Noname manuscript No.
(will be inserted by the editor)

Lipschitz-Free Mirror Descent Methods for
Non-Smooth Optimization Problems

Bowen Yuan, Mohammad S. Alkousa

Received: date / Accepted: date

Abstract The part of the analysis of the convergence rate of the mirror de-
scent method that is connected with the adaptive time-varying step size rules
due to Alkousa et al. [I] is corrected. Moreover, a Lipschitz-free mirror descent
method that achieves weak ergodic convergence is presented, generalizing the
convergence results of the mirror descent method in the absence of the Lips-
chitz assumption.
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1 Introduction

Mirror descent method originated in [2,3] and was later analyzed in []. It is
considered as the non-Euclidean extension of the standard subgradient method
by employing a nonlinear distance function with an optimal step size in the
nonlinear projection step. The mirror descent method is also applicable to
optimization problems in Banach spaces where gradient descent is not [5]. An
extension of the mirror descent method for constrained problems was proposed
n [21[6]. This method is used in many applications, see [7}[§] and references
therein.

One of the focuses of the research on the projected subgradient method
and the mirror descent method is the convergence rate of the algorithms un-
der different step size rules. When the step size is fixed as v, = O(1)/V/'N,
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where N denotes the maximum number of iterations, the optimal convergence
rate of the projected subgradient method has been established at O (N~1/2).
Moreover, the projected subgradient method has been considered to have
only sub-optimal convergence rate O(N “1/210g N ) for time-varying step sizes
vk = O(1)/Vk, which is well-documented in [9I0,11].

By proposing a new weighting scheme for the iteration points, which is
called weak ergodic convergence, Z. Zhu et al. [12] first proved that the pro-
jected subgradient method can also achieve the optimal convergence rate of
O(N_l/g) under the time-varying step size rules. Based on the result of [12],
Alkousa et al. proved that the optimal convergence rate under the time-varying
step sizes still holds for the mirror descent method [IJ.

By devising a novel class of time-varying step size rules, Y. Xia et al.
[13] successfully extended the convergence results of the projected subgradient
method to the non-Lipschitz case. In this paper, we aim to further generalize
the findings of [I3] to the mirror descent method. Specifically, we will establish
the optimal convergence results of the mirror descent method under more
general conditions, without relying on the listed Assumption [2| below.

2 Fundamentals for the mirror descent method

Let (E, || - ||) be a normed finite-dimensional vector space, with an arbitrary
norm || - ||, and E* be the conjugate space of E with the following norm

* ) : <1}
Iyl = max{(y.a) : o] < 1}

where (y, z) is the value of the continuous linear functional y € E* at « € E.

Let @ C E be a compact convex set, and ¥ : Q — R be a proper
closed differentiable and o-strongly convex (called prox-function or distance
generating function) with ¢ > 0. The corresponding Bregman divergence is
defined as

Vy(z,y) = ¢(x) —¥(y) — (VY(y),z —y) VYz,y € Q.

For the Bregman divergence, it holds the following inequality
o
Vo(z,y) > Slly ==l ¥r,y€Q. (1)

In what follows, we denote the subdifferential of f at z by df(x), and the
subgradient of f at any point z by Vf(z) € 9f(x). Let dom f denote the
domain of the function f, and dom(9f) denote the set of points of subdiffer-
entiability of f, i.e.,

dom(9f) ={zr € E: 0f(x) #0}.

The following identity, known as the three-point identity, is essential in the
analysis of the mirror descent method.
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Lemma 1 (Three-point lemma)[I4] Suppose that 1 : E — (—o00, 0] is
proper closed, convex, and differentiable over dom(9vy). Let a,b € dom(d(v)))
and ¢ € dom(v). Then it holds

(Vib(b) = Vi (a),c = a) = Vy (¢, a) + Vy(a,b) = Vy(c, D). (2)

The following lemma is an extension of the second prox theorem to the
case of non-Euclidean distances.

Lemma 2 (Non-Euclidean second prox theorem)[14] Let

1. ¢ : E — (—o00,00] be a proper closed and convex function differentiable
over dom (),

2. ¢ : E — (—00,00] be a proper closed and convex function satisfying
dom(d¢) C dom(0v),

3. Y + lgom(p) be a o-strongly convex, where I is the indicator function of
the set A.

Assume that b € dom(9v), and let a be defined by
a = argmin {p(a) + Vy(x,0)} -

Then we have

(V(b) = Vip(a),u—a) < p(u) —p(a) Vu € dom(p). 3)

Fenchel-Young inequality. For any a € E,;b € E*, it holds the following
inequality
lall®  AllBlI3

2)\+2

{a, bY] < YA > 0. (4)

3 Lipschitz-free mirror descent method for constrained problem

In this section, we consider the convex optimization problem

where f : QQ — R is a convex continuous function.
The mirror descent method can be represented by the steps in Algorithm
below, which is excerpted from [I].



4 Bowen Yuan, Mohammad S. Alkousa

Algorithm 1 Mirror Descent Method.

Require: Step sizes {7 },>1, initial point z! € Q, number of iterations N.
: fork=1,2,...,N do

Calculate Vf(z*) € af(zF),

P = argmingeq { (z, V(@) + LV (z,25) }.
end for

oW e

3.1 Incorrectness in the analysis for adaptive step size in [I]

In the main convergence result in [I], it is necessary to require that {vj}xr>1 is
a positive non-increasing sequence of step sizes. In [II, Corollary 3.3] (also in [I]
Corollary 4.3] for the composite problems), Alkousa et al. analyzed the optimal
convergence rate of the mirror descent method with the adaptive time-varying
step size rule (which we will call the Nesterov step size)

2
%:L k=1,2,...,N. (6)

IV f(@®)] V&

But the Nesterov step sizes @ are not necessarily non-increasing, see Ex-
ample[I]as a counterexample in one-dimensional Euclidean space. Fortunately,
this conflict can be avoided by making a modification to the step size setting.
One of the goals of this note is to provide a corrective proof of the optimal con-
vergence rate of the mirror descent method under the adaptive time-varying
step size rules.

Example 1 Consider the convex optimization problem in one-dimensional
Euclidean space. Let the function f(x) = %(E2 and the distance generating func-
tion Y(x) = %xQ. In this case, the mirror descent method is equivalent to the
projected subgradient method. Set the initial point as x' = 10, the constraint
set Q as |x| < 10. Select the Nesterov step sizes defined in @.The experi-
mental results in Table |1 demonstrate that the Nesterov step sizes 7y, are not

necessarily non-increasing.

Let z* be an optimal solution of . Since x* is unknown, it is hard to
precisely determine how x! should be chosen to satisfy the assumption [I]

max Vy (2%, ) < Vi (a*, 21) < oo.
zEQ

Therefore, we restate the assumption as follows.

Assumption 1 There exists R > 0 such that

Vy(z*,2) <R< oo VzeqQ. (7)
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Table 1: Nesterov step sizes in Example

k

k x Yk

1 10 0.141421356237310
2 8.58578643762690 0.116471566962991
3 7.58578643762690 0.107635060338339
4 6.76928985669918 0.104458044515078
5 6.06218307551263 0.104328015857587
13 2.06458695099841 0.189980988733214
14 1.67235468072204 0.226007363967817
24 0.209552285731976 1.37758046201432
25 -0.0791228488628367 3.57472862187939
48 0.166305589462573 1.22740399701280
49 -0.0378185557693590 5.34210005645243
60 0.155379438403268 1.17502153252226
61 -0.0271947474317873 6.65832593368331
80 0.143015997988010 1.10556780523025
81 -0.0150978850204088 10.4077385707513

3.2 Lipschitz-free mirror descent method

Another important assumption in [I, Theorem 3.1] is that the convex function
f should be M-Lipschitz, i.e., satisfy the following assumption.

Assumption 2 There exists an My > 0 such that for any subgradient V f(z) €
Of(x) #0 and x € Q, it holds that ||V f(z)||« < Mjy.

Although one of the advantages of the adaptive step size rules is that there
is no need to know the Lipschitz coefficient My of the objective function in
advance, Assumption [I]is still necessary for the proof of the convergence result
(see in [9LIOLIT]). However, many convex functions fail to satisfy Assumption
|2| on a compact convex set.

In this section, we aim to offer a corrective proof for the optimal conver-
gence result of the mirror descent method under the adaptive step size rules
presented in [T, Corollary 3.3]. Moreover, we extend the optimal convergence
rate of the mirror gradient descent method to the case where the Lipschitz con-
dition is not assumed. Building upon the concept of weak ergodic convergence,
we now introduce the following theorem.

Theorem 1 Let f be a conver continuous function, then for problem , by
Algorithm for any fized a € [0,1] and m > —1, with positive non-increasing
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step sizes
V20R
= 7 a > kzl,...,N, 8
W= G (8)
where

G}, = max {Gk,l, HVf(:Ek) "

) (Goi=-), (9)

and the weak ergodic convergence weight is defined as

Jm) Y i =1 <m <0,
“r m/2 : (10)
k if m >0,
it satisfies the following inequality
2
1@ - omax [ViEH)L, (1)

20 Zk 1]“7; """

where

Proof Because f is a convex function, we can obtain
W (@*) = F(27)) < w(V ("), " — 27)
= e (Vf(@"), a" — a*) + 9 (Vf(a*), 2" — 21 (12)
By Lemma [2l and choosing p(z) = v (Vf(zF),z), a = 2F, b = 2+,
u = x*, we can rewrite as
(Vp(z*) — Vyp(aF 1), 2" — 2F) <y (Vf(ah), 2" — 2P, (13)
From Lemma [T} we get

(Vip(z®) — V(2" ), 2% — 2¥) = Vi (a*, 2" T) + Vi (2" %) — Vi (2™, o).
(14)
Combining and , and since v is o-strongly convex, we have
WV f (@), af = a%) <V (a*, a®) = Vy(a*, 2"t = Vy (a" 1 2)

< Vila',ah) = Vy (a4 = Zlab T —ab|2(15)

Based on the Fenchel-Young inequality, we get

g
S lla® =2 (16)

2
~
(VI (@), 2% =2t < SEIVFENIE+ 5

Combining 7 and , we obtain

F@N) = 1) € o= (Va2 = Vola™ ) + IVEHIE (7)
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By the definition of weak ergodic convergence weight in , because
{7, }_, is a positive non-increasing step sizes, we have

wlgm) Wiy (™ A/m1+1 _ A/m“ >0, if —1<m<0,k>2, as)
v —_—— = k k—1

- m m/
Vi V-1 ’%2_%20, ifm >0,k > 2.

We can rewrite Gy, in the following equivalent form

G = max {IVF@)]. 5%} (19)

=1,...,

Then by Jensen’s inequality, . the boundedness of Vi (z* ,z%), and ( .,
we obtain

N () ok
()b (i) o)

w k N w(m)’Yk k
<> E (Vlat,2b) = Vi (at, 2R ) + ) S|V (ah)|2
Vi 20
k=1 k=1
(m) N (m) (m)
Wy 1 Wi Wi k
= V(™ x) + E —_ = V(™ x
Al w( ) k_2< V& VEk— 1) d)( )
wz(vm) N Al wi(gm)% ky 2
-V, (z" e A%
2Vele o)+ IV
(m) N (m) (m) N
w w
e L e E Vi(")2
< " k=2< Tk Te-1 >> k= | g
o Sk
< R—— £ . 2
RO 37 SV )2 (20)

(m) k
~ xT . . .
Let z := % Because the weak ergodic convergence weight is non-

k=1 %k

negative, for —1 < m < 0, by the definition of 7 in and @, we have,
f(@) = f(7)
R Nl g (o) 2
lejzl Wl(cm)
WR«H + Zszl -
ZkN:1 Ve

(@)12
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< ﬁ (GuNE)™ 4+ 530, (Guk®)™ IV ()2
= 20_ Zivzl (Gkk%)’m

1+m
7 (e I0s@L) v @)l
<\5 =
= .
(k_ngax Vs )k
R 'm+1+
<R VT ST e 956 e
g Zk:1k2 =l

When m > 0, by the definition of w,im) and 7, we can get

f@) = f(a7)

L |V £ ()|

= N
Zk 1 k 2
7n+a N m—a
_ JBRGNNTE 4+ 5 VNG TR
V2 S,k
k . m—1
R nax IV £ (z*)]|« (@)l - k2
S N m
20 Dkt k
—_— — 2 . k
20 S kT e V@5l
This completes the proof. O

By setting m = 0, we can obtain the optimal convergence rate result of
the Lipschitz-free mirror descent method under the adaptive time-varying step
size rules:

Corollary 1 Let f be a convex continuous function, then for problem (5, by
Algorithm |1, for any fized a € [0,1] and m = 0, with the step sizes (§]), it
satisfies the following inequality

N R 1
(NZ ) )<3 %0 TN IVFER).  (22)

.....

Remark 1 If we choose the distance generating function ¢ = %||z||3, then the
results in Theorem (1| and Corollary |1| reduce to the result in [13]. If further
given Assumption Corollary would be the same as [12, Corollary 3.2].
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4 Lipschitz-free mirror descent method for constrained composite
problem

In this section, we consider the composite convex problem

min F(x) = f(z) + h(x), (23)
z€EQ
where f is convex function, and h is a non-negative, continuous, and convex
function. Compared with Algorithm [I) we just need to change the iterative
strategy to the following

Algorithm 2 Composite Mirror Descent Method.

Require: Step sizes {7 }x>1, initial point 2! € Q, number of iterations N.
for k=1,2,...,N do
2:  Calculate V f(z*) € af(x*),
zFtl = argmin,eq {(Vf(xk), z) + %h(w) + #Vw(x,a:k)}.
4: end for

Now we introduce the following theorem, while Assumption [2] is still not
necessary.

Theorem 2 Let f be a convex continuous function and h be a non-negative

convex function, then for problem (23|), by Algorithm@ for any fized a € [0,1]

and —1 < m < 0, with positive non-increasing step sizes {yi}_, defined in
N

and weak ergodic convergence weight {w,(cm) }k defined in (L0)), it satisfies
=1

the following inequality

R ) R Nm2+1 n N, k'm.;l
@) - Plat) < | o N2 et BT v,
o Zk:l k=2 =1,...,
IV £ ()]l _h(=h)
k N m )

e A COl B B DAY

where T = = Eszl w,gm)xk.

D=1 Wk

Proof By Lemma [2| by choosing ¢(z) = v(Vf(z*),z) + yh(z), a = 2F,
b ="t u=2z* then (3) can be rewritten as

<Vw(xk’) — Vop(zF ),z — a:k> <V f(2P), 2" =2 D fqph(z) =y h (2 ).
(24)
Combining , and Lemma (1} we can get
(V. f(@?), 2" —a) <Vy(at,a®) - Vy(a®, 2 — %Hfﬂk“ — |

+ Yeh(z*) — yh(zF ). (25)
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Note that and still hold, so we have
W(f (@) + b ) = F(2)) = w(f(2*) = f(2*) + h(z"*1) = h(z"))
2
< Vpla®,ab) = Vi, ) + JE [V 1 ()12 (26)
o

Then we can obtain the following important inequality

1
F@R) + b ) = Fat) < = (Vola®, ) = Vola' 24) o+ 25|V 2
k
(27)
Similar to the analysis in , since the v; we selected is exactly the same,
we get
o A0Sl
Zwk ")+ h(a"h) — F(a")) <R +Z LIVFE)2 (28)

Now, we shall handle the left-hand side of . Because w,(cm) is non-
increasing when —1 < m < 0 and h is non-negative, we have

Zw B) 4 Bt — F(2")

Then by Jensen’s Inequality, we have:

N
(o)) e

o (F(a®) — F(z*))

&
>

W™ (f(@) + h(zF ) = F(a*)) + ™ h(a?)

olm o N m)

w v m
7+Z G ()| + ol h(ah).

\ /\
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According to the analysis in , we know that the result below has been
established when —1 <m <0

A T
REEL LS |V ()2

N m
2 k=1 wli :
R N”L;1 + Ni kmEI
= \E | o e [V
Recall that G, can be rewritten as (19), so we get
w™hY) _ phEt)  apaE
= 2 = —= -
ke wl(cm) 2 k=1 % > k=1(Grk?)
GTh(zh)

<

S (o (0. 552 )
£ (e 195G

IV £ ()| h(a? >
.ké)
IV £(z). b))
Jmax V@O | ke

Thus, by setting T = 1 2 E el w,(C )a:k we derive the following inequal-

Sl w
ity
NL-H N km—l
PE) - Fa) < M2 22 T s,
20 Zk:1k7 k=1,..,N
IV f(h)]- ~ h(=!)
N m *
e A Ol B B DAY
This completes the proof. a

By setting m = 0, we can obtain the following corollary, which reveals the
optimal convergence rate of the composite mirror descent method under the
adaptive time-varying step size rules.

Corollary 2 Let f be a convexr continuous function and h be a mon-negative
convez function, then for problem , by Algorithm@ for any fized a € [0,1]
and m = 0, with the step sizes , it satisfies the following inequality

xl
( Zx)— <3\/f % max ||Vf(xk)||*+¥. (30)
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Remark 2 In [1, Corollary 4.5], it is required to select the initial point x!
satisfying h(zt) = 0, which is not necessary for our theory.

Remark 3 As revealed by the formula of the corollary, if we can separate
a mon-negative convex function in a convexr optimization problem, then the
part corresponding to the non-negative convex function h(x) will converge at
a faster rate O(1/N), and this perspective is not mentioned in [1.

Conclusion

In this work, we correct the proofs in the part of the recent study [I] con-
nected with the analysis of the convergence rate of the mirror descent method
and composite mirror descent method under adaptive time-varying step size
rules. Furthermore, we introduce a Lipschitz-free mirror descent algorithm that
achieves weak ergodic convergence, extending the results of mirror descent be-
yond the traditional Lipschitz continuity setting. This advancement broadens
the understanding of mirror descent methods and opens new possibilities for
their application in non-smooth and non-Lipschitz optimization problems.
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