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Abstract

Security-constrained unit commitment with alternating current optimal power flow (SCUC-ACOPF)
is a central problem in power grid operations that optimizes commitment and dispatch of generators
under a physically accurate power transmission model while encouraging robustness against component
failures. SCUC-ACOPF requires solving large-scale problems that involve multiple time periods and
networks with thousands of buses within strict time limits. In this work, we study a detailed SCUC-
ACOPF model with a rich set of features of modern power grids, including price-sensitive load, reserve
products, transformer controls, and energy-limited devices. We propose a decomposition scheme and
a penalty alternating direction method to find high-quality solutions to this model. Our methodol-
ogy leverages spatial and temporal decomposition, separating the problem into a set of mixed-integer
linear programs for each bus and a set of continuous nonlinear programs for each time period. To
improve the performance of the algorithm, we introduce a variety of heuristics, including restrictions
of temporal linking constraints, a second-order cone relaxation, and a contingency screening algorithm.
We quantify the quality of feasible solutions through a dual bound from a convex second-order cone
program. To evaluate our algorithm, we use large-scale test cases from Challenge 3 of the U.S. Depart-
ment of Energy’s Grid Optimization Competition that resemble real power grid data under a variety of
operating conditions and decision horizons. The experiments yield feasible solutions with an average
optimality gap of 1.33%, demonstrating that this approach generates near-optimal solutions within

stringent time limits.

Key words: alternating current optimal power flow, unit commitment, decomposition, penalty alter-

nating direction method

1 Introduction

Unit commitment (UC) is a key problem in power systems used to schedule the operations of genera-
tors. This problem seeks minimal cost dispatch solutions that satisfy operational constraints and meet
estimated load. Underlying the problem are a set of physical constraints that dictate how power can be
transmitted over the electric grid. These alternating current optimal power flow (ACOPF) constraints

introduce complex nonconvexities and form a mixed-integer nonlinear program (MINLP; |Castillo et al.
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2016)). Current practice necessitates that commitment solutions be updated as often as every few minutes,
requiring that the models be solved within strict time limits (ISO New England [2023).

The class of ACOPF problems is strongly NP-hard (Bienstock and Verma 2019) and is NP-hard
even on tree networks (Lehmann et al.|[2016). A standard approach for addressing this complexity is
to use the direct current optimal power flow (DCOPF), which replaces the nonconvex AC power flow
constraints with a linearized approximation (Stott et al.[2009). However, even under mild assumptions,
the solutions for DCOPF are infeasible for the AC problem (Baker||2021)). In practice, AC feasibility can
be restored from the DC solution via iterative procedures (Molzahn and Hiskens|2019| Ch. 6, Fang et al.
2022)). Despite common use, studies have shown significant divergence in dispatch solutions between the
true AC model and the approximated DC variant (Castillo et al.|2016). Additionally, DC approximations
may significantly increase carbon emissions associated with the generation solution (Winner et al.|2023)
and can introduce artificial grid congestion not found in AC-feasible decisions (Bichler and Knorr|2023).

Historically, the adoption of mixed-integer linear optimization for UC problems has led to savings for
system operators on the order of billions of dollars per year (O’Neill et al. [2011 |Carlson et al. [2012).
Improvements to solution quality from the adoption of AC-based models are estimated to yield annual
savings of $6 — $19 billion in the United States (Cain et al.|2012). However, a methodology for solving
industry-scale UC problems with ACOPF constraints (UC-ACOPF) under realistic time limits has not
yet been demonstrated. The value of improved dispatch efficiency and stringent limits on solution time
make algorithmic improvements a critical research topic.

To facilitate developments on large-scale UC-ACOPF, the U.S. Department of Energy’s Advanced
Research Projects Agency-Energy (ARPA-E) conducted the Grid Optimization Competition. The com-
petition consisted of three optimization challenges spanning nine years. Challenge 1 (Aravena et al.
2023)) focuses on single-period ACOPF with security constraints, which encourage operational robust-
ness against component failures. Challenge 2 (Elbert et al.|2024a)) increases the realism of the power
flow model and introduces single-period commitment decisions for fast-starting units. The competition
culminated in Grid Optimization Competition Challenge 3 (GOCS3; Holzer et al. 2024a), which adopts
a multi-period model with full unit commitment decisions, reserve products, and security constraints,
yielding a large-scale security-constrained UC-ACOPF model (SCUC-ACOPF). This model considers
a rich set of realistic features of modern power grids, including price-sensitive load, various real and
reactive reserve products, transformer and transmission line controls, and energy-limited devices (e.g.,
energy storage and demand response), presenting a level of detail beyond that previously considered in
the literature.

To evaluate competing algorithms while complying with critical infrastructure information regulations,
synthetic networks and multi-period datasets were generated to resemble realistic grid data under a
variety of operating conditions (Birchfield et al.[2017} |Li et al.[2018)). In GOC3, the networks range in size
up to 8,000 nodes, and instances of the SCUC-ACOPF models contain millions of binary variables and
nonconvex constraints. Three operational time scales are considered: a day-ahead problem for wholesale
markets spanning two days with a one-hour resolution, a real-time problem to account for revised forecasts
spanning 8 hours with a 15-minute to one-hour resolution, and a planning process for severe weather

events spanning 7 days with a 4-hour resolution (Holzer et al.[2025)). In this work, we detail an iterative



decomposition-based algorithm for the GOC3 model and evaluate our algorithm on the numerous datasets

from the competition.

1.1 Literature Review

An early Benders’ decomposition approach for UC-ACOPF was proposed by [Fu et al.| (2005), who enforce
feasibility for the AC power flow constraints by adding cuts to a master UC problem. Subsequently,
alternating methods have been applied to facilitate decomposition. (Gholami et al.| (2023) apply a bilevel
alternating direction method of multipliers (ADMM) to single-period SC-ACOPF, allowing the security
constraints to be separated from the ACOPF problem. Zhang et al,| (2023) solve UC-ACOPF on small
networks (<300 buses) using bilevel ADMM, which facilitates decomposition over the discrete UC and
continuous ACOPF portions of the model.

Other work has applied spatial decompositions to ACOPF. Tu et al.| (2021) separate subnetworks
from a master network (e.g., distribution grids from the transmission grid) and solve a master problem
via an interior point method which queries subproblems for gradient and Hessian information. |Sun and
Sun (2021)) decompose a network into regions and use bilevel ADMM to identify a feasible solution. Many
other spatial decompositions appear in the literature on distributed computing; for a survey of these
techniques, see [Molzahn et al.| (2017)).

Parker and Coffrin| (2024) propose a benchmark algorithm for the GOC3 model that separates the
nonlinear AC power flow constraints from the discrete unit commitment decisions. The benchmark first
solves a copper-plate multi-period unit commitment problem, which does not contain any network power
flows. Then, the commitment decisions from this model are fixed in a set of temporally-decomposed AC
power flow problems, which ignore reserve and ramping requirements. Feasibility for ramping bounds
is restored by projecting the power injection solution onto these constraints. Finally, reserve products
are re-dispatched by solving a set of linear programs, with the power injection solution fixed. |Chevalier
(2024) introduces an alternate approach for the GOC3 problem that combines gradient-based solvers for
unconstrained optimization with problem-specific heuristics, demonstrating competitive performance on

some instances.

1.2 Contributions

This paper demonstrates that realistic SCUC-ACOPF can be solved to near-optimality at industry scale
within stringent time limits. We introduce an iterative algorithm to identify high-quality feasible solutions
to the SCUC-ACOPF model proposed in GOC3 and evaluate its performance on a diverse set of test

cases. Specifically, our contributions are summarized as follows:

1. We identify a decomposition scheme that allows for the separation of the problem into spatially-
independent mixed-integer linear programs (MILPs) for unit commitment, and temporally-independent
continuous nonlinear programs for AC power flow. We then propose a penalty alternating direction

method that utilizes this decomposition;

2. We prove the convergence of this algorithm to a partial optimal solution, strengthening existing

convergence results for penalty alternating direction methods;



3. We introduce heuristics to tailor the algorithm to the SCUC-ACOPF problem, including;:

(a) a final solve of AC problems with fixed unit commitment decisions to ensure feasibility,

(b) restrictions on ramping and energy output that allow for temporal decomposition of the final

AC solve while maintaining flexibility in power injection decisions,
(¢) a second-order cone relaxation of the AC constraints to speed up iterations, and

(d) a screening algorithm to identify high-impact security constraints;

4. We construct a convex relaxation that yields a dual bound on the optimal objective value, allowing

for characterization of the quality of feasible solutions; and

5. We evaluate our algorithm on many large-scale test cases with up to 8,000 buses and 48 time periods
with time limits as low as 10 minutes. Our algorithm finds high-quality feasible solutions with an

average optimality gap of 1.33% relative to the dual bound.

The remainder of this paper is organized as follows. Section [2| introduces a compact representation
of the problem formulation. Section [3| describes a penalized model that facilitates spatial and temporal
decomposition. Section [4] presents a basic penalty alternating direction method from this decomposition
and provides convergence results. Section [5| proposes a set of heuristics which tailor this algorithm to the
SCUC-ACOPF setting. Section[6]defines a dual bound on the optimal objective value. Section [7] provides
computational results on the GOC3 test cases, demonstrating the performance of our algorithm and the

benefits of the heuristics. Section [8] concludes the paper. All proofs are provided in the appendix.

2 The SCUC-ACOPF Model

We introduce a compact representation of the SCUC-ACOPF model proposed in Holzer et al.| (2024a).
The model includes device-level unit commitment, net power injection, and AC branch control decisions,
subject to bus power balance, zonal reserve constraints, device ramping and reserve limits, and security
constraints.

We denote []T := max{-,0} and [-] := {1,...,-}. The model spans 7 := [T] time periods, where
t = 0 represents the initial state of the system. The length of period t is given by d; > 0.

2.1 Device Unit Commitment

Denote by JP* (resp. J) the set of producing (resp. consuming) devices, and dispatchable devices by the

union 7% := JP" U J°. Producing devices generate power and consuming devices consume power. Let

on
it

su

ugy, Uy,

and U;? indicate whether device j is on, starting up, or shutting down in period ¢, respectively.

These variables are subject to the following constraints:

udp —udy = u —u Viegd teT, (1a)
uji + gy <1 VjieJdM teT, (1b)
{uSp st wif her € X vj e g%, (1c)
(w9, uf, wiy) € {0,1}? Viegd teT. (1d)



Constraints ((la)—(1b)) connect the device startups and shutdowns to their on status. The initial state
ugg is provided as data. Constraint enforces device-level commitment logic, including must-run and
must-outage, minimum downtime and uptime, and maximum startup requirements. These constraints
are given by the set X7, which is defined by linear constraints and described in detail in the appendix.
The cost associated with a commitment decision is denoted by C}'“(u), which contains fixed shutdown

and online costs, as well as downtime-dependent startup costs:

uc o on, on su, su sd, sd dd su on + . sd
Ci(u) = E cirugy + sy + fuly — E (Wi +ufy — 1] Vi e J*.
teT teT
t'<t

The parameter ¢} gives fixed costs associated with committed devices. Parameters ¢* > 0 and c?d >0

give baseline startup and shutdown costs. Parameters c?gf,

adjustments that reduce the cost of startup for devices that were recently on. Constraints and the

> 0 give downtime-dependent startup cost

cost functions C]‘-‘C are both representable in a mixed-integer linear setting and contain interactions across

time periods, but are separable across devices.

2.2 Device Net Power Injection and Reserves

Let pl¢* and ¢} be the total real and reactive power injection of device j at time ¢, and let p9} give the

dispatchable real power. We use the convention that these variables represent injections for producing
devices and withdrawals for consuming devices. Total power injection and dispatchable power may differ
due to injection during device startup or shutdown. Variables o
during startup (resp. shutdown). The parameter pj.?ﬁc > 0 gives the quantity of power injection at
time ¢ if a startup is scheduled at future time . The set T, := {t' >t : pj-ltlﬁc > 0} contains
. . . . . sdpc
the periods in which a startup will cause power to be produced at period . Parameters Pitr
7ﬁdpc ={t' <t : pj-(:f,m > 0} are defined similarly for shutdowns.
Let R be the set of real power reserve products. Variable pﬁi
provided by a device. Net real power injection and reserves are constrained as follows:

(resp. p?-;l) give the quantity of injection

and sets

gives the quantity of reserve type r € R

Pyt = v+ 5+ vje ¥ teT, (2)
= DL ph eI te T, (@)
teT e
) .
= X e et et (29
veTHPe
(S, Pt p D5} rer) € AT, Vi€ teT, (2d)
(DL % AP }rer) = 0 vjeJTH teT. (2e)

Constraints f define total real power in terms of dispatchable and startup/shutdown power.
Constraint (2d]) enforces device-level constraints that limit real power and reserve provision. The set X ﬁ
bounds power injection and reserve quantities with linear constraints that link the commitment status of

the device to its real power and reserve variables; this set is described in the appendix.



res res

Reactive power up and down reserves are given by the variables Tt and Tl respectively. Reactive

power injection and reserve products are constrained by the following loglc.

g LjeJr
gt < g fugt+ Y0 w4+ Y wg | Al - T viesd teT, (3a)
t,€7—]’>upc t,eTﬁtdpc q;(t)i lf ] c jCS
J
a e J™ )
G 2 g |t D b DL i | ARy L VST EeT, (3)
tleTﬁuPC tleT‘quC q]tT 1 J 6
Jt jt
(455> ajey) = 0 VierteT. (3¢

Constraints (3af f 3b]) give bounds on reactive power injection and reserve products, where reserve prod-

max min

ucts count against the appropriate bound. Parameters ¢;;** and ¢3™ give the maximum and mini-
mum reactive power bounds. If a device cannot produce real power (i.e., it is not online or producing
startup/shutdown power), it may not provide any reactive power or reserves. The reactive power bounds
may depend linearly on real power output with coefficients Bjmi“ and B]r-“ax.

The cost associated with a power injection decision for a producing device is given by the convex

tot)

piecewise linear function C’ftow(p]t Similarly, the utility associated with energy consumption by a

consuming device is given by the concave piecewise linear function RESY(ptot
gt Jt

These functions only
depend on total real power injection for a device and time period. When maximizing utility R?f " and
minimizing cost C", these functions and the constraints ([2)—(3) are representable in a linear setting and
are separable by device. However, the constraints — are not separable across time due to interactions

with startup and shutdown unit commitment variables across periods.

2.3 Device Energy Injection Limits

Devices may incur a penalty for exceeding maximum or minimum net energy injection limits over some
time interval. A set W € Wen M0 s A set of time periods subject to a minimum energy limit (W C T),
and " (W) gives the value of the corresponding limit. Similarly, W™ and e}***(W) give data for

maximum energy limits. The energy violation cost function is

Cje(p) = © Z mln Z dtp;?t

Wewgn,min teWw
J

+ Z [ max + Z dtptOt Vj e de,

WEW;“’maX tew

where ¢® > 0 is the energy limit penalty coefficient. When minimizing cost, C is linearly representable

and separable across devices but couples time periods.

2.4 Device Real Power Ramping

Changes in device real power injection are subject to ramp rate bounds:

d,sd .
P = Py > —di (P + i ) viegd teT,  (da)



pigt —plot | < d, ( B (g — )+ pt N (P 1)) Viegd teT.  (4b)

The parameters Py (resp. p;d) give the maximum rates for increasing (resp. decreasing) power injection.

TU,SU rd,sd

The parameters P; and p; give the adjusted rates during startup and shutdown. Initial power
injection pt"t is provided as data. These constraints are separable across devices but couple consecutive

time periods.

2.5 Neighborhood Reserve Requirements

Reserve products are subject to minimum requirements across neighborhoods of devices. We denote
the set of neighborhoods for real power reserves by NP, where N € NP is a set of devices j in the
same neighborhood (N C J5%). We similarly define N9 as the set of reactive power neighborhoods. A
reserve requirement applies to some subset of reserve products R C R. Violation of the minimum reserve
requirement within a neighborhood is subject to a penalty. The sum of reserve requirement penalties and

the cost of providing reserves is given by the functions C}*(p, q):

+
= d| Y e Y Y [t ey - ¥ Y
jegsd RCR NeNP reRJEN
reR
+
+ 3| X dntam e Y (et @ M) = Y g vteT.
re{t i} \jessd NeNd jEN

res,p

Variable costs for reserve products are given by parameters c;;*" and creS 4. The functions p,” »min

and

@ min compute the reserve requirement for the set of products R and nelghborhood N. These functions

tot tot

take a constant value, or a proportion of the total (Z]GN pj;’) or maximum (max;en pyy') power injection

in the neighborhood. Reserve requirement violations for a product set R are penalized at rate c¢i5°>. When

res, min

minimizing cost, these functions are linearly representable for the given choices of functions p; and

res, min
q; , and are separable over time but couple devices.

2.6 Alternating Current Optimal Power Flow

We now model the optimal power flow constraints over the transmission network. For a thorough intro-
duction to ACOPF formulations, see Bienstock et al. (2022). Let Z be the set of buses and J br the set
of branches. These branches are either DC lines (J79¢) or AC branches (J72°), where transformers are
considered AC branches. Each branch j connects an origin bus 7; to a destination bus z . The network
may also include shunt devices ("), with shunt j located at bus ij. Each dispatchable dev1ce 7 is located
at bus i;.

Each bus ¢ has a voltage magnitude control v; and a phase angle control 6;;. Transformer j has
a tap ratio control 7;; and a phase shift control ¢;;. For AC lines, these controls are fixed to 1 and
0, respectively. Power flows on DC lines are lossless and bounded. We denote real power flow at the

origin and destination nodes of branch j by p?; and p;-g, oriented from the bus into the branch. Similarly,



reactive power flows are denoted by q and qto Shunt device j is controlled by activating some mtegral
number of steps, selected by variable u . Real and reactive power over the shunt are given by p hand

qjt. Branch and shunt power flows satlsfy the following relations:

Ajp = 9z‘jt - 9z';.t — djt VieJ*, teT, (5a)

9i;jVi;t Vil , ac
e+ (—gjcos(Aj) —bjsin(Ajy)) VieJ¥ teT, (bb)

Tjt Tjt

VieJ* teT, (5c)

Vit
PE? = Vit (Qz’;jvz‘gt + L (—gj cos(Aji) + b;sin(Aji))
T]t

_bijjvijt Vit )

qﬁ = Vit szt + T;t (bj cos(Aji) — gjsin(Ajy)) VieJ¥* teT, (5d)
qﬁ’ = Vjty ( b/ Vit —|— - (b cos(Aji) + g sm(Ajt))> Vie J* teT, (5e)
P+l =0 VieJ® teT, (50
P = giusiol, VieJMm teT, (5g)
¢ = —b"usto?, VieJM teT, (5h)
vy € [0, ynax] VieZ teT, (51)
bt € [ mm, Ny TR [ mm,rjmax] Vie J* teT, (55)
(8, pi9) € [=p1™, p™ 2, (qF, ql°) € g™, ¢ ™™ x [g)7™", g7 VieJg¥ teT, (5k)

u € [l S N 2y VieJt teT. (5])

Constraints . ) define AC branch real and reactive power flows via branch and bus controls. Pa-

rameters g; and b; give the series conductance and susceptance of branch j. Parameter g;; is the sum of

g; and the conductance of the branch shunt at bus ¢, and b;; is the sum of b;, the charging susceptance of

the line at bus ¢, and the susceptance of the branch shunt at bus i. Constraint enforces lossless real

power balance over DC lines. Constraints f define power flows over shunts, where gjh and bj-h

give the per-step conductance and susceptance of the shunt. Constraints f establish appropriate
max

min
i oY

variable domains, where tap ratio bounds (Tmm, 7;%%%) and voltage bounds (v

) are integral.

) are positive and
sh ,min  sh,max
9 U]

AC branches are Subject to a penalty for violating apparent power limits, given by Cj‘f (p,q):

shunt step bounds (u;

+
\2, |52 a5, } ma"} VieJ™, teT.

% (p,q) = cdy [max {|| w8, of)

max oives the apparent power limit for branch j and ¢® > 0 is the penalty coefficient for

The parameter s}
branch limit v1olat10ns. The function Cjt is convex and separable both by branch and time. The AC
branch power flow definitions f are nonconvex and spatially coupled by bus control decisions.
The shunt power flow constraints f and are also nonconvex. Overall, the constraints are

spatially coupled but separable over time.



2.7 Nodal Power Balance

The transmission network is subject to real and reactive power balance requirements at each node, which

are enforced by penalty functions Ch2(p, q):

)= ai || st - S it - Y oh- X s X

JjeITPr jege jegsh jegrr jegrr
15=1 15=1 i=1 15=1 z;:z

FADY @ - >t = D gt D dh - D dp| | VieI teT.

Jjegrr jeges jegsh jegrr jegt
15=1 15=1 ij:i ij:i ijl

The penalty coeflicients cP and ¢ are nonnegative. When minimizing cost, 0331 is linearly representable

and separable over buses and time periods.

2.8 Security Constraints

The active and reactive power set points are optimized in consideration of apparent power flow overloads

that may result from branch outages, i.e., contingencies. Such overloads cost

CiEoa) = e 3 [[[rnlo) maxllafl g, = 57| ke, teT.

where I = [K] is a set of contingencies, ji is the branch outaged by contingency k, and the post-

max,ctg

contingency apparent power limit on branch j is given by S; . Post-contingency branch flows are

computed under a DC power flow model, which reallocates real power, while reactive power flows remain

sl
fixed at pre-contingency levels. The affine function fiji(p) = > ;7 Fiji (pft1J (p) -2 t\I(f) )) computes the

new real power flow on branch j after contingency k under the DC model. The function p?;j computes

the net real power injection at bus ¢ from all elements except AC branches,

o tot tot f t
pi(p)i= D W D R DD = D - D v

JETPT JjeT® jeTgst jegde ]GJdC

15=1 15=1 ’ij:i ’ij:i z]*z
and the function pj'(p) == > ;o7 p?tlj (p) computes the systemwide imbalance in net injections, which is
allocated evenly across buses when computing post-contingency flows. Parameters Fj;; are generation
shift factors (GSFs) from bus i to line j under contingency k. These factors are defined explicitly in the
appendix; for details, see Wood et al.| (2013, App. 8C) and [Holzer et al.| (2024b)). The total contingency

cost is the sum of average and worst-case contingency costs:

C%(p,q) : ZC’Ctg P, q —i—maléc CiB(pq) VteT.
kEIC



1) | () — (4) e CJ%OW, R?to v Cs | CFF | CF chal | ¢y e R}I» R}
Temporal Coupling | v v v v v
Spatial Coupling v v ~ v v
Nonlinearity v v v v
Nonconvexity v
Integrality v v |V v

Table 1: Sources of complexity by model component. The objective terms Cgal couple devices at the
same bus but do not couple different buses; this limited spatial coupling is indicated by the symbol ~

. t . .
The functions C;™® are convex and separable over time periods.

2.9 The Complete SCUC-ACOPF Model

We combine the cost and utility terms into grouped objective functions:

R} (p,q) == —C*(p,q) — - ) C¥p9) - Ci(pa VteT,
jegac i€T

Sier RN (p)  ifje T
Yier —Cji (p) i je T

J I uc e . sd
R;(p,u) == —C7(u) — C5(p) + Vi e J%.

This partition of the objective functions emphasizes how various terms permit temporal or spatial de-
composition. We now construct the full SCUC-ACOPF model:

* oL T J
Z* = max Y Ri(pa)+ ) Rj(pu
Nbro teT jeged (SCUC-ACOPF)

s.t. — .

The model identifies feasible unit commitments, real and reactive power injections, and transmission
network controls that maximize utility from delivered power minus operational costs and penalties. The
problem is a nonconvex MINLP due to unit commitment decisions and AC power flow constraints.
Table[I] categorizes the sources of model complexity, including temporal and spatial coupling, nonlinearity,

nonconvexity, and integrality, by constraints and objective terms.

2.10 Assumptions

From now on, we make the following assumption on the problem data. The assumption accompanies the

nonnegativity and integrality assumptions introduced previously.
Assumption 1. The problem data is such that:

1. Forall j € 7°! and t € T, it holds that ¢* > Zt’eT e

2. For all u satisfying (1),

Y+ Z sy < Y+ Z ujt,<1 Vie 7 te T, (6)
te 7—]supo t,e,Gstdpc

10



3. The sets Xﬁ are closed, convex, bounded, and polyhedral for all j € 7°d and ¢ € T; and

4. (SCUC-ACOPF)) is feasible with optimal objective value Z* > 0.

First, the startup cost adjustments cannot exceed the total startup cost; second, devices cannot
simultaneously be committed and produce power related to a future startup or past shutdown; third,
the feasible region for real power injection is bounded and defined by linear constraints; and fourth, the

model is feasible with a nonnegative optimal objective value.

3 Spatial-Temporal Reformulation

Problem (SCUC-ACOPF) scales with the number of planning periods and the size of the network. Time

periods are linked by unit commitment, ramping, and energy limits, and buses are linked by power

flows and neighborhood reserves. In this section, we reformulate the model to facilitate a decomposition
into continuous nonconvex temporally separate subproblems and mixed-integer linear spatially separate
subproblems. We use the notation u; to denote the subset of variables v that contain index j; for instance,

uj = {(uf}, vy, jt)}teT if 7 € 754 Subscripts ¢ are used similarly. We construct the following sets:

° Xuc — { pj,q],ug . .} v] c L7sd
o X2 = {(p,qs,us™) : vy, Ay, 04, 71, ) .t ~BR)} vieT;
o AP ={uh: B)} VieJh teT.

The sets X7 impose temporal coupling on the decision variables, the sets X impose spatial coupling,
and the sets X]Sth impose neither type of coupling.

We also construct relaxed versions of the sets that are compatible with the desired decompositions.
Specifically, these relaxations of A7 and stth are continuous and separable over time. To facilitate this

construction, we introduce the following constraints which relax f:

0<p < > phpcui VjeJgM teT, (7a)
veTe

0<pd< > ;ggcu;g, Vie g teT. (7b)
t,€7}stdpc

This relaxation will be used to aggregate the variables u®
defined for all ¢t € T as follows:

o Vit = {(pjt: qje- ugy) + (3, Sd) 0,17 s.t. ([24), @d), 2¢). @), @), (@, u >O}Vj€JSd

yb? — {uiltl c [u;h,mm sh maX]} Vj c jbh

h U and u in Section H The relaxed sets are

Sets VU relax sets X' by replacing constraints (|1)) with and relaxing the binary constraints (|1d|)
Jt J

to (u‘])?,uj?,uj‘;) € [0,1]3. Additionally, constraints (2b)—(2c) are relaxed to (7) and constraints are

removed. Sets y;? relax the integrality restrictions of stth. Lemma (1| shows that the sets ) are valid

relaxations of their counterparts X.

11



Lemma 1. [t holds that
1. X7 C{(pj,qj,u5) + (Pjts @i, ugy) EVjEVEET) Vi€ T and
2. XPCYS VjeTM teT.

From these set representations of the constraints, we construct a copy-constrained model:

max Y Ri(pea) + Y Rj(p ) (COPY.a)
ﬁvq7ﬂ tET jede

st (pe, g, uSt) € AR VteT, (COPY.b)

(pjts gjts u$y) € Vi VieJM teT, (COPY.c)

b ey VjeJgh teT, (COPY.d)

(P}, 4, 15) € X vj e g, (COPY.e)

Wy € XS Vie ™ teT, (COPY.f)

ptot — T?tot psu — ﬁsu psd — ﬁSd qtot — qtot qres — qres uOt = gon ’U,Sh — ﬂsh' (COPYg)

This model duplicates the variables into blocks (p, ¢, w) and (p, g, u). The variables (p, ¢, u) are subject to
the spatially linked power flow constraints X, while the variables (P, q,w) are subject to the temporally
linked unit commitment, power injection, and ramping constraints XJ‘»JC and shunt step constraints stth.
To tighten the formulation in an eventual decomposition, variables (p, ¢, u) are also constrained by sets
Y, which impose a relaxed form of the constraints assigned to (p, g, %) such that the temporal separability
remains valid. Using the decomposable structure of the objective, the functions R} and Rj take only the
local variables (p;, ;) and (p;,%;) as input. The final set of constraints are copy constraints, applied to
a set of variables chosen so that the model is equivalent to (SCUC-ACOPF)). This equivalence

is given in Proposition [I]

Proposition 1. The models (SCUC-ACOPEF|) and (COPY]) are equivalent; that is, given a feasible

solution for one model, there exists a corresponding feasible solution for the other model that has the same

objective value and the same values for the copied variables.

As a final step towards decomposition, we penalize the copy constraints in the objective with penalty

parameter p > 0 and degree ¢ € {1,2}. We define the penalty function

4
Fe(p, q,u,D,q, ﬂ _ H tOt,psu,de, qtot7qres7 uon’ush) . (ﬁtOt,ﬁsu,ﬁSd, q 7qres —on ﬂsh)H

l

and introduce the penalized model:

=

ax
U
U

S RI(pa)+ > R}(B;.15) — pLe(p, ¢, u, .7, 1)
teT jegsd (PEN)

s.t. (COPY.b) — (COPY.f).

sl

9
195
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4 Basic Penalty Alternating Direction Method and Decomposition

Penalizing violations of relaxed constraints in the objective is leveraged in popular algorithms, including
penalty methods and augmented Lagrangian methods (Nocedal and Wright| 2006, Ch. 17). To allow
for decomposition, we apply an alternating direction method to the penalized formulation . This
method alternates between fixing the the second block of variables, i.e., (p,q,u), and optimizing over
the first block, i.e., (p, ¢, u), and fixing the first block of variables and optimizing over the second block.
This style of algorithm, applied to a problem with constraints penalized in the objective, is referred to
as a penalty alternating direction method (GeiBler et al.2017) and has been used to solve MINLPs for
optimal gas transport (Geifiler et al.|2015). These methods have structural similarities to the feasibility
pump, a heuristic for identifying feasible solutions to problems with integrality constraints (Fischetti
et al. 2005, [Bonami et al.[2009). In this section, we propose a basic version of the algorithm and describe
its convergence.

As the first block of variables are not coupled across time periods, we define a set of temporally-
decomposed block subproblems. For each t € T, the block subproblem is given by

Z¢ (P Wi p) 3= max Ry (pe, i) = pT2(Pts Gt e, By Gy i)

s.t. (pta qt, uih) S Xtaca
(pjt, e, uSp) € VIS Ve T,
usy € Vi vje T

These models select degree £ = 2 so that auxiliary variables are not needed to model the L; norm. As the
constraints and function R} contain nonlinearities, this choice does not increase the problem complexity.
The temporally-decomposed block subproblems are continuous nonconvex programs, which can be solved
to stationarity by interior point methods (Wachter and Biegler||2005).

Next, we define the block subproblems for the second block of variables, which are coupled temporally
but not spatially. This block also does not contain interactions between the shunt step variables ﬂ?? and
other decisions, so the variables ﬁj? can be separated into their own blocks. For this reason, we revise

the copy penalty function to exclude these variables:

4
—tot —res —on

T)(p,q,u, b, G, 0) := H(p“’t,ps“,de,tht,qres,u"“)—(p N R e T

.
Then, the spatially-decomposed device-level block subproblems are given, for each j € 754, by

J I - o
Z; (pj qj,ujsp) = max  Rj(p;,u;) — pU'y(pj, 4js uj, By 5 W)

ﬁj:qjyu]
st (p;,q;,u5) € &}

These problems select degree £ = 1 so that each problem can be represented as a mixed-integer linear

—sh

program. The shunt variables uj; are only subject to interval and integrality constraints and thus can be

13



Algorithm 1: Basic Penalty Alternating Direction Method (pADM)

Input: Penalty schedule {p;}7_; C R
1 forre{1,...,7} do

if 7 =1 then
‘ For ¢t € T, solve ZF(0,0,0; 0) to solution (pET), qu),ugT));
else

| ForteT,solve ZF @V a Y a" " pr) to solution (pf”, qf", uf”);

end
For j € J%4, solve Z]J (pgr), q](-T), ugT); pr) to solution (*g-T),GS-T),ﬂ(T));

8 For j € 7" and t € T, compute ﬂ;?m = ZjStH(u;?(T));

N O otk W N

end

©

10 return (57, g™, (M)

optimized in closed form via rounding:

sh _ —sh

1 .
Z]StH(U;?) = |3t proj ()| € argmax —p’ ‘1.

jt
[ugmim ushomex] whexsh
We now define the basic penalty alternating direction method (pADM), given as Algorithm |1} The
method takes as input a set of penalty coefficients {p,}7_, and outputs a feasible solution to the device-
level subproblems ZJ‘-] in T iterations. A feasible solution to the device-level subproblems corresponds to a
feasible solution to ; this property is formalized in Proposition |2 Note that, in the first iteration,

the subproblems Z;! are solved with p = 0, eliminating the penalty term.

Proposition 2. Let (p,q,u) satisfy (p;,q;,u;) € X} for all j € T and wS} € X3P for all j € T and
t € T. Then, there is some (p,q,u) such that (p,q,u,p,q,u) is feasible for (COPY)).

Proposition [2, combined with Proposition [I} implies that a feasible solution to the device-level sub-

problems corresponds to a feasible solution to (SCUC-ACOPF]) where the copied variables are fixed

to their values in the device-level solution. As the output of Algorithm [I] is a feasible solution to the

device-level problems, this output corresponds to a feasible solution of (SCUC-ACOPE]).

Theorem [I| characterizes the convergence of the algorithm, showing that the infeasibility of the iterates
for the copy constraint is bounded by the inverse square root of the penalty parameter. The result also
shows that a similar bound holds on the distance between the copied variables in consecutive iterations.
To state the result, we define D; as the diameter of the (bounded) feasible region of Z! and L; as the
Lipschitz constant of the functions R} over this region, so that every subgradient of R on the region is
bounded in magnitude by L;. Similarly, R; is the maximum difference in the value of the function Rj
over the (bounded) feasible region of Z}-] ,and R =}, 7. R;. Finally, let d be the number of copied

fot psu psd gtot gres uon,uSh) € R%. We require that the nonlinear subproblems Z;f are

variables, i.e., (p
solved to stationarity (i.e., the solution satisfies the Karush-Kuhn-Tucker conditions, see Nocedal and
Wright/[2006) Thm. 12.1) and the mixed-integer linear subproblems ZJJ are solved to global optimality;

these are natural assumptions for each problem class.
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Theorem 1. Let (p(T), ¢, u(T),ﬁ(T),Q(T),ﬂ(T)) be a sequence of iterates generated by Algom'thm where

the subproblems ZtT are solved to stationarity. Then,

1) —(r—1) —(r— | C
Fl(p(7)7q(T)7u(T)’]3(T 1)7q< 1)’u( 1))3 ﬂ vr e 7]\ {1},

where C := ), dL;Dy. If the subproblems ZJ‘.] are solved to global optimality, then

@0, 70, 5D, g0 gty < £ [2C
Pr Pr
n 50 vr e [r]\ {1}

Fl(p(7+1)7 q(T+1) ) u(T+1)ap(T)a q(T)v u(T))

IN

Y ST u—
Pr min{p, pr41}

Theorem [2| gives that, as the penalty parameter grows arbitrarily large, the iterates converge to a
partial optimum for . A partial optimum is a solution (p*,¢*,u*,p*,q*,w*) that is (globally)
optimal for (COPY]) when each block of variables is fixed at the solution value, i.e., (p*,¢*,u*,p*,q*,u*)
is optimal for with the variables (p, ¢, u) fixed to (p*, ¢*,u*) and is optimal for with
the variables (p,q,u) fixed to (p*,q",u*). Convergence to partial optima is common in the analysis of
alternating methods (Gorski et al.|2007)). Existing results for penalty alternating direction methods
require fixing a penalty parameter and alternating between blocks until convergence is observed; after
convergence, the penalty coefficient is increased (Geifiler et al. 2017). Our result leverages the structure
of to allow for changes to the penalty parameter in every iteration, reducing the number of
required subproblem evaluations. Theorem [2| requires that both sets of subproblems are solved to global
optimality, which may be impractical for the nonconvex subproblems Z!. Nevertheless, the result gives

an improved theoretical understanding of the algorithm in this setting.

Theorem 2. Suppose that T = 0o and lim,_,o pr = 00. Let (p{7), ¢, u(") 57 g7 w(7)) be iterates
generated by Algorithm |1}, where the subproblems Z and Z]J are solved to global optimality. Then, any
limit point (p*,q*,u*,p*,q",u*) of the sequence of iterates is a partial optimum for (COPY]).

Although the basic pADM algorithm satisfies desirable convergence properties, it often fails to effi-
ciently generate high-quality feasible solutions for (SCUC-ACOPEF|). In Section |5, we highlight several

insufficiencies of this algorithm and propose approaches to improve performance.

5 Tailoring the pADM: Improvements and Heuristics

Algorithm [I] gives a basic penalty alternating direction framework that allows for spatial and temporal

decomposition of (SCUC-ACOPF). In this section, we adapt the algorithm to improve the solution
quality and reduce the computation time. Section adds a set of final subproblems that fix the

discrete variables and reoptimize over the continuous variables. Section accelerates the iterations by

replacing the nonconvex temporally-decomposed block subproblems with their second-order cone (SOC)
relaxations. Section reduces the number of contingencies included in the subproblems via a screening
algorithm. Section adds terms to the block subproblem objectives to more closely approximate the

true objective function.
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5.1 Exact Feasibility with Final Subproblems

The convergence property in Theorem [I] establishes that, as the penalty coefficient p grows, the iterates of
Algorithm |1| converge towards feasibility for the copy constraints in the formulation . However,
this convergence may be slow in practice, requiring many iterations and excessively large values for p,
which may introduce computational difficulties and numerical instability. We ensure exact feasibility of
the final solution by fixing the discrete unit commitment variables u to their value from the last-iteration
device-level block subproblems Z 3] and solving the original formulation (SCUC-ACOPEF]). The resulting
restricted problem is temporally coupled only by the ramping constraints and energy violation penalty

functions C75. Using the device-level power injection solution from the last iteration of Z 3-], we construct

restrictions of the linking elements that allow for temporal decomposition of the final problem.

5.1.1 Ramping Constraint Restriction

When solving the final models with fixed unit commitment decisions @, fixing the real power injection
variables p2* to the solution pie" from the device-level block subproblems ZJ‘-] ensures feasibility for the
ramping constraints and allows for temporal separability but empirically leads to poor solution quality.
Allowing real power injection to deviate from the device-level subproblem solution introduces flexibility,
which leads to better solutions and improves the computational performance of the interior point solver.

We introduce such flexibility by restricting pi¢* to lie in an interval around the solution pi":

Pt —on <Pt <Ptk Viegd teT. 9)

For j € 7%4, the parameters d; are optimal solutions to a set of auxiliary linear programs:

Hy(p, ) = argmax > (3 + 55;) (10)
570 teT

st 0+ 0, <o+ (0 — Bias) wteT, (10b)

841 05 <y — (B3 — Pio) vteT, (10c)

5 > %min [+ G =), e — Bl B} vee T, (104)

05 = %min {T;t — (B3 = Piia)s Thaen + (P — 173’?)} vteT, (10e)

riy o= dp (p§-dﬂ§? + (1~ ﬁ;’?)) vteT, (10f)

i = dy (P (S - W) + p @ - wp + 1)) VieT. (10g)

These problems maximize the cumulative length of all intervals while enforcing that any solution within
the intervals is feasible for the ramping constraints. Constraints (L0b)—(10d) enforce feasibility of the
interval for the original ramping constraints , where parameters r;it and 77, give the maximum ramp
down and up power under unit commitment solution u. To ease notation, we fix 5j_o = (5;5 = 0. Constraints
f implement a heuristic that requires the interval lengths above and below the solution ﬁ;‘gt to

be at least as large as in the solution that distributes the ramping slack evenly across time periods.
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Proposition [3| states that the problems are feasible and the optimal parameters (5;,6;?) are
nonnegative. Proposition 4| shows that, when the variables u are fixed to @, the constraint @ is a
restriction of , and thus any solution (p,p,u, d) satisfying @D, is feasible for ({4]).

Proposition 3. Let j € 7% and (P, q,u) be a solution such that (ﬁj,aj,ﬁj) € XJ‘.JC. Then, problem
is feasible and bounded, and every (57 ,87) satisfying (10b)—(10€) is nonnegative.

i %
Proposition 4. Let (p,u,0) be a solution that satisfies (10B)—~(10d) for all j € J%1. Then, for any p
satisfying (9), the solution (p, ) is feasible for ().

By Proposition 4], the heuristic cuts — are not needed to enforce a restriction of . In
practice, without these cuts, problem yields many near-zero interval lengths, which does not improve
device controllability. One alternative is to maximize log([],(;, + 5; +1)) = > log(d;, + 5;-; + 1),
representing the volume generated by the intervals. This objective decreases the fraction of near-zero
interval lengths but renders the problem nonlinear. Adding the heuristic cuts yields solutions that achieve
most of the volume and non-zero interval lengths obtained by the volume objective and preserves linearity;

see Section for quantitative results.

5.1.2 Energy Injection Limit Restriction

We similarly design a restriction of the energy violation penalty functions C7 defined in Section As
(SCUC-ACOPF)) minimizes the penalty, we define a restriction as an upper bound on the function. The

bound will be the sum of time-separable functions éjt centered around some candidate injection p:

6(;1&(]7;15) 1= c%dy Z

en,min
Wews;

i ot +
e (W) = 2vew dvPjy Fplot — plot
Zt’eW dy o 7

. +

—ePX(W) 4+ e AP .

+ > [ J S 2+t — Pl VieJH, teT,
wememes vew

where Wjetn minL_ ) e W;n’mm : t € W} is the set of minimum energy periods that intersect with time
t; W]ef Mg defined analogously. Proposition [5|states that the functions 6(;,; provide the desired bound.

In practice, the injection p will be a feasible solution to the device-level subproblems.

Proposition 5. For any p, p, and j € J%4, it holds that C;(p) < ZteTéjt(p; D).

5.1.3 Final Subproblem Formulation

Let (p,q,u) be a feasible solution to the device-level block subproblems, i.., (p;,q;,%;) € X} for all
j e 7% and ﬂj? € stth for all j € J*" and t € T. Let § satisfy (I0). We define a final objective function

R} that excludes unit commitment and contingency costs and applies the energy restriction:

Ry (p,g;p):= > RYM(p)— > CO() = Ci®(pa) — > Cik(pa) =D Ci(pa) — Y Ciulpip).

ISVAS JETPT FISVAS i€ jegsd
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For t € T, the temporally-separate final subproblems that incorporate the ramping and energy restrictions

are defined by

Z{ (9,4,4,0;8) := max Ry (p;,qs; D)
Pt,qe,Ut
. . @ ptaqt7ut Xtacv = U.

The final constraint fixes the unit commitment variables to the device-level solution .
Propositions (1| and [2[ imply that there is some feasible solution for (SCUC-ACOPEF)) with the copied

variables fixed to the device-level solution; such a solution satisfies the ramping restriction @ and thus

the final subproblems Zf are feasible. The final argument d; of Z denotes the dependence of the
ramping restriction on the interval parameters from the auxiliary problems . The argument () indicates
that the final subproblems exclude contingency costs. Section expands this notation to incorporate

contingencies.

5.2 Second-Order Cone Relaxation

As the final subproblems Z} only require a feasible solution to the device-level subproblems Z]‘-] , we
can use a proxy in place of the temporally-decomposed subproblems Z;F in the iterative algorithm. We
choose an SOC relaxation similar to those by [Jabr (2006) and |[Kocuk et al| (2016). The relaxation
accelerates each iteration and yields subproblems that can be solved to global optimality. Feasibility for
the original ACOPF constraints is restored by solving the final subproblems. The relaxation is applied
to the constraints . We define the change of variables

2
o1 (Ajy) 1 in(Aj) L= 2 Yt d b = 82
Cjt — /Uzjtvi’vt COs gt )y sjt - Uzjtvi’.t S111 gt ) Wit = Uit: :ujt - 2 an ILI/] u]tvz -t
Tjt J Tjt J T]t

This transformation is invertible if and only if 02- Hjtwi’t and Aj; = arctan(s;/c;). To convexify

§2 —
Sjt =
these conditions, we relax the first constraint to c  + s < pjw; it and remove the second constraint,

eliminating the angle differences Aj; from the model. Then, the follovvlng defines the SOC relaxation:

Pl = i1t — gicit — bjsii VjieJx, teT, (11a)
pz‘,? = g jWite — 9iCjt + b;s;t VieTJ* teT, (11b)
qgf‘/ = —bi;jujt + bjcit — gjsit VieJ* teT, (11c)
q}?z —byr jwie + bjcjt + g;8jt VieJ*, teT, (11d)
Pt =gy Vie " teT, (11e)
@ = =0 VieJM teT, (11f)
c?t + s]-t < Hjt it VieJ*, teT, (11g)
(T;’;i)2 <y < (T‘;fmf)Q Vi€, teT, (11h)
uS My < st < g VieJ® teT, (11i)
wit € (U2, (umex)2] VieT teT, (1)
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&0, BN (1K)

We denote the region defined by these constraints as Xf°¢ := {(py, q¢, ie, wy) = 3(ct, s¢) s.t. ([LI)}. As the
constraints (11g)) are SOC-representable and the other constraints are linear, the sets A7°¢ are convex
and SOC-representable. Proposition |§| states that these sets relax constraints .

Proposition 6. For allt € T, the constraints are a conver relaxation of the power flow constraints
. In particular, for allt € T, the set Xf°¢ satisfies

{(met,u?h) t I, wi) St (D o, e, wi) € X6, uSh = Sy wie Vi € jSh}
2 {(pey e ui") € XPC ¢ S € V3 Vi € T

When constructing XF°°, the variables uj?
sh

sh — Kyt

Jt Wit

appear in the penalty functions I's, can instead be written as

are projected out. However, the corresponding value for

these variables can be recovered by u The quadratic penalty terms for these variables, which

sh —sh

h —sh h  -sh 2,2 __(,.sh_ -sh 2
(th - th)2 = (M;’t /Wijt - Uj’t)z = (M;’t - U?’t”w‘ﬂ) /Wijt ~ (M;’t - uj’twijt) )

where the approximate equality is exact when voltages are 1. The approximating term is convex quadratic

in (p,w). Any error from w; ;¢ # 1 simply rescales the penalty coefficients of this term.

5.3 Contingency Screening

Large numbers of contingencies may significantly increase subproblem solution times, as each contingency
k requires the incorporation of its nonlinear (albeit convex) cost function C’;;g into the objective (see
Section . Even computing the GSFs F};; requires a matrix inversion, which may be costly. Empiri-
cally, many contingencies incur minimal cost and thus have little impact on the optimal solution, which
motivates contingency screening. We identify a set of contingencies K C K and branches Jj; C J2¢ for
k € K that incur a large contingency cost at a candidate solution (p,q).

To avoid evaluating every contingency, we first identify a set of contingencies that are likely to incur
penalties. Specifically, this set of prescreened contingencies is denoted by K and contains the N
contingencies with largest real power flows on the outaged line ji in the candidate solution. We then
evaluate the post-contingency line flows for prescreened contingencies and select Ji; as the set of the
NP branches with the largest post-contingency apparent power limit violations exceeding some threshold
s > 0. Post-contingency line flows are evaluated by computing the GSFs. To compute these parameters
efficiently, we update the required matrix inverse by a Sherman-Morrison rank-1 update on a base matrix
(Hager||1989), avoiding the inversion of a new matrix for each contingency (Holzer et al.[2024b). See the
appendix for additional details.

We approximate the post-contingency real power flow functions by

- sl
Frje®:Tug) = 3 Fii <p§?(p) - pé?) .
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Algorithm 2: Contingency Screening
Input: Candidate power injection solution (B, q), thresholds N¢t& NPr Nbus gthr
1 Compute the base-case GSF matrix;

thg
Itn%z( ma'X{ |p]kt’ ‘pjkt |}

2 Define K := arg max
ke

s forkc K, tcT do

4 Compute post-contingency GSF matrix Fj, via a rank-1 update and construct functions f;;
for all j € J2¢

5 | Define o i= {j € 7\ i} + ||(fre (), max{ [, g |}>)

max ,ctg > Sthr}

6 | Define Tpy := argmax™" | (fie(@), max{[a]. [7351}) |, - 5
jejk‘:/thl
T bus
7| Define Tige = angmax™"" [ Figi (o' (p) ~ 1P| or all j € T
7
8 end
9 return N := (Z,7,K)

The subset fkjt C 7 consists of the NP buses with the largest absolute contributions to the post-

sl (7
” (pi” (p) — L tII(f )) ‘ This approximation increases

the sparsity in the power injection variables, improving computational performance. Algorithm [2| details

contingency line flow at the incumbent solution,

the contingency screening approach. To ease notation, we denote by arg max” the operator that selects
the k largest elements, with ties broken arbitrarily. The algorithm returns the subsets N := (Z, 7, K).

Based on these subsets, we construct new cost functions:

Ol .asN) i= de 3 [|| P (os Tag) macl a3 e ), sy ke K, te T,

JE€ET kt
- ctg —
C’Ctg( S N) = Zkelct kitg(;p’ 9 — Z C’Ctg ¢ N) | +max 6Z§g(p,q;ﬁ) VteT.
N ere, Cre B, GN) \ (R, hek

These functions are based on fewer contingencies and branches and thus are easier to construct and
optimize. The coefficient in the second function averages over the N selected contingencies and scales
the cost by the proportion of the apparent power limit violations identified by the modified functions ?kjt
to reduce bias in the average cost after screening.

In practice, the candidate solution (7, ) comes from the solution to the final subproblems Z}. After
contingency screening around this solution, we solve a version of the final subproblems that includes the
approximated contingency objectives:

. _ =F — —ct, —
Z{ (3,3, u,N;0) == max Ry (p,q;D) — Cy (pr,ai; N)

Dbt,qt,ut

s.t. . . @]) pt,qt,ut € X, u=n.

For a fixed unit commitment solution, this allows the power injection decisions to adapt to impactful

contingencies under the same restrictions as in the original final subproblems.
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5.4 Objective Function Approximation and Device Subproblem Aggregation

The objective function of (SCUC-ACOPF]) is partitioned into the subproblems used in Algorithm [1} such

that every objective term is contained in exactly one subproblem. This precludes each subproblem from

considering terms assigned to other problems, even if these terms are relevant to its decision variables.
Here, we modify the subproblem objectives by reintroducing relevant terms.

In the device subproblems Z ]J, we introduce an approximation of the power balance violation penalty
functions Cl%al (see Section . To facilitate approximation, we aggregate devices colocated at the same
bus i. In practice, this strategy is effective because the device-level subproblems are MILPs of relatively
small size, so the benefit of decomposition at the device level, compared to the bus level, is minimal.
This aggregation allows for the total net power injection at a bus to be modeled in the approximation.
As the spatially-decomposed subproblems Z}-] do not consider any power flows, we fix the line and shunt
power flow variables (pfr, pto. p ¢ gte, qSh) to a solution from the temporally-decomposed subproblems

ZY. We then define the approximated power balance penalty functions at a fixed power flow solution
(P, ) by

o (0, 4:.0) - DD A D A S o N i N

JETP" jeges jeTs jegrr ]Ejbr
1;=1 15=1 i5=1 15=1 z]*z

+cf Z i — Z a5 — Z @y — Z - Z q5 VieZ, teT.

JETP" jeT jeT™ jegrr jegrr
15=1 15=1 ij=i 1;=1 ’L;:’L

Next, the temporal problems ZT do not consider the cost or utility of a power injection ptOt. We add
the corresponding functions Ry and C5’™ to the objective. Similarly, the device-level problems Z; J do
not have costs for reserve products; we add the corresponding linear cost terms c;ii’ppE'ii and cﬁf, qq§§’§ to
the objective.

The startup and shutdown variables u]t and ujg are implicitly included in the sets yuc to model
feasible real and reactive power injections during startup and shutdown (see Section . However, since
no objective cost is associated with these variables in the models Z;!, they offer a path to generate power
without incurring unit commitment cost. For instance, by constraint , real power at time ¢ may be
produced by starting up in a future time period, which will incur an online and startup cost. These
costs are not considered in the objectives RY. In the penalty framework, producing power in such a way
encourages device startups at a later time in the device-level models Z 3] ; this solution may be suboptimal,
especially for devices with high commitment costs.

To remedy this issue, we reimpose a cost on startups and shutdowns by introducing aggregate variables
XGt = Ztlemupc wsy and X;‘g =D e e us t, and rewriting relevant constraints in Vj:

0<pji < Xji ,ngsupcpii‘Ec Vie ¥, teT, (12a)
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0<pif < x5 max piPe VieT teT, (12b)

e7}stdpc
N . qres lf] c jpr -
a5t < g (u;?? + X5+ xj»?) + pRexplet — $ T Vie g teT, (12¢)
qres lf] cJs
Jt
¢ if je gPr ‘
qgtt)t qmln (u(])? + X;;l + X;;i) 5m1np3;>t jtl ' J vj e de, t e T, (12(1)
qrctas lfj cJs
Jtr
ugi + X]t <1 VjeJ teT, (12¢)
| VjeJ teT, (12f)
(w3 X3 € [0,1° viegd teT. (12¢)

We denote the feasible region for this formulation by the set ?jf = {(pjt, je, w3 Xjt) , (2d)) —
, , } Proposition m gives that these regions are equivalent to the sets

Proposition 7. For all j € 7% andt € T, the sets Vie and ijuf are equivalent; that is,
SSuc
Vit ={(pjts gt ujy) + It st (Djes G, uge Xjt) € Vit }-

As nonzero x5 (resp. Xj-?) implies a future startup (resp. past shutdown) and therefore implies that
the device must be on in some other time period, we associate online and startup (resp. shutdown) costs

with these variables. The revised unit commitment cost functions are

C(u, x) == Z cHugy + ( max cjp +c§u> XGt + ( max cjy_q + ¢ )Xj'(ti VteT.

/ supc dpc
jejsd t 67—; t'e 7_;75

These functions overestimate the cost coefficients of x5} and Xs~d in two ways: first, downtime-dependent
cost adjustments ¢ tt, are ignored; and second, the largest plausible commitment cost ¢} for future (resp.
past) online status is used.

In summary, we define updated subproblem objective functions that implement these changes:

R (p7Qau X Z R?tow(p)_ Z C]Ptow Z gt pv Z bal b, q Ct ( ) CI‘GS( pb,q )’

VISVAS JeEITPT FISVAS €L

—I .- bal
Ri(p,q,wip,q) = > | Ri(p,w) = Y dicii®pis — Y diciy iy | = Ch (0,435, 4)-

jegsd teT teT teT

Q=i reR re{td}
Contingency screening adds contingency costs to the final subproblem objectives, so these costs are re-
moved from the intermediate subproblem objectives EtT. Additionally, reserve requirement and branch
limit penalties are withheld from R; and energy penalties are withheld from R;F . Computational experi-

ments demonstrate that these omissions do not degrade solution quality.
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Algorithm 3: Tailored Penalty Alternating Direction Method

Input: Penalty schedule {p,}7_, C R, contingency thresholds N¢%& Nbr Nbus gthr
1 for e {1,...,7} do

2 if 7 =1 then

3 ‘ For t € T, solve 7?(0, 0,0;0) to solution (pET), qf), U§7)7 XET)a MgT)vwiT)%

4 else

5 ‘ For t € T, solve Zt 2 i 1)@?*1)7@57*1);%) to solution (PgT)aqu)7U§T)7X( )Mgﬂa 4 )),
6 end

7 For i € Z, solve 71»( (r ),qZ(T), r ),pf) to solution @( R qf )ai(T))

8 For j € % and t € T, compute uSh(T) ZSH( S )/%(Tt))

9 end

10 For j € %4, solve H;(p ),ﬂ§ )) to solution (4, 6+)'

11 For t € T, solve Z} (p), 3, @™, §; 6) to solution (pf ,qf ,ul );

12 Compute N/ = Contingency Screening(p’,q", Nt& NPT Nbus sthr) yging Algorithm
13 For t € T, solve ZF (3™, 3™, a™, N; 6) to solution (ps, gz, ur);

14 return (p,q,u)

(7
]
)7

5.5 The Tailored pADM

Now, we combine the adaptations discussed in the previous sections and present Algorithm The
algorithm uses new versions of the subproblems Z, and Z ]J defined as follows, where u; denotes the subset

of variables u that contain index j with i; = i:

—_ —=T _ 2
Zy (P Ui p) = max Ry (b, e ur Xe) = PL(Pe s e Py G W) = p ) (W54 — Wiwye)
Xtofht Wt jeJsh

s.t. (ptaqtnut?wt) XSOC?
~uc . d
(pjt,thaU??’th) € y]t v.] € js ;

—I =1, _ _ o
Zi(pi, @iy uis p) = max  R;y(D;, @i Wis pir @) — P (Pis i Wi, Dis i Wi)

Pi»q;,Uq

st. (9, 0;,0;) € X Vj € J° with ij =i

First, the algorithm alternates between solving the SOC relaxations of the temporally decomposed
subproblems and the spatially decomposed bus-level subproblems. Then, the power injection and unit
commitment decisions from the final-iteration bus-level models Zi are used to compute ramping intervals
for constraints @]} These bounds and the last iterate generate the final ACOPF subproblems, which
are solved without contingencies. In the last step, the contingencies are screened based on the final
subproblem solution. The final subproblems are solved again, incorporating costs from the selected
contingencies, to generate a candidate solution to (SCUC-ACOPEF]). We show the validity of this algorithm
in Theorem [3

Theorem 3. Let (p,q,u) be a solution returned by Algorithm @ Then, there is some (v, A, 0,7, ¢) such
that (p, q,u,v, A, 0,7, ¢) is feasible for (SCUC-ACOPF)).
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6 A Temporally-Decomposed Dual Bound

The temporally-decomposed subproblems Z;', combined with the SOC relaxation proposed in Section
yield a set of reasonably sized convex subproblems that can be efficiently solved to global optimality. We
slightly adapt these subproblems so that they generate an upper (dual) bound on the objective value
of the problem (SCUC-ACOPEF]). Access to such a bound on the primal objective is a useful tool for

computational analysis of our algorithms. Specifically, the upper bound allows for certification of the

quality of a primal solution, in that feasible solutions with objective values near the upper bound cannot

be significantly improved. We define the upper bound as

ZUB = Jmax — CP (pr, gr, )
teT ot Wt (UB)
s.t. (ptv qtaﬂhwt) € thoca (pjta qjtvu??) € jutc v] € JSd7
where
CPP(p,qu) == > RY(p)— D> CE™(p)— > Cx(p.a) =Y C(pa)— > ust — Ci%(p, q).
Jjeges JETPT JET?C 1€ jegsd

As the feasible set relaxes that of (SCUC-ACOPEF]) and the objective overestimates the true objective,
ZUB

is an upper bound on Z*. Theorem JM4| formalizes this result. This bound relaxes several aspects
of the primal problem. Specifically, penalties from contingencies, energy limit violations, and device
startup/shutdown costs are ignored, ramping constraints are removed, integrality constraints are relaxed,

and AC power flows are replaced with their SOC relaxation.

Theorem 4. The problem (UB) generates an upper bound on (SCUC-ACOPF)); that is, Z* < ZUB.

7 Computational Results

We implement Algorithms 2| and [3| and evaluate them on the test cases provided in the fourth and final
event of GOC3 (Elbert et al.|2024b)). Exact details of our implementation are provided in Section
The test cases mimic realistic grid data under a diverse set of operating conditions. The dataset contains
584 cases across 8 networks which vary in scale from 73 buses to 8,316 buses. We refer to each network
by the number of buses it contains. The cases are separated into three divisions, each with a different
lookahead window. Cases in Division 1 (D1) are real-time market optimization problems with an 8 hour
lookahead, Division 2 (D2) contains day-ahead problems with a two day lookahead, and Division 3 (D3)
contains advisory problems with a one week lookahead. D1 cases span 18 time periods (7' = 18), D2 cases
48 periods, and D3 cases 42 periods. Table [2| shows the number of cases by network size and division.
Cases with the same network and division may differ in other parameters, such as generation and load

profiles.

Computing Resources

Our experiments are conducted in Julia 1.9 with modeling language JuMP (Lubin et al.|2023)) on the MIT
SuperCloud (Reuther et al.[2018). Each case runs on a single 48-core Intel Xeon Platinum 8260@2.40 GHz
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# Buses | 73 617 1,576 2,000 4,224 6,049 6,717 8,316 | Total
D1 24 38 24 18 24 36 36 48 248
D2 40 24 0 18 24 18 18 24 166
D3 24 24 24 3 24 24 3 44 170

Total | 88 86 48 39 72 78 o7 116 o84

Table 2: Number of test cases by network size and division.

Network | 73 617 1,576 2,000 4,224 6,049 6,717 8,316 | Average
DI | 10/083 10/1 10/1 96/072 10/0 48/0 28/0 37/0 | 7/0.38
D2 [10/090 10/1 —/— 10/1 10/1  10/094 10/0.72 10/0 | 10/0.80
D3 10/1 10/1 10/1 10/1 10/1 10/1 10/1  10/0.02 | 10/0.75

Average | 10/0.91 10/1 10/1 9.8/0.87 10/0.67 7.6/053 55/0.28 7.4/0.01 | 8.7/0.61

Table 3: Average number of iterations / proportion of solutions that consider screened contingencies by
network size and division. No 1,576-bus D2 cases are in the dataset.

processor with 192 GB of RAM. The (mixed-integer) linear bus-level models 721- and ramping restriction
problems are solved with Gurobi 10.0, the temporally-decomposed SOC relaxations ZtT are solved
with Mosek 10.0, and the final subproblems ZtF are solved with Ipopt 3.14.10 (Wéchter and Biegler; 2006)
using linear solver ma57. Feasibility is evaluated with a tolerance of 10~8; all subproblems are solved with

this tolerance.

7.1 Implementation Details

The decomposed models are solved in parallel on 48 threads. This allows for the temporally decomposed
models (ZgT or Z') to be solved simultaneously across all time periods, while bus-level subproblems 71
are batched into threads. The default scheme runs 10 iterations of Algorithm (7 = 10) with p, = 107" L.
We adapt the number of iterations and penalty coefficients to conform with time limits, as discussed in
the following paragraph.

In accordance with GOC3, a strict runtime limit is imposed: 10 minutes for D1, two hours for D2,
and four hours for D3. As our algorithm runs, we estimate the maximum number of iterations that can
be completed within the remaining time and distribute the remaining penalty coefficients evenly on a log
scale between the current coefficient value and 10°. The iteration count may not exceed the default value
of 10. We report the average number of completed iterations by network and division in Table For
every case in D2 and D3, there is sufficient time to run 10 iterations. In D1, for networks with over 6,000
buses, the iteration count is often decreased, whereas smaller cases typically run all 10 iterations. If the
time limit is reached while solving the final subproblems Z}', we return the current iterate and evaluate
its feasibility. Solutions with negative objective values are considered infeasible.

The contingency screening thresholds are selected by validation on a set of cases from previous com-

petition events. The values differ between large and small networks and are set as follows:

Small Networks (73 and 617 buses): N°*€ = 30, NPT =920, NP =50, sthr=1073,
Large Networks (> 1,576 buses): Ne® =30, NP'=20, NP® =20, s™=10"72
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If sufficient time is available, we solve the final models Z with screened contingencies in step 13 of
Algorithm [3} otherwise, we evaluate the solution to the contingency-free models from step 11. Table
gives the proportion of cases which include screened contingencies in the evaluated solution. Cases that
do not include contingencies do not have sufficient remaining time for contingency screening and post-
screening optimization, do not yield any valid contingencies via Algorithm [2], or fail to demonstrate a
sufficient objective increase in the post-contingency solution relative to the contingency-free solution. In
D1, time limits are binding for large cases, so these cases typically do not consider contingencies. In D2
and D3, most cases consider contingencies. Across all divisions, we identify impactful contingencies on

only a few instances from the 8,316-bus network.

7.2 Solution Quality

In this section, we investigate the quality of the feasible solution returned by Algorithm 3] Our decompo-
sition scheme yields dual bounds via problem (UBJ|). We evaluate feasible solutions to (SCUC-ACOPF)

against this upper bound, quantifying the optimality gap of the solution. From the primal perspective,

we compare our solutions against those generated by the benchmark algorithm of [Parker and Coffrin
(2024, “Benchmark”). The benchmark is subject to the time limits described in Section It solves
(MI)LPs with Gurobi and nonlinear problems with Ipopt, using linear solver ma27. We highlight several
key differences between the benchmark and our algorithm: first, we iterate between unit commitment
and power flow problems to fix a unit commitment solution instead of relying on a single pass; second, we
use ez-ante bounds to incorporate ramping constraints into the final subproblems instead of projecting
onto the feasible set; third, we include reserve and security constraints in the final models.

Figure [1] compares the quality of feasible solutions to the upper bound. We compute the percent
optimality gap of a feasible solution with objective z by 100 x %, where infeasible solutions are
assigned a gap of 100%. The figure shows the empirical probability that a test case has a gap no larger
than some value, with results reported on the solutions returned by the tailored pADM (Algorithm [3)
and the benchmark. The figure also shows distributions for modified versions of our algorithm; these
results are discussed in Section [7.4]

The average optimality gap for feasible solutions returned by Algorithm |3|is 1.33%, compared to an
average gap of 6.93% for benchmark solutions. Our algorithm fails to identify a feasible solution within
the time limit for 19 of the 584 cases, while the benchmark gives infeasible solutions for 13 cases. This
infeasibility is due to early termination by the time limit; for our algorithm, this only occurs in D1. The
80th percentile gap for our algorithm is 1.06%, compared to 11.83% for the benchmark. At the 90th
percentile, the corresponding values are 1.54% and 21.88%. On average, our solution objective improves
over the benchmark by 6.94%. We note that there are four cases with gaps > 80% for both algorithms.
These cases are among those used to evaluate the impact of switching off AC lines, which is not permitted
in our model. Removing these cases reduces the average gap for our algorithm to 0.70% and for the
benchmark to 6.34%. Overall, these results demonstrate that our algorithm identifies a near-optimal

solution in almost every case and significantly improves upon the benchmark solutions.
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Figure 1: (top) Empirical cumulative distribution function of the optimality gap. Distributions are shown
for feasible solutions obtained from the tailored pADM, tailored pADM without adding contingencies,
tailored pADM without the ramping restriction, and the benchmark algorithm. (left) Distribution on the
gap interval of 0% — 2%, corresponds to the leftmost shaded region of (top). (right) Distribution on the
upper quintile, corresponds to the uppermost shaded region of (top).
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Figure 2: Empirical cumulative distribution function of solution time by division and network.
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Figure 3: Proportion of runtime allocated to UC iterations, SOC iterations, and final models on cases for
which the time limit is not binding and 10 iterations are run (N = 457). Runtime is totaled across cases
with the same network and across iterations for UC and SOC models. Average runtime for each network
is given in parentheses.

7.3 Algorithm Runtime

Although we enforce a maximum runtime, our algorithm often terminates before this limit. Figure
shows the empirical probability that a case terminates within some amount of time, by division and
network. For small and medium size networks (< 4,224 buses), the time limits are rarely binding; that
is, the cases can be solved well within the imposed time limit. For large cases in D1, especially the 6,049
and 6,717-bus networks, the 10 minute time limit is often binding and causes early termination. In D2,
the time limit is only binding for about 15% of cases on the 6,717-bus network; for other networks, the
time limit is not binding. In D3, the time limits are never binding; all cases are solved in under half of
the allotted time.

Figure [3] shows the distribution of time spent solving each subproblem class as a proportion of total
time. This runtime includes the total time for the bus-level models 71 in the iterative portion (UC
Iterations), for the temporal models ZtT in the iterative portion (SOC Iterations), and for the final models
ZF (Final Models). The figure shows data only for cases that run all 10 iterations and are not terminated
early due to the time limit. Runtime includes neither the time for contingency screening nor for solving

final models with contingencies.
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Model | Time (s) | [{j,¢: 850 <1075} | >0, 050 x 1072 | ., 0(8) x 1072

max Y, v(d5¢) s.t. (LOb)—(10c) 9.1 354 (0.5%) | 99.87 (100%) 42.35 (100%)
LP (10a)—(10d) 0.2 7,874 (11.7%) |  99.87 (100%) 36.67 (86.6%)

Heuristic (10d)—(L0¢) 0.1 325 (0.5%) | 89.70 (89.8%) 42.28 (99.9%)

LP (10a)-(10€) 0.2 319 (0.5%) | 99.80 (99.9%) 42.31 (99.9%)

Table 4: Comparison of ramping interval quality on a representative 6,049-bus case. Interval lengths are
defined as d;; = &, + 5;;, and the volume objective is given by v(d¢) = log(d;: + 1). Percentages are
relative to the total number of elements or the global maxima of 3, d;; and -, v(d;¢).

UC iterations occupy a small portion of the total runtime, especially on large networks. Large networks
experience a growth in the proportion of time spent solving the final models; that is, the time spent on
UC and SOC iterations does not grow as rapidly as the time spent on the final models. This suggests
that efforts to reduce the runtime of our algorithm on large networks are best spent on accelerating the
final subproblems. On the other hand, for small networks, a majority of the time is spent in the UC and
SOC iterations; runtime reductions for these cases can be achieved by decreasing the total number of

iterations.

7.4 Benefits of the Tailored Algorithm

We now evaluate the impact of the ramping restriction (Section [5.1.1]), the energy limit restriction (Sec-
tion [5.1.2)), the SOC relaxation (Section [5.2)), and contingency screening (Section [5.3)).

7.4.1 Analysis of the Ramping Constraint Restriction

First, we demonstrate the quality of the ramping intervals generated by the auxiliary linear programs
(10). Table {4 compares the linear programs to other models that yield valid restrictions of the ramping
constraint. These models are evaluated on the number of devices and periods for which the ramping
bounds yield a near-empty interval, the total length of the intervals, and a proxy for the volume generated
by the intervals, computed as the sum of log interval lengths. Directly maximizing the volume (i.e., the
first row of Table {4) gives the best realization of the volume metric; however, this (convex) nonlinear
problem has a nontrivial solve time. Maximizing the sum of interval lengths with the linear program ([10al)—
(10c)) speeds up computation but generates an overly sparse solution with many near-empty intervals,
even when using an interior point solver without crossover. Such a solution reduces the amount of power
injection flexibility in the final models. The solution at equality for the heuristic expressions f
distributes slack to the ramping bounds evenly between contiguous periods. This yields intervals which
are relatively non-sparse and a volume that is within 99.9% of the upper bound, with a reduced total
interval length. Adding the heuristic constraints to the linear program f combines the benefits:
a relatively fast method that generates near-optimal intervals by the sum and volume metrics and yields
few near-empty intervals.

Next, we compare Algorithm 3| to an approach that fixes real power injection p'°* to the final bus-

level solution p'°* )

in the final subproblems Zf. This is equivalent to taking 6 = 0 and demonstrates
the impact of the flexibility provided by the ramping restriction. Fixing power injection significantly

degrades the solution quality, as shown in Figure [I} With fixed power injection, the number of infeasible
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without Restriction with Restriction
Division Scenario ZUB Objective Penalty Objective Penalty
D2 027 572,227,184 498,453,819 58,480,001 564,196,225 0
D2 031 484,996,329 411,492,289 37,520,166 474,577,847 599,096
D2 032 650,963,270 588,681,039 37,680,001 640,863,341 375,629
D2 033 949,087,700 899,846,594 37,680,001 941,670,329 418,576
D2 036 652,367,566 607,441,569 37,680,001 648,867,311 360,291
D2 041 484,735,515 418,757,179 37,553,010 475,422,381 887,888
D2 042 650,664,039 587,119,183 37,680,001 636,952,776 382,855
D2 043 948,728,190 899,529,862 37,680,001 937,687,552 395,104
D3 027 1,920,855,345 | 1,849,812,212 20,800,000 | 1,906,039,779 0

Table 5: Performance on 1,576-bus cases from event 3 with and without the energy restriction included
in the final subproblem objective. The SOC upper bound, feasible solution objective, and energy penalty
are shown.

cases increases from 19 to 66. Relative to fixed injection, the ramping restriction increases the objective
for feasible cases by an average of 3.09% with a maximum improvement of 2.6x. The total objective

improvement across all cases (including infeasible cases) is 12.68%.

7.4.2 Analysis of the Energy Limit Restriction

Even with the energy limit penalty ignored in the final subproblems, none of the test cases incur any
penalty at our reported solution. To demonstrate the benefit of the restriction, we consider 9 cases on
the 1,576-bus network, taken from the third event of GOC3. These are the only cases from this event
that have nonzero energy limit penalty in our reported solution when the penalty is ignored in the final
subproblems. In these 9 cases, including the energy limit penalty restriction in the final objective reduces
the total penalty > jegsd C’JC- (p) by an average of 98.99% and improves the solution objective by an average
of 8.68%. Table [5| shows the solution objectives and penalty contributions for these cases.

7.4.3 Analysis of the Second-Order Cone Relaxation

The main benefit of the SOC relaxation is to reduce the computational cost of each iteration. We quantify
this benefit by comparing the solve time of the final models Z}', which contain exact nonconvex ACOPF
constraints, to that of the SOC relaxations 73. Although the final models differ in other areas, including
the ramping restriction and fixing of the unit commitment variables, the comparison indicates the relative
scale of the runtimes. Figure [3| shows that the time spent on 10 iterations of the SOC models is on the
same order as the time spent on the final supbroblems. Comparing the time to solve the first-iteration
SOC models (which have penalty coefficient p = 0) against the final subproblems, we find that the SOC
models solve on average 76.62% faster than the AC models. Across all cases, the total time spent on the
first SOC iteration is 88.92% less than time spent on the final subproblems. This indicates that the SOC
relaxation yields large reductions in solve times and that the reduction is more significant in cases with
long solve times. The speed-up allows more iterations to be run and permits large cases to be solved

within the time limits.
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The quality of the SOC relaxation can be observed from the results in Section which demonstrate
the existence of AC-feasible solutions with small optimality gaps relative to the dual bounds. As these
bounds are derived from the SOC relaxation, small gaps suggest that this relaxation does not significantly

reduce accuracy relative to the AC model.

7.4.4 Analysis of the Contingency Screening Heuristic

We compare the final solution from Algorithmto the solution (p¥', g%, u") generated by the contingency-

free final subproblems in step 11 of the algorithm. Figure [I] plots an empirical cumulative distribution
function for the optimality gap of these contingency-free solutions. Per Table|3] 39% of reported solutions
for the full algorithm already are from the contingency-free solve. For the remaining cases, Figure
shows improvement in the gap when contingencies are considered. In cases where contingency screening
is completed, the post-contingency solutions improve the total objective by an average of 0.45% and
reduce the value of the contingency penalty >, Cy e (p, q) by an average of 24.45%. Across all cases, the
post-contingency solutions reduce the total contingency penalty by 71.47%. These results demonstrate

that contingency screening eliminates most high-impact contingency costs.

7.5 Differences from GO Competition Evaluation

The GOC3 test cases allow for some AC branches to be dynamically switched off. In this work, we
describe our algorithm and evaluate its performance in a switching-free environment, where all lines
remain on. We convert all cases to a switching-free version, and duplicate cases (included in the dataset
with and without switching) are consolidated.

GOC3 evaluated software from 14 teams. For reproducibility, we compare only against the open-source
benchmark solver (Parker and Coffrin/|[2024)). Elbert et al.| (2024b)) provide the results of an independent
evaluation of submissions from every team, including the solver described in this work. These results
include additional experiments on a 6,708-bus network generated from industry data that was not released

publicly and a 23,643-bus network withheld from this work due to binding memory constraints.

8 Conclusion

In this paper, we demonstrate that high-quality solutions to realistic industry-scale SCUC-ACOPF prob-
lems can be found within stringent time limits. We present a decomposition scheme that separates the
SCUC-ACOPF problem into a set of device-level mixed-integer linear programs and a set of temporally-
separate nonlinear programs. We apply a penalty alternating direction method to this decomposition
and prove its convergence. We introduce a number of heuristics to improve the solution quality and
computational cost of the algorithm, including restrictions of time-coupling constraints, a second-order
cone relaxation, and a contingency screening algorithm. The algorithm tailored with these heuristics
demonstrates superior performance on large-scale test cases and satisfies strict time limits, identifying

near-optimal solutions relative to a dual bound.
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A  Appendix

This appendix is organized as follows. Section [A.1]provides a formulation for the feasible region of device-
level unit commitment decisions. Section describes the feasible region for device-level real power and
reserve decisions. Section defines generalized shift factors and describes the scheme for efficiently
computing them across contingencies. Section introduces compact notation for the temporally-
decomposed subproblems, which is used in analysis. Section gives a pair of relevant technical lemmas.

Section provides proofs of our results.

A.1 Device-Level Unit Commitment Constraints

In this section, we describe the constraints which define the sets Xj?l. These constraints are as follows:

=1 Vie g, teT ™, (A.1a)

ug =0 Vjie g, te T, (A.1Db)

wp<1— > u Vieg, teT, (A.1c)
t,e,]}(in,mm

wi<1— Y ul Vieg teT, (A.1d)
t/GTup,min

Z u]t < usu maX(W) V] c jsd’ W e Wju,max. (A.le)

teWw

. : or oN -
Constraints (A.1a)—(A.1b)) enforce must-run and must-outage requirements, where T; (resp. " ) gives
the set of time periods during which device j must be on (resp. off). Constraints (A.1lc)—(A.1d|) enforce
minimum downtime and uptime requirements, and (A.1e]) limits the number of device startups over some
time interval. The sets T-dn’min (resp. 'T-UP’min) contain prior time periods ¢ < t within the minimum

a. .
SWIMAX 49 a set of time

downtime (resp. uptime) ranges relative to period t for device j. A set W € W
periods subject to a startup limit (W C 7)), and usu maX(W) gives the correspondlng limit. From these
constraints, we define A := {{u3}, u3}, ig}te’r . (A7)} for all j € J°9, relying on the separability of

the constraints over dev1ces.

A.2 Device-Level Real Power and Reserve Constraints

Here, we detail the device-level real power constraints of the sets X’ ﬁ. We consider three reserve categories:
up-reserve products for online devices, down-reserve products for online devices, and up-reserve products
for offline devices. We let Ront, Rony, and Rogp be the subsets of R containing products assigned
to the three categories. These reserve subsets are totally ordered on the quality of the product, e.g.,
Regulation > Synchronized > Ramping for elements of R,,p. For a complete description of modeled
reserve products, see Holzer et al.| (2024a). Real power injection and reserve products are constrained by

the following logic:

Z P < p;is T Yae{ontonl}, je T4 teT, reR,  (A2a)

r"e€R,
r/>r
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Z e < (1 — ud)) Vje T teT, reRor, (A2b)

jgtr!
T EROHT
r'>r
doopis ifjegr
Ron .
P < piugy — T o Vie ¥ teT, (A2c)
> vy i€
TERonL
Y opin ifjegr
P > piitugp 4 TR ‘ Vieqd teT, (A.2d)
P ifjege
TGROHT
Pyt <P —ug) — D o Vie teT. (A2e)
TEROHT

Constraints (A.2a)—(A.2b)) enforce absolute limits on reserve products, where preS M oives the maximum
quantity of reserves at least as good as product r. Whether a device can provide a reserve product
depends on if the device has the appropriate commitment status for the reserve category. Constraints
- enforce reserve limits relative to dispatched real power. The parameters p;** and pm‘“
give maximum and minimum total real power. These limits count reserves that cut into headroom to the
minimum or maximum; that is, reserve products that could increase real power injection count against
maximum power, and those that decrease injection against the minimum. Whether a product increases
or decreases power injection depends on whether the device produces or consumes power. We define

= {(u}} ,pﬁt, P AP brer) (A2)} for all j € 7% and ¢t € T. This construction relies on the

Jtr
separabﬂlty of the constraints over devices and time.

A.3 Generalized Shift Factors and Fast Contingency Evaluation
This section defines the generalized shift factors Fji for any connected subnetwork J C [J2¢.
Let M € REIXI7*l be the bus-branch incidence matrix, where
1 ifij =i
Mij=q -1 ifd;=i

0 otherwise.

Let B(J) € RI*IXI7* be the diagonal branch susceptance matrix, where

—bj ifjeJ

0 otherwise.

B(J)jj =

Under the DC approximation, the real power flows p! € RIV*“l over AC branches are computed as a linear

function of the bus phase angles 6 € RIZI:

pl=B(T)MTe.
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For simplicity, we ignore the dependence on phase shifts ¢. Then, given a vector of net nodal real power

injections p™ € Rl nodal power balance requires
inj __ fl T
p™ = Mp" = MB(J)M 0.
The matrix MB(J)M?" is the bus admittance matrix. For some reference bus ig € Z, we construct

(MB(J)M )y ifig & {i,i'}
H(J)iw =11 ifi =1 =i

0 otherwise.

If the branches J form a connected network, H(J) is invertible. Feasible bus angles can then be computed

by inverting H(J) and setting 6;, = 0; that is,
0=SH(T) 'p™,

where S =1 — eioe% sets the ig-th entry to 0. Here, I denotes the identity matrix and e;, is the ¢g-th

standard basis vector. Now, the real power flows are given by
pﬂ — B(j)MTSH(j)flplnj

The coefficient (B(J)MTSH(J)™!);i gives the GSF from bus i to line j under network J. Therefore,
the GSF from bus ¢ to line j under contingency k is defined by

Figji := (B(T* \ {e)MTSH(T*\ {5k }) ™).

Computing factors F}j; requires the inverse of matrix H(72\{jx}), which may be difficult to compute
for all contingencies k. Instead, we express this matrix as a rank-1 update to the matrix H(J7?2°). If
io & {ij,,1; }, then

H(T™\ {ji}) = H(T™) + bji (e, — ey )(es, —ey ).

i
If ip € {ij,, z;k}, a similar rank-1 update can be derived. We leverage this structure by first evaluating
H(J2)~1, then computing H(J2 \ {jx})~! for relevant k by the Sherman-Morrison formula (Hager
1989). This method for the efficient computation of GSFs across multiple contingencies is similar to that
of Holzer et al.| (2024b).
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A.4 Stylized Notation for Temporally-Decomposed Subproblems

To aid in the analysis of Algorithm |1} we introduce a generic form of the models Z; (B, q;, Us; p):

max F(z,y,z) — pI'(z,T)

x?y7z

st. x e X, (A.3)
y:AZ(aj)a
z € Z.

The objects that define this model have the following properties:
1. The feasible set of (A.3]) is bounded with diameter D;

2. X is polyhedral;
3. A, is a linear function for all z € Z;

4. F(z,y, z) is Lipschitz continuous with parameter L over the feasible set of (A.3]), so that all VF €
OF(xz,A.(x),z) with x € X and z € Z satisfy | VF|, < L;

5. Penalty function I'(z,7) = ||[E(z — Z)||3 where ETE = F; and

6. If (p;,q;,u;) € X) for all j € 7°! and W} € A5 for all j € T and ¢ € T, then T € X.

We demonstrate that, for any ¢ € 7 and solution (p,q, %), the model Z! (p,,q;,us; p) is of the form

(E3). Let
Z = {(pgrapiovqg7q:€:oavt) : 3(At,9t,Tt,¢t) s.t. - a - }

and

(pjt, Gt uSf) € Vye Vi e T,
X = (progrw) \ (P, 0, ", a4t 4f°, 5) ’
ush € V5 Vj e Jeh

where we abuse the notation (py, gz, uz) \ (¥, pi°, piP, ¢iF, ¢f°, ¢;*) to represent the projection of the solution
(pt, qt, ut) onto all coordinates except the branch and shunt power flow variables. The variables x lie in
X and the variables z lie in Z. Let

h,,2 , sh sh
9507 UG Dy
A (x) = ’ Vje | =
sh,,2 , sh sh
For fixed z, the function A, is linear in x as the variables j;t are contained in z and the variables uj?

are contained in x. Any x € X contains all the elements of (p;, ¢, u) except for branch and shunt power
flows, while y = A, (z) contains the shunt power flow variables (p{*, ¢;"). Any (x,y,z) with y = A,(x)
satisfies constraints f.

Under these constructions, the feasible set of corresponds to the feasible set of Z', which is
bounded under Assumption [II We call the diameter of this set D. Under Assumption [I} X is polyhedral
because the sets yyf and y;? are polyhedral.
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With the sets (X, Z) and functions A, constructed in this way, any feasible (x,y, z) contains exactly
one copy of each variable in (py, g, us). We define F(x,y, z) = R} (ps, q:), which is Lipschitz continuous
over any bounded domain. To ensure that all subgradients on the domain of are properly bounded,
we define the constant L to be the Lipschitz constant of F' over some bounded set that strictly contains
this domain.

We construct
T= 00w\ 0,01 B @ 4% @),
and accordingly define

F(I’,f) = HE(@' _E)Hg = Fz(pt,Qt,Uta@ﬂmﬂt)a

where F is a diagonal matrix with an entry of 1 if the corresponding element of x is a copied variable
(i.e., penalized in I's) and an entry of 0 otherwise. This matrix clearly satisfies ETE = E. In the generic
form, x € X contains every copied variable, so we can represent I's as a function of Fx and E7.

Finally, suppose that (p;,q;,%;) € X} for all j € 7°¢ and @} € X3P for all j € J*" and t € T. By
Lemma [1 it directly follows that Z € X. This demonstrates that Z; (p;, G, Us; p) satisfies the structure
of problem ((A.3]).

A.5 Technical Lemmas

This section presents two technical lemmas that are used to prove results from the body of this pa-
per. Lemma bounds the magnitude of the penalty term for the device-level block subproblems by
the magnitude of the penalty term from the previous iteration solution to the temporally-decomposed
block subproblems. Lemma establishes a fundamental property on translating the limit point of a

convergent sequence contained in a polyhedron.

Lemma A.1. Let (p(T), g\, u(T),TJ(T),E(T),ﬂ(T)) be a sequence of iterates generated by Algorithm where
the subproblems Zjﬁ] are solved to global optimality. Let R be the same constant as in the statement of
Theorem[1l Then,

—(1) =(7) =(7 R T T 7) =(t—1) =(7—1) —(7—
Fl(p(T),q(T),u(T),p( ), g, at )) < 7_,_111(1,( ), ¢ ) pr=D gr=1 gl 1)) vr e [r]\ {1}.

Pr

Proof. Take any j € J°! and iteration 7 > 1. Then, (p§ ),q§ ), gT)

7! (pg ), qj( ), § ), pr). Under Assumption the variables which appear in the objective function Rg have
bounded domain, so R; < R‘; (p,u) < Ej for some bounds (Ej,ﬁj) and the constants R; = Rj — R; used
to define R are well defined.

(r—=1) —(v—1)

As the feasible region of Z JJ does not change between iterations, (T)j

) is globally optimal for

_(7—
9 qg ’ U‘J

Applying global optimality for the maximization, we have for all j € 7°¢ that

1)) remains feasible.

J(5(r=1) —(r-1) Hp™ o™ (7 5T &(r=1) =(r=1)
R](pj 7uj )_pTF (pj 7q] s j 7p] 7q] ,UJ )

< R@ )~ o0 o 5 ),
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Additionally, for j € 7", we have that

sh( ™) _ 72"

(F ¥

J

sh(r) ﬂs‘h(‘r—l) H
J

pr 2 pr

1

by definition of subproblems Z]SH. These properties yield the relation
p’rrl (p(T)7 q(T)7 U(T) ; ﬁ(T) ) g(‘l’)’ E(T))

=pr | > D@7 w7 B 0w ) + )

1

jejsd ]ejsh
T) (7 _(7—1) —(7—1 T T i (-1
< > (ReV.a”) - e ))+pTF’(p§),q§ g 5),1?5 Vg a)
jEJSd
b 3 [ -z
jGJSh
< Y Ri+p (™, u™ p0D gl wlry)

jEJSd

where the first line follows from the definitions of 'y and I'}, the second from global optimality for Z jJ
and ZJSH, and the third from the objective function bounds and again the definitions of I'; and T'}. As
R= ZjGJSd R;, this proves the result. O

Lemma A.2. Let X be a polyhedron with {z*,2} € X. Consider a sequence {x;}3°, C X such that
lim; oo x; = x*. Then, there exists some {)\;};2; C R> such that the sequence T; = x; + X\i(T — x*)
satisfies {Z;}2, C X and lim;_,o0 T; = .

Proof. Define (A,b) with A € R™*"™ and b € R™ such that X = {x : Az < b}. Let M := {j € [m] :

a]T(:Z“ — x*) > 0}, where a; is the j-th row of matrix A. We define a sequence of multipliers A\; by

cM a; (@—a*)’
1 if M = 0.

7CLT$1 .
\ min {mln bT J 1} if M #10

These multipliers yield the sequence of iterates Z; := x; + \;(Z — x*). Note that a]Ta:i <bjas x; € X and

a}—(a?—x*)>0forj€M,s0)\i20.

First, we establish that the sequence #; lies in X. Consider some index i. For j € [m] \ M,

a}—:i"i = a}—m + )\ia;r(a? —z¥) < a;r:ci < b,

T
as \; > 0 and a;!—(fc—x)<0 For j € M, we have that \; < Tj(a;:) and a}(i—$*)>0 S0
.7

ali; = a]Txi + )\iaJT(:Z' — ")

J
bj —al
a;raci + <‘I{~]:)> a;r(i‘ —z¥)

IN
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These results demonstrate that Az; < b for all 4, and thus {#;}2, C X.
Next, we consider the limit of the iterates \;. If M = (), clearly lim; ,o, A; = 1. Otherwise,

. . . bj —af;
lim A\; = lim min { min ———, 1

i—00 i—00 JEM aT(:c —a*)’

. i — a}xi
= min { min lim ,1

T
M i— —
{JE im0 a; (az x*)
) bj —aij*
= min < min ,1
jeM a (T —a*)

b; —a]T:L‘* }
min 1

> min ,
jeM b; —a; Tox

=1

Y

where the second line follows from continuity of the min function, the third line from the convergence
of {x;}:2, to z*, and the fourth from the feasibility of Z and z* for X. As \; < 1, we have shown that

lim; o0 A\j = 1. Therefore, lim; oo Z; = x* + (T — 2*) = Z. O
A.6 Proofs of Results

Proof of Lemma [1]

Proof. We first consider property |1l Consider some j € 759 and (pj,qj,u;) € Xj°. By Assumption
such a u; satisfies (6)). Further, (uj, p;j, q;) satisfy (2)—(3) by definition of XjC. As p;?tr,’c > 0, we have by
(2b]) that

Su supc_ su
pjt - § pjtt/ u]t’ > 07

t/e7ft“p°
. . . . . . Su Sd
and thus is satisfied. Similarly, we see that (7b|) holds. Therefore, with certificate (u (RN ), it holds
that (pjt,qj't,ug?) € yuc for all t € T, proving property Next, consider property I Clearly, as any
. h, h,
1€ A5 satisfies (BI), w5y € [u] i, ui "™ and thus uf) € V5. O

Proof of Proposition

Proof. We will prove that feasible solutions for each model can be mapped to feasible solutions for the
other model with the same objective value and the same values for the copied variables.

First, consider a feasible solution (p, ¢, u,v, A, 8,7, ¢) for (SCUC-ACOPF)). Define (p,q,u) = (p, q, u).
By this definition, the last constraint of is satisfied for solution (p,q,u,p,q, H) and the copied
variables have the same values in both solutions. As (p,q,u,v,A,0,7,¢) satisfies , it holds that
(pe> @i, us™) € Xp< for all t € T. Additionally, for all j € J*" and t € T, it holds that u$} = w5} €
stf - y;.t by Lemma I Similarly, as (p,q,u) satisfy . ., for all j € J°¢ it holds that (p;,qj,u;) =
(p;,q;,u;) € X}° and further, by Lemma (1}, (pje, gje, ujy) € V5 for all t € T. This demonstrates that

(p,q,u,p,q,u) is feasible for (COPY]). Considering the objective, ), + R (pt, q¢) + Zjede Rj (pj,uj) =
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Sier RE(pr,a) + X jegsd R‘]J (P, ;), and the solutions have the same objective value in their respective
models.

Next, consider a feasible solution (p,q,u,p,q,u) for (COPY]). First, ﬂj? € stg‘ for all j € J" and
t € T and thus satisfies (5l). By the copy constraints, us" = w". Then, (p;, ¢, W") = (pr, g, ui") € A
for all t € T and we can construct a corresponding solution (v, Ay, 0y, 7¢, ¢¢) such that constraints (Hal)—
are satisfied by the solution (p,q,w,v,A,0,7,¢). In the remainder of the proof, we refer to this
solution as the candidate solution.

The candidate solution is constructed so that the copied variables have the same values as in
(P, q,u,p,q, ). As (p;,q;, ;) € X} for all j € T, these variables satisfy f. As constraints (|1]) only
contain variables %, the candidate solution satisfies these constraints. By the copy constraints, Pt =p!
and p*d = 7%, so (p,w) satisfies constraints f. For the remaining constraints in , specifically
, , and , note that (pjt, gje, u3y') € Vi, so there are some (3", Sd) that allow (p,u°") to
be feasible for (2). These remaining constraints depend on u only through «°" and do not contain @*"
or @4, As u®® = @™ by the copy constraints, (p,) also satisfies . As the copy constraints enforce
(ptot, gtot, ¢*es) = (pt°t, g*°t, ¢**), the solution (p,q,u) satisfies constraints because constraints de-

pend on (p, ¢) only through (p**, ¢**, ¢*)

constraints .
Therefore, the candidate solution (p, ¢, @, v, A, 0, T, ¢) is feasible for (SCUC-ACOPEF|). Comparing the

objective, the terms in RJ that contain variable p are Rpow, CJ%OW, and C7, all of which only contain

variables p'°*. As the copy constraint enforces p'°* = p'°t, it holds that R}J (), u5) = RJJ- (pj, ;). Then,

DT R;F(pt, qt) + Zje,_’]sd R}I(T)j,ﬂj) =D et RtT(pt, qt) + Zjede Rj (pj,uj) and the solutions have the
same objective value in their respective models. O

. Similarly, again as p'°* = p'°*, the solution (p, ¢, u) satisfies

Proof of Proposition

Proof. Under Assumption there exists some solution (p, @,ﬂ,@,ﬁ,é,%,qg) that is feasible for
(SCUC-ACOPE). Take any (p,q,u) such that (p;,q;,u;) € Xpe for all j € J%4 and ﬂj? € stgl for all
j €I and t € T. We construct the solution (p, q,u) by the following rules. Take (p'F,p'°, ¢, ¢*°) =
(p, p*, ¢, ¢°) and v = @. Define pjl,} = gjhﬂﬁ‘ 92, and q bSh Shvft for all j € 7" and t € 7. All

other values in (p, ¢) take the corresponding values from (p, q).

This construction ensures that the solution (p,q,u,p,q,u) is feasible for the copy constraints of
(COPY)]). Further, the set constraints applied to the variables (p,q,u) in (COPY]) are satisfied by the se-
lection of (p,q,u). By Lemmal ujt =t e X;gl - y;? forall j € 7" and t € T and (T)jt,qjt,ﬂ??) €
for all j € 7 and t € T. As u = U satisfies , by Assumption (1}, u satisfies @ Further, as (p,q,u)
does not differ from (p,q, ) in the variables that appear in constraints f and , we conclude that
(pjt,qjt, V) € € Yjf forall j € T and teT.

Now, consuder the solution (py, g, u; b B, Ay, 0,7, ¢). The components of (p,q) which appear in
constraints 7, namely (pfr, pto, psh gt gto, qSh) are constructed to ensure feasibility for these con-

straints with respect to this solution. As a result, we see that (ps, g, @") = (pr, qi, ui?) € X2 for all

t € T. This shows that (p,q,u,p,q,u) is feasible for (COPY]). O
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Proof of Theorem [I]

Proof. To prove the first result, consider any iteration 7 > 1 and time period ¢ € 7. We analyze the
generic form of the model ZE(T)ET_I),GET_I),HET_I);pT).

Let the polyhedron X be described by (B, b), so that X = {z : Bx < b}. Let (z,y, z) be a stationary
point of , in that it satisfies the Karush-Kuhn-Tucker (KKT) conditions. There must exist some
(A1, A2) such that (x,y, z) satisfies the following conditions, which are a subset of the KKT conditions:

T T
(F(x,y,z) — pl'(x, o B A
oo 0Py ) pr(am)) RO Ada)
OyF(x,y,2) 0 —
M (b — Bz) =0, (A.4b)
)\1 > 07 (A.4C)

where I represents the identity matrix and A(z) gives the matrix form of the linear map A,. Note that
Oy (F(z,y,2) — pI'(2,T)) = 0. F(z,y,2) — pVzI'(2,T) as I' is a smooth function (Rockafellar and Wets
2009, Exercise 8.8).

. . 0 F (2,y,2)
Fix (A1, \2) that satisfies (A.4) and denote by VF €
ayF(x7 ya Z)

(z,y, z) that satisfies (A.4al); that is,

] the (partial) subgradient of F at

VF =

QpE(l' — f) + BT)\l + A(Z)T)\Q
—Xo ’
Observe that the iterates (ﬁy—l),@y_l),ﬁy_l)) are feasible for the subproblems ZJJ for all j € 7%
and ﬁ;?(T_l) are feasible for ZJStH for all j € JP. Therefore, T € X by the structure of model (A.3). With
y = A(z)T, we have that (Z,7, z) is feasible for (A.3).
By the above properties,

opT [T x] _ 2pE(z — %) + BT\ + A(z)TAgl ! x—T
y-y —A2 y—y
=2p(x —7) E'(z — 7) + \{ Bz = 7) + A\ (A(2)(z = 7) = (y = 7))
=2p(x —T)"ET(x — %) + \] (b — B7)
>2p(x —2)TE(x — T)
=2p(e —7) ETE(x —7) = 20| E(x - 7)|I5.

where the third relation follows from and the definitions [y, §] = A(z)[z, Z], the fourth relation
follows from the feasibility of = for X and , and the fifth relation follows from the property ETE =
E.

We note that [|[VF||, < L, and that (z,y,z) and (Z,7, z) are feasible for (A.3)), so

r—T
y—y

r—7T

2 || Bz — )3 < VET < |VF, < LD,

2
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where the second relation follows from the Cauchy-Schwarz inequality. Therefore, T'(z,7) = ||E(z — T)||5 <
LD

Tp.
We now apply this result to the problems Z;! (T?Y_l) ,qy_l),ﬂy_l); pr) in each period ¢t € T, where

the feasible region diameters are given by D; and the Lipschitz constants by L;. Recall that d is the
number of copied variables. By the separability of I's and the standard inequality relating the Ly and Lo
norm in R,

(™), ¢,y Fr=1 gD 7r-D)

1(p

r
< \dDa(p™), ¢, u), D g1 Glr-n)

) \/d Z F2 (pET)’ q£7)7 uz(tT) ’ ]791(;71) ) 6&71) , 65/771))

teT

. [Zieran
[ 2pT .

This proves the first result.

Now, we consider the second result. It holds that

Fl (T)(T) , q('f) , H(T) , TQ(T_l) , q(T_l)’ ﬂ(’r—l))
< Ty (p™, ¢, 5D gD -0y L1y (p7) o) 40 50 77 70y

ety . R
< 2F1(p(7—)7q(7)1u(T)7p(T 1),(]( 1),U( 1)) + p
< E_}_ 221&67'dL1tDt7
Pr Pr

where the first inequality follows from the triangle inequality, the second from Lemma and the third
from the first result of this theorem. This application of Lemma requires the global optimality of
subproblems ZJ‘-]. This proves the second result.
Last,
pl(p(fﬂ)’ gD (D) p(1) (1) u(f))

< Ty (™), gD D) 50 50 7Y 4 Ty (p), ¢, ) 50 5™, 7y

dL,D
e 4Dy | B oo
20141 Pr

R n 2) crdLiDy

Pr min{pTa PT+1}

g™ ™ FrD gD gD

where the first inequality follows from the triangle inequality and the remaining inequalities follow from
the first result of this theorem and Lemma This proves the third result. ]

Proof of Theorem 2]

Proof. Consider some limit point (p*, ¢*, u*,7*, 7", @") of the sequence (p(7, ¢(™,u(™ 57 g7 7(7) gen-
erated by Algorithm [1} and let {7;}5°, give the subsequence of indices which converge to this limit point.
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We first demonstrate that this point is feasible for (COPY]). By Lemma and Theorem

O S lim Fl (p(TZ)’ q(71)7u(T@)’ﬁ(Tz)7a(Tz)’ﬂ(Tl))

1—00

< lim R + Fl(p(ﬂ')’ q(ﬁ')’U(Ti)’p(ﬁ'—l),q(ﬁ‘—l)’H(Ti—l))

1—00 Pr;

AN
g
|
+
I

As T'y is continuous, this gives that

Fl (p*v q*7U*)ﬁ*7q*aa*) = hIl’l Fl(p(n)y q(Ti)a U(Ti)’ﬁ(ﬂ)’q(ﬂ')’ﬂ(ﬁ)) =0.

1— 00

This is equivalent to

tot * _totx res*’uon*?ush*) — (7tot* —Suk * —totx —resx —onk -—shx

(p™™, p*™*, p¥*, ¢*°% ¢ prOv B B g g, w wh),

and thus the limit point satisfies the copy constraint of .

Algorithm [1| guarantees that the solution (pE”‘), qISTi), uETi)) is feasible for Z for all t € T, the solution
(*g-Ti),qg»n),ﬂg-T")) is feasible for ZJJ for all j € 754, and ﬂj»l;(ﬁ) is feasible for ZjStH forall j € 7P and t € T.
Under Assumption [} the subproblem feasible regions are closed, and thus the limit (p*, ¢*, u*,p*,q*,u*)
is contained in the appropriate sets. This demonstrates that the limit point is feasible for .

Next, we show that the limit point is optimal for with the first variable block (p, ¢, u) fixed
to (p*,q*,u*). Consider the model with the additional constraint that (p,q,u) = (p*, ¢*,u*),

which can be written as

max Y RI(p}.q))+ > R}(p;1;)

_ . S A5
s.t. (pjvqjau]) € X]uc V] € jbd? ( )
ijt — ptot*, psu _ psu*’ psd — de*, qtot — qtot*’ qres — qres*’ 7o — uon*’ ﬂsh — ush*‘

As above, (p*,7*,u*) is feasible for this problem. Consider any feasible solution (p, ¢, @) to (A.F).

Theorem [1| implies that the maximum difference between the copied variables of (5(7), g™, (7)) be-
comes arbitrarily small with increasing p;, i.e., the copied variables of the iterates form a Cauchy sequence.
Thus, the iterates converge to (p*, ¢*,u*) in the copied variables. Binary variables admit only unit changes
in value, which implies that there is some iteration 7’ after which the copied binary variables 7°" and w*"
never deviate from their values 7°™ and @™ in the limit point. By constraints 7, and , the
variables 7" and @ are uniquely defined by @°", and therefore, after iteration 7/, all binary variables in
solution (™) remain at their value in solution @*. Similarly, as feasibility for requires @™ = u°™
and @ = v, all binary variables in @ have the same value as in T*.

Define by

Z¥@) :={(p,gu) : u=71", (9;,q;,7;) € X Vj € T>}.
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Clearly, (5*,7",@*) € Z'(a*). Also, by the logic above, (7, §, %) € 2" (w*) and (57, g7, @) € Zv(a*)
for all 7 > 7/. As all binary variables are fixed, Z"¢(u*) is polyhedral under Assumption

Consider some subsequence of {7;}°,, denoted by {7/}:°,, such that 7; > 7’. We apply Lemma to
polyhedron Z(%*), solutions (p*,q*, w*) and (p, ¢, @), and sequence (p{™),q("),u(")). Denote by {Ni}2,
a sequence of multipliers that satisfies the statement of Lemma We then define

', 0, a0y = ), g7, 7)) + X\((B,¢. @) - (77,77, 7).

By application of Lemma the sequence (p(77), g, a(™ )) is feasible for Z"¢(w*) and thus is feasible
for subproblems ZJ‘.], and has lim;_.. (p(), ¢, a() = (p, ¢, @).

By feasibility for , it holds that solutions (p,q, @) and (p*,q*,u*) have the same values for the
copied variables (which appear in T'y), and thus (p(7), @), a(7%)) and (p(7), (™), @(™)) have the same

values in those variables for all 7. As a result, for all i € Z> and j € J sd and any solution (pj, a5, ),
I (p]7QJaU]7p§ )7q§T 2 g )) = Fll(pjvqjaujaﬁg' )7q~]( ')a NET ))

To conclude, we observe that

J ) . J (1) —(7{)
> RBj(@)w) = lim > Ri@;, 5

]ejqd jEJSd
J (7)) (7))
- }5& Z Rj(p; ;")

jEJSd

o (T4 0,050, 0,0~ P, 7, 7D, 540, 67, 7))

. J i/~ 1) ~(7—i/)
> lm 3 R a7)-
jEde
p (F'<p§ ’,q§ Do) e )
_ (5 ~ n-’)
= 2 BT
]ejsd
= > Rl
jGde

where the inequality follows from the global optimality of iterates (ﬁ(T),q(T),U(T)) for subproblems Zjﬁ] .
This proves that the solution (p*, ¢*, w*) is optimal for , and thus satisfies the global partial optimality
condition for its block.

Last, we consider the other block of variables and show that the limit point is optimal for
with the second variable block (p,q,w) fixed to (p*,q*,u*). We again analyze the generic form ,
which has limit point (z*, y*, 2*, 7%, 7*,z*) that corresponds to (p*,q¢*, u*,p*,¢*,u*). Problem
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with the additional constraint (p,q,u) = (p*,¢",u") can be written in this generic form as

max ZFt (e ye, 2t) Z RJ (D, u;)

T,Y,2

teT jegsd

st. x € X Vte T,
w=Au(r) VEeT. (4.6)
2t € Z4 Vte T,

EfCt = Ef: Vit € T,

where the objects (F, X, Z) for each time period are now indexed by ¢, and Ez; selects the variables
which appear in the copy constraint. We prove the result by demonstrating that (z*,y*, z*) is optimal

for (A6).

Consider any (z,7, Z) feasible for . For each t € T, we apply Lemma to polyhedron
A;, solutions xj and 7, and sequence x}(ﬁn). Note that (x(”),y(”),z(”)) corresponds to the sequence
(p(”), g\, u(”)). Denote by {\it}2; a sequence of multipliers that satisfies the statement of Lemma
We then define

# =2 ap(@ —af)  and g = A5, (@),

By Lemma the sequence :EgTi) € X, so (xgﬂ),gjgn),ét) is feasible for at time ¢ and thus
for subproblem Z!. Note that this sequence holds the variables Z; constant. Lemma gives that
lim; o0 27 = ;. As gt = As, (%) and As, is continuous, lim;_,e0 5. = 7.

By feasibility for (A.6)), the solutions Z; and x; have the same values for the copied variables Fx; that

~(7i) (7:)

appear in penalty functlon I'. As aresult, z;  and x; " have the same values in these variables for all

i. Thus, for all ¢ € Z> and t € T and any solution 7,
T\ %) =TE™, 7).
To conclude, we have that

> Fileivinai) = Jim 3 Ry 2)
teT teT

i Ti _(m;—1 ~(1i) —(m—1
= Tim > Faf™y ™A - o, (D™, 277Y) - 1@, 7))

EHMZE”@WWPNWWﬁHWﬂW%VW

1—00

7 ~Tz ~(n) z
- Y Gi

= ZFt(it,Qtyit),

teT

where the inequality follows from the global optimality of iterates (:U%T),yt(ﬂ, zt(T))

This demonstrates the optimality of (x*,y™*, z*) for (A.6)), and therefore (p*,q¢*,u*) satisfies the partial
y

for subproblems Z!.
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optimality condition for its block. This demonstrates that (p*, ¢*,u*,p*, ¢*,u") is a partial optimum for

(COPY). O

Proof of Proposition

Proof. Take any j € J51 and (p;,4;, ;) such that (p;,q;,u;) € Aj¢. For all t € T, construct

_ 1 d _ _ _

50 = 5 min {1+ (B = Ba), e — (B — B}
1. ¢t d —tot —t

S5 =5 mln{ — (B3 = Di1)s TS5 + (P — pﬁt)} ,

_ 1 ;
5Jt + 51—';—1 < 92 ( + (pggt - P§°tt 1)+ T'Jt + (pﬁ‘t’t - pﬁt 1)) =T+ (pﬁt - P;Ott 1)
_ 1
0iioa 05 < 5 (g — (PR = BY3) + i — (057 — Pja)) = 75 — (3" — Pta)-

The construction thus satisfies the constraints — and is feasible for .

Next, we demonstrate nonnegativity and boundedness. Consider any ((5— 5+) that satisfies (10b))—
(10€). Since (p;,q;, ;) satisfies the ramping constraints (), we have r < ptOt pgott g S forallt €T,
Then, constraints f imply nonnegativity. Constraint - prov1des an upper bound on 5jt.
Combining 5; ; > 0 and (10Db) gives that d;, < d ¢ + (PR — Do) Similarly, from constraint (10d),

&, <7l — (Plg* — Pl ). Thus, the set of feasible ((5 7507) is bounded. O

Proof of Proposition [4]

Proof. Consider any (p,u,0) that satisfies (10b} - ) for all j € 754, Take any p such that ptOt satisfies

@, ic.

Pyt — 05, < plet <Pl + 0, Vie g, teT.

Constraints @D, , and definition yield
P =P 2 B Bl — (8 6 ) 2 = —d (P -
and thus (p, u) satisfies . Similarly, constraints @, , and definition yield
P = P S B = P+ 0y 0 < v = de (P — )+ @ -+ 1))

and thus (p,u) satisfies (4b). O
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Proof of Proposition

Proof. The result relies on the inequality

2. 2

> xi]+ <Dl

—tot
dvew dt’pjt'

teT WEW;:’min

& [e;-“iwv) -

Et’EW dy

—tot
—Dvew dt’Pjt'

- Y Y

en,min tc/
wWew;

- Y |z
Wewjn,min LteW

_ Z mm
Wwew;™ -

e (W)
Zt/EW dyr

mln( ) _
Zt'eW dy

—=to
dvew dt’pjt/

+
Z dtptot] )

teWw

for any z. Then,

_l’_
tot tot
p]t ]

Jr
+ 5t — pﬁ?t]

t +
+ 5t — p;?:“) ]

The first relation follows from the definition of W]etn M and the second from the aforementioned property

of []*

FW) + Ypew dvDiy

. >

tET Wewsme

(&
dt[

Zt'eW dy

(W) + Ppew dvDjyr

>, D d

WEW]en ymax ¢/

&

Zt'eW dy

(W) + Ty ey AP

> zdt(
WGW;H’maX LteW
— Z max
Wew;™ L

Together, as ¢® > 0, these properties yield the bound C;(p) < ZteTéjt(p;T)).

Proof of Proposition [6]

Proof. Consider t € T and (py, ¢, ui") €

Zt'eW dy

+
+ Z dtptot] )

teWw

and nonnegativity of d;. Similarly, for the energy maximum terms,

Jr
tot —tot
it — Pjt ]

+
tot —tot
it — Pyt ]

+
+pit — p}?) ]

€ X72¢ with uSh IS y forall j € J sh. Then, there is some solution

(ve, Ay, 0y, 74, ¢¢) such that this solution and (py, gr, ui?) are feasible for f. Construct the following

objects:
VitVil VitV U%t ) ac
Cjt = —— cos(Ajt), sj = - sin(Aje), pje = —5 VjeT™,
jt jt Tjt
.2 . sh _ ,sh 2 . sh
wit =V Vie€L, py =uyviy Vi€ T
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We consider the feasibility of the solution (¢, ¢, p, g¢, pit, we) for constraints . First, by f we
have for all j € J2° that

2

Gi;jjViy  VijtVily

_ J j . Y B . _ Ir

Gijjtjt — gicjt — bjsjt = ——5— + ——— (—g; cos(Aji) — bjsin(Aji)) = pjy,
jt Tjt

Vi;tVs! ¢

9irjWire = 9icjt + bjsjt = 9t Vg + (—gj cos(Aje) + by sin(Aje)) = pj7,

jt
.2 T
—bijijt + bjcje — gjsit = _btjgtvijt + UZ];:jt (bj cos(Aje) — gj sin(Ajr)) = gl
j
b/ Wit + bicjt + gjSjt = blfjvf/t + % (bj cos(Aji) + gjsin(Ajy)) = qﬁ’
j
Next, using 7, we have for all j € 7" that
gt = gl = p3 and = B = =0l = ¢

This establishes that the solution satisfies constraints (11af)—(11f]).

We now consider the remaining constraints. It holds for all j € 72° that

2 .2 2 .2

2, o _ utlit .2 Vit Vit

i+ 85 =—= (cos®(Ajy) +sin”(Ajy)) = —5= = pjwyy,
o i i

and (11g) holds. By constraint , nonnegativity of 7™ and 7™, and wy; = vZ >0,

wijt < wijt = iy = wijt < w’i]‘t
max\2 — 2 ~ FIt— 2 — min\2’
(75") Tt T ()

and (11h)) holds. By definition of yﬁ , for all j € 7% we have ujh min ujltl < u;h’max, Thus,

sh,min sh, 2 sh, 2 sh < us.h,max
J

. sh . _ = = ;
U Wit < WUjpWigt = Ujp Vg g = :u’_yt WUjp Vi = Wi Wijt i5t>

again using w > 0, and (111 is satisfied. For all i € Z, due to and (v™in p™max) > (),

(oF™)? < 0B = wip = of < (o2,
and (| . ) holds. The solution trivially satisfies . Therefore, (pt, qt, pe, wi) € X, By construction,
e uJ for all j € J*" and the result holds. O

wi]-t

Proof of Proposition

Proof. Fix some j € J°4 and t € T. First, consider a solution (pjt, g;t, u‘ﬁ‘) . Then, let ( su jd) >0

certify inclusion in V5. Define

su __
Xjt = E uiy  and th— E ujt,

’ supc dpc
t ETJ t/e’Tjst
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By @ we have ug + x5} < 1 and u°n+xj < 1. Using these properties and uj;' > 0, we have x3; < 1 and
XSd < 1. Further, we have u3}, > 0, so X Y > 0. Similarly, XSd > 0. Thus, the solution (pjs, gjt, u ugy, Xjt)
satisfies (12¢)—(12g). By constralnt and nonnegativity of w3 and pJ,2°

jtt!

Supc su su upc
0 < pjt < Z Pjigr Wjpr < t/m/]—%upc Jtt’ E : Uy = X5t t,g%?fpcpytt' )
t/ 7—]‘buPC t/ 7;supo jt

and thus the solution satisfies (12a]). Similarly, constraint (7b]) implies (12bf). Next, let a =1 if j € JP*
and otherwise a =|. By constraint , we have

tot max sd max, tot Tes max on su S| max, tot res
dj¢ < qjt P+ E Uﬁ/ E Uy +Bj Pjt —4ta = 4t (th + Xt "’th) 5 Pjt —djta>
/ upc d
t'e ’7']5 t/ETjst pc

and (| is satisfied. Similarly, by ., we see that - ) holds. Therefore, (pji, gj¢, u ugy, Xjt) satisfies
constraints . As constraints , . ., and . ) do not contain usu and ©5¢, the solution also

jto
satisfies these constraints, and (p]t, qjt, U ]t rXGt) € y

In the other direction, take (p;t, gj¢, ug;') such that (p]t, qjes uSp, xjt) € Vjp for some y;r. Let

sdpc

" € argmax p5 b and e argmax p -

’
# TSUPC Jtt ’ dpc
i vETS

We construct the solution (u$", Sd) for all ¢ € T by the following rule:

j
s gf g = P sd g =7
wiy = Xt and uj% R
0 otherwise 0 otherwise.
Consider the solution (pjt, gjt, u3, ju,ujd). By construction, we have Y, eToe uSth = X5 and
>y eTsdve U ‘ti/ = XSd Further, (u ?f,uj-u,uSd) [0,1]27*! by constraint (2g). Let a =1 if j € JP* and

otherw1se a =|. Then, by constraint . we have

tot max on su sd max, tot res max max, tot res
%t < Qi (th + X t th)+/8j Pjt —jta = 4jt P+ E uSy + E U]t/ +B5" it — Gitas
t’G'Tjsupc v €7-;dpc

and is satisfied. Similarly, (12d]) implies . By constraint (12€]),

s Z wip = ug + G < 1,
te ,Tjsupc

and similarly by ., ugy + > peTIie th' < 1, so constraints @ are satisfied. By definition of Y}, , the

Jt’
solution satisfies . ., and . Next, by (12a] @ and construction of u]t,, we have

supc supc supc  su
0 <l < Xji ,én%§pcpjtt’ u b G T Z Pijger Uit
it upc
! teT

o1



and constraint is satisfied. Similarly, (|1 and the construction of u 4 imply (7D) . This establishes,
with certificate (u ust, jd) that (pji, ¢ji, v Jt) € O

Proof of Theorem [3

Proof. We first demonstrate that the subproblems ZtT , 7%, and ZjStH are feasible at every iteration. Under
Assumption [T} there is some feasible solution (p,q,u,v,A,0,,¢) for (SCUC-ACOPEF)). By definition,
(pj: gy uj) € XJC for all j € T (e, qi, us™) € X< for all t € T, and uSh € XSh forall j € 7" and t € T.
By Lemma (p]t,qjt, ]t) € Yjy forall j € J and t € T, and uSh € y]t forall j € 7** and t € T.
By Proposition @ there are some (u,wy) such that (pg, g, e, we) € thoc for all t € T. By Proposition

there is some x such that (pj¢, e, ugy, Xjt) € ?}*f for all j € 7%4 and t € T. Therefore, the subproblems
73, 75, and Z JStH are always feasible.

Next, we demonstrate that the subproblems H; and ZF are feasible at steps 10, 11, and 13 of the
algorithm. The iterate (57, g™, u(™)) is feasible for the bus-level subproblems 7; S1) (ﬁf),qf),ﬁgﬂ) €
X for all j € J%. Then, Proposition [3| gives that problems H; (pg ), § ™) ) are feasible for all j €
J%4 and the solutions § are nonnegative. By Propositions [1| and l there is some feasible solution
(p,q,u,v, A, 0,7,¢) for (SCUC-ACOPF) with u = @Pand p*t = 7'°t("). Note that u°® and p'°*
copied variables, and v and 4% are defined implicitly by u°® from constraints f and . This
solution satisfies constraints f and , and thus (pg, g, uf?) € X2° for all t € T. Further, as §
is nonnegative, the solution is trivially feasible for @ Therefore, this solution is feasible for problems
zF @D, ™, a™,0;6) and ZF (37,37, w™, N; ). This establishes the validity of the algorithm.

Finally, consider the output (p,q,u). This solution satisfies constraints f. As v = @™ and
@, 7,7 e Aje for all j € J sd_ it holds that u satisfies constraints (). Additionally, (pe, g, us") €
Xp¢ for all t € T, so there is some (v, A, 0, T, ®) such that the solution satisfies f. As u =™
sh(7)

and Uy

is an integer on [u;h’min,u;h’max] by definition of the subproblems Z]StH, the solution satisfies

(5]). By Proposition |4} as (p,u) satisfies constraint (9) and 4 is feasible for H; @7, 7™y = H;(37, u),
the solution is feasible for constraint . Therefore, the solution (p,q,u,v,A,0,7,¢) is feasible for
(SCUC-ACOPE)). O

Proof of Theorem [4]

Proof. Consider any feasible solution (p, ¢, u, v, A, 8, 1, ¢) for (SCUC-ACOPF)). By definition, (p;, ¢j,u;) €
X} for all j € T (p, qi, us®) € ARC for all t € T, and uSh IS XSh for all j € J" and t € 7. By
Lemma (pjts gjts uly) € Yy forall j € Jand t € T, and uj? € y for all j € 7" and t € T. Further,
by Proposition |§|7 there are some (u¢,wi) such that (p, g, pe, wy) € X for all ¢t € T. Thus, we have a

corresponding feasible solution (py, g, ut, pit, we) for each problem of .

We now establish fundamental properties of the objective functions. For any p, as ¢ > 0, it holds
that C;“(p) > 0 for all j € 7%, Similarly, for any (p,q), as ¢ > 0 and d; > 0, it holds that C;:;g(p, q) >0
for all k € K and t € T, and therefore C{*®(p,q) > 0 for all t € T. Finally, for u satisfying (1), we have

52



for all j € 754 that

03 - ey = X [+ gtust = X b+ — 1
teT teT t'eT
t'<t
> [+ st - X by | = St »
teT t'eT teT
t'<t
where the first inequality follows from [uf} + u$p — 1]7 < [u$}]" = uj} and nonnegativity of cd tt,, the
second inequality from Assumption (cju > Zt’eT c]tt,) and ujt > 0, and the third inequality from
t'<t

nonnegativity of cj»d and ujj;i Considering the objective function for (SCUC-ACOPE)),

> Ri(pa)+ > Ri(pu)

teT jede
=D DR ) - D CR ) - Y Cxa) - Y Ci'(pg) — Ci(p, ) — CFE(p,q)
teT \jeJes JEJPT jeJac €L
— Z Cuc + Ce( ))
]EJSd
=Y (PP + > Grug —Cf ) | = Y (CFw) +C5(p) < P (p,q,u),
teT jegsd jegsd teT

where the inequality follows from the previously observed properties of the objective functions. This

implies that the feasible solution (p,q,u, p,w) has an objective value in (UBJ|) at least as large as the

objective value for (p, q,u,v, A, 0,7, ¢) in (SCUC-ACOPEF|). Because we are maximizing and this property
applies for any feasible solution to (SCUC-ACOPF)), the optimal value of (UB|) must be at least as high
as the optimal value of (SCUC-ACOPF)). O
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