} > 0 for all x € X. As in general Blum-
Oettli type equilibrium problems, also the function 1 satisfies ¥(s,s) = 0
for all s € Q, but since Q2 and X are different sets, the latter s not such an
equilibrium problem. Nevertheless, the function — mingex ¥(x, s) corresponds

to the generalization of Auslender’s gap function for variational inequalities
to equilibrium problems from [2§)].

To see how the set R may differ from S, and under which conditions both
sets coincide, we make use of the ‘strict feasible set” or ‘set of Slater points’
(recall, though, that we do not require any convexity assumptions)

Q. = {reX|wx) <0}

which satisfies c1 2. C Q. By cl A we denote the topological closure of a set
A. We define the problem

P_: min f(z) s.t. x €l
with the (possibly empty) compact feasible set cl Q2. and the minimal value
v< (where v := +oo for cl Q. = 0).

While the description of R by is the basis for our algorithmic approach
to the computation of S in Section , the subsequent description is better
suited for studying the relation between R and S.

Lemma 2.3. The identity
R = {se€Q]f(s) v} (4)

holds, where the formal case v. = +00 corresponds to R = ().
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Proof. Let v. < +00. For each s € R the condition s € (2 is clear. In view

of
0 < ¥(z,s) = max{w(z), f(z)— f(s)}

holds for every z € X. From this the relation f(z) — f(s) > 0 follows in
the case w(z) < 0, i.e., for all x € Q.. For every x € (cl1Q.) \ Q. the same
relation follows from a continuity argument, since x is then the limit point
of some sequence from €).. Thus, we have shown

f(s) < f(x) VaecdQ.,,

that is, f(s) < ..

To see the reverse inclusion, let s ¢ R. In the case s ¢ 2 the assertion
is trivially true. Otherwise, by Lemma there exists some r € X with
0 > ¢(x,s) = max{w(z), f(z) — f(s)}. This implies z € Q. C clQ.,
f(z) < f(s) and, therefore, v < f(s).

The proof for the case v. = 400 runs along the same lines. n

For cl Q. # (), due to v < v, the value o := v. —v is nonnegative. Lemmal[2.3
thus yields

R =85, = {s€Q] f(s) <v+oa},

that is, R consists of the o-optimal points of P with this special value o.

In the case clQ. = () we have v. = 400 and either Q # () or Q = (). The
subcase € # () results in v € R and 0 = +00—v = +00, while for the subcase
Q = 0 we define 0 = +00 — (+00) := 0.

In the next result A U B denotes the union of disjoint sets A and B.
Lemma 2.4. For 0 = v. — v the sets S and R satisfy
R = SU{seQ|v< f(s)<v+o}.

The formal case v. = 400, v € R leads to 0 = 400 and R = SU{s € Q |
v < f(s)}, and in the formal case v = +oo all appearing sets are empty.

Proof. The assertion follows from Lemma and S ={se€Q|v=f(s)}
[l

Example 2.5. Fig. [1] illustrates the assertion of Lemmal[2.j, Here S = {x'}
and R = {z', 2% 23} hold.
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Figure 1: Optimal values v and v in Example

Since we aim at characterizing S by its identity with R, the set {s € Q | v <
f(s) < v+ o} from Lemma contains ‘spurious’ points. Example il-
lustrates that spurious points (here x2, 2%) may possess any positive distance
from S so that, for example, the Hausdorff distance between S and an outer
approximation of R cannot be expected to tend to zero for refined approxi-
mations. This motivates the following assumption, under which Lemma
implies the subsequent Theorem

Assumption 2.6. The value 0 = v — v vanishes.

Theorem 2.7. Assumption [2.6 implies

R = S (5)

Assumption [2.6] acts as an abstract regularity condition. In the next section
we will show that it is even weaker than a mild constraint qualification and,
thus, mild itself. Still, it is only sufficient for , but not necessary, since ()
also holds in the case S = (2.

2.2 A regularity condition and a constraint qualification

In a first step we relate Assumption [2.6] to an abstract condition on feasible
points.

Definition 2.8. We say that the sequential Slater condition (SSC) holds at
x € Qifx e clQ. is true, that is, if x can be approximated by Slater points
of €.

We point out that in Definition we call z a Slater point of Q = {z € X |
w(z) <0} if x € X and w(z) < 0 hold. In particular, with respect to X only
feasibility of x is needed. As long as X is not assumed to possess a special



structure, like being a box (Section , this admits to incorporate possible
equality constraints from the description of €2 into the description of X, so
that they do not prevent the SSC from holding.

Assumption 2.9. At some x € S the SSC is satisfied.

Example 2.10. For X = [-1,1]2, f(z) = —z1, wi(7) = 23+ 15 and wo(x) =
—x9, Assumption[2.9 holds at the unique element of S = {0},

Lemma 2.11. Assumption [2.9 implies Assumption[2.6.

Proof. Under Assumption [2.9| we may choose some z € SNcl€).. Then there
exists a sequence (z%) C Q. with limy, 2% = 2. Due to f(2*) > v for all k
and the continuity of f we obtain v = f(z) = limy, f(2*) > v which, in view
of v < w., yields Assumption [2.6] ]

We remark that Assumption is reminiscent of, but weaker than [29,
Ass. 2|, which there is crucial for the convergence proof.

Example [2.10] shows that the regularity condition SSC is not a constraint
qualification, since it can be satisfied at minimal points which are not Karush-
Kuhn-Tucker points. However, in the following we shall see how under a
smooth functional description of 2 a mild constraint qualification can be
employed to guarantee Assumption [2.9] and, thus, the absence of spurious

points (7).
Indeed, we use the Mangasarian-Fromovitz constraint qualification (MFCQ)
for continuously differentiable optimization problems. Therefore we assume

w(zr) = max wj(x)

Jj€J

with a finite index set J and on X continuously differentiable functions wj,
j € J. We also assume a functional description X = {z € R" | &(x) <
0, k € K} of X with a finite index set K (satisfying J N K = )) and on R”
continuously differentiable functions &, k£ € K. We thus may write

Q= {reR"|wi(z) <0, jeJ, &) <0, ke K}. (6)

Note that the max-formulation in the auxiliary problem Q(s) only affects the
functions w;, but not the &, so that the nonempty and compact feasible set
X guarantees the solvability of Q(s).

In the following the active index sets of x € € with respect to the two
groups of inequalities are denoted by Jo(z) = {j € J | w;(z) = 0} and
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Ko(z) = {k € K | &(x) = 0}, and Dw;(z) stands for the row vector of
partial derivatives of w; at . The MFCQ is said to hold at x € € if a vector
d € R" with Dw;(z)d < 0, j € Jo(x), and D& (x)d < 0, k € Ko(x), exists.
Occasionally we will refer to d as an MF vector.

Assumption 2.12. The feasible set Q) is given in the form @ with C*-
functions wj, j € J, &, k € K, and the MFCQ holds at some x € S.

Note that, in contrast to Assumption 2.9, Assumption rules out the
presence of equality constraints in the description of X.

Lemma 2.13. At any x € Q, given in the form @ with C'-functions w;,
j€J, &, ke K, the MFCQ implies the SSC. In particular, Assumption|2.12

implies Assumption [2.9

Proof. Choose any x € €2 at which the MFCQ holds with some corresponding
MF vector d. Then for all sufficiently small o > 0 one has w;(z + ad) < 0,
j€J,and &(x+ad) <0, k € K. This implies x +ad € Q. In the limit for
a N\, 0 one obtains x € cl€), so that at x the SSC is satisfied. This shows
the assertions. ]

Although Assumption [2.12| is already mild, Example shows that it is
strictly stronger than Assumption [2.9]

We collect our findings from Theorem Lemma [2.11] and Lemma [2.13]in
the following result.

Theorem 2.14. Under either of the Assumptions[2.9 and[2.13 the following

assertions hold:

a) o =v.—v =0,

b) R=S5.

In Example the MFCQ and even the weaker SSC are violated at the
unique point ' € S and, indeed, none of the two assertions from Theo-
rem are true. On the other hand, if the set X = [a, b] from Example 2.5
is replaced by X’ = [d/, b] with some lower boundary point @’ € (2%, 3), then
Theorem can be applied.
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2.3 Generalization to J-feasible and s-minimal points

For numerical reasons it is often necessary to introduce tolerances in feasi-
bility and optimality of points. In Section [3| we will need such tolerances in
the termination criterion of the proposed branch-and-bound method.

The d-feasible points of P for 9 > 0 form the set
Qs = {re X w() <o} (7)
Moreover, for € > 0 we consider the set of e-minimal points
Se = {xzeQ] f(x) <v+e}
as well as the set of strict e-minimal points
SS ={reQ| flx)<v+e}

of P. The simultaneously d-feasible and (strict) e-minimal points of P thus
form the sets

Ses = {x € Qs | f(x) <v+e}
and
5= {2z eQs| flz) <v+el,

respectively. We emphasize that the latter sets are defined via the optimal
value v of P, rather than by the optimal value vs of minimizing f over (.

As an appropriate extension of the constructions from Section toe > 0,
we employ the parametric problem

Q:(s) : mxin Ye(x,s) st zeX
with
Ve, 5) = max{w(z), f(z) — f(s) + e}
and parameter s € X, and we define the sets
Re(s) = {r € X [Ye(w,5) < te(y,s) +eVy € X}
and

RZ(s) ={r € X | Ye(z,5) <¢e(y,s) +e Vy € X}
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of all e-minimal and strict e-minimal points of Q.(s), respectively. We also
define the fixed point sets

R.s = {s€Qs|se€R(s)}
and

R:s = {s€Qs|seR:(s)},
of the set-valued mappings R., RS : X =2 X on (.

Lemma 2.15. For all e > § > 0 the following assertions hold:

Vs e Qs: rréi)r(uﬂg(a:,s) <e, (8)
Res ={s € Qs | géi)?wa(x, s) € 10,¢]}, (9)
Ris=1{s€ Q| Hél}(l¢€($, s) € (0,¢]}. (10)

Proof. For € = 0 the assertions and @ were shown in Lemma More-
over, the set Réo is empty, in line with the fact that strictly O-minimal points
of Q(s) do not exist.

For the proofs in the case € > 0 we use that § < ¢ implies

Vs e Qs: max{w(s),e} = e. (11)
In analogy to the proof of , for the proof of observe that, since each
s € Q) satisfies s € X, from (11]) we obtain

Hél)l{l Ye(x,s) < P(s,s) = max{w(s),e} = e.

To see @, observe that for every s € (), the point s lies in R.(s) if and only
if all y € X satisfy

¢5(y78) +e 2> 7/16(57 5) = max{w(s),e} =&,

where the last equality follows again from . The latter relation is equiv-
alent to minyey 1:(y, s) > 0 and, together with (§)), shows (9)). The proof of
(10) is analogous. ]

For all ¢ > § > 0, in view of the continuity of mingcy ¢.(z,-) and the
closedness of (s, @D yields the closedness of R.s. On the other hand, from
(10) we see that R; s With € > 0 may neither be closed nor open.

To understand the relations between the sets R. s and RS on the one hand,
and S; 5 and S=5 on the other, we consider again the problem P. with minimal
value v from Section

13



Lemma 2.16. For all e > § > 0 the identities

Res={s€Qs| f(s) <vc+¢} (12)
and

Ris={s€Qs | f(s) <v+e} =255 (13)

hold. The formal cases v« = +00 and v = +oo correspond to R.s = s and
RZs = S55 = Qs, respectively.

Proof. We start with the proof of . To show its first identity, we first
assume v < +00. Then, by , every s € R§5 satisfies s € ()5 and

0 < mind.(z, 5) = minmaxiw(z), f(z) - f(s) + ¢}
< minmax{w(a), f(2) — £(5) + ¢}
< rmnelg max{0, f(z) — f(s) + ¢}

In particular, for all x € Q

0 < flx)—f(s)+e

is true, which yields

f(s) <v+e.

To see the reverse inclusion, let s ¢ RZ;s. For s ¢ (25 we are done. Otherwise,
by (8)) and (1 . there exists some x € X with 0 > 9. (x, s). Thls implies z € ()
and f(s) > f(z) + & > v+e¢, so that the first identity in is shown. The
second identity is just the definition of S=;. The case v = +oo is equivalent
to = ). Then all three sets coincide Wlth the (not necessarily void) set €2s.

The proof of (12)) uses similar arguments, combined with those from the proof

of . O

From one sees that S.; coincides with R.s under a mild regularity
assumption, in analogy to the identity S = R. Indeed, since we only need the

identity v = v from Assumption [2.6] we obtain the following generalization
of Theorem 2.14

Theorem 2.17. Under either of the Assumptions|[2.9 and[2.13
Rs,& = Sz—:,é

is true for alle > 6 > 0.
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On the other hand, from we obtain that the sets S§5 and R;; coincide
without any regularity assumptions, so that an approximation of Sf,a may
alternatively be performed by approximating R;;. In this sense, the im-
provement function reformulation ‘fits best’” to the solution concept of strict
e-minimal (and d-feasible) points of P. In this case one may even consider
equality constraints in the description of {2 by rewriting them as a pair of
inequality constraints, rather than moving them to the description of X, al-
though this rules out the validity of MFCQ and SSC at any x € € (so that,
e.g., Th. is not applicable). Unfortunately, the translation of this result
to a branch-and-bound method is prevented, for example, by the fact that
discarding tests in analogy to those from Section [3.2] must then be formulated
with nonstrict instead of strict inequalities on certain bounds, which would
be numerically infeasible.

3 A new branch-and-bound approach

The main idea of our new approach is to outer-approximate the set R.;
for some user-specified tolerances ¢ > & > 0. Under either of the mild
Assumptions or 2.12, by Theorem R.s coincides with the set S. s
of d-feasible and e-minimal points of P. In particular, for the natural choice
e = 6 = 0 the proposed procedure then approximates the set of global
minimal points of P. Additionally, two larger tolerances €. > € and Oy ax >
0 are user-specified, and the algorithm returns an approximation which is
sandwiched between R. s and R

€max,Omax °

The algorithm is called improvement function based complete global op-
timization (ICGO). We briefly describe its structure, before the following
subsections describe the decisive operations in detail. The framework is il-
lustrated in Figure 2] ICGO maintains a working list W and an output list
0. The working list is initialized with the host set X, which is, as announced
above, from now on assumed to be an n-dimensional bounded box. This is
a prerequisite for branching by box partitioning and makes many prominent
convergent bounding procedures accessible for our method. As long as the
working list W is nonempty, some box X' is selected from it. For X', we
firstly perform a discarding test, i.e. we try to prove X' N R.s = (). If this
holds X' is discarded and hence removed from W. If discarding was not suc-
cessful, we perform an inclusion test and try to prove that X’ lies completely
inside the user-specified tolerances, i.e. X' C R, . 5. 1f this holds, we
move X' to the list O. If not, we have to refine X’ by partitioning it into
smaller sub-boxes and append them to W. After termination, ICGO returns
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(initialize: W = {X}, © = {}

>/ while W

|select some X' € W\

v

[discard X' Jegg\ X NRes = 02\
no]

—| append X' to O bé\ X' C R bmae ? \

no
append it to W partition X’

Figure 2: Algorithmic framework of ICGO

a list O with
RsC | J X CR
X'€0
By Theorem [2.17], under Assumptions [2.9] or 2.12] the latter means that the
set Jy/co X' is sandwiched between S ;5 and S

€max,Omax *

max,émax °

In the following Section [3.1] we will define convergent bounding procedures.
These are the basis for the computations of the discarding tests, described
in Section and the inclusion test, described in Section [3.3] Finally, we
can write down the full algorithm in Section and prove its convergence
in Section [

3.1 Convergent bounding procedures

In the following, we use standard notation and terminology. In particular,
we denote a box X' C R" by [2/,7] with 2/,7 € R", 2/ < 7. By the
width of a box X’ we mean its diagonal length diag(X') = ||z’ — /|| with
respect to the Euclidean distance, and we denote its midpoint by mid(X’) =
+(2/ + 7). Indeed, branch-and-bound methods rely on the following concept
of convergent bounding procedures. Recall from, e.g., [27] that a sequence
of boxes (X*) is called exhaustive if firstly, X**! C X* is true for all k € N
and, secondly, limy, diag(X*) = 0 holds.

Definition 3.1. Let F denote some subset of the set of lower semi-continuous
functions on X.

a) A function £y from the set of all sub-bozes X' of X to R and for f €
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F is called lower bounding procedure on F, if it satisfies {;(X') <
mingex: f(z) for all sub-bozes X' C X and any arbitrary f € F.

b) A lower bounding procedure {y is called convergent if

hinéf(X ) = h,?lggﬁ f(zx)

holds for any exhaustive sequence of boxes (X*) and any arbitrary f
e F.

c) A lower bounding procedure {s is called monotone, if £5(Xo) > £r(X7)
holds for all bores Xo C X1 C X and any arbitrary f € F.

The concept of convergent upper bounding procedures uy on F' is defined
analogously for subsets F’ of the set of upper semi-continuous functions,
where one requires us(X) > max,ex f(z) in part a) and up(Xs) < up(Xy)
in part c).

We remark that for any exhaustive sequence of boxes (X*) the set [,y X* is
a singleton, say {Z} with some & € R". Then, in view of lim,, diag(X*) = 0,
the convergence of ¢; and lower semi-continuity of f yield

lim ¢,(X*) = lim min f(2) = /(7). (14)

Prominent examples of convergent bounding procedures arise in the so-called
aBB relaxation as described in [4], 3], 5], in centered forms as described in
[8, B1], in bounds based on duality concepts as examined in [I4] I5] or in
bounds based on linearization techniques (see [35] [51], 47, [48]). All of these
bounding procedures can be used in a straightforward manner such that they
are monotone as well. Many of these approaches take advantage of interval
arithmetic as explained, for instance, in [38]. The direct application of inter-
val arithmetic is also possible. For this reason, the defining functions must
be assumed to be factorable, i.e. composed of a finite number of operations
such as +, —, sin, cos, exp, etc.

In the algorithm, two infinite sequences of boxes with different purposes
will appear in the same list (or branch-and-bound tree, respectively). This
leads to some technicalities that require a new milder property for infinite
sequences of boxes. We call a sequence (X*) weakly exhaustive if there ex-
ists an exhaustive sequence (Z*) such that X* C Z* for all K € N. Note
that a weakly exhaustive sequence of boxes, although it is not necessarily
nested, also converges to a single point, as specified and exploited in the fol-
lowing lemma. Moreover, the lemma shows that we can replace ‘exhaustive’
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by ‘weakly exhaustive’ in Definition [3.1] if we limit ourselves to continuous
functions in F.

Lemma 3.2. Let f be a continuous function on X and (X*) be a weakly
exhaustive sequence of boxes. Then the following holds:

a) Any sequence (z%) with 2¥ € X* converges to the same limit point, say
Z = limy, 2.

b) For every convergent lower bounding procedure, we have

lilinﬁf(Xk) = lim min f(z) = f(Z). (15)

k zexk

c) For every convergent upper bounding procedure, we have

lim up (X*) = lim max f (2) = /(7). (16)

Proof. Since X¥ C ZF holds for all k € N, lim,diag(Z*) = 0 implies
limy diag(X*) = 0. In addition with (,.yZ* = Z, we obtain that any
sequence of points (z*) with 2% € X* converges to Z, which proves a). To
prove b), we apply this to the sequence of minimal points and firstly obtain,
together with the continuity of f, the identity

hlgn in, fz) = f(2).
[t remains to show that the sequence (¢;(X*)) converges to f(Z). Indeed, the
monotonicity of the bounding procedure and X* C Z* yield ¢;(X*) > ¢;(Z*)
for all £ and, therefore

lim inf 0p(XF) > lim ((Z%) = f(T). (17)

Furthermore, let us choose a subsequence with lim; £;(X*) = lim sup,, £;(X*)
as well as some sequence (z¥) with ¥ € X* for all [. By part a), it fulfills
z¥ — T and thus f(z*) — f(Z). The lower bounding property of ¢; hence
implies

f(x)= lilmf(xkl) > lilmﬁf(Xkl) = limksupﬁf(Xk).

Together with this shows limy £;(X*) = f(Z), as required. The proof
for ¢) works analogously. O
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3.2 Discarding tests

For e > ¢ > 0, our aim is to outer-approximate R. s by successively removing
sub-boxes X’ from X which lie completely in its set complement X \ R..
The description

Res = {s€ | Irél)l(l e(x,s) > 0}
follows directly from Lemma and yields
X\Res = {seX|w(s)>d} U {seQs| Héi)l(l@bg(x,s) < 0}

= {seX|w(s) >0} U {86X|£réi)1(11/)6(m,3)<0}.

For a sub-box X’ of X we will thus design one discarding test which guaran-
tees

min w(s) > 6 (18)
and one entailing
max min ¢ (z, 5) <0 (19)

(recall that the function min,ex ¢.(z,-) is continuous on X).

Using a lower bounding procedure ¢, a discarding test guaranteeing is
£,(X") > §. Our proposal for a discarding test entailing requires some
further considerations.

First observe that, with a lower bounding procedure ¢, for any y € X the
term

uy ({7}, X') o= max{w(y), f() — (;(X') + ¢}

satisfies

w ({71, X) = max{u(@), £7) - win £(5) + =}
max max{w(@). /(7) — £(5) + e}

= max (Y, s)

> i .

> max min g(z, s)
Therefore uy, ({y}, X’) < 0 may be used as a discarding test entailing ([19).
This discarding test is equivalent to w(y) < 0 and f(y) < ¢;(X’) —e. Thus,
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to discard successfully, we need to compute strictly feasible points with in-
creasingly small objective values. We call the best known point y € 2 the
incumbent and keep track of it in the course of the algorithm. However, for
a nonconvex function w, the construction of some point y with w(y) < 0 is
already a nontrivial task, even if it exists.

We propose to address this issue by considering the term
. (Y, X') = max{lu(Y), (;(Y) —uy(X') + €}
for a sub-box Y of X and computing

: /
Bl (e (1 X0

Our aim is to improve the current incumbent y with a point from the box
Ye argminy ¢y o Cy. (Y, X')

and also refine Y further if the discarding was not successful. This can be
motivated as follows. We can only find some point y with uy_({y}, X’) <0
inside the box Y, if £, (Y, X’) < 0 holds. This can be seen from

(y.(Y,X') < max{minw(y), min f(y) — max f(s) + ¢}
yey yey seX’

< ryréi}g max{w(y), f(y) — max f(s) + ¢}
< max{w(y), f(y) — min f(s) + e}
< max{w(y), f(y) — (;(X') + ¢}

= uy. ({7}, X),

where the second inequality follows with standard arguments and the third
exploits the assumption y € Y. If convergent bounding procedures are used,
then in the case £y (Y, X’) < 0, and for sufficiently small boxes Y, X', it
should be possible to prove that for any 7 € Y also uy, ({7}, X’) < 0 holds,
so that X’ can be discarded. That this is indeed the case lies at the heart of
the convergence proof in Section []

In fact, the method converges if we just select any point from ?, e.g. the mid-
point, and try if it improves the incumbent. We stress that more elaborate
strategies may improve efficiency. Naturally, in addition to the computation
of points from Y, the incumbent y could also be improved by local solvers or
heuristics.
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3.3 Inclusion test

To prove the inclusion of a sub-box X’ from X inside the relaxed set

REmaX75lyxax = {S G Qémax | f(8> S U< + 6\Hla,X}7

we use the following lemma. For e, > ¢ and .., > 0 the latter set is a
relaxation of R. s in its description , and we also assume €% > Omax.

Lemma 3.3. Every sub-box X' from X with

< i !
0 < jmin “fy, (Y, X) (20)

satisfies X' N Qs CR

max — €max,Omax *

= s so the

max ’

Proof. In the case S. = (), Lemma yields R, 6mex
assertion holds. It remains to treat the case S. # ().

From 0 < minyewuo £y, (Y, X’) we obtain for all Y e WU O

0 by, (Y, X')

max{minw(y), min f(y) — max f(s) + emax}

min max{w(y), f(y) — max f(s) + emax}- (21)

IA A

IA

This means that all y € Y fulfill w(y) > 0 or f(y) > maxsexs f(S) —Emax and,
hence, all y € Y N Q satisfy f(y) > maxsexs f(S) — €max- By the continuity
of f, the latter inequality also holds for all y € Y Ncl ..

By S. # (), we may consider an optimal point y. of P.. In view of
Lemma , identity , the point y. lies in R.s and is therefore never
discarded by the tests designed in Section We can thus choose some box
Y € WU O that contains y..

Due to y. € Y NclQ., the above considerations yield v. = f(y<) >
maxsex f(S) — Emax. Hence, by (12), all the points s € X' N Q.. lie in
R O

€max,Omax *

Condition from Lemma and the additional condition
uw(X/> S 6max7

which implies X’ C Q5 ensure together X' C R

max ) €max,Omax *

We note that the computation of is quite expensive, as it involves a
search through the entire list W U O. However, the bounds £,(Y), ¢;(Y),
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and uy(X') needed for the computation of ¢, (Y, X’) also appear in the
previously computed term £y,_(Y, X’) and do not have to be computed twice.
Furthermore, we compute only in the algorithm if u,, (X") < 0.y already
holds. Moreover, by Lemmal[A.1], we can save computational effort as follows.
If the left part of the maximum within ¢,_(Y, X’) exceeds the right part by
Emax — €, we know that the minimum is also attained at Y and there is
no explicit computation needed.

3.4 The complete algorithm

A formal description of the improvement function based complete global
optimization algorithm (ICGO) is stated in Algorithm .

We remark that the list O may be empty upon termination of Algorithm
This implies

(Z): UX/QRS,JQS&BQS&O:SE
X'eO

Since, under our standing assumptions, S. is nonempty in the case Q # (),
an empty list O implies 2 = (.

Vice versa, an empty set €2 leads to an empty list O upon termination, if d;ax
is chosen sufficiently small. Indeed, 2 is empty if and only if min,cx w(x) > 0
holds. Any choice dyax € (0, mingex w(z)) thus leads to

=0 (22)

€max;0max = Omax

U X' C R
X’'eO

and, hence, an empty list O.

4 Proof of convergence

In this section, we present the convergence proof for ICGO. It is stated under
milder assumptions than the constraint qualifications from Section [2.2] The
termination is ensured for finite values of v and v, which imply non-negative
finite values of o (cf. Section , given that the tolerance €., is chosen
appropriately. We will analyze and illustrate its output in Section [5]

In order to exploit the convergence property of bounding procedures, we need
to ensure that whenever ICGO generates an infinite sequence of successively
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Algorithm 1: (ICGO) Improvement function based complete global
optimization

Input: Problem P; tolerances epax > € > 6 > 0, Omax € (0, Emax);
Output: List O: R.5s C Uy X' SR ; incumbent ¥y

€max;Omax ?

1 initialize W = {X}, O ={}, y = null, w(y) = f(¥) = +oc;
2 while W # () do

3 select an element X' € W;
4 if /,(X’) > ¢ then
5 ‘ discard X';
6 else if u, ({y}, X’) <0 then
7 ‘ discard X';
8 else
9 find a box Y € argminy e Cy. (Y, X7);
10 select a point § € Y
11 if ¥(y,y) <0 then
12 if uy ({y}, X’) <0 then
13 ‘ discard X’
14 end
15 update y = 7;
16 end
17 end
18 if X’ € W then // X' not discarded
19 if u,(X') < Omax then
20 find a box Y € argminy cyyuo Cy... (Y, X');
21 if £,. (V,X')>0 then
22 remove X' from W,
23 append X' to O;
24 end
25 end
26 if X’ € W then // X' not appended to O
27 remove X' from W;
28 partition X’ into sub-boxes and append them to W;
29 if Y # X' then
30 remove Y from W or O, respectively;
31 partition Y into sub-boxes and append them to the
list, from which Y has been taken;
32 end
33 end
34 end
35 end
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refined boxes, the diameter of the boxes converges to zero (cf. Section [3.1).
We do this by employing a simple rule.

Partitioning rule (PR): We partition a box B by dividing it along the
midpoint of a longest edge into two boxes B! and B2.

Theorem 4.1. Let the bounding procedures £, u,, ¢y and uy be convergent
and monotone, let v. and v be finite, let enax > € + o, and let all bozes
be partitioned according to (PR). Then ICGO terminates after finitely many
iterations.

Proof. Assume that the assertion is wrong. Then W never becomes empty
and in infinitely many iterations, an element X’ € W can be selected. Inside
the while-loop, a selected element is discarded (i.e. removed) from W or
further partitioned into two sub-boxes that are appended to V. An infinite
number of iterations is possible only if the box X’ is further partitioned
in infinitely many iterations. Otherwise, the list YW would become empty
at some point. Thus, we may consider an infinite sequence of boxes (X*),
whose elements are neither discarded in lines [ to [I6] nor moved from W to
O in lines 22 to 23] As a result, the following statements must hold for each
element X% of this sequence

(. (X*) <o, (23)

0 < u%({gk}vXk)? (24)

where y* denotes the incumbent 7 available in the iteration where X* is
selected,
V@) =0 or 0 < uy ({7}, X"), (25)

where 7* denotes the point § computed in the iteration where X* is selected,
and

Up(XF) > Opaxe o8 Ly (Y X?) <0, (26)

where Y* denotes the box Y computed in correspondence to X* in this itera-
tion. If one of the statements does not hold, X* is removed from W without
being further refined and re-appended to W in line 27} This contradicts the
generation of an infinite sequence of boxes (X*). We will now focus on the

statement (26)) and only come back to , and if necessary.
At least one of the expressions in must hold in infinitely many iterations.

Case 1: u,(X*) > dax holds in infinitely many iterations.

Since each element of (X*) is removed from W, before a partition of it
is appended to W, the elements of (X*) are pairwise distinct. Therefore,
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Lemma implies that some subsequence of (X*) is weakly exhaustive,
which we will consider from now on. We obtain

5max < hinuw(Xk) - W(E) = h]gngw(Xk)

from Lemma with some 7 € X. For any sufficiently large % this implies
0o(X*) > (6max + 6)/2 > &, which contradicts (23)).

Case 2: E%max(}\;k, X*) < 0 holds in infinitely many iterations.

We first consider the infinite sequence ()/}k) produced in line |§| of the algo-
rithm in correspondence to (X*). Since the boxes Y also get refined in
the corresponding iterations, by Lemma [A.2] we may also pass to a weakly
exhaustive subsequence (1/}'“) For the sequence of points 7* in Yk , ke N,
Lemma [3.2la) implies limy, 7* = § with some 7 € X.

Part 2.1: Construct a lower bound on f(7)

Since must hold for all elements of the infinite sequence (X*), we obtain

0 < up({7"} X*) = max{w(@®), f(7") — (;(X") +e}. (27)

We now show that this relation also holds if we replace 7* by 7*. In iterations
where the if-statement in line [11]is true, it is clearly established by . If
otherwise the if-statement in line [11] is false, i.e. ¥(7*,y*) > 0, we obtain
w@®) > 0or f(H*) > f(¥). As we only update y* with strictly feasible
points, the second term of the maximum in is non-negative, and the
case f(g") > f(¢*) implies f(y*) — £;(X*) + e > 0. Consequently,

0 < up. ({7}, X%) = max{w(@"), f(7") — €(X") + &}

holds for all £ € N. The convergence of the lower bounding procedure ¢; (see
() implies
0 < limuy, (7}, X¥) = v.(7. ). (28)

We now consider the sequence (lvfk) generated in line In this sub-case, as
the statement holds in infinitely many iterations, we may pass to an infinite
subsequence such that

Cp (VE,XF) <0 (29)
holds for all £ € N. Then, by eyax > €, the following inequalities hold

. ky _ Tk kY < vk ky < vk k .

The convergence property and imply

: : kY _ 1; VE XF) — o (T.3) > 0.
lllgnyérll/\l}rdoﬂws(KX ) 11}£I1€¢8(Y , X)) =1(y,2) >0
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Together, the sandwich theorem yields
lim £y, (Y, X*) =0, (30)

which implies that ()v/k) also contains a weakly exhaustive sequence of boxes.
To see this, note that holds for all £ € N. This value can only converge
to zero for infinitely many pairwise distinct boxes. Together with Lemma
follows the weak exhaustiveness of (Y*), after possibly passing to a subse-

quence. Furthermore, with J € X, (30), (15), and imply
0 = max{hglgw(?k),hgwf&k)—1i’£nuf(xk)+gmax}

= max{w(g), f(?\j) - f(%) + gmax}-
Due to 0 > w(7) this yields the feasibility of § for P and, thus, f(y) > v.
Therefore, we obtain the lower bound

f(@) = v+ emax. (31)

Part 2.2: Construct an upper bound on f(z).

For the sequence of incumbents, the update condition in line [IT] implies
f(@*) > f(@*) for all k € N. Furthermore, g* C Q_ implies f(7*) > v-.
The monotonicity and boundedness of the sequence of values f(7*), k € N
implies its convergence.

Case 2.2.1: The sequence f(*) does not converge to v..

Firstly, we obtain limy f(7*) > v.. We now construct a point to obtain an
upper bound for f(Z). Let y. be an arbitrary solution of P, which means
f(y<) = ve and y. € clQ.. For any given tolerance p > 0, we may choose
some 32 € Q. near y. such that f(y2) <wv.+pand f(v2) < f(¥") hold for
all k € N. The box containing the point 2 can never be discarded, because
it contains a strictly feasible point that cannot be improved by any *.

Furthermore, the relation
Ve(9,7) < (42, 7) (32)

holds. To see this, assume that 1. (y,Z) > 1. (y2,T) is true. The convergence
of the bounding procedures yields

Co (V9. X5) = max{ (,(V9), 6, (VF) —up(XF) e} > 02, D). (33)
for sufficiently large k. We now consider the box Y” € WU O with 32 € Y.
Then we have
Ve(U,T) > Ye(y2, 7) = max{w(ys), f(y2) — f(Z) + &}
max{£u(Y?), (1Y) = us (X*) + £} = £y, (Y, X*).

V
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Together with , we obtain a contradiction since, for sufficiently large k,
the box Y* would not have been chosen in line |§|, which proves .

Consequently, together with , we can state
0 < ¢e(y,7) < ¢e(vs,7) = max{w(ys), f(vS) — f(Z) +}. (34)
From w(y?2) < 0 we obtain
@) < fl)+e < vatpte
and, since p > 0 was arbitrary, the upper bound is

f(@) < ve+e (35)

Case 2.2.2: The sequence f(*) converges to v..

This implies that each cluster point of 7* is an optimal point of P.. Thus, we
obtain limy, 7* = y., after possibly passing to a subsequence. In particular,
for this subsequence (24) must hold for all £ € N i.e.

0 < uy, (7%, X*) = max{w(@®), f(7") — (;(X"*) +¢}.
By gk S Q<7
0< f(T) = 6p(X*) + ¢
holds for all £ € N. Since in this case limy f(7*) = v. holds, we obtain in
the limit
This yields the same upper bound as in Case 2.2.1.
Part 2.3: Obtain the contradiction with both bounds.

Combining the lower bound and the upper bound yields
v+€max S f(i) S ’U<_|—8

and therefore €, < e +ve —v = € + 0 must hold. This contradicts the
assumption €. > € + 0, so &pamax(Y’“,X ) < 0 cannot hold in infinitely
many iterations. O

As mentioned in the previous sections, v is finite exactly for Q # (), and
v is finite exactly for cl1Q. # (). Obviously, the finiteness of v implies the
finiteness of v. In the following remark, we will briefly discuss the convergence
behavior for inconsistency of clQ)., i.e. for v. = +o0.
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Remark 4.2. Firstly, if Q. = 0 and Q = ( holds, we have ¢ = oo —
00 = 0 and epax > € + 0 can easily be accomplished. The arguments from
Case 1 of Theorem show that for sufficiently small dpax, also Qs,... =0
holds and Algorithm [1] returns an empty list O after finitely many steps and
thus terminates (see ) Otherwise, if Qs # 0, there is no statement
possible, as not all boxes get discarded by Case 1, and Case 2 requires an
optimal point of P—, which does not exist.

Secondly, if Q. = 0 and Q # 0 holds, we have ¢ = +00 and e > €+ 0
is always violated. However, the arguments in Case 1 of this theorem again
imply that duyax-feasibility is enforced by Algorithm[1. Thus

Res = Qs C U X' CQ...=R

max €max,0max
X'eO

must hold after finitely many steps. Note that the identities follow from
Lemma . Despite the correctness of the approzimation | Jy.c» X', Case
2 could still hold infinitely many times so that the convergence is not ensured.

5 Numerical tests

In this section, we discuss the properties of ICGO along with eight illustrative
examples. The algorithm is implemented in Python 3.9 and the code is
available on GitHub and is listed in the Python Package Index [43]. The
experiments were conducted on an Intel Core i7-9700K CPU @ 3.60GHz
with Linux Mint 20 and 32 GB RAM.

Implementational details

The pseudo-code of ICGO leaves some freedom of design in the concrete
implementation. We will address some important topics and refer to [43] for
additional technical details.

Firstly, the selection in line [3| from Z can be performed in various ways and
does not affect the termination after a finite number of iterations, as proven
in Theorem[4.1] We employ a breadth-first (first in first out) selection, which
was found to be superior to a depth-first (last in first out) selection in previous
tests. More advanced branching strategies such as strong branching, pseudo-
cost branching, or reliability branching could, if adapted to our framework,
have a positive influence on efficiency [2].
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For the bound computations, the package [43] provides convergent bound-
ing procedures based on direct implementation of interval arithmetic on the
function, centered forms, optimal centered forms and convex relaxations with
aBB. Therein, it uses the implementation of the interval arithmetic of [50].
The optimal centered forms are used consistently in the experiments. More-
over, we will avoid reoccurring bound computations as much as possible and
thus save, e.g., the bounds £,(Y’) and ¢(¢(Y’) together with Y € WU O.
To make the code more efficient, we replaced the checks X’ € W with a
more explicit control flow that intervenes directly at the points where X’ is
removed from W. In addition, we avoided the use of boolean flags whenever
possible, in accordance with Python programming principles.

Introduction of the test set
As in Section we set w(r) = max;ecjw;j(r) with finitely many differ-

entiable functions. The test problems (TP1-6) are defined as follows, with
X = [0,4.5]* throughout:

wa\T

TP1: f(x) =21 + 2, TPA2: f(z) = —1(2f + 23),
wi(z) = — (21 + 23) + 6.5, wi(x) = (1 —2)* + (22 — 1)® — 4,
wa(r) = —x1 + 22 — 2, wo(z) = (xl —3)% — 1+ @y,
ws(z) =21 — 29 — 2, ws(z) = —x0+ 1.
(z) =

=a2? + 22— 16.
TP2: f(z) = S((x1 — 2)* + (z2 — 2)%) TP5: f(x) = 21 + 2,

— g ((z1 = 2)* + (22 — 2)%)°, wi(z) = (Tfl —1)? 4z -1,
wi(x) = (z1 — 3)* + 23 — 3, wa(z) = 1 — 9,
wo(x) = —x1 + 22 — 2, ws(x) = (xl —2)% 4 (29 — 2)% — 2.
ws(x) =1 — 29 — 2,
wa(z) =1 —log((z1 + 3) (w2 + 3)).
TP3: f(x) = (1 —2)* + (22 — 1)%, TP6.1: f(z) =21+ 22 — 3,

wi(z) = —(x 14+ 12 4 29, wi(z)=1—(x1—-2) %( a—1)
wa(2) = —(21 = 2)* + a2, wy(x) =1— f(x)
ws3(x) = —(z1 — 5)* + 2, wa(r) =5 — 1, wa(x) =1 — 12
wa(z) =1 — z9.

TPAL: f(z) = —1(2f + 23), TP62: f(z) = (z1 —2)* + 3 (z2 — 1)%,
wi(@) = (1 —2)" + (z2 — 1)* — 4, wi(z) =1 - f(),
wa(x) :—%(x2—4)2—|—x17 wo(x) =4 — 21 — T,
ws(r) = —x9 + 1. w3(z) =5 — 1, wa(x) =1 — 29
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Figure 3: Feasible set and optimal points for TP1-6.




The feasible set and the optimal points are shown in Figure We can
observe that each of these problems has a non-convex feasible set 2, the
one of TP3 is even disconnected. Moreover, TP2-5 also have non-convex
objective functions. As the aim of this paper is to approximate the all global
minimal points, we defined test problems with non-unique optimal points.
TP1 and TP3 have two optimal points at the boundary of €2 and TP2 has
three optimal points, where one is in the interior and two at the boundary.
Finally, TP6.1 and 6.2 have infinitely many optimal points, which are located
on the circular or diagonal constraint, respectively (through the three plotted

dots).

Furthermore, we also study two forms of degeneracy in our test problems.
For TP4.2, the MFCQ is violated at the unique optimal point, thus Assump-
tion is violated. On the other hand, the SSC holds for this instance
and the Assumption holds. Therefore, we expect ICGO to approximate
the solution set correctly. For TP5, even the SSC is violated at the unique
optimal point, thus Assumption is violated. Here, the optimal point of
the interior problem T'P5_ is (2,2) and v = 4 > 2 = v, which implies
oc=2and {(1,1)7,(2,2)7} = R # S. By Theorem [{.1] we can only expect a
termination for e, > € + 2.

Discussion of the results

In the experiment, we solved TP1-TP6 with tolerances €, = 0, enax €
{0.1 +0,0.5+ 0}, Omax € {0.1,0.5} and a time limit of 240 seconds. Fig-
ures and [6] illustrate the output of ep.x = o + 0.5 and dpax = 0.5,
for which ICGO always terminated within the iteration limit. This coarse
tolerance allows us to identify the sets R., ... ... and discuss the properties
of this form of approximation. In these figures, we can also observe the
approximation process. All boxes contained in O U W are plotted after ap-
proximately one third (left) and two thirds (middle) of the iterations and
after the termination (right). In order to discuss the correctness of the out-
put, we firstly concentrate on the right images. With help of the level lines,
we observe that the output meets the tolerance for optimality and therefore
only contains points that are at most ‘0.5-suboptimal’ with respect to v..
The tolerance on feasibility is also fulfilled throughout, we exemplary plotted
the level lines of w;(x) — dmax = 0 (dashed) for TP3 but we refrained from
doing so in the remaining graphics for the sake of clarity.

Nevertheless, we note that the tolerance d,,,x can result in a significant por-
tion of the boxes in O containing infeasible points. The approximations of
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TP5 and TP6.2 highlight this consequence and underscore the importance of
carefully selecting d,,.x. Note that, by definition, these points from €
may also have objective values smaller than v. For TP5, ICGO provides
an accurate outer approximation of R. We remark that, while the spurious
point (2,2)7 is not the correct minimal point in this example, a practitioner
may prefer it over the correct one, since it is stable in the sense that the
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Figure 6: Approximation process of ICGO for TP6.1 and TP6.2.

MFCQ is satisfied there.
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3

| €max = 0 4 0.5, Omax = 0.5

| €max = 0 4 0.5, fmax = 0.1

| €max = 0 4 0.1, 6ax = 0.1

Name ‘ Emax t k O] Ve —ve | Emax t k |O| V< —ve | Emax t k 0| v —wc
TP1 0.5 0.09 167 11 2.3e-02 0.5 0.13 231 9 1.5e-02 0.1 0.13 244 10 1.5e-02
TP2 0.5 0.37 315 10 2.4e-05 0.5 0.37 320 10 2.4e-05 0.1 042 365 11 3.8e-07
TP3 0.5 0.13 173 9 8.9e-02 0.5 0.11 167 6 1.1e-01 0.1 0.15 226 9 4.1e-02
TP4.1 0.5 0.13 251 7 5.9e-02 0.5 0.11 217 7 1.7e-01 0.1 0.19 366 9 2.7e-03
TP4.2 0.5 88.57 35074 157 9.6e-02 0.5 88.67 35064 159 9.6e-02 0.1 240.01 78079 33 4.9e-02
TP5 2.5 0.08 146 14  2.2e-01 25 0.13 262 18  7.8e-02 2.1 0.16 282 14  3.4e-02
TP6.1 0.5 0.11 179 25  7.8e-03 0.5 0.16 247 53  7.8e-03 0.1 0.49 805 160  7.8e-03
TP6.2 0.5 0.12 171 33 8.1e-03 0.5 0.17 241 50  6.9e-03 0.1 2.02 2454 625  8.2e-06

Table 1: Solving statistics of TP1-6 with dpax, Emax € {0.5,0.1}.



In the left images of Figure [4] [p] and [6] we observe that d-infeasible boxes
are discarded relatively quickly by the if-statement in line 5| In contrast,
the images in the middle show which areas of the feasible set pose difficulties
and are discarded relatively late. Let us explore the potential explanations
for this. Firstly, some boxes are on the boundary of the feasible set and
realize low objective function values outside the feasible set, like, e.g. the
boxes in the center for TP4.1. Secondly, a steep ascent of the objective
function towards the optimum points requires very small boxes to fulfill the
inclusion property. This effect can, for example, be observed in the two
optimal points at the boundary for TP2, where the level lines are very close
and the approximation becomes invisibly small in the right picture. Lastly,
the geometry of €2 also has a strong influence. If the optimum point lies in
a very narrow peak, the boxes must also be refined in many steps. This is
illustrated in TP4.1 and TP4.2, with TP4.2 presenting the worst case where
the MFCQ is violated.

In Table [1| the following solving statistics are displayed. The runtime ¢, the
total number of iterations k, and the length of the list O after termination.
In addition, v. — v indicates the accuracy of the incumbent . The columns
on the left with £,,.x, Omax = 0.5, 0.5 show the statistics for the run with which
Figures [4] ] and [6] were generated. In the other columns, we see how the
data changes, when first only d,,., is scaled down by factor five and second
also enayx is scaled down by factor five. It is worth noticing that 0. < Emax
must apply.

Across all runs, ICGO almost always terminates within a half second, with
TP4.2 and TP6.2 being the only exceptions. Instance TP4.2 is the most
computationally demanding and does not finish within the time limit when
Emax and dpnay are both set to 0.1. Considering the length of O, we observe
that for TP1-4.1 and TP5 it is less than 14 and does not increase remarkably
when tolerances are reduced. On the other hand, for TP4.2 and TP6.1-6.2
the list O is longer, and, for the latter ones, it increases noticeably when the
tolerance e,y is reduced (for TP4.2 we cannot draw conclusions as ICGO did
not terminate). This difference seems to depend on whether R or R., .. 5.
collapse to single points or describe a shape that needs to be approximated by
O. In the case of TP4.2, R.,... 6. cOvers a line and in the case of TP6.1/.2,
already R is linear/circular shaped.

When the tolerance dy,.x is reduced by factor five, the run time increases (in
the mean) by 20% and the time per iteration remains nearly constant with
a mean of 0.9 milliseconds per iteration. When the tolerance e,,,, is then
additionally reduced by factor five, the run time increases (in the mean) by
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206%), neglecting the outlier TP4.2 that reached the time limit. For instances
TP4.2, TP5, and TP6.2, the time per iteration increased significantly, ranging
from 14% to 22%, while for other instances it remained nearly constant.

For all instances, the precision of v. is always below 0.22, given €., = 0.5
and below 0.05, given £, = 0.1. Naturally, incumbents must be better than
this tolerance to discard all ‘e.c-suboptimal’ areas in line [I3] However, for
TP2 and TP6, ICGO delivers incumbents with very high precision, compared
t0 €max-

To conclude, we suspect that the search operations inside WU O account for
a large portion of the complexity. The search operations fulfill two functions.
Firstly, find a good incumbent in line and secondly, compute a lower
bound in line 21| to prove the inclusion inside R., ., 5...- The first could be
enhanced by incorporating local optimization techniques or heuristics. The
second might be improved by advanced list structures that enable a more
efficient search.

6 Final remarks

The presented spatial branch-and-bound approach for complete nonconvex
optimization relies on a reformulation with the improvement function that
preserves the complete set of optimal points under very mild conditions. Fur-
thermore, the effect of degeneracies, the additional approximation of so-called
spurious points, was described and discussed in detail. Loosely speaking, the
potential existence of spurious points in R is caused by the fact that the
improvement of some s € €2 by x € X requires both the nonstrict inequal-
ity w(xz) < 0 and the strict inequality f(x) < f(s), which the improvement
function can neither model by ¥ (x,s) < 0 nor by ¥(x,s) < 0.

A similar effect occurs in the approach from [23] 37, 49], which reformulates
generalized semi-infinite constraints as standard semi-infinite constraints. In
fact, for continuous functions f and w as well as a compact set X and Q(s) =
{r € X |w(x,s) <0} the constraint

' >0 36
xrenég)f(w, s) > (36)

is called generalized semi-infinite. A point s satisfies this constraint if and
only if for all z € X the strict constraint w(x,s) > 0 or the nonstrict con-
straint f(x,s) > 0 holds. With ¥ (z, s) := max{w(z, s), f(x, s)} the standard
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semi-infinite constraint

min W(z,s) >0 (37)
thus relaxes (36). Therefore the sets F' = {s with (36) } and ¥ = {s with (37)}
satisfy F* C W. While V¥ is closed, F' may not be closed, but [23] shows that
for generic functions f and w at least the identity cl /' = ¥ is true. In [37]
this fact is used to solve a generalized semi-infinite optimization problem
with feasible set F' by the reformulation to the standard semi-infinite prob-
lem with the same objective function, but feasible set ¥. We conjecture that,
in absence of the genericity assumption, it is possible to use the techniques
of the present paper to also characterize the set of spurious points ¥ \ cl F.
We leave this question for future research.

7 Data availability

All data used in the numerical experiments are explicitly provided in the
manuscript. The code used to generate the results and figures is available at
[43].
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A Additional Lemmata

Lemma A.1. Given a set A C R?, let a* € A solve

Igleiil max{ay, as}

and let a} —ay > ¢ > 0. Then a* also solves
1 £}
min max{ay, as + €}
Proof. We prove the above statement by contradiction. Assume there exists
a point a’ € A with
max{a}, a, + e} < max{a},a; + ¢}

By optimality of a*, a} < max{a}, a5} < max{a},a),} must also hold. As
e > 0, additionally max{a}, a)} < max{a},a,+e} holds. Together we obtain
aj < max{aj,a; +}. If the maximum is attained by the first argument, we
obtain the contradiction aj < aj. If it is attained by the second argument,
we obtain a} < a} + ¢, which is in contradiction to aj — a} > ¢. [
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Lemma A.2. Let (X*) be an infinite sequence of pairwise distinct bozes gen-
erated by ICGO. Then there exists an infinite weakly exhaustive subsequence

of (X*).

Proof. Consider the branch-and-bound tree generated by ICGO in the follow-
ing process: After initializing the tree with one root node, at each iteration

ke N:

1. one leaf node X* and at most one other distinct leaf node Y* are
selected

2. if specific conditions hold, finitely many child nodes are added to X*
(a partition of it)

3. if some Y* # X% was selected and specific conditions hold, finitely
many child nodes are added to Y* (a partition of it)

Naturally, any node has only finitely many child nodes. The tree is a locally
finite graph [I3] and the infinite sequence of distinct boxes corresponds to an
infinite set of nodes in the graph. Using the Star-Comb Lemma [I3, Lem.
8.2.2] we may define a comb in the graph such that an infinite subsequence
of (X*) lies on that comb. By definition of a comb (see [13, Sec. 8.1]), this
means that there exists an infinite nested sequence (R¥) with RF*? C R* and
Xk C RF for all k € N (a so-called ‘ray’). In view of the partitioning rule
(PR), we have limy, diag(R*) = 0. Thus, (RF) is an exhaustive sequence of
boxes and, therefore, the infinite subsequence (X*) is weakly exhaustive. []
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