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Abstract. Symmetry is a recurring feature in algorithms for monotone operator theory and5
convex optimization, particularly in problems involving the sum of two operators, as exemplified6
by the Peaceman–Rachford splitting scheme. However, in more general settings—such as compos-7
ite optimization problems with three convex functions or structured convex-concave saddle-point8
formulations—existing algorithms often exhibit inherent asymmetry. In particular, the Condat–Vũ9
algorithm and the asymmetry forward-backward-adjoint (AFBA) method, while efficient and widely10
adopted, apply extrapolation only to either the primal or the dual update, resulting in unbalanced11
iterations. In this work, we introduce a symmetric primal-dual algorithm (SPDA) that applies ex-12
trapolation to both primal and dual iterates, thereby preserving symmetry in the iteration scheme.13
The algorithm encompasses the Condat–Vũ and AFBA methods as special cases and permits more14
flexible step-size choices. We establish global convergence under standard assumptions and derive15
both ergodic and non-ergodic convergence rates. The results demonstrate that symmetry can be pre-16
served in first-order methods for optimizing the sum of three convex functions without compromising17
convergence guarantees or practical simplicity.18
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1. Introduction. In this paper, we consider the composite optimization prob-21

lem22

(1.1) min
x∈X

f(x) + h(x) + g(Ax),23

where X is an n-dimensional real Euclidean space, A is an m×n matrix and f , g, and24

h are convex, proper, and lower semicontinuous functions defined on X . In addition,25

h has a Lipschitz continuous gradient with constant Lh. We assume that f and g26

are “simple” in the sense that their proximal operators can be computed efficiently27

(see (2.1)). Such composite formulations often arise in image processing and machine28

learning applications, including regularized regression problems, we refer readers to29

e.g., [3, 5, 17, 20].30

In general, computing the proximal operator of the composite function g ◦ A31

is challenging. A standard approach to addressing this difficulty is to reformulate32

problem (1.1) as a convex-concave saddle-point problem:33

(1.2) min
x∈X

max
y∈Y

{Φ(x, y) = f(x) + h(x) + yTAx− g∗(y)},34

where Y is an m-dimensional real Euclidean space and g∗ denotes the Fenchel conju-35

gate of g. This reformulation exploits the separable structure of f , h, and g∗, enabling36

the development of efficient primal-dual algorithms and facilitating theoretical analy-37

sis. Under strong duality conditions, the saddle points of Φ(x, y) correspond to the38

optimal solutions of the original problem (1.1).39

∗This research was partially supported by the NSFC Grant 12171481 and 12471298.
†214611022@csu.edu.cn, School of Automation, Central South University, Changsha, 410083,

Hunan, China.
‡mafengnju@gmail.com, High-Tech Institute of Xi’an, Xi’an, 710025, Shaanxi, China.

1

This manuscript is for review purposes only.



2 D. DOE, P. T. FRANK, AND J. E. SMITH

Recently, several primal-dual algorithms have been developed for solving (1.2),
including Condat-Vũ [6, 21] and its Bregman case [16], Primal-Dual Fixed-Point al-
gorithm (PDFP) [4], Asymmetric Forward-Backward-Adjoint splitting (AFBA) [18],
Davis-Yin [8], and Primal-Dual Three-Operator splitting (PD3O) [22]. The relation-
ships and interconnections among these algorithms have been extensively explored in
[22, 7]. To motivate our study, we present two representative algorithms: the Condat-
Vũ method and the AFBA method. The Condat–Vũ algorithm iterates as follows:


xk+1 = Prox(τf)[x

k − τ∇h(xk)− τAT yk],(1.3a)

x̃k+1 = xk+1 + (xk+1 − xk),(1.3b)

yk+1 = Prox(σg∗)[y
k + σAx̃k+1],(1.3c)

where Prox(τf) and Prox(σg∗) denote the proximal operators of τf and σg∗ (see (2.1)),40

and τ, σ > 0 are step-size parameters. By casting the scheme (1.3) in the form of41

forward-backward splitting, the convergence can be proved under the condition42

(1.4) τσ∥AAT ∥+ τLh

2
< 1.43

Moreover, when h = 0, the algorithm reduces to the classical primal-dual hybrid44

gradient method [2].45

The AFBA algorithm, introduced in [18], iterates as follows:
x̃k+1 = Prox(τf)[x

k − τ∇h(xk)− τAT yk],(1.5a)

yk+1 = Prox(σg∗)[y
k + σAx̃k+1],(1.5b)

xk+1 = x̃k+1 − τAT (yk+1 − yk).(1.5c)

with the improved convergence conditions, proposed in [15],46

(1.6) τσ∥AAT ∥ < 1, 0 < τ <
2

Lh
.47

In this scheme, the proximal updates for x and y mirror those of the Condat–Vũ48

algorithm, while the additional correction step is computationally inexpensive. Thus,49

both algorithms exhibit similar per-iteration complexity; however, the convergence50

condition for AFBA is less restrictive than that for the Condat–Vũ algorithm, allowing51

for a broader range of parameter selections.52

Both the Condat–Vũ and AFBA algorithms update the primal and dual variables53

in an alternating manner and exhibit several desirable properties, including low per-54

iteration computational cost and strong theoretical convergence guarantees. However,55

these methods inherently impose an asymmetry in the treatment of primal and dual56

updates, which does not fully exploit the intrinsic symmetry of saddle-point problems.57

Specifically, in each iteration, one variable is updated using an extrapolated step, while58

the other is not. Despite these asymmetries, several algorithms designed for saddle-59

point problems or composite optimization problems explicitly leverage symmetry by60

balancing the treatment of primal and dual updates. Notable examples include the61

Peaceman–Rachford splitting method [9, 10] or the symmetric ADMM [12] for the62

convex problem. These methods demonstrate that symmetric structures can lead to63

improved convergence properties and broader applicability. So a natural question64

arises: can we construct a symmetric method, in which both primal and dual updates65

incorporate extrapolation techniques?66
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AN EXAMPLE ARTICLE 3

In this work, we provide an affirmative answer to this question. Motivated by the
symmetric PDHG algorithm introduced in [19], we extend this framework to address
the saddle point problem (1.2). Our proposed symmetric scheme is formulated as
follows: 

x̃k+1 = Prox(τf)
[
xk − τ∇h(xk)− τAT yk

]
,(1.7a)

x̄k+1 = x̃k+1 + θ(x̃k+1 − xk),(1.7b)

yk+1 = Prox(σg∗)
[
yk + σAx̄k+1

]
,(1.7c)

xk+1 = x̄k+1 − τAT (yk+1 − yk).(1.7d)

To further elucidate the structural properties of our method, we rewrite it in an
alternative formulation:

x̄k+1 = x̃k+1 + θ(x̃k+1 − xk),(1.8a)

ŷk+1 = yk + σAx̄k+1,(1.8b)

yk+1 = argmin
y

{g∗(y) + 1

2σ
∥y − ŷk+1∥2},(1.8c)

ȳk+1 = yk+1 + (yk+1 − yk),(1.8d)

x̂k+2 = x̄k+1 − τ∇h(xk+1)− τAT ȳk+1,(1.8e)

x̃k+2 = argmin
x

{f(x) + 1

2τ
∥x− x̂k+2∥2}.(1.8f)

Unlike the Condat–Vũ and AFBA algorithms, which apply extrapolation to only one67

of the primal or dual updates, our method introduces extrapolation in both updates,68

resulting in a fully symmetric structure, i.e., steps (1.8a) and (1.8d). This symmetry69

ensures that the primal and dual iterates are treated in a balanced manner, which70

can enhance stability and improve convergence behavior. Notably, our method uni-71

fies and generalizes the Condat–Vũ and AFBA algorithms within a symmetric frame-72

work. Specifically, the updates (1.7a)–(1.7c) generalize and recover the structure of73

the Condat–Vũ algorithm, while the steps (1.7a), (1.7c), and (1.7d) align with the74

update rules of the AFBA algorithm.75

In this work, we establish the global convergence of the proposed symmetric76

primal-dual algorithm (SPDA) (1.7) for solving the saddle-point problem (1.2), with-77

out invoking any assumptions beyond standard convexity and Lipschitz differentia-78

bility. Specifically, we show that convergence is guaranteed under the following con-79

ditions:80

(1.9) θ ∈
(
−1, 1− τLh

2

)
, 0 < τ <

4

Lh
, τσ <

1

∥AAT ∥
.81

A notable feature of the proposed method lies in the flexibility in choosing the ex-82

trapolation parameter θ, which is allowed to vary over a broader range compared to83

existing algorithms such as the Condat–Vũ method, where θ = 1 is typically required.84

In particular, when θ = 0, the scheme reduces to the AFBA algorithm, and our analy-85

sis indicates that the associated convergence condition can be further relaxed. This86

flexibility facilitates adaptive parameter tuning, which may enhance both theoreti-87

cal guarantees and empirical performance. Furthermore, when h = 0, the proposed88

method coincides with the symmetric PDHG algorithm developed in [19], and can89

thus be viewed as a natural generalization of that framework. Beyond global conver-90

gence, we also demonstrate that the proposed symmetric scheme achieves an O(1/t)91

ergodic convergence rate and an O(1/
√
t) non-ergodic convergence rate.92
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4 D. DOE, P. T. FRANK, AND J. E. SMITH

The rest of this paper is organized as follows: Section 2 introduces fundamental93

definitions and lemmas that will be used throughout our analysis. Section 3 presents94

the convergence analysis of the SPDA algorithm, including its global convergence95

guarantee and convergence rate. Section 4 conducts some numerical experiments to96

verify the theoretical results. Finally, Section 5 summarizes the conclusions.97

2. Preliminaries. In the section, we present some definitions and lemmas used98

throughout the paper. For a function h, ∇h denotes the gradient of h and dom h99

denotes the domain of h. For a vector x, ∥x∥p denotes the lp norm of x and ∥x∥F100

denotes the Frobenius norm. For simplicity, ∥x∥ denotes the l2 norm of a vector x. For101

a matrix M , M ≻ 0 denotes a positive definite matrix and M ⪰ 0 denotes a positive102

semidefinite matrix. For a symmetric matrix M , λ(M) denotes its eigenvalue. For103

any vector x and any symmetric matrix M , ∥x∥M denotes
√
xTMx. For a matrix A,104

∥A∥ denotes its maximum singular value. The proximal mapping for a convex and105

lower semi-continuous function f is defined as106

(2.1) Proxτf (x) = argmin
u

{f(u) + 1

2τ
∥u− x∥2}, ∀x ∈ ℜn.107

Note that in this case, it always yields a unique solution.108

Lemma 2.1. [11] Let X ∈ ℜn be a closed convex set, let F(x) : X → ℜ and109

G(x) : X → ℜ be convex function and let G(x) be differentiable. Suppose that the110

solution set of the problem min{F(x) + G(x)|x ∈ X} is non-empty, Then, a point111

x∗ ∈ X is a solution if and only if112

(2.2) x∗ ∈ X, F(x)−F(x∗) + (x− x∗)T∇G(x∗) ≥ 0, ∀x ∈ X.113

Lemma 2.2. For any vector x ∈ ℜn, y ∈ ℜn, z ∈ ℜn, p ∈ ℜn, and a symmetric114

matrix S ∈ ℜn×n, the following identity holds115

(2.3) (x− y)TS(z − p) =
1

2

(
∥x− p∥2S − ∥x− z∥2S + ∥y − z∥2S − ∥y − p∥2S

)
,116

where ∥x− p∥2S = (x− p)TS(x− p).117

Lemma 2.3. [1] For any convex differentiable functions h with Lh-Lipschitz con-118

tinuous gradient, the following inequality holds119

(2.4) (∇h(x)−∇h(y))T (x− y) ≥ 1

Lh
∥∇h(x)−∇h(y)∥2, ∀x, y ∈ dom h.120

Lemma 2.4. For any convex differentiable functions h with Lh-Lipschitz contin-121

uous gradient, the following inequality holds122

(2.5) h(x) ≤ h(y) + (x− y)T∇h(z) +
Lh

2
∥x− z∥2, ∀x, y, z ∈ dom h.123

Proof. It follows from Descent lemma that for a differentiable function h with124

Lh-Lipschitz continuous gradient, the following inequality holds125

(2.6) h(x) ≤ h(z) + (x− z)T∇h(z) +
Lh

2
∥x− z∥2.126

Since h is a convex function, we have127

(2.7) h(z) ≤ h(y) + (z − y)T∇h(z).128

Adding the inequalities (2.6) and (2.7) yields (2.5).129
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AN EXAMPLE ARTICLE 5

3. Global Convergence. In this section, inspired by the construction approach130

proposed in [13], we develop a prediction-correction framework for analyzing the131

SPDA method (1.7). By carefully exploiting the contraction properties inherent in132

the algorithm’s structure, we establish global convergence results and derive sufficient133

conditions under which the convergence of SPDA is guaranteed.134

3.1. A prediction-correction framework. In this section, we firstly recall the135

optimality conditions associated with the problem (1.2), which serve as the basis for136

the subsequent analysis of the prediction-correction framework. Then, we develop a137

prediction-correction framework, which not only simplifies the convergence analysis138

but also provides deeper insights into the underlying mechanisms driving the algo-139

rithm’s behavior.140

By Lemma 2.1, the optimal condition for the problem (1.2) is given by{
f(x)− f(x∗) + (x− x∗)T (AT y∗ +∇h(x∗)) ≥ 0,(3.1a)

g∗(y)− g∗(y∗) + (y − y∗)T (−Ax∗) ≥ 0,(3.1b)

where x∗, y∗ are the optimal solution to the problem (1.2). To facilitate the conver-141

gence analysis, we define some notations as follows142

(3.2)

u =

(
x
y

)
, F(u) = f(x) + g∗(y),

∇F (u) =

(
AT y
−Ax

)
, ∇H(u) =

(
∇h(x)

0

)
,

143

and introduce an auxiliary variable ũk+1 as follows144

(3.3) ũk+1 =

(
x̃k+1

ỹk+1

)
=

(
x̃k+1

yk+1

)
.145

Using the notations (3.2), the optimality condition (3.1) can be rewritten as146

(3.4) F(u)−F(u∗) + (u− u∗)T∇G(u∗) ≥ 0,147

where u∗ = (x∗, y∗)T and ∇G(u∗) is given by148

∇G(u∗) = ∇F (u∗) +∇H(u∗) =

(
AT y∗ +∇h(x∗)

−Ax∗

)
.149

Then, by the optimal condition (3.4) and the definition of the auxiliary variable,150

we can derive a prediction-correction scheme for SPDA.151

Lemma 3.1. Let uk be the iterates generated by the algorithm (1.7). Define152

ũk+1 = (x̃k+1, ỹk+1). The following inequality holds153

(3.5)

(u− ũk+1)TQ(ũk+1 − uk) ≥ F(ũk+1)−F(u)+ (ũk+1 − u)T∇G(u)− Lh

4
∥x̃k+1 − xk∥2,154

where the matrix Q is defined by155

(3.6) Q =

(
1
τ I −AT

−θA 1
σ I

)
.156
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6 D. DOE, P. T. FRANK, AND J. E. SMITH

Proof. The optimality conditions for the iterates (1.7a) and (1.7c) are, respec-
tively, given by

f(x)− f(x̃k+1) + (x− x̃k+1)T
1

τ
(x̃k+1 − xk + τAT yk+1 + τqk) ≥ 0,(3.7a)

g∗(y)− g∗(yk+1) + (y − yk+1)T
1

σ
(yk+1 − yk − σAx̄k+1) ≥ 0,(3.7b)

where qk = ∇h(xk) − AT (yk+1 − yk). By substituting the iterate (1.7b) into the157

inequality (3.7b) and using the definition (3.3), we have158

(3.8)

g∗(y)− g∗(yk+1) + (y − yk+1)T
1

σ
(yk+1 − yk − σAx̄k+1)

= g∗(y)− g∗(ỹk+1) + (y − ỹk+1)T
1

σ
(ỹk+1 − yk)

− (y − ỹk+1)T (Ax̃k+1)− (y − ỹk+1)T
(
θA(x̃k+1 − xk)

)
≥ 0.

159

Combining the inequality (3.8) and the inequality (3.7a) and using the notations160

(3.2) yields161

(3.9)
F(u)−F(ũk+1) + (u− ũk+1)T∇F (ũk+1) + (x− x̃k+1)T∇h(xk)

+ (u− ũk+1)TQ(ũk+1 − uk) ≥ 0.
162

Rearranging the above inequality, we get163

(3.10)
(u− ũk+1)TQ(ũk+1 − uk) ≥ F(ũk+1)−F(u) + (ũk+1 − u)T∇F (ũk+1)

+ (x̃k+1 − x)T∇h(xk).
164

For the last two terms of the inequality (3.10), we have165

(3.11) (ũk+1 − u)T∇F (ũk+1) = (ũk+1 − u)T∇F (u),166

and167

(3.12)

(x̃k+1 − x)T∇h(xk) =(x̃k+1 − x)T∇h(x) + (x̃k+1 − x)T (∇h(xk)−∇h(x)),

=(x̃k+1 − x)T∇h(x) + (x̃k+1 − xk)T (∇h(xk)−∇h(x))

+(xk − x)T (∇h(xk)−∇h(x)).

168

Substituting (3.11) and (3.12) into (3.10) and using the notation (3.2), we get169

(3.13)

(u− ũk+1)TQ(ũk+1 − uk) ≥ F(ũk+1)−F(u) + (ũk+1 − u)T∇G(u)
+ (x̃k+1 − xk)T (∇h(xk)−∇h(x))

+ (xk − x)T (∇h(xk)−∇h(x)).

170

Applying Lemma 2.3 to the last term of the above inequality yields171

(3.14)

(u− ũk+1)TQ(ũk+1 − uk) ≥ F(ũk+1)−F(u) + (ũk+1 − u)T∇G(u)
+ (x̃k+1 − xk)T (∇h(xk)−∇h(x))

+
1

Lh
∥∇h(xk)−∇h(x)∥2.

172
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Applying Cauchy-Schwarz inequality to the term (x̃k+1 − xk)T (∇h(xk)−∇h(x)), we173

have174

(3.15)

(x̃k+1−xk)T (∇h(xk)−∇h(x)) ≥ −1

2

(
Lh

2
∥x̃k+1 − xk∥2 + 2

Lh
∥∇h(xk)−∇h(x)∥2

)
.175

Combining (3.14) and (3.15), we obtain the inequality (3.5)176

Lemma 3.2. Let uk be the iterates generated by the algorithm (1.7). Define177

ũk+1 = (x̃k+1, ỹk+1)T . The following inequality holds178

(3.16) uk+1 = uk −M(uk − ũk+1),179

where the matrix M is defined by180

(3.17) M =

(
(1 + θ)I −τAT

0 I

)
.181

Proof. Substituting the variable ũk+1 in (1.7d), we get182

(3.18) xk+1 = xk + x̃k+1 − xk + θ(x̃k+1 − xk)− τAT (ỹk+1 − yk).183

Note that ỹk+1 = yk+1 (see (3.3)), we get184

(3.19) yk+1 = yk − (yk − ỹk+1).185

Combining (3.18) with (3.19), we get (3.16).186

Lemma 3.1 and Lemma 3.2 establish a prediction-correction framework for analyz-187

ing the SPDA method. In particular, the iteration (3.5) corresponds to the prediction188

step, while (3.16) defines the correction step. This framework can provide a more189

structured basis for deriving convergence guarantees.190

3.2. Contractive properties. In this section, based on the prediction-correction191

framework, we analyze the contractive properties of the sequence generated by SPDA.192

Specifically, we establish the following result:193

Theorem 3.3. Let {uk} denote the sequence generated by (1.7). Then, the fol-194

lowing inequality holds:195

(3.20) ∥uk − u∗∥2H ≥ ∥uk+1 − u∗∥2H + ∥ũk+1 − uk∥2G − Lh

2
∥x̃k+1 − xk∥2,196

where ũk+1 = (x̃k+1, ỹk+1), and the matrices H and G are defined as197

(3.21) H = QM−1 =

(
1

τ(1+θ)I − θ
1+θA

T

− θ
1+θA

1
σ I −

τθ
1+θAAT

)
,198

199

(3.22) G = Q+QT −MTHM =

(
1−θ
τ I 0
0 1

σ I − τAAT

)
.200

where Q and M are defined in (3.6) and (3.17), respectively.201
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Proof. Setting u = u∗ in (3.5), we get202

(u∗−ũk+1)TQ(ũk+1−uk) ≥ F(ũk+1)−F(u∗)+(ũk+1−u∗)T∇G(u∗)−Lh

4
∥x̃k+1−xk∥2,203

where u∗ is the optimal solution to the problem (1.2). By the optimality condition204

(3.4), the above inequality implies205

(u∗ − ũk+1)TQ(ũk+1 − uk) ≥ −Lh

4
∥x̃k+1 − xk∥2.206

Substituting the correction step (3.16) into this inequality, we have207

(u∗ − ũk+1)TQM−1(uk+1 − uk) ≥ −Lh

4
∥x̃k+1 − xk∥2.208

By the relation H = QM−1, we have209

(3.23) (u∗ − ũk+1)TH(uk+1 − uk) ≥ −Lh

4
∥x̃k+1 − xk∥2.210

Applying Lemma 2.2 to the term in the left side of the inequality (3.23) yields211

(u∗ − ũk+1)TH(uk+1 − uk) =
1

2

(
∥u∗ − uk∥2H − ∥u∗ − uk+1∥2H

)
212

+
1

2

(
∥ũk+1 − uk+1∥2H − ∥ũk+1 − uk∥2H

)
.213

Then, the inequality (3.23) can be rewritten as214

(3.24)

1

2

(
∥u∗ − uk∥2H − ∥u∗ − uk+1∥2H

)
+
1

2

(
∥ũk+1 − uk+1∥2H − ∥ũk+1 − uk∥2H

)
≥− Lh

4
∥x̃k+1 − xk∥2.

215

For the last two terms in the left side of the inequality (3.24), we have216

∥uk − ũk+1∥2H − ∥uk+1 − ũk+1∥2H217

= ∥uk − ũk+1∥2H − ∥(uk − ũk+1)− (uk − uk+1)∥2H218

(3.16)
= ∥uk − ũk+1∥2H − ∥(uk − ũk+1)−M(uk − ũk+1)∥2H219

= 2(uk − ũk+1)THM(uk − ũk+1)− (uk − ũk+1)TMTHM(uk − ũk+1)220

(3.21)
= (uk − ũk+1)T (QT +Q−MTHM)(uk − ũk+1)221

(3.22)
= ∥uk − ũk+1∥2G.(3.25)222

Substituting (3.25) into (3.24), we obtain the assertion (3.20).223

Theorem 3.3 shows that if the matrix H is positive definite and the term ∥ũk+1−224

uk∥2G − Lh

2 ∥x̃k+1 − xk∥2 is positive, the sequence {∥uk − u∗∥2H} is non-increasing,225

guaranteeing convergence of the sequences {uk} to u∗. To ensure H > 0 and ∥ũk+1 −226

uk∥2G − Lh

2 ∥x̃k+1 − xk∥2 > 0, we present the following conditions.227

Lemma 3.4. For the matrices H and G defined in (3.21) and (3.22), respectively,228

the matrix H is positive definite and the term ∥ũk+1 − uk∥2G − Lh

2 ∥x̃k+1 − xk∥2 is229
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positive if the extrapolation parameter θ, and the step-size parameters σ and τ , satisfy230

the conditions (1.9), i.e.,231

θ ∈ (−1, 1− τLh

2
), 0 < τ <

4

Lh
, τσ <

1

∥AAT ∥
.232

Proof. Expanding ∥ũk+1−uk∥2G and combining it with -Lh

2 ∥x̃k+1−xk∥2, we obtain233

(3.26) ∥ũk+1 − uk∥2G − Lh

2
∥x̃k+1 − xk∥2 = ∥ũk+1 − uk∥2GLh

,234

where GLh
is given by235

(3.27) GLh
=

(
( 1−θ

τ − Lh

2 )I 0
0 1

σ − τAAT

)
.236

It is clear when the matrix GLh
is positive definite, the term ∥ũk+1−uk∥2G−Lh

2 ∥x̃k+1−237

xk∥2 is positive. To ensure GLh
> 0, the extrapolation parameter θ and regularization238

parameters τ and σ need to meet239

(3.28) θ < 1− τLh

2
,

1

σ
− τ∥AAT ∥ > 0.240

Define a nonsingular matrix U as follows241

U =

(
I τθAT

0 I

)
.242

Multiplying H by UT and U from the left and right, respectively, we obtain the matrix243

HU :244

HU = UTHU =

( 1
τ(1+θ)I 0

0 1
σ I − τθAAT

)
.245

Since HU is diagonal, it is positive definite if and only if the following conditions hold:246

(3.29)
1

τ(1 + θ)
> 0,

1

σ
− τθ∥AAT ∥ > 0.247

Combining inequalities (3.28) and (3.29), we deduce that the extrapolation pa-248

rameter θ must satisfy249

θ ∈
(
−1, 1− τLh

2

)
.250

Since τ > 0 and Lh > 0, it follows directly that θ < 1. Moreover, the condition251

1− τLh

2 > −1 yields the bound 0 < τ < 4
Lh

.252

Given the admissible range of θ, we next derive the corresponding bounds for the253

step sizes τ and σ. Specifically, the inequality254

1

σ
> τ∥AAT ∥ > θτ∥AAT ∥255

must be satisfied. By combining these conditions, we arrive at the step-size conditions256

(1.9).257
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3.3. Global convergence. In this section, we firstly introduce a lemma that is258

crucial in proving the convergence of SPDA, and then establish SPDA convergence259

under the condition (1.9).260

Lemma 3.5. Let the sequence {uk} be generated by the scheme (1.7) with the261

condition (1.9). Then, we have262

lim
k→∞

∥xk+1 − xk∥ = 0,(3.30a)263

lim
k→∞

∥yk+1 − yk∥ = 0.(3.30b)264

Proof. Theorem 3.3 shows that for the sequence {uk} generated by the scheme265

(1.7), the following inequality holds266

∥uk − u∗∥2H ≥ ∥uk+1 − u∗∥2H + ∥ũk+1 − uk∥2G − Lh

2
∥x̃k+1 − xk∥2.267

Substituting (3.26) into this inequality, we get268

(3.31) ∥uk − u∗∥2H ≥ ∥uk+1 − u∗∥2H + ∥ũk+1 − uk∥2GLh
.269

Summing the inequality (3.31) over k = 0, 1, . . . ,∞, we obtain270

∞∑
k=0

∥ũk+1 − uk∥2GLh
≤ ∥u0 − u∗∥2H ,271

which implies272

lim
k→∞

∥ũk+1 − uk∥2GLh
= 0.273

Expanding ∥ũk+1 − uk∥2GLh
and using the definition (3.3), we obtain274

lim
k→∞

∥ũk+1 − uk∥2GLh
= lim

k→∞

∥∥∥∥(x̃k+1 − xk

ỹk+1 − yk

)∥∥∥∥2
GLh

= lim
k→∞

∥∥∥∥(x̃k+1 − xk

yk+1 − yk

)∥∥∥∥2
GLh

.275

It follows from Lemma 3.4 that when the condition (1.9) holds, the matrix GLh
276

is positive definite. Therefore, under the conditio (1.9), we obtain277

lim
k→∞

∥x̃k+1 − xk∥ = 0,(3.32a)278

lim
k→∞

∥yk+1 − yk∥ = 0.(3.32b)279

Using the result (3.32b) and passing to the limit in the iterate (1.7d), we can conclude280

that limk→∞ xk+1 = xk. Combining it and (3.32b), we obtain (3.30).281

The following result establishes the global convergence of SPDA.282

Theorem 3.6. For the sequence {uk} generated by the scheme (1.7) with the283

condition (1.9), the sequence {uk} converges to the optimal point u∞ = u∗ for the284

problem (1.2).285

Proof. Theorem 3.3 and Lemma 3.4 shows the sequence {∥uk − u∗∥2H} is non-286

increasing when the condition (1.9) holds. Therefore, the sequence {uk} is bounded.287

Let {uk
s} be a subsequence of {uk} that converges to a cluster point u∞

s = (x∞
s , y∞s ).288
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Substituting (x∞
s , y∞s ) into (1.7), we obtain (x̃∞

s+, y
∞
s+, x

∞
s+). By (3.30) and (3.32), we289

obtain290

x∞
s+ = x̃∞

s+ = x∞
s ,291

y∞s+ = y∞s ,292

which implies u∞
s = u∞

s+. Using the definition (3.3), we have ỹ∞s+ = y∞s+, thus ũ
∞
s+ =

u∞
s+. Substituting ũ∞

s+ = (x̃∞
s+, ỹ

∞
s+)

T into (3.7), we get{
f(x)− f(x̃∞

s+) + (x− x̃∞
s+)

T (AT ỹ∞s+ +∇h(x̃∞
s+)) ≥ 0,

g∗(y)− g∗(ỹ∞s+)− (y − ỹ∞s+)
T (Ax̃∞

s+) ≥ 0.

Using the notations (3.2), the above inequalities can be rewritten as293

F(u)−F(ũ∞
s+) + (u− ũ∞

s+)
T∇G(ũ∞

s+) ≥ 0.294

By Lemma 2.1, we obtain that ũ∞
s+ = u∞

s+ = u∞
s is an optimal point for (1.2).295

Furthermore, it follows from (3.31) that ∥uk+1 − u∞
s ∥2H ≤ ∥uk − u∞

s ∥2H . This implies296

that there exists no another cluster point in the sequence {uk}. Thus, the sequence297

{uk} converges to the optimal point u∗ = u∞
s+ = u∞

s .298

3.4. Convergence rate. In this section, we establish the non-ergodic conver-299

gence rate of the proposed SPDA method, showing that the sequence of iterates300

achieves a rate of O(1/
√
t), where t denotes the iteration number. We then demon-301

strate that the ergodic primal-dual gap converges at a rate of O(1/t). To facilitate302

this analysis, we firstly show that ∥M(ũk+1 − uk)∥H can serve as a suitable measure303

of solution accuracy.304

The optimality condition (3.9) for the iterates (1.7a) and (1.7c) can be rewritten305

as306

F(u)−F(ũk+1) + (u− ũk+1)T∇G(ũk+1) + (x− x̃k+1)T (∇h(xk)−∇h(x̃k+1))

+ (u− ũk+1)TQ(ũk+1 − uk) ≥ 0.
307

By the relation H = QM−1 (see (3.21)), the above inequality is equivalent to308

(3.34)
F(u)−F(ũk+1) + (u− ũk+1)T∇G(ũk+1) + (x− x̃k+1)T (∇h(xk)−∇h(x̃k+1))

+ (u− ũk+1)THM(ũk+1 − uk) ≥ 0.
309

Since H is a positive definite matrix and M is a nonsingular matrix, we conclude that310

HM(ũk+1 − uk) = 0 and ũk+1 = uk when ∥M(ũk+1 − uk)∥2H = 0. In addition, the311

result x̃k+1 = xk immediately follows from ũk+1 = uk. Substituting the conditions312

HM(ũk+1 − uk) = 0 and x̃k+1 = xk into (3.34), we have313

F(u)−F(ũk+1) + (u− ũk+1)T∇G(ũk+1) ≥ 0.314

By Lemma 2.1, this inequality means ũk+1 is solution of the problem (1.2). Thus, we315

adopt the term ∥M(ũk+1 − uk)∥2H as a measurement that characterizes the solution316

precision of ũk+1 for the problem (1.2).317

In the following, we present a lemma which is used to analyze the non-ergodic318

convergence rate.319
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Lemma 3.7. Let the sequences {uk} and {ũk} be generated by the scheme (1.7).320

Then the following inequality holds321

(3.35)

(uk−1 − ũk)TMTHM
(
uk−1 − ũk − (uk − ũk+1)

)
≥ −Lh

4
∥x̃k − xk−1 −

(
x̃k+1 − xk

)
∥2

+
1

2
∥uk−1 − ũk − (uk − ũk+1)∥2QT+Q.

322

Proof. Setting u = ũk in the optimality condition (3.9) yields323

(3.36)
F(ũk)−F(ũk+1) + (ũk − ũk+1)T∇F (ũk+1) + (x̃k − x̃k+1)T∇h(xk)

+ (ũk − ũk+1)TQ(ũk+1 − uk) ≥ 0.
324

Similarly, setting u = ũk+1 in the optimality condition (3.9) from the previous iterates325

yields326

(3.37)
F(ũk+1)−F(ũk) + (ũk+1 − ũk)T∇F (ũk) + (x̃k+1 − x̃k)T∇h(xk−1)

+ (ũk+1 − ũk)TQ(ũk − uk−1) ≥ 0.
327

Adding the inequalities (3.36) and (3.37) and using the fact that (ũk+1−ũk)T (∇F (ũk+1)−328

∇F (ũk)) ≥ 0 yields329

(ũk − ũk+1)TQ
(
uk−1 − ũk − (uk − ũk+1)

)
≥ (x̃k − x̃k+1)T (∇h(xk−1)−∇h(xk)).330

This inequality can be further rewritten as331

(3.38)

(ũk − ũk+1)TQ
(
uk−1 − ũk − (uk − ũk+1)

)
≥ (xk−1 − xk)T (∇h(xk−1)−∇h(xk))

+
(
x̃k − xk−1 − (x̃k+1 − xk)

)T
(∇h(xk−1)−∇h(xk)).

332

Applying Lemma 2.3 to the first term in the right side of the inequality (3.38) yields333

(3.39) (xk−1 − xk)T (∇h(xk−1)−∇h(xk)) ≥ 1

Lh
∥∇h(xk−1)−∇h(xk)∥2.334

Applying Cauchy-Schwarz inequality to the last term in the right side of the inequality335

(3.38) yields336

(3.40)(
x̃k − xk−1−(x̃k+1 − xk)

)T
(∇h(xk−1)−∇h(xk)) ≥ − 1

Lh
∥∇h(xk−1)−∇h(xk)∥2

− Lh

4
∥x̃k − xk−1 − (x̃k+1 − xk)∥2

337

Combining the inequalities (3.38)-(3.40), we obtain338

(3.41) (ũk− ũk+1)TQ
(
uk−1− ũk−(uk− ũk+1)

)
≥ −Lh

4
∥x̃k−xk−1−

(
x̃k+1 − xk

)
∥2.339

Adding the term340 (
uk−1 − ũk − (uk − ũk+1)

)T
Q
(
uk−1 − ũk − (uk − ũk+1)

)
341

This manuscript is for review purposes only.



AN EXAMPLE ARTICLE 13

to both sides of (3.41) and using the fact that uTQu = 1
2u

T (QT +Q)u, we get342

(uk−1 − uk)TQ
(
uk−1 − ũk − (uk − ũk+1)

)
≥ −Lh

4
∥x̃k − xk−1 −

(
x̃k+1 − xk

)
∥2

+
1

2
∥uk−1 − ũk − (uk − ũk+1)∥2QT+Q.

343

It follows from the correction step (3.16) that (uk−1 − uk)T = M(uk−1 − ũk). Substi-344

tuting it and H = QM−1 into the above inequality, we get (3.35).345

Theorem 3.8. Let the sequences {uk} and {ũk} be generated by the scheme (1.7)346

with the conditions (1.9). Then, the following inequality holds.347

(3.42) ∥M(ut − ũt+1)∥2H ≤ 1

tC0
∥u0 − u∗∥2H ,348

where t denotes the iterate and C0 is a positive constant given in the proof.349

Proof. Since H is a positive definite matrix under the condition (1.9), the term350

∥M(uk − ũk+1)∥2H satisfies351

∥M(uk−1 − ũk)∥2H − ∥M(uk − ũk+1)∥2H = −∥uk−1 − ũk − (uk − ũk+1)∥2MTHM

+2(uk−1 − ũk)TMTHM
(
uk−1 − ũk − (uk − ũk+1)

)352

This identity follows from the fact that ∥a∥2H − ∥b∥2H = 2aTH(a− b)− ∥a− b∥2H . By353

Lemma 3.7, the above identity can further reduce to354

∥M(uk−1−ũk)∥2H − ∥M(uk − ũk+1)∥2H ≥ −∥uk−1 − ũk − (uk − ũk+1)∥2MTHM

− Lh

2
∥x̃k − xk−1 −

(
x̃k+1 − xk

)
∥2 + ∥uk−1 − ũk − (uk − ũk+1)∥2QT+Q.

355

It follows from the definition (3.22) and (3.27) that this inequality is equivalent to356

(3.43) ∥M(uk−1 − ũk)∥2H − ∥M(uk − ũk+1)∥2H ≥ ∥uk−1 − ũk − (uk − ũk+1)∥2GLh
.357

Lemma 3.4 shows that the matrix GLh
is positive definite under the condition358

(1.9). Thus, we conclude ∥M(uk−1 − ũk)∥2H ≥ ∥M(uk − ũk+1)∥2H . Building upon this359

result, we have360

(3.44) t∥M(ut − ũt+1)∥2H ≤
t−1∑
k=0

∥M(uk − ũk+1)∥2H .361

Furthermore, it follows from GLh
> 0 and Theorem 3.3 that the following in-362

equality holds363

∥uk − u∗∥2H ≥ ∥uk+1 − u∗∥2H + C0∥M(ũk+1 − uk)∥2H ,364

where C0 =
λmin(GLh

)

λmax(MTHM)
. Summing the above inequality over k = 0, 1, ..., t− 1 yields365

(3.45) ∥ut − u∗∥2H + C0

t−1∑
k=0

∥M(ũk+1 − uk)∥2H ≤ ∥u0 − u∗∥2H .366
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Combining the inequalities (3.44) and (3.45), we get367

∥M(ut − ũt+1)∥2H ≤ 1

t

t−1∑
k=0

∥M(uk − ũk+1)∥2H ≤ 1

tC0
∥u0 − u∗∥2H ,368

which proves the assertion (3.42).369

Theorem 3.8 shows the worst-case O( 1√
t
) convergence rate in a non-ergodic sense370

for SPDA (1.7). In the following, we present the ergodic convergence rate. A crucial371

lemma is firstly introduced.372

Lemma 3.9. Let the sequences {uk} and {ũk} be generated by the scheme (1.7).373

The following inequality holds374

(3.46) ∥uk − u∗∥2H ≥ ∥uk+1 − u∗∥2H + ∥ũk+1 − uk∥2G − Lh∥x̃k+1 − xk∥2,375

where H and G are defined by (3.21) and (3.22), respectively.376

In addition, the sequence {∥uk − u∗∥2H} is non-increasing and the term ∥ũk+1 −377

uk∥2G −Lh∥x̃k+1 − xk∥2 is positive if the extrapolation parameter θ, and the step-size378

parameters σ and τ , satisfy the conditions379

(3.47) θ ∈ (−1, 1− τLh), 0 < τ <
2

Lh
, τσ <

1

∥AAT ∥
.380

Proof. Applying Lemma 2.4 to the last term of the inequality (3.10) yields381

(3.48)

(u− ũk+1)TQ(ũk+1 − uk) ≥ F(ũk+1)−F(u) + (ũk+1 − u)T∇F (ũk+1)

+ (x̃k+1 − x)T∇h(xk)

≥ F(ũk+1)−F(u) + (ũk+1 − u)T∇F (ũk+1)

+ h(x̃k+1)− h(x)− Lh

2
∥x̃k+1 − xk∥2.

382

Using the fact that (ũk+1 −u)T∇F (ũk+1) = (ũk+1 −u)T∇F (u), the above inequality383

can be rewritten as384

(3.49)
(u− ũk+1)TQ(ũk+1 − uk) ≥ F(ũk+1)−F(u) + (ũk+1 − u)T∇F (u)

+ h(x̃k+1)− h(x)− Lh

2
∥x̃k+1 − xk∥2.

385

Since the function h is convex, it follows from the property of the convex function386

that387

(3.50) h(x̃k+1)− h(x) ≥ (x̃k+1 − x)T∇h(x).388

Combining the inequality (3.50) and the inequality (3.49), we obtain389

(3.51)

(u− ũk+1)TQ(ũk+1 − uk) ≥ F(ũk+1)−F(u)+ (ũk+1 − u)T∇G(u)− Lh

2
∥x̃k+1 − xk∥2.390

Setting u = u∗ and following the similar steps in Theorem 3.3, the inequality (3.51)391

can be further reduced to (3.46).392

Combining the last two terms of the inequality (3.46), we have393

(3.52) ∥ũk+1 − uk∥2G + Lh∥x̃k+1 − xk∥2 = ∥ũk+1 − uk∥2
G

′
Lh

,394
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where G
′

Lh
is given by395

(3.53) G
′

Lh
=

(
( 1−θ

τ − Lh)I 0
0 1

σ − τAAT

)
.396

The inequality (3.46) implies that if H > 0 and G
′

Lh
> 0, the sequence {∥uk −u∗∥} is397

non-increasing and the term ∥ũk+1 − uk∥2G − Lh∥x̃k+1 − xk∥2 is positive. Since G
′

Lh
398

is diagonal, it is positive definite if and only if the following conditions hold:399

(3.54) θ < 1− τLh,
1

σ
− τ∥AAT ∥ > 0.400

It follows from Lemma 3.4 that the matrix H is positive definite if the inequality401

(3.29) holds. Combining the inequalities (3.54) and (3.29), we obtain (3.47).402

Note that the condition (3.47) is more conservative than the condition (1.9).403

Building upon the condition (3.47), we present the primal-dual gap convergence rate404

in an ergodic sense.405

Theorem 3.10. Let the sequences {uk} and {ũk} be generated by the scheme406

(1.7) with the conditions (3.47). Define the averaged sequence ũt = (x̃t, ỹt) as407

ũt =
1

t+ 1

t∑
k=0

ũk.408

Then, the following inequality holds409

(3.55) Φ(x̃t, y)− Φ(x, ỹt) ≤
1

2(t+ 1)
∥u− u0∥2H .410

Proof. For the function Φ, we have411

Φ(x̃k+1, y)− Φ(x, ỹk+1) = Φ(x̃k+1, y)− Φ(x̃k+1, ỹk+1) + Φ(x̃k+1, ỹk+1)− Φ(x, ỹk+1)

= F(ũk+1)−F(u) + (ũk+1 − u)T∇F (ũk+1) + h(x̃k+1)− h(x).
412

Using the fact that (ũk+1 − u)T∇F (ũk+1) = (ũk+1 − u)T∇F (u), we have413

Φ(x̃k+1, y)− Φ(x, ỹk+1) = F(ũk+1)−F(u) + (ũk+1 − u)T∇F (u)

+ h(x̃k+1)− h(x).
414

It follows from (3.49) that the following inequality holds415

Φ(x̃k+1, y)− Φ(x, ỹk+1) = F(ũk+1)−F(u) + (ũk+1 − u)T∇F (u) + h(x̃k+1)− h(x)

≤ (u− ũk+1)TQ(ũk+1 − uk) +
Lh

2
∥x̃k+1 − xk∥2.

416

Substituting (3.16) into the above inequality leads to417

(3.56) Φ(x̃k+1, y)− Φ(x, ỹk+1) ≤ (u− ũk+1)TH(uk+1 − uk) +
Lh

2
∥x̃k+1 − xk∥2.418
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Using Lemma 2.2, (3.56) can be simplified to419

Φ(x̃k+1, y)− Φ(x, ỹk+1) ≤ 1

2

(
∥u− uk∥2H − ∥u− uk+1∥2H + ∥ũk+1 − uk+1∥2H420

−∥ũk+1 − uk∥2H + Lh∥x̃k+1 − xk∥2
)

421

(3.25)
=

1

2

(
∥u− uk∥2H − ∥u− uk+1∥2H − ∥uk − ũk+1∥2G422

+Lh∥x̃k+1 − xk∥2
)
.(3.57)423

It follows from Lemma 3.9 that when the conditions (3.47) holds, ∥ũk+1−uk∥2G−424

Lh∥x̃k+1 − xk∥2 > 0. Therefore, the inequality (3.57) can be further simplified to425

(3.58) Φ(x̃k+1, y)− Φ(x, ỹk+1) ≤ 1

2

(
∥u− uk∥2H − ∥u− uk+1∥2H

)
.426

Summing the inequality (3.58) over k = −1, 0, . . . , t−1 and using convexity yields427

Φ(x̃t, y)− Φ(x, ỹt) ≤
1

2(t+ 1)
∥u− u0∥2H .428

This proves (3.55).429

4. Numerical experiments. In this section, we conduct numerical experiments430

on the fused lasso problem and the image denoising problem to verify our theoret-431

ical results and evaluate the performance of the Symmetric Primal-Dual Algorithm432

(SPDA). First, we examine how the convergence condition (1.9) affects SPDA’s con-433

vergence speed. Then, we compare SPDA with other algorithms, including Condat–434

Vũ [6] and AFBA [18].435

4.1. Fused lasso problem. Consider a fused lasso problem as follows436

(4.1) min
x

φ(x) =
1

2
∥Kx− b∥22 + µ1∥x∥1 + µ2∥Ax∥1,437

where µ1 and µ2 are regularization parameters, K ∈ ℜm×n is a random matrix,438

b ∈ ℜm is a given vector determined by b = Kx
′
+ δ. Here x′ ∈ ℜn is a vector that439

contains N non-zero elements, and the values of these non-zero elements range from440

{−4,−3, ..., 4}. δ is a noise vector sampled from the standard normal distribution,441

N (0, 0.1). A ∈ ℜn−1×n is a sparse matrix defined as follows442

(4.2) A =


−1 1

−1 1
... ...

−1 1

 .443

Let s = Ax and y be a dual vector. The primal Lasso problem (4.1) admits an444

equivalent min-max problem as follows445

min
x

max
y

1

2
∥Kx− b∥22 + µ1∥x∥1 + yT (Ax) + min

s
µ2∥s∥1 − yT s.446

By the definition of conjugate function, this problem can be further expressed as447

(4.3) min
x

max
y

µ1∥x∥1 +
1

2
∥Kx− b∥22 + yT (Ax)− Iµ2(∥y∥∞),448
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which is equivalent to the form (1.2). Iµ2
(∥y∥∞) is the conjugate function of the term

mins µ2∥s∥1 − yT s and is defined as

Iµ2
(∥y∥∞) =

{
0, if ∥y∥∞ ≤ µ2,(4.4a)

∞, otherwise .(4.4b)

To conduct proximal mapping in the iterate (1.7a), we use the sign function as an
estimate for the subdifferential of the function f :

∇f(x) = sign(x) =


1, if x > 0,(4.5a)

0, if x = 0,(4.5b)

−1, if x < 0.(4.5c)

By (4.5), the iterate (1.7a) can be written as449

(4.6) x̃k+1 = sign(xk−τ∇h(xk)−τAT yk)max
(
|xk − τ∇h(xk)− τAT yk| − µ1τ, 0

)
.450

In the numerical experiments, we consider m = 500, n = 10000, µ1 = 20 and451

µ2 = 200. The initial values of the variables in the SPDA are set to (x̃0, x̄0, y0, x0) =452

(0, 0, 0, 0). The maximum iterations of the algorithm are 4000. The algorithm param-453

eters are set to λ = τσ = 3
16 and τ = 1

2Lh
. The extrapolation parameter θ is chosen454

from the set {−0.8,−0.5,−0.2, 0, 0.2, 0.5, 0.7}. These parameters all satisfy the condi-455

tion (1.9). To asses the convergence of the SPDA under the condition (1.9), we firstly456

get the optimal objective value f∗ and optimal solution x∗ by running the SPDA for457

20000 iterations. Then, we compare the relative error values φk−φ∗

φ∗ and the distance458

of xk to the optimal solution x∗ after each iteration. These results under the different459

extrapolation parameters are, respectively, presented in Figure 1 and Figure 2. The460

results show that the condition (1.9) can accelerate the convergence of the SPDA.461

Additionally, the convergence of the SPDA get fast, as θ increases, indicating that462

the large extrapolation parameter can be adopted in practice.463

500 1000 1500 2000 2500 3000 3500 4000

iteration

10
-10

10
-5

10
0

Fig. 1. Numerical result φk−φ∗

φ∗ of (1.7) for (4.1) under the different extrapolation parameter:

θ1 = 0.7, θ2 = 0.5, θ3 = 0.2, θ4 = 0, θ5 = −0.2, θ6 = −0.5, θ7 = −0.8

Based on the results in Figure 1 and Figure 2, the optimal extrapolation param-464

eter is determined to be θ = 0.7. With this parameter fixed along with λ = 3
16 .465
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500 1000 1500 2000 2500 3000 3500 4000

iteration

10
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-5
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0

Fig. 2. Numerical result ∥x−x∗∥2 of (1.7) for (4.1) under the different extrapolation parameter:
θ1 = 0.7, θ2 = 0.5, θ3 = 0.2, θ4 = 0, θ5 = −0.2, θ6 = −0.5, θ7 = −0.8

we investigate the performance of SPDA, AFBA, and Condat–Vũ algorithms under466

varying step-size parameters τ1 = 1
2Lh

, τ2 = 1
Lh

, τ3 = 3
2Lh

, τ4 = 19
10Lh

. It should be467

noted that the convergence condition (1.4) for the Condat–Vũ algorithm is only sat-468

isfied when τ = 1
2Lh

, limiting its application to cases with larger step sizes. The469

numerical results φk−φ∗

φ∗ and ∥x− x∗∥2 under the different methods and the different470

step-size parameter τ are illustrated in Figure 3 and Figure 4. The numerical exper-471

iments demonstrate that SPDA outperforms AFBA and Condat–Vũ in convergence472

speed, requiring fewer iterations to achieve comparable accuracy under identical pri-473

mal step sizes. Furthermore, increasing the primal step size τ is shown to accelerate474

convergence for both SPDA and AFBA. These findings highlight the efficiency and475

robustness of SPDA in solving the fused lasso problem.476

500 1000 1500 2000 2500 3000 3500 4000

iteration

10
-10

10
-5

10
0

Fig. 3. Numerical result φk−φ∗

φ∗ of (1.7) for (4.1) under different methods and the different

primal step-size parameter τ

Finally, we fix τ = 1
2Lh

and θ = 0.7, and let λ1 = 1
80 , λ2 = 1

8 and λ3 = 1
4 . We477

then investigate the impact of the parameter λ on the convergence of the SPDA. The478
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Fig. 4. Numerical result ∥x− x∗∥2 of (1.7) for (4.1) under different methods and the different
step-size parameter τ

relative error values φk−φ∗

φ∗ and the distance of xk to the optimal solution x∗ under479

the different λ are shown in Figure 5 and Figure 6. The numerical results indicate480

that increasing the regularization parameter λ leads to a reduction in the relative481

error value while having a marginal impact on the squared error term ∥x − x∗∥2.482

Notably, after 2000 iterations, the squared error term for λ = 1
4 exceeds that of483

λ = 1
80 , suggesting that excessively large values of λ do not necessarily improve484

solution accuracy. These observations imply that selecting a moderately large λ is485

preferable, as further increasing its magnitude does not bring too much advantage.
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Fig. 5. Numerical result φk−φ∗

φ∗ of (1.7) for (4.1) under the different parameter λ

486

4.2. Total variation based image denoising. Consider a image denoising487

problem as follows488

(4.7) min
x∈[0,1]

φ(x) =
1

2
∥x− b∥22 + µ∥Ax∥TNV ,489

This manuscript is for review purposes only.



20 D. DOE, P. T. FRANK, AND J. E. SMITH
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Fig. 6. Numerical result ∥x− x∗∥2 of (1.7) for (4.1) under the different parameter λ

where b denotes a noisy input image with noise level 0.1 and µ = 0.1 is a regularization490

parameter. A denotes the 2D discrete gradient operator and is defined as491

(4.8) (Ax)i,j =

(
(Ax)1i,j
(Ax)2i,j

)
492

where

(Ax)1i,j =


1

g
(xi+1,j − xi,j), if i < m,(4.9a)

0, if i = m,(4.9b)

(Ax)2i,j =


1

g
(xi,j+1 − xi,j), if j < n,(4.10a)

0, if j = n,(4.10b)

m,n denotes the size of the image x and g denotes the gird step size. ∥ ·∥TNV denotes493

a nuclear norm defined as494

(4.11) ∥Ax∥TNV =

m∑
i=1

n∑
j=1

∥(Ax)i,j∥∗,495

where ∥(Ax)i,j∥∗ denotes the nuclear norm and is calculated by the sum of the singular
value of the matrix (Ax)i,j . For the detailed process, we refer readers to [14]. Define
a indicator function I[0,1](x) as follows

I[0,1](x) =

{
0, if 0 ≥ x ≤ 1,(4.12a)

∞, otherwise .(4.12b)

Let s = Ax and y be a dual vector. Substituting the dual vector and the indicator496

function into the problem (4.7), the constraint optimization problem (4.7) can be497

reformulated the unconstraint problem as follows498

min
x

max
y

I[0,1](x) +
1

2
∥x− b∥22 + yT (Ax) + min

s
µ∥s∥TNV − yT s,499
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It is noted that it is difficult to calculate the conjugate function of the term mins µ∥s∥TNV −500

yT s. Thus, we apply the Moreau Identity in [22] to the iteration (1.7c) to obtain501

(4.13) yk+1 = yk + σAx̄k+1 − σProx( 1
σ g)

[ 1
σ
yk +Ax̄k+1

]
,502

which avoids calculating the conjugate function.503

In the numerical experiments, ∥AAT ∥ is estimated to be 8 and the Lipschitz504

constant Lh is set to 1. For the SPDA method, the initial values of the optimization505

variables (x, y) are set to zero. The maximum iterations of the algorithm are 200.506

The step size parameter τσ is denoted by λ. We employ two quantitative metrics: the507

relative error φk−φ∗

φ∗ and the Signal-to-Noise Ratio (SNR) to evaluate the convergence508

behavior of the algorithm. The optimal objective function φ∗ is obtained by running509

the SPDA for 5000 iterations. The SNR is defined as follow510

SNR = 20 log10
∥xo∥F

∥xo − xk∥F
,511

where xo denotes the original image without noisy.512

We firstly investigate the impact of the extrapolation parameter θ on accelerating513

the convergence. We fix the parameter λ and τ at 1
8 and 1

2Lh
, respectively. The514

parameter θ is chosen from the set {−0.8,−0.5,−0.2, 0, 0.2, 0.5, 0.7}, all of which sat-515

isfy the convergence condition (1.9). We apply the SPDA methods to the problem516

(4.7) and plot the results in Figure 7, Figure 8 and Figure 9. Since the output pages517

under different extrapolation parameters θ look similar, we only present the image518

for θ = 0.7. The result in Figure 7 indicates that the SPDA method can deal with519

the image denoising problem. The results in Figures 8 and 9 reveal a dependence of520

the SPDA algorithm’s performance on the extrapolation parameter θ. Specifically, as521

θ → −1, the algorithm exhibits substantially degraded convergence behavior, with the522

relative error value increasing and the SNR showing marked deterioration. Conversely,523

when θ → 1 − τLh

2 , the method maintains stable convergence behavior. The results524

implies that for image denoising applications, the extrapolation parameters near the525

negative extreme θ ≈ −1 should be avoided to ensure computational efficiency.526

Next, we compare the performance of the SPDA with the other methods, includ-527

ing AFBA and Condat–Vũ method. We fix the parameter θ and λ at 0.7 and 0.1,528

respectively. The step size parameter τ is chosen from the set { 2
5Lf

, 1
Lf

, 3
2Lf

,
√
10

10Lf
}.529

It is noted that the convergence condition of the Condat–Vũ method holds only if530

τ = 2
5Lf

. We conduct three algorithms on the problem (4.7) and plot the numerical531

results φk−φ∗

φ∗ in Figure 10. The results show that the SPDA present superior numer-532

ical performance than other algorithms. In Table 1, we show the iteration numbers533

(It.) for the different methods when SNR = 25.40dB. It can be found that when τ534

increases, the convergence speed slows down, and the performance differences among535

various algorithms are not significant. However, when τ = δ, there exists a significant536

reduction in the iteration numbers of the SPDA and the AFBA. This implies for the537

image denoising problem, setting equal step sizes for the primal and dual variables538

can accelerate the convergence.539

Finally, we set τ = 1
2Lh

and θ = 0.7, while assigning λ1 = 1
8 , λ2 = 1

16 , λ3 = 1
32 and540

λ4 = 1
64 . Subsequently, we analyze the influence of the parameter λ on the convergence541

behavior of the SPDA. The numerical result φk−φ∗

φ∗ and SNR are illustrated in Figure542

11 and Figure 12, respectively. It is evident that increasing the value of λ leads to543
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(a) (b)

(c)

Fig. 7. Image.(a) Original image. (b) Image with noise. (c) Denoising image
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Fig. 8. Numerical result φk−φ∗

φ∗ of (1.7) for (4.7) under the different extrapolation parameter:

θ1 = 0.7, θ2 = 0.5, θ3 = 0.2, θ4 = 0, θ5 = −0.2, θ6 = −0.5, θ7 = −0.8

a reduction in the convergence speed of the algorithm. Consequently, for the image544

denoising problem, it is advisable to select a moderately large value for λ.545

5. Conclusion. In this paper, we proposed a symmetric primal-dual algorithm546

(SPDA) for solving composite convex optimization problems with a saddle-point struc-547

ture. Unlike existing methods such as the Condat–Vũ and AFBA algorithms, which548

apply extrapolation to only one of the primal or dual variables, our approach in-549

troduces a fully symmetric update scheme by incorporating extrapolation into both550

updates. This symmetric structure not only unifies and generalizes these existing551
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Fig. 9. Numerical result SNR of (1.7) for (4.7) under the different extrapolation parameter:
θ1 = 0.7, θ2 = 0.5, θ3 = 0.2, θ4 = 0, θ5 = −0.2, θ6 = −0.5, θ7 = −0.8
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Fig. 10. Numerical result φk−φ∗

φ∗ of (1.7) for (4.7) under different methods and the different

primal step-size parameter τ : τ1 = 2
5Lf

, τ2 = 1
Lf

, τ3 = 3
2Lf

, τ4 =
√
10

10Lf

Table 1
Numerical result SNR of (1.7) for (4.7) under different methods and the different primal step-

size parameter τ

Method τ It. Method τ It.
SPDA 2

5Lf
20 SPDA 1

Lf
49

AFBA 2
5Lf

24 AFBA 1
Lf

50

SPDA 3
2Lf

70 SPDA
√
10

10Lf
14

AFBA 3
2Lf

72 AFBA
√
10

10Lf
21

Condat–Vũ 2
5Lf

22
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Fig. 11. Numerical result φk−φ∗

φ∗ of (1.7) for (4.7) under the different parameter λ: λ1 =
1
8
, λ2 = 1

16
, λ3 = 1

32
, λ4 = 1

64
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Fig. 12. Numerical result SNR of (1.7) for (4.7) under the different parameter λ: λ1 = 1
8
, λ2 =

1
16

, λ3 = 1
32

, λ4 = 1
64

methods but also improves theoretical convergence properties. We established the552

global convergence of SPDA under mild step-size conditions and derived its ergodic553

and non-ergodic convergence rate. The proposed method accommodates a broader554

range of extrapolation parameters, offering greater flexibility in parameter selection555

and practical implementation. These findings offer new insights into the role of sym-556

metry in the design of primal-dual algorithms and motivate further research, including557

the development of adaptive step-size strategies and extensions to more general opti-558

mization settings.559
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