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Abstract

Security-constrained unit commitment with alternating current optimal power flow (SCUC-ACOPF)

is a central problem in power grid operations that optimizes commitment and dispatch of generators

under a physically accurate power transmission model while encouraging robustness against component

failures. SCUC-ACOPF requires solving large-scale problems that involve multiple time periods and

networks with thousands of buses within strict time limits. In this work, we study a detailed SCUC-

ACOPF model with a rich set of features of modern power grids, including price-sensitive load, reserve

products, transformer controls, and energy-limited devices. We propose a decomposition scheme and

a penalty alternating direction method to find high-quality solutions to this model. Our methodol-

ogy leverages spatial and temporal decomposition, separating the problem into a set of mixed-integer

linear programs for each bus and a set of continuous nonlinear programs for each time period. To

improve the performance of the algorithm, we introduce a variety of heuristics, including restrictions

of temporal linking constraints, a second-order cone relaxation, and a contingency screening algorithm.

We quantify the quality of feasible solutions through a dual bound from a convex second-order cone

program. To evaluate our algorithm, we use large-scale test cases from Challenge 3 of the U.S. Depart-

ment of Energy’s Grid Optimization Competition that resemble real power grid data under a variety of

operating conditions and decision horizons. The experiments yield feasible solutions with an average

optimality gap of 1.33%, demonstrating that this approach generates near-optimal solutions within

stringent time limits.

Key words: alternating current optimal power flow, unit commitment, decomposition, penalty alter-

nating direction method

1 Introduction

Unit commitment (UC) is a key problem in power systems used to schedule the operations of genera-

tors. This problem seeks minimal cost dispatch solutions that satisfy operational constraints and meet

estimated load. Underlying the problem are a set of physical constraints that dictate how power can be

transmitted over the electric grid. These alternating current optimal power flow (ACOPF) constraints

introduce complex nonconvexities and form a mixed-integer nonlinear program (MINLP; Castillo et al.
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2016). Current practice necessitates that commitment solutions be updated as often as every few minutes,

requiring that the models be solved within strict time limits (ISO New England 2023).

The class of ACOPF problems is strongly NP-hard (Bienstock and Verma 2019) and is NP-hard

even on tree networks (Lehmann et al. 2016). A standard approach for addressing this complexity is

to use the direct current optimal power flow (DCOPF), which replaces the nonconvex AC power flow

constraints with a linearized approximation (Stott et al. 2009). However, even under mild assumptions,

the solutions for DCOPF are infeasible for the AC problem (Baker 2021). In practice, AC feasibility can

be restored from the DC solution via iterative procedures (Molzahn and Hiskens 2019 Ch. 6, Fang et al.

2022). Despite common use, studies have shown significant divergence in dispatch solutions between the

true AC model and the approximated DC variant (Castillo et al. 2016). Additionally, DC approximations

may significantly increase carbon emissions associated with the generation solution (Winner et al. 2023)

and can introduce artificial grid congestion not found in AC-feasible decisions (Bichler and Knörr 2023).

Historically, the adoption of mixed-integer linear optimization for UC problems has led to savings for

system operators on the order of billions of dollars per year (O’Neill et al. 2011, Carlson et al. 2012).

Improvements to solution quality from the adoption of AC-based models are estimated to yield annual

savings of $6 – $19 billion in the United States (Cain et al. 2012). However, a methodology for solving

industry-scale UC problems with ACOPF constraints (UC-ACOPF) under realistic time limits has not

yet been demonstrated. The value of improved dispatch efficiency and stringent limits on solution time

make algorithmic improvements a critical research topic.

To facilitate developments on large-scale UC-ACOPF, the U.S. Department of Energy’s Advanced

Research Projects Agency-Energy (ARPA-E) conducted the Grid Optimization Competition. The com-

petition consisted of three optimization challenges spanning nine years. Challenge 1 (Aravena et al.

2023) focuses on single-period ACOPF with security constraints, which encourage operational robust-

ness against component failures. Challenge 2 (Elbert et al. 2024a) increases the realism of the power

flow model and introduces single-period commitment decisions for fast-starting units. The competition

culminated in Grid Optimization Competition Challenge 3 (GOC3; Holzer et al. 2024a), which adopts

a multi-period model with full unit commitment decisions, reserve products, and security constraints,

yielding a large-scale security-constrained UC-ACOPF model (SCUC-ACOPF). This model considers

a rich set of realistic features of modern power grids, including price-sensitive load, various real and

reactive reserve products, transformer and transmission line controls, and energy-limited devices (e.g.,

energy storage and demand response), presenting a level of detail beyond that previously considered in

the literature.

To evaluate competing algorithms while complying with critical infrastructure information regulations,

synthetic networks and multi-period datasets were generated to resemble realistic grid data under a

variety of operating conditions (Birchfield et al. 2017, Li et al. 2018). In GOC3, the networks range in size

up to 8,000 nodes, and instances of the SCUC-ACOPF models contain millions of binary variables and

nonconvex constraints. Three operational time scales are considered: a day-ahead problem for wholesale

markets spanning two days with a one-hour resolution, a real-time problem to account for revised forecasts

spanning 8 hours with a 15-minute to one-hour resolution, and a planning process for severe weather

events spanning 7 days with a 4-hour resolution (Holzer et al. 2025). In this work, we detail an iterative
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decomposition-based algorithm for the GOC3 model and evaluate our algorithm on the numerous datasets

from the competition.

1.1 Literature Review

An early Benders’ decomposition approach for UC-ACOPF was proposed by Fu et al. (2005), who enforce

feasibility for the AC power flow constraints by adding cuts to a master UC problem. Subsequently,

alternating methods have been applied to facilitate decomposition. Gholami et al. (2023) apply a bilevel

alternating direction method of multipliers (ADMM) to single-period SC-ACOPF, allowing the security

constraints to be separated from the ACOPF problem. Zhang et al. (2023) solve UC-ACOPF on small

networks (≤ 300 buses) using bilevel ADMM, which facilitates decomposition over the discrete UC and

continuous ACOPF portions of the model.

Other work has applied spatial decompositions to ACOPF. Tu et al. (2021) separate subnetworks

from a master network (e.g., distribution grids from the transmission grid) and solve a master problem

via an interior point method which queries subproblems for gradient and Hessian information. Sun and

Sun (2021) decompose a network into regions and use bilevel ADMM to identify a feasible solution. Many

other spatial decompositions appear in the literature on distributed computing; for a survey of these

techniques, see Molzahn et al. (2017).

Parker and Coffrin (2024) propose a benchmark algorithm for the GOC3 model that separates the

nonlinear AC power flow constraints from the discrete unit commitment decisions. The benchmark first

solves a copper-plate multi-period unit commitment problem, which does not contain any network power

flows. Then, the commitment decisions from this model are fixed in a set of temporally-decomposed AC

power flow problems, which ignore reserve and ramping requirements. Feasibility for ramping bounds

is restored by projecting the power injection solution onto these constraints. Finally, reserve products

are re-dispatched by solving a set of linear programs, with the power injection solution fixed. Chevalier

(2024) introduces an alternate approach for the GOC3 problem that combines gradient-based solvers for

unconstrained optimization with problem-specific heuristics, demonstrating competitive performance on

some instances.

1.2 Contributions

This paper demonstrates that realistic SCUC-ACOPF can be solved to near-optimality at industry scale

within stringent time limits. We introduce an iterative algorithm to identify high-quality feasible solutions

to the SCUC-ACOPF model proposed in GOC3 and evaluate its performance on a diverse set of test

cases. Specifically, our contributions are summarized as follows:

1. We identify a decomposition scheme that allows for the separation of the problem into spatially-

independent mixed-integer linear programs (MILPs) for unit commitment, and temporally-independent

continuous nonlinear programs for AC power flow. We then propose a penalty alternating direction

method that utilizes this decomposition;

2. We prove the convergence of this algorithm to a partial optimal solution, strengthening existing

convergence results for penalty alternating direction methods;
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3. We introduce heuristics to tailor the algorithm to the SCUC-ACOPF problem, including:

(a) a final solve of AC problems with fixed unit commitment decisions to ensure feasibility,

(b) restrictions on ramping and energy output that allow for temporal decomposition of the final

AC solve while maintaining flexibility in power injection decisions,

(c) a second-order cone relaxation of the AC constraints to speed up iterations, and

(d) a screening algorithm to identify high-impact security constraints;

4. We construct a convex relaxation that yields a dual bound on the optimal objective value, allowing

for characterization of the quality of feasible solutions; and

5. We evaluate our algorithm on many large-scale test cases with up to 8,000 buses and 48 time periods

with time limits as low as 10 minutes. Our algorithm finds high-quality feasible solutions with an

average optimality gap of 1.33% relative to the dual bound.

The remainder of this paper is organized as follows. Section 2 introduces a compact representation

of the problem formulation. Section 3 describes a penalized model that facilitates spatial and temporal

decomposition. Section 4 presents a basic penalty alternating direction method from this decomposition

and provides convergence results. Section 5 proposes a set of heuristics which tailor this algorithm to the

SCUC-ACOPF setting. Section 6 defines a dual bound on the optimal objective value. Section 7 provides

computational results on the GOC3 test cases, demonstrating the performance of our algorithm and the

benefits of the heuristics. Section 8 concludes the paper. All proofs are provided in the appendix.

2 The SCUC-ACOPF Model

We introduce a compact representation of the SCUC-ACOPF model proposed in Holzer et al. (2024a).

The model includes device-level unit commitment, net power injection, and AC branch control decisions,

subject to bus power balance, zonal reserve constraints, device ramping and reserve limits, and security

constraints.

We denote [·]+ := max{·, 0} and [[·]] := {1, . . . , ·}. The model spans T := [[T ]] time periods, where

t = 0 represents the initial state of the system. The length of period t is given by dt > 0.

2.1 Device Unit Commitment

Denote by J pr (resp. J cs) the set of producing (resp. consuming) devices, and dispatchable devices by the

union J sd := J pr ∪ J cs. Producing devices generate power and consuming devices consume power. Let

uonjt , u
su
jt , and usdjt indicate whether device j is on, starting up, or shutting down in period t, respectively.

These variables are subject to the following constraints:

uonjt − uonj,t−1 = usujt − usdjt ∀j ∈ J sd, t ∈ T , (1a)

usujt + usdjt ≤ 1 ∀j ∈ J sd, t ∈ T , (1b)

{uonjt , usujt , usdjt}t∈T ∈ X u
j ∀j ∈ J sd, (1c)

(uonjt , usujt , usdjt ) ∈ {0, 1}3 ∀j ∈ J sd, t ∈ T . (1d)
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Constraints (1a)–(1b) connect the device startups and shutdowns to their on status. The initial state

uonj0 is provided as data. Constraint (1c) enforces device-level commitment logic, including must-run and

must-outage, minimum downtime and uptime, and maximum startup requirements. These constraints

are given by the set X u
j , which is defined by linear constraints and described in detail in the appendix.

The cost associated with a commitment decision is denoted by Cuc
j (u), which contains fixed shutdown

and online costs, as well as downtime-dependent startup costs:

Cuc
j (u) :=

∑
t∈T

conjt u
on
jt + csuj usujt + csdj usdjt −

∑
t′∈T
t′<t

cddjtt′ [u
su
jt + uonjt′ − 1]+

 ∀j ∈ J sd.

The parameter conjt gives fixed costs associated with committed devices. Parameters csuj ≥ 0 and csdj ≥ 0

give baseline startup and shutdown costs. Parameters cddjtt′ ≥ 0 give downtime-dependent startup cost

adjustments that reduce the cost of startup for devices that were recently on. Constraints (1) and the

cost functions Cuc
j are both representable in a mixed-integer linear setting and contain interactions across

time periods, but are separable across devices.

2.2 Device Net Power Injection and Reserves

Let ptotjt and qtotjt be the total real and reactive power injection of device j at time t, and let ponjt give the

dispatchable real power. We use the convention that these variables represent injections for producing

devices and withdrawals for consuming devices. Total power injection and dispatchable power may differ

due to injection during device startup or shutdown. Variables psujt (resp. p
sd
jt ) give the quantity of injection

during startup (resp. shutdown). The parameter psupcjtt′ ≥ 0 gives the quantity of power injection at

time t if a startup is scheduled at future time t′. The set T supc
jt := {t′ > t : psupcjtt′ > 0} contains

the periods in which a startup will cause power to be produced at period t. Parameters psdpcjtt′ and sets

T sdpc
jt := {t′ ≤ t : psdpcjtt′ > 0} are defined similarly for shutdowns.

Let R be the set of real power reserve products. Variable presjtr gives the quantity of reserve type r ∈ R
provided by a device. Net real power injection and reserves are constrained as follows:

ptotjt = ponjt + psujt + psdjt ∀j ∈ J sd, t ∈ T , (2a)

psujt =
∑

t′∈T supc
jt

psupcjtt′ u
su
jt′ ∀j ∈ J sd, t ∈ T , (2b)

psdjt =
∑

t′∈T sdpc
jt

psdpcjtt′ u
sd
jt′ ∀j ∈ J sd, t ∈ T , (2c)

(uonjt , p
tot
jt , p

on
jt , {presjtr}r∈R) ∈ X p

jt ∀j ∈ J sd, t ∈ T , (2d)

(ptotjt , p
on
jt , {presjtr}r∈R) ≥ 0 ∀j ∈ J sd, t ∈ T . (2e)

Constraints (2a)–(2c) define total real power in terms of dispatchable and startup/shutdown power.

Constraint (2d) enforces device-level constraints that limit real power and reserve provision. The set X p
jt

bounds power injection and reserve quantities with linear constraints that link the commitment status of

the device to its real power and reserve variables; this set is described in the appendix.
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Reactive power up and down reserves are given by the variables qresjt↑ and qresjt↓, respectively. Reactive

power injection and reserve products are constrained by the following logic:

qtotjt ≤ qmax
jt

uonjt +
∑

t′∈T supc
jt

usujt′ +
∑

t′∈T sdpc
jt

usdjt′

+ βmax
j ptotjt −

qresjt↑ if j ∈ J pr

qresjt↓ if j ∈ J cs
∀j ∈ J sd, t ∈ T , (3a)

qtotjt ≥ qmin
jt

uonjt +
∑

t′∈T supc
jt

usujt′ +
∑

t′∈T sdpc
jt

usdjt′

+ βmin
j ptotjt +

qresjt↓ if j ∈ J pr

qresjt↑ if j ∈ J cs
∀j ∈ J sd, t ∈ T , (3b)

(qresjt↑, q
res
jt↓) ≥ 0 ∀j ∈ J sd, t ∈ T . (3c)

Constraints (3a)–(3b) give bounds on reactive power injection and reserve products, where reserve prod-

ucts count against the appropriate bound. Parameters qmax
jt and qmin

jt give the maximum and mini-

mum reactive power bounds. If a device cannot produce real power (i.e., it is not online or producing

startup/shutdown power), it may not provide any reactive power or reserves. The reactive power bounds

may depend linearly on real power output with coefficients βmin
j and βmax

j .

The cost associated with a power injection decision for a producing device is given by the convex

piecewise linear function Cpow
jt (ptotjt ). Similarly, the utility associated with energy consumption by a

consuming device is given by the concave piecewise linear function Rpow
jt (ptotjt ). These functions only

depend on total real power injection for a device and time period. When maximizing utility Rpow
jt and

minimizing cost Cpow
jt , these functions and the constraints (2)–(3) are representable in a linear setting and

are separable by device. However, the constraints (2)–(3) are not separable across time due to interactions

with startup and shutdown unit commitment variables across periods.

2.3 Device Energy Injection Limits

Devices may incur a penalty for exceeding maximum or minimum net energy injection limits over some

time interval. A set W ∈ Wen,min
j is a set of time periods subject to a minimum energy limit (W ⊆ T ),

and emin
j (W ) gives the value of the corresponding limit. Similarly, Wen,max

j and emax
j (W ) give data for

maximum energy limits. The energy violation cost function is

Ce
j (p) := ce

 ∑
W∈Wen,min

j

[
emin
j (W )−

∑
t∈W

dtp
tot
jt

]+
+

∑
W∈Wen,max

j

[
−emax

j (W ) +
∑
t∈W

dtp
tot
jt

]+ ∀j ∈ J sd,

where ce ≥ 0 is the energy limit penalty coefficient. When minimizing cost, Ce
j is linearly representable

and separable across devices but couples time periods.

2.4 Device Real Power Ramping

Changes in device real power injection are subject to ramp rate bounds:

ptotjt − ptotj,t−1 ≥ −dt

(
prdj uonjt + prd,sdj (1− uonjt )

)
∀j ∈ J sd, t ∈ T , (4a)
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ptotjt − ptotj,t−1 ≤ dt

(
pruj (uonjt − usujt ) + pru,suj (usujt − uonjt + 1)

)
∀j ∈ J sd, t ∈ T . (4b)

The parameters pruj (resp. prdj ) give the maximum rates for increasing (resp. decreasing) power injection.

The parameters pru,suj and prd,sdj give the adjusted rates during startup and shutdown. Initial power

injection ptotj0 is provided as data. These constraints are separable across devices but couple consecutive

time periods.

2.5 Neighborhood Reserve Requirements

Reserve products are subject to minimum requirements across neighborhoods of devices. We denote

the set of neighborhoods for real power reserves by N p, where N ∈ N p is a set of devices j in the

same neighborhood (N ⊆ J sd). We similarly define N q as the set of reactive power neighborhoods. A

reserve requirement applies to some subset of reserve products R ⊂ R. Violation of the minimum reserve

requirement within a neighborhood is subject to a penalty. The sum of reserve requirement penalties and

the cost of providing reserves is given by the functions Cres
t (p, q):

Cres
t (p, q) := dt

 ∑
j∈J sd

r∈R

cres,pjtr presjtr +
∑
R⊂R

cresR

∑
N∈Np

pres,min
t (p;R,N)−

∑
r∈R

∑
j∈N

presjtr

+

+
∑

r∈{↑,↓}

 ∑
j∈J sd

cres,qjtr qresjtr + cresr

∑
N∈N q

qres,min
t (q; r,N)−

∑
j∈N

qresjtr

+
 ∀t ∈ T .

Variable costs for reserve products are given by parameters cres,pjtr and cres,qjtr . The functions pres,min
t and

qres,min
t compute the reserve requirement for the set of products R and neighborhood N . These functions

take a constant value, or a proportion of the total (
∑

j∈N ptotjt ) or maximum (maxj∈N ptotjt ) power injection

in the neighborhood. Reserve requirement violations for a product set R are penalized at rate cresR . When

minimizing cost, these functions are linearly representable for the given choices of functions pres,min
t and

qres,min
t , and are separable over time but couple devices.

2.6 Alternating Current Optimal Power Flow

We now model the optimal power flow constraints over the transmission network. For a thorough intro-

duction to ACOPF formulations, see Bienstock et al. (2022). Let I be the set of buses and J br the set

of branches. These branches are either DC lines (J dc) or AC branches (J ac), where transformers are

considered AC branches. Each branch j connects an origin bus ij to a destination bus i′j . The network

may also include shunt devices (J sh), with shunt j located at bus ij . Each dispatchable device j is located

at bus ij .

Each bus i has a voltage magnitude control vit and a phase angle control θit. Transformer j has

a tap ratio control τjt and a phase shift control ϕjt. For AC lines, these controls are fixed to 1 and

0, respectively. Power flows on DC lines are lossless and bounded. We denote real power flow at the

origin and destination nodes of branch j by pfrjt and ptojt , oriented from the bus into the branch. Similarly,
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reactive power flows are denoted by qfrjt and qtojt . Shunt device j is controlled by activating some integral

number of steps, selected by variable ushjt . Real and reactive power over the shunt are given by pshjt and

qshjt . Branch and shunt power flows satisfy the following relations:

∆jt = θijt − θi′jt − ϕjt ∀j ∈ J ac, t ∈ T , (5a)

pfrjt = vijt

(
gijjvijt

τ2jt
+

vi′jt

τjt
(−gj cos(∆jt)− bj sin(∆jt))

)
∀j ∈ J ac, t ∈ T , (5b)

ptojt = vi′jt

(
gi′jjvi′jt +

vijt

τjt
(−gj cos(∆jt) + bj sin(∆jt))

)
∀j ∈ J ac, t ∈ T , (5c)

qfrjt = vijt

(
−bijjvijt

τ2jt
+

vi′jt

τjt
(bj cos(∆jt)− gj sin(∆jt))

)
∀j ∈ J ac, t ∈ T , (5d)

qtojt = vi′jt

(
−bi′jjvi′jt +

vijt

τjt
(bj cos(∆jt) + gj sin(∆jt))

)
∀j ∈ J ac, t ∈ T , (5e)

pfrjt + ptojt = 0 ∀j ∈ J dc, t ∈ T , (5f)

pshjt = gshj ushjt v
2
ijt ∀j ∈ J sh, t ∈ T , (5g)

qshjt = −bshj ushjt v
2
ijt ∀j ∈ J sh, t ∈ T , (5h)

vit ∈ [vmin
i , vmax

i ] ∀i ∈ I, t ∈ T , (5i)

ϕjt ∈ [ϕmin
j , ϕmax

j ], τjt ∈ [τmin
j , τmax

j ] ∀j ∈ J ac, t ∈ T , (5j)

(pfrjt, p
to
jt) ∈ [−pmax

j , pmax
j ]2, (qfrj , q

to
j ) ∈ [qfr,min

j , qfr,max
j ]× [qto,min

j , qto,max
j ] ∀j ∈ J dc, t ∈ T , (5k)

ushjt ∈ [ush,min
j , ush,max

j ] ∩ Z+ ∀j ∈ J sh, t ∈ T . (5l)

Constraints (5a)–(5e) define AC branch real and reactive power flows via branch and bus controls. Pa-

rameters gj and bj give the series conductance and susceptance of branch j. Parameter gij is the sum of

gj and the conductance of the branch shunt at bus i, and bij is the sum of bj , the charging susceptance of

the line at bus i, and the susceptance of the branch shunt at bus i. Constraint (5f) enforces lossless real

power balance over DC lines. Constraints (5g)–(5h) define power flows over shunts, where gshj and bshj
give the per-step conductance and susceptance of the shunt. Constraints (5i)–(5l) establish appropriate

variable domains, where tap ratio bounds (τmin
j , τmax

j ) and voltage bounds (vmin
i , vmax

i ) are positive and

shunt step bounds (ush,min
j , ush,max

j ) are integral.

AC branches are subject to a penalty for violating apparent power limits, given by Cac
jt (p, q):

Cac
jt (p, q) := csdt

[
max

{∥∥∥(pfrjt, qfrjt)∥∥∥
2
,
∥∥(ptojt , qtojt )∥∥2}− smax

j

]+
∀j ∈ J ac, t ∈ T .

The parameter smax
j gives the apparent power limit for branch j and cs ≥ 0 is the penalty coefficient for

branch limit violations. The function Cac
jt is convex and separable both by branch and time. The AC

branch power flow definitions (5b)–(5e) are nonconvex and spatially coupled by bus control decisions.

The shunt power flow constraints (5g)–(5h) and (5l) are also nonconvex. Overall, the constraints (5) are

spatially coupled but separable over time.
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2.7 Nodal Power Balance

The transmission network is subject to real and reactive power balance requirements at each node, which

are enforced by penalty functions Cbal
it (p, q):

Cbal
it (p, q) := dt

cp

∣∣∣∣∣∣∣∣∣
∑

j∈J pr

ij=i

ptotjt −
∑
j∈J cs

ij=i

ptotjt −
∑

j∈J sh

ij=i

pshjt −
∑

j∈J br

ij=i

pfrjt −
∑

j∈J br

i′j=i

ptojt

∣∣∣∣∣∣∣∣∣
+cq

∣∣∣∣∣∣∣∣∣
∑

j∈J pr

ij=i

qtotjt −
∑
j∈J cs

ij=i

qtotjt −
∑

j∈J sh

ij=i

qshjt −
∑

j∈J br

ij=i

qfrjt −
∑

j∈J br

i′j=i

qtojt

∣∣∣∣∣∣∣∣∣

 ∀i ∈ I, t ∈ T .

The penalty coefficients cp and cq are nonnegative. When minimizing cost, Cbal
it is linearly representable

and separable over buses and time periods.

2.8 Security Constraints

The active and reactive power set points are optimized in consideration of apparent power flow overloads

that may result from branch outages, i.e., contingencies. Such overloads cost

Cctg
kt (p, q) := csdt

∑
j∈J ac

j ̸=jk

[∥∥∥(fkjt(p),max{|qfrjt|, |qtojt |})
∥∥∥
2
− smax,ctg

j

]+
∀k ∈ K, t ∈ T ,

where K = [[K]] is a set of contingencies, jk is the branch outaged by contingency k, and the post-

contingency apparent power limit on branch j is given by smax,ctg
j . Post-contingency branch flows are

computed under a DC power flow model, which reallocates real power, while reactive power flows remain

fixed at pre-contingency levels. The affine function fkjt(p) :=
∑

i∈I Fkji

(
pinjit (p)−

pslt (p)
|I|

)
computes the

new real power flow on branch j after contingency k under the DC model. The function pinjit computes

the net real power injection at bus i from all elements except AC branches,

pinjit (p) :=
∑

j∈J pr

ij=i

ptotjt −
∑
j∈J cs

ij=i

ptotjt −
∑

j∈J sh

ij=i

pshjt −
∑

j∈J dc

ij=i

pfrjt −
∑

j∈J dc

i′j=i

ptojt ,

and the function pslt (p) :=
∑

i∈I p
inj
it (p) computes the systemwide imbalance in net injections, which is

allocated evenly across buses when computing post-contingency flows. Parameters Fkij are generation

shift factors (GSFs) from bus i to line j under contingency k. These factors are defined explicitly in the

appendix; for details, see Wood et al. (2013, App. 8C) and Holzer et al. (2024b). The total contingency

cost is the sum of average and worst-case contingency costs:

Cctg
t (p, q) :=

1

K

∑
k∈K

Cctg
kt (p, q) + max

k∈K
Cctg
kt (p, q) ∀t ∈ T .
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(1) (2) – (4) (5) Cuc
j Cpow

jt , Rpow
jt Ce

j Cres
t Cac

jt Cbal
it Cctg

t RJ
j RT

t

Temporal Coupling ✓ ✓ ✓ ✓ ✓
Spatial Coupling ✓ ✓ ∼ ✓ ✓
Nonlinearity ✓ ✓ ✓ ✓
Nonconvexity ✓
Integrality ✓ ✓ ✓ ✓

Table 1: Sources of complexity by model component. The objective terms Cbal
it couple devices at the

same bus but do not couple different buses; this limited spatial coupling is indicated by the symbol ∼.

The functions Cctg
t are convex and separable over time periods.

2.9 The Complete SCUC-ACOPF Model

We combine the cost and utility terms into grouped objective functions:

RT
t (p, q) := −Cres

t (p, q)− Cctg
t (p, q)−

∑
j∈J ac

Cac
jt (p, q)−

∑
i∈I

Cbal
it (p, q) ∀t ∈ T ,

RJ
j (p, u) := −Cuc

j (u)− Ce
j (p) +


∑

t∈T Rpow
jt (p) if j ∈ J cs∑

t∈T −Cpow
jt (p) if j ∈ J pr

∀j ∈ J sd.

This partition of the objective functions emphasizes how various terms permit temporal or spatial de-

composition. We now construct the full SCUC-ACOPF model:

Z∗ := max
p,q,u,v
∆,θ,τ,ϕ

∑
t∈T

RT
t (p, q) +

∑
j∈J sd

RJ
j (p, u)

s.t. (1)− (5).

(SCUC-ACOPF)

The model identifies feasible unit commitments, real and reactive power injections, and transmission

network controls that maximize utility from delivered power minus operational costs and penalties. The

problem is a nonconvex MINLP due to unit commitment decisions and AC power flow constraints.

Table 1 categorizes the sources of model complexity, including temporal and spatial coupling, nonlinearity,

nonconvexity, and integrality, by constraints and objective terms.

2.10 Assumptions

From now on, we make the following assumption on the problem data. The assumption accompanies the

nonnegativity and integrality assumptions introduced previously.

Assumption 1. The problem data is such that:

1. For all j ∈ J sd and t ∈ T , it holds that csuj ≥
∑

t′∈T
t′<t

cddjtt′ ;

2. For all u satisfying (1),

uonjt +
∑

t′∈T supc
jt

usujt′ ≤ 1, uonjt +
∑

t′∈T sdpc
jt

usdjt′ ≤ 1 ∀j ∈ J sd, t ∈ T ; (6)

10



3. The sets X p
jt are closed, convex, bounded, and polyhedral for all j ∈ J sd and t ∈ T ; and

4. (SCUC-ACOPF) is feasible with optimal objective value Z∗ ≥ 0.

First, the startup cost adjustments cannot exceed the total startup cost; second, devices cannot

simultaneously be committed and produce power related to a future startup or past shutdown; third,

the feasible region for real power injection is bounded and defined by linear constraints; and fourth, the

model is feasible with a nonnegative optimal objective value.

3 Spatial-Temporal Reformulation

Problem (SCUC-ACOPF) scales with the number of planning periods and the size of the network. Time

periods are linked by unit commitment, ramping, and energy limits, and buses are linked by power

flows and neighborhood reserves. In this section, we reformulate the model to facilitate a decomposition

into continuous nonconvex temporally separate subproblems and mixed-integer linear spatially separate

subproblems. We use the notation uj to denote the subset of variables u that contain index j; for instance,

uj = {(uonjt , usujt , usdjt )}t∈T if j ∈ J sd. Subscripts t are used similarly. We construct the following sets:

• X uc
j := {(pj , qj , uj) : (1)− (4)} ∀j ∈ J sd;

• X ac
t := {(pt, qt, usht ) : ∃(vt,∆t, θt, τt, ϕt) s.t. (5a)− (5k)} ∀t ∈ T ;

• X sh
jt := {ushjt : (5l)} ∀j ∈ J sh, t ∈ T .

The sets X uc
j impose temporal coupling on the decision variables, the sets X ac

t impose spatial coupling,

and the sets X sh
jt impose neither type of coupling.

We also construct relaxed versions of the sets that are compatible with the desired decompositions.

Specifically, these relaxations of X uc
j and X sh

jt are continuous and separable over time. To facilitate this

construction, we introduce the following constraints which relax (2b)–(2c):

0 ≤ psujt ≤
∑

t′∈T supc
jt

psupcjtt′ u
su
jt′ ∀j ∈ J sd, t ∈ T , (7a)

0 ≤ psdjt ≤
∑

t′∈T sdpc
jt

psdpcjtt′ u
sd
jt′ ∀j ∈ J sd, t ∈ T . (7b)

This relaxation will be used to aggregate the variables usujt and usdjt in Section 5.4. The relaxed sets are

defined for all t ∈ T as follows:

• Yuc
jt := {(pjt, qjt, uonjt ) : ∃(usuj , usdj ) ∈ [0, 1]2T s.t. (2a), (2d), (2e), (3), (6), (7), uonjt ≥ 0} ∀j ∈ J sd;

• Ysh
jt := {ushjt ∈ [ush,min

j , ush,max
j ]} ∀j ∈ J sh.

Sets Yuc
jt relax sets X uc

j by replacing constraints (1) with (6) and relaxing the binary constraints (1d)

to (uonjt , u
sd
jt , u

su
jt ) ∈ [0, 1]3. Additionally, constraints (2b)–(2c) are relaxed to (7) and constraints (4) are

removed. Sets Ysh
jt relax the integrality restrictions of X sh

jt . Lemma 1 shows that the sets Y are valid

relaxations of their counterparts X .
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Lemma 1. It holds that

1. X uc
j ⊆ {(pj , qj , uj) : (pjt, qjt, u

on
jt ) ∈ Yuc

jt ∀t ∈ T } ∀j ∈ J sd; and

2. X sh
jt ⊆ Ysh

jt ∀j ∈ J sh, t ∈ T .

From these set representations of the constraints, we construct a copy-constrained model:

max
p,q,u
p,q,u

∑
t∈T

RT
t (pt, qt) +

∑
j∈J sd

RJ
j (pj , uj) (COPY.a)

s.t. (pt, qt, u
sh
t ) ∈ X ac

t ∀t ∈ T , (COPY.b)

(pjt, qjt, u
on
jt ) ∈ Yuc

jt ∀j ∈ J sd, t ∈ T , (COPY.c)

ushjt ∈ Ysh
jt ∀j ∈ J sh, t ∈ T , (COPY.d)

(pj , qj , uj) ∈ X uc
j ∀j ∈ J sd, (COPY.e)

ushjt ∈ X sh
jt ∀j ∈ J sh, t ∈ T , (COPY.f)

ptot = ptot, psu = psu, psd = psd, qtot = qtot, qres = qres, uon = uon, ush = ush. (COPY.g)

This model duplicates the variables into blocks (p, q, u) and (p, q, u). The variables (p, q, u) are subject to

the spatially linked power flow constraints X ac
t , while the variables (p, q, u) are subject to the temporally

linked unit commitment, power injection, and ramping constraints X uc
j and shunt step constraints X sh

jt .

To tighten the formulation in an eventual decomposition, variables (p, q, u) are also constrained by sets

Y, which impose a relaxed form of the constraints assigned to (p, q, u) such that the temporal separability

remains valid. Using the decomposable structure of the objective, the functions RT
t and RJ

j take only the

local variables (pt, qt) and (pj , uj) as input. The final set of constraints are copy constraints, applied to

a set of variables chosen so that the model (COPY) is equivalent to (SCUC-ACOPF). This equivalence

is given in Proposition 1.

Proposition 1. The models (SCUC-ACOPF) and (COPY) are equivalent; that is, given a feasible

solution for one model, there exists a corresponding feasible solution for the other model that has the same

objective value and the same values for the copied variables.

As a final step towards decomposition, we penalize the copy constraints in the objective with penalty

parameter ρ ≥ 0 and degree ℓ ∈ {1, 2}. We define the penalty function

Γℓ(p, q, u, p, q, u) :=
∥∥∥(ptot, psu, psd, qtot, qres, uon, ush)− (ptot, psu, psd, qtot, qres, uon, ush)

∥∥∥ℓ
ℓ

and introduce the penalized model:

max
p,q,u
p,q,u

∑
t∈T

RT
t (pt, qt) +

∑
j∈J sd

RJ
j (pj , uj)− ρΓℓ(p, q, u, p, q, u)

s.t. (COPY.b)− (COPY.f).

(PEN)
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4 Basic Penalty Alternating Direction Method and Decomposition

Penalizing violations of relaxed constraints in the objective is leveraged in popular algorithms, including

penalty methods and augmented Lagrangian methods (Nocedal and Wright 2006, Ch. 17). To allow

for decomposition, we apply an alternating direction method to the penalized formulation (PEN). This

method alternates between fixing the the second block of variables, i.e., (p, q, u), and optimizing over

the first block, i.e., (p, q, u), and fixing the first block of variables and optimizing over the second block.

This style of algorithm, applied to a problem with constraints penalized in the objective, is referred to

as a penalty alternating direction method (Geißler et al. 2017) and has been used to solve MINLPs for

optimal gas transport (Geißler et al. 2015). These methods have structural similarities to the feasibility

pump, a heuristic for identifying feasible solutions to problems with integrality constraints (Fischetti

et al. 2005, Bonami et al. 2009). In this section, we propose a basic version of the algorithm and describe

its convergence.

As the first block of variables are not coupled across time periods, we define a set of temporally-

decomposed block subproblems. For each t ∈ T , the block subproblem is given by

ZT
t (pt, qt, ut; ρ) := max

pt,qt,ut

RT
t (pt, qt)− ρΓ2(pt, qt, ut, pt, qt, ut)

s.t. (pt, qt, u
sh
t ) ∈ X ac

t ,

(pjt, qjt, u
on
jt ) ∈ Yuc

jt ∀j ∈ J sd,

ushjt ∈ Ysh
jt ∀j ∈ J sh.

These models select degree ℓ = 2 so that auxiliary variables are not needed to model the L1 norm. As the

constraints and function RT
t contain nonlinearities, this choice does not increase the problem complexity.

The temporally-decomposed block subproblems are continuous nonconvex programs, which can be solved

to stationarity by interior point methods (Wächter and Biegler 2005).

Next, we define the block subproblems for the second block of variables, which are coupled temporally

but not spatially. This block also does not contain interactions between the shunt step variables ushjt and

other decisions, so the variables ushjt can be separated into their own blocks. For this reason, we revise

the copy penalty function to exclude these variables:

Γ′
ℓ(p, q, u, p, q, u) :=

∥∥∥(ptot, psu, psd, qtot, qres, uon)− (ptot, psu, psd, qtot, qres, uon)
∥∥∥ℓ
ℓ
.

Then, the spatially-decomposed device-level block subproblems are given, for each j ∈ J sd, by

ZJ
j (pj , qj , uj ; ρ) := max

pj ,qj ,uj

RJ
j (pj , uj)− ρΓ′

1(pj , qj , uj , pj , qj , uj)

s.t. (pj , qj , uj) ∈ X uc
j .

These problems select degree ℓ = 1 so that each problem can be represented as a mixed-integer linear

program. The shunt variables ushjt are only subject to interval and integrality constraints and thus can be
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Algorithm 1: Basic Penalty Alternating Direction Method (pADM)

Input: Penalty schedule {ρτ}ττ=1 ⊂ R>

1 for τ ∈ {1, . . . , τ} do
2 if τ = 1 then

3 For t ∈ T , solve ZT
t (0, 0, 0; 0) to solution (p

(τ)
t , q

(τ)
t , u

(τ)
t );

4 else

5 For t ∈ T , solve ZT
t (p

(τ−1)
t , q

(τ−1)
t , u

(τ−1)
t ; ρτ ) to solution (p

(τ)
t , q

(τ)
t , u

(τ)
t );

6 end

7 For j ∈ J sd, solve ZJ
j (p

(τ)
j , q

(τ)
j , u

(τ)
j ; ρτ ) to solution (p

(τ)
j , q

(τ)
j , u

(τ)
j );

8 For j ∈ J sh and t ∈ T , compute u
sh(τ)
jt = ZSH

jt (u
sh(τ)
jt );

9 end

10 return (p(τ), q(τ), u(τ))

optimized in closed form via rounding:

ZSH
jt (ushjt ) :=

1
2
+ proj[

ush,min
j ,ush,max

j

](ushjt )
 ∈ argmax

ush
jt∈X sh

jt

−ρ
∥∥∥ushjt − ushjt

∥∥∥
1
.

We now define the basic penalty alternating direction method (pADM), given as Algorithm 1. The

method takes as input a set of penalty coefficients {ρτ}ττ=1 and outputs a feasible solution to the device-

level subproblems ZJ
j in τ iterations. A feasible solution to the device-level subproblems corresponds to a

feasible solution to (COPY); this property is formalized in Proposition 2. Note that, in the first iteration,

the subproblems ZT
t are solved with ρ = 0, eliminating the penalty term.

Proposition 2. Let (p, q, u) satisfy (pj , qj , uj) ∈ X uc
j for all j ∈ J sd and ushjt ∈ X sh

jt for all j ∈ J sh and

t ∈ T . Then, there is some (p, q, u) such that (p, q, u, p, q, u) is feasible for (COPY).

Proposition 2, combined with Proposition 1, implies that a feasible solution to the device-level sub-

problems corresponds to a feasible solution to (SCUC-ACOPF) where the copied variables are fixed

to their values in the device-level solution. As the output of Algorithm 1 is a feasible solution to the

device-level problems, this output corresponds to a feasible solution of (SCUC-ACOPF).

Theorem 1 characterizes the convergence of the algorithm, showing that the infeasibility of the iterates

for the copy constraint is bounded by the inverse square root of the penalty parameter. The result also

shows that a similar bound holds on the distance between the copied variables in consecutive iterations.

To state the result, we define Dt as the diameter of the (bounded) feasible region of ZT
t and Lt as the

Lipschitz constant of the functions RT
t over this region, so that every subgradient of RT

t on the region is

bounded in magnitude by Lt. Similarly, Rj is the maximum difference in the value of the function RJ
j

over the (bounded) feasible region of ZJ
j , and R :=

∑
j∈J sd Rj . Finally, let d be the number of copied

variables, i.e., (ptot, psu, psd, qtot, qres, uon, ush) ∈ Rd. We require that the nonlinear subproblems ZT
t are

solved to stationarity (i.e., the solution satisfies the Karush-Kuhn-Tucker conditions, see Nocedal and

Wright 2006 Thm. 12.1) and the mixed-integer linear subproblems ZJ
j are solved to global optimality;

these are natural assumptions for each problem class.
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Theorem 1. Let (p(τ), q(τ), u(τ), p(τ), q(τ), u(τ)) be a sequence of iterates generated by Algorithm 1, where

the subproblems ZT
t are solved to stationarity. Then,

Γ1(p
(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1)) ≤

√
C

2ρτ
∀τ ∈ [[τ ]] \ {1},

where C :=
∑

t∈T dLtDt. If the subproblems ZJ
j are solved to global optimality, then

Γ1(p
(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1)) ≤ R

ρτ
+

√
2C

ρτ

Γ1(p
(τ+1), q(τ+1), u(τ+1), p(τ), q(τ), u(τ)) ≤ R

ρτ
+

√
2C

min{ρτ , ρτ+1}

∀τ ∈ [[τ ]] \ {1}.

Theorem 2 gives that, as the penalty parameter grows arbitrarily large, the iterates converge to a

partial optimum for (COPY). A partial optimum is a solution (p∗, q∗, u∗, p∗, q∗, u∗) that is (globally)

optimal for (COPY) when each block of variables is fixed at the solution value, i.e., (p∗, q∗, u∗, p∗, q∗, u∗)

is optimal for (COPY) with the variables (p, q, u) fixed to (p∗, q∗, u∗) and is optimal for (COPY) with

the variables (p, q, u) fixed to (p∗, q∗, u∗). Convergence to partial optima is common in the analysis of

alternating methods (Gorski et al. 2007). Existing results for penalty alternating direction methods

require fixing a penalty parameter and alternating between blocks until convergence is observed; after

convergence, the penalty coefficient is increased (Geißler et al. 2017). Our result leverages the structure

of (COPY) to allow for changes to the penalty parameter in every iteration, reducing the number of

required subproblem evaluations. Theorem 2 requires that both sets of subproblems are solved to global

optimality, which may be impractical for the nonconvex subproblems ZT
t . Nevertheless, the result gives

an improved theoretical understanding of the algorithm in this setting.

Theorem 2. Suppose that τ = ∞ and limτ→∞ ρτ = ∞. Let (p(τ), q(τ), u(τ), p(τ), q(τ), u(τ)) be iterates

generated by Algorithm 1, where the subproblems ZT
t and ZJ

j are solved to global optimality. Then, any

limit point (p∗, q∗, u∗, p∗, q∗, u∗) of the sequence of iterates is a partial optimum for (COPY).

Although the basic pADM algorithm satisfies desirable convergence properties, it often fails to effi-

ciently generate high-quality feasible solutions for (SCUC-ACOPF). In Section 5, we highlight several

insufficiencies of this algorithm and propose approaches to improve performance.

5 Tailoring the pADM: Improvements and Heuristics

Algorithm 1 gives a basic penalty alternating direction framework that allows for spatial and temporal

decomposition of (SCUC-ACOPF). In this section, we adapt the algorithm to improve the solution

quality and reduce the computation time. Section 5.1 adds a set of final subproblems that fix the

discrete variables and reoptimize over the continuous variables. Section 5.2 accelerates the iterations by

replacing the nonconvex temporally-decomposed block subproblems with their second-order cone (SOC)

relaxations. Section 5.3 reduces the number of contingencies included in the subproblems via a screening

algorithm. Section 5.4 adds terms to the block subproblem objectives to more closely approximate the

true objective function.
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5.1 Exact Feasibility with Final Subproblems

The convergence property in Theorem 1 establishes that, as the penalty coefficient ρ grows, the iterates of

Algorithm 1 converge towards feasibility for the copy constraints in the formulation (COPY). However,

this convergence may be slow in practice, requiring many iterations and excessively large values for ρ,

which may introduce computational difficulties and numerical instability. We ensure exact feasibility of

the final solution by fixing the discrete unit commitment variables u to their value from the last-iteration

device-level block subproblems ZJ
j and solving the original formulation (SCUC-ACOPF). The resulting

restricted problem is temporally coupled only by the ramping constraints (4) and energy violation penalty

functions Ce
j . Using the device-level power injection solution from the last iteration of ZJ

j , we construct

restrictions of the linking elements that allow for temporal decomposition of the final problem.

5.1.1 Ramping Constraint Restriction

When solving the final models with fixed unit commitment decisions u, fixing the real power injection

variables ptotjt to the solution ptotjt from the device-level block subproblems ZJ
j ensures feasibility for the

ramping constraints (4) and allows for temporal separability but empirically leads to poor solution quality.

Allowing real power injection to deviate from the device-level subproblem solution introduces flexibility,

which leads to better solutions and improves the computational performance of the interior point solver.

We introduce such flexibility by restricting ptotjt to lie in an interval around the solution ptotjt :

ptotjt − δ−jt ≤ ptotjt ≤ ptotjt + δ+jt ∀j ∈ J sd, t ∈ T . (9)

For j ∈ J sd, the parameters δj are optimal solutions to a set of auxiliary linear programs:

Hj(pj , uj) := argmax
δ−j ,δ+j

∑
t∈T

(δ−jt + δ+jt) (10a)

s.t. δ−jt + δ+j,t−1 ≤ rdjt + (ptotjt − ptotj,t−1) ∀t ∈ T , (10b)

δ−j,t−1 + δ+jt ≤ rujt − (ptotjt − ptotj,t−1) ∀t ∈ T , (10c)

δ−jt ≥
1

2
min

{
rdjt + (ptotjt − ptotj,t−1), ruj,t+1 − (ptotj,t+1 − ptotjt )

}
∀t ∈ T , (10d)

δ+jt ≥
1

2
min

{
rujt − (ptotjt − ptotj,t−1), rdj,t+1 + (ptotj,t+1 − ptotjt )

}
∀t ∈ T , (10e)

rdjt := dt

(
prdj uonjt + prd,sdj (1− uonjt )

)
∀t ∈ T , (10f)

rujt := dt

(
pruj (uonjt − usujt ) + pru,suj (usujt − uonjt + 1)

)
∀t ∈ T . (10g)

These problems maximize the cumulative length of all intervals while enforcing that any solution within

the intervals is feasible for the ramping constraints. Constraints (10b)–(10c) enforce feasibility of the

interval for the original ramping constraints (4), where parameters rdjt and rujt give the maximum ramp

down and up power under unit commitment solution u. To ease notation, we fix δ−j0 = δ+j0 = 0. Constraints

(10d)–(10e) implement a heuristic that requires the interval lengths above and below the solution ptotjt to

be at least as large as in the solution that distributes the ramping slack evenly across time periods.
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Proposition 3 states that the problems (10) are feasible and the optimal parameters (δ−j , δ
+
j ) are

nonnegative. Proposition 4 shows that, when the variables u are fixed to u, the constraint (9) is a

restriction of (4), and thus any solution (p, p, u, δ) satisfying (9)–(10) is feasible for (4).

Proposition 3. Let j ∈ J sd and (p, q, u) be a solution such that (pj , qj , uj) ∈ X uc
j . Then, problem (10)

is feasible and bounded, and every (δ−j , δ
+
j ) satisfying (10b)–(10e) is nonnegative.

Proposition 4. Let (p, u, δ) be a solution that satisfies (10b)–(10c) for all j ∈ J sd. Then, for any p

satisfying (9), the solution (p, u) is feasible for (4).

By Proposition 4, the heuristic cuts (10d)–(10e) are not needed to enforce a restriction of (4). In

practice, without these cuts, problem (10) yields many near-zero interval lengths, which does not improve

device controllability. One alternative is to maximize log(
∏

t(δ
−
jt + δ+jt + 1)) =

∑
t log(δ

−
jt + δ+jt + 1),

representing the volume generated by the intervals. This objective decreases the fraction of near-zero

interval lengths but renders the problem nonlinear. Adding the heuristic cuts yields solutions that achieve

most of the volume and non-zero interval lengths obtained by the volume objective and preserves linearity;

see Section 7.4.1 for quantitative results.

5.1.2 Energy Injection Limit Restriction

We similarly design a restriction of the energy violation penalty functions Ce
j defined in Section 2.3. As

(SCUC-ACOPF) minimizes the penalty, we define a restriction as an upper bound on the function. The

bound will be the sum of time-separable functions C
e
jt centered around some candidate injection p:

C
e
jt(p; p) := cedt

 ∑
W∈Wen,min

jt

[
emin
j (W )−

∑
t′∈W dt′p

tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

]+

+
∑

W∈Wen,max
jt

[
−emax

j (W ) +
∑

t′∈W dt′p
tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

]+ ∀j ∈ J sd, t ∈ T ,

where Wen,min
jt := {W ∈ Wen,min

j : t ∈ W} is the set of minimum energy periods that intersect with time

t; Wen,max
jt is defined analogously. Proposition 5 states that the functions C

e
jt provide the desired bound.

In practice, the injection p will be a feasible solution to the device-level subproblems.

Proposition 5. For any p, p, and j ∈ J sd, it holds that Ce
j (p) ≤

∑
t∈T C

e
jt(p; p).

5.1.3 Final Subproblem Formulation

Let (p, q, u) be a feasible solution to the device-level block subproblems, i.e., (pj , qj , uj) ∈ X uc
j for all

j ∈ J sd and ushjt ∈ X sh
jt for all j ∈ J sh and t ∈ T . Let δ satisfy (10). We define a final objective function

RF
t that excludes unit commitment and contingency costs and applies the energy restriction:

RF
t (p, q; p) :=

∑
j∈J cs

Rpow
jt (p)−

∑
j∈J pr

Cpow
jt (p)− Cres

t (p, q)−
∑

j∈J ac

Cac
jt (p, q)−

∑
i∈I

Cbal
it (p, q)−

∑
j∈J sd

C
e
jt(p; p).
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For t ∈ T , the temporally-separate final subproblems that incorporate the ramping and energy restrictions

are defined by

ZF
t (p, q, u, ∅; δ) := max

pt,qt,ut

RF
t (pt, qt; p)

s.t. (2)− (3), (9), (pt, qt, u
sh
t ) ∈ X ac

t , u = u.

The final constraint fixes the unit commitment variables to the device-level solution u.

Propositions 1 and 2 imply that there is some feasible solution for (SCUC-ACOPF) with the copied

variables fixed to the device-level solution; such a solution satisfies the ramping restriction (9) and thus

the final subproblems ZF
t are feasible. The final argument δt of ZF

t denotes the dependence of the

ramping restriction on the interval parameters from the auxiliary problems (10). The argument ∅ indicates
that the final subproblems exclude contingency costs. Section 5.3 expands this notation to incorporate

contingencies.

5.2 Second-Order Cone Relaxation

As the final subproblems ZF
t only require a feasible solution to the device-level subproblems ZJ

j , we

can use a proxy in place of the temporally-decomposed subproblems ZT
t in the iterative algorithm. We

choose an SOC relaxation similar to those by Jabr (2006) and Kocuk et al. (2016). The relaxation

accelerates each iteration and yields subproblems that can be solved to global optimality. Feasibility for

the original ACOPF constraints is restored by solving the final subproblems. The relaxation is applied

to the constraints (5a)–(5l). We define the change of variables

cjt =
1

τjt
vijtvi′jt cos(∆jt), sjt =

1

τjt
vijtvi′jt sin(∆jt), ωit = v2it, µjt =

v2ijt

τ2jt
, and µsh

jt = ushjt v
2
ijt.

This transformation is invertible if and only if c2jt + s2jt = µjtωi′jt
and ∆jt = arctan(sjt/cjt). To convexify

these conditions, we relax the first constraint to c2jt + s2jt ≤ µjtωi′jt
and remove the second constraint,

eliminating the angle differences ∆jt from the model. Then, the following defines the SOC relaxation:

pfrjt = gijjµjt − gjcjt − bjsjt ∀j ∈ J ac, t ∈ T , (11a)

ptojt = gi′jjωi′jt
− gjcjt + bjsjt ∀j ∈ J ac, t ∈ T , (11b)

qfrjt = −bijjµjt + bjcjt − gjsjt ∀j ∈ J ac, t ∈ T , (11c)

qtojt = −bi′jjωi′jt
+ bjcjt + gjsjt ∀j ∈ J ac, t ∈ T , (11d)

pshjt = gshj µsh
jt ∀j ∈ J sh, t ∈ T , (11e)

qshjt = −bshj µsh
jt ∀j ∈ J sh, t ∈ T , (11f)

c2jt + s2jt ≤ µjtωi′jt
∀j ∈ J ac, t ∈ T , (11g)

ωijt

(τmax
j )2

≤ µjt ≤
ωijt

(τmin
j )2

∀j ∈ J ac, t ∈ T , (11h)

ush,min
j ωijt ≤ µsh

jt ≤ ush,max
j ωijt ∀j ∈ J sh, t ∈ T , (11i)

ωit ∈ [(vmin
i )2, (vmax

i )2] ∀i ∈ I, t ∈ T , (11j)
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(5f), (5k). (11k)

We denote the region defined by these constraints as X soc
t := {(pt, qt, µt, ωt) : ∃(ct, st) s.t. (11)}. As the

constraints (11g) are SOC-representable and the other constraints are linear, the sets X soc
t are convex

and SOC-representable. Proposition 6 states that these sets relax constraints (5).

Proposition 6. For all t ∈ T , the constraints (11) are a convex relaxation of the power flow constraints

(5). In particular, for all t ∈ T , the set X soc
t satisfies{

(pt, qt, u
sh
t ) : ∃(µt, ωt) s.t. (pt, qt, µt, ωt) ∈ X soc

t , ushjt = µsh
jt/ωijt ∀j ∈ J sh

}
⊇ {(pt, qt, usht ) ∈ X ac

t : ushjt ∈ Ysh
jt ∀j ∈ J sh}.

When constructing X soc
t , the variables ushjt are projected out. However, the corresponding value for

these variables can be recovered by ushjt =
µsh
jt

ωijt
. The quadratic penalty terms for these variables, which

appear in the penalty functions Γ2, can instead be written as

(ushjt − ushjt )
2 = (µsh

jt/ωijt − ushjt )
2 = (µsh

jt − ushjtωijt)
2/ω2

ijt ≈ (µsh
jt − ushjtωijt)

2,

where the approximate equality is exact when voltages are 1. The approximating term is convex quadratic

in (µ, ω). Any error from ωijt ̸= 1 simply rescales the penalty coefficients of this term.

5.3 Contingency Screening

Large numbers of contingencies may significantly increase subproblem solution times, as each contingency

k requires the incorporation of its nonlinear (albeit convex) cost function Cctg
kt into the objective (see

Section 2.8). Even computing the GSFs Fkji requires a matrix inversion, which may be costly. Empiri-

cally, many contingencies incur minimal cost and thus have little impact on the optimal solution, which

motivates contingency screening. We identify a set of contingencies K ⊂ K and branches J kt ⊂ J ac for

k ∈ K that incur a large contingency cost at a candidate solution (p, q).

To avoid evaluating every contingency, we first identify a set of contingencies that are likely to incur

penalties. Specifically, this set of prescreened contingencies is denoted by K and contains the N ctg

contingencies with largest real power flows on the outaged line jk in the candidate solution. We then

evaluate the post-contingency line flows for prescreened contingencies and select J kt as the set of the

Nbr branches with the largest post-contingency apparent power limit violations exceeding some threshold

sthr ≥ 0. Post-contingency line flows are evaluated by computing the GSFs. To compute these parameters

efficiently, we update the required matrix inverse by a Sherman-Morrison rank-1 update on a base matrix

(Hager 1989), avoiding the inversion of a new matrix for each contingency (Holzer et al. 2024b). See the

appendix for additional details.

We approximate the post-contingency real power flow functions by

fkjt(p; Ikjt) :=
∑

i∈Ikjt

Fkji

(
pinjit (p)−

pslt (p)

|I|

)
.
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Algorithm 2: Contingency Screening

Input: Candidate power injection solution (p, q), thresholds N ctg, Nbr, Nbus, sthr

1 Compute the base-case GSF matrix;

2 Define K := argmax
k∈K

Nctg
max
t∈T

max{|pfrjkt|, |p
to
jkt

|};

3 for k ∈ K, t ∈ T do
4 Compute post-contingency GSF matrix Fk via a rank-1 update and construct functions fkjt

for all j ∈ J ac;

5 Define J viol
kt := {j ∈ J ac \ {jk} :

∥∥∥(fkjt(p),max{|qfrjt|, |qtojt |})
∥∥∥
2
− smax,ctg

j ≥ sthr};

6 Define J kt := argmax
j∈J viol

kt

Nbr
∥∥∥(fkjt(p),max{|qfrjt|, |qtojt |})

∥∥∥
2
− smax,ctg

j ;

7 Define Ikjt := argmax
i∈I

Nbus
∣∣∣Fkji

(
pinjit (p)−

pslt (p)
|I|

)∣∣∣ for all j ∈ J kt;

8 end

9 return N := (I,J ,K)

The subset Ikjt ⊆ I consists of the Nbus buses with the largest absolute contributions to the post-

contingency line flow at the incumbent solution,
∣∣∣Fkji

(
pinjit (p)−

pslt (p)
|I|

)∣∣∣. This approximation increases

the sparsity in the power injection variables, improving computational performance. Algorithm 2 details

the contingency screening approach. To ease notation, we denote by argmaxk the operator that selects

the k largest elements, with ties broken arbitrarily. The algorithm returns the subsets N := (I,J ,K).

Based on these subsets, we construct new cost functions:

C
ctg
kt (p, q;N ) := csdt

∑
j∈J kt

[∥∥∥(fkjt(p; Ikjt),max{|qfrjt|, |qtojt |})
∥∥∥
2
− smax,ctg

j

]+
∀k ∈ K, t ∈ T ,

C
ctg
t (p, q;N ) :=

∑
k∈Kt

Cctg
kt (p, q)

N ctg
∑

k∈Kt
C

ctg
kt (p, q;N )

∑
k∈Kt

C
ctg
kt (p, q;N )

+max
k∈K

C
ctg
kt (p, q;N ) ∀t ∈ T .

These functions are based on fewer contingencies and branches and thus are easier to construct and

optimize. The coefficient in the second function averages over the N ctg selected contingencies and scales

the cost by the proportion of the apparent power limit violations identified by the modified functions fkjt

to reduce bias in the average cost after screening.

In practice, the candidate solution (p, q) comes from the solution to the final subproblems ZF
t . After

contingency screening around this solution, we solve a version of the final subproblems that includes the

approximated contingency objectives:

ZF
t (p, q, u,N ; δ) := max

pt,qt,ut

RF
t (pt, qt; p)− C

ctg
t (pt, qt;N )

s.t. (2)− (3), (9), (pt, qt, u
sh
t ) ∈ X ac

t , u = u.

For a fixed unit commitment solution, this allows the power injection decisions to adapt to impactful

contingencies under the same restrictions as in the original final subproblems.
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5.4 Objective Function Approximation and Device Subproblem Aggregation

The objective function of (SCUC-ACOPF) is partitioned into the subproblems used in Algorithm 1, such

that every objective term is contained in exactly one subproblem. This precludes each subproblem from

considering terms assigned to other problems, even if these terms are relevant to its decision variables.

Here, we modify the subproblem objectives by reintroducing relevant terms.

In the device subproblems ZJ
j , we introduce an approximation of the power balance violation penalty

functions Cbal
it (see Section 2.7). To facilitate approximation, we aggregate devices colocated at the same

bus i. In practice, this strategy is effective because the device-level subproblems are MILPs of relatively

small size, so the benefit of decomposition at the device level, compared to the bus level, is minimal.

This aggregation allows for the total net power injection at a bus to be modeled in the approximation.

As the spatially-decomposed subproblems ZJ
j do not consider any power flows, we fix the line and shunt

power flow variables (pfr, pto, psh, qfr, qto, qsh) to a solution from the temporally-decomposed subproblems

ZT
t . We then define the approximated power balance penalty functions at a fixed power flow solution

(p̃, q̃) by

C
bal
it (p, q; p̃, q̃) := dt

cp

∣∣∣∣∣∣∣∣∣
∑

j∈J pr

ij=i

ptotjt −
∑
j∈J cs

ij=i

ptotjt −
∑

j∈J sh

ij=i

p̃shjt −
∑

j∈J br

ij=i

p̃frjt −
∑

j∈J br

i′j=i

p̃tojt

∣∣∣∣∣∣∣∣∣
+cq

∣∣∣∣∣∣∣∣∣
∑

j∈J pr

ij=i

qtotjt −
∑
j∈J cs

ij=i

qtotjt −
∑

j∈J sh

ij=i

q̃shjt −
∑

j∈J br

ij=i

q̃frjt −
∑

j∈J br

i′j=i

q̃tojt

∣∣∣∣∣∣∣∣∣

 ∀i ∈ I, t ∈ T .

Next, the temporal problems ZT
t do not consider the cost or utility of a power injection ptotjt . We add

the corresponding functions Rpow
jt and Cpow

jt to the objective. Similarly, the device-level problems ZJ
j do

not have costs for reserve products; we add the corresponding linear cost terms cres,pjtr presjtr and cres,qjtr qresjtr to

the objective.

The startup and shutdown variables usujt and usdjt are implicitly included in the sets Yuc
jt to model

feasible real and reactive power injections during startup and shutdown (see Section 3). However, since

no objective cost is associated with these variables in the models ZT
t , they offer a path to generate power

without incurring unit commitment cost. For instance, by constraint (7a), real power at time t may be

produced by starting up in a future time period, which will incur an online and startup cost. These

costs are not considered in the objectives RT
t . In the penalty framework, producing power in such a way

encourages device startups at a later time in the device-level models ZJ
j ; this solution may be suboptimal,

especially for devices with high commitment costs.

To remedy this issue, we reimpose a cost on startups and shutdowns by introducing aggregate variables

χsu
jt =

∑
t′∈T supc

jt
usujt′ and χsd

jt =
∑

t′∈T sdpc
jt

usdjt′ and rewriting relevant constraints in Yuc
jt :

0 ≤ psujt ≤ χsu
jt max

t′∈T supc
jt

psupcjtt′ ∀j ∈ J sd, t ∈ T , (12a)
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0 ≤ psdjt ≤ χsd
jt max

t′∈T sdpc
jt

psdpcjtt′ ∀j ∈ J sd, t ∈ T , (12b)

qtotjt ≤ qmax
jt

(
uonjt + χsu

jt + χsd
jt

)
+ βmax

j ptotjt −

qresjt↑ if j ∈ J pr

qresjt↓ if j ∈ J cs
∀j ∈ J sd, t ∈ T , (12c)

qtotjt ≥ qmin
jt

(
uonjt + χsu

jt + χsd
jt

)
+ βmin

j ptotjt +

qresjt↓ if j ∈ J pr

qresjt↑ if j ∈ J cs
∀j ∈ J sd, t ∈ T , (12d)

uonjt + χsu
jt ≤ 1 ∀j ∈ J sd, t ∈ T , (12e)

uonjt + χsd
jt ≤ 1 ∀j ∈ J sd, t ∈ T , (12f)

(uonjt , χ
su
jt , χ

sd
jt ) ∈ [0, 1]3 ∀j ∈ J sd, t ∈ T . (12g)

We denote the feasible region for this formulation by the set Yuc
jt := {(pjt, qjt, uonjt , χjt) : (2a), (2d) −

(2e), (3c), (12)}. Proposition 7 gives that these regions are equivalent to the sets Yuc
jt .

Proposition 7. For all j ∈ J sd and t ∈ T , the sets Yuc
jt and Yuc

jt are equivalent; that is,

Yuc
jt = {(pjt, qjt, uonjt ) : ∃χjt s.t. (pjt, qjt, u

on
jt , χjt) ∈ Yuc

jt }.

As nonzero χsu
jt (resp. χsd

jt ) implies a future startup (resp. past shutdown) and therefore implies that

the device must be on in some other time period, we associate online and startup (resp. shutdown) costs

with these variables. The revised unit commitment cost functions are

C
uc
t (u, χ) :=

∑
j∈J sd

conjt u
on
jt +

(
max

t′∈T supc
jt

conjt′ + csuj

)
χsu
jt +

(
max

t′∈T sdpc
jt

conj,t′−1 + csdj

)
χsd
jt ∀t ∈ T .

These functions overestimate the cost coefficients of χsu
jt and χsd

jt in two ways: first, downtime-dependent

cost adjustments cddjtt′ are ignored; and second, the largest plausible commitment cost conjt for future (resp.

past) online status is used.

In summary, we define updated subproblem objective functions that implement these changes:

R
T
t (p, q, u, χ) :=

∑
j∈J cs

Rpow
jt (p)−

∑
j∈J pr

Cpow
jt (p)−

∑
j∈J ac

Cac
jt (p, q)−

∑
i∈I

Cbal
it (p, q)− C

uc
t (u, χ)− Cres

t (p, q),

R
I
i(p, q, u; p̃, q̃) :=

∑
j∈J sd

ij=i

RJ
j (p, u)−

∑
t∈T
r∈R

dtc
res,p
jtr presjtr −

∑
t∈T

r∈{↑,↓}

dtc
res,q
jtr qresjtr

−
∑
t∈T

C
bal
it (p, q; p̃, q̃).

Contingency screening adds contingency costs to the final subproblem objectives, so these costs are re-

moved from the intermediate subproblem objectives R
T
t . Additionally, reserve requirement and branch

limit penalties are withheld from R
I
i and energy penalties are withheld from R

T
t . Computational experi-

ments demonstrate that these omissions do not degrade solution quality.
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Algorithm 3: Tailored Penalty Alternating Direction Method

Input: Penalty schedule {ρτ}ττ=1 ⊂ R>, contingency thresholds N ctg, Nbr, Nbus, sthr

1 for τ ∈ {1, . . . , τ} do
2 if τ = 1 then

3 For t ∈ T , solve Z
T
t (0, 0, 0; 0) to solution (p

(τ)
t , q

(τ)
t , u

(τ)
t , χ

(τ)
t , µ

(τ)
t , ω

(τ)
t );

4 else

5 For t ∈ T , solve Z
T
t (p

(τ−1)
t , q

(τ−1)
t , u

(τ−1)
t ; ρτ ) to solution (p

(τ)
t , q

(τ)
t , u

(τ)
t , χ

(τ)
t , µ

(τ)
t , ω

(τ)
t );

6 end

7 For i ∈ I, solve Z
I
i(p

(τ)
i , q

(τ)
i , u

(τ)
i ; ρτ ) to solution (p

(τ)
i , q

(τ)
i , u

(τ)
i );

8 For j ∈ J sh and t ∈ T , compute u
sh(τ)
jt = ZSH

jt (µ
sh(τ)
jt /ω

(τ)
ijt

);

9 end

10 For j ∈ J sd, solve Hj(p
(τ)
j , u

(τ)
j ) to solution (δ−j , δ

+
j );

11 For t ∈ T , solve ZF
t (p

(τ), q(τ), u(τ), ∅; δ) to solution (pFt , q
F
t , u

F
t );

12 Compute N = Contingency Screening(pF, qF, N ctg, Nbr, Nbus, sthr), using Algorithm 2;

13 For t ∈ T , solve ZF
t (p

(τ), q(τ), u(τ),N ; δ) to solution (pt, qt, ut);
14 return (p, q, u)

5.5 The Tailored pADM

Now, we combine the adaptations discussed in the previous sections and present Algorithm 3. The

algorithm uses new versions of the subproblems ZT
t and ZJ

j defined as follows, where ui denotes the subset

of variables u that contain index j with ij = i:

Z
T
t (pt, qt, ut; ρ) := max

pt,qt,ut,
χt,µt,ωt

R
T
t (pt, qt, ut, χt)− ρΓ′

2(pt, qt, ut, pt, qt, ut)− ρ
∑

j∈J sh

(µsh
jt − ushjtωijt)

2

s.t. (pt, qt, µt, ωt) ∈ X soc
t ,

(pjt, qjt, u
on
jt , χjt) ∈ Yuc

jt ∀j ∈ J sd;

Z
I
i(pi, qi, ui; ρ) := max

pi,qi,ui

R
I
i(pi, qi, ui; pi, qi)− ρΓ′

1(pi, qi, ui, pi, qi, ui)

s.t. (pj , qj , uj) ∈ X uc
j ∀j ∈ J sd with ij = i.

First, the algorithm alternates between solving the SOC relaxations of the temporally decomposed

subproblems and the spatially decomposed bus-level subproblems. Then, the power injection and unit

commitment decisions from the final-iteration bus-level models Z
I
i are used to compute ramping intervals

for constraints (9). These bounds and the last iterate generate the final ACOPF subproblems, which

are solved without contingencies. In the last step, the contingencies are screened based on the final

subproblem solution. The final subproblems are solved again, incorporating costs from the selected

contingencies, to generate a candidate solution to (SCUC-ACOPF). We show the validity of this algorithm

in Theorem 3.

Theorem 3. Let (p, q, u) be a solution returned by Algorithm 3. Then, there is some (v,∆, θ, τ, ϕ) such

that (p, q, u, v,∆, θ, τ, ϕ) is feasible for (SCUC-ACOPF).
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6 A Temporally-Decomposed Dual Bound

The temporally-decomposed subproblems ZT
t , combined with the SOC relaxation proposed in Section 5.2,

yield a set of reasonably sized convex subproblems that can be efficiently solved to global optimality. We

slightly adapt these subproblems so that they generate an upper (dual) bound on the objective value

of the problem (SCUC-ACOPF). Access to such a bound on the primal objective is a useful tool for

computational analysis of our algorithms. Specifically, the upper bound allows for certification of the

quality of a primal solution, in that feasible solutions with objective values near the upper bound cannot

be significantly improved. We define the upper bound as

ZUB :=
∑
t∈T

max
pt,qt,ut,
µt,ωt

CUB
t (pt, qt, ut)

s.t. (pt, qt, µt, ωt) ∈ X soc
t , (pjt, qjt, u

on
jt ) ∈ Yuc

jt ∀j ∈ J sd,

(UB)

where

CUB
t (p, q, u) :=

∑
j∈J cs

Rpow
jt (p)−

∑
j∈J pr

Cpow
jt (p)−

∑
j∈J ac

Cac
jt (p, q)−

∑
i∈I

Cbal
it (p, q)−

∑
j∈J sd

conjt u
on
jt −Cres

t (p, q).

As the feasible set relaxes that of (SCUC-ACOPF) and the objective overestimates the true objective,

ZUB is an upper bound on Z∗. Theorem 4 formalizes this result. This bound relaxes several aspects

of the primal problem. Specifically, penalties from contingencies, energy limit violations, and device

startup/shutdown costs are ignored, ramping constraints are removed, integrality constraints are relaxed,

and AC power flows are replaced with their SOC relaxation.

Theorem 4. The problem (UB) generates an upper bound on (SCUC-ACOPF); that is, Z∗ ≤ ZUB.

7 Computational Results

We implement Algorithms 2 and 3 and evaluate them on the test cases provided in the fourth and final

event of GOC3 (Elbert et al. 2024b). Exact details of our implementation are provided in Section 7.1.

The test cases mimic realistic grid data under a diverse set of operating conditions. The dataset contains

584 cases across 8 networks which vary in scale from 73 buses to 8,316 buses. We refer to each network

by the number of buses it contains. The cases are separated into three divisions, each with a different

lookahead window. Cases in Division 1 (D1) are real-time market optimization problems with an 8 hour

lookahead, Division 2 (D2) contains day-ahead problems with a two day lookahead, and Division 3 (D3)

contains advisory problems with a one week lookahead. D1 cases span 18 time periods (T = 18), D2 cases

48 periods, and D3 cases 42 periods. Table 2 shows the number of cases by network size and division.

Cases with the same network and division may differ in other parameters, such as generation and load

profiles.

Computing Resources

Our experiments are conducted in Julia 1.9 with modeling language JuMP (Lubin et al. 2023) on the MIT

SuperCloud (Reuther et al. 2018). Each case runs on a single 48-core Intel Xeon Platinum 8260@2.40 GHz
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# Buses 73 617 1,576 2,000 4,224 6,049 6,717 8,316 Total

D1 24 38 24 18 24 36 36 48 248
D2 40 24 0 18 24 18 18 24 166
D3 24 24 24 3 24 24 3 44 170

Total 88 86 48 39 72 78 57 116 584

Table 2: Number of test cases by network size and division.

Network 73 617 1,576 2,000 4,224 6,049 6,717 8,316 Average

D1 10 / 0.83 10 / 1 10 / 1 9.6 / 0.72 10 / 0 4.8 / 0 2.8 / 0 3.7 / 0 7 / 0.38
D2 10 / 0.90 10 / 1 — /— 10 / 1 10 / 1 10 / 0.94 10 / 0.72 10 / 0 10 / 0.80
D3 10 / 1 10 / 1 10 / 1 10 / 1 10 / 1 10 / 1 10 / 1 10 / 0.02 10 / 0.75

Average 10 / 0.91 10 / 1 10 / 1 9.8 / 0.87 10 / 0.67 7.6 / 0.53 5.5 / 0.28 7.4 / 0.01 8.7 / 0.61

Table 3: Average number of iterations / proportion of solutions that consider screened contingencies by
network size and division. No 1,576-bus D2 cases are in the dataset.

processor with 192 GB of RAM. The (mixed-integer) linear bus-level models Z
I
i and ramping restriction

problems (10) are solved with Gurobi 10.0, the temporally-decomposed SOC relaxations Z
T
t are solved

with Mosek 10.0, and the final subproblems ZF
t are solved with Ipopt 3.14.10 (Wächter and Biegler 2006)

using linear solver ma57. Feasibility is evaluated with a tolerance of 10−8; all subproblems are solved with

this tolerance.

7.1 Implementation Details

The decomposed models are solved in parallel on 48 threads. This allows for the temporally decomposed

models (Z
T
t or ZF

t ) to be solved simultaneously across all time periods, while bus-level subproblems Z
I
i

are batched into threads. The default scheme runs 10 iterations of Algorithm 3 (τ = 10) with ρτ = 10τ−1.

We adapt the number of iterations and penalty coefficients to conform with time limits, as discussed in

the following paragraph.

In accordance with GOC3, a strict runtime limit is imposed: 10 minutes for D1, two hours for D2,

and four hours for D3. As our algorithm runs, we estimate the maximum number of iterations that can

be completed within the remaining time and distribute the remaining penalty coefficients evenly on a log

scale between the current coefficient value and 109. The iteration count may not exceed the default value

of 10. We report the average number of completed iterations by network and division in Table 3. For

every case in D2 and D3, there is sufficient time to run 10 iterations. In D1, for networks with over 6,000

buses, the iteration count is often decreased, whereas smaller cases typically run all 10 iterations. If the

time limit is reached while solving the final subproblems ZF
t , we return the current iterate and evaluate

its feasibility. Solutions with negative objective values are considered infeasible.

The contingency screening thresholds are selected by validation on a set of cases from previous com-

petition events. The values differ between large and small networks and are set as follows:

Small Networks (73 and 617 buses): N ctg = 30, Nbr = 20, Nbus = 50, sthr = 10−3,

Large Networks (≥ 1,576 buses): N ctg = 30, Nbr = 20, Nbus = 20, sthr = 10−2.
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If sufficient time is available, we solve the final models ZF
t with screened contingencies in step 13 of

Algorithm 3; otherwise, we evaluate the solution to the contingency-free models from step 11. Table 3

gives the proportion of cases which include screened contingencies in the evaluated solution. Cases that

do not include contingencies do not have sufficient remaining time for contingency screening and post-

screening optimization, do not yield any valid contingencies via Algorithm 2, or fail to demonstrate a

sufficient objective increase in the post-contingency solution relative to the contingency-free solution. In

D1, time limits are binding for large cases, so these cases typically do not consider contingencies. In D2

and D3, most cases consider contingencies. Across all divisions, we identify impactful contingencies on

only a few instances from the 8,316-bus network.

7.2 Solution Quality

In this section, we investigate the quality of the feasible solution returned by Algorithm 3. Our decompo-

sition scheme yields dual bounds via problem (UB). We evaluate feasible solutions to (SCUC-ACOPF)

against this upper bound, quantifying the optimality gap of the solution. From the primal perspective,

we compare our solutions against those generated by the benchmark algorithm of Parker and Coffrin

(2024, “Benchmark”). The benchmark is subject to the time limits described in Section 7.1. It solves

(MI)LPs with Gurobi and nonlinear problems with Ipopt, using linear solver ma27. We highlight several

key differences between the benchmark and our algorithm: first, we iterate between unit commitment

and power flow problems to fix a unit commitment solution instead of relying on a single pass; second, we

use ex-ante bounds to incorporate ramping constraints into the final subproblems instead of projecting

onto the feasible set; third, we include reserve and security constraints in the final models.

Figure 1 compares the quality of feasible solutions to the upper bound. We compute the percent

optimality gap of a feasible solution with objective z by 100 × ZUB−z
ZUB , where infeasible solutions are

assigned a gap of 100%. The figure shows the empirical probability that a test case has a gap no larger

than some value, with results reported on the solutions returned by the tailored pADM (Algorithm 3)

and the benchmark. The figure also shows distributions for modified versions of our algorithm; these

results are discussed in Section 7.4

The average optimality gap for feasible solutions returned by Algorithm 3 is 1.33%, compared to an

average gap of 6.93% for benchmark solutions. Our algorithm fails to identify a feasible solution within

the time limit for 19 of the 584 cases, while the benchmark gives infeasible solutions for 13 cases. This

infeasibility is due to early termination by the time limit; for our algorithm, this only occurs in D1. The

80th percentile gap for our algorithm is 1.06%, compared to 11.83% for the benchmark. At the 90th

percentile, the corresponding values are 1.54% and 21.88%. On average, our solution objective improves

over the benchmark by 6.94%. We note that there are four cases with gaps ≥ 80% for both algorithms.

These cases are among those used to evaluate the impact of switching off AC lines, which is not permitted

in our model. Removing these cases reduces the average gap for our algorithm to 0.70% and for the

benchmark to 6.34%. Overall, these results demonstrate that our algorithm identifies a near-optimal

solution in almost every case and significantly improves upon the benchmark solutions.
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Figure 1: (top) Empirical cumulative distribution function of the optimality gap. Distributions are shown
for feasible solutions obtained from the tailored pADM, tailored pADM without adding contingencies,
tailored pADM without the ramping restriction, and the benchmark algorithm. (left) Distribution on the
gap interval of 0%− 2%, corresponds to the leftmost shaded region of (top). (right) Distribution on the
upper quintile, corresponds to the uppermost shaded region of (top).
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Figure 3: Proportion of runtime allocated to UC iterations, SOC iterations, and final models on cases for
which the time limit is not binding and 10 iterations are run (N = 457). Runtime is totaled across cases
with the same network and across iterations for UC and SOC models. Average runtime for each network
is given in parentheses.

7.3 Algorithm Runtime

Although we enforce a maximum runtime, our algorithm often terminates before this limit. Figure 2

shows the empirical probability that a case terminates within some amount of time, by division and

network. For small and medium size networks (≤ 4,224 buses), the time limits are rarely binding; that

is, the cases can be solved well within the imposed time limit. For large cases in D1, especially the 6,049

and 6,717-bus networks, the 10 minute time limit is often binding and causes early termination. In D2,

the time limit is only binding for about 15% of cases on the 6,717-bus network; for other networks, the

time limit is not binding. In D3, the time limits are never binding; all cases are solved in under half of

the allotted time.

Figure 3 shows the distribution of time spent solving each subproblem class as a proportion of total

time. This runtime includes the total time for the bus-level models Z
I
i in the iterative portion (UC

Iterations), for the temporal models Z
T
t in the iterative portion (SOC Iterations), and for the final models

ZF
t (Final Models). The figure shows data only for cases that run all 10 iterations and are not terminated

early due to the time limit. Runtime includes neither the time for contingency screening nor for solving

final models with contingencies.
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Model Time (s) |{j, t : δjt ≤ 10−8}|
∑

j,t δjt × 10−3
∑

j,t v(δjt)× 10−3

max
∑

j,t v(δjt) s.t. (10b)–(10c) 9.1 354 (0.5%) 99.87 (100%) 42.35 (100%)

LP (10a)–(10c) 0.2 7,874 (11.7%) 99.87 (100%) 36.67 (86.6%)
Heuristic (10d)–(10e) 0.1 325 (0.5%) 89.70 (89.8%) 42.28 (99.9%)

LP (10a)–(10e) 0.2 319 (0.5%) 99.80 (99.9%) 42.31 (99.9%)

Table 4: Comparison of ramping interval quality on a representative 6,049-bus case. Interval lengths are
defined as δjt = δ−jt + δ+jt, and the volume objective is given by v(δjt) = log(δjt + 1). Percentages are
relative to the total number of elements or the global maxima of

∑
j,t δjt and

∑
j,t v(δjt).

UC iterations occupy a small portion of the total runtime, especially on large networks. Large networks

experience a growth in the proportion of time spent solving the final models; that is, the time spent on

UC and SOC iterations does not grow as rapidly as the time spent on the final models. This suggests

that efforts to reduce the runtime of our algorithm on large networks are best spent on accelerating the

final subproblems. On the other hand, for small networks, a majority of the time is spent in the UC and

SOC iterations; runtime reductions for these cases can be achieved by decreasing the total number of

iterations.

7.4 Benefits of the Tailored Algorithm

We now evaluate the impact of the ramping restriction (Section 5.1.1), the energy limit restriction (Sec-

tion 5.1.2), the SOC relaxation (Section 5.2), and contingency screening (Section 5.3).

7.4.1 Analysis of the Ramping Constraint Restriction

First, we demonstrate the quality of the ramping intervals generated by the auxiliary linear programs

(10). Table 4 compares the linear programs to other models that yield valid restrictions of the ramping

constraint. These models are evaluated on the number of devices and periods for which the ramping

bounds yield a near-empty interval, the total length of the intervals, and a proxy for the volume generated

by the intervals, computed as the sum of log interval lengths. Directly maximizing the volume (i.e., the

first row of Table 4) gives the best realization of the volume metric; however, this (convex) nonlinear

problem has a nontrivial solve time. Maximizing the sum of interval lengths with the linear program (10a)–

(10c) speeds up computation but generates an overly sparse solution with many near-empty intervals,

even when using an interior point solver without crossover. Such a solution reduces the amount of power

injection flexibility in the final models. The solution at equality for the heuristic expressions (10d)–(10e)

distributes slack to the ramping bounds evenly between contiguous periods. This yields intervals which

are relatively non-sparse and a volume that is within 99.9% of the upper bound, with a reduced total

interval length. Adding the heuristic constraints to the linear program (10a)–(10e) combines the benefits:

a relatively fast method that generates near-optimal intervals by the sum and volume metrics and yields

few near-empty intervals.

Next, we compare Algorithm 3 to an approach that fixes real power injection ptot to the final bus-

level solution ptot
(τ)

in the final subproblems ZF
t . This is equivalent to taking δ = 0 and demonstrates

the impact of the flexibility provided by the ramping restriction. Fixing power injection significantly

degrades the solution quality, as shown in Figure 1. With fixed power injection, the number of infeasible
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without Restriction with Restriction
Division Scenario ZUB Objective Penalty Objective Penalty

D2 027 572,227,184 498,453,819 58,480,001 564,196,225 0
D2 031 484,996,329 411,492,289 37,520,166 474,577,847 599,096
D2 032 650,963,270 588,681,039 37,680,001 640,863,341 375,629
D2 033 949,087,700 899,846,594 37,680,001 941,670,329 418,576
D2 036 652,367,566 607,441,569 37,680,001 648,867,311 360,291
D2 041 484,735,515 418,757,179 37,553,010 475,422,381 887,888
D2 042 650,664,039 587,119,183 37,680,001 636,952,776 382,855
D2 043 948,728,190 899,529,862 37,680,001 937,687,552 395,104
D3 027 1,920,855,345 1,849,812,212 20,800,000 1,906,039,779 0

Table 5: Performance on 1,576-bus cases from event 3 with and without the energy restriction included
in the final subproblem objective. The SOC upper bound, feasible solution objective, and energy penalty
are shown.

cases increases from 19 to 66. Relative to fixed injection, the ramping restriction increases the objective

for feasible cases by an average of 3.09% with a maximum improvement of 2.6x. The total objective

improvement across all cases (including infeasible cases) is 12.68%.

7.4.2 Analysis of the Energy Limit Restriction

Even with the energy limit penalty ignored in the final subproblems, none of the test cases incur any

penalty at our reported solution. To demonstrate the benefit of the restriction, we consider 9 cases on

the 1,576-bus network, taken from the third event of GOC3. These are the only cases from this event

that have nonzero energy limit penalty in our reported solution when the penalty is ignored in the final

subproblems. In these 9 cases, including the energy limit penalty restriction in the final objective reduces

the total penalty
∑

j∈J sd Ce
j (p) by an average of 98.99% and improves the solution objective by an average

of 8.68%. Table 5 shows the solution objectives and penalty contributions for these cases.

7.4.3 Analysis of the Second-Order Cone Relaxation

The main benefit of the SOC relaxation is to reduce the computational cost of each iteration. We quantify

this benefit by comparing the solve time of the final models ZF
t , which contain exact nonconvex ACOPF

constraints, to that of the SOC relaxations Z
T
t . Although the final models differ in other areas, including

the ramping restriction and fixing of the unit commitment variables, the comparison indicates the relative

scale of the runtimes. Figure 3 shows that the time spent on 10 iterations of the SOC models is on the

same order as the time spent on the final supbroblems. Comparing the time to solve the first-iteration

SOC models (which have penalty coefficient ρ = 0) against the final subproblems, we find that the SOC

models solve on average 76.62% faster than the AC models. Across all cases, the total time spent on the

first SOC iteration is 88.92% less than time spent on the final subproblems. This indicates that the SOC

relaxation yields large reductions in solve times and that the reduction is more significant in cases with

long solve times. The speed-up allows more iterations to be run and permits large cases to be solved

within the time limits.
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The quality of the SOC relaxation can be observed from the results in Section 7.2, which demonstrate

the existence of AC-feasible solutions with small optimality gaps relative to the dual bounds. As these

bounds are derived from the SOC relaxation, small gaps suggest that this relaxation does not significantly

reduce accuracy relative to the AC model.

7.4.4 Analysis of the Contingency Screening Heuristic

We compare the final solution from Algorithm 3 to the solution (pF, qF, uF) generated by the contingency-

free final subproblems in step 11 of the algorithm. Figure 1 plots an empirical cumulative distribution

function for the optimality gap of these contingency-free solutions. Per Table 3, 39% of reported solutions

for the full algorithm already are from the contingency-free solve. For the remaining cases, Figure 1

shows improvement in the gap when contingencies are considered. In cases where contingency screening

is completed, the post-contingency solutions improve the total objective by an average of 0.45% and

reduce the value of the contingency penalty
∑

t∈T Cctg
t (p, q) by an average of 24.45%. Across all cases, the

post-contingency solutions reduce the total contingency penalty by 71.47%. These results demonstrate

that contingency screening eliminates most high-impact contingency costs.

7.5 Differences from GO Competition Evaluation

The GOC3 test cases allow for some AC branches to be dynamically switched off. In this work, we

describe our algorithm and evaluate its performance in a switching-free environment, where all lines

remain on. We convert all cases to a switching-free version, and duplicate cases (included in the dataset

with and without switching) are consolidated.

GOC3 evaluated software from 14 teams. For reproducibility, we compare only against the open-source

benchmark solver (Parker and Coffrin 2024). Elbert et al. (2024b) provide the results of an independent

evaluation of submissions from every team, including the solver described in this work. These results

include additional experiments on a 6,708-bus network generated from industry data that was not released

publicly and a 23,643-bus network withheld from this work due to binding memory constraints.

8 Conclusion

In this paper, we demonstrate that high-quality solutions to realistic industry-scale SCUC-ACOPF prob-

lems can be found within stringent time limits. We present a decomposition scheme that separates the

SCUC-ACOPF problem into a set of device-level mixed-integer linear programs and a set of temporally-

separate nonlinear programs. We apply a penalty alternating direction method to this decomposition

and prove its convergence. We introduce a number of heuristics to improve the solution quality and

computational cost of the algorithm, including restrictions of time-coupling constraints, a second-order

cone relaxation, and a contingency screening algorithm. The algorithm tailored with these heuristics

demonstrates superior performance on large-scale test cases and satisfies strict time limits, identifying

near-optimal solutions relative to a dual bound.
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A Appendix

This appendix is organized as follows. Section A.1 provides a formulation for the feasible region of device-

level unit commitment decisions. Section A.2 describes the feasible region for device-level real power and

reserve decisions. Section A.3 defines generalized shift factors and describes the scheme for efficiently

computing them across contingencies. Section A.4 introduces compact notation for the temporally-

decomposed subproblems, which is used in analysis. Section A.5 gives a pair of relevant technical lemmas.

Section A.6 provides proofs of our results.

A.1 Device-Level Unit Commitment Constraints

In this section, we describe the constraints which define the sets X u
j . These constraints are as follows:

uonjt = 1 ∀j ∈ J sd, t ∈ T mr
j , (A.1a)

uonjt = 0 ∀j ∈ J sd, t ∈ T mo
j , (A.1b)

usujt ≤ 1−
∑

t′∈T dn,min
jt

usdjt′ ∀j ∈ J sd, t ∈ T , (A.1c)

usdjt ≤ 1−
∑

t′∈T up,min
jt

usujt′ ∀j ∈ J sd, t ∈ T , (A.1d)

∑
t∈W

usujt ≤ usu,max
j (W ) ∀j ∈ J sd, W ∈ Wsu,max

j . (A.1e)

Constraints (A.1a)–(A.1b) enforce must-run and must-outage requirements, where T mr
j (resp. T mo

j ) gives

the set of time periods during which device j must be on (resp. off). Constraints (A.1c)–(A.1d) enforce

minimum downtime and uptime requirements, and (A.1e) limits the number of device startups over some

time interval. The sets T dn,min
jt (resp. T up,min

jt ) contain prior time periods t′ < t within the minimum

downtime (resp. uptime) ranges relative to period t for device j. A set W ∈ Wsu,max
j is a set of time

periods subject to a startup limit (W ⊆ T ), and usu,max
j (W ) gives the corresponding limit. From these

constraints, we define X u
j := {{uonjt , usujt , usdjt}t∈T : (A.1)} for all j ∈ J sd, relying on the separability of

the constraints over devices.

A.2 Device-Level Real Power and Reserve Constraints

Here, we detail the device-level real power constraints of the sets X p
jt. We consider three reserve categories:

up-reserve products for online devices, down-reserve products for online devices, and up-reserve products

for offline devices. We let Ron↑, Ron↓, and Roff↑ be the subsets of R containing products assigned

to the three categories. These reserve subsets are totally ordered on the quality of the product, e.g.,

Regulation > Synchronized > Ramping for elements of Ron↑. For a complete description of modeled

reserve products, see Holzer et al. (2024a). Real power injection and reserve products are constrained by

the following logic:∑
r′∈Ra
r′≥r

presjtr′ ≤ pres,max
jr uonjt ∀a ∈ {on ↑, on ↓}, j ∈ J sd, t ∈ T , r ∈ Ra, (A.2a)
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∑
r′∈Roff↑
r′≥r

presjtr′ ≤ pres,max
jr (1− uonjt ) ∀j ∈ J sd, t ∈ T , r ∈ Roff↑, (A.2b)

ponjt ≤ pmax
jt uonjt −


∑

r∈Ron↑

presjtr if j ∈ J pr

∑
r∈Ron↓

presjtr if j ∈ J cs
∀j ∈ J sd, t ∈ T , (A.2c)

ponjt ≥ pmin
jt uonjt +


∑

r∈Ron↓

presjtr if j ∈ J pr

∑
r∈Ron↑

presjtr if j ∈ J cs
∀j ∈ J sd, t ∈ T , (A.2d)

ptotjt ≤ pmax
jt (1− uonjt )−

∑
r∈Roff↑

presjtr ∀j ∈ J sd, t ∈ T . (A.2e)

Constraints (A.2a)–(A.2b) enforce absolute limits on reserve products, where pres,max
jr gives the maximum

quantity of reserves at least as good as product r. Whether a device can provide a reserve product

depends on if the device has the appropriate commitment status for the reserve category. Constraints

(A.2c)–(A.2e) enforce reserve limits relative to dispatched real power. The parameters pmax
jt and pmin

jt

give maximum and minimum total real power. These limits count reserves that cut into headroom to the

minimum or maximum; that is, reserve products that could increase real power injection count against

maximum power, and those that decrease injection against the minimum. Whether a product increases

or decreases power injection depends on whether the device produces or consumes power. We define

X p
jt := {(uonjt , ptotjt , p

on
jt , {presjtr}r∈R) : (A.2)} for all j ∈ J sd and t ∈ T . This construction relies on the

separability of the constraints over devices and time.

A.3 Generalized Shift Factors and Fast Contingency Evaluation

This section defines the generalized shift factors Fkji for any connected subnetwork J ⊆ J ac.

Let M ∈ R|I|×|J ac| be the bus-branch incidence matrix, where

Mij =


1 if ij = i

−1 if i′j = i

0 otherwise.

Let B(J ) ∈ R|J ac|×|J ac| be the diagonal branch susceptance matrix, where

B(J )jj =

−bj if j ∈ J

0 otherwise.

Under the DC approximation, the real power flows pfl ∈ R|J ac| over AC branches are computed as a linear

function of the bus phase angles θ ∈ R|I|:

pfl = B(J )MTθ.
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For simplicity, we ignore the dependence on phase shifts ϕ. Then, given a vector of net nodal real power

injections pinj ∈ R|I|, nodal power balance requires

pinj = Mpfl = MB(J )MTθ.

The matrix MB(J )MT is the bus admittance matrix. For some reference bus i0 ∈ I, we construct

H(J )ii′ =


(MB(J )MT)ii′ if i0 ̸∈ {i, i′}

1 if i = i′ = i0

0 otherwise.

If the branches J form a connected network, H(J ) is invertible. Feasible bus angles can then be computed

by inverting H(J ) and setting θi0 = 0; that is,

θ = SH(J )−1pinj,

where S = I − ei0e
T
i0

sets the i0-th entry to 0. Here, I denotes the identity matrix and ei0 is the i0-th

standard basis vector. Now, the real power flows are given by

pfl = B(J )MTSH(J )−1pinj.

The coefficient (B(J )MTSH(J )−1)ji gives the GSF from bus i to line j under network J . Therefore,

the GSF from bus i to line j under contingency k is defined by

Fkji := (B(J ac \ {jk})MTSH(J ac \ {jk})−1)ji.

Computing factors Fkji requires the inverse of matrixH(J ac\{jk}), which may be difficult to compute

for all contingencies k. Instead, we express this matrix as a rank-1 update to the matrix H(J ac). If

i0 ̸∈ {ijk , i′jk}, then
H(J ac \ {jk}) = H(J ac) + bjk(eijk − ei′jk

)(eijk − ei′jk
)T.

If i0 ∈ {ijk , i′jk}, a similar rank-1 update can be derived. We leverage this structure by first evaluating

H(J ac)−1, then computing H(J ac \ {jk})−1 for relevant k by the Sherman-Morrison formula (Hager

1989). This method for the efficient computation of GSFs across multiple contingencies is similar to that

of Holzer et al. (2024b).
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A.4 Stylized Notation for Temporally-Decomposed Subproblems

To aid in the analysis of Algorithm 1, we introduce a generic form of the models ZT
t (pt, qt, ut; ρ):

max
x,y,z

F (x, y, z)− ρΓ(x, x)

s.t. x ∈ X ,

y = Az(x),

z ∈ Z.

(A.3)

The objects that define this model have the following properties:

1. The feasible set of (A.3) is bounded with diameter D;

2. X is polyhedral;

3. Az is a linear function for all z ∈ Z;

4. F (x, y, z) is Lipschitz continuous with parameter L over the feasible set of (A.3), so that all ∇F ∈
∂F (x,Az(x), z) with x ∈ X and z ∈ Z satisfy ∥∇F∥2 ≤ L;

5. Penalty function Γ(x, x) = ∥E(x− x)∥22 where ETE = E; and

6. If (pj , qj , uj) ∈ X uc
j for all j ∈ J sd and ushjt ∈ X sh

jt for all j ∈ J sh and t ∈ T , then x ∈ X .

We demonstrate that, for any t ∈ T and solution (p, q, u), the model ZT
t (pt, qt, ut; ρ) is of the form

(A.3). Let

Z = {(pfrt , ptot , qfrt , q
to
t , vt) : ∃(∆t, θt, τt, ϕt) s.t. (5a)− (5f), (5i)− (5k)}

and

X =

(pt, qt, ut) \ (pfrt , ptot , psht , qfrt , q
to
t , qsht ) :

(pjt, qjt, u
on
jt ) ∈ Yuc

jt ∀j ∈ J sd,

ushjt ∈ Ysh
jt ∀j ∈ J sh

 ,

where we abuse the notation (pt, qt, ut)\(pfrt , ptot , psht , qfrt , q
to
t , qsht ) to represent the projection of the solution

(pt, qt, ut) onto all coordinates except the branch and shunt power flow variables. The variables x lie in

X and the variables z lie in Z. Let

Az(x) =

 gshj v2ijtu
sh
jt

∀j ∈ J sh

−bshj v2ijtu
sh
jt

 =

psht
qsht

 .

For fixed z, the function Az is linear in x as the variables vijt are contained in z and the variables ushjt
are contained in x. Any x ∈ X contains all the elements of (pt, qt, ut) except for branch and shunt power

flows, while y = Az(x) contains the shunt power flow variables (psht , qsht ). Any (x, y, z) with y = Az(x)

satisfies constraints (5g)–(5h).

Under these constructions, the feasible set of (A.3) corresponds to the feasible set of ZT
t , which is

bounded under Assumption 1. We call the diameter of this set D. Under Assumption 1, X is polyhedral

because the sets Yuc
jt and Ysh

jt are polyhedral.
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With the sets (X ,Z) and functions Az constructed in this way, any feasible (x, y, z) contains exactly

one copy of each variable in (pt, qt, ut). We define F (x, y, z) = RT
t (pt, qt), which is Lipschitz continuous

over any bounded domain. To ensure that all subgradients on the domain of (A.3) are properly bounded,

we define the constant L to be the Lipschitz constant of F over some bounded set that strictly contains

this domain.

We construct

x = (pt, qt, ut) \ (pfrt , ptot , psht , qfrt , q
to
t , qsht ),

and accordingly define

Γ(x, x) = ∥E(x− x)∥22 = Γ2(pt, qt, ut, pt, qt, ut),

where E is a diagonal matrix with an entry of 1 if the corresponding element of x is a copied variable

(i.e., penalized in Γ2) and an entry of 0 otherwise. This matrix clearly satisfies ETE = E. In the generic

form, x ∈ X contains every copied variable, so we can represent Γ2 as a function of Ex and Ex.

Finally, suppose that (pj , qj , uj) ∈ X uc
j for all j ∈ J sd and ushjt ∈ X sh

jt for all j ∈ J sh and t ∈ T . By

Lemma 1, it directly follows that x ∈ X . This demonstrates that ZT
t (pt, qt, ut; ρ) satisfies the structure

of problem (A.3).

A.5 Technical Lemmas

This section presents two technical lemmas that are used to prove results from the body of this pa-

per. Lemma A.1 bounds the magnitude of the penalty term for the device-level block subproblems by

the magnitude of the penalty term from the previous iteration solution to the temporally-decomposed

block subproblems. Lemma A.2 establishes a fundamental property on translating the limit point of a

convergent sequence contained in a polyhedron.

Lemma A.1. Let (p(τ), q(τ), u(τ), p(τ), q(τ), u(τ)) be a sequence of iterates generated by Algorithm 1, where

the subproblems ZJ
j are solved to global optimality. Let R be the same constant as in the statement of

Theorem 1. Then,

Γ1(p
(τ), q(τ), u(τ), p(τ), q(τ), u(τ)) ≤ R

ρτ
+ Γ1(p

(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1)) ∀τ ∈ [[τ ]] \ {1}.

Proof. Take any j ∈ J sd and iteration τ > 1. Then, (p
(τ)
j , q

(τ)
j , u

(τ)
j ) is globally optimal for

ZJ
j (p

(τ)
j , q

(τ)
j , u

(τ)
j ; ρτ ). Under Assumption 1, the variables which appear in the objective function RJ

j have

bounded domain, so Rj ≤ RJ
j (p, u) ≤ Rj for some bounds (Rj , Rj) and the constants Rj = Rj −Rj used

to define R are well defined.

As the feasible region of ZJ
j does not change between iterations, (p

(τ−1)
j , q

(τ−1)
j , u

(τ−1)
j ) remains feasible.

Applying global optimality for the maximization, we have for all j ∈ J sd that

RJ
j (p

(τ−1)
j , u

(τ−1)
j )− ρτΓ

′
1(p

(τ)
j , q

(τ)
j , u

(τ)
j , p

(τ−1)
j , q

(τ−1)
j , u

(τ−1)
j )

≤ RJ
j (p

(τ)
j , u

(τ)
j )− ρτΓ

′
1(p

(τ)
j , q

(τ)
j , u

(τ)
j , p

(τ)
j , q

(τ)
j , u

(τ)
j ).
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Additionally, for j ∈ J sh, we have that

ρτ

∥∥∥ush(τ)j − u
sh(τ−1)
j

∥∥∥
1
≥ ρτ

∥∥∥ush(τ)j − u
sh(τ)
j

∥∥∥
1

by definition of subproblems ZSH
j . These properties yield the relation

ρτΓ1(p
(τ), q(τ), u(τ), p(τ), q(τ), u(τ))

= ρτ

 ∑
j∈J sd

Γ′
1(p

(τ)
j , q

(τ)
j , u

(τ)
j , p

(τ)
j , q

(τ)
j , u

(τ)
j ) +

∑
j∈J sh

∥∥∥ush(τ)j − u
sh(τ)
j

∥∥∥
1


≤

∑
j∈J sd

(
RJ

j (p
(τ)
j , u

(τ)
j )−RJ

j (p
(τ−1)
j , u

(τ−1)
j ) + ρτΓ

′
1(p

(τ)
j , q

(τ)
j , u

(τ)
j , p

(τ−1)
j , q

(τ−1)
j , u

(τ−1)
j )

)
+ ρτ

∑
j∈J sh

∥∥∥ush(τ)j − u
sh(τ−1)
j

∥∥∥
1

≤
∑

j∈J sd

Rj + ρτΓ1(p
(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1))

where the first line follows from the definitions of Γ1 and Γ′
1, the second from global optimality for ZJ

j

and ZSH
j , and the third from the objective function bounds and again the definitions of Γ1 and Γ′

1. As

R =
∑

j∈J sd Rj , this proves the result.

Lemma A.2. Let X be a polyhedron with {x∗, x̃} ∈ X . Consider a sequence {xi}∞i=1 ⊂ X such that

limi→∞ xi = x∗. Then, there exists some {λi}∞i=1 ⊂ R≥ such that the sequence x̃i := xi + λi(x̃ − x∗)

satisfies {x̃i}∞i=1 ⊂ X and limi→∞ x̃i = x̃.

Proof. Define (A, b) with A ∈ Rm×n and b ∈ Rm such that X = {x : Ax ≤ b}. Let M := {j ∈ [[m]] :

aTj (x̃− x∗) > 0}, where aj is the j-th row of matrix A. We define a sequence of multipliers λi by

λi :=

min

{
min
j∈M

bj−aTj xi

aTj (x̃−x∗)
, 1

}
if M ̸= ∅

1 if M = ∅.

These multipliers yield the sequence of iterates x̃i := xi + λi(x̃− x∗). Note that aTj xi ≤ bj as xi ∈ X and

aTj (x̃− x∗) > 0 for j ∈ M , so λi ≥ 0.

First, we establish that the sequence x̃i lies in X . Consider some index i. For j ∈ [[m]] \M ,

aTj x̃i = aTj xi + λia
T
j (x̃− x∗) ≤ aTj xi ≤ b,

as λi ≥ 0 and aTj (x̃− x∗) ≤ 0. For j ∈ M , we have that λi ≤
bj−aTj xi

aTj (x̃−x∗)
and aTj (x̃− x∗) > 0, so

aTj x̃i = aTj xi + λia
T
j (x̃− x∗)

≤ aTj xi +

(
bj − aTj xi

aTj (x̃− x∗)

)
aTj (x̃− x∗)

= bj .
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These results demonstrate that Ax̃i ≤ b for all i, and thus {x̃i}∞i=1 ⊂ X .

Next, we consider the limit of the iterates λi. If M = ∅, clearly limi→∞ λi = 1. Otherwise,

lim
i→∞

λi = lim
i→∞

min

{
min
j∈M

bj − aTj xi

aTj (x̃− x∗)
, 1

}

= min

{
min
j∈M

lim
i→∞

bj − aTj xi

aTj (x̃− x∗)
, 1

}

= min

{
min
j∈M

bj − aTj x
∗

aTj (x̃− x∗)
, 1

}

≥ min

{
min
j∈M

bj − aTj x
∗

bj − aTj x
∗ , 1

}
= 1,

where the second line follows from continuity of the min function, the third line from the convergence

of {xi}∞i=1 to x∗, and the fourth from the feasibility of x̃ and x∗ for X . As λi ≤ 1, we have shown that

limi→∞ λi = 1. Therefore, limi→∞ x̃i = x∗ + (x̃− x∗) = x̃.

A.6 Proofs of Results

Proof of Lemma 1

Proof. We first consider property 1. Consider some j ∈ J sd and (pj , qj , uj) ∈ X uc
j . By Assumption 1,

such a uj satisfies (6). Further, (uj , pj , qj) satisfy (2)–(3) by definition of X uc
j . As psupcjtt′ ≥ 0, we have by

(2b) that

psujt =
∑

t′∈T supc
jt

psupcjtt′ u
su
jt′ ≥ 0,

and thus (7a) is satisfied. Similarly, we see that (7b) holds. Therefore, with certificate (usuj , usdj ), it holds

that (pjt, qjt, u
on
jt ) ∈ Yuc

jt for all t ∈ T , proving property 1. Next, consider property 2. Clearly, as any

ushjt ∈ X sh
jt satisfies (5l), ushjt ∈ [ush,min

j , ush,max
j ] and thus ushjt ∈ Ysh

jt .

Proof of Proposition 1

Proof. We will prove that feasible solutions for each model can be mapped to feasible solutions for the

other model with the same objective value and the same values for the copied variables.

First, consider a feasible solution (p, q, u, v,∆, θ, τ, ϕ) for (SCUC-ACOPF). Define (p, q, u) = (p, q, u).

By this definition, the last constraint of (COPY) is satisfied for solution (p, q, u, p, q, u) and the copied

variables have the same values in both solutions. As (p, q, u, v,∆, θ, τ, ϕ) satisfies (5), it holds that

(pt, qt, u
sh
t ) ∈ X ac

t for all t ∈ T . Additionally, for all j ∈ J sh and t ∈ T , it holds that ushjt = ushjt ∈
X sh
jt ⊆ Ysh

jt by Lemma 1. Similarly, as (p, q, u) satisfy (1)–(4), for all j ∈ J sd it holds that (pj , qj , uj) =

(pj , qj , uj) ∈ X uc
j and further, by Lemma 1, (pjt, qjt, u

on
jt ) ∈ Yuc

jt for all t ∈ T . This demonstrates that

(p, q, u, p, q, u) is feasible for (COPY). Considering the objective,
∑

t∈T RT
t (pt, qt) +

∑
j∈J sd RJ

j (pj , uj) =
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∑
t∈T RT

t (pt, qt) +
∑

j∈J sd RJ
j (pj , uj), and the solutions have the same objective value in their respective

models.

Next, consider a feasible solution (p, q, u, p, q, u) for (COPY). First, ushjt ∈ X sh
jt for all j ∈ J sh and

t ∈ T and thus satisfies (5l). By the copy constraints, ush = ush. Then, (pt, qt, u
sh
t ) = (pt, qt, u

sh
t ) ∈ X ac

t

for all t ∈ T and we can construct a corresponding solution (vt,∆t, θt, τt, ϕt) such that constraints (5a)–

(5k) are satisfied by the solution (p, q, u, v,∆, θ, τ, ϕ). In the remainder of the proof, we refer to this

solution as the candidate solution.

The candidate solution is constructed so that the copied variables have the same values as in

(p, q, u, p, q, u). As (pj , qj , uj) ∈ X uc
j for all j ∈ J sd, these variables satisfy (1)–(4). As constraints (1) only

contain variables u, the candidate solution satisfies these constraints. By the copy constraints, psu = psu

and psd = psd, so (p, u) satisfies constraints (2b)–(2c). For the remaining constraints in (2), specifically

(2a), (2d), and (2e), note that (pjt, qjt, u
on
jt ) ∈ Yuc

jt , so there are some (ũsuj , ũsdj ) that allow (p, uon) to

be feasible for (2). These remaining constraints depend on u only through uon and do not contain ũsu

or ũsd. As uon = uon by the copy constraints, (p, u) also satisfies (2). As the copy constraints enforce

(ptot, qtot, qres) = (ptot, qtot, qres), the solution (p, q, u) satisfies constraints (3) because constraints (3) de-

pend on (p, q) only through (ptot, qtot, qres). Similarly, again as ptot = ptot, the solution (p, q, u) satisfies

constraints (4).

Therefore, the candidate solution (p, q, u, v,∆, θ, τ, ϕ) is feasible for (SCUC-ACOPF). Comparing the

objective, the terms in RJ
j that contain variable p are Rpow

jt , Cpow
jt , and Ce

j , all of which only contain

variables ptot. As the copy constraint enforces ptot = ptot, it holds that RJ
j (pj , uj) = RJ

j (pj , uj). Then,∑
t∈T RT

t (pt, qt) +
∑

j∈J sd RJ
j (pj , uj) =

∑
t∈T RT

t (pt, qt) +
∑

j∈J sd RJ
j (pj , uj) and the solutions have the

same objective value in their respective models.

Proof of Proposition 2

Proof. Under Assumption 1, there exists some solution (p̃, q̃, ũ, ṽ, ∆̃, θ̃, τ̃ , ϕ̃) that is feasible for

(SCUC-ACOPF). Take any (p, q, u) such that (pj , qj , uj) ∈ X uc
j for all j ∈ J sd and ushjt ∈ X sh

jt for all

j ∈ J sh and t ∈ T . We construct the solution (p, q, u) by the following rules. Take (pfr, pto, qfr, qto) =

(p̃fr, p̃to, q̃fr, q̃to) and u = u. Define pshjt = gshj ushjt ṽ
2
ijt

and qshjt = −bshj ushjt ṽ
2
ijt

for all j ∈ J sh and t ∈ T . All

other values in (p, q) take the corresponding values from (p, q).

This construction ensures that the solution (p, q, u, p, q, u) is feasible for the copy constraints of

(COPY). Further, the set constraints applied to the variables (p, q, u) in (COPY) are satisfied by the se-

lection of (p, q, u). By Lemma 1, ushjt = ushjt ∈ X sh
jt ⊆ Ysh

jt for all j ∈ J sh and t ∈ T and (pjt, qjt, u
on
jt ) ∈ Yuc

jt

for all j ∈ J sd and t ∈ T . As u = u satisfies (1), by Assumption 1, u satisfies (6). Further, as (p, q, u)

does not differ from (p, q, u) in the variables that appear in constraints (2)–(3) and (7), we conclude that

(pjt, qjt, u
on
jt ) ∈ Yuc

jt for all j ∈ J sd and t ∈ T .

Now, consider the solution (pt, qt, u
sh
t , ṽt, ∆̃t, θ̃t, τ̃t, ϕ̃t). The components of (p, q) which appear in

constraints (5a)–(5k), namely (pfr, pto, psh, qfr, qto, qsh) are constructed to ensure feasibility for these con-

straints with respect to this solution. As a result, we see that (pt, qt, u
sh
t ) = (pt, qt, u

sh
t ) ∈ X ac

t for all

t ∈ T . This shows that (p, q, u, p, q, u) is feasible for (COPY).
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Proof of Theorem 1

Proof. To prove the first result, consider any iteration τ > 1 and time period t ∈ T . We analyze the

generic form (A.3) of the model ZT
t (p

(τ−1)
t , q

(τ−1)
t , u

(τ−1)
t ; ρτ ).

Let the polyhedron X be described by (B, b), so that X = {x : Bx ≤ b}. Let (x, y, z) be a stationary

point of (A.3), in that it satisfies the Karush-Kuhn-Tucker (KKT) conditions. There must exist some

(λ1, λ2) such that (x, y, z) satisfies the following conditions, which are a subset of the KKT conditions:

0 ∈ −

[
∂x(F (x, y, z)− ρΓ(x, x))

∂yF (x, y, z)

]
+

[
B

0

]T
λ1 +

[
A(z)

−I

]T
λ2, (A.4a)

λT
1 (b−Bx) = 0, (A.4b)

λ1 ≥ 0, (A.4c)

where I represents the identity matrix and A(z) gives the matrix form of the linear map Az. Note that

∂x(F (x, y, z) − ρΓ(x, x)) = ∂xF (x, y, z) − ρ∇xΓ(x, x) as Γ is a smooth function (Rockafellar and Wets

2009, Exercise 8.8).

Fix (λ1, λ2) that satisfies (A.4) and denote by ∇F ∈

[
∂xF (x, y, z)

∂yF (x, y, z)

]
the (partial) subgradient of F at

(x, y, z) that satisfies (A.4a); that is,

∇F =

[
2ρE(x− x) +BTλ1 +A(z)Tλ2

−λ2

]
.

Observe that the iterates (p
(τ−1)
j , q

(τ−1)
j , u

(τ−1)
j ) are feasible for the subproblems ZJ

j for all j ∈ J sd

and u
sh(τ−1)
jt are feasible for ZSH

jt for all j ∈ J sh. Therefore, x ∈ X by the structure of model (A.3). With

y = A(z)x, we have that (x, y, z) is feasible for (A.3).

By the above properties,

∇FT

[
x− x

y − y

]
=

[
2ρE(x− x) +BTλ1 +A(z)Tλ2

−λ2

]T [
x− x

y − y

]
= 2ρ(x− x)TET(x− x) + λT

1B(x− x) + λT
2 (A(z)(x− x)− (y − y))

= 2ρ(x− x)TET(x− x) + λT
1 (b−Bx)

≥ 2ρ(x− x)TET(x− x)

= 2ρ(x− x)TETE(x− x) = 2ρ ∥E(x− x)∥22 .

where the third relation follows from (A.4b) and the definitions [y, y] = A(z)[x, x], the fourth relation

follows from the feasibility of x for X and (A.4c), and the fifth relation follows from the property ETE =

E.

We note that ∥∇F∥2 ≤ L, and that (x, y, z) and (x, y, z) are feasible for (A.3), so

2ρ ∥E(x− x)∥22 ≤ ∇FT

[
x− x

y − y

]
≤ ∥∇F∥2

∥∥∥∥∥
[
x− x

y − y

]∥∥∥∥∥
2

≤ LD,
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where the second relation follows from the Cauchy-Schwarz inequality. Therefore, Γ(x, x) = ∥E(x− x)∥22 ≤
LD
2ρ .

We now apply this result to the problems ZT
t (p

(τ−1)
t , q

(τ−1)
t , u

(τ−1)
t ; ρτ ) in each period t ∈ T , where

the feasible region diameters are given by Dt and the Lipschitz constants by Lt. Recall that d is the

number of copied variables. By the separability of Γ2 and the standard inequality relating the L1 and L2

norm in Rd,

Γ1(p
(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1))

≤
√
dΓ2(p(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1))

=

√
d
∑
t∈T

Γ2(p
(τ)
t , q

(τ)
t , u

(τ)
t , p

(τ−1)
t , q

(τ−1)
t , u

(τ−1)
t )

≤

√∑
t∈T dLtDt

2ρτ
.

This proves the first result.

Now, we consider the second result. It holds that

Γ1(p
(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1))

≤ Γ1(p
(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1)) + Γ1(p

(τ), q(τ), u(τ), p(τ), q(τ), u(τ))

≤ 2Γ1(p
(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1)) +

R

ρτ

≤ R

ρτ
+

√
2
∑

t∈T dLtDt

ρτ
,

where the first inequality follows from the triangle inequality, the second from Lemma A.1, and the third

from the first result of this theorem. This application of Lemma A.1 requires the global optimality of

subproblems ZJ
j . This proves the second result.

Last,

Γ1(p
(τ+1), q(τ+1), u(τ+1), p(τ), q(τ), u(τ))

≤ Γ1(p
(τ+1), q(τ+1), u(τ+1), p(τ), q(τ), u(τ)) + Γ1(p

(τ), q(τ), u(τ), p(τ), q(τ), u(τ))

≤

√∑
t∈T dLtDt

2ρτ+1
+

R

ρτ
+ Γ1(p

(τ), q(τ), u(τ), p(τ−1), q(τ−1), u(τ−1))

≤ R

ρτ
+

√
2
∑

t∈T dLtDt

min{ρτ , ρτ+1}

where the first inequality follows from the triangle inequality and the remaining inequalities follow from

the first result of this theorem and Lemma A.1. This proves the third result.

Proof of Theorem 2

Proof. Consider some limit point (p∗, q∗, u∗, p∗, q∗, u∗) of the sequence (p(τ), q(τ), u(τ), p(τ), q(τ), u(τ)) gen-

erated by Algorithm 1, and let {τi}∞i=1 give the subsequence of indices which converge to this limit point.
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We first demonstrate that this point is feasible for (COPY). By Lemma A.1 and Theorem 1,

0 ≤ lim
i→∞

Γ1(p
(τi), q(τi), u(τi), p(τi), q(τi), u(τi))

≤ lim
i→∞

R

ρτi
+ Γ1(p

(τi), q(τi), u(τi), p(τi−1), q(τi−1), u(τi−1))

≤ lim
i→∞

R

ρτi
+

√
C

2ρτi
= 0.

As Γ1 is continuous, this gives that

Γ1(p
∗, q∗, u∗, p∗, q∗, u∗) = lim

i→∞
Γ1(p

(τi), q(τi), u(τi), p(τi), q(τi), u(τi)) = 0.

This is equivalent to

(ptot∗, psu∗, psd∗, qtot∗, qres∗, uon∗, ush∗) = (ptot∗, psu∗, psd∗, qtot∗, qres∗, uon∗, ush∗),

and thus the limit point satisfies the copy constraint of (COPY).

Algorithm 1 guarantees that the solution (p
(τi)
t , q

(τi)
t , u

(τi)
t ) is feasible for ZT

t for all t ∈ T , the solution

(p
(τi)
j , q

(τi)
j , u

(τi)
j ) is feasible for ZJ

j for all j ∈ J sd, and u
sh(τi)
jt is feasible for ZSH

jt for all j ∈ J sh and t ∈ T .

Under Assumption 1, the subproblem feasible regions are closed, and thus the limit (p∗, q∗, u∗, p∗, q∗, u∗)

is contained in the appropriate sets. This demonstrates that the limit point is feasible for (COPY).

Next, we show that the limit point is optimal for (COPY) with the first variable block (p, q, u) fixed

to (p∗, q∗, u∗). Consider the model (COPY) with the additional constraint that (p, q, u) = (p∗, q∗, u∗),

which can be written as

max
p,q,u

∑
t∈T

RT
t (p

∗
t , q

∗
t ) +

∑
j∈J sd

RJ
j (pj , uj)

s.t. (pj , qj , uj) ∈ X uc
j ∀j ∈ J sd,

ptot = ptot∗, psu = psu∗, psd = psd∗, qtot = qtot∗, qres = qres∗, uon = uon∗, ush = ush∗.

(A.5)

As above, (p∗, q∗, u∗) is feasible for this problem. Consider any feasible solution (p̃, q̃, ũ) to (A.5).

Theorem 1 implies that the maximum difference between the copied variables of (p(τ), q(τ), u(τ)) be-

comes arbitrarily small with increasing ρτ , i.e., the copied variables of the iterates form a Cauchy sequence.

Thus, the iterates converge to (p∗, q∗, u∗) in the copied variables. Binary variables admit only unit changes

in value, which implies that there is some iteration τ ′ after which the copied binary variables uon and ush

never deviate from their values uon∗ and ush∗ in the limit point. By constraints (1a)–(1b), and (1d), the

variables usu and usd are uniquely defined by uon, and therefore, after iteration τ ′, all binary variables in

solution u(τ) remain at their value in solution u∗. Similarly, as feasibility for (A.5) requires ũon = uon∗

and ũsh = ush∗, all binary variables in ũ have the same value as in u∗.

Define by

Zuc(u∗) := {(p, q, u) : u = u∗, (pj , qj , uj) ∈ X uc
j ∀j ∈ J sd}.
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Clearly, (p∗, q∗, u∗) ∈ Zuc(u∗). Also, by the logic above, (p̃, q̃, ũ) ∈ Zuc(u∗) and (p(τ), q(τ), u(τ)) ∈ Zuc(u∗)

for all τ ≥ τ ′. As all binary variables are fixed, Zuc(u∗) is polyhedral under Assumption 1.

Consider some subsequence of {τi}∞i=1, denoted by {τ ′i}∞i=1, such that τ ′1 ≥ τ ′. We apply Lemma A.2 to

polyhedron Zuc(u∗), solutions (p∗, q∗, u∗) and (p̃, q̃, ũ), and sequence (p(τ
′
i), q(τ

′
i), u(τ

′
i)). Denote by {λi}∞i=1

a sequence of multipliers that satisfies the statement of Lemma A.2. We then define

(p̃(τ
′
i), q̃(τ

′
i), ũ(τ

′
i)) = (p(τ

′
i), q(τ

′
i), u(τ

′
i)) + λi((p̃, q̃, ũ)− (p∗, q∗, u∗)).

By application of Lemma A.2, the sequence (p̃(τ
′
i), q̃(τ

′
i), ũ(τ

′
i)) is feasible for Zuc(u∗) and thus is feasible

for subproblems ZJ
j , and has limi→∞(p̃(τ

′
i), q̃(τ

′
i), ũ(τ

′
i)) = (p̃, q̃, ũ).

By feasibility for (A.5), it holds that solutions (p̃, q̃, ũ) and (p∗, q∗, u∗) have the same values for the

copied variables (which appear in Γ1), and thus (p̃(τ
′
i), q̃(τ

′
i), ũ(τ

′
i)) and (p(τ

′
i), q(τ

′
i), u(τ

′
i)) have the same

values in those variables for all i. As a result, for all i ∈ Z≥ and j ∈ J sd and any solution (pj , qj , uj),

Γ′
1(pj , qj , uj , p

(τ ′i)
j , q

(τ ′i)
j , u

(τ ′i)
j ) = Γ′

1(pj , qj , uj , p̃
(τ ′i)
j , q̃

(τ ′i)
j , ũ

(τ ′i)
j ).

To conclude, we observe that∑
j∈J sd

RJ
j (p

∗
j , u

∗
j ) = lim

i→∞

∑
j∈J sd

RJ
j (p

(τ ′i)
j , u

(τ ′i)
j )

= lim
i→∞

∑
j∈J sd

RJ
j (p

(τ ′i)
j , u

(τ ′i)
j )−

ρτ ′i

(
Γ′
1(p

(τ ′i)
j , q

(τ ′i)
j , u

(τ ′i)
j , p

(τ ′i)
j , q

(τ ′i)
j , u

(τ ′i)
j )− Γ′

1(p
(τ ′i)
j , q

(τ ′i)
j , u

(τ ′i)
j , p̃

(τ ′i)
j , q̃

(τ ′i)
j , ũ

(τ ′i)
j )

)
≥ lim

i→∞

∑
j∈J sd

RJ
j (p̃

(τ ′i)
j , ũ

(τ ′i)
j )−

ρτ ′i

(
Γ′
1(p

(τ ′i)
j , q

(τ ′i)
j , u

(τ ′i)
j , p̃

(τ ′i)
j , q̃

(τ ′i)
j , ũ

(τ ′i)
j )− Γ′

1(p
(τ ′i)
j , q

(τ ′i)
j , u

(τ ′i)
j , p̃

(τ ′i)
j , q̃

(τ ′i)
j , ũ

(τ ′i)
j )

)
= lim

i→∞

∑
j∈J sd

RJ
j (p̃

(τ ′i)
j , ũ

(τ ′i)
j )

=
∑

j∈J sd

RJ
j (p̃j , ũj),

where the inequality follows from the global optimality of iterates (p(τ), q(τ), u(τ)) for subproblems ZJ
j .

This proves that the solution (p∗, q∗, u∗) is optimal for (A.5), and thus satisfies the global partial optimality

condition for its block.

Last, we consider the other block of variables and show that the limit point is optimal for (COPY)

with the second variable block (p, q, u) fixed to (p∗, q∗, u∗). We again analyze the generic form (A.3),

which has limit point (x∗, y∗, z∗, x∗, y∗, z∗) that corresponds to (p∗, q∗, u∗, p∗, q∗, u∗). Problem (COPY)
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with the additional constraint (p, q, u) = (p∗, q∗, u∗) can be written in this generic form as

max
x,y,z

∑
t∈T

Ft(xt, yt, zt) +
∑

j∈J sd

RJ
j (p

∗
j , u

∗
j )

s.t. xt ∈ Xt ∀t ∈ T ,

yt = Azt(xt) ∀t ∈ T ,

zt ∈ Zt ∀t ∈ T ,

Ext = Ex∗t ∀t ∈ T ,

(A.6)

where the objects (F,X ,Z) for each time period are now indexed by t, and Ext selects the variables

which appear in the copy constraint. We prove the result by demonstrating that (x∗, y∗, z∗) is optimal

for (A.6).

Consider any (x̃, ỹ, z̃) feasible for (A.6). For each t ∈ T , we apply Lemma A.2 to polyhedron

Xt, solutions x∗t and x̃t, and sequence x
(τi)
t . Note that (x(τi), y(τi), z(τi)) corresponds to the sequence

(p(τi), q(τi), u(τi)). Denote by {λit}∞i=1 a sequence of multipliers that satisfies the statement of Lemma A.2.

We then define

x̃
(τi)
t = x

(τi)
t + λit(x̃t − x∗t ) and ỹ

(τi)
t = Az̃t(x̃

(τi)
t ).

By Lemma A.2, the sequence x̃
(τi)
t ∈ Xt, so (x̃

(τi)
t , ỹ

(τi)
t , z̃t) is feasible for (A.3) at time t and thus

for subproblem ZT
t . Note that this sequence holds the variables z̃t constant. Lemma A.2 gives that

limi→∞ x̃
(τi)
t = x̃t. As ỹt = Az̃t(x̃t) and Az̃t is continuous, limi→∞ ỹ

(τi)
t = ỹt.

By feasibility for (A.6), the solutions x̃t and x∗t have the same values for the copied variables Ext that

appear in penalty function Γ. As a result, x̃
(τi)
t and x

(τi)
t have the same values in these variables for all

i. Thus, for all i ∈ Z≥ and t ∈ T and any solution xt,

Γ(x
(τi)
t , xt) = Γ(x̃

(τi)
t , xt).

To conclude, we have that∑
t∈T

Ft(x
∗
t , y

∗
t , z

∗
t ) = lim

i→∞

∑
t∈T

Ft(x
(τi)
t , y

(τi)
t , z

(τi)
t )

= lim
i→∞

∑
t∈T

Ft(x
(τi)
t , y

(τi)
t , z

(τi)
t )− ρτi

(
Γ(x

(τi)
t , x

(τi−1)
t )− Γ(x̃

(τi)
t , x

(τi−1)
t )

)
≥ lim

i→∞

∑
t∈T

Ft(x̃
(τi)
t , ỹ

(τi)
t , z̃t)− ρτi

(
Γ(x̃

(τi)
t , x

(τi−1)
t )− Γ(x̃

(τi)
t , x

(τi−1)
t )

)
= lim

i→∞

∑
t∈T

Ft(x̃
(τi)
t , ỹ

(τi)
t , z̃t)

=
∑
t∈T

Ft(x̃t, ỹt, z̃t),

where the inequality follows from the global optimality of iterates (x
(τ)
t , y

(τ)
t , z

(τ)
t ) for subproblems ZT

t .

This demonstrates the optimality of (x∗, y∗, z∗) for (A.6), and therefore (p∗, q∗, u∗) satisfies the partial
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optimality condition for its block. This demonstrates that (p∗, q∗, u∗, p∗, q∗, u∗) is a partial optimum for

(COPY).

Proof of Proposition 3

Proof. Take any j ∈ J sd and (pj , qj , uj) such that (pj , qj , uj) ∈ X uc
j . For all t ∈ T , construct

δ−jt =
1

2
min

{
rdjt + (ptotjt − ptotj,t−1), ruj,t+1 − (ptotj,t+1 − ptotjt )

}
,

δ+jt =
1

2
min

{
rujt − (ptotjt − ptotj,t−1), rdj,t+1 + (ptotj,t+1 − ptotjt )

}
,

which satisfies (10d)–(10e) and

δ−jt + δ+j,t−1 ≤
1

2

(
rdjt + (ptotjt − ptotj,t−1) + rdjt + (ptotjt − ptotj,t−1)

)
= rdjt + (ptotjt − ptotj,t−1),

δ−j,t−1 + δ+jt ≤
1

2

(
rujt − (ptotjt − ptotj,t−1) + rujt − (ptotjt − ptotj,t−1)

)
= rujt − (ptotjt − ptotj,t−1).

The construction thus satisfies the constraints (10b)–(10c) and is feasible for (10).

Next, we demonstrate nonnegativity and boundedness. Consider any (δ−j , δ
+
j ) that satisfies (10b)–

(10e). Since (pj , qj , uj) satisfies the ramping constraints (4), we have−rdjt ≤ ptotjt −ptotj,t−1 ≤ rujt for all t ∈ T .

Then, constraints (10d)–(10e) imply nonnegativity. Constraint (10b) provides an upper bound on δ−jt.

Combining δ+j,t−1 ≥ 0 and (10b) gives that δ−jt ≤ rdjt + (ptotjt − ptotj,t−1). Similarly, from constraint (10c),

δ+jt ≤ rujt − (ptotjt − ptotj,t−1). Thus, the set of feasible (δ−jt, δ
+
jt) is bounded.

Proof of Proposition 4

Proof. Consider any (p, u, δ) that satisfies (10b)–(10c) for all j ∈ J sd. Take any p such that ptotjt satisfies

(9), i.e.,

ptotjt − δ−jt ≤ ptotjt ≤ ptotjt + δ+jt ∀j ∈ J sd, t ∈ T .

Constraints (9), (10b), and definition (10f) yield

ptotjt − ptotj,t−1 ≥ ptotjt − ptotj,t−1 − (δ−jt + δ+j,t−1) ≥ −rdjt = −dt

(
prdj uonjt + prd,sdj (1− uonjt )

)
,

and thus (p, u) satisfies (4a). Similarly, constraints (9), (10c), and definition (10g) yield

ptotjt − ptotj,t−1 ≤ ptotjt − ptotj,t−1 + δ−j,t−1 + δ+jt ≤ rujt = dt

(
pruj (uonjt − usujt ) + pru,suj (usujt − uonjt + 1)

)
,

and thus (p, u) satisfies (4b).
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Proof of Proposition 5

Proof. The result relies on the inequality [
∑

i xi]
+ ≤

∑
i[xi]

+ for any x. Then,

∑
t∈T

∑
W∈Wen,min

jt

dt

[
emin
j (W )−

∑
t′∈W dt′p

tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

]+

=
∑

W∈Wen,min
j

∑
t∈W

dt

[
emin
j (W )−

∑
t′∈W dt′p

tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

]+

≥
∑

W∈Wen,min
j

[∑
t∈W

dt

(
emin
j (W )−

∑
t′∈W dt′p

tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

)]+

=
∑

W∈Wen,min
j

[
emin
j (W )−

∑
t∈W

dtp
tot
jt

]+
.

The first relation follows from the definition of Wen,min
jt and the second from the aforementioned property

of [·]+ and nonnegativity of dt. Similarly, for the energy maximum terms,

∑
t∈T

∑
W∈Wen,max

jt

dt

[
−emax

j (W ) +
∑

t′∈W dt′p
tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

]+

=
∑

W∈Wen,max
j

∑
t∈W

dt

[
−emax

j (W ) +
∑

t′∈W dt′p
tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

]+

≥
∑

W∈Wen,max
j

[∑
t∈W

dt

(
−emax

j (W ) +
∑

t′∈W dt′p
tot
jt′∑

t′∈W dt′
+ ptotjt − ptotjt

)]+

=
∑

W∈Wen,max
j

[
−emax

j (W ) +
∑
t∈W

dtp
tot
jt

]+
.

Together, as ce ≥ 0, these properties yield the bound Ce
j (p) ≤

∑
t∈T C

e
jt(p; p).

Proof of Proposition 6

Proof. Consider t ∈ T and (pt, qt, u
sh
t ) ∈ X ac

t with ushjt ∈ Ysh
jt for all j ∈ J sh. Then, there is some solution

(vt,∆t, θt, τt, ϕt) such that this solution and (pt, qt, u
sh
t ) are feasible for (5a)–(5k). Construct the following

objects:

cjt =
vijtvi′jt

τjt
cos(∆jt), sjt =

vijtvi′jt

τjt
sin(∆jt), µjt =

v2ijt

τ2jt
∀j ∈ J ac,

ωit = v2it ∀i ∈ I, µsh
jt = ushjt v

2
ijt ∀j ∈ J sh.
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We consider the feasibility of the solution (ct, st, pt, qt, µt, ωt) for constraints (11). First, by (5b)–(5e) we

have for all j ∈ J ac that

gijjµjt − gjcjt − bjsjt =
gijjv

2
ijt

τ2jt
+

vijtvi′jt

τjt
(−gj cos(∆jt)− bj sin(∆jt)) = pfrjt,

gi′jjωi′jt
− gjcjt + bjsjt = gi′jjv

2
i′jt

+
vijtvi′jt

τjt
(−gj cos(∆jt) + bj sin(∆jt)) = ptojt ,

−bijjµjt + bjcjt − gjsjt =
−bijjv

2
ijt

τ2jt
+

vijtvi′jt

τjt
(bj cos(∆jt)− gj sin(∆jt)) = qfrjt,

−bi′jjωi′jt
+ bjcjt + gjsjt = −bi′jjv

2
i′jt

+
vijtvi′jt

τjt
(bj cos(∆jt) + gj sin(∆jt)) = qtojt .

Next, using (5g)–(5h), we have for all j ∈ J sh that

gshj µsh
jt = gshj ushjt v

2
ijt = pshjt and − bshj µsh

jt = −bshj ushjt v
2
ijt = qshjt .

This establishes that the solution satisfies constraints (11a)–(11f).

We now consider the remaining constraints. It holds for all j ∈ J ac that

c2jt + s2jt =
v2ijtv

2
i′jt

τ2jt

(
cos2(∆jt) + sin2(∆jt)

)
=

v2ijtv
2
i′jt

τ2jt
= µjtωi′jt

,

and (11g) holds. By constraint (5j), nonnegativity of τmin and τmax, and ωit = v2it ≥ 0,

ωijt

(τmax
j )2

≤
ωijt

τ2jt
= µjt =

ωijt

τ2jt
≤

ωijt

(τmin
j )2

,

and (11h) holds. By definition of Ysh
jt , for all j ∈ J sh we have ush,min

j ≤ ushjt ≤ ush,max
j . Thus,

ush,min
j ωijt ≤ ushjtωijt = ushjt v

2
ijt = µsh

jt = ushjt v
2
ijt = ushjtωijt ≤ ush,max

j ωijt,

again using ω ≥ 0, and (11i) is satisfied. For all i ∈ I, due to (5i) and (vmin, vmax) ≥ 0,

(vmin
i )2 ≤ v2it = ωit = v2it ≤ (vmax

i )2,

and (11j) holds. The solution trivially satisfies (11k). Therefore, (pt, qt, µt, ωt) ∈ X soc
t . By construction,

µsh
jt

ωijt
= ushjt for all j ∈ J sh and the result holds.

Proof of Proposition 7

Proof. Fix some j ∈ J sd and t ∈ T . First, consider a solution (pjt, qjt, u
on
jt ) ∈ Yuc

jt . Then, let (u
su
j , usdj ) ≥ 0

certify inclusion in Yuc
jt . Define

χsu
jt =

∑
t′∈T supc

jt

usujt′ and χsd
jt =

∑
t′∈T sdpc

jt

usdjt′ .
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By (6), we have uonjt +χsu
jt ≤ 1 and uonjt +χsd

jt ≤ 1. Using these properties and uonjt ≥ 0, we have χsu
jt ≤ 1 and

χsd
jt ≤ 1. Further, we have usujt′ ≥ 0, so χsu

jt ≥ 0. Similarly, χsd
jt ≥ 0. Thus, the solution (pjt, qjt, u

on
jt , χjt)

satisfies (12e)–(12g). By constraint (7a) and nonnegativity of usujt′ and psupcjtt′ ,

0 ≤ psujt ≤
∑

t′∈T supc
jt

psupcjtt′ u
su
jt′ ≤ max

t′∈T supc
jt

psupcjtt′

∑
t′∈T supc

jt

usujt′ = χsu
jt max

t′∈T supc
jt

psupcjtt′ ,

and thus the solution satisfies (12a). Similarly, constraint (7b) implies (12b). Next, let a =↑ if j ∈ J pr

and otherwise a =↓. By constraint (3a), we have

qtotjt ≤ qmax
jt

uonjt +
∑

t′∈T supc
jt

usujt′ +
∑

t′∈T sdpc
jt

usdjt′

+βmax
j ptotjt −qresjta = qmax

jt

(
uonjt + χsu

jt + χsd
jt

)
+βmax

j ptotjt −qresjta,

and (12c) is satisfied. Similarly, by (3b), we see that (12d) holds. Therefore, (pjt, qjt, u
on
jt , χjt) satisfies

constraints (12). As constraints (2a), (2d), (2e), and (3c) do not contain usujt and usdjt , the solution also

satisfies these constraints, and (pjt, qjt, u
on
jt , χjt) ∈ Yuc

jt .

In the other direction, take (pjt, qjt, u
on
jt ) such that (pjt, qjt, u

on
jt , χjt) ∈ Yuc

jt for some χjt. Let

t
su ∈ argmax

t′∈T supc
jt

psupcjtt′ and t
sd ∈ argmax

t′∈T sdpc
jt

psdpcjtt′ .

We construct the solution (usuj , usdj ) for all t′ ∈ T by the following rule:

usujt′ =

χsu
jt if t′ = t

su

0 otherwise
and usdjt′ =

χsd
jt if t′ = t

sd

0 otherwise.

Consider the solution (pjt, qjt, u
on
jt , u

su
j , usdj ). By construction, we have

∑
t′∈T supc

jt
usujt′ = χsu

jt and∑
t′∈T sdpc

jt
usdjt′ = χsd

jt . Further, (uonjt , u
su
j , usdj ) ∈ [0, 1]2T+1 by constraint (12g). Let a =↑ if j ∈ J pr and

otherwise a =↓. Then, by constraint (12c) we have

qtotjt ≤ qmax
jt

(
uonjt + χsu

jt + χsd
jt

)
+βmax

j ptotjt −qresjta = qmax
jt

uonjt +
∑

t′∈T supc
jt

usujt′ +
∑

t′∈T sdpc
jt

usdjt′

+βmax
j ptotjt −qresjta,

and (3a) is satisfied. Similarly, (12d) implies (3b). By constraint (12e),

uonjt +
∑

t′∈T supc
jt

usujt′ = uonjt + χsu
jt ≤ 1,

and similarly by (12f), uonjt +
∑

t′∈T sdpc
jt

usdjt′ ≤ 1, so constraints (6) are satisfied. By definition of Yuc
jt , the

solution satisfies (2a), (2d), (2e), and (3c). Next, by (12a) and construction of usujt′ , we have

0 ≤ psujt ≤ χsu
jt max

t′∈T supc
jt

psupcjtt′ = usu
jt

supsupc
jtt

su =
∑

t′∈T supc
jt

psupcjtt′ u
su
jt′ ,
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and constraint (7a) is satisfied. Similarly, (12b) and the construction of usdjt′ imply (7b). This establishes,

with certificate (usuj , usdj ), that (pjt, qjt, u
on
jt ) ∈ Yuc

jt .

Proof of Theorem 3

Proof. We first demonstrate that the subproblems Z
T
t , Z

I
i, and ZSH

jt are feasible at every iteration. Under

Assumption 1, there is some feasible solution (p, q, u, v,∆, θ, τ, ϕ) for (SCUC-ACOPF). By definition,

(pj , qj , uj) ∈ X uc
j for all j ∈ J sd, (pt, qt, u

sh
t ) ∈ X ac

t for all t ∈ T , and ushjt ∈ X sh
jt for all j ∈ J sh and t ∈ T .

By Lemma 1, (pjt, qjt, u
on
jt ) ∈ Yuc

jt for all j ∈ J sd and t ∈ T , and ushjt ∈ Ysh
jt for all j ∈ J sh and t ∈ T .

By Proposition 6, there are some (µt, ωt) such that (pt, qt, µt, ωt) ∈ X soc
t for all t ∈ T . By Proposition 7,

there is some χ such that (pjt, qjt, u
on
jt , χjt) ∈ Yuc

jt for all j ∈ J sd and t ∈ T . Therefore, the subproblems

Z
T
t , Z

I
i, and ZSH

jt are always feasible.

Next, we demonstrate that the subproblems Hj and ZF
t are feasible at steps 10, 11, and 13 of the

algorithm. The iterate (p(τ), q(τ), u(τ)) is feasible for the bus-level subproblems Z
I
i, so (p

(τ)
j , q

(τ)
j , u

(τ)
j ) ∈

X uc
j for all j ∈ J sd. Then, Proposition 3 gives that problems Hj(p

(τ)
j , u

(τ)
j ) are feasible for all j ∈

J sd and the solutions δ are nonnegative. By Propositions 1 and 2, there is some feasible solution

(p, q, u, v,∆, θ, τ, ϕ) for (SCUC-ACOPF) with u = u(τ)and ptot = ptot(τ). Note that uon and ptot are

copied variables, and usu and usd are defined implicitly by uon from constraints (1a)–(1b) and (1d). This

solution satisfies constraints (2)–(3) and (5), and thus (pt, qt, u
sh
t ) ∈ X ac

t for all t ∈ T . Further, as δ

is nonnegative, the solution is trivially feasible for (9). Therefore, this solution is feasible for problems

ZF
t (p

(τ), q(τ), u(τ), ∅; δ) and ZF
t (p

(τ), q(τ), u(τ),N ; δ). This establishes the validity of the algorithm.

Finally, consider the output (p, q, u). This solution satisfies constraints (2)–(3). As u = u(τ) and

(p(τ), q(τ), u(τ)) ∈ X uc
j for all j ∈ J sd, it holds that u satisfies constraints (1). Additionally, (pt, qt, u

sh
t ) ∈

X ac
t for all t ∈ T , so there is some (v,∆, θ, τ, ϕ) such that the solution satisfies (5a)–(5k). As u = u(τ)

and u
sh(τ)
jt is an integer on [ush,min

j , ush,max
j ] by definition of the subproblems ZSH

jt , the solution satisfies

(5l). By Proposition 4, as (p, u) satisfies constraint (9) and δ is feasible for Hj(p
(τ), u(τ)) = Hj(p

(τ), u),

the solution is feasible for constraint (4). Therefore, the solution (p, q, u, v,∆, θ, τ, ϕ) is feasible for

(SCUC-ACOPF).

Proof of Theorem 4

Proof. Consider any feasible solution (p, q, u, v,∆, θ, τ, ϕ) for (SCUC-ACOPF). By definition, (pj , qj , uj) ∈
X uc
j for all j ∈ J sd, (pt, qt, u

sh
t ) ∈ X ac

t for all t ∈ T , and ushjt ∈ X sh
jt for all j ∈ J sh and t ∈ T . By

Lemma 1, (pjt, qjt, u
on
jt ) ∈ Yuc

jt for all j ∈ J sd and t ∈ T , and ushjt ∈ Ysh
jt for all j ∈ J sh and t ∈ T . Further,

by Proposition 6, there are some (µt, ωt) such that (pt, qt, µt, ωt) ∈ X soc
t for all t ∈ T . Thus, we have a

corresponding feasible solution (pt, qt, ut, µt, ωt) for each problem of (UB).

We now establish fundamental properties of the objective functions. For any p, as ce ≥ 0, it holds

that Ce
j (p) ≥ 0 for all j ∈ J sd. Similarly, for any (p, q), as cs ≥ 0 and dt ≥ 0, it holds that Cctg

kt (p, q) ≥ 0

for all k ∈ K and t ∈ T , and therefore Cctg
t (p, q) ≥ 0 for all t ∈ T . Finally, for u satisfying (1), we have
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for all j ∈ J sd that

Cuc
j (u)−

∑
t∈T

conjt u
on
jt =

∑
t∈T

csuj usujt + csdj usdjt −
∑
t′∈T
t′<t

cddjtt′ [u
su
jt + uonjt′ − 1]+



≥
∑
t∈T

csuj usujt + csdj usdjt −
∑
t′∈T
t′<t

cddjtt′u
su
jt

 ≥
∑
t∈T

csdj usdjt ≥ 0,

where the first inequality follows from [usujt + uonjt′ − 1]+ ≤ [usujt ]
+ = usujt and nonnegativity of cddjtt′ , the

second inequality from Assumption 1 (csuj ≥
∑

t′∈T
t′<t

cddjtt′) and usujt ≥ 0, and the third inequality from

nonnegativity of csdj and usdjt . Considering the objective function for (SCUC-ACOPF),∑
t∈T

RT
t (p, q) +

∑
j∈J sd

RJ
j (p, u)

=
∑
t∈T

 ∑
j∈J cs

Rpow
jt (p)−

∑
j∈J pr

Cpow
jt (p)−

∑
j∈J ac

Cac
jt (p, q)−

∑
i∈I

Cbal
it (p, q)− Cres

t (p, q)− Cctg
t (p, q)


−
∑

j∈J sd

(
Cuc
j (u) + Ce

j (p)
)

=
∑
t∈T

CUB
t (p, q, u) +

∑
j∈J sd

conjt u
on
jt − Cctg

t (p, q)

−
∑

j∈J sd

(
Cuc
j (u) + Ce

j (p)
)
≤
∑
t∈T

CUB
t (p, q, u),

where the inequality follows from the previously observed properties of the objective functions. This

implies that the feasible solution (p, q, u, µ, ω) has an objective value in (UB) at least as large as the

objective value for (p, q, u, v,∆, θ, τ, ϕ) in (SCUC-ACOPF). Because we are maximizing and this property

applies for any feasible solution to (SCUC-ACOPF), the optimal value of (UB) must be at least as high

as the optimal value of (SCUC-ACOPF).
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