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Abstract

We develop and analyze an inexact regularized alternating projection method for nonconvex feasi-
bility problems. Such a method employs inexact projections on one of the two sets, according to a
set of well-defined conditions. We prove the global convergence of the algorithm, provided that a
certain merit function satisfies the Kurdyka-Lojasiewicz property on its domain. The method is then
specialized to the class of affine rank minimization problems, which includes matrix completion as
a special case. We approximate the truncated Singular Value Decomposition of the matrix that has
to be projected by means of a Krylov solver, and provide suitable stopping criteria for the Krylov
method complying with the theoretical inexactness conditions. The information needed to imple-
ment such stopping criteria do not require an extra computational effort as they are a by-product
of the Krylov method itself and avoid the so called oversolving phenomena. Results of the numerical
validation of the algorithm on matrix completion problems are presented.

Keywords: affine rank minimization, alternating projections, inexact projections, krylov subspaces, matrix
completion

1 Introduction

This paper is concerned with regularized alternating projection methods for computing a point in the
intersection of two nonconvex sets A and B, namely

find z such that t € AN B A, B C R™ (1.1)

The alternating projection method (APM) dates back to the seminal paper [1] by J. von Neumann in
1950. Starting from a point in the first set, APM generates a sequence of points by alternately projecting
onto the two sets. The method converges globally when A, B are convex [2], and a rich literature has been
devoted to the convergence analysis of APM in the convex case [2-6]. When one of the sets is nonconvex,
APM converges only locally and further hypotheses on the sets and their intersection are required [7—11].



1.1 Contribution of the paper

We focus on a regularized variant of APM (RAPM) proposed in [12], for which global convergence
holds even in the case of nonconvex sets. RAPM requires exact projections on both sets; hence, it is not
applicable when the projection on one of the sets is exact, while it is not possible or too expensive to
compute the exact projection onto the other set. We design a theoretically well-founded inexact variant
of RAPM, denoted by iRAPM, that allows to use inexact projections on the latter set. Inspired by [13—
15], we introduce suitable conditions that the inexact projection has to satisfy in order to preserve the
theoretical properties of the exact counterpart RAPM.

Our main motivation for this study lies in the application of alternating projection methods to Matrix
Completion (MC) problems and, more generally, affine rank minimization problems, which consist in
finding a matrix Z € R™*"2 of minimum rank that satisfies a given system of linear equations:

min rank(Z7), (1.2)
s.t. A(Z) =0,

where A : R"*"2 — RY ig a linear map and b € R4. Problem (1.2) encompasses the MC problem, system

identification and control problems, Euclidean embedding, and collaborative filtering [16].

Assuming to know the sought rank of the matrix Z, say r, we reformulate the affine rank minimization
problem as the problem of finding a matrix in the intersection of two sets: the set C of matrices satisfying
the linear constraints and the rank level set, that is, the nonconvex set C,. of matrices of rank less than or
equal to r. Then, we specialize APM, RAPM and iRAPM to this latter class of problems. First, we show
that the two sets C and C,. satisfy the assumptions that guarantee the convergence of the three methods,
thus providing a theoretical support to the employment of APMs for solving affine rank minimization
problems. Second, we focus on the computation of the projection onto the rank level set, namely the
truncated Singular Value Decomposition (SVD) of the matrix that has to be projected. This is carried out
by an iterative method, with an inherent truncation error. In the large scale setting, this is an expensive
task and iterative Krylov methods are used [17] in order to avoid full matrix factorizations. Suitable
stopping criteria for this inner iterative process are therefore of crucial importance in order to save
Krylov inner iterations, while preserving the same convergence properties as RAPM. We propose novel
stopping criteria for the Krylov method that comply with the theoretical conditions imposed in iRAPM.
The information needed to implement such stopping criteria does not require extra computational effort
as it is a by-product of the Krylov method itself.

Some numerical experiments on matrix completion problems to validate the convergence results, the
proposed stopping criteria and the performance of the studied methods will be also shown.

1.2 Related works

Early general results on inexact APM schemes in [18] emerge naturally from the convergence theory of the
exact algorithm, but their application to common feasibility problems is not investigated. In the works
[19, 20], inexact APMs are proposed for problems where, similarly to our setting, the projection onto one
of the two sets can be computed exactly while the other projection is inexact. On the one hand, in [19],
the authors propose an APM where the projection onto one of the sets is approximately computed by
means of the conditional gradient method. On the other hand, in [20], inexact projections are considered
onto two possible sets; the set of the solution of mixed equations and inequalities and a certain smooth
manifold given by the image under a nonlinear map of an open set containing the iterates. Inexact
projections are also considered in [21] where the author proposes a theoretical inexactness criterion
based on normal cones. We also highlight that both [20] and [21] consider easy to project onto the
rank level set since the projection of a matrix Z is given by its truncated SVD. Our point of view is
different, as the computation of the SVD is expensive and inherently inexact, and differently from [21],
we provide inexactness conditions and corresponding stopping criteria for the inner Krylov solver that
can be implemented without any additional cost, allowing for the reduction of computational times.
Such criteria are inspired by the works [15, 22, 23], where implementable inexactness conditions for
computing proximal maps are considered in the context of inexact forward—backward algorithms. Unlike
these previous works, we cannot rely on the convexity of the sets involved in problem (1.1); for that
reason, our definition of inexact projection will be slightly more restrictive.

The APM is widely applied to the Matrix Completion problem under different names. For example,
the Expectation-Maximization method is used in statistics for parameters estimation with missing data,



and, when data have a matrix structure, some of its variants are equivalent to APM [24]. In the context
of denoising and recovering missing data in time series, the Cadzow’s algorithm is well studied [25]. It
consists in wrapping the time series in a Hankel matrix, applying an SVD truncation to denoise the
data, and imputing the missing values. In its basic form, it consists in alternating the same two steps
of APM. Note that the convergence results for RAPM when applied to the rank affine minimization
problem provide also a theoretical support to regularized variants of the above approaches.

1.3 Outline

The paper is organised as follows. After an introduction to APM and RAPM given in Section 2, the
iRAPM is proposed and its convergence analyzed in Section 3. Then, the method is specialized to the
affine rank minimization problem in Section 4, where the new stopping criteria for the Krylov method
used to compute the truncated SVD are presented, see Sections 4.2 and 4.3. In Section 5, numerical
results on matrix completion problems are provided showing that the inexact approach is more efficient
than the exact counterpart.

2 Preliminaries

In this section, we first introduce the notations and basic definitions used in the present work. Then, we
recall the APM and RAPM algorithms and state their main convergence results in the case when one of
the two sets is nonconvex.

2.1 Notations and basic definitions

The symbol || - || denotes either the standard Euclidean norm on R™ or the Frobenius norm on R™ *"2
depending on the context. Analogously, (-, -) denotes either the Euclidean or the Frobenius inner product.
Given two vectors z,y € R", we will use the notation (z,y) as a shorthand for (z7,y7)?. Given a
non-empty, closed subset A C R™, the indicator function ¢4 : R® — R is given by

0, ifreA
ta(z) :{

400, otherwise,

where R = R U {400, >} is the extended real numbers set.

Given a function f : R®™ — R and a set A C R", argmin f(z) denotes the set of global minimum
T€EA
points of f over the set A. The projection operator P4 : R™ = R™ onto the set A is defined by

1 1
Pa(x) = argmin _ly —z|* = argmin _ly — o[|* + 1a(y)-
yeA 2 yER" 2

We say that A C R™ is proz-regular at a point Z € A if P4 is single-valued around Z [21, Definition 2.6].
A set A CR™ is called semialgebraic if it assumes the form [26]

A= U m{.%' eR™: fi,j(l‘) =0, gi’j({L‘) < 0}, (21)
i=1j=1

where f; ;,9:;; : R® — R are polynomial functions for all 1 < ¢ < p, 1 < j < q. Likewise, a function
f:R™ = R is called semialgebraic if its graph is a semialgebraic subset of R™ x R.

Given a proper, lower semicontinuous function f : R — R, the proximal operator of f is denoted by
prox; : R" = R" and defined as

1
prox(z) = argmin ~ ||y — z|* + fy).
n 2
yER

Note that, for any non-empty, closed subset A C R", we have P4(z) = prox, , ().



Let f:R" — R and Z € dom(f). The Fréchet subdifferential and the limiting subdifferential of f at
Z are defined, respectively, as the sets [27, Definition 8.3]

df (z) = {w € R": liminf (@) = f@) = (@ = 5)"w > O} ,

T—T, AT H$——EH

Af(z) ={weR": 32 =z, fa*) = f(&), w* € df(z*) = w as k — co}.

A point € R is said to be stationary for f : R® — R if 0 € 9f(Z). We denote with ||0f(z)||- =
inf,eof(z) [V the lazy slope of f at x.
Given a matrix G € R™*"2 we denote its Singular Value Decomposition (SVD) as

G=UxVvT,

where U € R™ >V € R™*™2 are orthonormal matrices and ¥ € R™*"2 is the rectangular diagonal
matrix whose diagonal entries o1, .., Omin(n, n,) are the singular values of GG. We will assume that the
singular values are in decreasing order, that is, o; > 041, ¢ = 1,...,min(nq,ng) — 1. Given 1 < r <
min{n,na}, we also consider the following partitions of matrices U, V,X: U = [U; Uy], V = [V; Va], and
¥ = diag(X1, Xp), with U; € R™X7 Uy € RmX(m=r) 1, ¢ R2X7 1, ¢ R*2X(2=7) 3 ¢ R™X7 %, €
R(m=r)x(n2=7) VWith these partitions we can write

G =US1ViE + U SV =[Gy + [Ga. (2.2)

The matrix [G]; = U131 V(L is the truncated SVD to the first r singular values, and in the following we
will refer to it as r-truncated SVD.

2.2 Alternating projection methods for nonconvex feasibility problems

Given two non empty, closed subsets A C R"®, B C R™, we consider the feasibility problem (1.1) and the
related minimization problem

. 1
argmin  L(z,y) = Sle — ylI> + ta(@) + ea(y). (2.3)
(z,y)ER™ xR™

The classical alternating projection method (APM) for solving (1.1) was first presented by J. von Neu-
mann [1]. Such a method can be seen as the standard alternating minimization (or Gauss-Seidel) method
applied to problem (2.3), where the function is cyclically minimized with respect to each block of vari-
ables, while keeping the other one fixed. Then, given y° € B, it generates two sequences {z*}.eny C A
and {y*}ren € B defined as follows:

1
2* € argmin L(z,y"*) = argmin ~|jz — y*||® + ta(x) = Pa(y®) (2.4)
zERN zERn 2
1
y**1 € argmin L(z**1 y) = argmin =||2** — y||? + t5(y) = Pp(z**) (2.5)
yeR™ yeR™ 2

Although global convergence of method (2.4)-(2.5) to a solution of problem (1.1) holds whenever A
and B are convex, the same property can not be guaranteed in the case where either one of or both sets
are nonconvex [11, 28]. On the other hand, the local convergence properties of APM in the nonconvex
setting have been investigated under additional assumptions on the sets of interest. In [9], the authors
prove the local linear convergence rate of APM whenever two smooth manifolds intersect transversally.
This result is further generalized in [10] for any two sets intersecting transversally, provided that at
least one of them is superregular at an intersecting point. In [7] (see also the subsequent work [8]), the
authors remove the superregularity assumption and prove the local linear convergence of APM by only
requiring transversality (or a slightly weaker version of it). We note that, in practice, checking whether
transversality holds requires the knowledge of a point in the intersection, even for semialgebraic sets [8,
p. 1648]. In [11], the authors prove the local convergence of APM at a sublinear rate, by assuming that
the two sets intersect separably and at least one of them is o— Hélder regular, with o € [0,1). Although
the convergence rate in [11] is weaker than those obtained in [7-10], the separable intersection condition



automatically holds when the sets are semialgebraic [11, Theorem 3], which is the case of interest for
affine rank minimization problems (see Section 4 for an in-depth analysis).

The definitions of separable intersection and Holder regularity, as well as the local convergence result
derived in [11], are reported below.

Definition 2.1 [11, Definition 1] Two sets A and B intersect separably at T € AN B with exponent w € [0,2) and
constant v > 0 if there exists a neighbourhood U of Z such that, for any points a € A, b € Pg(a), at € Py (0),
bt € Pp (a+) belonging to U, the following condition holds

(b—a®b" —a®) <@ —lb" —aT )b —aT " —aT.

Definition 2.2 [11, Definition 2] Let o € [0,1). The set B is o— Holder regular with respect to A at b* € AN B
if there exists a neighborhood U of b* and a constant ¢ > 0 such that for every a™ € AN and b € Pr(a™) NU,
setting 7 = |la™ — b™ ||, one has

Bla®,(1+)r)n{bePa@)™: (a —bT0—0") > Ver" T b—bT|}nB =0,
where B(a™, (1 + ¢)r) denotes the ball of center at and radius (1 + ¢)r.

Theorem 2.1 [11, Theorem 1, Corollary 4] (Local convergence) Suppose B intersects A separably at T € AN B

with exponent w € (0,2) and constant v > 0. Assume also that B is w/2—Hélder regular at T with respect to

A and constant ¢ < . Then there ezists a neighborhood V of T such that any sequences {xk}keN and {yk}keN

generated by (2.4)-(2.5) with y° € V converges to a point b € AN B. Furthermore, ||z* — b|| = O(kf%) and
k - _2-w

ly" —bll = Ok~ =).

In [12, 29], the authors investigate on the convergence of a regularized modification of APM, obtained
by proximal modification of the two alternating steps. Given two strictly positive sequences { A }ren and
{ur }xen, the regularized APM generates two sequences {x*}ren € A and {y*}ren € B such that:

1
k+1 ky _ : k|2 k2
x € pro . TV) = a =l — + —|lx—x +talx
Proxy, 1.y (@) = argmin 3z ="+ o — 2"+ 1a (@),
o1
yk+1 € prOXlLkL(z"“,*)(yk) = argimin 5”3/ - 'Tk+1||2 +
yeR"

1

1 k2
— |y — +15(y).
Sir ly —y"|l (v)

By means of some easy algebraic manipulations, we can interpret the points z**! and y**! as
projections onto A and B, respectively, of weighted means of the current iterates, i.e.,

1 A 1

k+1 k k& k+1 k HE K+

T epP "+ ) epP + T .
A<>\k+1 )\k+1y> Y B(Mk+1y pr + 1 )

The regularized APM (RAPM) is sketched in Algorithm 1.

Algorithm 1 Regularized Alternating Projection Method (RAPM)[12, 29]

Choose (2%, 4°) € Ax B, 0 <A <Ay, 0<po < g, {Mnthen © A, Ayls {pndren C [, g
For k=0,1,...

STeEP 1 Compute zF*+1 € PA< Lk 4 yk)'

e+l Ne+1
k+1 1k o _pe k+l
STEP 2 Compute y € Ps (Mkﬂy + T )

In [12], the authors carry out a convergence analysis for RAPM in the nonconvex setting, by just
assuming that the function L satisfies the so-called Kurdyka-Lojasiewicz inequality, which is reported
below for the reader’s convenience.



Definition 2.3 Let F : R” — R be a proper, lower semicontinuous function. The function F is said to have
the Kurdyka-Lojasiewicz (KL) property at € dom(9F) if there exist v € (0, 4+00], a neighborhood U of T and
a continuous concave function ¢ : [0,v) — [0, 4+00) with ¢(0) = 0, ¢ € C1(0,v), ¢'(s) > 0 for all s € (0,v), such
that

¢'(F(2) = F(2))|0F (2)] - = 1,
forall zeUN{z € R": F(Z) < F(z) < F(z) +v}. If F satisfies the KL property at each point of dom(9F),
then F is called a KL function.

The convergence results proved in [12] are reported in Theorem 2.2 for the reader’s convenience.
Unlike APM, the RAPM algorithm shows both local and global convergence, and its convergence rate
depends on the geometrical shape of the desingularizing function ¢ in Definition 2.3.

Theorem 2.2 [12, Corollary 3.1, Theorem 3.4] Let {wk}keN and {yk}keN be the sequences generated by
Algorithm RAPM.

(i) (Global convergence) If the function L defined in (2.3) is a KL function, then either ||(z*,y*)|| — oo, or
the sequence {(a:k,yk)}keN converges to a stationary point of L.

(i) (Local convergence) Suppose that the function L defined in (2.3) has the KL property at a point (Z,7) and
that |z —g|| = min{||z—y| : =€ A, y € B}. If («°, %) is sufficiently close to (&,7), then the whole sequence
{(#*, %) }een converges to a point (Too,yoo) such that ||zeo — yoo|| = min{|jz —y|| : = € A, y € B}.

(#i) (Rate of convergence) Suppose that {(xk, yk)}keN converges to a point (x*,y*) € Ax B and that the function
L defined in (2.3) has the KL property at (z*,y") with ¢(t) = ctlfe, being ¢ > 0 and 0 € [0,1). Then, if
0 = 0, the sequence {(QL’k7 yk)}keN terminates in a finite number of iterations; otherwise, we have

k : 1
1 ) — ) = o(r"), 1fo;’ so;;zelr €[0,1), iffc (?, 3l
O(k’(’)/( *>), ifo e (1)

3 An inexact regularized alternating projection method

In this section, we propose an inexact version of Algorithm RAPM, which is designed for solving the
feasibility problem (1.1) whenever the projection onto B is costly or does not admit a closed-form
implementation. After presenting the method in full detail, we discuss its practical implementation and
analyze its convergence in a nonconvex scenario. Regarding the latter aspect, we prove the convergence
of the iterates to a stationary limit point of the function L and investigate on the convergence rates of
the distance to the limit, by assuming that a specific merit function related to L satisfies the KL property
on its domain.

3.1 The proposed method

We call our proposed method iRAPM - inexact Regularized Alternating Projection Method. iRAPM
alternates between an exact (regularized) projection onto A and an inexact (regularized) projection onto
B, generating two sequences {2¥}reny € A and {y*}reny C B. At each iteration k € N, given z¥,4* and
two positive parameters \g, yix, the next iterate z¥+1 € A is computed as an (exact) projected point of
the convex combination (z* + A\xy*)/(Ax + 1) onto A4, i.e.,

1 A
k1 k ko k
x 677,4<)\k+1a: +)\k+1y),

whereas the next iterate y**! € B represents an inexact projection of the point (y* + ppa**1)/(up +1)
onto B. In order to introduce the inexactness criteria, we let Q**! be the function defined as

1
Q" (y) = %Hy —y*IP+ L™ y) — L ). (3.1)

Let us denote with g%, the point (y* + puxz* 1) /(px +1). Then, we can conveniently write Q! in (3.1)
as

1 1 1 )
Q¥ (y) = %Ily =y 1 Sl =yl = Sl =y 4 es(y)



(1 + pg) 1 1
= —ly - ¢*|* - IIy yIP 4 Sl = Sl = R 4 s ()

24,
N (12+u5k)||y —y*IP @ Ry )+ s(y)
:““‘k)ny—y’“nu”’% “k <y’f—x’“+1>7y—yk>+w<y>
24, Ik L+ pig
2 2
el e | e | R
:WH ol P g 1P sty vy e R, 32

where the first equality follows from the form of L given in (2.3), the third and fifth are both due to
the application of the basic relation ||a + b||* = ||a||* + ||b]|* + 2(a, b), and the sixth follows by using the
definition of y%,,. Hence the set of minimum points of Q¥+ is the projection set of yf,, onto B. Letting
g+l e Py (yffeg)7 we observe that the value Q%1 (%+1) assumes negative or null sign, since

QB = min Q") < "W =0. (3.3)

Then, given a prefixed tolerance parameter ¢ € (0, 1], iRAPM computes an approximate projection
yk*t1 € B such that the following conditions are satisfied:

Qk+1(yk+1) < CQkJrl(QkJrl) (3.4)
i \/ - (1g<) QFH (), (3.5)

We report iRAPM in its entirety in Algorithm 2.

Algorithm 2 inexact Regularized Alternating Projection Method (iRAPM)

Choose (2°,9%) € Ax B, 0 < Ao < Ay, 0 < p < gy {\tken © Moy 4], {undeen © [0, il
¢ €(0,1].

For k=0,1,...

STEP 1 Compute zF*t! € Py (Aﬁlx + AHly )
STEP 2 Compute y*+! € B such that (3.4)-(3.5) hold.

Some comments on the inexactness conditions (3.4)-(3.5) employed in Algorithm 2 are in order.

e Condition (3.4) is well defined due to (3.3). Furthermore, Q*+1(y**1) < 0 and if ( = 1, the point
y**1 belongs to the (exact) projection set of yfeg onto B; otherwise, if ¢ € (0,1), y* represents an
appropriate approximation that is “sufficiently close” to a point of the projection set. The parameter
¢ controls the approximation level of the iterates y**1; the closer ¢ is to 1, the closer y**! is to the
projection set, whereas the closer ( is to 0, the coarser y**! is as an inexact projection. Condition
(3.4) has been frequently used for computing inexact projections [13, 14] and inexact proximal
points [23] in the convex setting;

® A bound similar to the one in (3.5) is automatically satisfied if condition (3.4) holds and B is convex;
indeed, in this case, we can combine the 1+"’“ —strong convexity of Q**! and (3.4) to obtain

I = 0 < | T Qb ) - QG k+1>>s\/ B D). (36)
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Fig. 1 One-dimensional example showing that the two inexactness conditions (3.4)-(3.5) are independent one of each
other in the nonconvex case

However, if B is not convex, then Q**! is not strongly convex and condition (3.5) needs to be
numerically imposed in order to guarantee the convergence of Algorithm 2.

¢ In Figure 1, we present an example showing that the two inexactness conditions (3.4)-(3.5) may be
independent one of each other whenever B is nonconvex. Let A =[0,2] C R and B =[0,1]U[2,3] C
R. Note that B is the union of two disjoint intervals, hence it is nonconvex. Given (z°,y°) = (0,3) €
Ax B, Ng=1, ygp =10 and ¢ = %, it is easy to show that x?eg = %, y?eg = % ~ 1.6364, and
§' = 2. In the figure, the red solid parabola represents the function Q*(y) for y € B, whereas the
red dotted parabola is its extension for y ¢ B obtained by neglecting ¢t (y), the cyan solid line
is the right-hand term of condition (3.4), while the green dashed and magenta dash-dotted lines
represent the left and right-hand sides of condition (3.5), respectively. In this case, the minimum of
Q" is attained at a point §' that is different from ygeg. The subintervals of B satisfying conditions
(3.4)-(3.5) are represented as cyan and green segments on the horizontal axis, respectively. We see
that there are no points of B to the left of ygeg that satisfy condition (3.5). This means that there
exists a point y € B such that it satisfies condition (3.4) but not condition (3.5), showing that the
second condition does not automatically follow from the first one in the nonconvex case. Conversely,
the cyan interval on the right interval is strictly included in the green one, which implies that the
first condition does not immediately follow from the second one. Furthermore, in these settings, it
is possible to show that condition (3.4) is also independent of the bound (3.6), which would hold if
the set B were convex, as discussed in the previous bullet.

3.2 Practical computation of the inexact projections

We now discuss how we can practically implement the regularized inexact projection appearing at Step
2 of Algorithm 2. At first glance, it looks like enforcing the inexactness conditions (3.4)-(3.5) requires the
knowledge of the projection set of y*, , onto B, which we assumed we do not have access to. Nonetheless,
we show how to get rid of such an information and still compute a point y**! € B satisfying (3.4)-(3.5).

3.2.1 Enforcing condition (3.4)

The following discussion is borrowed from [14, Section 2.1.1], which in turn revises a procedure that has
been formerly proposed in [13]. By employing the form of Q**! given in (3.2), we can easily rewrite the



inexactness condition (3.4) as
Iyt = yregl® < T = yregI® + (1= Olly* = yregll. (3.7)

Condition (3.7) is identical to the concept of feasible inexact projection of yfeg onto B relative to the
point y* € B and forcing parameter ¢ € (0,1] with respect to the norm || - ||, which is proposed in [14,
Definition 2] for convex sets. According to [14, Section 2.1.1], it is possible to define a practical procedure
for computing a point y**! satisfying (3.7) if there exist two computable, iteration-dependent sequences
{cYeny C R, {w'}gen € B complying with the following conditions

<P —ylgl?, VeeN (3.82)
Jimf = g =y |17 (3.8b)
lim w® = g+t (3.8¢)

f— 400

More precisely, the following result holds. The proof, in the context of inexact projection onto convex
sets is given in [14, Section 2.1.1]; we report the proof in the appendix for sake to completeness and to
enlighten that the result is valid also if B is not convex.

Lemma 3.1 Let {C[}geN CR, {wz}geN C B be two sequences complying with (3.8a)-(3.8b)-(3.8¢c). Then, there
ezists £ € N such that , . , . . A
”w - yreg“ < CC + (1 - C)”y - yreg” ) Ve > & (3'9)

which implies that condition (3.4) holds with y**1 = w® for £ > 0.

Proof See Appendix A.1. a

The above procedure has been previously applied only to convex sets with a specific structure [13, 14].
In Section 4, we show how we can find the sequences {c}sen, {w’}ren for computing inexact projections
over the rank level set C, = {Z € R™*"2 : rank(Z) < r}, which is nonconvex.

3.2.2 Enforcing condition (3.5)

We can implement condition (3.5) whenever we have at our disposal a vanishing sequence {a‘}seny € R
representing an upper bound for the quantity ||w® — 51|, i.e.

|w® — %Y <af, lim a* =0. (3.10)
{— 00
In this case, the following result holds.

Lemma 3.2 Let iwe}geN C B and {ae}geN C R be sequences complying with (3.8c) and (3.10), respectively.
Then there exists £ € N such that

Q"M wh <0, o' < \/— <1E—<) QF+1(w!) VI > 1, (3.11)

which implies that condition (3.5) holds with yk+1 =w' for £ > Z.

Proof If y* € PB(yfeg), one can always set w’ = y* and a’ = 0 for any ¢, so that conditions (3.8¢), (3.10)

and (3.11) are trivially satisfied for all £ € N with gjk+1 = yk. Then, without loss of generality, we assume that
Tl PB(yffeg). Since y* ¢ PB(y,’?eg), we have Q11 (9511) < 0 by definition of Q¥*'. Then, since condition
(3.8¢) holds and Q**! is a continuous function on B, we have

lim Qk+l(wf) _ Qk-‘rl(gk-l-l) < 0.
{— 00
Then, for any 0 < € < —Qk+1(yk+1), there exists ¢ > 0 such that
0< —Q"Hh —e< —@* 1 (wh), Vet



Likewise, due to the right part of (3.10), there exists { > ¢ sufficiently large such that

o < \/ (F2) cona o< \/— () @i, vesi

so that (3.11) is met and the inexactness condition (3.5) holds with y*+! = w’ for £ > 7. O

Once again, it is possible to compute a sequence {a‘}seny € R complying with (3.10) if B is the rank
level set; see Section 4 for the details.

3.2.3 Computation of points satisfying (3.4)-(3.5)

Lemma 3.1 and Lemma 3.2 provide us with an implementable procedure for computing a point 3%+ satis-

fying simultaneously the inexactness conditions (3.4)-(3.5) employed in Algorithm 2. Indeed, given three
sequences {c’}oen, {w'}oen, {a’}ren complying with (3.82)-(3.8b)-(3.8¢)-(3.10) at any given iteration
k € N, we compute such sequences until the occurrence of the first iteration ¢ satisfying

sz - yfeg”2 < CCZ+ (1 - g)”yk - yfeg”2
at < \/— (%) QF+1(wh).

(3.12)

Such a procedure is well-defined thanks to Lemma 3.1 and Lemma 3.2. Then, the inexact projection

complying with (3.4)-(3.5) is given by y**1 d

=w-.

3.3 Convergence analysis

In the following, we prove the convergence of the iterates sequence generated by Algorithm 2 towards a
stationary point of L, and derive some convergence rates on the gap between the iterates and their limit
point. Our analysis is inspired by [12] and will be carried out by assuming that a certain merit function
related to L is a KL function. The presence of an inexact projection complying to conditions (3.4)-(3.5)
leads to some major changes in the convergence proof of Algorithm 2 in comparison to the one available
in [12].

For our purposes, we introduce the merit function ' : R® x R™ x R — R defined as

1
F(z,y,p) = L(w,y) + 50 (3.13)

Our analysis relies on the following set of properties, which hold for the sequences generated by iRAPM
and involve both the objective function L and the related merit function F'.

Lemma 3.3 Let {(azk,yk)}keN be the sequence generated by Algorithm 2 and let {Qk}keN be any sequence with
AR =8 (ylﬁeg) for all k € N. Furthermore, define the sequences {di }ken, {7k tken and {pk ren such that, for

allk €N,

diy = /(@1 — 2k, gkt — gk 2 — QR+ (yht1), (3.14)
1- .

o=~ (TC) QMMh, (3.15)

1 N 1-—
Pk = \/|ka —yhmL2 -2 (7(> QF(yk). (3.16)

Hk—1 ¢

The following statements hold true.
(i) We have

@+ —a® P =y < dp \JQMI WA <y, VEEN. (3.17)

(ii) There exists a > 0 such that
L(xk+1,yk+1) + adi < L(xk,yk), VkeN.
(#i) We have

k+1  k+1 k+1 ~k+1 k k
L yM ) < P 9N ppyn) < LR YF) 4k, YEEN (3.18)
Furthermore lim pp = lim v, =0, and
k—o0 k—o0
. ~k+1 k+1
lim [|g" ™ — 4" =0. (3.19)
k—o0
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(iv) There exists b > 0 such that
|0F (2" 9" ppi)ll- <bdp, YV keN. (3.20)

Proof See Appendix A.2. a

Remark 8.1 Ttem (ii) of Lemma 3.3 shows that the function values {L(z¥,1*)}ren monotonically decrease
along the iterations, although yk+1 is computed inexactly. An analogous property is also proved for the RAPM
algorithm, see [12, Lemma 3.1(i)].

The bound in Item (iv) is a modification of the relative error condition used in the analysis of iterative
algorithms under the KL property, which for the RAPM algorithm is written as [12, Eq. (24)]

IOL( T yF = < bl Tt — 2P F T M), vEeN

Differently from [12], we bound the norm of the subdifferential of the merit function F' in place of L, at the

point (xk'H, gjk+l,pk+1) rather than at the actual iterate (ack+l7yk+l); furthermore, the norm is bounded with

a term proportional to di in place of the norm ||(xk+1 — xk,yk'H — yk)||. These differences are due to the

fact that the inexactness conditions (3.4)-(3.5) do not provide any useful information on the subdifferential of
Q"1 at the point y*T1, while combining the optimality of §**' and conditions (3.4)-(3.5) we obtain (3.20).
Similar bounds in the literature have been obtained for inexact proximal-gradient methods adopting analogous
inexactness conditions, see e.g. [15, 23].

The bounds in item (iii) are needed to bridge the gap between the actual objective function L and the merit
function F', whereas the limit in (3.19) is needed to guarantee that the KL inequality is applicable to F' at the
point (z¥, ¥, pi) and that each limit point of {(:rk,yk)}keN is stationary for L (see the upcoming proofs of
Lemma 3.4 and Theorem 3.6).

Let us define the set of all limit points of the sequence {(x*, y*)}ren, namely

F*(xo,yo) ={(z",y") € Ax B:3{kj}jen € Ns.t. (xkj,ykj) — (%, y")}. (3.21)

%k

Analogously, Z*(z%,y°, pg) denotes the set of all limit points of the sequence {(z*,y*, pr)}ren. By
Lemma 3.3(iii), we have that pr — 0. Then, we can write =Z*(z",4°, po) as

2*(2%,9°%, po) = T (2%, 4%) x {0}. (3.22)

The following lemma anticipates the main convergence result and contains some basic properties related
to the set =*(2°, 9, po).

Lemma 3.4 Suppose that {(z", yk)}keN is bounded. The following statements hold true.
(i) E*(mo,yo,po) is non-empty and compact.
(i1) There exists L* € [0,00) such that
F(z",y",0) = L(z",y") = L", V (@",y") €eT"(",y").
(i3) We have
tim_dist((«*,y", pr), 2" (", 5°, p0)) = lim dist((2", 5%, p1), =" (2", 4", p0)) = 0.

k— o0

Proof (i) Since {(:Ii’k, Tl k) }een is bounded, the set 2% (20, y°, po) is nonempty. As it is a countable intersection
of compact sets, the set is also compact [30, Lemma 5].
(ii) By Lemma 3.3(ii) and the continuity of the function L on the set A x B, it follows that there exists
L* € R such that
Jim L@ y*) = D" y") = L,V (2" y") €T y"). (3.23)
— 00

Then, recalling the definition of F' yields the expected result.
(iii) Since {(z*,y*)}ren is bounded and by definition of I'*(z°,4°) and E*(2°, 4%, po), we have

lim dist((a*,5"), T (2", 9")) = lim_dist((a*, 5", px), 27 (2", 5", p0) = 0.
k—o0 k—o0
Since (3.19) holds and {(z¥, 7*)}zen is bounded, we also conclude that

lim dist((«", 9%, p.), 2% (2%, 4", po)) = 0.
k—o00
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We are now ready to state the main convergence result for the sequence generated by iRAPM, under
the assumption that the sequence itself is bounded and F' is a KL function. The statement is analogous
to the one obtained in Theorem 2.2(i) for the RAPM algorithm. Before stating and proving our result,
we require the following uniformized version of the KL property.

Lemma 3.5 [30, Lemma 6] Let F : R™ — R be a proper, lower semicontinuous function and Z C R™ a compact
set. Suppose that F' satisfies the KL property at each point belonging to E and that F is constant over =, i.e.
F(z) = F €R for all z € Z. Then, there exist ,v > 0 and a continuous concave function ¢ : [0,v) — [0, +00)
with ¢(0) =0, ¢ € CL(0,v), ¢(s) > 0 for all s € (0,v) such that

¢'(F(2) = P)|0F(2)|- 21, V=ze

[1n

(3.24)
where the set = is defined as

E={zeR":dist(z,E) < p and F < F(z) < F +v}. (3.25)

Theorem 3.6 Let {(:rk,yk)} be generated by Algorithm 2. If the function F given in (3.13) is a KL function,
then either H(Jck,yk)H — 00, or {(ack7 yk)}keN converges to a stationary point of L.

Proof By Lemma 3.3, it follows that Algorithm 2 is a special case of the abstract descent algorithm described
in [15, Condition 3]. Then, one could apply [15, Theorem 5] to deduce the thesis. For the sake of complete-
ness, we report a simplified convergence proof especially tailored for Algorithm 2. Assume that the sequence
{(=*, %)} ren generated by Algorithm 2 is bounded. Let {dj }ren and {pi, }xen be defined as in Lemma 3.3, and
L* as in Lemma 3.4. By Lemma 3.4(i)-(ii), the function F is constant and equal to L* over the compact set
2= E*(xo,yo, po), therefore we can apply Lemma 3.5. In what follows v, u, ¢, Z are defined in Lemma 3.5, a,b
in Lemma 3.3.

Lemma 3.3(iii), Lemma 3.4(iii) and equation (3.23) guarantee the existence of a positive integer kg such that

(" 4"y + v < L* + o, dist((«", 95, pr), 2% 4%, p0)) < 1, ¥ k> ko. (3.26)

Without loss of generality, up to a translation of the iteration index, we can assume kg = 0.

Since {L(z",4*)}ren is a monotone nonincreasing sequence and L* is its limit (see Lemma 3.3(iii) and (3.23)),
we have L(mk, yk) > L* for all k > 0, which implies that ¢ can be applied to both values L(z ,yk) — L* and
L(zFt1, y**1) — L*. Then, one can define the following quantity

b = (L") — 1) = oLy 5 - 1), v E o0 (3.27)

Since ¢ is a monotone increasing function and {L(xk,yk )}ken a monotone nonincreasing sequence, we have
¢ > 0, for all £ > 0. Let us show that the following inequality holds:

2di < ¢ +dp—1, VE>1 (3.28)
If dj, = 0, inequality (3.28) holds trivially. Otherwise, for any iteration index k > 1 such that dj > 0 and using
Lemma 3.3(ii)-(iil), we can write
* k+1  k+1 k k k ~k k-1 k-1
L < L " < L, 0") < P, 9%, on) < LT 6T s

which, in view of (3.26), implies that (z*,§*, p;) € 2. Then, combining the KL inequality related to the function
F at (xk,gk,pk) with Lemma 3.3(iv) yields:

& (F(=* 4" p) — L") L !

> > .
B HaF(mkv?jk7pk)H— T bdg—1
By employing the concavity of the function ¢, we obtain
$(La",y") = L) = (L") = L) = ¢/ (L(a", ") - L) (L, y") — L™ ")
adi

(3.29)

where the latter inequality follows by applying Lemma 3.3(ii)-(iii), the monotonicity of ¢’ and (3.29). By recalling
the definition of ¢y, in (3.27), the above inequality implies di < ¢rdp—1. Now taking the square root of both sides
and using the inequality 24/uv < u + v on the right-hand side we get inequality (3.28). By summing (3.28) over

k=0,...,K and taking the limit for K — oo, following the same arguments as in [15, Theorem 5], we easily get
oo
> di < 0. (3.30)
k=0
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Finally, by combining (3.30) and (3.17), we conclude that > 72, [(xF+L — 2k y* T — yk)|| < oo. Hence the
sequence {(z¥,y*)}pen converges to a point (z*,y*) € A x B.

Since {(z*,y*)}pen converges to (z*,y*) and {pj}ren converges to 0 (due to Lemma 3.3(iii)), we have
(wk,yk7pk) — (z*,y",0); furthermore, thanks to (3.19) and the continuity of F' in A x B, it also follows that
(«*, 9%, pr) = (2%, y*,0) and F(z* 4%, pp) — F(z*,y*,0). Finally, by summing the inequality (3.20) for k =
0,..., K, taking its limit for K — oo and recalling that {dy }rcn is summable (see (3.30)), we get

%)

k A~k . k A~k
> 0F ", %, pr)ll- < oo = lim [|OF (", 5", pg)ll- = 0.
=0 k—o0

k

To summarize, the sequence {(z 7Qk7 Pk) tken satisfies the following limits:
k

lim (2%, 9%, pr) = (&,5%,0), lim F(z", 9% pp) = F(z",y",0),
k—oo

k—o0
and
lim [0F (", 5, o) = 0.
k—o0
Then, it satisfies the hypotheses of [31, Lemma 2.1], which ensures that 0 € dF(z*,y*,0). Since OF (z*,y*,0) =
AL(z*,y") x {0}, it follows 0 € OL(z*,y"), i.e., (z*,y"™) is a stationary point of L. O

Inspired by [32], we now investigate the convergence rate of {(z*,y*)}ren when the merit function F
given in (3.13) satisfies the KL property at the limit point (z*,y*) with ¢(¢) = ct' =% with ¢ > 0, § € [0, 1[.
Similarly to the result obtained for the RAPM algorithm (see Theorem 2.2(iii)), the convergence rate of
iRAPM depends on the value of 6 appearing in the desingularizing function ¢.

Theorem 3.7 Suppose that {(xk,yk)}keN converges to a point (x*,y*) € A x B . Additionally, assume that F
defined in (3.13) satisfies the KL property at (z*,y*) with ¢(t) = ct' =%, with ¢ > 0, 6 € [0,1). Then the following
convergence rates hold.

(i) If 6 = 0, the sequence (mk7 yk) terminates in a finite number of iterations.
(ii) If 0 €]0, 3], there ezists C > 0 and 7 € (0,1) such that

@, 4") = @y ") < o7t (3:31)
(iii) If 0 €)%, 1[, there exists C > 0 such that

I*, o) — (", ") < Ch™ 7T, (3.32)

Proof (i) If @ = 0, then ¢(t) = ct and ¢’ (t) = c for t € [0,v). By contradiction, assume that there exists an infinite
subset K C N such that (zF*1, y*+1) £ (2% ¢*) for all k € K. From Lemma 3.3(i), this means that dj, > 0 for
all k € K, where dj, is given in (3.14). By using the same reasoning as in the proof of Theorem 3.6, we conclude
that (xk, Qk,pk) € E for all k € K. Then, for all k € K, the uniformized KL property (i.e. Lemma 3.5) applies

as follows
1 1

> _ -2, VkeKk. 3.33
T o) — 17 e (3:39)
By combining (3.33) with (3.20), we get dp_q > % V k € K and Lemma 3.3(ii) yields

k -k
[0F (", 9%, pr) |-

W SL(‘rk717yk71)7L(xkyyk)7 Vk€K7

which is absurd since the right-hand side of the inequality is converging to zero. Then item (i) follows.
(ii)-(iii) If § € (0,1), then let (z*,3*) € A x B be the unique limit point of {(z¥,y*)},en. By summing
inequality (3.28) for all indexes k,k + 1,..., K with k < K, we get

K K K-—1
2) dg <> hp+ > dy. (3.34)
=k =k

l=k—1

Due to the definition of ¢y in (3.27) and the nonnegative sign of the desingularizing function ¢, one can also
write the inequality below:

K
S or < So(Liat,yt) - 7). (3.35)
=k
By applying inequality (3.35) to (3.34), we get
K b K—-1
23 dg < agzs(L(ac’“,y’“) — L+ Y dp
=k l=k—1
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By passing to the limit for K — oo and letting

(o]
Ap=Ydy VYEkEN,
=k
we finally obtain
b .
A < (L y*) = L) + Mgy = A, VEEN. (3.36)

Let £ C R"™ be defined as in the proof of Theorem 3.6. Since (z*, 9%, pr) — (z*,y*,0), we can assume without
loss of generality that (ZEk, Qk, pr) € E for all k > 0. Then, the following inequalities hold

(L@ ) — L) > (P ) — DY) > : )
¢ (L(z",y") = L") > ¢'(F(a", 9", px) — L") > |OF (z*, g%, pr) || -

where the first inequality follows from (3.18) and the monotonicity of ¢’, whereas the second one is the application
of Lemma 3.5 at the point ({Ek, Qk,pk). Recalling that ¢(t) = ctt=? yields

(1= O)(L(z*,y*) — L") |oF (=", 9", pp)lI - > 1,

and by rearranging terms in the previous inequality and applying Lemma 3.3(iv), we get
(L(a*,y") = L) < e(1 = O)|0F (2", 3", pi) |- < be(1 —6)dj_1 = be(1 —6)(Ag—y — Ay).

Hence, the previous inequality guarantees the existence of a positive constant g > 0 such that
kK * 1=
P(L(z",y") — L") < q(Ag—1 — Ag) 7.
Then, inequality (3.36) leads to
bq -0
Ap < —=(Ap_1—Ag) 7 +Ap_1—A, VEkeN. (3.37)
a
Any nonnegative sequence {Ag}ren complying with an inequality of form (3.37) converges to zero with rate
either O(7%), 7 € (0,1) or Ok~ 1=9/(29=1)y " gepending on the value of 6, see the proof of [32, Theorem 2]. By
Lemma 3.3(i) and the triangular inequality, it is immediate to verify that Ay > 392, | (T =ty — b)) >
(2% —z*, y¥ —y*)||. Hence, the sequence {||(z¥ —z*, 4" —y*) ||} ren shares the same convergence rates as {Ag }ren
and the proof is complete.

4 Application to affine rank minimization

In this section, we focus on problem (1.2). Assuming that the rank r of the sought matrix Z is given,
the affine rank minimization problem can be formulated as

find Z € R™*"2 guch that Z € CNC,, (4.1)
where

C={Z eR™*" . A(Z)=1b}, (4.2)
Cr={Z e R"*™ :rank(Z) < r}.

Since C is an affine subspace, the projection onto it reduces to a least squares problem; however, in
applications such as Matrix Completion [33], it consists in trivial element-wise operations on the matrix.
Then, in the following, we consider the projection onto C as known in closed form and cheap to compute.
Regarding the projection onto the set C,, we can rely on the truncated SVD of the matrix we would like
to project, as the well-known result by Eckart and Young [34, Theorem 2.4.8] states that, given a matrix
G € R™"*"2 with r < rank(G) < min{ny,ns}, the nearest matrix of rank r to G (with respect to | - ||)
is given by the r-truncated SVD; using the notation given in (2.2) we can write

Pe,(G) =[Gy = U 2, (4.4)

We now establish the prox-regularity of C, at any matrix of rank r and the semialgebraicity of C and
C,. These properties allow us to prove the convergence of APM, RAPM and iRAPM when applied to
affine rank minimization problems.

Lemma 4.1 [21, Proposition 3.8] The set Cr is proz-regular at all points X € R™*™2 with rank(X) = r.
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Lemma 4.2 The sets C and Cr are closed semialgebraic subsets of R™ *™2,

Proof Note that the set C is an affine subspace, as it is defined by a finite number of affine equations. Hence,
C complies with the definition of semialgebraic set of R™'*"2 given in equation (2.1). Likewise, given I C
{1,...,m}, J C {1,...,n2}, we denote with Z;; the submatrix of Z obtained by keeping the rows and the
columns with indexes in I and J, respectively. Observe that

rank(Z) <r <& det(Z7;)=0, VI CA{l,...,n1}, JC{l,...,no}, st |[I|=|J|=7r+1.

The function det : RUTDX(+1) s R jg polynomial with respect to the elements of Z. Therefore we can conclude
that Cr is a semialgebraic set, as it is defined by a finite number of polynomial equations. a

4.1 Convergence Results

We now specialize the convergence properties of APM and RAPM described in Section 2 and iRAPM
proposed in Section 3 when applied to the affine rank minimization problem (4.1). We first need to adjust
the notation. The Euclidean norm naturally becomes the Frobenius norm, the sets A and B are now C
and C,., respectively, the alternating projection methods generate two sequences {X*}ren, {Y*}ren of
matrices and the “regularized” points are defined as follows:

1 A 1

k k k k k Hk k41 k

= Xk 2 yhoyk o= XM YR 4.5
T 14 Mg 14+ A 9 1+ e 1+ pg (4:5)

Then, the function L in (2.3) takes the form
1
LIX,Y) = SlIX = Y|* + 1e(X) + 1, (Y).

From the analysis carried out in [11] (see Theorem 2.1) and the analytical properties of the sets C and
C,, we easily derive the following result for APM applied to the feasibility problem (4.1).

Corollary 4.3 Suppose that there exists X € C N Cr such that rank(X) = r. Let {X*} ey C R™*"2 and

{Y*}pen C R™X2 be the sequences generated by APM with A = C and B = Cr. Then {X*}pen and {Y*}en
locally converge to a matriz Z € R™*"2 with Z € C N Cr with rates | X* — Z| = O(k_%) and |Y* - Z|| =
(’)(k_Q’;Tw) for some w € (0,2).

Proof Lemma 4.2 ensures that C and Cr are closed semialgebraic subsets of R *"2 and every semialgebraic set
is subanalytic, see e.g. [26, p. 1208]. Since C, Cr are closed and subanalytic, it follows that they intersect separably
with w € (0,2) [11, Theorem 3]. Being C, prox-regular at X by Lemma 4.1, it follows that Cr is o—Holder
regular with respect to C at X for any o € [0,1) and any arbitrarily small constant ¢ [11, Corollary 3]. Then, the
hypotheses of Theorem 2.1 hold, and the thesis follows. |

Likewise, the following Corollary follows for RAPM when applied to (4.1).

Corollary 4.4 Let {X*}pen C R™*™ and {Y*}ien C R™X™ be the sequences generated by RAPM
(Algorithm 1) with A =C, B = Cy.

(i) Either ||[(X*,Y*)|| = oo, or the sequence {(X*,Y*)}ren converges to a stationary point of the function L.
(ii) Let (X,Y) be any point such that | X Y| = min{||X-Y| : X €C, Y € C}. If (X°,Y ") is sufficiently close

to (X,Y), then the whole sequence {(X*,Y*)}pen converges to a point (Xoo, Yoo) such that || Xeo — Yool =
min{||X —-Y|: X €C, Y €(C}.

(iii) Suppose that the sequence {(X*,Y*)}pen converges to (X*,Y*) € C x Cr. Then, {(X*,Y*)}ren satisfies
one of the following: it terminates in a finite number of iterations; it converges with a linear rate of the form
(3.31); it converges with a sublinear rate of the form (3.32).
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Proof The function L is given by the sum of three semialgebraic functions, which implies that L is itself semi-
algebraic [30, Example 2]. Furthermore, L is a semialgebraic function that is continuous on its closed domain,
which implies that it satisfies the KL property at any point with ¢(¢) = ctl_e, being ¢ > 0 and 6 € [0,1) two
parameters depending on the given point [26, Theorem 3.1]. Hence, the thesis follows by applying Theorem 2.2
with the choice A =C, B =Cy. O

In analogy with Corollary 4.3, we can be more precise on the convergence rate of RAPM for affine
rank minimization problems if we assume that the iterate sequence converges to the intersection of the
two sets. In particular, we state and prove the following Corollary, which is, to the best of our knowledge,
new, and whose proof employs a result on inf-projection taken from [35] in combination with a property
holding for subanalytic sets [11].

Corollary 4.5 Suppose that the sequence {(Xk,Yk)}keN generated by RAPM (Algorithm 1) converges to
1—6
(X*, X*) with X* € CNCr. Then, there exists 0 € (%,1) such that [(XF, YEY = (X*, X*)|| = Ok~ 2=1).

Proof We let m : R"*"2 — RU {cc} be defined as the inf-projection

1
m(X) = 5 min X =Y +1c(X)
. 1 2 .
= | X -Y X Y)) = L(X,)Y). 4.
Lo (GIX Y e() +ie, (1) = min | L(XY) (16)
Let us also denote with M the following set-valued function
M(X)= argmin L(X,Y). (4.7)

We observe that the hypotheses of [35, Theorem 3.1] hold, indeed:
e If X € CNCr, then M(X) is single-valued and M (X) = {X}.
® IL(X,Y)#0, VX €C, VY €Cr.
® The function L is lower-bounded with respect to Y locally uniformly in X, which means that, for all
X € R™*" and for all a € R, the lower-level sets £, x = {Y € R™*"2 . L(X,Y) < a} are uniformly
bounded in a neighbourhood of X. Indeed, note that
Y <IY = X[+ 1 X[| < V2o + [ X]l, VY € Lqx-
Then, if X € B(X,¢), namely X belongs to the ball of center X and radius ¢, it follows that the sets Lo x
are uniformly bounded by C = v2a + || X|| + € for all X € B(X,¢).
Therefore, we can apply [35, Theorem 3.1], which states that, if X € C N Cr and L satisfies the KL property at
the point (X X) with desingularizing function ¢(t) = Ct'~ 9 then the inf-projection m defined in (4. 6) satisfies
the KL property at (X, X) with the same exponent 6 € [0, 1).

Now, we recall that C,C, are both subanalytic subsets of R™*™2. Then, from [11, Lemma 3], it follows
that the KL exponent § of m at the point (X, X) must be strictly greater than % Therefore, we can conclude
that the KL exponent of L at (X, X) is greater than %, otherwise there would be a contradiction due to [35,
Theorem 3.1]. At this point, the thesis follows by applying Theorem 2.2(iii) with the choice A =C, B = Cr, and
(z%, ") = (X7, X7). U

For our proposed iRAPM applied to (4.1), we can prove the following convergence result.

Corollary 4.6 Let {X*}reny € R™*"2 and {YF} oy © R™*"2 be the sequences generated by iRAPM (Algo-
rithm 2) with A = C, B = Cr. Then either ||(X*,Y®)|| = oo, or the sequence {(X*,Y*)}ren converges to a
stationary point (X*,Y™) € C x Cr of the function L. In the latter case, the sequence satisfies one of the follow-
ing: it terminates in a finite number of iterations; it converges with a linear rate of the form (3.31); it converges
with a sublinear rate of the form (3.32).

Proof Since the merit function

F(X,Y,p) = L(X,Y) + 2p : (4.8)
is the sum of two semialgebraic functions, it follows that F is itself semialgebraic; furthermore, I’ is continuous
on its closed domain. Hence, by [26, Theorem 3.1], F' satisfies the KL property at any point with ¢(t) = ctlfe,

being ¢ > 0 and 6 € [0,1). Then the thesis follows by applying Theorems 3.6-3.7 to Algorithm 2 with the choice
A=C, B=Cy. O
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As done for RAPM, we also specify the convergence rate of iRAPM when the iterates sequence
converges to an intersection point.

Corollary 4.7 Suppose that the sequence {(Xk,Yk)}keN generated by iRAPM (Algorithm 2) converges to
1—6
(X*, X*) with X* € CNCr. Then, there evists 0 € (3,1) such that (XF, YR — (X*, X*)| = Ok~ 20-1).

Proof Letting Z1 = (X,Y), Zo = p and Z = (Z1,Z2), the function F given in (4.8) can be seen as a block
separable sum of the form F(Z) = F1(Z1) + F2(Z3), where Fy = L and F»(Z2) = %Z% Note that F) satisfies
the KL property at any point X € CNC, with exponent 6 > % (see proof of Theorem 4.5), whereas F» has the
same property with exponent % By [36, Theorem 3.3]|, we conclude that F' has the KL property at any point
X € CnNC, with exponent § > % Finally, the thesis follows by applying Theorem 3.7(iii) to Algorithm 2 with
the choice A =C, B =Cr, and (z¥,y") = (X*, X™). O

4.2 Inexact Projection

In the following, we fix k € N and let Yfeg be the matrix to be projected and defined in (4.5), Yk any
matrix belonging to the projection set Pe,. (Yrkeg), and Y1 the inexact projection satisfying (3.4)-(3.5).

As outlined in Section 3.2, the accuracy requirements in (3.4)-(3.5) can be enforced without the
knowledge of the exact projection provided that it is possible to define two sequences of scalars ¢!, a’
and a sequence of matrices W* satisfying (3.8a)-(3.8¢c) and (3.10). Then, the inexact projection is given
by W*, where / is the first iteration such that (3.12) is met. In this section, by exploiting the Lanczos
process [17, 37], we are going to show how to compute an approximation of the r-truncated SVD of Yrkeg
that represents an inexact projection satisfying (3.4)-(3.5). We first briefly describe how the Lanczos

method works.

4.2.1 The Lanczos method

We employ the Lanczos procedure for approximate the r largest singular values of the matrix YT’zg €
R™ ™2 Given an integer ¢ with » < ¢ < min{nj,ns}, such a procedure uses Lanczos bidiagonalization,
also known as Paige-Saunders bidiagonalization [38], to find two orthonormal matrices Py € R™* (£+1)

Q¢ € R™*¢ such that

aq
T vk b oz C+1)xL
Pr1Y,egQe = Be = Bz € RUFDXE,
oy
Be+1
If we consider the columns partitioning Ppi1 = [p1,...,pet1] and Q¢ = [q1, - . -, ge], the column vectors

Dj,q; are the so-called Lanczos vectors and can be built by recurrence, starting from two vectors qo, p1;
indeed the following recurrence holds for £ =1,2,...:

arge = (V) 'pe — Bege (4.9)
Ber1pes1 = Y a0 — cupy, (4.10)

where oy, (¢ are chosen such that the Lanczos vectors have unitary norm. Moreover, we can rewrite the
recurrence in matrix form as:

Yk Qe = Pri1Be (4.11)
YN\ Py, =QuBY T 4.12
(Yieg)” Poy1 = QeBy + cvy1qesieq s, (4.12)

where egy1 is the (¢ + 1)-th vector of the canonical basis. Given the bidiagonal matrix B, at hand, its
SVD By = UgXVE can be cheaply computed and the following matrix Gy € R™*"2 is defined

G =P BQT = P \Up X VEQT = U2, VT, (4.13)
Hf—’\f"\w—"
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where 3pe READXL g 5 rectangular diagonal matrix whose diagonal entries 1¢,...,0¢¢ can be seen
as approximations of the largest ¢ singular values o1,...,0y of YT’ZQ. Note also that the first ¢ singular
values of By and Gy are the same and Gy has min{n,ns} — £ extra null singular values. With the aim

of approximating the r-truncated SVD of Y,,keg, using the notation (2.2), we write

By = (Up)1(E8)1(VE)T + (Up)2(35)2(Va)s = [Bei + [Bils,

=[B¢]1 =[B¢]2

with (Ug); € REFDXT (Ug)y € REFDXUEHI=) (1), € R (Vg)y € RXU-T) %) € R™". %, €
RUH1=r)x(E=7) Then, using the notation Gy = [Gy]y + [Ge2, where [Gy]; = Pri1[Be1QF and [Gilz =
Pri1[Be]2QF, we can truncate the decomposition in (4.13) and define

(G = Peva(Up)y (Zp)1 (VB)1 QF = U, E, V.
—— ——— —
U, =, vr
The preceding discussion indicates how singular values estimates can be obtained via the Lanczos
method, but it reveals nothing about the approximation quality of the singular values and corresponding
singular vectors. We refer to [34, Section 10.4] and references therein for the convergence results of the
Lanczos procedure. Here, we highlight the following properties that are crucial for our analysis:

® in exact arithmetic the method has finite termination; indeed, when ¢ = min{n,ns}, the SVD in
(4.13) is the exact SVD of Yfeg. However, the procedure is generally implemented as an iterative
procedure due to round-off errors and to avoid to perform a large number of steps;

e the inexact singular values &; ¢ approximate the corresponding o; from below [17, Th. 6.4];

e letting (Up)e+1,; be the last element of the j-th column of Ug, as shown in [37], we have that

min |0 — ;| < |oes1][(Up)esl- (4.14)
cea(YE,)

feg
In the classic implementations [37], the index ¢ is adaptively increased in order to reach the desired
accuracy in the approximation of the first r singular values, using the error bound given in (4.14),
that is based only on a byproduct of the Lanczos method. In the next subsection, we show that also
the accuracy requirements (3.12) in iRAPM can be checked with no extra computational cost using
information already provided by the Lanczos process.

4.2.2 Inexactness Criteria

Letting Gy be the matrix given in (4.13), note that its first ¢ singular values are &1 ¢,...,5¢¢, While
the remaining are zero. Although the singular values &;, ¢ = 1,...,¢, are well-defined only for £ =
1,...,min{nq,ne}, we can artificially set &;, = o4, ¢ = 1,...,min{nq,ne} for £ > min{ni,na}. We

assume that at step £ > r of the Lanczos procedure it holds 6, ¢ > 6,41, i.e., the r and r + 1 singular
values of Gy are distinct. This is a reasonable assumption since the method is expected to converge to a
r-rank matrix. Then, let k,> 0 be given by

2 1- Nr Nr
Ky = ) ( :V)U ,l:’_ o +1,47 (4.15)
1—v Or — Ory1,0

where v € (0,1). For any £ > r, we define the sequences

W' =

{[Gf]l, if £ < min{ni,ns}, (4.16)

[Yk ]17 if £ > min{nl,ng}

reg

min{l,n1,n2}

=Y 6l (4.17)

1=r+1
0,[ — K’ZHY’FIZQ - GEH for £ < m%n{nlv’n@}u ] (418)
0 for £ > min{ny,n2}
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In the following, we show that these sequences satisfy (3.8a)-(3.8c) and (3.10).

Lemma 4.8 The sequences (4.16) and (4.17) satisfy conditions (3.8a)-(3.8c).

Proof From [17, Theorem 6.4], we have that &; ; < o; for all £ < min{n1,n2}, and from the finite termination of
the method we have &; ¢ = o; for £ > min{ni,na}. Then,

min{l,nq,n2} min{¢,nq,n2} min{ny,n2}
~2 2 2 k1 ko2
Ce = Z Tit < Z o; < Z 0 = HY * _YregH , VLeEN,
1=r+1 1=r+1 1=r+1
min{¢,nq,n2} min{nq,n2}
. s 2 2 _ okl ko2
elggocz - elggo Z Ti0 = Z op = [IY Yregll™
i=r+1 i=r+1
Then, (3.8a) and (3.8b) holds. Condition (3.8¢) follows by the definition of W* in (4.2.1). O
Lemma 4.9 Let G;4, 1 = 1,...,£, denote the singular values of Gy and assume that G, 4 > Gry1,0- Then, the

sequences giwen in (4.2.1) and (4.18) satisfy condition (3.10).

Proof The limit in (3.10) holds by the finite termination of the Lanczos algorithm and the definitions in (4.2.1)
and (4.18). We now show that the inequality in (3.10) holds. We limit ourselves to the case £ < min{nj,n2}, as
otherwise the thesis holds by (4.2.1) and (4.18). For simplicity, we omit the index k and let m = min{ni, na}.
Using the notation given in (2.2), we consider the block partitions

Yieg = [Yreglt + [Yregla,  Ge = [Gelr + [Gela- (4.19)
Then, we have that Y**1 = [Y;¢g]1 and W¥ = [G/]1. The SVD of Yyey and Gy can be written as
. ~ ~ T
eg? G@:UGedlag(O'Lg,...,vag,o,...,O)VGe.
Given by > 0 and b2 > 0, we observe that the SVD of [Yreg]1 + b1[Yregl2 and [Gyl1 + b2[Gy2 are

Yreg = Uy, diag(o1,...,om) Vs

reg

[Yreglt + b1[Yregl2 = Uy, diag(o1, ..., o0, b1opi1, ..., biom) Wy
[Gel1 + b2[Grlo = Ug,diag(Gy1 4, - - 3700254 1.05- - - 102504, 0, ..., 0)Vir,.
Then, we have:
[Yreglt = Pe, ([Yreglt + 01[Yregl2), Vb1 € [0,0r/0r11) (4.20)
[Gelr = Pe, ([Gelr + b2[Grl2), Vb2 €[0,6,0/6r41,0)- (4.21)

Equation (4.20) yields
I[¥reglt = ([Yregls + b1[Yregl2)lI* < [l[Gelt = ([Yreg]s + b1[Yregl2)||*.

The above inequality implies
I[Gelr = Yreghll” + [1b1[Yreglal® = 2([Gelr — [Yreglt, b1 [Yregl2) > [1b1[Yreg]2]1?,
which yields

1
ﬁll[Geh — [Yregh|” = ([Gel1 — [Yregl1, [Yregl2) > 0. (4.22)
Using (4.21) and following a similar reasoning as before, we get
1
%H[Ymgh — [Giil? = ([Yregh — [Gil1, [Gil2) > 0. (4.23)
By summing up (4.22) and (4.23), we obtain:
1 1
0< (5= + 5~ ) Il¥regh — [GelilI* = ([Gel — [Yreglt, [Yregl2 — [Gel2)- (4.24)
2b1 2bo

Recalling that [Yiegla = Yreg — [Yregl1 and [Gyl2 = Gy — [Gy]1, we have:

- (ﬁ + %) |Wreglt — [Goil? < (Wreght — [Gelt, Yeeg — Ge) — Vool — [Gela]1%

which implies
(1- 55— 55, ) Mool = [GeI® < Wreh — Gl Yreg = G
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By limiting ourselves to the case where (1 — ﬁ — i) > 0, which is verified by imposing b1,by > 1 (where

equality cannot hold simultaneously for both), and using Cauchy-Schwarz inequality, we have:
1 1

(1 - 27)2) I¥reglt = [Gelll < [ Yreg — Cell (4.25)

Let us set by = 1 and bay = v+ (1 — )Gy ¢/Grq1,0 = m, with v € (0,1). With this choice of by

Tr41,0
and bo, the constant in (4.25) becomes:

(17L7L>:<1717 Ory1,t )
201 2bo 2 2((A=)Gre +0r+1,0)
_1 (1 B Or41,0 ) ) Orf = Ort1,0 _ 1
2 (1 - 7)&r,f + ’Y&rJrl,f
where £y is given in (4.15). Then, from (4.25), we have:
I[¥regh — [Gehll < el Yreg — Gell = o,
and the first part of (3.10) is verified. O

2 (1 =9)3r s +70r410 Ko

4.2.3 Computation of the right-hand side of the stopping criteria (3.12)

The criteria (3.12) require to compute additional quantities, in particular the Frobenius norms ||[W*¢ —
Y| and [|G, — Y} ||. We show that these two quantities can be computed without additional cost as
a byproduct of the Lanczos process.

We start recalling few useful relations. By (4.11) it follows P/, Y% Q, = By and by (4.13) we have

Gy = Pg+1BngT. Moreover, since the columns of P11 and @, are orthonormal, it holds:

pip;=0, 1<i,j<l+1,i#j (4.26)
¢l =0, 1<i,j<t i#j, (4.27)
(I —Pp1PlLy)pi=0, 1<i<(l+]1. (4.28)

Inspired by [39], in the next Lemma we show that ||Yrkeg —Gy||? can be computed by recurrence exploiting
the entries of By.

Lemma 4.10 Let us denote wy = ||Yrkeg — Gyl and let oy, Bosy be given in (4.9)-(4.10). Then,

2 2
we_1 =wp+ap + Biga-

Proof For the sake of simplicity, we omit the index k. From (4.12) we have:
T T T
Yreg — Gy = Yreg — Ppy1BeQp = Yreg — Ppy1Ppy1Yreg + o1 Pry1eo 19041
T T
= = Ppp1Piy1)Yreg + up1po+19041- (4.29)
‘We observe that: . . .
(I = Ppy1Pi1)Yreg = (I — PyPy )Yreg — Pey1Pi41 Yreg- (4.30)
Then, (4.29), (4.30) and (4.9), yield:
2 T T2
w1 = [[Yreg — Go1|I” = (I — PePy )Yreg + cupegy ||
T T T2
= [(I = Poy1Piy1)Yreg + Poy1Pi41Yreg + upegr ||
T T T T2
= (I = Ppy1Piy1)Yreg + Qo1Pe41G0+1 + Ber1Pe+100 + cuepeqr ||
T T2 T T T T
=wp + |Be1per19r + aupeqe I” +2((I — Poy1Pit1)Yreg + Qo 1Pe4 190415 Ber1Pe+190 + upeqp )-

By using (4.26), (4.27), and (4.28), it follows that the Frobenius inner product is null. In addition, both pe+1qéT and
pgqu are rank-one matrices and the vectors p,41,p, and gy are unitary vectors, then ||p@+1q27p|| =1, HpquTH =1
and ||5z+1pg+1q{ + OzzpequQ = a% + ﬂl?-&-l and the thesis follows. 0

The following Lemma shows the relationship between ||V} — W¥||? and 1Yk, — Gl
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Lemma 4.11 Let 6;4,1=1,...,{, denote the singular values of Gy. Then we have

4
k 2 k 2 ~2
”Yreg -Ww || = ||Y7"eg - Gé“ + Z Ti -
1=r+1

Proof We omit the iteration index k, for the sake of simplicity. We recall that W¢ = [Gy]1, in addition (4.19)
holds and [Gyl2 = Pg_;'_l[Bg]QQg, where [Byle = (Up)2(Xp)2(Vp)2. Then:

Yreg = W = | Yreg — [Geli|* = [[Yreg — Go + [Gelal?
= [Yreg — Gell” + [I[Gel2]l” + 2(Yreg — G, Prs1[Bel2Q7 ).
We can show that the Frobenius inner product is null. Indeed, by rewriting Yreq — Gy as in (4.29), we have:
(Yreg — G, Pr1[Bel2Q ) = (I — Pry1 Phy)Yreg + Qo 19019441, Poy1[Bel2Q7 )
((I = Py Pl1)Yreg, Poa [Bel2QF ) + oy (es1di 41, Pey1 [Bel2QF )
tr (erg (I— Pz+1pa1)Pé+1[Be]2Q{) +apqtr ((MHWTHPZH [Be]QQzT)- (4.31)

The first term in (4.31) is null by (4.28), while the second, for the properties of the trace, becomes
tr (ngg+1p[T+1Pg+1 [B[]Q) and then it is null for (4.27). On the other hand, by the definition of Frobenius norm,

we have ||[Gy]2]]? = Zf:r-l—l 61.2’4. Then, the thesis follows. O

5 Numerical illustration

In this section, we provide numerical tests which illustrate the behaviour of the iRAPM procedure. We
focused on the Matrix Completion (MC) problem, which consists in recovering a matrix M € R"™*"2
from the knowledge of a subset of its entries; namely, the entries with indexes in the index set Q = {(4, ) :
M; ; is known}. In the following, we will write (M )q € R™*™2 to denote the matrix obtained by keeping
the entries of M with indices in € and setting to 0 the others, and analogously for (M)g € R™*™2
with Q the complement of Q. Without further constraints, there exists an infinite number of matrices
Z € R™M*™2 that comply with the condition Z; ; = M, ; for all (z,7) € Q. On the other hand, in most
applications, one can assume that the matrix to be recovered has low rank, for more details, see [33].
Problems that can be approached with MC arise in various fields, such as recommendation systems [40],
image reconstruction [41], and data imputation [42, 43].
Then, the MC problem is generally formulated as the affine rank minimization problem

min rank(Z2)
) (5.1)
s.t. (Z)Q = (M)Q

This is a combinatorial optimization problem that requires a worst-case exponential running time.

In the literature, problem (5.1) has been approached in different ways, for example, replacing the
rank function with a convex function like the nuclear norm [33], that is, the sum of the singular values
of the matrix, or reformulating it as Semidefinite Programming Problem [44].

We are interested in reformulating the MC problem as the feasibility problem (4.1). In fact, given an
estimate r of the rank of the sought matrix, we can reformulate it as the problem of finding a matrix in
the intersection of the rank level set and the set of matrices that match the observed entries, i.e.:

find Z € R™*"2 guch that Z € CNC,, (5.2)
where

C = {Z c RM "2, Zi,j = Mi,jy N (Z7j) € 9}7 (53)
Cr={Z e R"*" :rank(Z) < r}.
As the function that associates M with (M)gq is a linear map, C is an affine set and the projection onto

it is given by
Pe(Z) = (M)a + (Z)q- (5.5)
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The inexact projection onto C, in iRAPM is computed via the Lanczos method described in
Section 4.2, equipped with the stopping criteria (3.12), while in APM and RAPM we use the standard
stopping criterion based on the bound (4.14). We note that also in APM and RAPM the projection is
not exact; however, we expect it to be more accurate than in iRAPM, more expensive and not justified
to preserve the overall convergence behaviour.

For all the three methods under investigation, our implementation of the Lanczos procedure is based
on the PROPACK code by Larsen [37], where we changed the stopping criterion when used in iRAPM.
In APM and RAPM we used the standard stopping criterion and default tolerances, that is, 16¢,,, where
€m denotes the machine precision.

5.1 Projection operators: computational costs

Before presenting the numerical results, we analyze the computational costs of the projection operators
involved in the MC problem (5.2).

As observed above, projecting onto C consists in an element-wise replacement and can be computed
in niny operations. On the other hand, the projection onto C, via the Lanczos method described in
Section 4.2 has two main parts that concur to the final cost: updating the Lanczos vectors (4.9)-(4.10),
and checking the criterion (4.14) for APM and RAPM (the criteria (3.12) for iRAPM, respectively).

The Lanczos procedure requires at each iteration two matrix-vector products, that is, O(ning) oper-
ations. Then, assuming that the final Krylov subspace dimension at the k-th outer iteration is ¢, the
final cost for building the Krylov subspace is of the order O(ninafy).

The standard criterion (4.14), employed in APM and RAPM, requires to check r inequalities at most,
then it costs O(r) each time that the stopping criterion is checked. The evaluation of the two Frobenius
norms required in the criteria (3.12) in the iRAPM procedure can be significantly reduced exploiting
Lemma 4.10 and 4.11. In fact, the two norms can be computed as follows:

¢ l+1
IV, = GilP = ¥, ~Goll? = TL_, o = %4 32 56
HYrkeg - VV[”2 = ||Yrkég - GeHz + Zi:r-i—l 5—1’2,5'

where Gy is given in (4.13). Then, using (5.6), the inexact criteria require to compute the Frobenius
norm ||Y,E — Gol|, whose cost is O(nynz), only once at the beginning of the Lanczos procedure, 3¢), —r
sums and the check of only 2 inequalities. Then, in all the alternating projection approaches under
investigation, the cost of checking the stopping criteria is dominated by the cost of the Lanczos iterations,
and we can conclude that, at a generic iteration &, the projection onto C, costs O(ninafy).

We stress that the strategy for increasing the dimension of the Krylov subspace has a crucial impact
on the final cost of the projection onto C,.. The PROPACK code implements an adaptive strategy to
reduce the number of criteria checks. This strategy can result in selecting unnecessarily large values of
;.. In our implementation of the three alternating projection methods, we chose to check the stopping
criteria at each Lanczos iteration in order to select the minimum Krylov dimension for which the criteria
are satisfied.

5.2 Experiments on Matrix Completion

For our experiments, we consider two different types of matrices: random Gaussian matrices of rank r
obtained as M = LRT € R™*"2 where L € R™*" R € R™*" are matrices whose entries are sampled
from a normal distribution, and the r-truncated SVD of the grayscale 512 x 512 1lake image, see Figure 2
(left). We choose n1 = ng = 512 for the Gaussian matrices, and in both cases we choose r = 30. Then,
we built the Gaussian matrices and truncated the image accordingly.

The Gaussian matrices and the truncated image have different singular value distributions as illus-
trated in Figure 2 (right), where we clearly see that the singular values of the truncated image decade
faster than those of the Gaussian matrix. Then, this choice of the matrices allows us to test iRAPM
against different singular value distributions.

The set € is built sampling ¢ entries uniformly at random, where the number of observed entries
q is chosen such that the ratio q/((ny + ns — r)r) = 2.6 in both cases. We consider the choice X° =
(M)gq, YO =P (XY) as starting points for RAPM and iRAPM, while APM only needs Y. We compare
the performance of the methods by performing a prefixed number of iterations ky = 200. In this way, we
can observe the effective saving of inexact projections in iRAPM along iterations while comparing the
final reconstruction error.
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Fig. 2 Truncated lake image (left) and normalized singular values of a Gaussian matrix (blue circles) and of the truncated
image (red squares) (right).

Two metrics are considered to monitor the performance of the methods:

i _ M)a — (Y*)e|
emse(ka) = w (58)

The former measures the error on the observed entries along the iterations, while the latter is the mean
squared error on all the entries at termination and it measures the quality of the final reconstruction.

As a measure of the overall computational cost needed to reach iteration k£ and to compare the three
approaches under investigation, we consider the quantity

as at each iteration k, the Lanczos process is started with a Krylov subspace of dimension r, then we
can obtain computational saving only reducing ¢, — r. In Tables 1 and 2 we provide statistics of the
three considered methods; for the regularized methods we used A\x = pur = 16 and iIRAPM was tested
with different values of ¢ in (3.12). The reported statistics are the means over 5 random runs. Columns
3 and 4 show the values of the two metrics (5.7) and (5.8) at termination, and we also report in brackets
the standard deviation of the mean-squared error. Finally, column 5, reports the quantity cost(ky). As
a first comment, we observe that the choice of ¢ in iRAPM does not seem to be critical, and any value
smaller than 103 provides an overall reduction of the computational cost as the dimension of the Krylov
subspaces employed in iRAPM is generally smaller than those employed in RAPM.

In Figures 3-5 we report information on the behavior of the procedures along the iterations; iRAPM
was run using ¢ = 1077, In Figure 3, we plot the average over all the runs of the metric (5.7) versus
the iterations (line), while the colored bands represent the minimum-maximum range of the metric. In
the remaining two figures we focus on a representative single run: in Figure 4 we plot for each method
the ratio between cost(k) and the corresponding quantity for APM. This way, we compare the effective
computational costs of RAPM and iRAPM as a fraction of the cost of APM. The plots in Figure 5
show two different quantities: the solid lines represent ¢, versus the iterations, while the dashed lines
display the number of singular values that satisfy the criterion (4.14), i.e. the number of singular values
computed by iRAPM that are approximated with the standard accuracy requirement.

Focusing on the Gaussian matrices, we observe that RAPM and iRAPM are comparable in terms of
accuracy and only slightly worse than APM. This is outlined in the statistics in Table 1 and in Figure 3.
Figure 4 clearly shows that RAPM and APM require approximately the same computational effort, while
the saving provided by the use of the new accuracy requirements (3.12) in iRAPM is relevant in the
first phase of the convergence history (the first 20 iterations), while from the 20th iteration onward the
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Method ¢ eq emse cost(kf)

APM 2.968e-06  3.309e-09 (5.609e-09) 836
RAPM 7.638e-06  1.733e-08 (2.378e-08) 870
iRAPM  1e-09 8.229e-06 2.101e-08 (3.046e-08) 715
iRAPM  1e-07 8.105e-06  1.889e-08 (2.462e-08) 713
( )
(

iRAPM  1e-05 8.204e-06  2.054e-08 (2.925e-08 712
iRAPM  1e-03  7.606e-06 1.699e-08 (2.307e-08) 728

Table 1 Gaussian matrices: statistics of the runs, maxit = 200.

Method ¢ eq emse cost(ky)

APM 5.009e-04  1.606e-06 (8.758e-07) 1654
RAPM 7.785e-04  3.092e-06 (1.374e-06) 1722
iRAPM  1e-09 5.633e-04 2.061e-06 (1.118e-06) 956
iRAPM  1e-07 5.181e-04 1.733e-06 (1.089¢-06) 969

( )
( )

iRAPM  1le-05 5.056e-04 1.609e-06 (1.388e-06 936
iRAPM  1e-03 7.652e-04 2.934e-06 (1.520e-06 1244

Table 2 lake image: statistics of the runs, mazit = 200

savings settle around the 15%. This is also evident in Figure 5 where we can see that iRAPM employes
Krylov subspaces of dimension lower than 40 in the first 20 outer iterations, while higher dimensions
are needed by RAPM and APM. On the other hand, we observe that the Lanczos procedure provides
accurate singular values in the final phase of the convergence history employing Krylov subspaces of
dimension slightly larger than r; this behaviour can be ascribed to the fact that Y,,keg becomes closer
and closer to a rank r matrix, and ideally, in case of rank r matrices, the Lanczos process stops with ¢
no greater than r + 1 [17]. It is also interesting to observe that the approximated singular values used
to compute the projection in iRAPM are, as expected, less accurate than in RAPM and APM, except
for approximately 50 consecutive outer iterations starting from the 100th, and few more isolated ones.
However, the overall convergence behavior and the final accuracy are comparable to those of APM and
RAPM, showing that the standard criterion, except when the iterates are close to the sought solution,
yields to the oversolving phenomena, i.e. the singular values are approximated with an accuracy higher
than those needed for the convergence of the overall procedure.

Concerning the lake image, as before, the performances of the three methods are comparable in terms
of accuracy, but this time iRAPM achieves an error similar to APM outperforming the RAPM variant.
Figure 4 (right) shows that in this case the saving of the inexact approach in term of computational
cost is even more relevant than in the case of Gaussian matrices. Indeed, in the first iterations, saving is
over the 50%, and later on the savings are approximately the 40%. From Figure 5, we can observe that
the number of singular values satisfying (4.14) is less than r along the whole process. This confirms the
oversolving phenomena noticed for the Gaussian matrices.

The experiments offer different insights on the behavior of alternating projection approaches and of
iRAPM. First, all the considered methods manage to approximate the sought matrix with good accuracy
and the error on the known entries steadily decreases along the iterations. Second, it is evident the
reduction in the overall computational cost provided by iRAPM. Remarkably, this computational saving
is also obtained on the realistic case of the lake image.

6 Conclusions and perspectives

We have introduced an inexact regularized alternating projection method for computing a point in
the intersection of two nonconvex sets. Inexact projections on one of the two sets are allowed. The
convergence properties of the methods have been proved in a general setting and then specialized to
affine rank minimization problems. For the latter class of problems the inexact projection on the rank
level sets amounts to compute an approximate r-truncated SVD. Suitable accuracy requirements and
corresponding stopping criteria for the Krylov inner solver have been proposed. Numerical results on
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matrix completion problems showed that the inexact method is in general less expensive than the exact
counterpart. We observed that the savings in computational cost are concentrated in the first phase of
the convergence process. Then, it could be of interest to devise an adaptive strategy for choosing the
parameter ¢ that rules the inexactness level. A further extension is to devise adaptive strategies for the
rank selection when the rank is unknown.
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Appendix A Additional proofs
A.1 Proof of Lemma 3.1

If y* € Pp(yk.,), one can always set w’ = y* and ¢’ = [jy* — yF,||* for any £ € N, so that conditions
(3.8a)-(3.8¢) and (3.9) are trivially satisfied for all £ € N with §**! = y*. Then, without loss of generality,
we assume that y* ¢ Pg(yf,,). Hence, there holds [|[g*+! — gk ||I> — [ly* — yk,|I> < 0. First, we prove
that there exists £, € N such that

C(Ce - ||yk - yfegHQ) - <||yk+1 - y')]fegHQ - ||yk - yfeg”Q) >0 Ve > Zﬁ' (Al)
Indeed, by (3.8b), we have

Ve>0,306>0:c —[[gF —yk |I?>—e, V>,
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Setting € = 1%C(||y’C —yF 12 = 19" — yF.,lI?) > 0, we have that there exists /. € N such that

Gl = 155 = yreg ) > (1 = Oy = yreg?® = 19" — yregI?)
that yields (A1). Now, we show that there exists £ > ¢, such that (3.9) holds. Indeed, it holds
||w€ - yfegHQ = wa - gk—l—l”? + ”yk—!—l - yfegHQ + 2<w€ - gk+1a gk-&-l - y']rceg>? (AZ)
and we observe that there exists ¢ > ¢, such that, for all ¢ > @, it holds

lo® = G 4 20w — G G =) < G = 1Y = g P) — (1977 = wreg 17 — 115" — g 1)

< C(cf - ||yk - y']:eg||2) - (”gk+1 - yfegH2 - ||yk - yfeg”Q) )
(A3)

where the former inequality holds given that the left-hand side is converging to zero (see (3.8¢)) and the
right-hand side is positive (see (A1)), whereas the latter inequality is a consequence of (3.8a)-(3.8b) that

ensures ¢! < ¢!. By plugging (A3) into (A2) we obtain (3.9). Applying (3.8a) to (3.9) yields

||’LUZ - yfeg||2 < CHgk—i_l - yvlfeg||2 + (1 - C)Hyk - yfegH27

which is equivalent to condition (3.4) with y*+! = w*.

A.2 Proof of Lemma 3.3

Item (i). We recall that Q(y**1) < 0 due to equations (3.3) and (3.4). Then, from the definition of
{dr}ren in (3.14), we obtain the thesis.

Item (ii). We observe that the inexactness condition (3.4) can be reformulated by means of the
following equivalences

1-¢

Qk+1(yk+1) < CQk-H (yk-i-l) o Qk+1(yk+1) < Qk-&-l(gk-i-l) o TQk+l(yk+1)
k+1 k|12 k41 k12
Yt -y vt -y N 1-¢
o || H + L(I’k+17yk+1) S H || + L(l’k+1,yk+1) _ Qk+1(yk+1)~ (A4)
2Ly, 2pig ¢

Since §**! € Pp((y* + pra®*1) /(1 + px)), we have g1 € prox,,, ; e+ (¥*), which yields
1
%IIQ’“r1 —y" P+ L ) < LM yb). (A5)
By applying the previous inequality to (A4), we obtain

1-¢
%Ily”“+1 =y IP + L R < L™yt - TQHI(ka)- (A6)

Writing Q"1 (y**1) as in (3.1) and rearranging the terms of (A6) yields

1 1 1 1
(1 4 ) Hyk+1 _ yk||2 _ Qk+1(yk+1) + (1 + > L((L‘k+1,yk+1) < (1 + > L($k+1,yk).

24, ¢ ¢ ¢
By dividing both terms of the previous inequality by a factor 1+ 1/¢ and summing the term ﬁ ||kt —

z*||2, we get

1 ¢
%Hykﬂ -y 1?+ ﬂﬂx’““ o (CH) QM (W) + L(a™ T, )
1
< gyl = NP Ly < Lk, o),
k
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where the second inequality follows from z**! € prox, W L(-y*) (2*) and the definition of proximal operator.
By observing that A\y < Ay and pg < py, we arrive to

1

—lly

k+1 k2
-y 7+
2u4

¢
m”xk-‘rl _ kaQ o <<+1> Qk+1(yk+1) + L((Ek+1,yk+1) < L(xk,yk). (A7)

Then the thesis of item (ii) follows from (A7) by setting a = min{1/(2u4),1/(2X4),¢/(¢ + 1)} and
recalling the definition of dj, in (3.14).

Item (i4i). The left-hand side of (3.18) follows immediately from (A4) by recalling the definition of F
in (3.13) and {pg }ren in (3.16). Regarding the right-hand side, we sum ~; given in (3.15) to both sides
of (A5), thus obtaining

. 1. .
F(* gF o) < ZTkHka —yF|2+ L ") 4+

< L@ ") + e < LEF yF) + — |2 = 2¥))2 + 9 < LR, ) +

22Xk

where the first inequality follows from Q**1(g**1) = min,ern Q"1 (y) < Q*+1(y**1), and the last one
holds by zF+1 ¢ prox,, L(,7yk)(xk ) and the definition of proximal operator. We observe that the sequence
{Vk }ken is non-negative due to (3.3). Furthermore, by summing (A7) for k = 0,..., K, it follows that

K K

K
1 1 ¢ k1, k41 0.0 K+1 | K+1
— > Iy kP ||xk+1—xk2+<) —QM(yF ) < L(a0,y%) — L(x® 1, yK ).
s w2 o)

By taking the limit over K — oo and recalling the definition of a, we get
o0
a |t — 2R 4y = R - QFT (M) < 0. (A8)
k=0

As a result, the sequence {—Q**!(y**1)},cy is summable and, thanks to the inexactness condition
(3.4), we have that {—Q*"(9**1)},en is also summable. Then, (3.19) holds due to condition (3.5),
and {7 }ren is summable, which yields limy_, o v = 0. Furthermore, it holds limy_, [|[y**! — y*|| =0
by (A8). Then, by applying the triangular inequality, we conclude that lim_, . ||§**! — ¢*| = 0 and
consequently limy_,o pr = 0. Hence, the thesis of item (iii) follows.

Item (iv). Since the subdifferential of the sum of two functions, one of which is continuously differ-
entiable, is given by the sum of the two subdifferentials [27, Exercise 8.8], it is possible to write the
following equivalences

1
P € proxy, 10 (aF) € 0 € @ = yF) 4 Oua@ ) + L@ - o),

N N . 1
9 € prox,, per .y & 0 € =@ — M) 4 9up (5T + AT(ka ).

Hence there exist wit € dua(zF1) and wh** € Gup(g*+1) such that

1 1
wllc—i-l _ —($k+1 _ yk> _ 7(xk+1 _ l‘k), w]2<7+1 — ((I}k+1 _ ,gk—i—l) _ 7(@1«1—1 _ yk).

Ak HE

The subdifferential of L at any point (z,y) writes as dL(x,y) = {z —y + dea(x)} x {y —x + dep(y)},
see e.g. [12, Proposition 2.1]. Then, if we define the vectors

1

,U11c+1 .Tk+1 gk—i—l wlchrl /\k ($k+1 .Tk) (@k+1 yk)7
1

vpth = g =T g = (T =),
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€ vector v = (v elongs to e su 1rrerential o a X Y . y setting K- =
the vector vF+1 KL R bel to the subdifferential of L at (zF*!,§**1). By setti

min{\_, z_}, the norm of v**1 can be upper bounded by proceeding as follows
1
H k+1|| _ H( )\k( k+1 l‘k) _ (yk+1 _ yk), _’uk k+1 )H

1 ) 1
_ H ()\k(IkJrl o .Z’k), 7ﬁ(yk+1 . yk)) + ( (yk+1 y )7 7ﬁ(yk+1 o yk+1)> H

< L ||(xk7+1 _ xk,yk'H _ yk)H + H <_(yk+1 _ yk-‘rl), _i(yk-’rl _ yk+1)> H
- 1k
F - 6 =0 < (1) I e - [T

<1+ ;) T = ok g )4 ¢ (145 (1<<> QU (A9)

where the last inequality follows from condition (3.5). Finally, we observe that the subdifferential of the
function F defined in (3.13) can be written as OF (x, y, p) = OL(z,y) x {p}. Hence, since the vector v**+1 €
R™ belongs to the subdifferential OL(z*+1, §¥*+1), we have that (vF*1, pF*+1) € 0F( Rl ghtl phtl) and
the norm of such subgradient can be upper bounded as

1
4 P < 40 41 < (1 ) T b =)

+\/(1+12)( )@ \f I+ - y’“||+\/2(1g<)@k+l<yk+l>

<(1+5 4 )n( B gk bt

e

where the second inequality is due to (A9) and the definition of {pj }ren in (3.16), whereas the third one
follows by employing the triangular inequality and the inexactness condition (3.5). Then, the thesis of
item (iv) is obtained by applying (3.17) to the previous inequality.
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