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Abstract

We study continuous quadratic submodular minimization with bounds and provide
a polynomially sized semidefinite relaxation, which is provably tight for dimension
n < 3. Via an explicit counterexample for n = 4, we show that the relaxation is not
tight in general, although it remains empirically tight on randomly generated instances.
We apply the relaxation to multi-product pricing and two moment problems arising
in distributionally robust optimization and the computation of covariance bounds.
Accordingly, this research advances the ongoing study of continuous submodular min-

imization and opens new application areas therein.

1 Introduction

Submodular functions have long played an important role in discrete optimization [Lovész,
1983]. In recent years, their relevance for continuous optimization has also grown, for ex-
ample, in the fields of machine learning and artificial intelligence [Bach, 2019, Bilmes, 2022,
Bian et al., 2017, Bunton and Tabuada, 2022, Zhang et al., 2019, Staib and Jegelka, 2017].

A continuous function f defined on R” is said to be submodular when

fx)+ fly) > flxVy)+ flzAy),
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for all pairs of vectors z,y € R", where the V and A operators calculate component-wise max-
imums and minimums, respectively. If f is twice differentiable, submodularity is equivalent
to all mixed second partial derivatives being nonpositive. When the pure second partials are
also nonpositive, f is said to be DR-submodular, where DR stands for diminishing returns.

Generally speaking, studies on continuous submodular optimization fall into two types:
those addressing the maximization of submodular functions, and those addressing minimiza-
tion. Relatively more attention has been paid recently to maximization, as noted by Yu and
Kigtikyavuz [2025], and we refer the reader to this paper for an excellent, recent summary
of the literature on optimization with submodular functions. In our paper, we focus on
continuous submodular minimization (CSM).

As discussed by Bach [2019] and Axelrod et al. [2020], many of the results for submodular
minimization in discrete settings—in particular, minimization over the lattice {0, 1}"—have
natural extensions to CSM over the box [0, 1]". Indeed, the property of submodularity is
generally considered to make minimization easier due to a strong connection with convexity.
Even still, a number of fundamental questions remain.

In this paper, we specifically study the minimization of a submodular quadratic func-
tion over [0,1]", a problem which we call quadratic submodular minimization over the box

(QSMB):
min {xTQx +clz 2 e, 1]"} : (1)

where () is a symmetric matrix and ¢ is a column vector. We will often refer to (1) by its pair
(@, ¢). Here, submodularity is equivalent to the off-diagonal entries of () being nonpositive,
and we say that such a @ is a submodular matriz and that the pair (Q,c) is submodular.
Note that, if the constraints were = € [l, u], then we could convert to the form (1) by a simple
affine transformation of [[, u] to [0, 1]™ with a corresponding update to the objective function.
This transformation preserves certain properties of the Hessian matrix, e.g., the signs of its
eigenvalues and its submodularity. Another transformation which preserves submodularity
is the flip operation z — —ux.

When @ is completely arbitrary, problem (1) is NP-hard [Horst et al., 2000], but it
is polynomial-time solvable in certain cases—for example, when () is positive semidefinite
and hence (1) is convex. Submodularity also impacts the computational complexity. In
particular, when (@, c) is submodular and also the diagonal entries of () are nonpositive,
which is DR-submodularity as defined above, then the objective function is concave along
each dimension and hence (1) reduces to a special instance of submodular minimization over

the lattice {0,1}", which is well-known to be solvable in polynomial time; see Proposition



1.1 in Staib and Jegelka [2017]. Problem (1) with DR~submodularity is in fact solvable
using a polynomial sized linear program; see Proposition 10 in Padberg [1989]. Another
important case occurs when (@, ¢) is submodular and ¢ < 0. In this case, Kim and Kojima
[2003] build on the results of Zhang [2000] to show that (1) can be solved in polynomial
time via its basic SDP relaxation; see Section 2 below. In addition, Axelrod et al. [2020]
build on results in Bach [2019] to present a probabilistic algorithm for solving CSM over the
box that includes QSMB. Their algorithm is linear in n and polynomial in the ratio L/e,
where L is the submodular function’s Lipschitz parameter and ¢ is the additive error in the
final optimal value. In particular, the polynomial dependence on L/ makes their algorithm
pseudo-polynomial.

Table 1 provides a classification of the complexity of the minimization of quadratic func-
tions versus the type of domain. Note that QUBO stands for quadratic unconstrained binary
optimization, which is standard in the literature. In particular, this paper makes progress

on quadratic submodular minimization over the continuous domain using an SDP-based

approach.
H f convex f submodular
0,1} NP-hard (QUBO) P (LP)
Garey and Johnson [1979]! Padberg [1989]
[0,1]" P (convex QP) P (LP, when DR-~submodular)
Kozlov et al. [1980] Padberg [1989]

P (SDP, when ¢ < 0)
. Kim and Kojima [2003]

P (SDP, when n < 3)2
This paper

Table 1: Complexity of minimizing f(z) = 27 Qx + 'z

1.1 Motivating examples

We consider a few examples to motivate the applicability and study of QSMB.

Example 1 (Multi-product pricing). Consider n products with the price decision vector

p € R", marginal cost vector m € R", and linear demand model given by d(p) = a — Bp

1Over {0,1}", 27Qz + Tz = 27 (Q — Amind)x + (¢ + Amine)? @ from the identity 2 = x; where Ayin is
the minimum eigenvalue of . Since Q) — Ay is positive semidefinite, the hardness of minimizing a convex
quadratic function over {0,1}™ follows directly from the hardness of QUBO.

2As we will show, tightness of the semidefinite relaxation is specific to n < 3. In particular, Example
4 exhibits a submodular instance with n = 4 for which the relaxation has a strictly positive gap. The
complexity of minimizing a submodular quadratic over [0, 1]™ for n > 4 remains open.



where a € R™ and B € R"*". The price vector p is chosen in the box [l,u] where we assume
d(p) > 0 for all p € [l,u]. Then the multi-product pricing problem is formulated as the

quadratic mazximization problem
max {(p —m)T(a—Bp):p¢€ [l,u]} :

In this model, depending on the sign of the off-diagonal entries in the matriz B, the prod-
ucts might be substitutes or complements. We particularly focus on the pricing of substitute
products such as grocery brands, similar electronic products, competing package sizes, or dif-
ferentiated service plans. Demand models of substitutes require the off-diagonal entries of
B to be nonpositive, so that the demand of product i increases as the price of product j
increases for j # i. The pricing problem with linear demand model and substitutable prod-
ucts is then an instance of QSMB, where we symmetrize the quadratic term by replacing B
with (B + B1)/2 and minimize the negative of the profit. In the literature, tractability is
ensured by assuming additionally that (B+ BT)/2 is positive semidefinite, so that the pricing
problem becomes a convex quadratic program. See Theorem 8.23 and related demand models
in Chapter 8 of Gallego and Topaloglu [2019] for multi-product pricing with substitutes. A
second route to tractability is to discretize. Ito and Fujimaki [2016] restrict each price to
a finite set of candidate values and encode that choice with binary variables; substitutability
then makes the gross profit supermodular, and the pricing problem becomes a submodular
binary quadratic minimization. We employ neither convexity nor discretization, in which

case solving the pricing problem to optimality requires the solution of QSMB.

Example 2 (Ambiguity sets in distributionally robust optimization). A commonly used
moment ambiguity set in distributionally robust optimization is the following Chebyshev am-
biguity set (see Bertsimas and Popescu [2005], Kuhn et al. [2024]):

{PePE) : Eold] = p, Epldl"] =1},

where the support of the random vector & is contained in Z, the mean of the random vector
is fixed to p, and the second moment matriz is fized to 3. The set P(Z) denotes the set
of all probability distributions with support contained in =. While the Chebyshev ambiguity
set is computationally tractable for specific supports—such as when = equals R™ or is an
ellipsoid—checking whether this ambiguity set is nonempty for = = [0,1]" is known to be

NP-hard in general.® A tractable relaxation of this ambiquity set proposed in Delage and Ye

3By setting the diagonal entries of ¥ equal to those of j, the random variables in the ambiguity set are
forced to be Bernoulli when = = [0, 1]™. Checking if the ambiguity set is nonempty is then equivalent to
testing membership in the correlation polytope; see Pitowsky [1991].
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[2010] is
{PeP(0.1") « Eeld] = . Eslé€") 25},

where the exact second moment matriz condition is relaxed to an upper bound in the positive
semidefinite order. In this paper, we will propose an alternative relaxation to the Chebyshev

ambiguity set given by
{IP) e P([0,1]") : Epl¢] = p, Ep[diag(é€T)] = diag(X), Ep[(€"] > 2}7

where the mean vector and the diagonal entries of the second moment matriz are exactly spec-
ified and the off-diagonal entries of the second moment matriz are constrained by entrywise
lower bounds. Using duality between the theory of moments and nonnegative polynomials,
we will show that QSMB is key to providing a characterization of this relazed ambiguity set.
We discuss the flexibility of modeling uncertainty with this ambiguity set and its application

to distributionally robust optimization in Section 3.

Example 3 (Covariance bounds). The Cauchy-Schwarz inequality provides a sharp upper

bound on the covariance of a pair of random variables using only the variances of the random

Covléy, &) </ Varl&y] Varl&,).

This bound can be sharpened when each random variable is known to lie in the interval [0, 1]
and the means are fized (see Hossjer and Sjolander [2022]):

variables:

Corfér, &) < min (E[&](1 — E[&]), B&) (1~ Bfg)), / Varféi] Varfe))

Again, by building on duality theory for moment problems and the connection of the dual
formulation to QSMB, we will develop new covariance bounds for an arbitrary number of

random variables, thus extending the above inequality.

1.2 Contributions and structure of the paper

The main contributions and the structure of the paper are as follows:

(a) Inlight of the existing literature, our first goal is to study a polynomial-time semidefinite
programming relaxation of (1), which is inspired by Kim and Kojima [2003]. This
relaxation is tight (i.e., admits no relaxation gap) for n < 3, a result which we prove
in Section 2 making use of technical results established in Section 6. We further show

that this result is sharp by exhibiting an explicit submodular instance with n = 4 that



has a strictly positive relaxation gap. Nonetheless, the relaxation is empirically tight

on a randomly generated panel of instances of varying sizes reported in Section 5.

(b) We then apply the semidefinite programming reformulation of QSMB to approximate—
and in low dimensions, solve exactly—two optimization models involving moments of

probability measures.

o In the first model discussed in Section 3, we consider a class of distributionally robust
optimization (DRO) problems over the new ambiguity set. Our SDP for QSMB enables
us to approximate this class of DRO problems efficiently for general n providing an

upper bound on the worst-case expected cost with an exact reformulation for n = 3.

o In the second model discussed in Section 4, we compute an upper bound on the non-
negative weighted sum of covariances of random variables given only the means and
the variances of the random variables, again supported in [0,1]". This extends the
Cauchy—-Schwarz inequality to bounded random variables in higher dimensions. We
note that the SDP relaxation provides the sharpest upper bound possible in low di-
mensions (n < 3). In addition, we provide a new proof for the n = 2 case and sharp

closed form solutions in special cases for arbitrary number of random variables.

(¢) In the numerical results in Section 5, we present our empirical evidence for practical
tightness of the relaxation in higher dimensions. We also provide examples in dimension
n = 3 for multi-product pricing and a distributionally robust optimization problem
arising in stratified sampling allocation to illustrate the applicability of QSMB and the
value of the SDP formulation. We then compute moment bounds on the energy function
defined by Laplacian matrices of graphs. Our results illustrate that the bounds from
our approach can be stronger than bounds from existing SDP formulations such as that

developed in Delage and Ye [2010] for some of these problems.

We conclude in Section 7. Overall, this paper extends polynomial-time results for convex
minimization to quadratic submodular minimization over the box (QSMB) via a provably
exact SDP relaxation for n < 3, shows by an explicit counterexample that exactness fails
for n > 4, and examines various applications of these results. As such, this paper lays the
groundwork for further study of continuous submodular minimization and indeed can have

important ramifications in areas such as robust and distributionally robust optimization.



1.3 Notations

We use R" to denote the space of real n-dimensional vectors, S™ to denote the space of
symmetric real n X n matrices, and R™*" to denote the space of real m x n matrices. The
vector z is a column vector by default and z” is the transposed row vector. We use e to
denote the vector of ones, whose dimension is determined by the context in which it appears.
We write A = 0 (A > 0) to denote that matrix A is positive semidefinite (positive definite)
and A > B to denote A — B > 0. The vector formed with the diagonal entries of the matrix
A is given by diag(A), and the diagonal matrix formed with the entries of the vector a is
given by Diag(a). Given A, B € R™*" we let A @ B = trace(AT B). For vectors z,y € R",
we use z o y to denote their componentwise (Hadamard) product. We use y/z to denote a
vector with the square root of the entries of the vector . A random vector is denoted by
¢, and we use Ep|] to denote the expectation with respect to the distribution P, Var[&] to

denote the variance of &, and Cov[éi, éj] to denote the covariance of & and Ej.

2 A Tight Semidefinite Relaxation for n <3

In this section, we establish our main theoretical result, namely that there exists a tight
semidefinite relaxation of (1) for dimension n < 3. We first review the relevant literature

that motivates our approach.

2.1 Existing results

Kim and Kojima [2003] proved the following result for QSMB for general n with additional

restrictions on c:

Proposition 1 (Theorem 3.1 in Kim and Kojima [2003]). Let n be arbitrary, and suppose
(Q, c) is submodular with ¢ < 0. Then the optimal value of (1) equals the optimal value of
the SDP relazation

1 T
min{QoX—l—ch:diag(X)ge, ( g;() 50}.
x

In fact, the authors show that, if (z*, X*) is an optimal solution of the SDP, then the
vector 1/diag(X*) is an optimal solution of (1). Furthermore, the positive semidefiniteness
condition on the (n + 1) x (n 4+ 1) matrix can be relaxed to positive semidefiniteness of the

n(n+1)/2 principal submatrices of size 2 x 2 without changing the conclusion of the theorem;



see Theorem 3.5 in Kim and Kojima [2003]. Tt is also straightforward to construct examples
with n = 2 and some ¢; > 0 such that this SDP relaxation admits a gap.

When c is arbitrary, we can attempt to close the gap using a tighter SDP relaxation.
A typical approach, which we adapt in this paper, is to include valid inequalities derived
from the feasibility condition x € [0, 1]". Indeed, a common class of valid inequalities are the
so-called McCormick inequalities or RLT (reformulation linearization technique) constraints,

which are derived for each pair 1 <i < j < n as follows [McCormick, 1976]:

(1 — .Ti>33j >0 —— Xij < T,
In matrix form, these valid constraints are expressed as
X >0, X > zel +ex? — eeT, X < zel.

Note that two of these matrix inequalities provide lower bounds on the components of X,
whereas the third provides upper bounds. In addition, the right-hand side of X < xe” is non-
symmetric, and so this single inequality captures both X;; < z; and X;; < x; for all ¢ < j.
Also note that the diagonal inequalities of X < xe® ensure diag(X) < z, a strengthening of
the constraint diag(X) < e in Proposition 1.

The SDP relaxation, which incorporates the RLT constraints, is known to be tight for
n = 2 for all data inputs (Q, ¢):

Proposition 2 (Theorem 2 in Anstreicher and Burer [2010]). Forn = 2 and arbitrary (Q, c),
the SDP relaxation

X >0, 1 27
T

min QoX—l—cTa:: XerT+exT—6€T7 ( >>0
X < zel,

is a tight relaxzation of (1).

However, the authors also show that this relaxation admits a gap for n > 3 and general

(@ ¢).



2.2 Additional background

Focusing our attention on the submodular case, we consider the following relaxation, which

adds only the RLT upper bounds to the relaxation in Proposition 1:

1 T
min Qe X +c'x: X < xel ’ =0y (2)
r X

The intuition for only including the upper bounds comes from the submodularity of ), which
implies that the objective function is nonincreasing in the off-diagonal entries of X and hence
the RLT lower bounds are less likely to be active at optimality.

Our main result in Theorem 1 states that this relaxation is tight when n < 3, for every
submodular (@, c¢) and irrespective of the signs of the entries in ¢. Example 4 below shows
that this cannot be extended; tightness fails already at n = 4.

Two features of the relaxation (2) are worth emphasizing. First, compared to the full
SDP-RLT relaxation of Proposition 2, it retains roughly half the number of linear inequalities.
Second—and as a consequence—tightness of (2) as expressed in Theorem 1 is a stronger
statement than tightness of the full SDP-RLT relaxation. Because the latter is at least as
tight, its exactness follows from the exactness of (2).

We continue by introducing some notation and important concepts. Define

Y(z, X) = (; :;)

to be the symmetric matrix appearing in the SDP relaxation (2). In particular, Y (z, X) = 0

is the positive semidefinite condition. Also define

r(xz, X) :=rank(Y (z, X)),
a(w, X) = [{(i,7) - Xij = i}

In words, a(z,X) is the number of active inequalities in the linear inequality condition
X < zel of (2). In particular, a(z, X) < n? since there are n? inequalities in X < ze”.
The following lemma relates r(x, X) and a(z, X) at extreme points of (2). In particular,

the number of active inequalities grows quadratically with the rank.

Lemma 1. Let (x, X) be an extreme point of the feasible set of (2). Define r :=r(x, X) and
a:= a(x,X). It holds that
r(r+1) <2(a+1).



Thus, irrespective of n, the following low-rank combinations of r and a are possible: r =1
with a > 0; r =2 with a > 2; r =3 with a > 5; and r = 4 with a > 9.

Proof. We recall a celebrated result due to Pataki [1998]:

Consider an SDP feasible set in block standard form: F := {X/ = 0, j =
1,...,p: 21]7:1/1{ e X/ =10, i =1,...,m}. Let (X',...,X?) be an extreme
point of F', and define r; := rank(X7). Then >¥_, r;(r; + 1) < 2m.

The feasible set of (2) can be expressed in block standard form with p = n? 4+ 1 blocks: one
PSD block and n? slack-variables. Moreover, the number of equality constraints is m = n?+1
with n? defining the slack variables and one defining the top-left entry of Y (z, X) to be 1.
The formula now follows by applying Pataki’s result and noting that, for a slack-variable,
rj(r; +1) = 0 if and only if the corresponding slack variable equals 0 and r;(r; +1) = 2 if
and only if the slack variable is positive. In particular, if s is the number of positive slacks

such that s + a = n?, then we have
r(r+1)+2s<2(n*+1) < rr+D)+2n*—a)<2n*+1) < rr+1)<20a+1).

The final statement of the lemma follows by considering different cases for the rank of
Y (z, X). O

Next, we describe completely positive programming, which provides a tool for proving

tightness of SDP relaxations. Define the cone

J::{yzz (330) eR”*leSxSxoe},
i

which is the homogenization of the unit box [0,1]", where xy € R, and x € R", and the

completely positive cone with respect to J:
CP(J) := conv {ny cy € j} .

It is known that the optimal value of (1) equals that of the completely positive program
min{Q e X + ¢’z : Y(x, X) € CP(J)}; see Burer [2009, 2012].
The SDP relaxation (2) can be viewed as relaxing complete positivity to Y (z, X) € L,

where

10



is the homogenization of the feasible set of (2). The following tightness criterion is used

throughout the paper.

Lemma 2. CP(J) C L. Furthermore, if there exists an optimal solution (z, X) of (2) such
that Y (x, X) € CP(J), then the SDP relazation is tight.

Next, we classify the n? inequalities X;; < z; into three types based on their position in
the non-symmetric matrix X — zel: s-lower inequalities (i > 7), s-upper inequalities (i < 7),
and diagonal inequalities (i = j). The terms s-lower and s-upper are shorthand for “strictly
lower” and “strictly upper.”

Finally, given a feasible solution (x, X) of (2), we consider permuting the rows and
columns of Y (z, X) so that x; < --- <z, which we call sorting by x. Sorting by = preserves
feasibility in £, the rank r(z, X), the number of active inequalities a(z, X), and complete
positivity with respect to J. When (z, X) is sorted by z and ¢ < j, feasibility with respect
to £ gives X;; < z; < x;. Hence an active s-upper inequality (X;; = z;) need not force the
s-lower inequality to be active, but an active s-lower inequality (X;; = z;) forces z; = x; and
hence the s-upper inequality to be active as well. A precise consequence of these observations

is recorded in Lemma 7 in Section 6.

2.3 Our result

Theorem 1 is stated and proved below by combining several propositions, which are proved
in Section 6.

The first proposition addresses optimal solutions of rank 2: either the SDP relaxation is
tight, or a proper face of the optimal face exists whose extreme points all have rank 3 or

higher.

Proposition 3. If there exists an optimal solution (x, X) of (2) with r(z, X) = 2, then: (i)
the SDP relazation is tight; or (ii) there exists a proper face of the optimal face in which all

extreme points have rank 3 or higher.
Our next proposition establishes tightness related to active diagonal and s-upper inequalities.

Proposition 4. Let (x, X) be an optimal solution of (2). After sorting by =, suppose one
of the following holds:

o diag(X) = z;

o all s-upper inequalities are active, and all diagonal inequalities are active except for a

single Xj; < x;.

11



Then the SDP relazation is tight.

The final proposition uses an inductive argument to handle active s-lower inequalities at

optimality.

Proposition 5. Suppose the SDP relazation (2) is tight when applied to all submodular
instances of (1) in n— 1 variables. For dimension n, let (x, X) be an optimal solution of (2)
for a submodular instance (Q,c). After sorting by x, suppose there exists at least one active

s-lower inequality. Then the SDP relazation is tight.
Using the three propositions above, we can now state and prove the main theorem.
Theorem 1. For n < 3, the SDP relazation (2) is tight for all submodular data (Q,c).

Proof. Let (xz, X) be an optimal extreme point of (2), and define Y := Y (z, X), r := r(z, X),
and a := a(z, X). We prove n =1, n =2, and n = 3 in turn.

When n = 1, the feasibility condition X < xze’ amounts to a single inequality. Hence,
a <1, and Lemma 1 implies r = 1. It follows that Y € CP(J). Then the relaxation is tight
by Lemma 2.

When n = 2, there are n? = 4 inequalities in X < ze’. By Lemma 1, r(r +1) <
2(a+1) <10, s0 r < 2. If r = 1, the relaxation is tight as above. If r = 2, Proposition 3
implies either (i) the SDP relaxation is tight or (ii) there exists a proper face of the optimal
face whose extreme points all have rank at least 3. Since any extreme point of a face is an
extreme point of the feasible set, the bound r < 2 applies throughout, ruling out case (ii).
Hence the SDP relaxation is tight.

When n = 3, if » = 1, then we are done. If r = 4, then @ > 9 by Lemma 1, so
every inequality is active. In particular, diag(X) = x, and Proposition 4 implies the SDP
relaxation is tight. If » = 2, then by Proposition 3 either the SDP relaxation is tight, or
there exists a proper face of the optimal face whose extreme points all have rank 3 or higher;
any such extreme point is handled by the r = 3 case next.

This leaves r = 3, for which a > 5 by Lemma 1. Assume without loss of generality that
(x, X) is sorted by z. Let [, d, and u be the number of active s-lower, diagonal, and s-upper
inequalities, respectively. Then | +d +u = a > 5 with [,d,u < 3. If [ > 1, Proposition
5 applies directly. If [ = 0, then d + v > 5 with d,u < 3, so d > 2. Either d = 3 and
diag(X) = z, or d = 2 and u = 3, meaning all s-upper inequalities and all but one diagonal

inequality are active. In both subcases, Proposition 4 applies. O

Figure 1 illustrates the geometry of Theorem 1 for n = 3. Fixing the values of x and

diag(X) and treating the off-diagonals (X2, X13, Xo3) as free, we project three feasible sets

12



onto the two-dimensional region defined by the auxiliary variables (Xis + X153, X153 + Xa3):
(i) the exact hull CP(J), (ii) the full SDP-RLT relaxation, and (iii) our relaxation (2).
A submodular objective maximizes a nonnegative combination of the off-diagonals, so its
optimum lies on the “northeast” boundary, precisely where all three bodies coincide, making
the relaxation tight even after the lower bounds on X;; are discarded. A non-submodular
objective would instead point toward a boundary where the bodies separate and hence a gap

appears.

PrOjeCtion to (X12 + Xi3, X135+ X23)

1.4
- Exact convex hull
=== PSD + full McCormick
= Our relaxation
1.2 A
1.0 A
S
+ 0.8 1
>
0.6 A
0.4 4
0.2 T T T T T
0.2 0.4 0.6 0.8 1.0 1.2 1.4

Xig+ X3

Figure 1: Projection to (Xi5 + Xi3, X3+ Xoa3) of three nested relaxations at fixed values of
x = diag(X) = (5/8)e: the exact hull CP(J), the full SDP-RLT relaxation, and our relax-
ation (2). The three bodies coincide on the “northeast” boundary optimized by submodular
objectives and do not coincide elsewhere, where a non-submodular objective would incur a

gap.

Remark 1 (Extending beyond n = 3). To extend Theorem 1 to n = 4, in principle the
same proof strateqy could be applied. For n = 4, there are n? = 16 inequalities in X < xel,

decomposed into 6 s-lower, 4 diagonal, and 6 s-upper. Lemma 1 constrains the rank tor <5.
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Among the possible ranks, the casesr =1, r =2, r =4, and r = 5 are resolved by the existing
propositions together with counting arguments. Specifically, Proposition 3 handles r = 2 by
reducing to higher rank; for r = 4 and r = 5, the minimum number of active inequalities
(a > 9 and a > 14, respectively) is large enough that either an s-lower inequality must be
active—invoking Proposition 5—or the diagonal and s-upper conditions of Proposition 4 are
met.

The bottleneck is r = 3, which requires only a > 5. When no s-lower inequality is active
(1 =0), one needs d+u > 5 with d < 4 and u < 6. Forn =3, the constraints d,u < 3 left
only two subcases—nboth covered by Proposition 4. Forn = 4, many additional configurations
arise (e.g., d =2, w = 3) in which neither all diagonal nor all s-upper inequalities are active,
and these are not covered by the current propositions. Resolving these rank-3 configurations
with partial activity is the main obstacle to extending Theorem 1 to n = 4 and beyond.
Ezample 4 below shows that this obstacle does in fact occur. We find that the relaxation (2)
is not tight for n = 4, and the counterexample occupies precisely the rank-3 configuration

just described.

Example 4 (The relaxation is not tight for n > 4). Let n = 4 and consider the data

§ —-14 0 0 12

—14 25 =25 0 29
= ) c= . 3
@ 0 —-25 25 —14 0 )

0 0 -14 8

Every off-diagonal entry of Q is nonpositive, so (Q,c) is submodular, and Q) is indefinite.
The box-constrained problem (1) has optimal value 0, attained uniquely at x = 0, while the
relazation (2) has optimal value approzimately —0.1221. So (2) has a strictly positive gap,
and Theorem 1 does not extend to n = 4. Padding (Q,c) with additional variables having
zero objective coefficients preserves both optimal values, so the relaxation fails to be tight for
every n > 4.

The optimal solution of (2) for this instance has rank 3, with exactly two diagonal and five
s-upper inequalities active and no s-lower inequality active. This is precisely the configuration
that Remark 1 identifies as the obstacle to extending the proof beyond n = 3. Section 6./
verifies these claims in exact rational arithmetic and examines whether standard cutting

planes close the gap.
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3 Distributionally Robust Optimization

Consider the distributionally robust optimization problem

infsupEs [£(@.€) i=  max (£ Au(@)é + B (@) + (@) (4)
where the decision vector z is chosen from a set X C R™ and the random vector f is n-
dimensional. The probability distribution of &, denoted by P, is ambiguous and lies in a
set of probability distributions denoted by P, commonly referred to as the ambiguity set.
The matrix Ag(x) € S™, the vector bi(x) € R™ and the scalar ¢x(z) € R are assumed to
depend affinely on x for each k =1,..., K. We hence assume that the cost function f(x,¢)
is piecewise affine and thus convex in x for a fixed £ and is piecewise quadratic but not
necessarily convex in ¢ for a fixed x.

Solving (4) corresponds to finding the optimal decision x that minimizes the worst-
case expected cost computed over all distributions in the ambiguity set. In this section,
our goal is to propose a new moment-based ambiguity set, which incorporates submodular

minimization and guarantees a computationally tractable—and empirically tight—bound via
the SDP relaxation (2).

3.1 A new moment ambiguity set

Given fixed ;€ R" and X € S”, define

Pi={PeP(0.1]") : Eplé] = u, Ep[diag(é€")] = diag(%), Ep[("] > ). (5)

As discussed in the Introduction, this ambiguity set can be viewed as a relaxation of the
NP-hard Chebyshev ambiguity set, which fixes the means and the diagonal entries of the
second moment matrix while relaxing the off-diagonal entries with entrywise lower bounds.
Note that the matrix ¥ is also not necessarily required to be positive semidefinite, which
contrasts with the Delage-Ye relaxation also mentioned in the Introduction. This can be a
modeling advantage. For example, when the pairwise moments are estimated using different
subsets of observations or with missing entries scattered across observations, the estimated
entries of ¥ might not jointly form a positive semidefinite matrix; see Higham [2002].

We would like to identify tractable necessary and sufficient conditions on p and ¥ that
guarantee nonemptiness of P. Let M([0,1]™) denote the set of all nonnegative finite Borel

measures on [0, 1]". As is standard, P is nonempty if and only if (1,,¥) € R x R” x S" is
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a member of the following cone:

Ao = J dm(§),
. . n A= [&dm(§),
Mo =< (Ao, A, A) 2 Ime M([0,1]") s.t. A< [E€Tdmle). (6)

diag(A) = [ diag(¢€7)dm(&)

We will now argue that M, is semidefinite approximable. To this end, we start by defining
some relevant convex cones.

Define the truncated moment cone of degree 2:
Ao = [ dm(¢),

M =L (Ao, AA) ERX R xS™ : Ime M([0,1]") st. A= [&dm(€),
A= [&ETdm(€)

We also define the cone of nonnegative polynomials of degree 2 on [0, 1]™ as
Ki={(o,y,Y) ERXR" xS : yo+y ¢+ £"YE>0 Ve (o]}

The cones M7 and K; are full dimensional, closed, convex, pointed and dual to each other;
see Karlin and Studden [1966], Laurent [2009], Schmudgen [2017]. Also define:

My :={(0,0,A) e RxR" xS" : A<0,diag(A) =0}.

and
Ko ={(y0,y,Y) eRxR"xS" : V;; <0 Vi<j}

={(y0,v,Y) : Y submodular} .

It is easy to check that the cones My and K are closed, convex and dual to each other.
It is now self-evident that My, = M; + M,. Hence, M, is clearly a full-dimensional,
convex, pointed cone. Closedness of M, follows from Corollary 1.12 in Dickinson [2013].

The dual cone of M is given by

My = (M + M) = Min M5 =K, NK,
= {(yo,y, V) @ yo+ye+YE>0 VEED L, Y submodular} (7)
= ,C().

It follows that My = K since My is a closed convex cone. This establishes the following

proposition.
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Proposition 6. The cones Mgy and Ky are dual to each other.

While the component cones M; and K; do not have tractable characterizations, we
are nevertheless able to provide tractable semidefinite approximations of My and Ky using

submodularity and the empirically tight SDP relaxation (2) of Section 2.

Proposition 7. Define

Y submodular,

Kspp = 9 (vo,v,Y) :

T _ TZ 2
3ZeRY™ st 7 >0, (( o (" —e?2)/ )to

y—2%e))2 Y+ (Z+2Z"))2

and

A<W < AT,
diag(A) = diag(W),

Ao AT
=0
AW

Then Kspp C Ko and Mg C Mgpp with equality in both when n < 3.

MSDP = ()\0,)\,/\) . IW e S st

Proof. Introducing an auxiliary variable zg, we first observe that

yo—ZOEO,

Keor = a0 ¥) : Z30, (( 20 (4T — eTZ)/2 ) .

y—2%)/2 Y+ (Z+2Z")/2

Y submodular

Letting (yo,v, Y, 20) be an element of the right-hand side, to show (yo,y,Y) € Ko, we must
demonstrate that yo + y7¢ + 7Y E > 0 for all € € [0,1]", which is equivalent to showing

v i=min {yo +y €+ ETVE £ €01} >0,

which in particular implies yo > 0. We have

. T - = 1£T
v>uvsppi=minqyg+y E+YezZ  EE

:max{yO—ZO:ZZO, ( =0 _eTZ>/2)EO},
(y—2%e)/2 Y+ (Z+2ZT)/2

where strong duality holds, for example, by Lemma 18 in Qiu and Yildirim [2024]. Further-

more, ¥ = vspp holds when n < 3 by Theorem 1. In particular, v > vspp > 0 holds when
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at least one dual solution has nonnegative objective value, which is true by assumption.
The expression for Mgpp follows by standard dual constructions, giving My C Mgpp with

equality for n < 3. n

Note that the auxiliary square matrix Z € R"*" used in Kgpp is not symmetric, while W in
Mgpp is symmetric.
We summarize the foregoing discussion by concluding that the ambiguity set P in (5) is

nonempty only if there exists a matrix W in S" such that

1 T
D<W < pel,  diag(W) = diag(®), ( ’;V) > 0. (8)
o

For n < 3, the converse also holds, so that (8) is a necessary and sufficient condition for

nonemptiness of P.

3.2 Semidefinite approximation

The following proposition shows that the optimal value of the distributionally robust problem
(4) can be bounded above in polynomial time by a semidefinite program when the ambiguity

set P is given by (5). Moreover, the bound is exact when n < 3.
Proposition 8. Suppose:

(a) X is semidefinite representable;

(b) —Ag(z) is submodular for each v € X and each k =1,... K.

Then (4) is bounded above in polynomial time by the SDP

inf yo+puly+SeY
st. ze X
Y submodular

Z >0 Vik=1,... K

( ” " — et 202 ) - ( () bz(x)/Q) Vk=1,.. K
(y—2Zle))2 Y+ (Zpy+2Z5)/2) — \bp(x)/2  Ai(x) RRRRELS

(9)

where the decision variables are x € R™, (yo,y,Y) € R x R" x §", and Z;, € R™™" for
k=1,..., K with equality holding for n = 3.

Proof. For fixed x € X, denote the value of the inner supremum in (4) by

-----
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The dual is given by

vi(r) =inf yo+pu'y+Y eX
s.t. Y submodular

.....

where v*(z) < vj(z) holds from weak duality. Disaggregating the dual constraints across
k=1,..., K gives

vi(z) =inf yo+ply+XeY
s.t. Y submodular
(Yo — cu(x),y — bp(x),Y — Ap(x)) e Ky YVE=1,... K.

Here Y — Ay (x) is submodular for each k and x. Replacing Ky with the inner approximation

Kspp C Ky from Proposition 7 gives

vy(z) =inf yo+p'y+XeY
s.t. Y submodular
(yo — cu(x),y — bp(x),Y — Ap(x)) € Kspp VE=1,... K,

where v*(z) < vj(xz) < T5(x). Optimizing over x € X, we obtain the SDP upper bound as
claimed. Equality holds for n < 3 due to Theorem 1 and Proposition 7. O]

3.3 Comparison with an existing moment ambiguity set

A popular and tractable moment ambiguity set analyzed by Delage and Ye [2010] is
Q={PeP(E : Bsl¢] = p, Bo[(€"] < =} (10)

Here, the support of the random vector é is contained in = which is assumed to be convex
and compact, the mean is fixed to u, and the second moment matrix is bounded from above

by X in the positive semidefinite order. It is well-known that Q is nonempty if and only if

It is interesting to compare these conditions with the analogous ones (8) for our ambiguity
set P. These two sets express different phenomena, e.g., the matrix ¥ in (10) needs to be

positive semidefinite for Q to be nonempty but not for P to be nonempty. Furthermore,
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when = = [0, 1]” and the matrix Ay (z) is negative semidefinite for each k, the distributionally
robust optimization (4)—where P is replaced by Q—can be reformulated as an SDP using
duality (see Delage and Ye [2010]):

min yo+puly+XeY

st. ze X
Y0 (11)
w0 Vk=1,... K
Yo — €' 2 (y + 2z —wg)" /2 - cr(x) by (2)/2 Vk=1,...,K,
(4 + 2 — wi) /2 v b(@)/2 - Axla)

where the decision variables are © € R™, (yo,y,Y) € RxR" xS", and (2, wx) € R™ x R" for
k=1,..., K. We provide a numerical comparison of the formulations (9) and (11) in Section
5 with two examples that arise in: (i) distributionally robust stratified sampling allocation;
and (i) moment bounds on the quadratic energy of Laplacian matrices where the matrices
—Ag(x) are both positive semidefinite and submodular, which allows direct comparison of
the SDP relaxations.

4 Covariance Bounds

This section studies sharp upper bounds on covariance terms when only first and second
moments are known and the support is [0, 1]”. We first formulate a moment problem and
characterize feasibility, then derive an SDP upper bound that is exact for n < 3 under
submodularity. We then provide closed-form bounds and explicit extremal constructions for

n = 2 and then for general n under an additional overlap condition on marginal moments.

4.1 A moment problem and SDP relaxation

Given only the mean and variance of two random variables & and &, with no restrictions

on their support, a well-known upper bound on the pairwise moment is given by:

E[£i&) < E[GIE[E)] + / Var[g ] Var[é,). (12)

This bound is known to be best possible. We consider a multivariate version of this problem
and develop sharp covariance bounds for bounded random variables where the means and

variances are known.
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For i = 1,...,n, suppose random variable & has support contained in [0, 1] with known
mean ; and standard deviation o;, or equivalently the variance is o?. Let (u, o) represent
the vector of means and standard deviations of the random vector &. Given a matrix A € S”,

consider the moment problem

(13)

R {EP[ET ag . BEPLO), Eeld = }

Ep[diag(6€7)] = diag(uu” + oo™)

i.e., v* is the best possible upper bound on the expectation of ETAE given only the means
and variances in ¢ with support contained in the unit hypercube.

The next lemma provides necessary and sufficient conditions for the feasibility of (13).

Lemma 3. The moment problem (13) is feasible if and only if 0 < o; < /pi(1 — ;) for all

1=1,...,n.

Proof. Necessity of o; > 0 arises from Ep[(é — Ep[é])Q] > 0. Necessity of o; < /(1 — ;)
arises from Ep[&(1 — )] > 0 since & € [0,1]. Sufficiency follows from considering the two

point random variable &;:

i =

i + 01‘\/% W.p. P

where p; € [02/((1 — wi)* + 02),u?/(u? + 0?)] to ensure that the support of the random
variable is in [0,1] with Ep[§] = p; and Ep[€2] = u? 4+ 02, The random vector & can be

constructed from the marginal distributions using independence. O]

We next show that under the assumption that — A is submodular, the covariance-bounding
moment problem admits a tractable SDP upper bound, and this bound is exact in dimensions
n <3.

Proposition 9. Suppose:

(a) 0 <oy < \Jpi(1—p) foralli=1,...,n;

(b) the matriz —A is submodular.
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Then the semidefinite program

vipp =max AeX
st. diag(X) = diag(up” + oo’)
¥ <eu (14)

T
L)oo
[Ty

where the decision variable is X € S", provides an upper bound v* < vipp on the moment

problem (13), with equality for n < 3.

In (14), the diagonal constraint fixes the second moments, the componentwise inequality
enforces YJ;; < 115, and the block positive-semidefinite constraint is the usual moment-matrix

consistency condition.

Proof. We proceed in four steps: dual reformulation of (13), replacement of the QSMB
constraint by its SDP relaxation, dualization of the inner SDP, and recovery of the primal
semidefinite program (14).

Step 1 (dual reformulation). Assumption (a) and Lemma 3 imply (13) is feasible.
Its dual is

vy =inf yo+ 'y + diag(pup” + o0”)"z
st yo+ &y + & Diag(2)E > €TAE Ve (0,1,

where the decision variables are yp € R,y € R", and z € R". Then strong duality holds with
v* = v} because the dual is strictly feasible. For example, we can set y = 2 = 0 and then
take yo larger than the maximum value of L A€ over € € [0,1]". We next reformulate the

dual as

v* =inf yo + ply + diag(pu” + o)’z
s.t. v(z) := min {yg +yle + ¢ (Diag(z) — A)¢ : € €0, 1]”} > 0.

Step 2 (SDP relaxation of QSMB). Under assumption (b), Diag(z) — A is submod-
ular. Replacing the QSMB constraint with the SDP relaxation from Theorem 1 gives the

§£€T, (2 i) EO} > 0.

Note that v(z) > p(z) with equality for n < 3 by Theorem 1, which means the SDP

following optimization:

p*=inf yo+ p"y + diag(up” +o00") 2

st. p(z) := min {yg +y7¢ + (Diag(z) — A) e =

[1]
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constraint is more restrictive than the original QSMB constraint. Hence, v* < p* with
equality for n < 3.

Step 3 (dualization of the inner SDP). Taking the dual of the minimization in the
constraint, where both the primal and dual semidefinite programs are strictly feasible, and

following a similar argument as in the proof of Proposition 8, we get

p* =inf A+ ply + diag(up” + o)’z
st. Z2>0

( A (y— ZTe)T /2 ) N (0 OT)

(y—ZTe)/2 Diag(z)+(Z+27)/2) ~\0 A)

Here, X\ is an auxiliary scalar variable that plays the role of yy. It arises as the top-left
entry in the dual of the inner SDP, exactly as zy does in the proof of Proposition 8, and the
constraint p(z) > 0 forces A = yo at optimality. In particular, the block positive-semidefinite
constraint implies A > 0, consistent with 3y > 0.

Step 4 (recover the primal SDP). The primal semidefinite formulation is then given

by (14). In particular, vipp = p* > v* with equality for n < 3. H

4.2 Closed-form solution in dimension 2

We solve the moment problem (13) in closed form when n = 2 and

1(0 1
1) .

by explicitly constructing the extremal distribution that attains the upper bound.

Proposition 10. Consider (13) for n = 2 and A given by (15). The upper bound is given

by

Ep[61&5] < v* = vipp = min (pa, fiz, papiz + 0102) (16)
and this bound is best possible for all feasible parameter values p; := Ep[&;] and o; = \/ Varl&]
fori=1,2.

Proof. For n = 2, the semidefinite program (14) reduces to

1 H1 K2
¥ = U;DP = Imax 212 . 212 S M1, 212 S M2, M1 ILL% —}—O‘% 212 i 0

2 212 13 + o3
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Using the Schur complement theorem, we rewrite this as

2

o g —
V" = max {212 D X1g < pia, Yip < i, ( ' " 2M1M2) = O}
2

12 — H1M2 o

=max{X : Y12 < pi, Y12 < flo, pafle — 0102 < Bio < pypie + 0102} .

It follows that v* = min{uy, pe, a2 + 0102}.

We now construct the extremal joint distribution using the two-point marginal distribu-
tions from Lemma 3 to show attainment of the bound. Define p. = o7/((1 — ;)* + 07) and
P = p; /(i + o7) for i = 1,2, and note that p. < p; for i = 1,2.

Case 1 (overlap). Suppose the intervals [p ,p;] and [p,,P,] overlap, and let p be
any value in the overlapping region. Consider the two-point joint distribution with perfect

positive dependence:

(£,&) = (,u1 ~ o1 e 02 1pp) wep- 1=p,

(1 + o1/ 52 o + 02/ 52) - wop. p.

In this case,

EP*[&&Q] = (1-p) (Ml — 01 1pp> </~L2 - UQE) +P<M1 +01\/1;?) (M2 +02\/1;?)

= Wi1p2 + 0102.

To verify that this bound is attained, note that the overlap condition implies both p, < p,
and P, < Do which are equivalent to e + 0109 < py and pqpe + 0109 < s, respectively.
Hence v* = min{py, pto, 12 + 0102} = 1o + 0109, and the bound is attained.

Case 2 (non-overlap). Suppose the intervals [p ,p;] and [p,,P,] do not overlap and,
without loss of generality, suppose p; < p,. Consider the three-point joint distribution with

perfect positive dependence:

(0, (2 — p3 — 03)/(1 = p2))  w.p. 1—p,,
(§1,&2) =1 (0,1) W.p. p, =D,
(11 +0f/pa, 1) w.p. D1
In this case, Ep- [élég] = . Since p; < p,, we have py < pipis + 0102. On the other
hand, the chain p, <P <p, <P shows that p, < Do holds, which is equivalent to

ipte + 0109 < po. Combining these two inequalities yields p; < pype + 0109 < . Hence
v* = min{py, po, i1 4o + 0109} = p1, and the bound is attained. O
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The attainability of this upper bound for n = 2 has also been recently shown in Hossjer and

Sjolander [2022] (see Theorem 2 therein), although their proof technique differs from ours.
The n = 2 result above shows when the bivariate upper bound is attainable exactly. We

now extend this perspective to general n and identify a condition under which all pairwise

upper bounds are simultaneously attainable.

4.3 Closed-form solution in dimension n

We can also solve problem (13) in closed form for general n under additional moment con-

ditions when

0 1
0 1

A=— = —(ee = 1) (17)
11 0

by explicitly constructing the extremal distribution that attains the upper bound.

Proposition 11. Consider (13) for general n and A given by (17), where the marginal
moments satisfy the condition
2 2

o; . M
max ———————— < min —. 18
=L (1 — )2+ 02 = i=Loon y? + 02 )

In words, condition (18) guarantees that all intervals [p,, ;] have a common overlap, which
allows one comonotone two-point construction to attain all pairwise upper bounds at once.

Then the best possible upper bound is given by
vt = Z (,UZ,U] + O'Z'O'j) . (19)
i<j

Proof. For general n, an upper bound on v* (not necessarily attained) is obtained by adding

up the respective bivariate bounds from Proposition 10:
vt <Y min (s, g, pafty + 0i0;) - (20)
(3,7):9<g

We now construct the extremal joint distribution that attains this bound. Define p, =
o7 /(1 = :)* + 07) and p; = p/(uf 4 07), and note that p. < p;. Under condition (18),
the intervals [Bi’pi] overlap for ¢ = 1,...,n. Let p be any value in the overlapping region.

Consider the following two-point marginal distribution for each random variable with perfect
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positive dependence:

i + U“/% w.p. p.

In this case for all (7, j) with ¢ < j, we have:
Ep-[665] = (1-p) (Mz‘ - Un/lfp) (,uj - O—j\/lfp> +p (Mi + Ui\/%) (,Uj + Uj\/lp%p)
= Milj + 005

Since condition (18) ensures that the intervals [p,p,] overlap for all pairs (i, j), the Case 1

analysis from Proposition 10 gives min{;, i, pipr; +0,0;} = pipj+0,0; for each pair. Hence

v Y (it oioy) (21)
(1,5):<g
and the constructed distribution attains this bound, establishing equality. O]

We have the following immediate corollary of Proposition 11 because the overlap condition

(18) is satisfied when all y; are equal and all o; are equal.

Corollary 1. The bound in Proposition 11 is attained for all n when p; = po and o; = oy

for some pg and oy and alli=1,... n.

5 Numerical Results

In support of Sections 2, 3, and 4, we next investigate the numerical behavior of our SDP
relaxation for QSMB. Specifically, we first examine its behavior in higher dimensions and then
present numerical studies based on three examples in multi-product pricing, distributionally

robust stratified sampling allocation, and moment bounds on the Laplacian quadratic energy.

5.1 Empirical behavior of the relaxation when n > 4

Theorem 1 establishes that the SDP relaxation (2) is tight for n < 3 but generally inexact for
n > 4. To investigate how empirical tightness extends to higher dimensions, we conducted
a numerical study using 1,000 randomly generated submodular instances with dimensions n
sampled uniformly from {4,5,...,20}.

Each instance is constructed as follows. A symmetric matrix () € R"*" is generated by
drawing entries from the standard normal distribution and symmetrizing, after which all

off-diagonal entries are replaced by —|Q;;| to enforce the submodular structure @;; < 0 for
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1 # j. A cost vector ¢ € R" is drawn independently from the standard normal distribution.
Note that no restrictions are placed on the signs of ¢ or the diagonal of ), so that these
instances are not covered by the existing polynomial-time results of Kim and Kojima [2003]
(which require ¢ < 0) or those for DR-submodular functions (which require diag(Q) < 0).
For each instance, we solve the QP (1) to global optimality using Gurobi [Gurobi Op-
timization, LLC, 2024] and then solve the SDP relaxation (2) using Mosek [MOSEK ApS,
2024], both with stringent solver tolerances (1078 for the QP and 107!° for the SDP). We

measure the quality of the relaxation via the relative gap

p* _d*
max{l, lp* + d*|/2}7

relative gap :=

where p* is the optimal value of the QP and d* is the dual objective value of the SDP. We
use the dual objective because it provides a rigorous lower bound via weak duality. By weak
duality, p* > d*, so the relative gap is nonnegative, and a gap of zero indicates tightness.

Figure 2 displays the distribution of relative gaps across all 1,000 instances using a kernel
density estimate with gap values plotted on a logarithmic (base-10) scale. The gaps range
from approximately 107'* to 10~?, with the density peaking near 107!°. These values are well
within solver precision, indicating that the SDP relaxation (2) is tight to machine accuracy
for every instance tested. In particular, every relative gap is several orders of magnitude
below 107, a conservative threshold for declaring numerical tightness.

While these results suggest tightness occurs often for every n, Example 4 of course shows
that tightness is not a generic property. The experiment is therefore best understood as
evidence that violations of tightness are rare.

A further search at each fixed dimension n € {4,5,6,7}, comprising 34,000 instances
generated by the same random submodular construction, likewise produced no relative gap
exceeding the 107% threshold. These runs also reveal a structural regularity. In all but
one of the 34,000 instances the optimal SDP solution satisfied rank(Y (z, X)) = 1, and no s-
lower inequality was active at any of them. Any rank-one solution lies in CP(J), so tightness
follows immediately from Lemma 2, without recourse to the more delicate rank arguments of
Propositions 3-5. In particular, none of the higher-rank configurations identified in Remark
1 arose in any of these randomly generated instances even though, by Example 4, such
configurations do occur and can produce a gap. That configuration is therefore highly non-
generic, which explains how the relaxation can fail in principle while being tight on every

instance sampled here.
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Distribution of Relative Gaps (n sampled from [4,20], seeds 1..1000)

0.40 A

0.35 A

0.05 ~

0.00 +

10714 10713 10712 10711 10710 10-°
Relative Gap

Figure 2: Distribution of relative gaps between the QP optimal value and the SDP dual
bound over 1,000 random submodular instances with n sampled uniformly from {4,...,20}.
All gaps are within solver precision. Example 4 shows that tightness nevertheless fails for
some submodular instances.
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Bundle Marginal cost Baseline price Baseline demand Price range

10 GB 33 38 400 36, $10]
50 GB $8 $18 180 [$14,$22)
100 GB $14 $32 98.5  [$24,$36]

Table 2: Data for the product pricing problem where demand is measured in thousands.

Bundle Optimal price Optimal demand Optimal margin Profit (in millions)

10 GB 10 428 $7 $2.996
50 GB 22 169.5 $14 $2.373
100 GB 30 117.5 $16 $1.880

Table 3: Optimal prices, demands, margins and product-level profits.

5.2 Pricing with n = 3 products

We consider a pricing problem faced by a mobile data provider, who sells three prepaid data
bundles of 10 GB, 50 GB and 100 GB. The linear demand model is given by d(p) = a — Bp,

where

208 25 —20 —1
a= {220, B=|[-3 4 -1
342 -1 -1 8

1
The price variable p is measured in dollars, and demand d(p) is measured in thousands of
bundles. The marginal costs in dollars, baseline prices in dollars, baseline demands in thou-
sands per month, and admissible price ranges are provided in Table 2. Over the admissible
price ranges, the demands are nonnegative. The matrix (B + BT)/2 is indefinite, and so
the pricing problem is not directly solvable as a convex quadratic program. The baseline
profit, i.e., before optimization, equals $5.573 million per month. Since n = 3, Theorem 1
guarantees that the SDP relaxation (2) is tight, and solving it returns the exact optimum of

the pricing problem:

10 428
pr=122], d(p*) = | 169.5
30 117.5

The corresponding optimal profit equals $7.249 million per month, an increase of approx-
imately 30.07% over the baseline profit. The product-level profit calculation is shown in
Table 3, where the optimal margin is the optimal price less the marginal cost, and the profit
is the margin times the optimal demand, expressed in millions of dollars per month. In
the optimal solution, the prices of the small and medium bundles are raised to their upper

bounds, while the price of the largest bundle is lowered $2 from its baseline.
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5.3 Distributionally robust stratified sampling allocation

Allocation problems in stratified sampling are solvable using optimization methods; see Ney-
man [1934], Srikantan [1963]. In this subsection, we focus on a distributionally robust vari-
ant. Consider a population of individuals where each individual is associated with a random
Bernoulli outcome variable and the probability of the Bernoulli outcome taking a value of
1 is itself random. Such random variables are typically modeled using the Beta-Bernoulli
distribution, but we consider a distributionally robust approach instead of requiring the
probability to follow a Beta distribution.

Assume the population is divided into n strata indexed by i. Let & € [0,1] denote the
probability of the Bernoulli outcome taking a value of 1 in stratum ¢, which is itself random.

Conditional on &, the Bernoulli outcome for individual j from stratum i is
bi;|& ~ Bernoulli(&;).

When the outcomes are conditionally independent within each stratum and across strata,
the sample-proportion estimator is given by

~ 1 M
m; j=1 J
where m; is the number of samples allocated to stratum . The conditional mean and variance
of the estimator for stratum ¢ are given by
R L E0-é
BiE =& Varhl) = S8

my;

Suppose the decision maker has a sampling budget B, and suppose ¢; > 0 is the unit
sampling cost for stratum 7. When the joint distribution of the probability vector € is known
and given by PP, one can find an optimal allocation which minimizes the ex-ante maximum

variance by solving

min {IE [max 5(1_5)1 s 'm < B,m > o} : (22)

1€[n] m;

See Krause et al. [2008] for similar models that minimize the maximum posterior variance
in Gaussian process regression. Further, we consider a distributionally robust version of

this problem where the joint distribution of the probabilities is unknown and the moment
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ambiguity set P is defined as in (5):

min {supEp lmax M} s c'm < B,m > O} : (23)
PeP i€n] m;

For comparison, we also solve the problem with the ambiguity set Q defined in (10).

Since = = [0, 1]”, the ambiguity sets P and Q are relevant in this context. The objective
function inside the expectation is given by the maximum of n random quadratic terms
where the corresponding A; matrices are defined by diagonal matrices with negative entries
along the diagonals. This satisfies the sufficient conditions discussed in Section 3 for both
ambiguity sets. It is also straightforward to see that the formulation is convex in m by a
simple transformation where we replace 1/m; by m,.

For a fixed allocation m, the inner worst-case expectation is precisely a moment problem
of the form studied in Section 3, and we evaluate it by solving the associated semidefinite
program. Since n = 3 and the objective is submodular, Theorem 1 guarantees that this
semidefinite program returns the exact worst-case value rather than a bound. The outer
minimization over m is then handled by enumeration. Although (22) is convex in m after
the substitution just described, sample sizes must in practice be integers, and for the in-
stance below there are only 406 integer allocations to consider, so we simply solve the inner
semidefinite program at each of them and select the best.

For a numerical example, consider n = 3 strata with equal sampling costs ¢ = (1,1,1)T

and budget B = 30. The p vector and the X matrix are given by

0.5 0.49 0.25 0.25
p=105], >=1025 029 0.25
0.5 0.25 0.25 0.26

We enumerate over all possible positive sampling integer allocations with m; +mo+mg = 30,

which yields

4 10
mp = |13], mg = | 10
13 10

Table 4 reports the worst-case objective value for each ambiguity set at each of these two
allocations: a row indexes the ambiguity set over which the worst case is taken, and a column
indexes the allocation at which it is evaluated. The diagonal entries, shown in bold, are the
optimal values. Each off-diagonal entry is what one model delivers when the other model’s

allocation is used.
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Ambiguity set mp mo
P 0.0210 0.0250
Q 0.0625 0.0250

Table 4: Objective functions for a given ambiguity set and given sampling allocation (optimal
solutions are highlighted in bold).

The two allocations differ because the two ambiguity sets encode different information.
Under P, the diagonal second moments are specified exactly, so the expected conditional

variance in each stratum is known exactly as well:
E[&(1—&)] = pt; — Sy = 0.01, 0.21, 0.24 for i = 1,2, 3.

Stratum 1 is an extreme case. Its probability & varies a great deal across the population,
with Var[€;] = 0.24, and yet conditional on &; the Bernoulli outcome is nearly deterministic,
so very few samples are needed there. The allocation m}, = (4, 13, 13) reflects precisely this,
moving samples away from stratum 1 and toward strata 2 and 3.

Under Q, by contrast, only the positive semidefinite bound Ep[€€7] < ¥ is imposed, and
the deterministic distribution placing all of its mass at £ = (0.5,0.5,0.5) is feasible, because
¥ — 0.25ee’ = 0. Under that distribution every stratum attains the largest conditional
variance possible, &(1 — 51) = 1/4, so all strata look equally noisy and the equal allocation
mg = (10,10, 10) is optimal. The same distribution accounts for the Q row of Table 4. At
any allocation it gives max; 1/(4m;), which is 0.0625 at m} and 0.0250 at mg.

Two features of Table 4 deserve comment. First, at m} the two models differ by a
factor of three, so the additional information encoded in P translates into a materially
better allocation. Second, the two models agree exactly at mg. This is not a coincidence:
max; &(1 — &) < 1/4 holds for every distribution supported on [0, 1], so 1/(4 - 10) = 0.0250
is an upper bound at the equal allocation for any ambiguity set, and both P and Q contain a
distribution attaining it. In other words, the equal allocation is the one place where the extra
information in P cannot help. Taken together, the example shows that the new ambiguity set
can deliver strictly tighter bounds, and correspondingly better decisions, than the existing

one.

5.4 Quadratic energy of Laplacian matrices

Let G = (V, E) be a simple undirected graph, where V' is the set of vertices and E is the
set of edges. We focus on unweighted graphs, but the results extend directly to nonnegative

edge weights. The Laplacian matrix L associated with G is a symmetric |V| x |V| matrix
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with diagonal entries L;; = deg(i) for ¢ € V and off-diagonal entries L;; = —1 when i is
adjacent to j and 0 otherwise. The Laplacian is submodular. It is also diagonally dominant,
and therefore positive semidefinite.

Associated with graph G is the quadratic energy defined by

B(E):=¢"LE= Y (&-)

(i,9)EF

where ¢ € RV, Minimization of E(§) under appropriate constraints on ¢ has found ap-
plications in graph machine learning and spring and resistor networks, and there are fast
algorithms available to solve these problems [Spielman, 2010].

In spring and resistor networks, it is natural to ground some of the vertices, that is,
to hold them at a fixed reference value. In a resistor network, a grounded vertex is held
at zero potential, while in a spring network, it is a fixed anchor point rather than a free
mass. Accordingly, given a subset S C V' of grounded vertices, let Gg denote the graph G
augmented with a single ground vertex g joined to every ¢ € S, and pin §, = 0. Eliminating

the pinned coordinate, the energy of Gg becomes the grounded quadratic energy

Es(&):=&"Ls¢= > (&—&)+>.¢, Ls := L + Diag(xs),

(i)eE i€s

where yg € {0,1}"! is the indicator vector of S. Grounding alters the diagonal only, so Lg
still has nonpositive off-diagonal entries and is still diagonally dominant, and hence is again
both submodular and positive semidefinite. The ungrounded case is recovered by taking
S = (), for which Ly = L and Ey = E. Grounding does, however, change the null space: if
G is connected and S # (), then Lg is positive definite, whereas L is always singular along
the constant vector & = te. This distinction drives Example 5 below.

Because Lg is both submodular and positive semidefinite for every S C V| it provides a
natural setting in which to apply the results of Sections 3 and 4. We present two examples:
the first concerns distributionally robust subquantile bounds on the energy of a grounded
graph (illustrating Section 3), and the second concerns minimum expected energy of an
ungrounded graph under marginal moment information (illustrating Section 4). Moment
bounds on the Laplacian energy of graphs have also been studied in the signal processing

community; see Wang et al. [2022].

Example 5. Given a distribution P for € and a parameter o € [0,1), the expectation in the

lower (1 — «)-tail distribution (or (1 — «)-subquantile) of the quadratic energy is given by the
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optimal value (see Rockafellar and Uryasev [2000])

sup (x + 1_1a - Ep [min (O, Es(€) — :L')D : (24)

Intuitively, the (1 — a)-subquantile captures the expected enerqgy in the lower tail of the dis-
tribution. When a = 0, the optimal value is the expected value Bp[Eg(€)] and when a 1 1,
the optimal value converges to the minimum value of Es(§) over all £ in the support.

Now assume the distribution P lies in the ambiguity set
R={PeP(0,1") : Ez[¢] = p, Ez[(€7) =B},

where the support ofé is contained in [0,1]", the mean is fixed at p, and the second moment

matriz is fized at 2. Then the worst-case (1 — a)-subquantile is given by the optimal value of

e [min (0, Bs(§) - 2)] ). (25)

sup Inf (I 1
Solving this DRO problem with ambiguity set R is computationally intractable. However, we
can use P defined in (5) and Q defined in (10) as tractable approzimations of R. These
yield independently computed lower bounds on the worst-case (1 — «)-subquantile.

We compare the two bounds on the path graph 1 — 2 — --- — 50 with n = 50 wvertices,
grounded at its two endpoints, that is, with S = {1,50}. In the spring and resistor network
interpretation, this anchors the two ends of the path. We set pv and 3 to the first two moments
of the independent uniform random vector on [0,1]". To apply the framework of Section 3,

we rewrite (25) equivalently as

— inf sup (—m + 11a - Ep [max (O,x - ES(g))D

T PeR

and all conditions of Section 3 apply, because the grounded Laplacian Lg is both submodular
and positive semidefinite. Hence, we use the SDPs in (9) and (11) for the relaxed ambiguity
sets P and Q, respectively, to obtain the corresponding lower bounds on (25). The results for
different values of o are shown in Figure 3. For a < 0.2, the bound from P is stronger; for
a > 0.2, it is weaker. Thus, while both ambiguity sets provide tractable relaxations, neither
subsumes the other.

One could also combine P and Q to develop tighter bounds for R. Such an approach
using infimal convolution has been adopted in the DRO literature [Wiesemann et al., 2014,

but we leave a detailed analysis for future research.

Our next example illustrates the results of Section 4 by comparing the full SDP bound to
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Figure 3: Lower bounds on the worst-case (1 — «)-subquantile for ambiguity sets Q and P.

the simpler sum of bivariate bounds, showing how the gap between them varies with graph

type and size.

Example 6. Given the mean p and standard deviation o of the random vector £, we compute

the minimum expected energy e* over all distributions supported on the unit hypercube:

e* = min {Ep[E()] : P e P([0,1]"), Ezl€] =, Ep[diag(€€T)] = diag(uu” + o0™) }.

Here we take S = (), so that the energy is the ungrounded E(§) = TLE and decomposes
as a pure sum over edges. The results of Section 4 can be used to calculate e* via the
problem (13) with A = —L where L is the Laplacian of the graph. For comparison, since the
Laplacian energy decomposes as a sum over edges, a lower bound e* of €* can be obtained by

2 using the bivariate result of Proposition 10

independently bounding each edge term (& — &;)
and summing.

In the following numerical experiments, we consider three types of graphs—the path graph,
the star graph, and the complete graph, each with n = 2,10, 20, and 50 vertices. We generated
1000 random instances for each type of graph and each value of n, where the mean vector
and the standard deviation vector o are randomly generated to satisfy the feasibility conditions
in Lemma 3.

In Table 5, we report the percentage gap between the e* and its lower bound e*, i.e.,
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(e* —e*)/e* x 100%. The results show that, for the star and complete graphs, the gap grows
as the size of the graph grows, while for the path graph it remains roughly constant near
0.6%. Moreover, at every size the average gap is highest for the complete graph, followed by
the star graph and then the path graph.

Path Star Complete
n=2 0 (0) 0 (0) 0 (0)

n =10 | 0.577 (0.872) | 1.253 (2.007) | 1.765 (1.052)
n =20 | 0.628 (0.603) | 1.501 (1.892) | 2.094 (0.746)
n =150 | 0.609 (0.345) | 1.776 (2.046) | 2.329 (0.455)

(e*—e*)

Table 5: Mean (standard deviation) of the percentage gap ==+ x 100% computed over
1000 instances.

6 Additional Proofs

In this section, we present proofs of Propositions 3, 4, and 5, which are used to establish

Theorem 1.

6.1 Proof of Proposition 3

To prove Proposition 3, we need two lemmas. We start by showing that a rank-2 feasible
solution Y (x, X'), which satisfies an additional (nonlinear) inequality condition, is completely

positive with respect to J.

Lemma 4. Let (z,X) be feasible for (2) with r(z,X) =2 and X > xa™. Then Y (z,X) €
CP(J).

Proof. Denote Y := Y (z, X). It is well-known that rank(Y) = rank(X — xz®) + 1, which

implies rank(X —zx”) = 1. Combining X —zz” = 0 and X —zz” > 0, we see X —zz” = ww’

where w = \/diag(X) —zoxz > 0. (Indeed, a rank-1 PSD matrix can be written as ss’;

entrywise nonnegativity then implies all entries of s have the same sign, and we take w = |s|.)

Then
T
Y—l xr _10 1 0
_:Ua::cT—l—wa_a:w r w]

We wish to apply an orthogonal rotation of the form

(j f) - (510 S)) (—C(s)'snee :LZZ) b€ 0/2) (a) , (f ) eJg.  (26)
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Note that @ = cosf > 0 and = sin€ > 0 for § € (0,7/2). This rotation would establish
that Y € CP(J) because this construction ensures

=0

It thus remains to show that system (26) is feasible by demonstrating 0 < u < ae and

0 < v < Be, which are equivalent to

0<ar—pw<ae & 0<z—(f/la)w<e

0<Br4+aw<pfe & 0<z+(a/f)w<e.

Because 0 < < e and 3/a > 0, two of these four vector inequalities necessarily hold;

the remaining ones to verify are
0<z—(B/a)w and z+ (a/f)w <e.

Whenever w; = 0, both vector inequalities hold. Furthermore, when z; € {0,1}, we must

have 2?2 = X;; = x; and hence w; = y/X;; — 22 = 0. So we may assume w > 0 and 0 < z < e

P

without loss of generality in which case the two inequalities read

p 1

(e—m)_lowgagxow ,

where inverses are componentwise and are well-defined because 0 < z < e and w > 0, and

where 3/a = tan . Define

o -1 o 1
L:= max (1 — ;) wy, U:= min. z;w; .

Then it suffices to show L < U, i.e., (1 — ;)" w; < z;w; " for all (4, j), which is true because

wiwj = X@ — x,-xj S LUj — xia:j = (1 — xi)ilj,

where X;; < z; follows from symmetry and feasibility: X;; = X;; < x; since X < ze’.

Hence L < U, and we can choose tanf € [L, U], which yields a feasible 6 € (0,7/2). O

Our next lemma considers what happens when the nonlinear condition X > xz’ of the

previous lemma is not satisfied.

Lemma 5. Let (x, X) be feasible for (2) with r(z,X) =2 and X # xaz”. Then there exists
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another feasible (Z, X) with no worse objective value such that one of the following holds:
(i) 1(2,X) =3 and a(&, X) > a(z, X);
(i) r(#,X) =2 and X > 227,

Proof. Our proof strategy is to construct a line segment {Y'(\) : A € [0, 1]}, which starts at
Y(0) :=Y := Y(z,X) and ends at another rank-2, positive semidefinite matrix Y (1). In
addition, Y ()) is feasible for (2) for sufficiently small A > 0 and has non-increasing objective
value along the segment. Furthermore, rank(Y (\)) = 3 for all A € (0,1). Then we define
A* to be the supremum of A\ € [0, 1] such that Y'()) is feasible and show that Y (\*) satisfies
either (i) or (ii).

To construct the line segment, we first identify the symmetric set of indices where X;; <

x;xj, which is nonempty by assumption:
S = {(’L,j) : Xij < JZZ‘ZL’]‘} 7£ @

Also,
Xij < Z;%; < min{SEi,%’} V(Za]) € S’

so the corresponding linear inequalities X;; < min{x;, x;} are inactive on S.
As in the proof of Lemma 4, since rank(Y) = 2, we have rank(X — z2?) = 1 and

X —zz” = 0,50 X — z2” = ww” for some vector w with |w| = \/diag(X) — xox. Then

v _ 1 xr
r zxl + ww’ ’

and since X % xz”, the vector w must have mixed signs.

For X € [0, 1], define the desired line segment via the convex combination

YA :i=(1-AY +AY(1), where Y(1):= (1 v ) .

v zx? + jw||lw|t
These relationships can be equivalently expressed via the definitions
A= |wl|lwf —ww’, () =2, XA =X+, Y(A) =Y(z(\), X(N).

Note that Y'(1) is positive semidefinite and rank-2 and satisfies X (1) > x(1)z(1)”. Note also
that the z()) is fixed along the segment, while X (\) changes. In particular, let P := {i :
w; > 0} and N := {i : w; < 0}. Since X;; = z;x; + w;w;, we have X;; < z;x; if and only if
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wiw; <0, ie., (i,7) € PXxNUN x P. Hence S = P x NUN X P, and in particular no

diagonal pair belongs to S. Moreover,
Aij>OfOI' (i,j)GS, Aij:OfOI" (Z,j)gs

This ensures that X (\);; is strictly increasing in A for (i,j) € S, while all other entries of
X () remain fixed.

We investigate the feasibility of Y ()\). Because Y (\) is a convex combination of Y
and Y (1), which are both positive semidefinite, Y () is positive semidefinite for all A €
[0,1]. Furthermore, because w has mixed signs, w and |w| are linearly independent, so
(1 — Nww? + Mw||w|T has rank 2 for every A € (0,1). By the standard Schur complement
rank identity, it follows that

rank(Y'(A)) = 1+ rank ((1 = Nww” + Ajwl|w|") =3 YA€ (0,1).

With regards to the linear inequalities defining the feasible region, the sign pattern of A
discussed in the prior paragraph as well as the fact that X;; < min{z;,z;} for all (i,j) € S
ensures X () < z(\)e? = ze” for sufficiently small A > 0. We conclude that, for sufficiently
small A > 0, Y()) is feasible.

Next we consider the change in objective value along the line segment. Since z(\) = z is

constant, the change in objective value is determined by

Qe XN =QeX+\QeA,

and therefore the sign pattern of A > 0 discussed above, which is supported only on off-
diagonal indices in &, implies @ ® A < 0 by submodularity. So the objective value is
non-increasing along the segment.
Now define
M i=sup{A € [0,1] : X(\) < we'},

and set (2, X) := (z, X(\*)). If \* < 1, then at least one inequality indexed by S is active
at (2, X), so a(2, X) > (x X), and since A* € (0,1) we have r(#, X) = 3; this is case (i). If
A =1, then X (1) > z2” and rank(Y (1)) = 2 as noted above; this is case (ii). O

By combining the above two lemmas, we can now prove Proposition 3.

Proof of Proposition 3. If X > za?, then Lemma 4 implies that Y (z, X) is completely pos-
itive with respect to 7, and hence by Lemma 2, the relaxation is tight. On the other hand,

if X # z2’, Lemma 5 implies that there exists an alternative optimal solution (2, X ) with
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either r(, X) = 2 and X > 227 or r(, X) = 3 and more active inequalities. In the former
case, Lemma 4 again implies that the relaxation is tight.

In the latter case, consider the minimal face defined by (Z, X ), which necessarily excludes
(x, X') because there are more active inequalities. Within that face, consider an extreme point
with rank at most 2. If such a point exists, repeat the same argument at that new rank-2
point: either the SDP relaxation is tight, or we obtain another rank-3 optimal point with
more active inequalities. Since the number of inequalities is finite, this process terminates,
yielding a proper subface of the optimal face in which all extreme points have rank at least
3. m

6.2 Proof of Proposition 4

We start with a key lemma showing that Y (x, X) is completely positive with respect to J
whenever all s-upper inequalities are active and at most one diagonal inequality is inactive.

We remark that the first statement in the lemma does not assume Y (z, X) > 0.

Lemma 6. Let (z,X) be sorted by x with all s-upper inequalities active. If all diagonal
inequalities are active, then Y(x,X) € CP(J). The same conclusion holds if (x,X) is

feasible for (2) and all diagonal inequalities are active except for a single X;; < x;.

Proof. Let Y := Y (x, X). We have X;; = min{z;, z;} for all index pairs except possibly for
a single X;; < x;. We prove the result by induction on n.

For the base case n = 1, if X;; = x1, we verify that

1 x 1 1 ’ 1 1 ’
Qo e

If Xi; < z; and 22 = X1y, then Y is rank-1 and hence in CP(J). If X1; < z; and 2?7 < Xy,
then Y = 0, and choosing € > 0 maximally such that Y, := Y —eee? = 0 with e := (1,1)T
yields Y, = uu” for some vector u. The linear inequalities in £ are preserved as Y shifts to
Y, because ee! satisfies all inequalities in £ with equality. Hence, Y, € £, and thus u € J,
which in turn implies Y, = uu® + eee’ € CP(J).

Now consider n > 1. If 2y =1, then x = e and ¥ = (i) (DT € CP(J). Suppose z1 < 1
and either all diagonal inequalities are active or j # 1, where j is the index of the inactive
diagonal. In both situations, X;; = 1, and so the second column of Y equals xie. Define
T = (r; —x1)/(1 —x1) for i =2,... . n. Then

Y =z1eel +(1—m1)Y,
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where Y has zero second row and column. After deleting them, Y satisfies the conditions of
the lemma with respect to & (note 0 < &y < --- <z, < 1): when all diagonals are active, Y
again has all diagonals active; when at most one diagonal is inactive, the inactive diagonal
persists in }7; and Y = 0 because Y — 1 ee” is the Schur complement of X;; =27 inY > 0.
By the induction hypothesis, Y € CP(J), and since ee” € CP(J), the result follows.
Finally, suppose x; < 1 and there exists an inactive diagonal inequality at j = 1. Note
x1 > 0, since feasibility gives X1, > z? and Xy; < x; forces z; > 0. If z, = 1, the first
and last rows of Y coincide because X,,,, = x, = 1 and X;,, = x; for all 2. Then the result
follows by induction on the reduced matrix. If x,, < 1, the difference of the first and last
columns of Y is (1 — x,) v with v := (1,0,...,0)7, so v is in the range space of Y. Choosing
€ > 0 maximally so that ¥ — evv? > 0 reduces the rank while changing only the top-
left entry, preserving all linear inequalities in £. After rescaling by the top-left entry, the
resulting matrix retains the same structure, so the process can be repeated until the rank
reaches 1—giving Y € CP(J) by construction—or z,, = 1 after rescaling, which is handled

above. O]
We are now ready to prove Proposition 4.

Proof of Proposition 4. Given optimal (z, X') with diag(X) = z, assume (z, X) is sorted by
z without loss of generality. Define (2, X) by # := z and X;; := min{xz;, z;} for all 4,7, so
that all s-upper and diagonal inequalities are active for (Z, X ). Then Y(Z, X ) is completely
positive with respect to J by Lemma 6 and hence feasible for (2). Moreover, since (, X)
differs from (x, X) only in the off-diagonal entries of X such that offdiag(X) < offdiag(X),
the submodularity of @ implies (Z, X ) is optimal for (2) as well. This proves the proposition
by Lemma 2. The second case follows directly from Lemma 6.

]

6.3 Proof of Proposition 5

The proof of Proposition 5 relies on the following lemma, which shows that if an s-lower

inequality is active, then the corresponding columns of Y (z, X) are identical.

Lemma 7. Let (x,X) be feasible for (2). After sorting by xz, suppose that, for i < j, the
s-lower inequality X;; < x; is active. Then the columns of Y (z, X) indexed by i and j are

identical.

Proof. Since X;; = x; and X;; < x; < x5, we have z; = z; = X;;. The 3 x 3 principal
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submatrix of Y := Y (z, X) indexed by 0,4, j becomes

1 €T; Z;

ZT; ZT; Xj'

Positive semidefiniteness gives X; X;; > 27, while the diagonal inequalities give X;; <
and X;; < x;. Together, X;; = X;; = x;. Now let v :=¢; —¢; € R™*! where e; and e;j are

standard basis vectors in the index space of Y. Then
UTYU = Xu — ZXU + ij =T — QZIZZ + €T; = 0

Since Y > 0, this implies Yv = 0, which gives the result. O

Proof of Proposition 5. By assumption, after sorting by z, there exists ¢ < j such that the
s-lower inequality X;; < x; is active. By Lemma 7, the columns of Y (z, X') indexed by ¢ and
7 are identical.

Define the (n — 1)-dimensional data (Q, &) by merging indices i and j. In particular, set
Qi = Qi +Qjj +2Qij, Qi = Qir + Qi for k # 4, 7, and other entries of @ unchanged. Also
set ¢; := ¢; +¢;j, while keeping other entries of ¢ unchanged. Then delete index j throughout.
Since the off-diagonal entries of () are nonpositive, (Q, ¢) is submodular. Let (Z, X ) denote
the reduced pair obtained from (z, X) by deleting index j. Then (2, X) is feasible for the
(n — 1)-dimensional SDP relaxation with data (Q,¢). In particular, Y (2, X) is a principal
submatrix of Y (z, X) = 0, and X < #e” is inherited from X < ze?, where abusing notation
e is the vector of all ones of the appropriate size in each case.

Let p, and p,_1 denote the optimal SDP values in dimensions n and n — 1 for data (@, ¢)
and (Q, ¢), respectively. Also let v, and v,_; denote the corresponding optimal values of the
underlying nonconvex QPs. The duplicate structure ensures Qe X +¢72 = Qe X +cz = p,,
S0 pn_1 < pn. Since the reduced QP is equivalent to minimizing 27 Qx + ¢’z over [0, 1]" with

x; = xj, we have v,_1 > v,. By the induction hypothesis, p,_1 = v,,—;. Therefore,

Pn S Un, S Up—1 = Pn-1 S Pns

and all inequalities are equalities. In particular, p,, = v,, so the SDP relaxation is tight. [
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6.4 Verification of the counterexample

This section verifies Example 4 for the instance (3). Throughout, all arithmetic is exact and

carried out over the rational numbers, except where a floating-point solver is used.

Proposition 12. For the data (Q,c) of (3), problem (1) has optimal value 0, attained
uniquely at x = 0, while the relaxation (2) has optimal value at most —109/1024. In partic-

ular, the relaxation gap is positive.

Proof. Every global minimizer of (1) is a KKT point, and every KKT point has an active-
set pattern assigning each variable to {0}, {1}, or the open interval (0,1). Enumerating
all 3* = 81 patterns and solving each stationarity system over the rationals is therefore
exhaustive. Four of the 81 reduced Hessians are singular, but in each of those cases the
stationarity system is inconsistent, so no face carries a degenerate set of stationary points.*
The minimum over all KKT points equals 0 and is attained only at z = 0.

For the relaxation it suffices to exhibit a single feasible point of negative objective value.

Take

3/32 3/32 3/32 3/32  61/1024
__ |36 o | 332 123/1024 3/16 3/16

9/16 |’ 3/32 3/16  231/512  9/16

3/4 61/1024  3/16 9/16 3/4

All sixteen inequalities Xij < 7; hold, and the leading principal minors of Y (z, X) are all
strictly positive. Hence Y (Z, X) = 0 by Sylvester’s criterion, and (z, X) is feasible for (2).
Its objective value is exactly ¢’z 4+ Q ® X = —109/1024. O]

Solving (2) numerically with Mosek [MOSEK ApS, 2024] gives an optimal value of ap-
proximately —0.1220566, and the computed optimal solution satisfies rank(Y (z, X)) = 3.
Its vector z is already increasing, so no sorting is required, and exactly seven of the sixteen
inequalities X;; < x; are active: the first and last diagonal inequalities, and five of the six

s-upper inequalities, the pair (1,4) being the only slack one. In the notation of Section 2,
[ =0, d=2, u=2>5, a=l+d4+u="71,

and the counting bound of Lemma 1 is comfortably satisfied, since r(r+1) =12 < 2(a+1) =
16. This configuration lies outside the hypotheses of every proposition used in the proof of
Theorem 1, and it is precisely the rank-3 configuration with partial activity anticipated in
Remark 1.

4Had such a set existed, it would have been harmless: on an affine set of stationary points f is constant,
since a null direction v of the reduced Hessian satisfies both Vf - v = 0 and v7 Qv = 0.
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It is natural to ask whether the gap can be closed by strengthening (2). For 1 <i < j <
k < n the triangle inequalities
Xij + Xk < @i + X, Xij+ Xje < xj + X,

(27)
Xik—i-XijIk—i-Xij, IZ’—FZL’j—FI‘kSXZ’j—i—XZ’k—FXjk—Fl

are valid for the Boolean quadric polytope [Padberg, 1989], and hence valid on CP(J) as
well; see Burer and Letchford [2009], extending Yajima and Fujie [1998]. Table 6 reports the
optimal value of (2) strengthened successively by the full RLT inequalities and by all sixteen

triangle inequalities available at n = 4.

Relaxation Optimal value
PSD + RLT upper bounds, i.e. (2) —0.1220566
PSD + full RLT —0.1220566
PSD + full RLT + triangle inequalities —0.0001432

Table 6: Optimal values of successively stronger relaxations for the instance (3). The true
optimal value of (1) is 0. The triangle inequalities remove more than 99.9% of the gap but
do not close it.

We see that the gap is not an artifact of having discarded the RLT lower bounds in (2);
the point (7, X) of Proposition 12 satisfies the lower bounds X;; > 0 and X;; > z; + z; — 1
as well, so the full SDP-RLT relaxation of Proposition 2 attains the same value. In addition,
the triangle inequalities remove most, but not all, of the gap. This surviving gap deserves
an exact certificate. Mixing the computed optimum with the strictly feasible point z = e/2,
X = ieeT + %I and rounding to denominator 10® yields a rational point satisfying, exactly,
the semidefiniteness condition, all sixteen RLT inequalities in both directions, and all sixteen

triangle inequalities, with objective value

14113

—_— = —14113x 1074 .
100,000,000 3x 10 <0

Since the optimal value of (1) is 0 by Proposition 12, the relaxation strengthened by the full
RLT and triangle inequalities retains a positive gap on this instance.

Figure 4 depicts this instance in a two-dimensional projection that makes both the size
of the gap and the effect of the triangle inequalities visible at once. Rather than fixing

marginals as in Figure 1, it projects the full bodies onto the two affine functionals

tx,X) = e+ Qe X and  g(z,X) = x5+ X4 — Xq3 — Xag,
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the second of which is the slack of one of the two violated triangle inequalities. Both are
affine, so the projection is linear and the inclusion CP(J) C L is preserved in the image.
The horizontal dimension is then self-interpreting: the leftmost point of each shadow is the
optimal value of the corresponding problem, so the horizontal offset between the two tips is
exactly the relaxation gap. Vertically, the exact hull lies entirely above the line g = 0, since

the triangle inequality is valid on CP(J), whereas the relaxation protrudes below it.

= Qur relaxation + triangle inequalities = Exact convex hull QPB,

:j’ 0.04 A what TRI leaves behind

|
b

| 0.02 A

= 1143 x 1074
N <>

+

g 0.00- — =
4 <&

3}
S : . :

3 —-0.02 21074 0 410
o) TRI leaves a residual

% here: see inset

2 —0.04

T T T T T
0.1 0.2 0.3 0.4 0.5 0.6

objective value c’z+QeX

Figure 4: The instance (3) projected onto (objective value, triangle-inequality slack). Adding
the triangle inequalities cuts the body at ¢ = 0 and removes more than 99.9% of the gap,
but not all of it. Inset (magnified roughly 1000 ): the strengthened relaxation still reaches
—1.43 x 10~*, whereas the exact hull stops at 0.

7 Conclusions

We now return to the complexity landscape summarized in Table 1 of the Introduction,
characterizing the complexity of minimizing a general quadratic function f(x) := 27 Qz+c"x
over the sets {0, 1}" and [0, 1]™. In particular, the polynomial-time solvable submodular case
over {0,1}" is well-known as discussed in the Introduction, while the complexity over [0, 1]™
has not been fully established. Two special cases where polynomial time solvability is known

over [0, 1]™ is when additional restrictions are imposed on the signs of the diagonal entries of @
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or the entries of c. This paper adds to this landscape by establishing new tractability for the
submodular case over [0, 1]" when n < 3 by removing these additional restrictions. Example
4 delimits that contribution precisely. The relaxation (2) is not tight for n > 4, and the gap
it exhibits is closed neither by the RLT lower bounds nor by the triangle inequalities. What
fails at n > 4 is therefore this particular semidefinite certificate, not necessarily tractability
itself. The complexity of minimizing a submodular quadratic over [0, 1]" for n > 4 remains
open, and settling it will require either a different certificate or a hardness reduction. The
experiments of Section 5.1 indicate that instances exhibiting a gap are highly non-generic,
so the relaxation continues to perform well in practice even though it is not tight in general.

Finally, it is natural to ask whether sparsity in () can be exploited to simplify the relax-
ation (2). Since the entry Xj;; enters the objective only through @);;, the RLT upper bound
X;; < min{w;, z;} is intuitively unnecessary whenever ();; = 0. When @ is block separable,
this holds exactly: the problem decomposes across blocks, and only the within-block bounds
are needed. For general sparse (), our experiments indicate that dropping the bounds asso-
ciated with zero entries of () preserves the optimal value in the large majority of instances,
though not always. A precise characterization of when such bounds are redundant—and
hence of the smallest sufficient set of RLT inequalities—is a promising direction for future

work.
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