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Abstract

We propose AdaNAG, an adaptive accelerated gradient method based on Nesterov’s acceler-
ated gradient method. AdaNAG is line-search-free, parameter-free, and achieves the accelerated
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convex function f. We provide a Lyapunov analysis for the convergence proof of AdaNAG, which
additionally enables us to propose a novel adaptive gradient descent (GD) method, AdaGD.
AdaGD achieves the non-ergodic convergence rate f(x;) — fx = O (1/k), like the original GD.
The analysis of AdaGD also motivated us to propose a generalized AdaNAG that includes prac-
tically useful variants of AdaNAG. Numerical results demonstrate that our methods outperform
some other recent adaptive methods for representative applications.

1 Introduction

With the growing prevalence of large-scale optimization problems, there has been increasing inter-
est in adaptive optimization methods that are line-search-free and parameter-free. Initiated by [26]
and further developed in [23, 22, 27, 40], the study of adaptive methods for convex optimization
has been actively explored in recent years. However, research on adaptive accelerated gradient
methods remains limited, and the first such algorithm was recently proposed in [25].

In this paper, we propose a novel adaptive Nesterov’s accelerated gradient method (AdaNAG)
for solving the minimization problem

min f(z), (1)

where f: R? — R is a convex and (locally) smooth function. We use z, to denote a minimizer of
(1) and f, to denote the optimal value. Our method achieves the accelerated convergence rates
f(@g) — fo = O(1/k?) and mineqy, g |V f(2)]|* = O (1/k?), similar to the original Nesterov’s
accelerated gradient method (NAG) [28, 17, 33]. We establish the convergence of the method using
a novel Lyapunov analysis, which also provides intuition for developing new adaptive methods.
Based on this intuition, we further propose a novel adaptive gradient descent method (AdaGD)
that achieves the non-ergodic convergence rate f(zx) — f. = O (1/k). In addition, we provide a
family of algorithms that generalize AdaNAG, and present instances that are both practically useful
and theoretically sound. We demonstrate the efficiency of our algorithms through several practical
scenarios in which they outperform existing adaptive methods.

1.1 Prior works

Nesterov acceleration. Nesterov’s accelerated gradient (NAG) method was introduced in his
seminal work [28]. NAG achieves an accelerated convergence rate f(zj) — f, = O (1/k*) when
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f is a globally smooth convex function, while using only first-order information. This rate has
been proven to be optimal for this problem setup up to order, as shown in [29, Theorem 2.1.7].
As the demand for first-order methods grew due to the need for large-scale optimization prob-
lems, NAG has been studied in various aspects [34, 35, 39, 24, 10, 33], and numerous variants
have been proposed in recent decades [5, 7, 30, 14, 2, 18, 20], to name a few. Optimized gra-
dient method (OGM) [14, 15] improved the constant of the bound by 2, and is proven to be
the optimal method for L-smooth convex function minimization [11]. FISTA [5] extended NAG
to the proximal gradient (prox-grad) algorithm with the same convergence rate. The works in
[34, 35, 7, 2] extended the original parameter choice 6, = % in NAG to 6;, = % with p > 2, and
still achieved the accelerated rate f(zx) — f. = O (1/k?). In addition, [7, 2] further established
iterate convergence when p > 2. An improved convergence rate for the gradient norm square
mineqr, g [|VF(2:)]|* = O (1/k%) was provided in [17, 33].

Recently, OptISTA [13] improved the convergence rate of FISTA by a constant factor of 2, and
was proven to be optimal for the prox-grad optimization setup. Unlike NAG and FISTA, which
achieve the same rate, the optimal methods OGM and OptISTA have different rates, with the rate
of OGM having a slightly better constant than that of OptISTA. This difference suggests that we may
achieve improved convergence rates by focusing on single-function minimization when designing
an algorithm. This motivated us to develop a new accelerated adaptive algorithm refined on the
single function minimization problem, taking OGM as the reference.

Adaptive methods for convex function minimization. The demand for adaptive and parameter-
free methods has grown as data size increases and as large-scale optimization problems become
more prevalent. The seminal work [26] initiated the study of adaptive methods for convex mini-
mization problems, without using additional expensive computations such as line search [12, 21,
30]. They introduced the adaptive gradient descent (AdGD) method, which achieves an ergodic
convergence rate of O (1/k) for the function value error. Without requiring knowledge of the
smoothness parameter or performing line-search computations, AAGD selects the step size based
on an approximation of the local smoothness parameter using the last two iterates.

Introducing AdaPGM, an extension to the prox-grad setup was considered in [31]. A general-
ized version of AdaPGM, AdaPG?%" was introduced in [22]. The analysis of the original AAGD was
refined in [27], where an advanced method with a larger step size (AdGD2) was proposed, along
with an extension to the prox-grad setup based on the refined proof. An adaptive method based on
the Barzilai-Borwein method [4], AdaBB, was introduced in [40]. However, none of these adaptive
gradient descent-based methods achieve a non-ergodic convergence rate, which was identified as a
challenging problem in [27].

Recently, an adaptive method that achieves the accelerated convergence rate f(xy) — fi =
O (1/k?), called the auto-conditioned fast gradient method (AC-FGM), was introduced by [25].
Focusing on the prox-grad setup, they introduced an additional auxiliary sequence called “prox-
centers,” which does not appear in the original Nesterov’s acceleration. Furthermore, they ex-
tended their analysis to convex problems with Holder continuous gradients. We focus on the
single-function convex minimization problem and propose a novel adaptive accelerated method
that does not require such an auxiliary sequence.

Lyapunov analysis. A refined proof technique plays an important role in analyzing adaptive
methods, particularly in deriving new step sizes and designing new algorithms as observed in
[27, 22]. Among such techniques, Lyapunov analysis is a powerful framework that leverages
a nonincreasing potential function, and it has been widely used to analyze a variety of opti-



mization methods, including accelerated methods [5, 3, 38, 10, 24, 32, 37] and adaptive meth-
ods [26, 22, 31, 27, 40]. Lyapunov analysis is especially crucial for adaptive methods, since such
analyses typically use only recent iterates x; and .1, which provides strong motivation to ap-
proximate the local smoothness parameter using recent iterates. In this work, we present a novel
Lyapunov analysis for an adaptive accelerated method. Our proof is inspired by the Lyapunov
analysis of OGM [32, 10]. As a consequence of our analysis, we derive a novel convergence result
mingeqy gy IV (z)||> = O (1/k*), which is, to our knowledge, the first such rate established for
adaptive methods. Furthermore, we design a new gradient-descent-type algorithm that achieves a
non-ergodic convergence rate f(zx) — f,» = O(1/k), as an application of our Lyapunov analysis.

‘ f(x) — f« non-ergodic ‘ Minefq,. k) IV f ()| ‘ without momentem

AdGD2 [27] O (1/k) X O (1/k) v
AdaPGM [31, 22] | O (1/k) x O (1/k) v
AdaBB [40] O (1/k) x O (1/k) v
AdaGD (ours) O (1/k) v O (1/k?) v
AC-FGM [25] | O (1/k? v O (1/k%) X
AdaNAG (ours) | O (1/k?) v O (1/k?) x

Table 1: Comparison between our methods and previous adaptive methods. In cases where the convergence
rate of min;eqq, 1y |V f(z:)||” is not explicitly mentioned, we apply ||V f(z)||* < 2L(f(z) — f.), assuming

,,,,,

the smoothness parameter L.

1.2 Contributions
The main contributions of this work are as follows.

* We provide a novel accelerated adaptive algorithm, AdaNAG, that is line-search-free, parameter-
free, and achieves the accelerated convergence rate f(z;) — f. = O (1/k?). Compared to AC-
FGM, we have a better coefficient of ||zg — =.||* in the upper bound of the convergence rate
of AdaNAG. Moreover, AdaNAG achieves a convergence rate for the minimum of the squared
gradient norm, min;egy gy |V (25)[|> = O (1/k%). To the best of our knowledge, the latter is
the first result of its kind for adaptive algorithms.

* We provide a Lyapunov analysis that allows for a concise understanding of the proof for AdaNAG.
Such understanding motivates us to consider a strategy to develop a novel adaptive method,
which leads to a novel adaptive gradient descent algorithm, AdaGD, with a non-ergodic O (1/k)
convergence rate. This is the first non-ergodic convergence result for adaptive methods without
momentum. AdaGD also achieves the convergence rate min;egy gy ||V f(25)[|> = O (1/k?).

* Finally, we provide a family of algorithms that generalize AdaNAG and enable practically useful
parameter selection. We introduce our ultimate algorithms, AdaNAG-G;, and AdaNAG-G'/2,
which are both theoretically sound and practically useful. We demonstrate the efficiency of our
algorithms by showing that they outperform prior algorithms, including AC-FGM, when applied
to some representative applications.

Organization. The rest of the paper is organized as follows. In Section 2, we introduce the
preliminary concepts for our analysis. In Section 3, we introduce our adaptive accelerated algo-
rithm AdaNAG and present the main convergence results, whose proofs, based on a Lyapunov
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analysis, are provided in Section 4. In Section 5, we introduce a novel family of GD-type adaptive
algorithms, AdaGD. In Section 6, we introduce a family of adaptive algorithms that generalizes
AdaNAG and allows for practically useful parameter selection. As concrete instances derived from
this family, we present AdaNAG-G, and AdaNAG-G'/2, both of which are theoretically sound and
practically useful. Numerical results are presented in Section 7. Finally, we draw some concluding
remarks in Section 8.

2 Preliminaries

f is called L-smooth if it is differentiable and V f is L-Lipschitz continuous, i.e.,
IVf(@) =Vl < Lllz—yll,  Vo,yeR™

When f is an L-smooth convex function, it is known [29, Theorem 2.1.5] that the following in-
equality holds for all z, y € R¢

F() = $@) + (Vi) =) + 57 IVF @)~ VI <0. @

We say f is locally smooth if V f is locally Lipschitz continuous, i.e., if for every compact set K  R¢
there exists L > 0 such that

IVf(@) = Vil < Lgllz—yl,  VoyekK.

We refer to Ly as the (local) smoothness parameter of f on K. It is clear that L-smoothness implies
local smoothness. It is natural to ask whether a locally smooth convex function also satisfies an
inequality similar to (2). The answer is positive. However, to the best of our knowledge, this is not
immediate from known facts for globally smooth functions. Therefore, we state it as a lemma, along
with a useful corollary that will be used when we approximate the local smoothness parameter in
our later arguments. We provide the proofs in Appendix A.

Lemma 1. Suppose f is a locally smooth convex function and K C R is a compact set. Let K C
Brg(c), where Br(c) = {x | |x — c|| < R}. Let Lx > 0 be a smoothness parameter of f on Bsg(c).
Then the following inequality is tr

F0) = @) + (V)2 =) + 57— V@) = Viw)* <0

Note that when f is a (global) L-smooth convex function, the above statements hold with Ly = L.
Corollary 2. Let f be a locally smooth convex function. Then following statements are true:

() Forall w,y € R if f(y) — f(z) + (Vf(y),z —y) = 0, then |V f(x) = Vf(y)||* = 0.

(ii) Let K C R? be a compact set. Then there exists L > 0 such that

1 z) — 2 _
O ) PAah g < Yo M) =S S 0.

In our analysis, we need an initial guess (say, Lg) to the smoothness parameter L such that
0 < Lo < L. This can be done by choosing two arbitrary points xg, Zy with xy # &( and defining
|V f(z0) = Vf(Zo)]

Lo = = . 3)
2o — Zol|

Moreover, we adopt the convention % =0and § = +oo for all a > 0 when the denominator is zero.
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3 Our AdaNAG Algorithm

One typical iteration of OGM and NAG can be written in the following form:

1 1
Y1 = Tk — sEV f(2r),  2pp1 = 2k — skapiVf(2r),  Tpp = (1 — ) Yk+1 + 2kt 1
Ok-+1 Ok-+1

Both methods consider constant choice s;, = % As studied in [14, 32], this reduces to OGM when
oy, = 2, and reduces to NAG when «j = 1. We want to find proper s, o without knowing L such
that similar proof structure of OGM works, so to achieve similar accelerated convergence rate.

3.1 AdaNAG

Our Adaptive Nesterov’s Accelerated Gradeint (AdaNAG) method is described in Algorithm 1. The
convergence results of AdaNAG are summarized in Theorem 1, and its proof is given in Section 4.

Algorithm 1 Adaptive Nesterov Accelerated Gradient (AdaNAG)

1: Input: 20 = 20 € R?, 59 > 0.
2: Define

—1
- 20, (1, 1 _ 1 if ko =
Gk:{ o - 0271<a3+a% al) =0 4)

. a =
<1+,/1+49§71), ifk>1, % (1 _ 9kl+g> ifk>1

3: fork=0,1,... do

—_

D=

4.
Yk+1 =z — sV f(zr)
21 = 2k — SkuBp 2V f(2g) (5)
1 1
Tpr1=1—— ) U1+ 77— 2k11
Ok+3 Ok+3
Lot = — 3 IV f (xhs1) = V()| )
- f(@rgr) = f(xr) + (VF(@re1), o6 — Trg1)
min{% 0 g ajas ii} ifk=0
o al 93(9371) 05 ch-i—()é% a1 Ln
SE+1 =N [ o o? h _ (7)
min { o % armrad Temn ifk>1
5: end for

Theorem 1. Let f be an L-smooth convex function. Suppose {zj};~, is a sequence generated by
AdaNAG (Algorithm 1) with sy = 0.4255%0 where L defined as in (3). Denote R = ||xg — x*||2 +

0.14+ (Lio — %) IV f(0)||%. Then the following convergence rate results hold.

Lo
5.5L 22L L
—fi < R < R=0|-—= 8
f(l'k) f* = 0%4_2 = (k +4)2 (k2> ) ( )
, 9 120L2 144012 L?
. < = — | .
zegl,m,k} [V f(zi)|” < 25:1 93+2 = k (k2 + 12k + 47) k3



Note that when the denominator of L in (6) is zero, the numerator is also zero by Corollary 2,
so we have L = 0 from our arithmetic convention. There are several useful properties of 6y, ay
and s; and we summarize them in Lemma 3, whose proof is given in Appendix B.1.

Lemma 3. Suppose {0k}, {ak}>o and {si};>o are defined as in (4) and (7). Then 0y is an
increasing sequence that satisfies 6;, > k—‘gz for k > 0. Furthermore, the following inequality holds

Ops1(Opy1 —1) — 02 <0,  Vk>0. 9
Thus, cgy1 > ay for k > 1 and limy_,oo oy = 5. Moreover; si41 < sy for k > 0.

Note that the definition of 6, in (4) is the same as the one used for the original NAG [28], which
satisfies (9) as an equality. The inequality (9) is often considered a core property of 6 in studies of
variants of NAG [5, 7, 32], and will play a crucial role in our convergence analysis. As an additional

comment, we note that
k+2
O = 12 (10)
2
is also often considered an alternative to (4), as it behaves similarly but is simpler and more intu-
itive. We show that a simplified variant of AdaNAG obtained by replacing (4) with (10) can also

achieve a similar convergence rate in Appendix B.2.

3.2 Comparison with AC-FGM

AC-FGM is another adaptive method that achieves accelerated convergence rate, studied in [25].
When h = 0, X = R%, AC-FGM reduces to:

Zkr1 = Yk — M1 Vf(2r)

Yer1 = (1 = Bes1)Yk + Br+12k+1 (AC-FGM)
Tk4+1

T+ 7eer T4 1o

Lk+1 Zk41-

Note that AC-FGM has a different form from our AdaNAG, and therefore, the mechanism of the
coefficients differs. The concrete choice of parameters in AC-FGM are ([25, Corollary 1]):

min 3 (1 — 5)n1, i} if k=2

0 ifk=1 0 ifk=1 )
k { if k> 2, P {5 if k> 2, A Tl A 4L2} '

IR

: k k—1 :
min mnk_l, m} lf k Z 4,

with L defined in the same way as (6). Then AC-FGM has the convergence rate

L L
Flan) = fo< G b0 (oo = a5 (P25 - 2 ) 29 s@ol?) . an

where 7, > 0 is arbitrary and L; = max {m, Li,...,Ly}, B € (0,1 —/6/3]. The coefficient

of |V f(x0)|? differs depending on the relationship between 7, L1, and 1. Thus, this coefficient
fundamentally contains some uncertainty, depending on how well we estimated the initial step size
7 and the point z1, which we do not have full control over. The authors provided a line search
technique to adjust this coefficient, but in [25, § 4.4], they presented an ablation study showing
that such an adjustment does not make a significant difference in various practical scenarios. In
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this context, we believe there is no absolute way to compare this coefficient, or that this coefficient
is not crucial to the algorithm’s behavior. Therefore, we focus more on the coefficient of ||z — z,||*.

In [25], they choose 8 =1 — @ for the experiments, which also results in the tightest coefficient
of ||zg — x]|?, which is 12/(1 — %) ~ 65.39. This is nearly three times larger compared to the
coefficient of ||zp — x*||2 in (8), which is 22.

4 Convergence analysis of AdaNAG

We note that the proofs in this section only assume f to be locally smooth rather than globally
smooth, except for Corollary 9 and Proposition 11. On the other hand, Corollary 9 and Proposi-

tion 11 can even be achieved under the locally smooth condition if we consider a small perturbation
2
d?
ag1+ai (14+1079)
pared to af and ay41, the overall behavior of the perturbed variant remains the same as that of
AdaNAG, including the convergence guarantee. However, since the analysis requires more technical

arguments, we provide the formal discussion of this variant and its proof in Appendix B.3.

to (7) as si,1 = min {ai‘i -5k, Lklﬂ }. Since the value 1079 is negligibly small com-

4.1 Motivation of the Lyapunov function and L,

Since we want to design an adaptive method that mimics OGM [14, 15], it is worth briefly reviewing
the proof structure of OGM. OGM considers Lyapunov function of the form

1 1 1
VOeM _ 529k+1(9k+1 — 1) (flzx) — fo) — ﬁgi IV f () ||? + 3 2641 — 2412 - (12)

The core part of the convergence proof for OGM is to show:
oGM _ 1,0GM _ 2 2
Vizt =V = zek+1(9k+1 -1 + 70kt122 <0, (13)

where 7y = f(zx11) = f () +(V f(@ri1), 2 — 2ps1)+or [V f(@r) = V(@) |? and To = f(api) -
fo— (Vf(@ps1), g1 — o) + ﬁ HVf(ka)HQ. For details, see [10, § 4.3] or [32]. Note Z; and 7,
are nonpositive since f is L-smooth convex by (2). We want to set the parameters to construct a
similar proof for (13) when L is not known and is replaced by some estimation Ly ;. A good way
of doing it is to simply define it as nonpositive. That is, define L, as in (6) and make Z; zero. The
idea of defining an adaptive step size motivated by the proof of an optimal non-adaptive method
was also considered in [36, § 6]. We note that this specific definition of L;; was also previously
considered in [25].

However, we cannot treat Z, using the same approach because it requires information about
the optimal point and value, f, and z,. Thus instead, we forgo the term 2011 x 5= ||V f(z)11) 12
and use the relaxed inequality f(zx11) — fu — (Vf(Zg+1), Tp+1 — 2«) < 0. Then, the ||V f(zg41)
term should be accounted for somewhere. This requires us to adjust the definition of the Lyapunov
function by flipping the sign of the ||V f(z)||* term. This ultimately leads to our Lyapunov function
for AdaNAG. The details will be provided in the next section.

2
I

4.2 Convergence analysis of AdaNAG

The following theorem is the core part of our convergence analysis and one of the main contribu-
tions of our paper.



Theorem 2. For AdaNAG (Algorithm 1), define Lyapunov function as
1 1
Vi = sie1 A (f(2r) = £) + 5 51Br IV £ (i) + 3 2k = wl*, Vk>0, (14)

where Ay, By are defined as

doogh2  if k=0

Ap = a0 Oriz — 1), By =
k k10k+3 (Opg3 — 1) k {ai9i+2 -

cq 1 1

2

Then for a locally smooth function f, we have

1
Vi1 — Vi < 3 min {S%Bk, zkHAk} ||Vf($k)|‘2 <0, k> 0.
k+1

Proof. We first consider the case when V f(z) # V f(z+1), which implies that the denominator of
L1 is nonzero by Corollary 2. The proof can be broadly summarized into four parts:

Part 1. (The proof is given in Lemma 4). Show the following inequalities hold for ¥ > 0. Note
that these are the core properties of the step size and parameters.

Ap + agy1043 5

Srag < (16a)
w Ak
Skt < pp Sk (16b)
Ay, -1
< [ 2k
Sk+1 < <Bk + Pk) Tont’ (16¢)
where s
Bri1 + 0
op = k+1 j‘kﬂ k+3 (17)
k
Part 2. (The proof is given in Lemma 5). Show the following equality holds for k£ > 0:
Vir1 — Vi
= (Sk+1(Ak + ar10k13) = Sk24k41) (fu — [(@h41))
+ Skr10k+10k+3 (f (Th11) — fo = (VF(@rt1), Thp1 — o)) (18)
1
supr i Flons) = Son) + (91 )0 = snsa) + 57— 195 Gn) = 9 o))
+
+ Qk:
where @)}, is defined as
s Ag 2
Qr=— -7 | (1= pesky1Li11) [[Vf(zg41)]] (19)
2Lj41

2
—2(1 = spLgs1) (Vf(xpe), VI(zg)) + <1 + ij:s;jil Lk+1> ||Vf(95k)”2] .




Part 3. (The proof is given in Lemma 6). Show the following inequality holds

Qr <Qr, Vk>0, (20)

where 2
O i { TBEBIVI@OI® i siLigy <1
k= i

—LE A [V f(n)|® i skLpgr > 1

Part 4. Finally, we show that the first three lines on the right hand side of (18) are nonpositive:
* Spr1(Ag + ag10k43) — Skr24k+1 > 0 follows from (16a).
o f(xp+1) — [ — (Vf(Tk41), k11 — %) < 0 holds by the convexity of f.
* flare) = flar) + (VF(@re) an = 2r1) + gr 0 [V F(@r) — V f(z41)]|* = 0 holds by (6).

Hence, we obtain that
Vit1 — Vi < Qg Vk >0, 21D
and the desired conclusion for the case V f(xy) # V f(zx+1) follows from Part 3.

When V f(z) = Vf(zr41). We have Ly 1 = 0 in this case, and hence s;L;+; = 0 < 1. Now, by

conducting the same calculation as in Part 2 but without the term s;g}:fl’“ IV f(zri1) — V()|

we obtain the same equation as (18), except that this term is omitted:

Vierr — Vi

= (Skt+1(Ak + r+10k+3) — Skr24k+1) (fe — f(Th41))
+ Skp10k410k43 (f (Ter1) — fo = (VI (@ry1) Trpr — 24))
+ skr1 Ak (f(2rt1) — far) + (Vf(@41), 26 — Th11))

1 1
+ 5si+l (Brs1 + 021 02,5) |V f(@ra)|® = 252 B [V f(an)|? = sesie1 A (VF (zrg1), V (k)

2

1 1
< §5i+1 (Bit1 + 0y 10743) IV f(zrg)|I” — §5sz IV f(ap)|)® = sksps1Ar (VF(@ri1), VI (ar))

1 Bpi1+a2 602 1 1
= 38kt Ak ( u A:H S g1 — s | IV f () |1” — §Si3k IV f () |I” - o SkSk+1 4k IV f () I

1

< —§S%Bk IV £ (@)l
where the second inequality is due to (16b). O

Lemma 4. Inequalities (16) hold for k > 0.
Proof. Recall that A;, and By, are defined as in (15). From (7) and (9), we have

2

gt 1 Qi1 O3 A + 410,43

Skt2 < Sk4+1< Skl = ————Sk+1, Vk >0,
2= e T T e Opa (g — 1) Api1 -
which proves (16a). Next, from (4), we have
A besl0es—1) 3(1-75)
— 2
o = = S — ) 1, 22)
Bry1 4+ aj 1015 200, 11043 Oh+1
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Thus (16b) is equivalent to s;,1 < si for & > 0, which holds true by Lemma 3. This proves (16b).
Lastly, from (9) we have

A 0 O3 —1
Ak _ Oék;rl k3 ( §+3 )Sak;rl’ Vk > 1,
By o Oiiyo A

which, together with (22), yields

A —1 A 1 ~1 2
<k +pk> — <k 1> > <04k;1 n 1) _ iw Vi > 1.
By, By, oy Q41 + O

1
For k = 0, from (4) and (15) we know ag = io (i + L - i) , which, together with (9), yields
g

« a3 a1
Oégag 1 o -1 (051 93(93 - 1) ! AO -
s—=1| = +1 <| = 5 +1 =% tTro :
as + aj o apQQ apQ 92 By
Combining the above two inequalities with (7) proves (16c). O

Lemma 5. Equality (18) holds for k > 0.

Proof. First, from (5) we know

22 = Zhi1 = —Sk410k4+10k43V [ (@p1),
and thus we have
1 , 1 , 1
5 |2kt — x4]|” — 3 | 2k41 — z4]|” = 3 (Zht2 = Zhtls Zht1 + Zhpo — 20) (23)
1
=3 (Zh42 — 21415, 2 (21 — @) + (Zrg2 — 2641))

1
= =510+ 10k43 (V[ (Zhi1), 2141 — T4) + §3z+1o‘%+19%+3 IV f(zp)?
Combining (23) with the following identity,

Sk+24k+1 (f (Trt1) — fo) = se1 Ak (f(xr) — fo) = (Sk+1(Ak + ar10k+3) — Skr24k+1) (fx — f(Tr41))
+ skr110k43 (f (Trr1) = fo = (VI (@hs1), Thr1 — 24))
+ skr1 Ak (f(Tr41) — fo) — sk1 4k (f(@8) — f)
+ Skt 1010543 (VF (k1) T — T4)

we have

1 1
steaiin (Fonin) = £+ 3 lawsa = 2ulP = (s e () = £+ 5 o - o]

= (Ska1(Ak + ap10k43) — skr2Akr1) (fx — f(@ha1)) (24)
+ skp10k4 10643 (f (Trr1) — fo = (Vf(@rg1), Thg1 — 24))

1
+ spp1 Ak (f (@rg1) = (@) + ske10q 10643 (Vf (Tp41), Thpr — 2p41) + 55%“06%“913% IV f (@)

The first two lines of (24) are the desired terms in (18). We focus on reformulating the terms in
the last line. From (5), we have

Tt — Zeg1 = (Okg3 — 1) (kg1 — Tg1) = — (Opg3 — 1) (Thg1 — 21 + 56V f(21)) -
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Plugging this into the last line of (24), we have

1
Skr14k (f(wps1) — flag)) + Sk+1ak+19k+3 (Vf (1), Ths1 — 2ki1) + 5554100410043 |V f (@) )P

2
= Sk+14k (f(xm) — flaw) + 2L HVf(ack) Vf(xk+1)H2>
— k41 ey 10py3 Ok — 1) <Vf(33k+1), Trp1 — 2 + s,V f(xg))
—A,
A 1
SR |V f ) - V)P + gehaoffhg ||Vf<a:k+1>u2 25)
= sk+1 4k (f(xkﬂ) — f(ar) + (Vf(The1), ok — Thp1) + 2L va(ﬂﬁk) Vf($k+1)\2>
1
Fsenis (T = o) (V6aw). V(o)
A 2 07 A
- S;Z;Hk < - akzkk% Sk+1Lk+1> IV f(zrsn)|” — S;zl RV f ()2 (26)

From the definition of V,, we know

Ser2Arg1 (f(Trg1) — fo) + sz+2—5‘7*“ - (3k+1Ak (f(zr) = fi) + sz+1—9€*” )

1
~ Vi =yt Ben 9 f ) - (V- gBUVI@IR) . ez o
which, together with (24) and (26), yields the desired equation (18). O

Lemma 6. Inequality (20) holds for k > 0.
Proof. Note that (20) is equivalent to
2Lk 41 By s
Et+—
Sky1 Ak Ay sp,
2Lk+1
Sk+1A4k

Lk-‘,—l IV f(z)|* <0 if spLpt1 <1

Qu+ IVf@)|? <0 if splpyy > 1.

Moreover, by recalling the definition of Q) in (19), we know:
2Lk
Skr1 Ak

— (1= prsrr1 L)) |V f(@rrn) )P

2
# 20— s (VS o). V) = (14 555 L ) 197 P

First, we focus on the coefficient of the term ||V f(x,1)|| in the above expression. From (16¢):
Ay, -
1 — prsgr1Llpgrr =1 — px B, TPk >0, Vk > 0.
k
Therefore, our goal reduces to showing that the discriminant of the quadratic form is nonpositive:
(1= spLgs1)” — (1 — prspr1Lpi1) <0 if spLpq1 <1,

Bk 82 .
(1= siLpt1)” — (1 — prsis1Lit1) EELIC +1<0 if sgLpq1 > 1.
+

The proof for each case is as follows.

11



* sxLii1 < 1. From (16b) we obtain
PrSk+1 L1 < skpLgya, Vk > 0.
For arbitrary 41, d2 € [0, 1], if 2 < §; we know
(1—=01)2—(1—0)<(1—=81)— (1 —62) =6y — 6, <O0. 27)
We obtain the desired result by substituting 6; = sxLix11 and d2 = prSkr1Lrt1.

* spLki1 > 1. From (16¢) we know

1 A
= + k> vk Z 07
Skr1Lky1 Bk P

which, together with the fact that 1 — 2s; L1 < 0, yields

Bk 82 Bk 1
(1 — prspy1Lps1) —— A Skil Ly = /Tk m — Pk SkLk+1 > skLk+1 (1- SkLk-H) :
This completes the proof. O]

Since Vj involves x1 and z;, which are not the initial points, we need to define V_; and prove
Vo < V_4. This is done in Lemma 7.

Lemma 7. Define
B ]_ 2 ]. 2/~ 2 2
Vor = 5 [lwo = |” + 556 (Go + ao) a3 ||V £ (20)

Let f be a locally smooth convex function, and L be a smoothness parameter of f on Bg”xo_x*”(x*).
Then, the following inequality holds

0
Vo<V.q— Soao 2

IV £ (o) -

Proof. Using (23) with k = —1, we have (note zo = zg):

1 , 1 ) 1

5 21 — 24" = 3 |20 — 24" = —s0c0b2 (V f(20), 0 — 24) + 2$oa092 IV (o)
which implies

1
Vo —Vor =s10103 (03 — 1) (f(20) — f+) + 5 ||21 — |+ 350 Sa0and3 |V f(zo)|?
1 1, 1
= (20 =l + 55b00ad} 191wl + 5530363 IV £ o))

= (soapbz — 510103 (03 — 1)) (f« — f(20))
+ soaobe (f(z0) — fx — (Vf(20), w0 — 24))
< spapth (f(w0) — fx — (Vf(20), 20 — 24))

800092

< - IV f@o)l”

where the first inequality is due to (7), and the second inequality is due to Lemma 1. O

12



Next, we establish a lower bound for sy ay.

Lemma 8. Let f be a locally smooth convex function. Suppose {si}; is generated by AdaNAG.
03(03—1) 1 Oc%ocg

Denote ro = =5 a0 agrad and set sg = 19— s L for some arbitrary Ly > 0. Define
1 1 1
S = . 28
(L L 1) a5
Then )
1
Sk > %*Sk, Vk > 1.
asg + a5 o

Proof. Proof by induction.

* k= 1. Applying (7) and the assumption sy = 7 Lio, we obtain:

. {ao 0 asag 11 } asag 1. { 1 1 } adag S
S1=min<s — S0, _ = ——-—ming —, — —_ & v
! o1 93(93 — 1) 0 as + Ct% a1 Ly a3 + Oz% (o7 Ly Ly a3 + a2 o1

* k > 2. We first show = f;‘il is increasing for £ > 2. By Lemma 3, the numerator oy is

k

increasing, it is suffices to show the denominator 44+ + 1 is decreasing. Since _- is decreasing,
k

it is enough to show O‘Z—Zl is decreasing. Observe that for k > 2, we have

1— L1 11 1 — Okt2
A1 Opy3 14 Opy2  Opyz 1+ Or+3
- 1 - 1 - .
« — — 0 -1
k 1 Ok 12 Ok y2 k+2

Since 0y — 1 is increasing, it is suffices to show 1 — 9’““ is decreasing. Observing

-1
0 0 1 1
k42 _ k+2 _ ( n n 1) ’

0 1 /1 20 4602
k+3 5 + i + 6k+2 k+2

k+2
0 0
we see 9’” 2 is increasing since 0y, is increasing by Lemma 3. Therefore, 1 — % is decreasing,
we conclude s ’”irl is increasing. As a result, we obtain

k

2 2
Q503 . Qa3 (07788 _ ay.

ag + a3 %%+1_QZ—%1+1 ozk+1+ozk

Sapy, Yk > 2. (29)

Applying the induction hypothesis s > afas LG, and (29), we conclude:

= a3 +a2 ayg

) { oy oy 1 }
Sk+1 = min Sk 5
ket 1 apy1 +oag Lp
2 2 2
. asos 1 oja3 1 1 azosz 1
= min 3 ks 5 = 2
a3 + a5 0 az + g ap1 L a3 + a5 gy

Sk11-
This completes the proof. O
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Corollary 9. Suppose f is an L-smooth convex function. Set sy as in Lemma 8 with Lg as in (3). Then

ooz 11 VE > 1.

Sk =
a3+a2akL

Proof. From Lemma 1, we have Lik > % for £ > 1 and also L% > % by its definition (3). Recalling
the definition (28), we obtain S}, > % for k£ > 0. We obtain the desired conclusion by Lemma 8. [

Finally, we are ready to prove the statements of our main theorem. We state and prove gener-
alized results that directly imply it.

Proposition 10. Suppose f is a locally smooth convex function. Define L as in Lemma 7 and set sy as
in Lemma 8. Denote R = 2(V_1 — %020% |7 f()||* ), which is equivalent to

1 1 1
R = —z? 2 & 62 _— \Y%
oo = .+ rde o+ a0) B (1 = e o ) IVFGOIE,
when sg = rg L% Suppose {x };~ is generated by AdaNAG. Then, the following inequality is true:

as + ol 1/Sk+1

R.
20303 Opy3 (Opaz — 1)

f(xk)_f* <

Proof. From Theorem 2, Lemma 7, and sg = rg Lio, we know that

Soc 0 1
Ste10kp10kes (Ors — 1) (f(on) = f) S Vi <o SV < Voy = =022 [V (ao)|* = R
Thus we obtain )
X - * S R,
faw) = 1 284104 10k+3 (O3 — 1)
which, combining with Lemma 8, yields the desired result. O]

Proposition 11. Let f be an L-smooth convex function. Set so as in Corollary 9 and suppose {z};~
is generated by AdaNAG. Denote R as in Proposition 10. Then, the following inequality is true:

b as + a3 2
> tisa s~ DIVl < 22 (20 ) (30)
° Q503
As a result, we have
. L? as + a2 2 L?
Cmin [V f(z)|? < = < 32 2) R:(’)<3) ,
i€{1,...k} Yoici iys (Bip3 —1) \ @303 k

Proof. Plugging in (15) and applying (9) to the result of Theorem 2, we have

— 357070k 43 (O3 — 1) |V £ ()] if spLpi1 <1

Vir1r = Vi < Skl .
{ 3 o Okas (Orgs — 1) [[Vf (2 DIP if spLyg > 1

for k > 0. Here, we have used &g ~ 0.2706 < 0.4707 =~ «g. Now, since f is an L-smooth convex
function, applying Corollary 9, we have:

2 > 203 1

2 92 Qa3 Sk+10k+1 Q03

sk 2\ o2 ) T2 = 272"
azg+a5) L Lyt ag + a5 L

14



a2a3

From Table 5, we know that aarad

< 1. Collecting these observations, we have

1

azas 29
Vii — Vi < —= 2 —0 Ory3 — 1 2
1= Vi S =5 <a3+a§) 72 k3 (O3 — 1) IV f(zp) |

Summing up from 0 to k, and applying Lemma 7, we obtain (30). Note that since 6, = 2 (k), we
have Zle 9i+3 (9i+3 — 1) =0 (k‘g) OJ

Proof of Theorem 1. The proofs immediately follow from Proposition 10 and Proposition 11. Note,
we have 643(0py3 — 1) = 07,, by (4) and 9k+2 > 4(k + 4)? by Lemma 3. From Lemma 1 and
Ly < L, we know 1/S;1 < L. Finally, by plugging in the numerical values from Table 5 with
appropriate rounding, we obtain the convergence results in Theorem 1. O

4.3 Discussion: Core points of the proof

Designing a new algorithm with theoretical guarantees means finding a new proof. Organizing the
core elements of a proof often enables us to consider a more general strategy for finding a new
proof. As mentioned in [27, § 2.1], bounding the term ||V f(z;,1)||* that appears in Vi, — Vj, is
an important point and arguably a tricky part of the proof for adaptive algorithms. In [27], the
authors were able to propose AdGD2 with a refined step size by treating this point in a novel way
in Lemma 1. We consider the following to be the core elements of our proof related to this issue.
Recalling (21), we note that the term @) defined in (19) is the core quantity we need to bound.

(1) Definition of Ly 1.
Observing (25), we see that a negative term —S"“A" |V f(xx) — Vf(zrs1)||* appears, which
later subsumed into Q. Such a term can appear because f(@rs1)—fxr) H(V f(2rt1), Tk — Thy1)
cancels out the term 57— L -V f(zp) =V f (zr41)||>. This is a consequence of the definition of
Ly in (6), and also the mot1vat10n for the definition as discussed in Section 4.1. Note that
the well-definedness of L, is based on Corollary 2, which crucially exploits both the locally
smooth and convex assumptions of f.

(i) The positive part of the coefficient of |V f(zx41)||* contains Sp1-

Taking a closer look at the coefficient of the ||V f(x41)||* term in (19), and recalling the defini-
tion of py, in (17), we find that its positive part is § (By41 + o, 0%, 5) si_ ;. The important point
is that it contains sz 41> which we can control to be small since it is defined after s; and Ly, are
determined. Tracing its origin, By, originates directly from the definition of V., in (14), and
a} .07, originates from the difference in the [|2;11 — 2.||” term as observed in (23). A crucial
point is that the index of z is k + 1 rather than k. Note that this shifted index of z in Vj was
inherited from the Lyapunov function of OGM (12).

In the next section, we introduce a novel adaptive gradient descent method obtained by applying
the above observations.

5 A novel gradient-descent-type adaptive method

In this section, we propose a gradient-descent-type (GD-type) adaptive algorithm whose update
rule is of the following form:

Tpy1 = o — Sk V f (7)),
for some step size schedule s;. That is, there is no momentum term.
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5.1 The AdaGD Algorithm
Our GD-type adaptive method AdaGD is described in Algorithm 2.

Algorithm 2 Adaptive Gradient Descent (AdaGD)

1: Input: z9 € RY, 59 > 0, {Ar} 1500 {Bi}tisgr A-1 =0
2: fork=0,1,... do

3:
Tpy1 = T — 8KV f(xr)
P 1/ {CP¥Y B 771G
* f(@rs1) — flzg) + (VF(@ht1), Tk — Thp1)
. A1 +1 <Ak Byl + 1)1 1
S =min{ ——Sg, | =— + (31)
ki { A, 7\ By Ay, Ly 1
4: end for

Our main result in this section is given in Theorem 3. We provide its proof in Section 5.2.

Theorem 3. Let f be a locally smooth convex function. Suppose {xy};>, is generated by AdaGD
(Algorithm 2) with sg = TAOL% where L defined as in (3), and positive { Ay} k>0 {B} r>o Satisfying

A +1 <Ak Bk+1—1—1>_1
>1, e >, Vk > 0, (32)
Agt1 By, Ay
with some r € (0, 1] and
Ain
B < —1 k>0. 33
2 Sy b Vk >0 (33)

Let L be a smoothness parameter of f on Bsp(z.) U Bsjz,—s,||(#+), Where &g is the vector used in (3)
and R = ||zg — x| + (Bo + 1)s2 ||V f(x0)||*. Define R = R — 32 ||V f(zo)|*.

* Then the following holds, which indicates a non-ergodic convergence rate when limy,_, o, A = o.

flxr) — f« < 27f4kR =0 (i) . (34)
* Also, x; achieves minimum selection convergence rate
~min (f(x) — fi) < %R =0 <L> (35)
ie{l,...k} 230 s k
and , ,
i NV < - SF L+ erin asntC (k + ZL;;l AZ-) '

Note that from the first condition of (32), we see that:
Ap+1
Akt

>1 <~ Ak+1—Ak§1 = A< Ay+k.

Therefore, the fastest rate we can obtain from (34) is O (1/k), which matches the order of non-
adaptive gradient descent method. In this context, the choice of A, = © (k) is worth emphasizing.
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Corollary 4. Suppose {z}; is generated by AdaGD with Ay = v(k + 1) + 2 and By, = v(k + 1),

where v € (0,1]. Then
L 1 L
f(wk) - f* < EWR =0 <k:> , (36)

1
where r = ( + Bl+1> = % <1, and L, R are defined as in Theorem 3. Also,

, 5 _ 2L7 1 L?
D)7 < R=0
zeglmk} IV#)l” < r k(ry(k+3)+2) k2

Proof. It is sufficient to check the two conditions (32) and (33). Since Ay 1 — Ay = v < 1, the first
inequality of (32) holds. Observe that

A B+l Bit2  Bety+l o, (0 DBp+d +7+1+B%
By, Ay By, B +2 By (By +2) B +2

is decreasing for k: > 0, since By is increasing. Hence, the second inequality of (32) holds with
r= ( + B 1“) . Next, (33) follows from

A? A 2 1 )2
Bk+2—< bt —1>:Ak+2(7_1)_(k‘+7)+1:_( ) <0

Ap+1 A +1 A +1 —
Finally,
k k 1
Z(l—krmm{A,,B} :Z (14+ry(i+1)) = 2k(rfy(k:—i—3)+2).
i=1 =1
So the desired conclusion follows by applying Theorem 3. O

Non-ergodic convergence. Note that both (34) and (36) are non-ergodic convergence results. To
the best of our knowledge, these are the first non-ergodic results for GD-type (i.e., no momentum)
adaptive algorithms. In contrast, only ergodic convergence results are available for existing GD-
type adaptive algorithms [26, 23, 27, 40].

5.2 Convergence analysis of AdaGD (Proof of Theorem 3)

We use the Lyapunov function motivated by the discussion in Section 4.3. The overall proof struc-
ture resembles that of AdaNAG. We first prove Vi1 < Vj for k > —1.

Proposition 12. Let f be a locally smooth convex function. Suppose {xy},~ is generated by AdaGD
with {Ay} k>0 and { By} k>0 satisfying the assumptions in Theorem 3. Define B_1 = By + 1, x_1 = x,
s_1 = sg, and the Lyapunov function

Vie = sk Ae(f (k) — fo) + *SkBk IV (a)|” + 5 Hwkﬂ —xl®,  Vk>-L
Denote 5, = min { sy, S41, m}for k > —1. Then the following inequality holds:
Vi1 = Vi < (sk414k + Skt — Ska2Apr1) (fx — f(@r41))

8k+1 52 (37)
- IV £ (@ry)|” = 5mm{Ak,Bk}HVf<wk>H , Vkz-1

Also, x), € Bp(z,) holds. Here, both L and R are defined as in Theorem 3.
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Proof. Suppose we have shown
Virr = Vi < (Skr1 4k + sk11 — Ska2Aks1) (fx — f(Tr41))
+ 1 (f(xrg1) = fo = (VF(@rg1)s o1 — 24)) — gk min { Ay, B} |V f (2 ||

for k > —1. With (38), we have

1 1_
ink_l‘*HZSVk—lS"'§V71:§R, Vk > 0.
This implies ), € Bp(74). Then we have f(zp11) — fi — (Vf(@Tri1), Ths1 — Tx) < — 55 ||Vf(xk+1)\|
from Lemma 1, therefore, (38) implies (37). The proof of (38) resembles the proof of Theorem 2,
and we place it in Appendix C.1. O

Leveraging the boundedness of the iterate z;, € Bj(w,), we can achieve a lower bound for s.
We provide it in Lemma 13, and the proof in Appendix C.2.

Lemma 13. Let f be a locally smooth convex function. Suppose {sy} k>0 is generated by AdaGD with
{Ak} > and { By}, satisfying the assumptions in Theorem 3. For sq and L defined in Theorem 3,
we have: -

Sk > Vk > 1. (39)

T
L b
We are now ready to prove Theorem 3.

Proof of Theorem 3. For notation simplicity, denote mj, = 332 min { Ay, By }. First, summing up (37)

2
from 0 to k — 1 we have
k—1

Vit 3 ((i1di = sisadiss + i) (f(@ie1) = f2) + 2L |V fwa) P +mi V1)) < Vo,
=0

Plugging in k = —1 to (37), we have

Vo — Vo1 < (s0A—1 + 50 — 5140)(f« — f(20))
2,
- i% IV f(zo)|* — =t min {A_1, B_1} ||V f(z0)[|* < — o+ ||Vf($0)|| -

The second inequality follows from the fact s; < A%SD which follows from (31), and min {A_1, B_1} =

0 since A_; = 0. Therefore, we obtain V5 < V_; — 23—%|]Vf(:zo)]]2 = iR. Combining with
sk+1Ak(f(zr) — fi) < Vi, we have

Sk+1Ak( f* + Z 5iAi—1 — si14; + 31)(f(xz) - f*)
(40)

Z VS ()] —i—ZmZHVf 2|2 < %R_

=0

Since the summations in (40) are nonnegative, from (40) we have sj1 Ay (f(zx) — f«) < 3R
dividing both sides by s 1A and applying Lemma 13, we obtain

fla) = o< g =0 (5
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Next, considering only the function value terms on the left-hand side of (40), we obtain

k
1
skt A(f () = o) + Y (sidimn — st i+ s0) (f (i) = f2) < S B (41)
i=1
Observing the sum of the coefficients of the f(x;) — f. terms, we see that
k k k
Sk+1Ak + ;(Sl 11— 81+1A + Sz) = 85140 + 281 > 2; S; > Lk‘

where the second inequality is from Lemma 13. From (31), we know s; 1 A4; — s;124;11 + si+1 > 0.
Gathering these observations, from (41) we conclude

. L L
ie{rrlL}gk}(f() fo) =5 R= 0<k)

Lastly, from Lemma 13 we know s, §; > /L. Focusing on the squared gradient norm terms in
(40), and recalling the definition m; = %éi min { A, By}, we obtain

k+1
1
2L2 Z 1+ rmin{A;, B;}) |Vf ()] Z |V £ ()] —|—;mZHVf )| < SR (42
Therefore, we conclude
L2
min |V f(z)|* < ——; R
i€{1,....k} ry iy (1+rmin{A;, B;})

Lastly, from the second inequality of (32), it follows that lim sup;,_, % < oo. Therefore, we obtain

_ : 1 1 1
A = O (min {Ag, By}), and thus sl < e Lo s = 0 <k+z§;1Ai>' 0

Previous Lyapunov analysis also implies the pointwise convergence.
Theorem 5. Let f be a locally smooth convex function. Suppose {sy};~ is generated by AdaGD with
{Ak}i>o and { By} satisfying the assumptions in Theorem 3. Then, for some optimal point Z,,

lim zp = Zy.
k—o00

Proof. Recall that x;, € By(w,) holds by Proposition 12, we know {zy} k>0 is @ bounded sequence.

From (42), we have 5% ||V f(21)]|> < 2R < oo, which implies that limy, o, |V f(2)]|*> = 0.
Therefore, all limit points converge to an optimal point. Now, we leverage [26, Lemma 2] by
setting ay = 2sp A1 (f(zx_1) — fx) + 57_ Be_1 ||V f(zx_1)||*>, and conclude the desired result. For
convenience, we restate the lemma below. O

Lemma. ([26, Lemma 2]) Let {mk}kzo and {ak}kzo be two sequences in R and R respectively.
Suppose that {z};~ is bounded, its cluster points belong to X C R? and it also holds that

2Pt — 2|2 + apgy < || — 2|2+ ar,  VZ e X.

Then {1}~ converges to some element in X.
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5.3 Discussion: Trade-off between the step size and the theoretical guarantee

Theorem 3 covers a family of algorithms. We provide some representative examples of AdaGD and
compare their behaviors. For notational simplicity, we rewrite (31) as

o : s L 1
Sk4+1 = MIN§ TSk, Tk 7Lk ) s
4

Note that when s;, < %

where

T =

step size catches up to the local smoothness parameter L

we obtain sx11 = rk

Lk+1

Ak_1+17 7’#:(

Ay n Bryi+1Y
By, Ay

we have s, = r7s;. Thus, r;z represents the rate at which the adaptive

. On the other hand, when Lf < Sk,

In this case, we can take a larger step size when rk is large. The

following table gives examples of AdaGD in which Ay, is © (k), ©(v/k) and © (1), respectively.

Ay, By, Tk T faw) — f
AdaGD! | 3(k+5) F(k+1) k+8 O (1/k) O (1/k)
AdaGD'? | 2Vk +4 2vk+2-2 | BEEE 54+ 0(1/VE) | O(1/VE)
AdaGD’ 3 s 3 2 o(1)

(i) AdaGD!: Ay, By, = © (k).
For this case, we have lim_,, 7} = 1. Thus, the growth rate of the step size slows down as the
iteration proceeds. This does not mean there is an upper bound on the growth induced by r},

since []22 v k1 oo but its growth becomes very slow compared to other cases. On the other
hand, limy,_,o rF = 3, which is larger than the value in AdaGD’, where r} = 23.

(i) AdaGD'/?: A, B, = © (k%) with 0 < ¢ < 1.
1

It still holds that limy_,« 7§ = 1 and limy_,o 77 = 3. However, comparing r§ for AdaGD'/? and

AdaGD', we see that 1 + O(1/VEk) = 255%1 > ’gig =1+ O (1/k). In this context, AdaGD'/?

has a larger r§ compared to AdaGD', while the guaranteed convergence rate is slower.

(iii) AdaGD": A, B, = © (1).

For this case, limy_,, rj, > 1 since it remains constant. Thus, its growth is larger compared to
other cases. However, we do not have a non-ergodic convergence rate for this case. Note that,
though AdaGD still has an ergodic O (1/k) rate by (35), like other GD-type adaptive algorithms
in the prior works [26, 23, 27, 40].

In many practical scenarios, L " becomes large near the optimum, so a larger r; often allows
a larger step size. However, from the above context, a larger step size is not free. It requires a
trade-off between the theoretical guarantee on the convergence rate.” Note that the choice v = 1
in Corollary 4 may guarantee the fastest convergence rate, but it is practically not useful since
s = (241 1, implying that the step size sj is nonincreasing.

k= ki3
Recall from (7), for AdaNAG we see r; = aa’“ < 1 by Lemma 3. Above discussion motivates

k+1 —
us to consider different choice of 0, of AdaNAG that makes ;] > 1. Therefore, we consider such

generalization of AdaNAG in the next section.

“To clarify, at least for our algorithm family AdaGD and under our proof argument.
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6 Generalized AdaNAG

The parameter selection of AdaNAG was motivated by the goal of tightening the rate of the theoret-
ical guarantee. However, the discussion in Section 5.3 suggests that we should consider a broader
range of parameter choices to enlarge the step size. Previous studies [35, 7, 2] considered general-
ized versions of NAG with 6, = % for p > 2, which achieve a slower rate compared to p = 2 but

maintain an O (1/k?) convergence rate. Note that AdaNAG can be thought of as the p = 2 case,
since the simplified variant that uses (10) exhibits similar behavior, as shown in Appendix B.2.
As we can benefit from a larger step size when considering adaptive methods, we do not need to
restrict ourselves to the choices of ), that achieve the tightest convergence guarantee.

Note, the core properties of the parameters that make the proof of Theorem 2 work were (16)
and the definition A = aj10k+3(0x+3 — 1). Motivated by this observation, we now introduce the
generalized version of AdaNAG, AdaNAG-G, in Algorithm 3. The convergence results are summa-
rized in Theorem 6. The proof resembles the proof of Theorem 1, and is provided in Appendix D.1.

Algorithm 3 Generalized AdaNAG (AdaNAG-G)

1: Input: 20 = 20 € RY, {7k Hs00 1k Fi>05 S0 > 0, Bo >0, Ay = 0.
2: Define

Ax = men(m — 1), Bi= (1) itk

2
Qk—1Tk_1

3: fork=0,1,... do

4.
Yk+1 =z — s,V f(xr)
21 = 2 — SgapTEV f(2))
1 1
Tp1= (1 — — ) Ykr1 + —2k11
Tk+1 Tk+1
Lo - SV F(@rin) = V()|
* f(@rer1) = fzr) +(VF(@re1), o6 — Trr1)
~1
) Apor gty Ay Brp+aj iy 1
= S L e 43
Sk+1 = min A, Sk, B, + a, Tt (43)
5: end for

Theorem 6. Suppose {74 };~¢, {ak}1>0 satisfy

—1

2 B 2 2

Ocap<l, — T >y (A Dea® T} o T g (4
Tht1(Thy1 — 1) By, Ay, Qpt1

Ao v L ywith [ defined as in (3). Suppose f is an L-smooth convex func-

oo a1 Lo
tion. Denote R = |lzg — x| + (5(2) (Bo + o303) — %) IV f(x0)||>. Then the sequence {xj}i>0
generated by AdaNAG-G satisfies sy 1041 > T for k > 0 and

with some r > 0. Set sg =

1 L L’
f(fL‘k:) - f* < mR =0 <2> ) min va(xl)”2 < o0 (H) ’

QETy ie{l,....k} Zi:l o T;
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The important point of AdaNAG-G compared to AdaNAG is, it covers the choice of 7, that
makes s possible to increase. The worst possible scenario for AdaNAG is that the initial step size
so is chosen too small, and thus the first option of (7) is activated at every iteration. Then the
information about the local smoothness parameter L, is never used. However, this cannot occur
for AdaNAG-G with a proper choice of 7. Observing the first option of (43), we see

HW_H Qg 2 = >O‘1H

kel Af+1 Tk+1(Tk+1

L Thtl Tk+1 —-1)

where the inequality comes from the fact ay < 1. When 7, = % and p > 2, we can verify

00 2 oo 2 00 o0

7 (k+p+1) ( p—2> 1
||—=|| z|| 1+5—=)>1+ —25—200. (45)
Pl Tra1(Thy1 — 1) Pt (k+2)(k+p+2) Pt k+2 (p=2) P k

Therefore, if only the first option of (43) is always activated, the step size would diverge to co. Thus
the second option would be activated before that happens. On the other hand, the lower bound r
appearing in Theorem 6, does not capture this growth and misrepresents the asymptotic behavior
of the step size s;. This motivates us to consider the following lemma. The proof can be done by
formalizing the discussion above, and we provide it in Appendix D.2.

Ag

. o, — . Bk+1+ai+l7—,§+l
Lemma 14. Suppose the limit 7 = limy_, (BT 4 AT kbl kel

1
a, ) exists. Assume that there exists

2
Tk

N > 0 such that A’“%ta”’“ > 1 holds for all k > N. Also, assume that [[r-; — = o0.

= (Tk41—1)
Suppose {si.}; is generated by AdaNAG-G under the same assumptions as in Theorem 6. Then,

lim inf > "
iminf sg 1 > —.
k—o0 + L

Intuitively speaking, Lemma 14 states that if the growth rate m is large enough, the
step size eventually catches up to a certain ratio of the smoothness parameter. However, similar to
AdaGD, the growth rate has a trade-off between the convergence guarantee. We have empirically
identified two parameter choices that balance both practical performance and theoretical guaran-
tees, which constitute the final main results of this paper. The proofs can be completed by verifying

that the assumptions of Theorem 6 and Lemma 14 hold, and we defer them to Appendix D.3 and

Appendix D.4. In the proof, we consider the generalized parameter choice 7, = BED4p \ith p>2
for Corollary 7, following the spirit of non-adaptive NAG variants [35, 7, 2].
Corollary 7. Let 7, = (k+3+12, ap = 2(7’”;7{1)2 By = o37d (SOITI)I — 1) set sg, L as Theorem 6.

Suppose f is an L-smooth convex function. Then for {xy} k>0 generated by AdaNAG-G, we have:

1 144(k+15) (L , NeR 8%
fow) = b o a2t = © (k:?) i IV F@)I =0 (k3> '

Here, s, > 250 I L and lim infy_, o S > ll We name the algorithm as AdaNAG-Gs.

Corollary 8. Let 7, = 2k +3, ay, = 1, By = 31 (; 1)2 — 1) and set sy, L as in Theorem 6.

171

Suppose f is an L-smooth convex function. Then for {xy},-, generated by AdaNAG-G, we have:

1 1 L 9 L?
f.%'k —f*g ( > min Vf ZT; :O<>
R v ey i 195 =0 (4
Here, s, > 1 and liminfj_, sy > %Z We name the algorithm as AdaNAG-G'/2.
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AdaNAG-G» has a larger constant in the guaranteed convergence upper bound compared to
AdaNAG, but it still achieves an accelerated O (1/k?) rate. Although AdaNAG-G'/2 does not achieve
the accelerated convergence rate, it still attains a non-ergodic O (1/k) rate. The reason for intro-
ducing both methods is that there were specific experimental cases where each method performed
well. From our empirical observations, these algorithms performed well compared to prior methods
in various practical scenarios, which we present in the next section.

7 Numerical Experiments

In this section, we apply our methods to two problems: logistic regression and least squares problem.
The objective function f is L-smooth and convex for both problems. We primarily focus on two
algorithms, AdaNAG-G1, and AdaNAG-G'/2, which were considered in Corollary 7 and Corollary 8.
Among the parameter choices that satisfy Theorem 6 and that we have tried, these two algorithms
performed the best overall.

We compare our algorithms with recently developed adaptive algorithms, mostly focusing on
the accelerated adaptive algorithm AC-FGM [25]. Specifically, we compare with AdaBB [40], AAGD
[27], AdaPG?" [31], and the original Nesterov accelerated gradient method [28], which is a non-
adaptive method. For AC-FGM, we use the parameters from [25, Corollary 2], with the « chosen in
their experiments. We note that AC-FGM guarantees an O(1/k?) rate for a > 0, but only an O(1/k)
ergodic rate when o = 0. Overall, our methods performed the best in the scenarios we considered.

] AdaNAG-G AdaGD
Algorithm AdaNAG
AdaNAG-G;» AdaNAG-G'/? | AdaGD'! AdaGD'/? AdaGD’
fzk) = fe O (1/k?) O (1/k?) O1/k) | O0(/k) O@1/VE) o)
Key Properties | Theoretically tighter Practically useful Without momentum

Table 2: Summary of our algorithms. Note that the convergence rates of f(z) — f, are non-ergodic, and
both AdaGD'/? and AdaGD" still achieve an O(1/k) ergodic convergence rate.

Our codes were written in Python 3.13.1 and leveraged the implementations provided by [26]
and [25]. All numerical experiments were conducted on a personal computer with an Intel Core
i5-8265U processor, Intel UHD Graphics 620, and 16GB of memory. Details of the dataset and the
parameters used for each algorithm in the experiments are provided in the respective subsections.
For convenience, we summarize our algorithms in Table 2.

7.1 Logistic regression

In this subsection, we present several experimental cases of the logistic regression problem
m

win f(2) =~ > (i log(o(al2)) + (1~ i) log(1 ~ o(al))) + 1 1],
=1

where our algorithm outperforms others. Here, m denotes the number of observations, a; € R",

yi € {0,1}, o(2) = 7 é_z and v > 0 is a regularization parameter. The gradient of f is given
by Vf(z) = L 37" a;(0(alz) — y;) + va. As discussed in [26], the function f is L-smooth with
L = \nax(ATA)+7, where A= [a] ... af,]" € R™*", and Amax denotes the largest eigenvalue.
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We follow the experimental setup described in [40, § 6.1]. The value f, is defined as the lowest
objective function value achieved among all tested algorithms. We used the mushrooms, w8a, and
covtype datasets from LIBSVM [8]. The parameter details for each dataset are given in Table 3.

dataset ‘ m n L v max iteration
mushrooms | 8,124 112 2.59 L/m 600
w8a 49,749 300 0.66 L/m 1,000
covtype 581,012 54 5.04 x 10° L/(10m) 9,000

Table 3: Parameters used in the logistic regression problems

7.1.1 Comparison between our algorithms

Before comparing our algorithms with prior methods, we first analyze the comparison among our
own algorithms. This analysis justifies selecting AdaNAG-G;> and AdaNAG-G'/? as the represen-
tative algorithms. The algorithms under comparison include AdaNAG from Section 3, AdaGD!,
AdaGD'/2, and AdaGD" from Section 5, as well as AdaNAG-G;, and AdaNAG-G'/? from Section 6.
We also include the algorithms defined by 7, = W with p = 3,20 for AdaNAG-G, to justify the
choice p = 12 for AdaNAG-G1,. We label them as AdaNAG-G3 and AdaNAG-Gy, respectively. As
shown in the proof of Corollary 7, provided in Appendix D.3, AdaNAG-G3 and AdaNAG-Gy also
achieve a convergence rate of O (1/k*) in (63).
We use L as defined in (3) to define the initial step size for all our algorithms, as stated in the
theorems. Specifically, we set
To = o+ u, (46)

where the entries of u are chosen randomly from the uniform distribution over [0, 1]. Also, we set
xo as the zero vector. The corresponding plots are presented in Figure 1.

0 0
10 10 & 10° —e— AdaNAG-G,,
2 %M S'!“’*: St o \; —#— AdaNAG-G'*
10 K I 0009000 . 107 by 000 -0-0-0-0-0-0- 10° —&— AdaNAG
- 2 OV -0 l\\‘ AdaNAG-G;
& —¥— AdaNAG-Gy
! AdaGD"
| AdaGD!/?
—~ AdaGD

| 10— AdaNAGG,,
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= 10— AdaNAG

| _s —— AdaNAG-G,,

. —#— AdaNAG-G'”
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10~ AdaNAG-G;
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(a) mushrooms, iteration 6 x 102 (b) w8a, iteration 103 (c) covtype, iteration 9 x 103

Figure 1: Logistic regression problem, comparison between our algorithms

First, we focus on the ones with the best performance. Comparing the three accelerated al-
gorithms with O (1/k?) convergence rate, AdaNAG-G3, AdaNAG-G;, and AdaNAG-Gyy, the best-
performing one varies depending on the case. However, AdaNAG-G;» never placed the third.
AdaNAG-G'/2, which has an O (1/k) convergence rate, outperformed other AdaNAG instances in
the w8a dataset experiment. AdaNAG and AdaGD', which are of the best theoretical guarantees
for accelerated and GD-type algorithms, respectively, performed poorly in practice.

Comparing the GD-type algorithms, AdaGD" always performed the best, while AdaGD' always
performed the worst. Note that this is the opposite order of the speed of their theoretical guar-
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antees. Overall, GD-type algorithms never performed the best compared to other algorithms for
logistic regression problems.

Based on these observations, we will only compare AdaNAG-G;, and AdaNAG-G1/2 with the
previous algorithms from now on.

7.1.2 Scenarios that our algorithms perform the best

The comparisons of AdaNAG-G;, and AdaNAG-G'/2? with prior algorithms are given in Figures 2
and 3. We observe that our algorithms outperform previous methods for the three tested datasets.
In particular, AdaNAG-G- consistently outperformed all prior algorithms across all three cases.
Meanwhile, AdaNAG-G'/? achieved the best performance for the w8a dataset, while in the other
cases, it performed similarly to the AC-FGM algorithms.

5 —o— AJaNAG-Gy,
10 —8— AdaNAG-G'
o —— AC-FGM0

AC-FGM:0.1
—¥— AdGD

AdaPG*"
—&— AdaBB
Nesterov
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AdaPG*" -10 AdaPG*” 8
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Nesterov Nesterov
10712 10 10
0 100 200 300 400 500 600 0 200 400 600 800 1000 0 2000 4000 6000 8000
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(a) mushrooms, iteration 6 x 102 (b) w8a, iteration 103 (c) covtype, iteration 9 x 103
Figure 2: Logistic regression problem: iteration number
0 0
2 —8— AdaNAG-G;,

—#— AdaNAG-G'*
—&— AC-FGM:0
AC-FGM:0.1
—¥— AdGD
AdaPG*"
—&— AdaBB
Nesterov

107 —e— AdaNAG-G: 10" | &
L —B- AdaNAG-G!*
10 R - AC-FGM:0 1072
X AC-FGM:0.1 .
N S —¥— AdGD »
\““Hv AdaPG? , 10
—#— AdaBB =~
Nesterov 1 -6 —e— AdaNAGG,,
~

4y —8— AdaNAG-G'?

= —#— AC-FGM:0

-10 ® 10 AC-FGM:0.1 &‘ 10—6
10 —¥— AdGD L §
AdaPG*”

—o— AdaBB 10
Nesterov

0.0 0.5 1.0 1.5 2.0 0 5 10 15 20 25 30 35 0 250 500 750 1000 1250 1500 1750
Elapsed Time (s) Elapsed time (s) Elapsed Time (s)
(a) mushrooms (b) w8a (c) covtype

Figure 3: Logistic regression problem: CPU time

The details of the algorithm parameters are as follows. For our algorithms AdaNAG-G;» and
AdaNAG-G'/2, we use Ly as defined in (3), with Z as considered in (46). Overall, for the parameter
settings of algorithms from prior works, we selected the best-performing variant introduced in
each respective paper. For AC-FGM, we set § = 1 — @ and 7, = %, as in [25, § 4], and
consider « = 0 and 0.1. In the figures, AC-FGM:0 and AC-FGM:0.1 mean AC-FGM with a = 0
and a = 0.1, respectively. For AdGD, we chose one of Algorithms 1 and 2 from [27], and we
performed one line search to ensure agl; € [1/v/2,2] for Algorithm 2. For AdaPG%", we set
g = 5/3 and r = 5/6, based on comparisons of the suggested values in Table 1 of [31]. We
use o = ||&o — xo||?/(Zo — w0, Vf(Z0) — Vf(x0)) = v_1, where & is defined as in (46). Finally,
for AdaBB, we adopt AdaBB3 as introduced in Table 2 of [40, § 6], and set ag = 10719, §, =
max {\}/(2a3) — 1,0}, and 6, = 1.
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Overall, the accelerated adaptive algorithms and their variants (AdaNAG, AC-FGM) demon-
strated superior performance compared to GD-type adaptive algorithms (AdaBB, AdGD, AdaPG?").
This performance gap is especially noticeable in the covtype dataset, which has a significantly larger
m compared to the others, requiring more iterations and a longer running time. Interestingly, the
covtype dataset is also the only case where the non-adaptive Nesterov algorithm outperformed most
of the other algorithms.

7.2 Least squares problem

In this subsection, we present several experimental cases of the classical least squares problem

: 1 2
min f(z) = —|lAz - b,
where our algorithm outperforms others or achieves the best performance. Here, A € R™*" and
b € R™. We provide two cases with randomly generated synthetic data and two cases with real-
world datasets, bodyfat and cadata, from LIBSVM [8].

To ensure a fair comparison, we follow most of the experimental details in [25, § 4.1], using
the same settings as our benchmark algorithm AC-FGM. We consider both synthetic and real-world
datasets, comparing two cases with relatively larger and smaller values of m, which corresponds
to the number of data points. In the synthetic data setting, A is generated with entries uniformly
distributed in [0,1]. An optimal point x, is randomly chosen from the unit ball B;(0), and we
set b = Ax,, which implies f, = 0. The parameter details for the algorithms are the same as in
Section 7.1.2 and parameters for each dataset are summarized in Table 4.

dataset | m n L max iteration
random-small | 1,000 4,000 2,000 6 x 103
random-large | 4,000 8,000 4,000 10*

bodyfat 252 14 156,269 2 x 10*

cadata 20,640 8 20 10°

Table 4: Parameters used in the least squares problem

As captured in Figure 4 and Figure 5, our algorithms AdaNAG-G;, and AdaNAG-G!/2 outper-
form others or achieve the best performance. For synthetic datasets in Figure 4, we observe that
AdaNAG-G!/? outperforms other algorithms for smaller datasets, while AdaNAG-G;> outperforms
others for larger datasets. For the real-world datasets in Figure 5, AdaNAG-G;, achieves the best
performance on both datasets, tying with AC-FGM:0.1 on bodyfat but performing noticeably better
on cadata. Note that the performance gap between AdaNAG-G, and AdaNAG-G'/? is larger on
cadata, which is the larger dataset.

To summarize, AdaNAG-G;, which achieves the accelerated rate of O (1 / kz), tends to perform
the best overall and performs even better on larger datasets that require more iterations. Another
noteworthy observation is that, for the least squares problem, variants of accelerated adaptive algo-
rithms (AdaNAG, AC-FGM) perform significantly better than GD-type adaptive algorithms (AdaGD,
AdaPG%", AdaBB).
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Figure 4: Least squares problem, synthetic datasets
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Figure 5: Least squares problem, real-world datasets

8 Conclusion

This paper introduces a novel adaptive accelerated algorithm based on Nesterov’s accelerated gra-
dient method, named AdaNAG. The algorithm is line-search-free, parameter-free, and achieves the
accelerated convergence rate f(zy) — f. = O (1/k*). We establish this result via a Lyapunov anal-
ysis, and also achieve minegy g ||V f (z;)||> = O (1/k%), as in the original Nesterov’s algorithm,
which is the first of its kind. Applying a similar proof idea, we further introduce a family of novel
GD-type adaptive algorithms, denoted as AdaGD, and provide an instance that achieves a non-
ergodic rate f(x)— f. = O (1/k), analogous to classical gradient descent. We observe that, within
a family of adaptive algorithms, choosing a parameter associated with a slower convergence rate
can allow for a larger step size. Inspired by the previous observation, we propose another family
of adaptive algorithms that generalizes AdaNAG, which includes instances that both theoretically
sound and practically useful, AdaNAG-G, and AdaNAG-G'/2.

Our adaptive method AdaNAG resembles the original Nesterov’s method in the form of the algo-
rithm and the Lyapunov-based proof structure, and achieves the same order of convergence rates.
A natural next step would be to investigate whether other properties and extensions developed
for the original Nesterov’s method can also be applied to AdaNAG. Studying whether AdaNAG or
its variants can achieve iterate convergence [7, 2], extend to the prox-grad setup [5, 16, 13], or
extend to other advanced setups [1, 19, 9, 6], would be interesting directions for future work.
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A Omitted proofs in Section 2

A.1 Proof of Lemma 1

We use arguments similar to those for L-smooth functions that are provided in [29, Theorem 2.1.5].
Let K C R be a compact set. Let R > 0 and ¢ € R? satisfy K C Bgr(c) = {z € R?| ||z — || < R}.
For notation simplicity, denote K = Bsg(c). Since f is locally smooth, there is Ly > 0 satisfying

IVf(@) -Vl <Lellz -3,  vz,5€K.
Now, take z,y € K such that = # y. Define f,: R — R as

fy(2) = [(2) =(V[(y),2). (47)

Note )
Viy(z) =Vf(z) = V). (48)

Form (48) we know that fy has the same smoothness parameter as f, that is
|Vi@ - VE®|| = 1VF@ - Vi@l < Lz -3, vagek.
Also, we know f,(y) = min,cga f,(u) since Vf,(y) = 0 and f, is a convex function. Now, define
$+:$—£;Vﬂ@) (49)

Then from (48) and the fact z,y € K, we have

1

la* —all = 7 |[Viu(a)| =

7 Vi) = Vil < llz—yl-
K

1
Ly
By triangular inequality and the fact x,y € Bg(c), we have

o+ — | <lle — el + ||z — 2| < llz — el + |z~ yl| < 3R,

and we can conclude x™ € Bsg(c) = K. Thus for ¢ € [0, 1] we have

|Vttt —2) = V@) = [Vf@ + tat = 2) = VI@)|| < thi ot~ a

; (50)

where the equality comes from (48) and the inequality comes from the fact z, 2+ € K.
Now we can proceed with the standard argument of [29, Lemma 1.2.3]. From the Cauchy-Schwarz
inequality, (50), and (49), we obtain:

Jo(@®) = Jy(@) + (Vi(@),at —z) + /0 1 (Vi@ + 1™ = 2) = Vfy(@),a® — o) dt
< fy(z) + <ny(x),:r+ - :1:> + /01 Hny(m +t(xt —2)) — ny(:r)H |z — || dt

1
< fy(z) + <ny(x),m+ - 33> +/0 tLi ||z" — ng dt
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Now recalling the fact fy(y) = min,cpa fy(u) and applying the above inequality, we have

F < ) < Ao = = [t

Plugging the definition of fy in (47) and (48) we have

£0) = (VF()0) < $@) ~ (VF)2) = 57— [94@) - TSI,

which implies
F0) = @) + (VF(0),2 =) + 57— V@) = Vi)* <0 51)

Since z,y € K were arbitrary, this completes the proof. O

A.2 Proof of Corollary 2

(i) Suppose f(y) — f(xz) + (Vf(y),x —y) = 0. For any compact set K that contains = and y, the
desired conclusion follows immediately from Lemma 1.

(i) Suppose f(y) — f(z) + (Vf(y),z —y) # 0. Then we have f(y) — f(z) + (Vf(y),z —y) <0

by the convexity of f. Multiplying both sides of (51) by — =T @ +1<v ieE=n L yields the

desired inequalities. O

B Further Discussions on AdaNAG

B.1 Proof of Lemma 3
From (4), we have 0,1 = %(1 +4/14 49%) > % + 0. Thus 6y, is increasing, and the inequality

0, > "2 for k > 0 follows by induction and the fact 6y = 1. Next, from 61 = %(1 +4/1+ 40,2)
we have (20541 — 1)* = 1 4 46 and so 07, — 041 = 0. Therefore 0, satisfies (9) as an equality.

_ 1 1 . . .

Moreover, from (4) we have a1 = 5(1 - 9k+3) > (1 ~ 7 2) = ay, for k > 1 since 6y, is
increasing, and limg oo o = limp_yo0 %(1 — ﬁ) = 1 since limj_,o 0 = oc. Finally, we have
Skr1 < -5 < Sk since a1 > i for £ > 1. When k = 0, leveraging the numerical values in the

< ak
0o
first column of Table 5, we can obtain s; < & o mso < s0. O

B.2 Simple AdaNAG

For NAG, 6, defined in (4) is of a rather complex form. A simpler alternative to it is 6, = k;“Q as

defined in (10). It is easy to verify that 0, = ’”2 also satisfies (9). Other properties mentioned
in Lemma 3 can also be verified using the same argument as in Appendix B.1. In this section, we
provide a simplified version of AdaNAG with this 6. In this case, o defined in (4) becomes:

60

127

1 2
=—(1—-——— f >1 =
o 2< k+4>’ ork>1, and «
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Plugging in the above, we can check that the coefficients in (7) become aﬁ - = (kf_(lk)zrk?’lz)

2 2
ag . k*(k+3) . . . . ..
arriral = SPTIkTII6ETE" Calculating other coefficients in AdaNAG with similar manner, we get a

simplified version of AdaNAG described in Algorithm 4.

and

Algorithm 4 Simple AdaNAG
1: Input: 20 = 20 ¢ R%, 59 > 0,

2:
y1 =z — soV f(zk)
60
21 =20 — SOEVJC(%O)
r1 =< —I—Ez
1= 5il/1 5 1

SV F (1) = V£ (o)
f(x1) = f(zo) +(Vf(z1), 20 — 21)

(320 50 1
S1 = 1IMin —S e
! 381°" 177 I,

Ly =—

3: fork=1,2,... do

4.

Yk+1 = Tk — SEV f(xg)

k+2
Pkl = 2k — sV (k)
k43
T+1 = L + 5yk’+1 L T 5Zk+1
Lty = — % \Vf(zr1) — Vf(xk)||2
' f(@r1) — f(xg) + (VF(Trt1)s T — Ths1)
s = min k(k +3) s k2(k +3) 1
e (k+1)(k+2)" 3k%+13k2 + 16k + 8 Ly

5: end for

Using the same proof argument, we can also obtain the convergence result similar to Theorem 1
for Algorithm 4.

Proposition 15. Let f be an L-smooth convex function. In Algorithm 4, set so = o 7= with Lo

defined as in (3). Define R = |lzg — .|| + 0.15%0 (Lio - %) |V f(0)||? Let {2k} De a sequence
generated by Algorithm 4. Then the following convergence rate results hold.

Fa = b= g =0 (12)

(k+3)(k +5)
. ) 1671L2 L2
) < — i
efin IVF@)I” < e Ao an =0 s

Proof. The proof follows the same argument as that of Theorem 1. The only difference is that since
Or+3(0k+3 — 1) = 07, , does not hold, we instead use Oy 3(0)+3 — 1) = % (k + 3)(k + 5). O
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B.3 Extension of AdaNAG to locally smooth f

Various previous adaptive methods [26, 23, 27, 40, 25] achieve convergence for locally smooth
convex functions f, which are highly dependent on the boundedness of the iterates. In this sec-
tion, we show that we can achieve boundedness with a locally smooth function f and the same
convergence rate, if we consider a small perturbation to the step size selection (7) of AdaNAG.

Theorem 9. Let f be a locally smooth convex function. Set so, R as in Theorem 1. Suppose {z};~
is generated by AdaNAG but with (7) replaced by the following rule when k > 3:

. { Qg az 1
Sk+1 = min Sk -
Olfet1 ’ o1+ Oé%(l + 10 6) Lyt

}, if k> 3. (52)

Then the sequence {zy},~ is bounded. Let R > 0 such that xy, € Bp(x,). Define L as a smoothness
parameter of f on Byg(7+) U Byjz,—s, | (7x), where Tq is the vector in (3). Then the convergence rates
stated in Theorem 1 continue to hold with the (local) smoothness parameter L, i.e.,

5.5L L _ 9 120L2 L?
fo- s ir=0(5).  mn V@) s G or=0 (). 69
0% 1o k? i€{l,.k} 2521 07,5 k2

We note that the value 107 in (52) is negligibly small compared to o} and 1. To check this
point, recall that oy is increasing for £ > 1 and limy_.o, o = 0.5, as stated in Lemma 3. Also,
from numerical calculation, we find that a; ~ 0.3182. Therefore, we can view this method as a
perturbed version of AdaNAG, with a negligibly small relaxation in the coefficient of ﬁ

The selection of the value 10~ is simply an arbitrary example of a small number, chosen to help
clear understanding. This choice can be generalized, as stated in Proposition 16.

Proposition 16. Choose N > 3. Define «y, as in (4), and define

1 1 1
EN: <2+—2> OéN+1—1. (54)
a5, Qs N

Take an arbitrary € € (0,€x). Suppose {xy} k>0 Us generated by AdaNAG but with (7) replaced by

2
a;, 1

}, if k> N. (55)

. g
Sk+1 = Iin Sk
i {akz+1 " agyr + (14 €) L

Then the sequence {x\} k>0 I8 bounded. Define L as in Theorem 9. Then the inequalities (53) hold.

We postpone the proof of Proposition 16 to Appendix B.3.1. Here, we first assume Proposi-
tion 16 and prove Theorem 9.

Proof of Theorem 9. Let N = 3. Using numerical calculation, we check that €3 ~ 0.399 > 1076,
Therefore, we obtain the desired conclusion by Proposition 16. O

Note that when ¢ = 0 or N = oo, (55) reduces to the original step size update rule (7) of
AdaNAG. Therefore, the variant in Proposition 16 resembles AdaNAG more closely as ¢ becomes
smaller and N becomes larger. Nevertheless, regardless of how small € is or how large N becomes,
Proposition 16 tells us that we still achieve the same convergence rates for locally smooth convex
f, possibly with a larger local smoothness parameter L.
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B.3.1 Proof of Proposition 16

As mentioned at the beginning of Section 4, the statements in the convergence proof of AdaNAG
that require global smoothness are only Corollary 9 and Proposition 11. Since the reason that
Proposition 11 requires global smoothness is to leverage Corollary 9, our goal is to extend Corol-
lary 9 to the locally smooth case.

Recall that Corollary 9 is about the upper bound of L. Unlike the globally smooth case, when
f is only locally smooth, the boundedness of the iterates becomes crucial for obtaining an upper
bound on L;. To establish the boundedness of the iterates, we first prove a statement similar to
Theorem 2, but with a sharper bound involving the coefficient s; By, on the right-hand side.

Lemma 17. Suppose {xy}, is generated by AdaNAG but with (7) replaced by (55) for some N > 3.
Let f be a locally smooth convex function. Define Vj, Ay, and By as in Theorem 2. Then there exists
6 > 0 such that

1)
Vibr = Vi < —58%31@ IVf(e)|?,  Vk>N.

Proof. Using the same argument as in Lemma 4, from (22), we have:

Ak -1 Ak -1 (77 ] -1 042
<+pk+€> :<+1+e> 2( - +1+e> = b :
By, By o a1+ ai(l+e)

Therefore, for k > N, using (55), we obtain a tighter inequality compared to (16c):

< (A’“ - )1 ! (16¢)
Sk S| = k € .
i By r Ly tq
Next, for notational simplicity, we define:
O = esp1Li1 (1 — prsps1Lign) (56)

With Q. defined as in Lemma 6, we now aim to prove a tighter inequality than (20), stated below:

Qp < _%S%Bk ||vf(l’k)”2 if SkLk—I—l <1 20)
kS s . .
— (S A+ B2 IVF@OIP if skless > 1.

Note that the difference from (20) is the additional term %S%BkHV f(zx)||?> when sy Lyyq > 1.
We first show that the above inequality implies our desired conclusion. Suppose (20) is true.

2
[958 O[k o, . . .
s and YRR Tuws have positive limits, namely

1 and 3%6 respectively, thus there exists § € (0, 1) such that

Recall that limy_,o o = % from Lemma 3. Thus

(095 a2
emin{ , ]“2 }>5, Vk > N.
k41 Ok41 + Oék(l + 6)

For such §, when s, Ly 1 > 1, recalling the definition of §; in (56), we have:

2
ay

ap
SpLpy1,

5 } > 0, Vk > N.
Q41 a1+ aj(l+¢)

Ok > €spy1lpr1 = Emin{
From the same argument as in Theorem 2, we have V}.,; — Vi < Q. Therefore, we obtain:

1 . 0
Virr = Vi < Qu < =5 min {1, 0} sE B [V f (i) |* < =55t B [V (@), V> N.
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It now remains to show (20’). The overall argument follows the same structure as the proof of
Lemma 6, except that we use a slightly tighter argument in the case s;L;y; > 1. With the same
argument of Lemma 6, showing (20’) reduces to showing that the discriminant of the quadratic
form is nonpositive:

Bk 82 .
(1= spLis1)” — (1 — psip1 Liy1) Ak Sri1 Liy1 (1= 6;) <0, if spLpyr > 1.
Note that from (16c¢’), we have L > + pi + €. Together with the definition of d;, in (56),
Sk+1Llk+1 Bk p g
we can prove the above inequality as follows:
By s} 1 By 4 Bk 272
1-— L L 1—-6) = ——— — 212 L
(1 — prsis1Lpt1) — Ay s D1 ( k) <Sk+lLk+1 Pk) a, Skl = e silien
By, ( 1 ) 272 B 9.9
> = —-r— —pp|sili. i —€e—s7Li 1 +2(1 — s, Lpyq
A \ i Lim P kHE+1 AL EE+1 ( +1)

By [ Ag By,
> A, (Bk + e> sl — eA—kSiL%H +2(1 = spLis1) =2+ st Liyy — 28k Lg1 > (1 — spLig1)?
This concludes the proof. -

We now establish the boundedness of the iterates by leveraging Lemma 17.

Proposition 18. Let f be a locally smooth convex function. Suppose {z\},~ is generated by AdaNAG

but with (7) replaced by (55) for some N > 3. Define R, = /2V_1 + Zf:ol sk ||V f(x;)|, where V_q
defined as in Proposition 7. Then, R = limy,_, o, R}, exists and

Ty € BR(x*), vk > 0. (57)

Proof. By summing the inequality obtained in Lemma 17, we have 2 5 Zk ~ S2 By HV Fzp)l? < V.
Recall that from (15) we know B}, = ak9k+2 for k > N. Since 0y o > (k: + 4) > k: and o > ay
for k > N by Lemma 3, we have

[o@) 4 x
Z stk |V f () |* < o2 Z st B |V f (zi)|? < 7SVN < o0.
k=N AN k=N N

Therefore, > 77 | s2k?||V f(z)||* < oo. Now, from the Cauchy-Schwarz inequality in the ¢? space,

S sV =Y (; « sk ||Vf(:ck)|]> < (Z kg) (Z 2K HVf(xk)HQ) .

k=1 k=1 k=1 k=1

This implies that Ry, = ||xo — z4|| + ZZ o Si IV f(xi)]] < co. Since Ry, is a nondecreasing sequence,
we conclude that Ry converges.

To prove (57), since Bg, (7+) C Bp(zy), it suffices to show z € Bg, (z4) for all k > 0. We
prove this by induction. By definition, 79 € Bg,(z4) is clear. Now, assume z; € Bpg, () is true,
and we want to prove xy.1 € BRk+1 (x4). From (5), we have y,1 = 2 — sV f(z1). Hence,

Yk+1 — Tl < Nlzk — 2ol + 56 [V f ()| < Ry + s [V f (i) || = Ri1-
From Theorem 2, we have ||z;11 — 24| < v2Vi < /2V_1 < Rj41. Using (5) again, we have:
1 1
|Tht1 — Zull (1= — ) |Yht1 — Tl + 57— 2641 — 2| < Ria1-
Or+3 Ok+3

Therefore 1 € Bg, ., (), and this completes the proof. O
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The following lemma is an extension of Lemma 8 to the relaxed step size (55). The definition
of €y in (54) plays a crucial role in keeping the coefficient in front of Sy the same.

Lemma 19. Suppose {z},~ is generated by AdaNAG but with (7) replaced by (55) for some N > 3.
Let f be a locally smooth convex function. Set sy as in Lemma 8 and define Sy, as (28). Then

adag 1

Sk = — S Vk > 1.
a3 + a% o, ’
2 2 2
_ . . [ . QNN+ _ ohag . QAN OUN+1
Proof. Note that €y in (54) satisfies the equality Nl (15en) = astral” Since € ok (170
is decreasing in e when ¢ > 0, we have:
R an+1 a3as B
5 Ve € (0,€n).

ani1 +ad(l+e) ~ az+aj

2
ofos 1

Note that when 1 < k& < N — 1, the inequality s > caral an
particular, the inequality is true for K = N —1. Now, we proceed by induction for the case k > N —1.
Repeating the same argument as in Lemma 8, we can show that for every fixed ¢ > 0, the function
k Chokil ok g increasing. Therefore, we have

Oék+1+04i(1+5) - %7;1+1+6
a
k

S} is immediate from Lemma 8. In

OzzakJrl azakﬂ a?VaNJrl Oé%ag Vi > N
Qg1+ oz,%(l +e€) T apr1+ ai(l +én)  any1+ a%\[(l +én)  ag+ad’ -
2
Applying the above inequality and the induction hypothesis s; > a’zﬁ} aikSk, we have
2
. { oy ol 1 }
Sk+1 = min Sk
kg1 Qg1+ 0q(1+€) Lyg
2 2 2
. o503 1 o503 1 1 o503 1
2> min { P k> 2 = 2 Sk-‘rl-
a3+ o5 o1 a3+ ap Qg L a3 + o5 Qg1
We conclude the desired result by induction. O

The following corollary is our promised goal, an extension of Corollary 9 to a locally smooth
function f. The purpose of the relaxation (55) and Proposition 18 was to prove this corollary.

Corollary 20. Suppose f is a locally smooth convex function and define {sj},~, as in Lemma 19. Let
R be as in Proposition 18, and define L as in Theorem 9. Then -

agag 11

Sk = vk > 1.

as+ajap L’

Proof. Note that we have x;, € By(x,) for all k& > 0 from Proposition 18. Since &y € Bjzy_a, || (2+),
we obtain the conclusion from Lemma 1.

Since we have established a lower bound for si, the proof of Proposition Lemma 16 follows
immediately by repeating the previous arguments.

Proof of Proposition 16. We obtain the boundedness of {x}+>¢ from Proposition 18. By applying
Lemma 19 and Corollary 20 in place of Lemma 8 and Corollary 9, and repeating the same argu-
ments used in the proof of Theorem 1, we obtain the convergence rate (53). O
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B.3.2 Boundedness of AdaNAG for globally smooth f

As an independent and interesting observation, we show that AdaNAG also achieves the bounded-
ness of the iterates for globally smooth f, using an argument similar to that of Proposition 18. This
implies that L is bounded by some local smoothness parameter smaller than the global smoothness
constant [, and thus we actually have a tighter guarantee than Theorem 1.

Lemma 21. Let f be an L-smooth convex function. Suppose {xkb@o is generated by AdaNAG. Define
Ry, as in Proposition 18. Then, R = limy,_,~, Ry, exists and xj, € Bg(x,) for all k > 0.

Proof. Recalling the proof of Proposition 18, it suffices to show that S°°°, %% |V f(z;)||* < oo.
Considering k — oo in (30) and using the fact 6;, 3 > %(z + 5) for ¢ > 1 from Lemma 3, we obtain

132, |V f(2:)||* < co. From Lemma 3, we know that s;,1 < s; holds for i > 1. Therefore,

o o0
oSV I@)P < st P V@) < oo
i=1 i=1
The rest of the proof can be obtained with the same argument of Proposition 18. O

B.4 Numerical values used in the proof of Theorem 1 and Proposition 15

The numerical values used in the proof of Theorem 1 and Proposition 15 are provided in Table 5.

. _ 2
Recall that we denote ry = 63(993 1) 1 ogas
2 Q0 az+as

o 2(a3+a3 ~
O, 07(1) 93(9032*1) 7o (j%a?) T%Oxo (G + ao) 9% To(doiao)ez
AdaNAG 0.6745 0.4255 21.9032 0.3045 1.4424
Algorithm 4 0.8399 0.3363 23.6 0.1544 2.0578

Table 5: Numerical values (rounded to the fourth decimal place) used in the proof of Theorems 1 and 15.

C Omitted details in Section 5

C.1 Remaining Proof of Proposition 12

By similar calculation as (23), for £ > —1 we have

ks =l = & ok = 20l = =5k (7 i), s =)+ "LV )
When k = —1, we can verify (38) as follows:
Vo—V
= suo({f(a0) = £+ g lor =l + 55350 19 o = (5 o = ol + 8 (B + 1 IV £ o))

= (50 — 5140) (fx = f(@0)) + 80 (f(z0) — fx = (Vf(w0), 20 — 7)) -
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Now suppose k > 0. We first consider the case Ly # 0. It is easy to check

Skro k1 (f(zrr1) — fo) — ser1Ak(f(zr) — f)
= (Sk+1 A4k + Sk41 — Skr2Ak41) (fx — f(Trt1)) + 5k+1(f($k+1) = fx)

T Ay (f(zckm ~ Jen) = (9 e ok — i) + 57— [ ) - Vf<ask>u2)

=0

Spa1A
Fospi1 Ap (VI (@rp), Tr1 — 2n) — 28T fag) — V()2

2L

2L+
Applying xy1 — xx = —sV f(zr41) to the last line, we obtain
Vier = Vi = (spp1 4k + skr1 — ser2Ak1) (fe — f(2rg1)) 58)
+ sk1(f(@h11) = fo = (Vf(@ht1), Tot1 — 24)) + Qu,

where

spr1A By +1

Q=] (1= P s ) IV S|P
2L 41 Ay,

2
S 2(1 - si L) (V fansn), V() + (1 n i’;kjm) rwwnﬂ.

e Bii1+1
For simplicity, denote p; = ‘“27?

. We now repeat the argument in the proof of Lemma 6. Since

9. . (s
si min { Ay, B} < min { L’Z‘*‘ll Ay, S%Bk} ,
+

where §j, = min {s, sp41, L } it suffices to show:

By, .
Qr + *5% IV f ()] <0 if spLpt1 <1

A .
Qu+ 510 V@I 0 i sl 2 1
First, we focus on the coefficient of the ||V f(x1)||* term. From (31), we have

Ay
1 — prsgy1Lpy1 =21 — <Bk + Pk) Sk41Lg41 = 0.
Considering the discriminant of the quadratic form, our goal reduces to showing:

(1= spLis1)” — (1 — prsps1Lpr1) <0 if spLpq1 <1,
By, 52
A Sk11

Now, we divide into two cases, as we have done in the proof of Lemma 6.

(1 = siLpt1)” — (1 — pusps1Lit1) = Li1 <0 if sgLpq1 < 1.

* sgLiry1 < 1. From (33) and (31) we have ppspi1 L1 < A +1 Sgr1Lrs1 < Skr1Lgy1. Again
leveraging (27), we conclude the desired inequality.
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* sxLry1 > 1. From (31) we know 5k+11Lk+1 > g—’; + px holds for £ > 0. Therefore, recalling

that 1 — 2s; Lk, < 0, we obtain:

(1 = prSp+1Lr41) —/—

el = ——
Al Sk41 Ay,

B}c Sz I Bk< 1
Sk41Lk41

- ) ik > st > (- )

Now we move on to the case L;; = 0. Note that this implies sy L;.; = 0 < 1. From Corol-
lary 2 we have V f(zy) = Vf(zry1). Then from the same calculation done to (58) but without
L_ ||V f(xp) — Vf(xpe1)|?, we have

Ly

Vierr — Vi = (Sk41 4k + Sk1 — Sk2Aki1) (fe — f(@r1))
+ skt (f(Try1) — fo = (VI (@ri1), Tor1 — 24))
+ k1 Ak (f (Trt1) = f(zk) = (VI (@r41) Ty — 2r))

1 1
— skSk1 Ak (Vf(2ry1), Vf(2r)) + §8i+1 (Bis1 + D) IV f(zs)|* = 5823’“ IV f(a)|?

1 1
< st A (VT (@), VI @) + 35 (B + DIV )P — 352Be 9 ()P
1 1 1
= gowe (st (B + 1) = A0 (V7@ = (Jousun e+ 3380 ) 1970l
Lo 2
< —osiBrlIVF @™

The second inequality holds since the following inequalities follow from (33) and (31):

2

B 1) — spAy < —k 5. A, <O.
Skt1 (Brg1 +1) — sy, BS S % <0
This concludes the proof. O
C.2 Proof of Lemma 13
Define Sj, as in (28), i.e., S) = min {L%v T ik} We first prove the following by induction:
sk > 1Sk, Vk > 1. (59)

From (31), we have s; = min {ALOSU, T%l} = min{r%o, TL%} = rS;. Thus (59) holds for k¥ = 1.
Assume (59) holds for k, now we show that it also holds for k+1. Applying the induction hypothesis

sp > Sk and (32), we obtain the following inequality, which completes the proof of (59):

. Ap_1+1 <Ak Byl + 1>_1 1 . {
Sga1 > ming ——— 7S, [ — + >min< rSg, r
- { Ag By, Ak Ly

=7rSki1.
Ly } o

To prove (39), recall that we have x, € Bg(z,) from Proposition 12 and &g € B”jo_z*”(:c*).

Therefore, from Lemma 1, we know that L, < L for k > 0, where L is a smoothness parameter of
fon Bsp(x,) U Bsjzy—s,||(%+). Therefore, we have S, > 1. From (59), we conclude (39). O
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D Omitted proofs in Section 6

D.1 Proof of Theorem 6

Similar to the proof of the convergence of AdaNAG, we state and prove lemmas similar to Theo-
rem 2, Lemma 7 and Lemma 8.

Lemma 22. Suppose {zy}; is generated by AdaNAG-G with {7k}, ~0, {ak}y>o satisfying the as-
sumptions of Theorem 6. Define Lyapunov function as

Vie = skp1 4k (f(zk) — fo) + SkBk IV f (i)l + HZk+1 —z®,  Vk> -1

where x_1 = xg, -1 = so and B_1 = By + a372. Then

1
Vi1 = Vi < =5 min {sin, Sk“Ak} IVf(z)|>, VE>0

Ly
holds, and
Vo < Vi + soaomo (f(xo) — fo — (Vf(20), 20 — 4))

holds, when f is a locally smooth convex function.

Proof. For k > 0, the proof follows by repeating the proof argument of Theorem 2, with -
replaced by 7. The only thing we need to verify is that (16) holds when 6y, is replaced with 7.
We now verify this point. Starting with (16a) and (16c), we can see they follow immediately from
the step size rule of (43). Next, observe that

—1)2 AZ Ap ATh— A
By = alr? (Tk 2) 1) = k—1 o k=2 + Qp-1Tk—1 _ k122’
Qp—1Tf_4 Ap—2 + ap_1Tp1 Ap-1 By + ag1j;
so the definition of By, implies A’“”:i’“*l”’“*l = B‘Lifa 77 Combining with (16a), we obtain (16b).
- k
Now we move on to k = —1. Recalling zy = z¢ and (23), we have
21 — @ul” = |70 — 21> = —2s00070 (V f(w0), 20 — 24} + 550565 |V £ (z0)|>.

Therefore

Vo — Vo1 = 5140 (f(20) — fo) + 5 HZ1 — .+ *SoBo IV £ (o[> — G lzo — 2]|* + *SoB 1|V f (o)l )

= (soco70 — 5140) (fx — f(20)) + soc070 (f(20) — fx — (Vf(20), 20 — 7))
< soaomo (f(z0) = fr = (Vf(w0), 20 — 24)) -

The inequality follows from sgagmy — s149 = Ag (am S0 — 81) > 0, which holds true by (43). This
concludes the proof. O

Lemma 23. Suppose {si}; is generated by AdaNAG-G with {7};~q, {ou}y> satisfying the as-
sumptions in Theorem 6. Set sy as in Theorem 6 and let f be an L-smooth convex function. Then

Sp > —— vk > 1.



Proof. Define Sy = min {{-, 7-,..., -}, as in (28). We first prove the following by induction.

sp> Sy, Vk>1 (60)
ag

_ : Ag r 1 QoTo r 1 | _ r
* k= 1. From (43), the assumption sy = aoes o Too We have s > mln{ 0505 oy Ll} = alSl.

* k > 2. From the second inequality of (44), we have A’“‘ZO‘W = O::il T}c+1(::+1*1) > a‘i_’il.

Applying the third inequality of (44), the induction hypothesis s;, > aLkSk, and above inequal-
ity, we have

. ap T r 1 r . 1 r
Sk+1 > min — Sy, = min < Sy, = Skt1-
a1 apg1 Ly Qi1 Ly1q gyl

We conclude the result of (60) by induction.

Next, from Lemma 1, we have - > 1 fork > 1and ;- > 1 7 by its definition (3). Recalling the
definition of S;, we obtain S), > 1 for k > 0. We obtam the de51red conclusion by (60). O

Proof of Theorem 6. The proof follows from Lemma 22 and Lemma 23. From Lemma 22 and (2)

we have
S0 OéoT 0

IV @o)l* = 3R,

and so f(xg) — fi < 5k+11Ak R. From Lemma 23, we have s;;1ax1 > 7 for k > 0.
The last statement can be proved with a similar argument as in Proposition 11. Since oy, € (0, 1],

by Lemma 23 we have s, > ¥ for k > 1. Thus, we have min {s7, z’:r 11} > 2—22 Therefore, from

skt Ak (f(zg) — fi) S Ve < < Vo < Vg —

Lemma 22 we obtain
2

Vier — Vi < ———
k1= VES =57

min { Az, B} |V.f(z1)|)?, vk > 0.
Summing up from 0 to k — 1, applying V; < %R, we obtain

1
<2L22mm{Al,B}> min,_ [|Vf(zi)] _2L22mln{Al,B}HVf(a:z)H 3B

'''''

which implies our desired result.
Lastly, from the last inequality of (44), we have limsup;_, ., %ﬁ < oo. Therefore, we have

Ay, = O (min { A, By }), we conclude m =0 (ﬁ) —0 <k12> 0

i 1 QG4T,

D.2 Proof of Lemma 14

Take ¢ > 0. For notation simplicity, name

—1
2 2
s Ap—1+apTy L Ap  Bryr+ o7
T'k =, Tk = + .
Ay,

Since limy_,o, 72 = 7, and by the assumption on A’“%ta’m“, there exists N > 0 such that

k>N — r,fZF—e, rp > 1. (61)
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Suppose there exists K > N such that s > (7 —¢)1. Since 5, > 1 holds by (61) and LK1+1 > 1
holds by Lemma 1, this implies

1}>'{<>1}>< )
min S N T — € Z\Tr—€)—.
L) — K L1 L

By induction, we can conclude s > (7 — ¢€) % for all k¥ > K. Thus, it suffices to show such K exists.
Proof by contradiction. Assume that such a K does not exist, i.e., assume that
1

K>N = 5K<(f—e)z. (62)

SK+1 = min {T‘;(SK, TIL(

Suppose k > N. Then from (62), (61) and the fact + < ﬁ, we obtain s < (F—e€)+ < rf Lk1+1'

This implies that s;1 # Tl%ﬁ’ which means that the first option of (43) has been activated, and
thus s,1 = s, holds. Therefore, we conclude that £ > N implies s = 7} s;. By applying this
fact recursively, we obtain:

K K

s _oN 7
SK:Hrksk:— _ VK > N.

N ag o Tt (Terr — 1)

2

Applying the assumption ]2, Tk+1(7':+1_1

exists K such that s > (7 — €)1, which contradicts (62). This completes the proof. O

y = 00, we get limg .o, sg = oo. This implies that there

D.3 Proof of Corollary 7

Here, we state and prove the result for the generalized parameter choice 7, = W, where p > 2.
Proposition 24. Let 7, = M, where p > 2. Set other parameters and assumptions as Corollary 7.
Then for {zy}~( generated by AdaNAG-G, we have:
fan) - fo< L PP ES) o (L win Vi@ <o (L (63)
Moo= g k+3)k+ 427 T\k2) ie{lk} U=k )
27 1
Here, Sk > Wf and

liminf s3 >
k—o00

& Ay

1
3
2 2 -1
Proof. We first show that (44) holds. Name r,f = (% + m) . Using elementary
calculations, we can verify:

(k +3)2
S S 1
oy, IR € (0,1] (64a)
2 2
i (k?—l—p—i-?) (p—2)(k¢—|—p+3)+1
— =14+ >1 (64b)
Thr1(The1 — 1) (k+3)(k+p+3) (k+3)(k+p+3)
-1
k+3 k+p+2)\°
L — > =
Q1T htp+3) (2( 13 ) -|—1> > a1y r (64¢)

(64b) holds since p > 2. (64c) can be shown by proving that akﬂr,f is an increasing sequence,

: k+3  _ PR : ktp+2 4 p—1: .
which follows from the facts that s =1 is increasing and “715= = 1+ 775 is decreasing.

y4
k+p+3
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Next, note that a7 = © (k?). Therefore, we obtain the convergence rates (63) by Theorem 6.
Also, from Theorem 6 and (64a), we have syay, > - and oy < 3, which together imply s, > 2.
. _ 27 . . _
We obtain r = T3 TSP by substituting & = 0 to (64c).
Next, we check the assumptions of Lemma 14. Since & := limy_,o, o = % and limy,_,o T’;: L =1,
we obtain:

-1
A B +062 T2 1 -1 1 1 -1
7= lim (k—i- Rl T kel Tl —<a+a+a> _<2++> —

1
By, Ay, 2 ' 2 3

2

The condition [];-, 7%4—1(7—7:4-1_1) = oo follows from (45). Finally, since p > 2, there exists N > 0
such that (N + 3)(p — 2) > 1. For such N, we can verify that

Ap1+agmy  (k+3)(k+p+3) P (k+3)(p—2)—1

= = >1 Vk > N.
Ag (k+4)? (k+4)2 - -
We conclude lim inf,_,, 55 > 37 by Lemma 14.
Proof of Corollary 7. The proof can be obtained by substituting p = 12 into Proposition 24. O

D.4 Proof of Corollary 8

. B, 2 72 -1 . .
We first show that (44) holds. Name r,f = ( %i + %) . Using elementary calculations,

we can verify that:

1
ar = 9 € (0,1]
2 - 2(k +3) 1. Vk+4-—
Thpt(The1 — 1) 2(k+4) —VEk +4 20k+4)—vVEk+4~

1
04k+17"k > alro ~0.102 > — T 7.

Therefore, we obtain spay > 1 > 1 T L from Theorem 6, and we conclude that sj, > . Also, from

Theorem 6 and the fact o, 77 = © (k), we obtain the convergence results of Corollary 8.

Next, we verify the assumptions of Lemma 14. Since oy, = % and limy_, T’;: L — 1, we have:
-1
Ay, Broi + i Ty 1oy
r — 1 —_— e 2 — — = —,
" kgﬁlo<3k+ A, t513 3
Also, since oy, = aj.1, from the second inequality of (44) we obtain:
A1+ apTi _ Gk 7‘]3 _ T]? >, VE > 0,
Ay, i1 That (M1 — 1) 71 (o1 — 1)
.  VEkt4-2
Finally, from erd)viTE 2 > 0 we have:
= s VE+4-2 - E+4—2
H =TI (2+ z - .
oy Tt Tk+1—1) P 2(k+4) —VEk+4 2(k+4) —Vk+4
This completes the proof. O
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