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Abstract

Multiobjective binary quadratic programming refers to optimization problems involving
multiple quadratic - potentially non-convex - objective functions and a feasible set that in-
cludes binary constraints on the variables. In this paper, we extend the well-established
Quadratic Convex Reformulation technique, originally developed for single-objective binary
quadratic programs, to the multiobjective setting. We propose a branch-and-bound al-
gorithm where lower bound sets are derived from properly defined quadratic convex sub-
problems. Computational experiments on multiobjective k-item Quadratic Knapsack and
multiobjective Max-Cut instances demonstrate the effectiveness of our approach.
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1 Introduction

Multiobjective mixed-integer nonlinear programming refers to a class of mathematical problems
where multiple, conflicting nonlinear objective functions need to be optimized over a feasible set
that includes integrality constraints on the variables. These problems have numerous applica-
tions in applied sciences and engineering. In particular, the growing emphasis on sustainability
across various sectors has led to modeling real decision problems in multiobjective terms. No-
table applications include renewable energy storage systems design, transportation planning,
water distribution network design, and biological studies [1, 35, 34, 32, 25]. When addressing
multiobjective mixed integer nonlinear programming problems, a typical goal is to compute an
approximation of the nondominated set, and the majority of recently devised approaches with
correctness guarantees rely on the concept of enclosure (see e.g. [19, 20, 28, 11, 16]), i.e., unions
of boxes containing the nondominated set (see [15, 18] for a detailed definition of enclosures
in multiobjective problems). On the other hand, when dealing with purely integer problems,
the goal is to exactly detect the nondominated set, that is a finite set. Various methods with
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correctness guarantees proposed in the literature are branch-and-bound frameworks. We men-
tion, for instance, [12, 9, 21, 31] for multiobjective integer programming and [10, 17, 23, 30] for
multiobjective mixed integer programming. For a broader survey of branch-and-bound meth-
ods, mainly for multiobjective mixed-integer linear programs, we refer to [33]. The survey in
[22] extends this collection by also including approaches that do not use a branch-and-bound
framework.

This paper aims to focus on multiobjective binary quadratic problems (MOBQPs) and devise
exact solution approaches for this class of mathematical programs. We focus on minimizing
p ≥ 2 quadratic, not necessarily convex objective functions over a linear compact polyhedron
and binary variables:

min
x

(f1(x), . . . , fp(x))
⊤

s.t. Ax ≤ b

xi ∈ {0, 1} i ∈ {1, . . . , n}.

(MO-BQP)

The objective functions we consider are given by fj : Rn → R,

fj(x) = x⊤Qjx+ (cj)⊤x,

for all j ∈ [p] := {1, . . . , p} with symmetric matrices Q1, . . . , Qp ∈ Sn, vectors c1, . . . , cp ∈ Rn.
We underline that Problem (MO-BQP) includes multiobjective combinatorial problems such as
multiobjective quadratic knapsack or multiobjective Max-Cut. In this paper, we explore how
to extend ideas adopted in the Quadratic Convex Reformulation (QCR) methods for single-
objective binary quadratic problems [3, 4, 5] to solve (MO-BQP). In this respect, we devise a
branch-and-bound framework, named MObBQ, that is presented in Section 3. Our branch-and-
bound works refining an upper bound set and is able to deliver the finite nondominated outcome.
Details on the computation of the upper bound set are given in Section 3.1. In Section 3.2,
the use of the quadratic convex reformulation method for building valid lower bound sets is
presented, while the correctness of MObBQ, i.e. its ability to exactly detect the nondominated
set, is shown in Section 3.3. In Section 4, we present numerical results on two combinatorial
instances of multiobjective binary quadratic problems: the multiobjective k-item Quadratic
Knapsack Problem (MO-kQKP) and the multiobjective Max-Cut Problem (MO-MCP). For bi-
objective instances of these two problems, we also report a comparison with the ϵ-constraint
[8, 29] method. Some conclusions are summarized in Section 5.

2 Notation and preliminaries

For an introduction to multiobjective optimization we refer to [13]. We use the standard op-
timality notion based on the componentwise partial ordering in the image space. A feasible
point x̄ for (MO-BQP) is called efficient if there is no feasible point x with f(x) ̸= f(x̄) and
with f(x) ≤ f(x̄). Here and in the following, ≤ and < are understood componentwise. The
image f(x̄) of an efficient point for (MO-BQP) is called nondominated, and the image set of all
efficient points is denoted as the nondominated set N (also known, specifically for p = 2, as
Pareto front). In the following, we denote by ej ∈ Rp the j-th unit vector of Rp. A stable set
S ⊆ Rp is any set of Rp where for any two points y1, y2 ∈ S with y1 ̸= y2 it holds that y1 ̸≤ y2,
i.e., all elements of S are pairwise non-comparable.
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2.1 Quadratic convex reformulation method

Here we give a short introduction to the Quadratic Convex Reformulation (QCR) method [3, 5,
4]. Given a single-objective binary quadratic problem

min
x

q(x) = x⊤Qx+ c⊤x

s.t. Ax ≤ b

xi ∈ {0, 1} i ∈ {1, . . . , n},

(BQP)

we have that a feasible point x always satisfies

x2i = xi, i ∈ {1, . . . , n},

as the variables are binary and - in case a subset of linear equality constraints exists, say
A=x = b= - it always holds

(A=x− b=)
2 = 0,

where, for a generic vector v ∈ Rm, we use the notation v2 = v⊤v. Introducing the parameters
δ ∈ Rn and β ∈ R, it is possible to define the function qδ,β : Rn → R as

qδ,β(x) = x⊤Qx+ c⊤x+
n∑

i=1

δi(x
2
i − xi) + β(A=x− b=)

2

and problem (BQP) can be reformulated as

min
x

qδ,β(x)

s.t. Ax ≤ b

xi ∈ {0, 1} i ∈ {1, . . . , n}.

(QCR(δ,β))

Note that qδ,β(x) is a quadratic function where the quadratic term depends on the parameters
(δ, β) ∈ Rn+1 and is defined by the matrix

Qδ,β = Q+ diag(δ) + βA⊤
=A=,

where with diag(δ) we denote the diagonal matrix having δ in the diagonal. In particu-
lar, since (QCR(δ,β)) is a reformulation of (BQP), any lower bound on the optimal value
of (QCR(δ,β)), obtained for any (δ, β) ∈ Rn+1, is a valid lower bound on the optimal value
of (BQP). The ingenious idea proposed in [3, 4, 5] is to find values for the parameters (δ, β) ∈
Rn+1 that ensure the function qδ,β to be convex while also making the bound

θ(δ, β) := min{qδ,β(x) | Ax ≤ b, x ∈ [0, 1]n}

as tight as possible. This is achieved by addressing the following problem

max
(δ,β)∈Rn+1

Qδ,β⪰0

θ(δ, β) (1)
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that can be formulated as a semidefinite program, reported in the Appendix for completeness.
Given (δ∗, β∗) ∈ Rn+1 optimal solution of (1), we have that problem (QCR(δ∗,β∗)) is a quadratic
convex reformulation of (BQP), that can be directly solved via existing solvers for (mixed)
integer convex quadratic programs, like CPLEX or GUROBI. It is also possible to define an
unconstrained quadratic convex reformulation of Problem (BQP), ignoring the linear equality
constraints A=x = b=. More precisely, we can define the function qδ : Rn ∈ R as

qδ(x) := x⊤Qx+ c⊤x+

n∑
i=1

δi(x
2
i − xi)

and reformulate problem (BQP) as

min
x

qδ(x)

s.t. Ax ≤ b

xi ∈ {0, 1} i ∈ {1, . . . , n}.

(UQCRδ)

Again, solving a specific semidefinite program without taking into account the constraints Ax ≤
b, the optimal value δu,∗ ∈ Rn can be obtained, so that qδu,∗ is convex and

θ(δu,∗) = max
δ∈Rn

Qδ⪰0

θ(δ) = max
δ∈Rn

Qδ⪰0

min
Ax≤b

x∈[0,1]n
qδ(x),

where Qδ = Q+ diag(δ).

Remark 2.1. Let F ⊆ {0, 1}n be the feasible set of (BQP) and let x∗, x∗u ∈ F be such that

θ(δ∗, β∗) = q(δ∗,β∗)(x
∗), θ(δu,∗) = qδu,∗(x

∗
u).

Then, it holds [5]
θ(δu,∗) ≤ θ(δ∗, β∗), (2)

and, for any δ ∈ Rn,
qδ(x

∗
u) ≤ qδu,∗(x

∗
u), qδ(x

∗) ≤ q(δ∗,β∗)(x
∗). (3)

3 MObBQ: a branch-and-bound framework for MultiObjective Bi-
nary Quadratic programs

In this section, we outline our branch-and-bound framework. A scheme of the method is reported
in Algorithm 1. The search tree is built by branching on the binary variables: if a node is not
pruned, a free variable xi ∈ {0, 1} is selected and two subproblems are generated by fixing
xi = 0 and xi = 1, respectively. Then, the subproblem at each node of our search tree is defined
according to a vector of fixings rd ∈ {0, 1}d, whose dimension d specifies the level of the node
in the search tree. Assuming, without loss of generality, that the fixed variables are the first d
variables, the subproblem at the node N rd associated with rd ∈ {0, 1}d takes the following form:

min
x

(f1(x), . . . , fp(x))
⊤

s.t. Ax ≤ b
xi = ri i ∈ {1, . . . , d},
xi ∈ {0, 1} i ∈ {d+ 1, . . . , n}.

(4)
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Note that such a problem is still a multiobjective binary quadratic problem. By explicitly
incorporating the fixings on the integer variables, we can reduce its dimension to n − d (see
Section 3.2).

As for the majority of branch-and-bound methods for multiobjective (mixed) integer prob-
lems (see, e.g., [10, 17, 18, 20]), our approach is essentially based on evaluating lower bound
and upper bound sets to decide whether a node should be pruned. Details are given in the next
sections. The iterative routine for subproblems is first to build a lower bound set by solving a
properly defined relaxation (line 8). The global upper bound set is updated whenever a new fea-
sible point is encountered. A node is pruned by infeasibility, integrity or dominance, otherwise
new nodes are created (lines 15-16).

Algorithm 1 MObBQ

INPUT: (MO-BQP)
OUTPUT: S = N ⊆ Rp, the finite nondominated set of (MO-BQP)

1: Compute a starting finite and stable set S of images of feasible points of (MO-BQP)
2: Compute the upper bound set U = U(S)
3: Set d = 0, rd = ∅
4: L := {Nrd}
5: while L ≠ ∅ do
6: Choose Nrd ∈ L
7: L ← L \ {Nrd}
8: Compute a lower bound set LBrd and evaluate Prune(Nrd)

9: if Prune(Nrd) then
10: Go to 6
11: else if CheckInt(Nrd) then
12: Update U = U(S ∪ f(x̄))
13: Update S including f(x̄) and keeping S a stable set
14: else
15: Set r0d+1 = (rd, 0) ∈ {0, 1}d+1, r1d+1 = (rd, 1) ∈ {0, 1}d+1

16: L ← L ∪ {Nr0d+1 , Nr1d+1},
17: end if
18: end while

3.1 Computation of upper bound sets and local upper bounds

An upper bound set of the nondominated set N of (MO-BQP) is any set U ⊆ Rp that satisfies
N ⊆ U − Rp

+. One way to obtain such a set is to rely on the so-called local upper bounds and
the related concept of search zones, introduced in [24].

In the following, we adopt the generalized definition of lower search zones and local upper
bounds from [19, Def. 4.1].

Starting from an initial area of interest B, i.e. an arbitrary subset of Rp with N ⊆ int(B)
(see [19, Assumption 4.3]), we can define the lower search zone of a point and of a finite and
stable set in the criterion space as follows.

Definition 3.1. Let B ⊆ Rp with N ⊆ int(B) and let u ∈ Rp. The lower search zone defined
by u is

c(u) := {y ∈ int(B) | y < u} .
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Given a finite and stable set S ⊆ Rp, the lower search region for S is

sr(S) := int(B) \ (S + Rp
+).

Note that the nondominated set N of (MO-BQP) is a finite set in Rp, so that the area of
interest B can be chosen as a box, i.e. N ⊆ int(B) = (z, Z) := {x ∈ Rp | z < x < Z}, with
z, Z ∈ Rp. Starting from the definition of lower search zones for points in the criterion space,
we can define the upper bound set for a finite and stable subset of Rp.

Definition 3.2. Given a finite and stable set S ⊆ Rp, the set U = U(S) ⊆ Rp is the upper
bound set related to S if

i. sr(S) =
⋃

u∈U(S) c(u)

ii. {u1} − int(Rp
+) ̸⊆ {u2} − int(Rp

+) for all u1, u2 ∈ U(S), u1 ̸= u2.

Each point u ∈ U(S) is called a local upper bound.

In our branch-and-bound method, we start with an initial finite and stable set S ⊆ Rp. Such
set can be the empty set or can be initialized by computing feasible points for (MO-BQP) using
an appropriate heuristic.Then, we incrementally include images of feasible points obtained along
the enumeration of the nodes, ensuring that S remains a stable set. Once the list of nodes to
be explored is empty, the set S is the nondominated set N of (MO-BQP) (see Algorithm 1 and
Section 3.3).

More precisely, given the finite and stable set S ⊆ Rp and a feasible point x̂ ∈ {0, 1}n
of (MO-BQP), the upper bound set U is updated according to the procedure [24, Algorithm
3]. In particular, every time a leaf node of the search tree leads to a feasible point rd ∈ {0, 1}n
of (MO-BQP) the upper bound set is updated as

U = U(S ∪ {f(rd)})

using the procedure [24, Algorithm 3] and f(rd) is added to S, keeping S a stable set. As shown
in [24], for the resulting upper bound set it holds that

N ⊆ U − Rp
+. (5)

3.2 Lower bound sets through quadratic convex reformulations

In this section, we explore how to transfer the quadratic convex reformulation paradigm to
deal with (MO-BQP). Let δu,∗0,j ∈ Rn and (δ∗0,j , β

∗
0,j) ∈ Rn+1 be the optimal parameters for

the unconstrained and constrained quadratic convex reformulation method obtained for the
objective function fj(x), j ∈ [p] over the feasible set of (MO-BQP), respectively. From what
reported in Section 2.1, we have that both

(qj)δu,∗0,j
(x) := fj(x) +

n∑
i=1

(δu,∗0,j )i(x
2
i − xi)

and

(qj)(δ∗0,j ,β∗
0,j)

(x) := fj(x) +
n∑

i=1

(δ∗0,j)i(x
2
i − xi) + β∗

0,j(A=x− b=)
2
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are convex quadratic objective functions. Using these functions, we define the following multi-
objective convex binary quadratic problems:

min
x

((q1)δu,∗0,1
(x), . . . , (qp)δu,∗0,p

(x))⊤

s.t. Ax ≤ b

xi ∈ {0, 1} i ∈ [n],

(MO-UQCR)

min
x

((q1)(δ∗0,1,β∗
0,1)

(x), . . . , (qp)(δ∗0,p,β∗
0,p)

(x))⊤

s.t. Ax ≤ b

xi ∈ {0, 1} i ∈ [n].

(MO-QCR)

We can easily show that (MO-UQCR) and (MO-QCR) are valid reformulations of (MO-BQP).

Proposition 3.3. Let N , NUQCR and NQCR be the nondominated sets of (MO-BQP), (MO-UQCR)
and (MO-QCR), respectively. It holds

N = NUQCR = NQCR.

Proof. Let x ∈ {0, 1}n be any feasible point of (MO-BQP). Since x2i −xi = 0, for all i ∈ [n] and
A=x = b=, then

(qj)δu,∗0,j
(x) = (qj)(δ∗0,j ,β∗

0,j)
(x) = fj(x), for all j ∈ [p].

This implies that (MO-BQP), (MO-UQCR) and (MO-QCR) share the same feasible set in the
image space and the result holds.

Note that both (MO-UQCR) and (MO-QCR) are obtained after solving p semidefinite pro-
gramming problems. Thanks to Proposition 3.3, a possibility for solving (MO-BQP) can be
that of directly addressing (MO-UQCR) or (MO-QCR), for which solution approaches exist,
see, e.g., [20] and [17]. However, these approaches work by refining enclosures of the nondom-
inated set and their output is an enclosure with a prescribed positive width. Therefore, they
are not suitable in our context, where the goal is that of detecting the finite nondominated set
of (MO-BQP). It is important to note that the branch-and-bound method proposed in [11],
which is able to determine the nondominated set for multiobjective integer strongly convex
quadratic problems, cannot be directly applied here, as the objective functions in (MO-UQCR)
and (MO-QCR) are not guaranteed to be strongly convex. However, as will be clarified below,
our branch-and-bound approach operates similarly to the method in [11], as the subproblems in
the nodes are defined by fixing integer variables and lower bound sets are obtained as intersec-
tions of linear halfspaces.

Given a node N rd , a lower bound set LBrd is any set containing the upper image set of the
multiobjective binary quadratic subproblem defined at N rd . Taking explicitly into account the
fixings on the variables, the subproblem at node N rd can be reformulated as

min
x

(f rd
1 (x), . . . , f rd

p (x))⊤

s.t. Adx ≤ brd

x ∈ {0, 1}n−d,

(MO-BQPrd)
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where, for every j ∈ [p], we define, as in [9, Lemma 3.1], f rd
j : Rn−d → R by f rd

j (x) :=

fj(r1, . . . , rd, x1, . . . , xn−d). Matrix Ad denotes the matrix obtained from A deleting the first d
columns and brd := b−A(r1, . . . , rd, 0, . . . , 0)

⊤. Each function f rd
j can be expressed as

f rd
j (x) = x⊤Qd

jx+ (cj,rd)⊤x+ aj,rd ,

where the symmetric matrix Qd
j is obtained by deleting the corresponding d rows and columns

of Qj and cj,rd and aj,rd are set to

cj,rdi−d := cji + 2
d∑

l=1

(Qj)li(rd)l, for i = d+ 1, . . . , n

and

aj,rd :=
d∑

l=1

cjl (rd)l +
d∑

l=1

d∑
i=1

(Qj)li(rd)l(rd)i.

To compute valid lower bound sets LBrd of (MO-BQPrd), we rely on both its unconstrained
quadratic convex reformulation, that uses only the perturbation related to the binary constraints,
and its constrained quadratic convex reformulation, that exploits also the perturbation on the
linear equality constraints.

For each objective function of (MO-BQPrd), we define (qrdj )δuj : Rn−d → R, j ∈ [p] as

(qrdj )δuj (x) := f rd
j (x) +

n−d∑
i=1

(δuj )i(x
2
i − xi),

where δuj ∈ Rn−d is a vector of UQCR parameters. We further define (qrdj )(δj ,βj) : R
n−d → R as

follows:
(qrdj )(δj ,βj)(x) := (qrdj )δj (x) + βj(A

d
=x− brd= )2,

where Ad
=x = brd= is a subset of equality constraints of Adx ≤ brd and (δj , βj) ∈ Rn−d+1 are QCR

parameters. Note that, given x̄ ∈ {0, 1}n−d feasible for (MO-BQPrd), it holds that

f rd
j (x̄) = (qrdj )(δuj )(x̄) = (qrdj )(δj ,βj)(x̄), (6)

for any δuj ∈ Rn−d, (δj , βj) ∈ Rn−d+1 and each j ∈ [p]. Applying the quadratic convex refor-
mulation method, using (qrdj )δuj and (qrdj )δj ,βj

, respectively, we obtain two multiobjective binary

convex quadratic reformulations of problem (MO-BQPrd). In the following, we denote by Frd

the linear relaxation domain of N rd

Frd := {x ∈ [0, 1]n−d | Adx ≤ brd}.

For each j ∈ [p], let δu,∗j ∈ Rn−d be the vector of optimal values for the UQCR parameters
(δuj )i, i ∈ [n− d], ensuring that the function (qrdj )δu,∗j

is convex and such that the value

θrdj (δuj ) = min{(qrdj )δuj (x) | x ∈ F
rd}
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is maximized with respect to δuj ∈ Rn−d. In particular,

θrdj (δu,∗j ) := max
δuj ∈Rn−d

min{(qrdj )δuj (x) | x ∈ F
rd}.

Then, we define the following problem, having (qrdj )δu,∗j
(x), j ∈ [p] as objective functions:

min
x

(qrd)δu,∗(x) = ((qrd1 )δu,∗1
(x), . . . , (qrdp )δu,∗p

(x))⊤

s.t. Adx ≤ brd

x ∈ {0, 1}n−d.

(MO-UQCRrd)

If we also allow the perturbation related to the linear equality constraints, we get the following
problem

min
x

(qrd)(δ∗,β∗)(x) = ((qrd1 )(δ∗1 ,β∗
1 )
(x), . . . , (qrdp )(δ∗p ,β∗

p)
(x))⊤

s.t. Adx ≤ brd

x ∈ {0, 1}n−d,

(MO-QCRrd)

where, for each j ∈ [p], (δ∗j , β
∗
j ) ∈ Rn−d+1 is the vector of optimal values for the QCR parameters

(δj , βj), ensuring that the function (qrdj )(δ∗j ,β∗
j )

is convex and such that

θrdj (δ∗j , β
∗
j ) := max

δj ,βj∈Rn−d+1
min{(qrdj )(δj ,βj)(x) | x ∈ F

rd}.

Note that δu,∗j ∈ Rn−d within (MO-UQCRrd) differs in general from δ∗j ∈ Rn−d within (MO-QCRrd),
as they are obtained as optimal dual variables of two different semidefinite programming prob-
lems (see Appendix). Similarly to Proposition 3.3, we can state the following.

Proposition 3.4. Let N rd, N rd
UQCR and N rd

QCR be the nondominated sets of (MO-BQPrd),

(MO-UQCRrd) and (MO-QCRrd), respectively. It holds

N rd = N rd
UQCR = N rd

QCR.

Proof. From (6), we have that (MO-BQPrd), (MO-UQCRrd) and (MO-QCRrd) share the same
feasible set in the image space and the result holds.

Thanks to Proposition 3.4, a lower bound set for any of (MO-BQPrd), (MO-UQCRrd)
and (MO-QCRrd) also serves as a lower bound set for the others. Since both (MO-UQCRrd)
and (MO-QCRrd) have convex quadratic objective functions, we compute lower bound sets us-
ing outer approximations of the upper image sets of their continuous relaxations. Given the
continuous relaxations of (MO-UQCRrd) and (MO-QCRrd), their upper image sets are denoted
as Prd

u and Prd , respectively and defined as

Prd
u := {(qrd)δu,∗(x) ∈ Rp | x ∈ Frd}+ Rp

+,

and
Prd := {(qrd)(δ∗,β∗)(x) ∈ Rp | x ∈ Frd}+ Rp

+.
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In case Frd = ∅ the node N rd can be pruned as shown in Section 3.3. So, in the following, we
assume that Frd ̸= ∅.

For both Prd
u and Prd , the simplest outer approximation is the one obtained by p supporting

hyperplanes with normal vectors equal to the p unit vectors. This corresponds to compute the
ideal points of Prd

u and Prd , which are componentwise defined as min{yj ∈ R | y ∈ Prd
u } and

min{yj ∈ R | y ∈ Prd} for j ∈ [p], respectively. Note that these minima exist as Frd is a
nonempty and compact set. The outer approximation obtained from the computation of the
ideal point is very rough, therefore we allow to consider further supporting hyperplanes to get
better outer approximations as done also in [11].

Let W be a finite set of nonnegative vectors which includes all p unit vectors:

{e1, . . . , ep} ⊆W ⊆ {y ∈ Rp
+ | ∥y∥1 = 1}. (7)

Given node N rd , in order to compute an outer approximation for Prd
u or Prd , we solve |W |

continuous single-objective subproblems, having as feasible set Frd and as objective function the
weighted sum with respect to w ∈W of (qrd)δu,∗(x) or (q

rd)(δ∗,β∗)(x), respectively. Each optimal
solution of the weighted sum subproblem defines a hyperplane used for the outer approximation
of Prd

u or Prd .
The idea of including hyperplanes using a weighted sum on a relaxed problem was proposed

for multiobjective linear integer problems in [14], see also the survey [33]. In the context of
multiobjective convex quadratic problems, this strategy has already been used in [9, 11].

Definition 3.5. Let W be a finite set as in (7). We define the lower bound sets LBrd
QCRrd (W )

and LBrd
UQCRrd (W ), linear outer approximations of Prd and Prd

u , as follows:

LBrd
QCRrd (W ) :=

⋂
w∈W
{y ∈ Rp | w⊤y ≥ θrd(w)}

LBrd
UQCRrd (W ) :=

⋂
w∈W
{y ∈ Rp | w⊤y ≥ θrdu (w)},

where, for each w ∈W , the values θrd(w) and θrdu (w) are computed as:

θrd(w) := min{w⊤(qrd)(δ∗,β∗)(x) | x ∈ Frd} (Prd(w))

θrdu (w) := min{w⊤(qrd)δu,∗(x) | x ∈ Frd}. (Prd
u (w))

As a first result, we show that LBrd
QCRrd (W ) is a stronger lower bound set than LBrd

UQCRrd (W ).

Proposition 3.6. Let N rd be the node defined according to rd ∈ {0, 1}d. It holds

LBrd
QCRrd (W ) ⊆ LBrd

UQCRrd (W ). (8)

Proof. Since w ∈W ⊆ Rp
+ we have that showing (8) is equivalent to prove that θrdu (w) ≤ θrd(w)

for every w ∈W . Assume by contradiction that w ∈W exists such that

θrdu (w) > θrd(w).
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Let x̄, x̄u ∈ Frd be optima for (Prd(w)) and (Prd
u (w)), respectively. In particular, given any

x ∈ Frd , we can write

w⊤(qrd)δu,∗(x) ≥ w⊤(qrd)δu,∗(x̄u) = θrdu (w) > θrd(w) = w⊤(qrd)(δ∗,β∗)(x̄), (9)

where the first inequality holds as x̄u ∈ Frd is optimum for (Prd
u (w)).

Since w ∈ W ⊆ Rp
+ and w ̸= 0 as ∥w∥1 = 1, (9) implies that, for any x ∈ Frd , an index

j ∈ [p] exists such that
(qrdj )δu,∗j

(x) > (qrdj )(δ∗j ,β∗
j )
(x̄).

Let x∗ ∈ Frd be an optimum for (qrdj )(δ∗j ,β∗
j )
(x) over Frd :

x∗ ∈ argmin{(qrdj )(δ∗j ,β∗
j )
(x) | Adx ≤ brd , x ∈ [0, 1]n−d}.

Then, an index j ∈ [p] exists such that

(qrdj )δu,∗j
(x∗) > (qrdj )(δ∗j ,β∗

j )
(x̄) ≥ (qrdj )(δ∗j ,β∗

j )
(x∗),

and we get a contradiction with

(qrdj )δu,∗j
(x∗) ≤ (qrdj )(δ∗j ,β∗

j )
(x∗),

where the latter holds from (3) (see Remark 2.1).

Similarly, we can show that applying the quadratic convex reformulation at each node is
better than reformulating the original (MO-BQP) as a convex quadratic problem, as long as
we apply the same branch-and-bound scheme reported in Algorithm 1. To be more precise, let
δu,∗0,j ∈ Rn and (δ∗0,j , β

∗
0,j) ∈ Rn+1, j ∈ [p], be the parameters related to the quadratic convex refor-

mulations of (MO-BQP) presented at the beginning of this section and denoted by (MO-UQCR)
and (MO-QCR). We denote by LBrd

QCR0(W ) and by LBrd
UQCR0(W ) the lower bound sets that

could be considered at node N rd taking into account (MO-UQCR) and (MO-QCR), namely:

LBrd
UQCR0(W ) :=

⋂
w∈W
{y ∈ Rp | w⊤y ≥ θrdu,0(w)}

LBrd
QCR0(W ) :=

⋂
w∈W
{y ∈ Rp | w⊤y ≥ θrd0 (w)},

where, for each w ∈W , the values θrd0 (w) and θrdu,0(w) are computed as:

θrdu,0(w) := min{w⊤(qrd)δu,∗0
(x) | x ∈ Frd} (10)

θrd0 (w) := min{w⊤(qrd)(δ∗0 ,β∗
0 )
(x) | x ∈ Frd}. (11)

We can prove that the lower bound sets obtained as in Definition 3.5 are stronger than LBrd
UQCR0(W )

and LBrd
QCR0(W ), respectively:

Proposition 3.7. Let N rd be the node defined according to rd ∈ {0, 1}d. It holds

LBrd
UQCRrd (W ) ⊆ LBrd

UQCR0(W ) and LBrd
QCRrd (W ) ⊆ LBrd

QCR0(W ).

11



Proof. We only show that LBrd
UQCRrd (W ) ⊆ LBrd

UQCR0(W ) as proving the other inclusion uses

the same steps. As in the proof of Proposition 3.6, since w ∈W ⊆ Rp
+, we can prove the result

by equivalently showing that θrdu,0(w) ≤ θrdu (w) for every w ∈W . Let x̄u, x̄u,0 ∈ Frd be such that

θrdu (w) = w⊤(qrd)δu,∗(x̄u), θrdu,0(w) = w⊤(qrd)δu,∗0
(x̄u,0).

Assume by contradiction that w ∈W exists such that

θrdu,0(w) > θrdu (w).

In particular, given any x ∈ Frd , we can write

w⊤(qrd)δu,∗0
(x) ≥ w⊤(qrd)δu,∗0

(x̄u,0) = θrdu,0(w) > θrdu (w) = w⊤(qrd)δu,∗(x̄u),

where the first inequality holds as x̄u,0 ∈ Frd is optimum for (10).
Since w ∈ W ⊆ Rp

+ and w ̸= 0 as ∥w∥1 = 1, for any x ∈ Frd , an index j ∈ [p] exists such
that

(qrdj )δu,∗0,j
(x) > (qrdj )δu,∗j

(x̄u).

Let x∗u ∈ [0, 1]n−d be optimum for (qrdj )δu,∗j
(x) over Frd , i.e.

x∗u ∈ argmin{(qrdj )δu,∗j
(x) | Adx ≤ brd , x ∈ [0, 1]n−d}.

Then, an index j ∈ [p] exists such that

(qrdj )δu,∗0,j
(x∗u) > (qrdj )δu,∗j

(x̄u) ≥ (qrdj )δu,∗j
(x∗u),

and we get a contradiction with

(qrdj )δu,∗0,j
(x∗u) ≤ (qrdj )δu,∗j

(x∗u),

implied by (3) (see Remark 2.1).

Example 3.8. Consider the following bi-objective k-item knapsack instance with 20 binary vari-
ables

min
x

−xTQ1x, −xTQ2x

s.t. 47x1 + 27x2 + 45x3 + 50x4 + 33x5 + 19x6 + 41x7 + 19x8+
39x9 + 46x10 + 7x11 + 47x12 + 20x13 + 21x14 + 25x15 + 5x16+
14x17 + 34x18 + 44x19 + 12x20 ≤ 64
20∑
i=1

xi = 4

x ∈ {0, 1}20,
with Q1 and Q2 being two symmetric full density matrices randomly generated. In Figure 1 we
report the set of nondominated points (NDP) of the instance together with the different lower
bound sets computed at the root node. It is evident that LBQCR ⊆ LBUQCR as proved in
Proposition 3.6. In the picture, we also report the lower bound set obtained from the improved
unconstrained quadratic convex reformulation LBUQCR∗ (see Section 4.1), for which is clear that
LBQCR ⊆ LBUQCR∗ ⊆ LBUQCR.
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Figure 1: A comparison on lower bound sets from different quadratic convex reformulations of
a bi-objective k-item quadratic knapsack instance.
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3.3 Pruning conditions and correctness of MObBQ

To prove that MObBQ correctly delivers the finite nondominated set of Problem (MO-BQP), we
show that a node is pruned only in case it cannot lead to efficient binary assignments, i.e. to
fixings of the binary variables that lead to efficient points. As a first result, we state that in case
a node N rd corresponds to an infeasible subproblem, this node and all its children can of course
be pruned. Indeed, if Frd = ∅ then (MO-BQPrd) is infeasible and then rd is an infeasible fixing:

Lemma 3.9. Let N rd be a node such that Frd = ∅. Then there is no feasible point x̄ ∈ {0, 1}n
of (MO-BQP) such that (x̄1, . . . , x̄d) = (r1, . . . , rd).

As a second result, that also gives a condition for pruning a node N rd , we consider the
intersection between the set of local upper bounds U with a lower bound set. Let LBrd denote
a lower bound set at node N rd . According to what we presented in Section 3.2, we choose to
set LBrd as LBrd

QCRrd (W ) or LBrd
UQCRrd (W ), defined as in Definition 3.5. In case no local upper

bound belongs to LBrd , the node and all its children can be pruned. The proof follows as in [11,
Lemma 4.4]:

Lemma 3.10. Let N rd be a node and assume that problem (MO-QCRrd) is feasible. If the
following condition holds

∀ u ∈ U : u ̸∈ LBrd (12)

then N ∩ LBrd = ∅, being N the nondominated set of (MO-BQP).

Proof. Since W ⊆ Rp
+, for any y ∈ −Rp

+ it holds that w⊤y ≤ 0 for all w ∈ W . As a result,
we have that u ̸∈ LBrd if and only if ({u} − Rp

+) ∩ LBrd = ∅. Hence, (12) holds if and only if
(U−Rp

+)∩LBrd = ∅. Together with (5), we obtain that if (12) holds then also N ∩LBr = ∅.
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Given a node N rd , we define the boolean function Prune(N rd) as

Prune(N rd) := (Frd = ∅) ∨ (∀ u ∈ U : u ̸∈ LBrd).

Note that Prune(N rd) is evaluated at Step 9 of Algorithm 1 and in case (Prune(N rd) = 1)
node N rd is pruned. Lemma 3.9 and Lemma 3.10 imply the following:

Proposition 3.11. If Prune(N rd) = 1 then no efficient point x̄ ∈ {0, 1}n of (MO-BQP) is
such that (x̄1, . . . , x̄d) = (r1, . . . , rd).

If, at a given node N rd , the subproblems (Prd(w)) (or (Prd
u (w))) share the same optimal

solution for every w ∈W , and this solution is binary, then we can prune the node by integrality,
as shown in the next lemma. The result is stated with respect to subproblem (Prd(w)); a similar
statement and proof hold when considering subproblem (Prd

u (w)).

Lemma 3.12. Let N rd be a node and assume that Problem (Prd(w)) has the unique optimal
solution x̄w ∈ {0, 1}n−d, for every w ∈ W . Let x̄ = (r1, . . . , rd, x̄

w) ∈ {0, 1}n. Then, there is no
point x̃ ∈ {0, 1}n of (MO-BQP) with (x̃1, . . . , x̃d) = (r1, . . . , rd) that dominates x̄.

Proof. First of all, note that x̄ ∈ {0, 1}n is feasible for (MO-BQP) by construction. Assume by
contradiction that x̃ ∈ {0, 1}n, with (x̃1, . . . , x̃d) = (r1, . . . , rd), exists such that

f(x̃) ≤ f(x̄) and fj(x̃) < fj(x̄) for some j ∈ {1, . . . , p}. (13)

Since (x̃1, . . . , x̃d) = (x̄1, . . . , x̄d) = (r1, . . . , rd), we have that (13) is equivalent to

f rd(x̃) ≤ f rd(x̄) and f rd
j (x̃) < f rd

j (x̄) for some j ∈ {1, . . . , p}

and, from (6), it implies
(qrdj )(δ∗j ,β∗

j )
(x̃) < (qrdj )(δ∗j ,β∗

j )
(x̄). (14)

In particular, from (7), we have ej ∈W and then, for w = ej , (14) implies

w⊤(qrd)(δ∗j ,β∗
j )
(x̃) < w⊤(qrd)(δ∗j ,β∗

j )
(x̄)

which contradicts the optimality of x̄w for (Prd(w)).

Lemma 3.12 shows that, in the case that a binary feasible solution of (MO-BQP) is obtained
by building the lower bound set at node N rd , this is a potential efficient point. In particular,
it is the only possible efficient point obtained with the vector of fixings rd. Therefore, given a
node N rd , we define the boolean function CheckInt(N rd) as

CheckInt(N rd) := (Assumption of Lemma 3.12) ∨ (rd ∈ {0, 1}n).

Note that CheckInt(N rd) is evaluated at Step 11 of Algorithm 1. In case (CheckInt(N rd) = 1)
an update of the stable set S is performed according to the integer feasible point detected. In
particular, if a leaf node has been reached, we have that in case rd ∈ {0, 1}n is a feasible
binary assignment, f(x̄) = f(rd) is a potential nondominated point. On the other hand, if the
assumption of Lemma 3.12 are satisfied, we have that x̄ = (r1, . . . , rd, x̄

w) is a potential efficient
point. In both cases the stable set S is updated considering the feasible point in the image space
f(x̄).
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Theorem 3.13. Algorithm 1 stops after a finite number of iterations returning the set S, that
is the nondominated set of (MO-BQP).

Proof. As Problem (MO-BQP) is binary, the search tree built by Algorithm 1 is finite. From
Proposition 3.11, we have that a node is pruned only if it is related to a vector of fixings of
the binary variables that cannot lead to an efficient binary assignment, or, in other words,
cannot contribute to the nondominated set. Furthermore, any time a feasible point x̄ ∈ {0, 1}n
is explored by Algorithm 1, i.e. any time a node with CheckInt(N rd) = 1 is reached by
Algorithm 1, we have that x̄ is a potential efficient point and the image f(x̄) ∈ Rp is included
in the set S, keeping S a stable set.

Then, along the iterations of Algorithm 1, S is a finite set of pairwise non-comparable points,
images of feasible points of (MO-BQP). Once all the nodes have been visited and the list L is
empty (Step 5 in Algorithm 1), all possible feasible binary assignments have been visited and
the stable set S obtained as output of Algorithm 1 is the nondominated set of (MO-BQP).

4 Numerical Results

We evaluate the performance of MObBQ on instances of the MultiObjective Max-Cut Problem
(MO-MCP) and of the MultiObjective k-item Quadratic Knapsack Problem (MO-kQKP) with
p = 2, 3. We implemented five different versions of MObBQ, depending on the quadratic convex
reformulations that we use to compute the lower bound sets at the nodes:

• MObBQUQCR: the unconstrained quadratic convex reformulation (MO-UQCRrd) is adopted
at every node,

• MObBQUQCR∗ : an improved unconstrained quadratic convex reformulation is adopted at
every node (see Section 4.1)

• MObBQQCR+UQCR: the constrained quadratic convex reformulation (MO-QCR) is adopted
at the root node and the unconstrained quadratic convex reformulation (MO-UQCRrd) is
adopted at every other node,

• MObBQQCR+UQCR∗ : the constrained quadratic convex reformulation (MO-QCR) is adopted
at the root node and the improved unconstrained quadratic convex reformulation is adopted
at every other node (see Section 4.1),

• MObBQQCR0 (or MObBQUQCR0): the constrained (unconstrained) quadratic convex reformu-
lation (MO-QCR) (or (MO-UQCR)) is adopted to reformulate (MO-BQP), so that the
lower bound sets computed at each node is LBrd

QCR0(W ) (or LBrd
UQCR0(W )).

In each implementation of MObBQ we set |W | = p + 1, namely W is made of the p unit vectors
plus the vector (p, . . . , p)/∥p∥.

In this work, the upper bound set is initialized as the empty set. For further study, single-
objective heuristic algorithms, such as the primal rounding heuristic or other dedicated algo-
rithms in [26], can be applied to multiobjective context.

All the algorithms considered have been implemented in Julia v.1.11.2. All experiments have
been performed on a Linux machine with 4 Intel(R) Core(TM) i7-8650U CPUs and 8 GB RAM.
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The execution time limit is set to half an hour for all experiments in this paper. To compute
the optimal quadratic convex reformulation parameters, the CSDP solver v.6.2.0 https://

github.com/jump-dev/CSDP.jl is invoked to solve semidefinite programming problems. At
each node, the single-objective weighted sum quadratic convex continuous problems are solved
by the Gurobi solver v12.0.0 (academic license). Our implementations are available at https:
//github.com/Yue0925/MultiObjectiveAlgorithms.jl.

On bi-objective instances, we compare our versions of MObBQ with the ϵ-constraint method
(also implemented in Julia) available in JuMP at https://jump.dev/JuMP.jl/stable/packages/
MultiObjectiveAlgorithms.

4.1 Static branching and pre-processing

The computation of lower bound sets from a specific quadratic convex reformulation of (MO-BQPrd)
requires solving p semidefinite programming problems at each node. Since this incurs a non-
negligible computational cost, our implementation of MObBQ employs static branching to allow
for a pre-processing phase. This enables to perform heavy computations before starting the
enumeration of the nodes and to significantly improve the overall performance of the branch-
and-bound. In particular, the order in which binary variables are fixed is predetermined (assume
w.l.o.g. the natural order from 1 to n) and we have that at a generic level d ∈ [n] ∪ {0} of the
search tree, the variables x1, . . . , xd are fixed. Hence, at every node of the search tree belonging
to the same level d ∈ [n] ∪ {0}, the same set of binary variables is fixed to certain (different)
values. This means that the subproblems at the nodes belonging to the same level d ∈ [n]∪ {0}
share the same matrices Qd

j , j ∈ [p].
In particular, if MObBQUQCR or MObBQQCR+UQCR is used, we have that nodes belonging

to the same level share the same parameters δu,∗j , j ∈ [p] for the computation of LBrd =
LBrd

UQCRrd (W ). Therefore, these parameters can be computed in a pre-processing phase by
solving p×n semidefinite programming problems (namely, p semidefinite programming problems
for each level d = 0, . . . , n− 1) of the following form:

(SDPUQCR)
d
j min

x

n−d∑
i=1

n−d∑
ℓ=1

(Qd
j )iℓXil

s.t. Xii = xi, i ∈ [n− d](
1 x⊤

x X

)
⪰ 0

x ∈ Rn−d, X ∈ Sn−d,

where d = 1, . . . , n − 1 and j ∈ [p]. We remark that at level d = 0 (root node) no variable is
fixed so that Qd

j = Qj , j ∈ [p] is the original j-th matrix.
For the computation LBrd = LBrd

QCRrd (W ), we cannot adopt a similar strategy, as the SDP
subproblems depend on the vector of fixings rd, except, of course, for the SDP subproblem
associated with the root node. Indeed, at a node N rd with rd ̸= ∅, the constraint (17) within
(SDPQCR) (see Appendix) depends on brd . Preliminary tests indicated that solving p semidefi-
nite programming problems at each node proved to be too time-consuming and did not justify
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the computational effort, despite the high quality of the lower bound sets obtained (see Figure
1).

However, as long as the matrix A and the vector b in Problem (MO-BQP) have nonnegative
entries (like, for example, for (MO-kQKP)), we can still compute in a pre-processing phase an
improved unconstrained quadratic convex reformulation of (MO-BQPrd). Indeed, under the
assumption that A and b have nonnegative entries, it holds

{x ∈ [0, 1]n−d | Adx ≤ brd} ⊆ {x ∈ [0, 1]n−d | Adx ≤ b},

and, in particular,

{x ∈ [0, 1]n−d | Ad
=x = brd= } ⊆ {x ∈ [0, 1]n−d | Ad

=x ≤ b=}.

Therefore, in the pre-processing phase of MObBQUQCR∗ and MObBQQCR+UQCR∗ , we solve the
following semidefinite programming problem:

(SDPUQCR∗)dj min
x

n−d∑
i=1

n−d∑
ℓ=1

(Qj)
d
iℓXij

s.t. Xii = xi, i ∈ [n− d] (15)

Adx ≤ b(
1 x⊤

x X

)
⪰ 0

x ∈ Rn−d, X ∈ Sn−d,

for every level d = 1, . . . , n − 1 and every j ∈ [p]. The optimal values of the dual variables
associated with constraints (15) give the parameters δ̃u,∗j ∈ Rn−d, j ∈ [p] so that

min{(qrdj )δ(x) | Adx ≤ b, x ∈ [0, 1]n−d}

is maximized. These values are the ones we adopt in the implementation of MObBQUQCR∗ and
MObBQQCR+UQCR∗ in order to compute the lower bound set LBrd .

4.2 Results on multiobjective max-cut instances

As a first case study, we focus on the MultiObjective Max-Cut Problem (MO-MCP). Let G =
(V,E) be a graph with n vertices and m edges. We consider p functions defined over the set of
edges of the graph. As objective functions, we can consider e.g. the weight of an edge, the cost
or the reward associated to an edge, etc...

Given a partition {V1, V2} of V , a cut is defined as the set E(V1, V2) of edges having exactly
one endpoint in V1. The multiobjective max-cut problem aims to find cuts that simultaneously
maximize the p objective functions considered. As for the single objective max-cut problem (see,
e.g., [2, 6]), the multiobjective max-cut problem can be equivalently formulated as a multiob-
jective unconstrained binary quadratic problem:

max
x

(f1(x), . . . , fp(x))
⊤

s.t. xi ∈ {0, 1} i ∈ {1, . . . , n},
(MO-MCP)
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where
fj(x) =

∑
u∈V

∑
v∈V

(Qj)uv
(
xu(1− xv) + xv(1− xu)

)
,

with Qj ∈ Sn, j ∈ [p].
Problem (MO-MCP) can be addressed by MObBQ in its versions using the unconstrained

quadratic reformulations. In Table 1 and Table 2 we report the results on bi- and tri-objective
MO-MCP instances, respectively. The number of vertices of the graph n varies from 10 to
30 and the matrices Qj are randomly generated with values in [5, 50], with density 25%, 50%,
75% and 100%. In order to build multiple conflicting objective functions, we keep the corela-
tion ρ

(
f1(x), f2(x)

)
≈ −0.92 for bi-objective instances and ρ

(
f1(x) + f2(x), f3(x)

)
≈ −0.92 for

tri-objective instances. In each table, we report the average number of nondominated points
of the instances (rounded down) and - for each solver - the number of instances successfully
solved within the time limit of 1800 seconds (solved), the average CPU time (in seconds) and
the average number of nodes (rounded down). All averages are taken over the number of in-
stances successfully solved within the time limit among the three instances built for each fixed
n and density. Looking at the results in both tables, it is clear that MObBQUQCR consistently
outperforms MObBQUQCR0 both in terms of CPU time and number of nodes needed to solve the
instances. This observation aligns with Proposition 3.6, which suggests that the lower bound set
LBrd

UQCRrd (W ) is stronger than LBrd
UQCR0(W ). Consequently, the likelihood of pruning nodes

that cannot lead to efficient binary assignments is increased. In Table 1 we also report a compar-
ison with the ϵ-constraint method (see e.g. [13]). We can notice that the ϵ-constraint method is
faster for instances with low-density matrices. On the other hand, for instances with full-density
matrices, MObBQ is always faster, and especially for instances with n = 25 it is even able to solve
a higher number of instances within the time limit.

4.3 Results on multiobjective k-item quadratic knapsack instances

As a second case study, we consider the MultiObjective 0-1 exact k-item Quadratic Knapsack
Problem (MO-kQKP). We refer to [26, 27, 7] for details on the single-objective (kQKP). The
formulation of the problem is as follows. We maximize p quadratic functions subject to a capacity
and a cardinality constraint. The feasible set is indeed defined by only two linear constraints
(one equation and one inequality):

max
x

(f1(x), . . . , fp(x))
⊤

s.t.
n∑

i=1

aixi ≤ b

n∑
i=1

xi = k

xi ∈ {0, 1} i ∈ {1, . . . , n},

(MO-kQKP)

where fj(x) : Rn → R is defined as fj(x) =

n∑
i=1

n∑
ℓ=1

(Qj)iℓxixl. In problem (MO-kQKP), n

indicates the number of items, k the number of items to be filled in the knapsack, ai, i ∈ [n] the
weight of the i-th item, (Qj)iℓ a value associated with the selection of items i and ℓ (such, e.g.,
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Table 1: Comparison between the ϵ-constraint method and MObBQ on bi-objective Max-Cut
instances.

n density% ⌊#NDP⌋ ϵ-constraint MObBQUQCR0 MObBQUQCR

solved time(s) solved time(s) #nodes solved time(s) #nodes

10

25 2 3 0.05 3 0.24 199 3 0.36 166
50 7 3 0.15 3 0.27 263 3 0.40 176
75 8 3 0.29 3 0.53 590 3 0.56 389

100 16 3 1.49 3 0.98 1179 3 1.03 781

15

25 3 3 0.10 3 1.71 1568 3 1.15 675
50 8 3 0.29 3 1.55 1581 3 1.32 889
75 14 3 1.77 3 4.22 3909 3 2.29 1747

100 54 3 29.35 3 20.26 20124 3 11.11 9459

20

25 14 3 0.73 3 7.69 6389 3 4.11 2773
50 15 3 1.66 3 19.38 14960 3 6.78 4605
75 20 3 10.68 3 35.97 26222 3 11.01 7870

100 72 3 438.18 3 363.64 263236 3 105.49 68350

25

25 13 3 1.01 3 50.16 35445 3 14.25 8582
50 19 3 3.83 3 63.81 40101 3 15.11 8984
75 22 3 55.75 3 160.67 96333 3 34.73 20567

100 88 0 - 0 - - 3 1526.79 847327

30

25 18 3 3.19 3 353.29 186759 3 51.72 26214
50 26 3 16.29 3 484.07 244246 3 60.02 29255
75 32 3 234.22 2 1350.45 675664 3 172.10 83560

100 - 0 - 0 - - 0 - -

Table 2: MObBQ performance on tri-objective Max-Cut instances.

n density% ⌊#NDP⌋ MObBQUQCR0 MObBQUQCR

solved time(s) #nodes solved time(s) #nodes

10

25 73 3 1.83 1273 3 1.23 862
50 103 3 2.30 1457 3 1.48 953
75 103 3 2.80 1629 3 2.04 1275

100 64 3 2.02 1499 3 1.67 1253

15

25 898 2 1623.31 37437 3 576.34 20894
50 922 0 - - 3 984.11 27176
75 750 3 1494.57 42079 3 880.20 28209

100 323 3 264.96 33507 3 184.23 27976

20

25 - 0 - - 0 - -
50 - 0 - - 0 - -
75 - 0 - - 0 - -

100 - 0 - - 0 - -
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the profit) and b is the capacity of the knapsack. Without loss of generality matrices Qj , j ∈ [p]
are assumed to be symmetric.

We take the single-objective instance generator described in [7, 26] to produce random in-
stances, with the number of items n ranging from 20 to 50. The density of the matrices Qj

is set to 25%, 50%, 75% and 100%, with coefficients drawn from the interval [1, 100]. The
cardinality constraint parameter k is selected from the range [2, n/4], while the budget b is
chosen from [50, 30k]. The multiple conflicting objective functions are generated in a corelation
ρ
(
f1(x), f2(x)

)
≈ −0.92 and ρ

(
f1(x) + f2(x), f3(x)

)
≈ −0.92.

In Table 3 and Table 4 we report the results on bi- and tri-objective MO-kQKP instances,
respectively. In each table, we report the average number of nondominated points of the instances
(rounded down) and - for each solver - the number of instances successfully solved within the
time limit of 1800 seconds, the average CPU time (in seconds) and the average number of nodes
(rounded down). All averages are taken over the number of instances successfully solved within
the time limit among the three instances built for each fixed n and density.

Looking at the results in these two tables, we can notice that all versions of MObBQ show
similar performances and that MObBQUQCR is in general the best with respect to the CPU time.
We can also notice that both MObBQUQCR∗ and MObBQQCR+UQCR∗ often improve the performance
in terms of number of nodes of MObBQUQCR and MObBQQCR+UQCR, respectively. In Table 5 we also
report a comparison between the ϵ-constraint method and MObBQUQCR for bi-objective instances,
related to the CPU time required to solve the instances. We can notice that the ϵ-constraint
method is in general faster with respect to MObBQUQCR, that anyway shows similar performances
for instances with n up to 35. We underline that the ϵ-constraint method is a criterion space
algorithm and then has the advantage of working in a much lower dimensional space contrary
to MObBQ.

5 Conclusions

In this paper, we introduced MObBQ, a branch-and-bound framework for solving MultiObjec-
tive Binary Quadratic Problems (MOBQPs). Leveraging the Quadratic Convex Reformulation
(QCR) method, an MOBQP can be reformulated into a convex multiobjective binary quadratic
problem. However, we demonstrate - both theoretically and numerically - that applying the
QCR method at every node of the branch-and-bound tree yields stronger lower bound sets com-
pared to a one-time reformulation. This enhanced approach incurs the cost of solving several
semidefinite programming problems at each node -specifically, one for each objective function.
To mitigate the related computational effort, we employ static branching, which enables a pre-
processing phase and allows for faster node enumeration. We show that MObBQ correctly identifies
the complete set of nondominated solutions for MOBQPs. Computational experiments highlight
the good performance of MObBQ, which is the first branch-and-bound method designed to solve
this class of multiobjective non-convex problems and can outperform the ϵ-constraint method
on bi-objective Max-Cut instances with high-density matrices.
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Table 5: Comparison with the ϵ-constraint method with MObBQ on bi-objective kQKP instances.

n density% ⌊#NDP⌋ ϵ-constraint MObBQUQCR

solved time(s) solved time(s)

20

25 46 3 7.40 3 10.58
50 26 3 3.69 3 2.87
75 29 3 3.94 3 6.11
100 27 3 6.26 3 2.34

25

25 39 3 11.09 3 236.50
50 36 3 7.01 3 6.11
75 54 3 21.32 3 30.81
100 29 3 6.26 3 2.57

30

25 37 3 13.03 3 79.44
50 58 3 47.89 2 22.98
75 34 3 19.03 3 19.22
100 30 3 8.26 3 6.30

35

25 31 3 19.46 3 37.07
50 71 3 76.61 2 73.51
75 55 3 47.67 3 194.27
100 31 3 12.94 3 7.88

40

25 43 3 45.82 3 331.12
50 57 3 82.65 3 241.28
75 65 3 110.90 2 85.61
100 74 3 217.96 2 602.865

45

25 137 3 649.99 1 93.02
50 105 3 878.81 1 29.01
75 39 2 118.28 2 415.60
100 44 3 77.30 2 31.74

50

25 74 1 6.83 1 20.56
50 61 3 126.37 2 383.525
75 87 3 664.71 2 413.85
100 50 3 201.87 2 43.44
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Appendix

From [5], the optimal value of Problem (1) is equal to the optimal value of the following semidef-
inite programming problem

(SDPQCR) min
x

c⊤x+

n∑
i=1

n∑
j=1

QijXij

s.t. Xii = xi, i ∈ [n] (16)

⟨A=A
⊤
=, X⟩ − 2b⊤=A=x = −b2= (17)

Ax ≤ b(
1 x⊤

x X

)
⪰ 0

x ∈ Rn, X ∈ Sn,

where with ⟨X,Y ⟩ = trace(XY ) we denote the standard inner product in the set Sn of n-
by-n symmetric matrices. The parameters (δ∗, β∗) ∈ Rn+1 employed in the quadratic convex
reformulation (QCR(δ,β)) defined in Section 1 are given by the optimal values of the dual variables
associated with constraints (16) and (17), respectively. The semidefinite programming problem
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addressed to define the quadratic convex reformulation (UQCRδ) (see again Section 1) is the
following

(SDPUQCR) min
x

c⊤x+
n∑

i=1

n∑
j=1

QijXij

s.t. Xii = xi, i ∈ [n] (18)(
1 x⊤

x X

)
⪰ 0

x ∈ Rn, X ∈ Sn.

The parameters δu,∗ ∈ Rn are obtained as the optimal values of the dual variables associated
with constraints (18).
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