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Abstract

Logistic regression models are widely used
in the social and behavioral sciences and in
high-stakes domains, due to their simplicity
and interpretability properties. At the same
time, such domains are permeated by dis-
tribution shifts, where the distribution gen-
erating the data changes between training
and deployment. In this paper, we study
a distributionally robust logistic regression
problem that seeks the model that will per-
form best against adversarial realizations of
the data distribution drawn from a suit-
ably constructed Wasserstein ambiguity set.
Our model and solution approach differ from
prior work in that we can capture settings
where the likelihood of distribution shifts can
vary across features, significantly broaden-
ing the applicability of our model relative to
the state-of-the-art. We propose a graph-
based solution approach that can be inte-
grated into off-the-shelf optimization solvers.
We evaluate the performance of our model
and algorithms on numerous publicly avail-
able datasets. Our solution achieves a 408x
speed-up relative to the state-of-the-art. Ad-
ditionally, compared to the state-of-the-art,
our model reduces average calibration error
by up to 36.19% and worst-case calibration
error by up to 41.70%, while increasing the
average area under the ROC curve (AUC) by
up to 18.02% and worst-case AUC by up to
48.37%.
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1 INTRODUCTION

Machine learning plays a critical role in decision-
making in high-stake domains, such as healthcare,
social science, finance, and criminal justice (Rudin,
2019). Within such domains, model transparency
and interpretability are critical to ensure trustworthi-
ness (Rudin et al., 2022). One of the most commonly
used classification methods in such settings is classi-
cal logistic regression, which models the probability
of a binary outcome by mapping input features to a
probability value using a logistic function (Hosmer and
Lemeshow, 2000). Logistic regression is highly inter-
pretable as it models the log-odds of an event as a
linear combination of the covariates, making it easy to
understand how changes in input variables affect the
probability outcome.

However, in high-stakes domains where this model is
often used, distribution shifts are ubiquitous. These
refer to differences between the training data distribu-
tion and the data encountered during testing or de-
ployment. In this work, we specifically address con-
ditional shift, where the conditional distribution of
the input features given the label varies, while the
marginal distribution of the label remains unchanged
(Zhang et al., 2013). This phenomenon can also be
viewed as a form of concept drift (Lu et al., 2019;
Gama et al., 2014). For example, in the high-stakes
domain of public housing allocation, personal informa-
tion used to predict homelessness risk is often collected
through self-reported surveys (Rice et al., 2023). Over
time, refinements in data collection practices—such as
changes in question phrasing or survey locations—can
lead to shifts in the way individual features are re-
ported, even when an individual’s homelessness sta-
tus (label) remains unchanged. At the same time,
the distribution of the label remains consistent be-
cause the definition of homelessness is independent
of how the personal information is collected. Condi-
tional shifts can occur due to changes in data collection
protocols, technological advancements, or environmen-
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tal variations, often leading to a significant decline in
model performance. Similarly to most machine learn-
ing (ML) models, logistic regression is susceptible to
distribution shifts. It is therefore critical to develop
logistic regression models that remain robust, even in
the presence of changing data distributions.

In recent years, distributionally robust optimization
(DRO) methods have been introduced to enhance
the robustness of ML models against distribution
shifts (Duchi and Namkoong, 2021; Zhang et al., 2021;
Soma et al., 2022). In ML, DRO seeks to find the
model that will perform best in the worst-case real-
ization of the distribution of the data within a suit-
ably constructed ambiguity set that captures e.g.,
prior knowledge about the distribution of the data and
about the likelihood of different shifts.

In the literature, many metrics are proposed to con-
struct ambiguity sets, such as moment based uncer-
tainty (Delage and Ye, 2010), Kullback-Leibler diver-
gence (Lam, 2019), and Wasserstein distance (Moha-
jerin Esfahani and Kuhn, 2018). In particular, Mo-
hajerin Esfahani and Kuhn (2018) have shown that
DRO problems based on the Wasserstein distance can
be reformulated as finite convex programs under mild
assumptions and that they have attractive conver-
gence properties and provable out-of-sample perfor-
mance guarantees.

In our work, we study a distributionally robust variant
of logistic regression where the distance between the
training data distribution and the testing/deployment
data distribution is measured by the Wasserstein met-
ric. Our work most closely relates to two papers in the
literature. Shafieezadeh-Abadeh et al. (2015) are the
first to propose a DRO approach to logistic regression,
showing that a distributionally robust logistic regres-
sion problem admits an equivalent reformulation as
a polynomial-size convex optimization problem if all
features are numerical. Then, Selvi et al. (2022) ex-
tend this approach to solve the problem when both
numerical and categorical features are present, result-
ing in an exponential-size convex optimization prob-
lem. They also propose a cutting-plane method to
solve the problem as a sequence of polynomial-time
solvable programs. Importantly, both of these works
assume that all features are equally prone to shift, i.e.,
that the likelihood of a shift is equally likely across all
features.

However, in real-world situations, distribution shifts
often affect different features differently and we have
access to partial information about the likelihood of
different shifts; for example, we may know that cer-
tain features are more prone to variability than oth-
ers. Prior work has explored the design of Wasserstein

ambiguity sets to account for feature heterogeneity.
Blanchet et al. (2019) propose a Mahalanobis-based
distance metric to incorporate feature heterogeneity;
however, their approach does not explicitly address
parameter selection under distribution shifts. Building
on this work, Liu et al. (2024) introduce a heuristic ap-
proach that prioritizes features with substantial shifts.
However, their method is specifically designed for co-
variate shifts (Quionero-Candela et al., 2009), assumes
access to target domain data, and only considers a bi-
nary (0-1) weighting scheme when modeling feature
heterogeneity. In many real-world scenarios, access to
target domain data cannot be guaranteed. Further-
more, a rigid binary weighting scheme lacks flexibil-
ity in modeling varying degrees of distribution shifts
across features.

In this paper, we study the problem of learning a lo-
gistic regression model that is robust to conditional
shifts where the likelihood of a shift may differ across
features and applicable to datasets involving mixed
features. The goal is to ensure the best possible per-
formance under conditional shifts in the training data,
leading to reliable outcomes during deployment. The
main contributions of our work are:

• On the model side, we propose a distributionally
robust logistic regression model with a Wasser-
stein ambiguity set that accounts for distribution
shifts, where such shifts can affect different fea-
tures differently. Additionally, we introduce a
fine-grained method for calibrating the ambigu-
ity set based on basic domain knowledge.

• On the algorithmic side, we adapt the cutting-
plane method in Selvi et al. (2022) to solve
our proposed model. Additionally, we develop
a graph-based reformulation that significantly
reduces runtime relative to the cutting-plane
method, making it practically scalable for training
models on large datasets.

• On the computational side, we demonstrate that
our proposed distributionally robust logistic re-
gression improves performance across several met-
rics, including calibration error and AUC, com-
pared to both standard regularized logistic re-
gression and existing models under distribution
shifts. In particular, compared to the state-of-the-
art model, our model reduces average calibration
error by up to 36.19% and worst-case calibration
error by up to 41.70%, while increasing the aver-
age AUC by up to 18.02% and worst-case AUC
by up to 48.37%. Moreover, the graph-based for-
mulation can be solved up to 408.12 times faster
on average compared to the state-of-the-art algo-
rithm.
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Notation. We define [N ] = {1, . . . , N} for N ∈ N.
The indicator function, denoted as 1[E ], equals 1 if
the condition E is satisfied and 0 otherwise. The set
of all probability distributions supported on a set Ξ is
denoted by P0(Ξ).

2 DISTRIBUTIONALLY ROBUST
OPTIMIZATION FORMULATION

2.1 Wasserstein Logistic Regression and
Ambiguity Set

We consider a mixed-feature classification dataset with
N data points, {ξi := (xi, zi, yi)}i∈[N ], where ξi col-
lects the features and labels related to datapoint i.
Specifically, each datapoint i is characterized by n nu-
merical features xi = (xi

1, . . . , x
i
n) ∈ Rn, m categor-

ical features zi = (zi
1, . . . ,z

i
m) ∈ C1 × . . . × Cm, and

a binary label yi ∈ {−1,+1}. Here, for j ∈ [m], if
the number of possible values of zj is a, Cj := {z ∈
{0, 1}a−1 :

∑
k∈[a−1] zk ≤ 1}, representing the set of

one-hot encoded categorical features associated with
feature j. We denote by C := C1 × . . . × Cm and
Ξ := Rn×C ×{−1,+1} the support of the categorical
features as well as the dataset, respectively, and we
let c be the number of encoded categorical features.

We select Wasserstein ball Bϵ(P̂N ) as the ambiguity
set, which contains all possible distributions Q cen-
tered at the empirical distribution P̂N . Since the
true distribution of the training data is unknown in
practice, we use the empirical distribution P̂N :=
1
N

∑N
i=1 δξi that places equal probability mass on all

data points {ξi}i∈[N ], where δξi denotes the Dirac
point measure at ξi. We aim to solve the following lo-
gistic regression problem robust to distribution shifts:

minimize
β

sup
Q∈Bϵ(P̂N)

EQ [lβ(x, z, y)]

subject to β = (β0,βx,βz) ∈ R1+n+c,
(1)

where lβ is the log-loss function defined through

lβ(x, z, y) := log
(
1 + exp

(
−y ·

(
β0 + β⊤

x x+ β⊤
z z

)))
.

Problem (1) hedges against a broad range of potential
distributions and identifies the optimal coefficients by
minimizing the expected log loss under the worst-case
distribution, providing a safeguard against data devi-
ations during deployment.

Formally, we define

Bϵ(P̂N ) := {Q ∈ P0(Ξ) : W (Q, P̂N ) ≤ ϵ} (2)

as the ball of the radius ϵ ∈ R+ centered at P̂N with
respect to the Wasserstein distance defined below.

Definition 1 (Wasserstein Distance). The Wasser-
stein distance between two distributions P and Q sup-
ported on Ξ is defined as

W (Q,P) := inf
Π∈P0(Ξ2)

{∫
Ξ2

d(ξ, ξ′)Π(dξ,dξ′) :

Π(dξ,Ξ) = Q(dξ),Π(Ξ,dξ′) = P(dξ′)
}
,

where ξ = (x, z, y) ∈ Ξ and ξ′ = (x′, z′, y′) ∈ Ξ, while
d(ξ, ξ′) is a weighted distance metric on Ξ.

The Wasserstein distance represents the minimum cost
of moving the distribution P to the distribution Q,
where the cost of moving a unit mass from ξ to ξ′

amounts to d(ξ, ξ′).

Next, we define the weighted distance metric used in
the Wasserstein distance.

Definition 2 (Weighted Distance Metric). We mea-
sure the distance between two data points ξ =
(x, z, y) ∈ Ξ and ξ′ = (x′, z′, y′) ∈ Ξ as

d(ξ, ξ′) :=
∑
j∈[n]

γj |xj − x′
j |+

∑
ℓ∈[m]

δℓ1[zℓ ̸= z′
ℓ]

+κ · 1[y ̸= y′]

for some γj > 0, δℓ > 0, and κ > 0.

In this definition, the weighted distance between nu-
merical features x and x′ is defined by the norm-based
difference. Here, γj is the weight of the perturbation
of numerical feature j, representing the cost per unit
difference between xj and x′

j . The weighted distance
between two categorical feature vectors z and z′ is de-
fined by the discrepancies between their corresponding
components. δℓ represents the weight associated with
the perturbation of categorical feature ℓ, representing
the cost when zℓ and z′

ℓ differ. Similarly, the discrep-
ancy between the labels y and y′ is accounted for by
a constant κ. By selecting proper weights, we can
account for the relative sensitivity of the model to dif-
ferent features, ensuring that the optimization is more
robust to shifts in critical dimensions while reducing
unnecessary conservatism in others. In this work, we
use weight parameters γj and δℓ in the ambiguity set
to account for the varying likelihood of distribution
shifts across different features. We discuss a method
for calibrating all parameters in the ambiguity set (2)
in Section 3.

2.2 Reformulation as a Convex Problem with
Exponential Number of Constraints

In this work, since the marginal distribution of label
in the testing data remains unchanged, we set κ in
Definition 2 to infinity, implying that any shifts in the
labels will result in distributions falling outside the
ambiguity set.
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Theorem 1 (Convex Formulation). Without shifts
in labels, the distributionally robust logistic regression
problem (1) can be reformulated as

min
λ,r,β

λϵ+ 1
N

∑
i∈[N ] ri

s.t. lβ(x
i, z, yi)− λ

∑
ℓ∈[m] δℓ1[zℓ ̸= zi

ℓ] ≤ ri,

∀i ∈ [N ], z ∈ C

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN , β = (β0,βx,βz) ∈ R1+n+c

(3)
where λ and r are dual variables arising by dualiz-
ing the inner maximization problem in (1). The con-
straints with log-loss functions can be converted into
exponential cone format, resulting in a convex prob-
lem that can be solved with off-the-shelf solvers.

The proof of Theorem 1 and the equivalent formula-
tion of problem (3) to an exponential cone problem are
given in Appendix E.1. While problem (3) can in prin-
ciple be solved with off-the-shelf solvers, it contains ex-
ponentially many constraints, making it impractical to
solve monolithically when the number of possible real-
izations of each categorical feature is large. In Section
4, we propose two solution methods that will enable
us to solve practically sized problems.

3 PARAMETER CALIBRATION

We develop a fine-grained method for calibrating the
ambiguity set radius ϵ and the weight parameters γj
and δℓ where j ∈ [n] and ℓ ∈ [m] based on the esti-
mated likelihood of distribution shifts. We build on the
calibration method proposed by Justin et al. (2023) in
the context of robust optimization with discrete fea-
tures. We adapt this technique to the calibration of
parameters in our distributionally robust optimization
problem, and extend its application from discrete fea-
tures to numerical features.

Without access to target domain data, we rely on basic
domain knowledge to characterize uncertainty in nu-
merical features. Specifically, for each numerical fea-
ture j ∈ [n], we denote the corresponding feature after
distribution shifts as x̃j and define its probability den-
sity function f given xj . To quantify uncertainty, we
assume a probability of certainty ρxj ∈ (0, 1] and an
interval [lj , uj ], where

ρxj = P(lj ≤ x̃j − xj ≤ uj) =

∫ uj+xj

lj+xj

f(x̃j)dx̃j . (4)

This represents the probability that the shift in xj dur-

ing deployment falls within the interval [lj , uj ]. These
intervals and probabilities can be estimated from his-
torical data or expert evaluation. A feature with a low
probability of certainty and a large interval is highly
susceptible to shifts, whereas a feature with a high
probability of certainty and a small interval is more
stable and likely to retain a similar distribution in de-
ployment as observed during training.

In the absence of further knowledge about the distri-
bution shift, we follow the principle of maximum en-
tropy (Jaynes, 1957), which chooses the distribution
of the perturbations with greatest entropy and thus
highest uncertainty subject to our assumption of the
probability of certainty ρxj and ρzℓ. To this end, we
select the Laplace distribution to reflect shifts on the
numerical features. In particular, we assume that the
shift of numerical feature j follow a Laplace distribu-
tion with scale parameter bj and location parameter 0.
We also assume that the shift does not have a specific
trend in the positive or negative direction and thus
set uj = −lj . Specifically, given xj , the probability
density function f of x̃j is defined as

f(x̃j) =
1

2bj
exp

(
−|x̃j − xj |

bj

)
. (5)

Combining (4) and (5), we obtain bj =
−uj

log(1−ρxj)
.

Similarly, for each categorical feature ℓ ∈ [m], we de-
note the probability of zℓ remaining unchanged in de-

ployment as ρzℓ ∈
[

1
|Cℓ| , 1

]
. Following the principle of

maximum entropy, we assume that the probability of
perturbing zℓ to z̃ℓ ∈ Cℓ is

P(z̃ℓ) = 1[z̃ℓ = zℓ]ρzℓ + 1[z̃ℓ ̸= zℓ]
1− ρzℓ
|Cℓ| − 1

. (6)

The above probability mass function allows for any
perturbation of zℓ to occur with the same probabil-
ity 1−ρzℓ

|Cℓ|−1 .

Lastly, we adopt the approach of constructing ambi-
guity sets using hypothesis testing. Specifically, we
perform a likelihood ratio test on the magnitude of the
perturbation, with a threshold determined by θ, where
θ ∈ (0, 1] controls the level of robustness. A value of θ
close to 0 signifies a fully robust model and θ = 1
signifies no robustness in the model. We refer to Ap-
pendix A on how the probability density function (5),
probability mass function (6), and the value of θ can
be used to calibrate the values of γj , δℓ, and ϵ, respec-
tively, through hypothesis testing. From our deriva-

tions in Appendix A, we set γj =
− log(1−ρxj)

uj
, δℓ =

log
(

ρzℓ(|Cℓ|−1)
1−ρzℓ

)
, and ϵ = − log θ as the tuned param-

eters of our ambiguity set.
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Notably, by using application-specific information, al-
ternative distributions of perturbations can be tailored
to more accurately capture the distribution shifts. Our
calibration method adjusts the parameters γj , δℓ, and
ϵ accordingly. Although this method involves domain
knowledge, the numerical results in Appendix D show
that even with imprecise estimates and model mis-
specification, our calibrated model maintains strong
performance under distribution shifts.

4 SOLUTION METHODS

4.1 Cutting-Plane Method

We adapt the cutting-plane method from Selvi et al.
(2022) to solve the distributionally robust logistic re-
gression problem (3) with ambiguity set (2). At each
iteration, the algorithm solves a relaxed version of
problem (3), identifies the constraints in the original
problem that are violated the most by the current so-
lution to the relaxed problem, and incorporates these
constraints into the relaxed problem to progressively
improve the solution. This process continues until no
violated constraints remain, ensuring convergence to
the optimal solution. Our proposed cutting-plane ap-
proach differs from that in Selvi et al. (2022) in the
method we use to identify violated constraints. Indeed,
the approach from Selvi et al. (2022) does not apply
when the weight parameters δℓ are not all 1. Their con-
straint identification algorithm relies on a direct map-
ping between the distance d(ξ, ξ′) and the number of
feature disagreements. When weights vary, this rela-
tionship breaks, making it difficult to determine which
features differ or how many are different. In what fol-
lows we focus on describing our method for identifying
violated constraints. For details on how this procedure
can be integrated in a cutting-plane algorithm for solv-
ing problem (3), we refer to Appendix B.

We now describe our procedure to identify, for any
fixed solution (λ, r,β) to the relaxed problem, the
most violated constraints in problem (3). These are
indexed by (i, z) ∈ [N ] × C. We propose to solve, for
each i ∈ [N ], the following optimization problem:

maximize
z∈C

log
(
1 + exp

(
−yi

(
β⊤
x x

i + β⊤
z z + β0

)))
− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]− ri.

(7)
In this problem, any solution z ∈ C that results in
an objective value greater than 0 corresponds to a vi-
olated constraint. Problem (7) is challenging due to
the exponential number of possible realizations of z.
In problem (7), the decision variables z only appear
in the linear term −yi

∑
ℓ∈[m] β

⊤
zℓzℓ and the weighted

distance
∑

ℓ∈[m] δℓ1[zℓ ̸= zi
ℓ]. At the same time, since

both terms are linearly separable, this structure al-
lows for the decomposition of the problem into sub-
problems, where each subproblem considers a subset of
categorical features and fixes a weighted distance cor-
responding to those features. Therefore, we propose to
solve this problem using dynamic programming, which
allows us to decompose the problem into simpler sub-
problems, conditioned on weighted distances, to speed-
up computation.

For any fixed datapoint i, we define the set of non-root
and non-terminal states of our dynamic program as

Si1 :=

{
(k, d) | d =

k∑
ℓ=1

δℓ1[zℓ ̸= zi
ℓ], k ∈ [m], z ∈ C

}
.

In this definition, k ∈ [m] specifies that categori-
cal features indexed from 1 to k are considered, and
d represents the sum of the weighted distances be-
tween a value zℓ ∈ Cℓ and zi

ℓ in the dataset across
all categorical features ℓ ∈ [k]. We also define a
set S0 containing the root state and terminal state:
S0 = {(0, 0), (m+ 1, 0)}. The state space of each dy-
namic programming problem indexed by data point i
is Si = Si1∪S0. We denote the optimal objective value
of the dynamic programming subproblems by a func-
tion gi : Si → R. That is, for each state (k, d) ∈ Si1,
we define

gi(k, d) := max
{zℓ}ℓ∈[k]

−yi
∑
ℓ∈[k]

β⊤
zℓzℓ

s.t. zℓ ∈ Cℓ, ℓ ∈ [k]∑
ℓ∈[k]

δℓ1[zℓ ̸= zi
ℓ] = d

(8)

Each subproblem (8) only considers categorical fea-
tures indexed from 1 to k for k ∈ [m] and is conditioned
on the weighted distance d corresponding to those k
categorical features. Additionally, we set gi(0, 0) := 0
and denote by gi(m+1, 0) the optimal objective value
of problem (7).

Subproblems (8) can be solved recursively using the
following Bellman equations.

If k ∈ [m],

gi(k, d) = max
zk∈Fkd

− yiβ⊤
zkzk + gi (k − 1,

d− δk1[zk ̸= zi
k]
)
,

(9)

where

Fkd :=
{
zk ∈ Ck | (k − 1, d− δk1[zk ̸= zi

k]) ∈ Si
}
.

If k = m+ 1,

gi(m+ 1, 0) = max
d

log
(
1 + exp

(
−yiβ⊤

x x
i

+gi(m, d)
))
− λd− ri

s.t. (m, d) ∈ Si1.

(10)
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Algorithm 1 Identification of Most Violated Con-
straints in Problem (3) given the data point indexed
by i.

Input: A solution (λ, r,β) to the relaxed problem
of (3) and a datapoint i ∈ Ξ
Output: optimal value to problem (7) and a cor-
responding optimal solution

1: Initialize z[0](0)← ()
2: Initialize gi(0, 0)← 0
3: for (k, d) ∈ Si1 do
4: Solve gi(k, d) by Bellman equation (9); denote

the corresponding optimal solution of (9) by zk(d).
5: z[k](d)← (z[k−1](d− δk1[zk(d) ̸= zi

k]), zk(d))
6: end for
7: Solve gi(m + 1, 0) by Bellman equation (10); de-

note the corresponding optimal solution of (10) by
d⋆.
return gi(m+ 1, 0) and z[m](d

⋆)

Starting from the simplest case with a single categori-
cal feature, Bellman equation (9) incrementally solves
subproblem (8) by adding one categorical feature at a
time. The linear separability of the objective function
−yi

∑
ℓ∈[k] β

⊤
zℓzℓ enables this incremental approach.

Bellman equation (9) follows this strategy by leverag-
ing the optimal solution of subproblem (8) with cate-
gorical features indexed from 1 to k−1 and evaluating
all feasible values of the kth categorical feature. Fi-
nally, solving subproblem (8) for k = m and a given
distance d for (m, d) ∈ Si yields gi(m, d). Bellman
equation (10) compares gi(m, d) with the correspond-
ing solution for all (m, d) ∈ Si to obtain the optimal
solution for problem (7). Algorithm 1 provides the
details of this dynamic programming procedure. The
proof of correctness of Algorithm 1 can be found in
Appendix E.2.

4.2 Graph-based Reformulation

Although the cutting-plane method does scale better
than solving problem (3) monolithically, it is still limit-
ing in the sizes of datasets that it can handle, as we will
show later in Section 5.1. This limitation motivates us
to propose a new framework for solving problem (3).

Our idea is to convert each of the constraints indexed
by (i, z) ∈ [N ]×C in problem (3) into a more tractable
form, resulting in a formulation that can be solved
directly. For each data point indexed by i ∈ [N ], we
recall the original constraint set in problem (3),

ri ≥ lβ(x
i, z, yi)− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ], ∀z ∈ C

By applying proper exponentiation operations, we de-

fine an equivalent optimization problem over all possi-
ble realizations of the categorical features C and estab-
lish an inequality that yi

(
β⊤
x x

i + β0

)
is greater than

or equal to:

max
z∈C

− yiβ⊤
z z − log

(
− 1

+ exp
(
ri + λ

m∑
ℓ=1

δℓ1[zℓ ̸= zi
ℓ]
))

.
(11)

This inequality holds if and only if the constraints for
all z ∈ C are satisfied. We analyze problem (11) using
dynamic programming. For the data point indexed
by i, we choose the same state space Si. We de-
note the optimal objective value of each subproblem
by hi : Si → R. We set hi(0, 0) := 0 and denote
by hi(m + 1, 0) the optimal objective value of prob-
lem (11). Due to its structural similarity to prob-
lem (7), we continue to set subproblem (8) for each
state (k, d) ∈ Si1 and define hi(k, d) := gi(k, d) for all
(k, d) ∈ Si1. Problem (11) can be solved recursively
using the following Bellman equations.

If k ∈ [m], similar to equation (9),

hi(k, d) = max
zk∈Fkd

− yiβ⊤
zkzk + hi (k − 1,

d− δk1[zk ̸= zi
k]
)
.

(12)

If k = m+ 1,

hi(m+ 1, 0) = max
d

hi(m, d)

− log (−1 + exp(ri + λd))

s.t. (m, d) ∈ Si1.

(13)

Note that problem (13) differs from problem (10)
due to the differences between problem (7) and prob-
lem (11). We need to guarantee yi

(
β⊤
x x

i + β0

)
≥

hi(m + 1, 0). Without directly solving this dynamic
programming problem based on relaxed solutions, we
aim to reformulate this dynamic program to replace
the constraint set in problem (3) with an equivalent
longest path problem.

We define a weighted directed acyclic graph Gi =
(Vi,Ai) to be the state transition graph of the dynamic
program defined by equations (12)-(13), as illustrated
in Figure 1. Formally, vertex set Vi corresponds to the
set of states Si and arc set Ai corresponds to the set of
all possible transitions between the states. Each state
(k, d) ∈ Si has an associated vertex in Vi. To express
the arcs between vertices, for each (k, d) ∈ Si,

1. If k ∈ [m], for all zk ∈ Fkd, create an arc from
(k − 1, d − δk1[zk ̸= zi

k]) to (k, d) with a weight
−yiβ⊤

zkzk,
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Figure 1: A graph example with only two cate-
gorical features processed by the one-hot encoding:
z = (z1, z2) where z1 has three possible realiza-
tions: [1, 0], [0, 1], [0, 0] and z2 has two possible real-
izations: [1], [0]. Given a data point with index i:
zi = (zi

1, z
i
2) = ([0, 0], [0]). The weight parameters

are δ = (δ1, δ2) = (1, 1).

2. If k = m + 1, for each (m, d′) ∈ Si, create
an arc from (m, d′) to (m + 1, 0) with a weight
− log (−1 + exp(ri + λd′))

We denote the arc weight function as wi : Ai → R. We
also define the functions si : Ai → Vi and ti : Ai → Vi,
which map each arc to its source and target vertices,
respectively. Based on the connection between the dy-
namic programming problem and graph structure, as
well as the connection between the dynamic program-
ming problem and problem (11), we present the fol-
lowing lemma.

Lemma 1. In each graph Gi, the longest path from
source (0, 0) to sink (m + 1, 0) corresponds to the op-
timal solution of problem (11) and the sum of the
weights of this path equals its optimal objective value.

The proof of Lemma 1 is provided in Appendix E.3.
Using the connection in Lemma 1, we can reformulate
problem (11) as a linear program that finds the longest
path from the source (0, 0) to the sink (m+1, 0) in Gi.
We can generate a graph-based reformulation.

Theorem 2 (Graph-based Formulation). Problem (3)
is equivalent to:

min
λ,r,β,µ

λϵ+
1

N

∑
i∈[N ]

ri

s.t. yi(β⊤
x x

i + β0) ≥ −µi
(0,0) + µi

(m+1,0), ∀i ∈ [N ]

µi
ti(e) − µi

si(e) ≥ wi(e), ∀i ∈ [N ], e ∈ Ai

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN ,β ∈ R1+n+c,µ ∈ R
∑

i∈[N] |V
i|

(14)
where µ = (µ1, . . . ,µN ) are dual variables of the
longest path problems and the first two sets of con-
straints correspond to the dual formulation.

The proof of Theorem 2 is given in Appendix E.4.
Compared to problem (3), the size of this new formu-
lation depends on the size of the dynamic program-
ming digraphs. By selecting appropriate weight pa-
rameters δℓ, multiple arcs from different vertices can
converge at the same vertex, significantly reducing the
number of arcs and vertices in the graph. For exam-
ple, rounding the weight parameters to some decimal
places can further reduce the size of the digraphs be-
cause it can reduce the number of unique weighted
distances. Additionally, most constraints in this re-
formulation are linear, except for those representing
arcs targeting sink vertices, which are also convex and
compatible with off-the-shelf solvers.

Unlike cutting-plane methods, the graph-based formu-
lation can be solved in polynomial time with respect
to the digraph size, as there are N graphs for N data
points. Additionally, it is independent of the num-
ber of iterations, which is often difficult to control in
cutting-plane methods.

5 NUMERICAL RESULTS

We evaluate our methods on 13 UCI datasets with
numerical and/or categorical features (Kelly et al.).
The datasets vary in size, with the number of data
points ranging from 132 to 12960, and the number
of categorical features ranging from 3 to 62. All al-
gorithms were implemented in Julia 1.8.5 (Bezanson
et al., 2017) using the JuMP mathematical model-
ing language (Lubin et al., 2023) and executed on
AMD epyc-7513 CPU in single-core mode. We use
MOSEK 10 to solve all optimization problems (ApS,
2024). The code can be found at: https://github.

com/QingshiSun/Robust_Logistic_Regression.

5.1 Runtime Comparison

We focus on runtime comparisons between the cutting-
plane method proposed by Selvi et al. (2022), the
cutting-plane method described in Section 4.1, and the
direct solution of our proposed graph-based formula-
tion as outlined in Section 4.2.

In our experiments, each model instance consists of
a dataset, the ambiguity set parameters γj , δℓ, and
ϵ, as well as the rounding precision applied to the
weight parameters. Following the ambiguity set cal-
ibration procedure outlined in Section 3, for all j ∈ [n]
and ℓ ∈ [m], we determine γj and δℓ by sampling the
probabilities of certainty ρxj and ρzℓ from the same
normal distribution in each model instance. Specif-
ically, we consider normal distributions with means
of 0.6, 0.7, 0.8, and 0.9, each with a standard devia-
tion of 0.2. For each numerical feature j, the interval
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Table 1: Mean runtime in seconds of the graph-based formulation (Graph), the cutting-plane method with the
most violated constraint identified by dynamic programming (DP), and the cutting-plane method proposed by
Selvi et al. (2022) (Cutting), under three settings: all weight parameters set to 1 (Weights = 1), calibrated weight
parameters rounded to integers (Integer Weights), and calibrated weight parameters rounded to one decimal place
(1 Decimal Weights). NaN in this table means that there is no numerical feature in the corresponding dataset.
Following the notation in Section 2.1, N is the number of data points, n is the number of numerical features, m
is the number of categorical features, and c is the number of categorical features after applying one-hot encoding.

Weights = 1 Integer Weights 1 Decimal Weights
Dataset N n m c Graph DP Cutting Graph DP Graph DP
audiology 226 NaN 62 85 82.66 3880.84 825.73 142.24 4461.94 5391.81 45345.44
balance-scale 576 NaN 4 16 1.27 33.68 34.66 2.18 32.61 2.84 35.37
breast-cancer 286 NaN 9 32 2.43 28.61 16.02 5.63 43.81 30.84 142.66
car 1728 NaN 6 15 5.35 314.00 206.88 10.45 384.24 31.51 640.59
hayes-roth 132 NaN 3 9 0.11 1.69 1.55 0.16 1.74 0.18 1.77
tic-tac-toe 958 NaN 9 18 6.01 161.15 85.83 10.23 203.15 83.08 789.70
spect 267 NaN 22 22 7.76 47.36 12.66 9.49 51.72 141.57 473.47
voting 435 NaN 16 32 8.50 112.72 27.59 16.24 177.11 223.72 1253.95
credit-approval 690 6 9 36 6.63 193.02 69.64 13.94 256.21 77.12 704.77
cylinder 539 19 14 43 14.32 399.14 77.39 32.08 511.33 439.47 3557.80
hepatitis 155 6 13 23 1.62 15.41 6.09 3.52 21.83 37.50 120.09
nursery 12960 NaN 8 26 97.25 23874.78 11360.82 225.05 33132.95 1593.70 67219.20
online-shopper 12330 14 3 14 20.57 8685.08 8394.99 23.96 8919.10 33.48 9114.63

[lj , uj ] is set to [−0.4σj , 0.4σj ], where σj is the stan-
dard deviation of xj in the training dataset. We also
vary the level of robustness θ by selecting a value from
{0.5, 0.65, 0.75, 0.8, 0.85, 0.9, 0.93, 0.96, 0.99} for
each model instance, which is then used to set the am-
biguity set radius. As discussed in Section 4.2, the
sizes of the dynamic programming problems and the
corresponding graph-based formulation depend on the
chosen weight parameters. We evaluate three round-
ing precision cases for the weight parameters: (i) all
weights are set to one, disregarding differences in the
distribution shift likelihood; (ii) calibrated weight pa-
rameters are rounded to integer; and (iii) calibrated
weight parameters are rounded to one decimal place.
In total, for the former case, we evaluate 117 instances,
with 9 instances per dataset, while for each of the lat-
ter two cases, we evaluate 468 model instances, with
36 instances per dataset.

The average runtime results are presented in Table 1.
From the table, it can be seen that our graph-based
formulation has significant improvement in runtime in
all instances. Specifically, the graph-based formulation
can be solved up to 408.12 times faster on average
compared to the cutting-plane method proposed by
Selvi et al. (2022).

5.2 Performance under Distribution Shifts

To evaluate the robustness of our proposed model un-
der distribution shifts, we generate 5,000 perturbed
test sets for each instance. Each perturbed test set is
created by independently perturbing the original test

data based on expected perturbations. Specifically, for
a given set of sampled probabilities of certainty ρxj
and ρzℓ, we generate the perturbed test sets using the
probability density function (5) for numerical features
and the probability mass function (6) for categorical
features.

Additionally, we assess the robustness of our method
against unexpected distribution shifts. We repeat the
process of generating perturbed test sets for each in-
stance but introduce unexpected perturbations by al-
tering the values of ρxj and ρzℓ used in our model.
This evaluation is motivated by the fact that domain
knowledge is sometimes uncertain and not precisely
estimated. We test seven unexpected scenarios. We
shift each ρxj and ρzℓ value down by 0.2 and perturb
the test data in 5,000 different ways based on these
adjusted probability values. The same procedure is
repeated with ρxj and ρzℓ shifted down by 0.1 and up
by 0.1. In addition, we uniformly sample new ρxj and
ρzℓ values for each feature within a neighborhood of ra-
dius 0.05 around the original ρxj and ρzℓ respectively,
and perturb the test data in 5,000 different ways using
these new values. This procedure is also applied for
neighborhood radii of 0.1, 0.15, and 0.2. We denote
the modified probabilities used to generate unexpect-
edly perturbed test sets as ρ̃xj and ρ̃zℓ.

We evaluate the performance of logistic regression us-
ing two common metrics: adaptive calibration error
(Nixon et al., 2019) and AUC. These metrics are essen-
tial in high-stakes applications where predicted prob-
abilities and their rankings, rather than just the fi-
nal classifications, are of greater importance. For each
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Figure 2: Performance improvement compared to lasso
logistic regression in terms of calibration error and AUC
across different levels of robustness θ under expected per-
turbations. Blue boxes: proposed models with weight pa-
rameters rounded to integer; orange boxes: with weight
parameters rounded to one decimal.

model instance, we evaluate worst-case performance
under expected perturbations by identifying the high-
est calibration error or lowest AUC across the 5,000
corresponding perturbed test sets for a given set of
probability of certainty values ρxj and ρzℓ. The aver-
age performance is measured by computing the mean
over 5000 perturbed test sets. Similarly, we assess
worst-case and average performance under unexpected
perturbations using the corresponding 5,000 perturbed
test sets generated with ρ̃xj and ρ̃zℓ.

We compare our proposed models, trained with round-
ing precisions to the nearest integer and one decimal
place, against two existing methods: lasso regularized
logistic regression and distributionally robust logistic
regression with all weight parameters set to 1, as stud-
ied by Selvi et al. (2022). The candidate lasso regular-
ization coefficients are {0, 5 · 10−6, 1 · 10−5, 5 · 10−5, 1 ·
10−4, . . . , 0.5, 1, 10, 100, 1000}. The ambiguity set ra-
dius candidates for the model proposed by Selvi et al.
(2022) are: {0, 10−5, 10−4, . . . , 0.1, 1}. Both regular-
ization coefficient and ambiguity set radius are selected
using 5-fold cross-validation. Neither our proposed
models nor the benchmarks models have access to the
perturbed test set in the training phase.

For each model instance, we compute the differences in
worst-case and average-case performance between our
proposed model and the benchmarks under identical
expected and unexpected perturbations. A positive
difference indicates that our model outperforms the
corresponding benchmark. Figure 2 summarizes the
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Figure 3: Performance improvement compared to distri-
butionally robust logistic regression with all weight param-
eters set to 1 in terms of calibration error and AUC across
different levels of robustness θ under expected perturba-
tions. Blue boxes: proposed models with weight parame-
ters rounded to integer; orange boxes: with weight param-
eters rounded to one decimal.

distribution of performance differences between our
proposed model and lasso logistic regression across all
tested instances under expected perturbations. Sim-
ilarly, Figure 3 summarizes these differences relative
to distributionally robust logistic regression with all
weight parameters set to 1. Both figures demonstrate
the consistent advantages of our model in terms of cal-
ibration error and AUC over a wide range of calibrated
ambiguity set radii.

We observe that a highly small ambiguity set radius
(e.g., θ = 0.99) limits the model’s effectiveness against
distribution shifts, while an overly large radius re-
sults in excessive conservatism and degraded perfor-
mance. Additionally, rounding weight parameters to
integers, compared to one-decimal precision, maintains
robust performance and significantly reduces runtime,
enabling scalability to large-scale applications.

The distributions of worst-case and average-case im-
provements of our proposed model compared to bench-
marks under unexpected perturbations are provided in
Appendix D. These results show the robustness of our
model in the presence of model misspecification.
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Supplementary Materials

A DETAILS OF PARAMETER CALIBRATION

We propose a calibration method for the parameters in the ambiguity set (2), including the radius ϵ and the
weight parameters γj and δℓ, where j ∈ [n] and ℓ ∈ [m]. This method leverages the relationship between
robust optimization (RO) and DRO. We first define a logistic regression model based on RO and establish a
correspondence between the parameters in the uncertainty set of the robust logistic regression and those in the
ambiguity set of our proposed distributionally robust logistic regression model. Subsequently, we extend the
calibration method developed by Justin et al. (2023) for robust optimization from discrete to numerical features.
The parameters in the ambiguity set are determined based on this correspondence and the calibrated parameters
from the uncertainty set of robust optimization.

Compared to DRO, instead of constructing an ambiguity set containing a range of probability distributions and
optimizing for the worst-case distribution within that set, RO aims to protect against worst-case scenarios by
considering the worst possible realization of uncertain parameters within a given uncertainty set. Theoretically,
Gao and Kleywegt (2022) proves that distributionally robust optimization problems can be approximated by
robust optimization problems, and thereby some distributionally optimization problems can be processed by
tools from robust optimization. In our setting, we define a logistic regression model based on robust optimization
that accounts for the worst-case realization of perturbed features within an uncertainty set. For the training
data, we define perturbed numerical features X̃ = [x̃1, x̃2, . . . , x̃N ]⊤ and perturbed categorical features Z̃ =
[z̃1, z̃2, . . . , z̃N ]⊤. We formulate a robust logistic regression problem without label perturbation

minimize
β∈R1+n+c

maximize
(X̃,Z̃)∈U

1

N

∑
i∈[N ]

lβ(x̃
i, z̃i, yi), (15)

where U is the uncertainty set defined as

U =
{
(X̃, Z̃) | 1

N

∑
i∈[N ]

( ∑
j∈[n]

γ′
j |x̃i

j − xi
j |+

∑
ℓ∈[m]

δ′ℓ1[z̃
i
ℓ ̸= zi

ℓ]
)
≤ ϵ′, x̃i ∈ Rn, z̃i ∈ C, i ∈ [N ]

}
, (16)

where ϵ′ > 0 is the total allowable budget of uncertainty across data points, controlling the level of robustness for
distribution shifts. γ′

j > 0 and δ′ℓ > 0 are the weight parameters of the perturbation on numerical feature j and

on categorical feature ℓ respectively. γ′
j is the cost of perturbing xi

j by one in either direction, and δ′ℓ is the cost of

perturbing zi
ℓ to a different value in the set Cℓ. Similar to our proposed distributionally robust logistic regression

model, this robust logistic regression model also addresses sensitivity to feature shifts through weight parameters.
In addition, although they differ in addressing distribution shifts—one focusing on worst-case realizations and
the other on worst-case distributions—both models ultimately control the tolerance for distribution shifts using
budget parameters.

We next build the specific connection between robust logistic regression problem (15) and our proposed distribu-
tionally robust logistic regression problem (1). That is, problem (1) can be transformed into the form of problem
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(15) by introducing appropriate constraints. By incorporating the uncertainty set U , the inner problem of the
robust logistic regression problem (15) is equivalent to

maximize
X̃,Z̃

1

N

∑
i∈[N ]

lβ(x̃
i, z̃i, yi)

subject to
1

N

∑
i∈[N ]

∑
j∈[n]

γj |x̃i
j − xi

j |+
∑
ℓ∈[m]

δℓ1[z̃
i
ℓ ̸= zi

ℓ]

 ≤ ϵ′

(x̃i, z̃i) ∈ Rn × C, i ∈ [N ].

(17)

Following the proof of Theorem 1 by Selvi et al. (2022), the inner problem of our proposed distributionally robust
logistic regression (1) can be reformulated as

maximize
Qi

1

N

∑
i∈[N ]

∫
ξ∈Ξ

lβ(ξ)Qi(dξ)

subject to
1

N

∑
i∈[N ]

∫
ξ∈Ξ

d(ξ, ξi)Qi(dξ) ≤ ϵ

Qi ∈ P0(Ξ), i ∈ [N ].

where Qi(dξ) := Π(dξ|ξi) the conditional distribution of Π upon the realization of ξ′ = ξi. We add proper
constraints on the selection of conditional probabilities to obtain a new formulation

maximize
Qi

1

N

∑
i∈[N ]

∫
ξ∈Ξ

lβ(ξ)Qi(dξ)

subject to
1

N

∑
i∈[N ]

∫
ξ∈Ξ

d(ξ, ξi)Qi(dξ) ≤ ϵ

Qi ∈ P0(Ξ), i ∈ [N ]

Qi ∈
{
δ(x̃i,z̃i,yi) | (x̃i, z̃i) ∈ Rn × C, i ∈ [N ]

}
,

where δ(x̃i,z̃i,yi) is the Dirac delta function centered at (x̃i, z̃i, yi). Expressing d(ξ, ξi) in its explicit form, the
above formulation is equivalent to

maximize
X̃,Z̃

1

N

∑
i∈[N ]

lβ(x̃
i, z̃i, yi)

subject to
1

N

∑
i∈[N ]

∑
j∈[n]

γj |x̃i
j − xi

j |+
∑
ℓ∈[m]

δℓ1[z̃
i
ℓ ̸= zi

ℓ]

 ≤ ϵ

(x̃i, z̃i) ∈ Rn × C, i ∈ [N ].

(18)

Now, problem (18) is in the form of (17). The correspondence between parameters in the ambiguity set of
the distributionally robust logistic regression model and parameters in the uncertainty set of the robust logistic
regression problem model is γj = γ′

j , δj = δ′j , and ϵ = ϵ′.

Next, we extend the calibration method for robust optimization problems studied by Justin et al. (2023) to
the case with both numerical and categorical features. Based on the assumptions in Section 3, we assume
the perturbation on numerical feature j follows a Laplace distribution f with scale parameter bj and location
parameter 0. Since the probability of certainty ρxj represents the probability that the perturbation on numerical
feature j falling between lj and uj during deployment, for each data point indexed by i, we can express bj
through

P(lj ≤ x̃i
j − xi

j ≤ uj) =

∫ uj+xi
j

−uj+xi
j

f(x̃i
j)dx̃

i
j = ρxj .
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We obtain bj =
−uj

log(1−ρxj)
.

We now build uncertainty sets using hypothesis testing (Bertsimas et al., 2018; Justin et al., 2023). We set up a
likelihood ratio test on the magnitude of the perturbation with threshold θN , where the exponent N to normalize
across different datasets with varying number of data points. Our null hypothesis is that the perturbed numerical
and categorical features, X̃ and Z̃ come from the distributions described in Section 3. If this null hypothesis
fails to be rejected, then X̃ and Z̃ lie within our uncertainty set. That is, X̃ and Z̃ lies within the uncertainty
set if the following inequality∏

i∈[N ]

(∏
j∈[n]

(
1

2bj
exp

(
− |x̃i

j−xi
j |

bj

))
·
∏

ℓ∈[m]

(
1[z̃i

ℓ = zi
ℓ]ρzℓ + 1[z̃i

ℓ ̸= zi
ℓ]

1−ρzℓ

|Cℓ|−1

))
∏

i∈[N ]

(∏
j∈[n]

1
2bj
·
∏

ℓ∈[m] ρzℓ

) ≥ θN (19)

is satisfied. The numerator of the left hand side of inequality (19) is the likelihood under the null hypothesis.
The denominator of the left hand side is the likelihood of the most probable realization, meaning the likelihood
of no perturbation.

By applying logarithm operations at both sides, we reduce inequality (19) to

∑
i∈[N ]

∑
j∈[n]

|x̃i
j − xi

j |
bj

+
∑
ℓ∈[m]

(
− log

(
1[z̃i

ℓ = zi
ℓ] + 1[z̃ℓ ̸= zi

ℓ]
1− ρzℓ

ρzℓ(|Cℓ| − 1)

))
≤ −N log θ,

For categorical features, since when no perturbation exists, the cost is 0. We rewrite it as

1

N

 ∑
i∈[N ]

∑
j∈[n]

|x̃i
j − xi

j |
bj

+
∑
ℓ∈[m]

(
− log

(
1− ρzℓ

ρzℓ(|Cℓ| − 1)

)
1[z̃ℓ ̸= zi

ℓ]

) ≤ − log θ, (20)

Since (20) is the form of uncertainty set (16), we can set

δ′ℓ = log

(
ρzℓ(|Cℓ| − 1)

1− ρzℓ

)
,

γ′
j =
− log(1− ρxj)

uj

ϵ′ = − log θ

Based on the correspondence γj = γ′
j , δj = δ′j , and ϵ = ϵ′, we set

δℓ = log

(
ρzℓ(|Cℓ| − 1)

1− ρzℓ

)
,

γj =
− log(1− ρxj)

uj

ϵ = − log θ

B CUTTING-PLANE SCHEME

We adapt the cutting-plane algorithm proposed by Selvi et al. (2022), as described in Algorithm 2. This algorithm
can solve problem (3) in finite many iterations, following the proof of Theorem 4 by Selvi et al. (2022).

C DETAILS OF DATA PROCESSING

For each dataset, missing values in categorical features are treated as a separate category within that feature,
while missing values in each numerical feature are replaced by the median of the remaining values of that feature.
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Algorithm 2 Cutting-Plane Scheme for Problem (3).

Input: constraint set W ⊆ [N ]× C.
Output: optimal solution (λ⋆,β⋆, r⋆) to problem (3)

1: Initialize LB0 = −∞ and UB0 = +∞ as lower and upper bounds for problem (3);
2: while LBt < UBt do
3: Let e⋆ be the optimal value and (λ,β, r) be the optimal solution to the relaxed version of (3), where the

original constraint set [N ]× C is replaced by W.
4: for i ∈ [N ] do
5: Identify the most violated constraint by Algorithm 1; get violation ϑi and corresponding solution z(i).
6: end for
7: Calculate ϑ⋆ = maxi∈[N ]{ϑi} and i⋆ = argmaxi∈[N ]{ϑi}.
8: Add the constraint indexed by (i⋆, z(i⋆)) to W.
9: Update LBt = e⋆ and UBt = min{UBt−1, e

⋆ + ϑ⋆}
10: Update t = t+ 1
11: end while
12: return solution (λ,β, r).

Features with only one unique category in the raw dataset are ignored. For datasets with non-binary labels, we
convert the labels into binary by distinguishing the majority class from all other labels. Additionally, unrelated
columns are removed based on dataset-specific properties. For example, the ”name” and ”hobby” columns in the
”hayes-roth” dataset are deleted because they consist of randomly generated values. Additionally, we convert
the text in certain columns to lowercase when the upper and lower case have the same meaning, to prevent the
model from treating them as distinct categories.

D DISTRIBUTIONS OF PERFORMANCE IMPROVEMENTS UNDER
UNEXPECTED PERTURBATIONS

The distributions of performance improvements for our proposed model under unexpected perturbations, com-
pared to lasso logistic regression and the distributionally robust logistic regression model proposed by Selvi et al.
(2022), are summarized in Figures 4 and 5, respectively. These results highlight our model’s enhanced robust-
ness and improved performance when the basic domain knowledge is not precisely estimated and our model is
misspecified.

E PROOFS

E.1 Proof of Theorem 1

The proof of Theorem 1 requires the following lemma.

Lemma 2. Consider the convex function gβ(x) := log(1+exp(−β⊤
x x−α)) where βx,x ∈ Rn and α ∈ R. Then,

for every λ > 0, the following

sup
x∈Rn

gβ(x)− λ∥Γx(x− x̂)∥ =

{
gβ(x̂) if ∥Γ−1

x βx∥∗ ≤ λ,

+∞ otherwise

holds, where ∥ · ∥∗ denotes the dual norm of ∥ · ∥, specifically

∥Γ−1
x βx∥∗ := sup

∥x∥≤1

(Γ−1
x βx)

⊤x,

and Γx ∈ Rn×n is a diagonal matrix with positive diagonal elements γj > 0 for j ∈ [n].

Lemma 2 generalizes Lemma 1 of Shafieezadeh-Abadeh et al. (2015) by accounting for the weight parameter γj
for each numerical feature j ∈ [n] and the constant α in the log-loss function.
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Figure 4: Overview of performance improvement compared to lasso-regularized logistic regression in terms of
calibration error and AUC across different levels of robustness θ under unexpected perturbations. The blue boxes
represent our proposed models with calibrated parameters rounded to integer. The orange boxes represent our
proposed models with calibrated parameters rounded to one decimal place.
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Figure 5: Overview of performance improvement compared to distributionally robust logistic regression with all
weight parameters set to 1 in terms of calibration error and AUC across different levels of robustness θ under
unexpected perturbations. The blue boxes represent our proposed models with calibrated parameters rounded
to integer. The orange boxes represent our proposed models with calibrated parameters rounded to one decimal
place.
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Proof of Lemma 2. To process the constant α, we define x′ = x+ c where c ∈ Rn such that c⊤βx = α and
focus on showing that the following

sup
x′∈Rn

hβ(x
′)− λ∥Γx(x

′ − x̂′)∥ =

{
hβ(x̂

′) if ∥Γ−1
x βx∥∗ ≤ λ,

+∞ otherwise
(21)

holds where hβ(x
′) := log(1 + exp(−β⊤

x x
′))

Following the proof of Lemma 1 of Shafieezadeh-Abadeh et al. (2015), we express hβ(x
′)− λ∥Γx(x

′− x̂′)∥ as an
upper envelop of infinityly many affine functions. We define f(t) := log(1 + exp(−t)) and its conjugate function
of f(t) is

f∗(τ) =

{
τ log(τ) + (1− τ) log(1− τ) if τ ∈ [0, 1],

+∞ otherwise.

Based on strong Lagrangian duality, the conjugate of hβ(x
′) = f(β⊤

x x
′) is

h∗
β(ζ) =

{
inf

0≤τ≤1
f∗(τ) if ζ = τβx,

+∞ otherwise.

As the logloss function hβ(x
′) is convex and continuous, it equals its bi-conjugate:

hβ(x
′) = h∗∗

β (x′) = sup
ζ∈Rn

⟨ζ,x′⟩ − h∗
β(ζ)

= sup
0≤τ≤1

⟨τβx,x
′⟩ − f∗(τ).

Using this representation, we obtain

sup
x′∈Rn

hβ(x
′)− λ∥Γx(x

′ − x̂′)∥ = sup
x′∈Rn

h∗∗
β (x′)− λ∥Γx(x

′ − x̂′)∥

= sup
0≤τ≤1

sup
x′∈Rn

⟨τβx,x
′⟩ − f∗(τ)− λ∥Γx(x

′ − x̂′)∥

= sup
0≤τ≤1

sup
x′∈Rn

⟨τβx,x
′⟩ − f∗(τ)− sup

∥q∥∗≤λ

⟨q,Γx(x
′ − x̂′)⟩

= sup
0≤τ≤1

sup
x′∈Rn

⟨τβx,x
′⟩ − f∗(τ)− sup

∥q∥∗≤λ

⟨Γxq,x
′ − x̂′⟩

= sup
0≤τ≤1

sup
x′∈Rn

inf
∥q∥∗≤λ

⟨τβx,x
′⟩ − f∗(τ)− ⟨Γxq,x

′ − x̂′⟩

= sup
0≤τ≤1

inf
∥q∥∗≤λ

sup
x′∈Rn

⟨τβx − Γxq,x
′⟩ − f∗(τ) + ⟨Γxq, x̂

′⟩,

where the third equality follows from the definition of the dual norm. Explicitly evaluating the maximization
over x′ shows that the above expression is equivalent to sup

0≤τ≤1
inf

∥q∥∗≤λ
−f∗(τ) + ⟨Γxq, x̂

′⟩

s.t. τβx − Γxq = 0

=

 sup
0≤τ≤1

−f∗(τ) + ⟨τβx, x̂
′⟩ if sup

0≤τ≤1
∥τΓ−1

x βx∥∗ ≤ λ,

+∞ otherwise.

We conclude that equation (21) holds. By expressing x′ in terms of x+ c, we have

sup
x∈Rn

gβ(x)− λ∥Γx(x− x̂)∥ =

{
gβ(x̂) if ∥Γ−1

x βx∥∗ ≤ λ,

+∞ otherwise.
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Therefore, Lemma 2 holds.

Proof of Theorem 1. The theorem can be proven along the lines of the proof of Theorem 1 by Selvi et al.
(2022) if we leverage Lemma 2. Problem (1) can be reformulated as

minimize
λ,r

λϵ+
1

N

N∑
i=1

ri

subject to sup
x∈Rn

lβ(x, z,+1)− λ
∑
j∈[n]

γj |xj − xi
j |

− λκ1[yi ̸= 1]− λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

sup
x∈Rn

lβ(x, z,−1)− λ
∑
j∈[n]

γj |xj − xi
j |

− λκ1[yi ̸= −1]− λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

λ ≥ 0, r ∈ RN

The dual norm of l1 norm is l∞ norm. Applying Lemma 2 to the suprema of the above problem and choosing
l1 norm, we get

minimize
λ,r

λϵ+
1

N

N∑
i=1

ri

subject to lβ(x
i, z,+1)− λκ · 1[yi ̸= 1]− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

lβ(x
i, z,−1)− λκ · 1[yi ̸= −1]− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

maxj∈[n] |γ−1
j βxj | ≤ λ

λ ≥ 0, r ∈ RN .

Based on the property of maximization problem, this formulation is equivalent to

minimize
λ,r

λϵ+
1

N

N∑
i=1

ri

subject to lβ(x
i, z,+1)− λκ · 1[yi ̸= 1]− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

lβ(x
i, z,−1)− λκ · 1[yi ̸= −1]− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN .

For yi = +1, the identities

lβ(x
i, z,+1)− λκ · 1[yi ̸= 1] = lβ(x

i, z, yi)

lβ(x
i, z,−1)− λκ · 1[yi ̸= −1] = lβ(x

i, z,−yi)− λκ

hold; for yi = −1, the identities

lβ(x
i, z,+1)− λκ · 1[yi ̸= 1] = lβ(x

i, z,−yi)− λκ

lβ(x
i, z,−1)− λκ · 1[yi ̸= −1] = lβ(x

i, z, yi)
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hold as well. we can simplify above formulation to

minimize
λ,r

λϵ+
1

N

N∑
i=1

ri

subject to lβ(x
i, z, yi)− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

lβ(x
i, z,−yi)− λκ− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN

Since we do not account for perturbations in the labels, we set κ to infinity, causing the second set of constraints to
hold trivially. Removing these constraints and incorporating this problem into the overall optimization problem,
we can get problem (3)

minimize
λ,r,β

λϵ+
1

N

N∑
i=1

ri

subject to lβ(x
i, z, yi)− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri, ∀i ∈ [N ], z ∈ C

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN , β = (β0,βx,βz) ∈ R1+n+c

Equivalent formulation of problem (3) as an exponential cone problem. We can convert a logarithm
constraint log(1+ exp(c)) ≤ a into exp(−a)+ exp(c− a) ≤ 1 through exponentiation operations. By introducing
the auxiliary variables u, v, we can reformulate this constraint as

u+ v ≤ 1

exp(−a) ≤ u

exp(c− a) ≤ v

(22)

The exponential cone is defined as

Kexp := cl ({(a, b, c) : a ≥ b exp(c/b), a > 0, b > 0}) ⊂ R3,

where cl(·) denotes the closure. Therefore, we can rewrite constraints (22) as

u+ v ≤ 1

(u, 1,−a) ∈ Kexp

(v, 1, c− a) ∈ Kexp

For each (i, z) ∈ [N ]× C, the constraint in problem (3)

log
(
1 + exp

(
−yi

(
β⊤
x x

i + β⊤
z z

)))
− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ] ≤ ri

can be converted into
u+ v ≤ 1

(u, 1,−λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]− ri) ∈ Kexp

(v, 1,−yi
(
β⊤
x x

i + β⊤
z z

)
− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]− ri) ∈ Kexp
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We can formulate problem (3) in the form of exponential cone problem

minimize
λ,r,β,u,v

λϵ+
1

N

∑
i∈[N ]

ri

subject to uiz + viz ≤ 1

(uiz, 1,−λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]− ri) ∈ Kexp

(viz, 1,−yi
(
β⊤
x x

i + β⊤
z z

)
− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]− ri)) ∈ Kexp


∀i ∈ [N ], z ∈ C

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN , β = (β0,βx,βz) ∈ R1+n+c

(uiz, viz) ∈ R2, (i, z) ∈ [N ]× C

E.2 Proof of Correctness of Algorithm 1

Proof. We prove the correctness of Algorithm 1 using mathematical induction, showing that we can calculate
gi(k, d) correctly for each (k, d) ∈ Si by equations (9)-(10).

Base Case:

For k = 0, we have gi(0, 0) = 0. This is given directly by the definition, and since there are no categorical
features to consider, the base case holds trivially.

Inductive Step:

For each k ∈ [m], assume that the value gi(k − 1, d′) has been correctly calculated for each (k − 1, d′) ∈ Si.
Then, for each state (k, d) ∈ Si, the function gi(k, d) is defined as (8), which is:

gi(k, d) := max
{zℓ}ℓ∈[k]

−yi
∑
ℓ∈[k]

β⊤
zℓzℓ

s.t. zℓ ∈ Cℓ, ℓ ∈ [k]∑
ℓ∈[k]

δℓ1[zℓ ̸= zi
ℓ] = d

We can decompose this optimization problem by dividing decision variables {zℓ}ℓ∈[k] into zk and {zℓ}ℓ∈[k−1]:

gi(k, d) = max
zk∈Ck

−yiβ⊤
zkzk + max

{zℓ}ℓ∈[k−1]

[
−yi

∑
ℓ∈[k−1] β

⊤
zℓzℓ

]
s.t. (k − 1, d− δk1[zk ̸= zi

k]) ∈ Si

zℓ ∈ Cℓ, ℓ ∈ [k − 1]∑
ℓ∈[k−1]

δℓ1[zℓ ̸= zi
ℓ] = d− δk1[zk ̸= zi

k]

The first constraint ensures that zk is feasible for subproblem (8) at state (k, d). The second and the third
constraints define the feasible region for subproblem (8) at state (k−1, d−δk1[zk ̸= zi

k]) when choosing zk ∈ Ck.
By the inductive hypothesis, the inner maximization over {zℓ}ℓ∈[k−1] yields g

i(k−1, d−δk1[zk ̸= zi
k]). Therefore:

gi(k, d) = max
zk∈Fkd

{
−yiβ⊤

zkzk + gi(k − 1, d− δk1[zk ̸= zi
k])

}
where

Fkd =
{
zk ∈ Ck

∣∣ (k − 1, d− δk1[zk ̸= zi
k]) ∈ Si

}
.

This is exactly the Bellman equation (9).
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For k = m+1, we must account for the numerical feature component, the logistic function, and current solution
to the relaxed problem of (3) that are not captured in previous subproblems. This ensures that gi(m + 1, 0)
represents the optimal objective value of problem (7). We can compare the constraint violations of the optimal
z for subproblem (8) across all (m, d) ∈ Si

1 and select the one with the largest violation as the most violated
constraint. Using the values of gi(m, d), we have:

gi(m+ 1, 0) = max
d

log
(
1 + exp

(
−yiβ⊤

x x
i + gi(m, d)

))
− λd− ri

s.t. (m, d) ∈ Si1

This aligns with equation (10), allowing us to compute gi(m + 1, 0) using the previously calculated gi(m, d).
Therefore, we can calculate gi(k, d) for each (k, d) ∈ Si by equations (9)-(10).

E.3 Proof of Lemma 1

Proof. For clarity in the following proof, we explicitly restate the dynamic programming subproblems used to
solve problem (11), along with the function hi, which represents their optimal objective values, as defined in
Section 4.2. This restatement is provided without introducing new definitions.

If k = 0, for state (0, 0),

hi(0, 0) := 0. (23)

If k ∈ [m], for each state (k, d) ∈ Si1,

hi(k, d) := max
{zℓ}ℓ∈[k]

−yi
∑
ℓ∈[k]

β⊤
zℓzℓ

s.t. zℓ ∈ Cℓ, ℓ ∈ [k]∑
ℓ∈[k]

δℓ1[zℓ ̸= zi
ℓ] = d.

(24)

If k = m+ 1, for state (m+ 1, 0),

hi(m+ 1, 0) := max
z∈C

− yiβ⊤
z z − log

(
− 1 + exp

(
ri + λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]
))

. (25)

These subproblems can be solved by Bellman equations (12)-(13). The proof follows the proof of Algorithm 1
and is omitted for the sake of brevity.

Next, having established the equivalence between problem (11) and the dynamic programming approach, we
proceed to link the dynamic programming method with the longest path problem in the corresponding graph.
Due to the correspondence between the vertex set Vi and the state space Si for each data point i, we assert that
in each graph Gi, the longest path from the source (0, 0) to any vertex (k, d) ∈ Vi corresponds to the optimal
solution of subproblems (23)-(25), and the sum of the weights along this path equals hi(k, d). We prove this via
mathematical induction.

Based on the graph structure, all vertices with the same k = 0, 1, . . . ,m+ 1 are grouped into the same layer k.
For each vertex (k, d) ∈ Vi, where k = 1, . . . ,m+1, there is at least one arc targeting (k, d) from a vertex in the
previous layer k − 1. Thus, for any vertex (k, d) ∈ Vi \ {(0, 0)}, there always exists a path from source (0, 0) to
(k, d).

For k ∈ [m], since every arc is from a vertex in layer k− 1 to a vertex in layer k and corresponds to a categorical
feature realization zk ∈ Ck , any path from the source (0, 0) to a vertex (k, d) ∈ Vi can be described as a sequence
of realizations of the first k categorical features. The path from the source (0, 0) to itself is represented by the
empty sequence ().

We define the set of all possible paths from the source (0, 0) in the graph Gi as follows:

Πi :=
{
(zℓ)ℓ∈[k] | zℓ ∈ Cℓ, k ∈ [m]

}
∪ {()} .
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We define the longest path from source (0, 0) to vertex (k, d) ∈ Vi as the function πi : Vi → Πi.

Base Case:

For k = 0, we have hi(0, 0) = 0 and πi(0, 0) = () as given.

Inductive Step:

For each k ∈ [m], assume that for all vertices (k−1, d′) ∈ Vi, the longest path from (0, 0) to (k−1, d′), denoted
πi(k − 1, d′), corresponds to the optimal solution of subproblem (23) or (24) at state (k − 1, d′), and the sum of
the weights along this path equals hi(k − 1, d′).

From equation (12), we have:

hi(k, d) = max
zk∈Fkd

{
−yiβ⊤

zkzk + hi
(
k − 1, d− δkI{zk ̸= zi

k}
)}

.

In the graph Gi, for each zk ∈ Fkd, there is an arc from the vertex
(
k − 1, d− δkI{zk ̸= zi

k}
)
to (k, d) with

a weight of −yiβ⊤
zkzk. By the induction hypothesis, πi(

(
k − 1, d− δkI{zk ̸= zi

k)}
)
corresponds to the optimal

solution of subproblem (23) or (24) at state (k − 1, d − δkI{zk ̸= zi
k}). Therefore, the longest path to vertex

(k, d) through vertex (k − 1, d− δkI{zk ̸= zi
k}) and arc corresponding to zk is (πi(k − 1, d− δkI{zk ̸= zi

k}), zk)
and its total weight is −yiβ⊤

zkzk + hi
(
k − 1, d− δkI{zk ̸= zi

k}
)
. Taking the maximum over all possible arcs

corresponding to zk ∈ Fkd, we obtain the longest path to vertex (k, d) and its total weight, as given by equation
(12). Therefore, our assertion holds for each k ∈ [m].

For k = m+ 1, from equation (13), we have:

hi(m+ 1, 0) = max
(m,d′)∈Si

1

hi(m, d′)− log (−1 + exp(ri + λd′)) .

In the graph Gi, for each vertex (m, d′) ∈ Vi, there is an arc from (m, d′) to (m + 1, 0) with a weight of
− log (−1 + exp(ri + λd′)). By the induction hypothesis, πi(m, d′) corresponds to the optimal solution of sub-
problem (24) at state (m, d′). Therefore, the longest path from (0, 0) to (m + 1, 0) passing through (m, d′) is
πi(m, d′) and its total weight is hi(m, d′) − log (−1 + exp(ri + λd′)). Taking the maximum over all possible d′,
we obtain the longest path to vertex (m + 1, 0) and its total weight, as given by equation (13). Therefore, our
assertion holds for k = m+ 1.

Based on our assertion, since problem (11) corresponds to subproblem (25), Lemma 1 holds trivially.

E.4 Proof of Theorem 2

Proof. We convert the constraint set indexed by [N ] × C in problem (3) into a more tractable form. Given the
data point indexed by i, the constraint

ri ≥ log
(
1 + exp

(
−yi

(
β⊤
x x

i + β⊤
z z + β0

)))
− λ

∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]

must hold for all z ∈ C. Each inequality can be rewritten as

exp (ri) ≥
(
1 + exp(−yi(β⊤

x x
i + β⊤

z z + β0))
)
exp

−λ ∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]


⇔exp

ri + λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]

 ≥ 1 + exp(−yi(β⊤
x x

i + β⊤
z z) + β0)

⇔ log

−1 + exp(ri + λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]

 ≥ −yi(β⊤
x x

i + β⊤
z z + β0)

⇔yi
(
β⊤
x x

i + β0

)
≥ −yiβ⊤

z z − log

−1 + exp(ri + λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]

 .
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Therefore, the constraints indexed by i ∈ [N ] in problem (3) are equivalent to

yi
(
β⊤
x x

i + β0

)
≥ max

z∈C
−yiβ⊤

z z − log

−1 + exp(ri + λ
∑
ℓ∈[m]

δℓ1[zℓ ̸= zi
ℓ]


as described in Section 4.2, where the right hand side corresponds to problem (11). Therefore, problem (3) can
be formulated as

min
λ,r,β

λϵ+ 1
N

∑
i∈[N ] ri

s.t. yi
(
β⊤
x x

i + β0

)
≥ maxz∈C −yiβ⊤

z z − log
(
−1 + exp(ri + λ

∑
ℓ∈[m] δℓ1[zℓ ̸= zi

ℓ]
)
, ∀i ∈ [N ]

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN , β ∈ R1+n+c

(26)

Next, We transform problem (11) into a more tractable formulation. According to Lemma 1, problem (11) can
be treated as a longest path problem, which can subsequently be reformulated as the following linear program.

max
ai∈R|Ai|

∑
e∈Ai

wi(e)aie

s.t.
∑

{e∈Ai|
ti(e)=v}

aie −
∑

{e∈Ai|
si(e)=v}

aie =


−1 if v = (0, 0)

1 if v = (m+ 1, 0)

0 otherwise

, ∀v ∈ Vi

ai ≥ 0

where aie is a decision variable indicating if we select arc e ∈ Ai. Since strong duality holds for linear programing
problems, we get its dual problem:

min
µi∈R|Vi|

−µi
(0,0) + µi

(m+1,0)

s.t. µi
ti(e) − µi

si(e) ≥ wi(e), ∀e ∈ Ai

where µi ∈ R|Vi| are dual variables. We can convert problem (26) into

min
λ,r,β,µ

λϵ+
1

N

∑
i∈[N ]

ri

s.t. yi(β⊤
x x

i + β0) ≥ min
µi∈R|Vi|

−µi
(0,0) + µi

(m+1,0), ∀i ∈ [N ]

µi
ti(e) − µi

si(e) ≥ wi(e), ∀i ∈ [N ], e ∈ Ai

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN , β ∈ R1+n+c

Instead of separately minimizing over µi, we can remove the minimization operator directly without changing
the feasible region because the minimization problem ensures the existence of a feasible solution that satisfies
certain constraints. Therefore, we can get

min
λ,r,β,µ

λϵ+
1

N

∑
i∈[N ]

ri

s.t. yi(β⊤
x x

i + β0) ≥ −µi
(0,0) + µi

(m+1,0), ∀i ∈ [N ]

µi
ti(e) − µi

si(e) ≥ wi(e), ∀i ∈ [N ], e ∈ Ai

|γ−1
j βxj | ≤ λ, ∀j ∈ [n]

λ ≥ 0, r ∈ RN , β ∈ R1+n+c, µ ∈ R
∑

i∈[N] |V
i|


