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A SYMMETRIC EXTRAPOLATED PROXIMAL ALTERNATING
PREDICTOR-CORRECTOR METHOD FOR SADDLE-POINT
PROBLEMS. *

LIHAN ZHOU ' AND FENG MA#

Abstract. The proximal alternating predictor-corrector (PAPC) method is a widely used first-
order algorithm for solving convex-concave saddle-point problems involving both smooth and non-
smooth components. Unlike the primal-dual hybrid gradient (PDHG) method, which incorporates
an extrapolation step with parameter 6 € (0,1] to improve convergence, the existing convergence
analysis of PAPC has been limited to the case 8 = 1. As a result, the behavior of PAPC under
general extrapolation parameters remains largely unexplored. Moreover, despite the intrinsic sym-
metry between primal and dual variables in saddle-point formulations, the classical PAPC employs
an asymmetric update scheme that does not exploit this structure. In this paper, we introduce a
simple yet effective extrapolation step into the PAPC framework, resulting in a new method termed
the symmetric proximal alternating predictor-corrector (SPAPC) algorithm. The proposed scheme
incorporates extrapolation symmetrically in both primal and dual updates, yielding a balanced and
structurally coherent iteration. We demonstrate that this modification allows for relaxed step-size
conditions compared to those required by the classical PAPC method. Moreover, we establish the
global convergence of SPAPC and provide both ergodic and nonergodic convergence rate guarantees.
Numerical experiments further validate the improved efficiency of the proposed method.

Key words. Saddle-point problem, Lipschitz continuity, Primal-dual algorithms, Proximal
alternating predictor-corrector, Symmetry.
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1. Introduction. In this paper, we consider the convex-concave saddle-point

problem of the form
. T *

(1.1) min max {p(z,s) = f(z) + s Az —h*(s)},
where A € R™*" is a given matrix, and f: R™ — R and h : R™ — R are convex,
proper, and lower semicontinuous functions. Additionally, we assume that f has an
L y-Lipschitz continuous gradient, and h* represents the Fenchel conjugate of h. The
function h* is assumed to be proximal tractable, meaning that its proximal operator
(see (2.1)) can be efficiently computed. Such saddle-point problems frequently arise
in optimization tasks in machine learning and image processing, including regularized
regression, CT reconstruction and so on. We refer readers to e.g., [4, 11, 20, 24] and
the references therein for further discussion.

A classical algorithm for solving (1.1) is the primal-dual hybrid gradient (PDHG)
method, introduced by Chmabolle and Pock [3, 5]. It iterates as follows:

(1.2a) 2" = Prox(,p[2" — rAT "],
(12b) ik+1 _ sL,k+1 + e(xk+1 _ (Ek),
(1.2¢) sFl = Prox(5h*)[sk + o AR,

where (1.2b) denotes a extrapolation step, § € (0,1] denotes the extrapolation pa-
rameter, and Prox(,s) and Proxs,«) denote the proximal operators of rf and Jh*,
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2 D. DOE, P. T. FRANK, AND J. E. SMITH

36 respectively (see (2.1)). By reformulating the PDHG within a proximal point algo-
7 rithmic framework [18], the convergence condition of the PDHG with § = 1 can be
8 obtained by

1
39 (1.3) rd < .
[ATA]
A0 In the PDHG scheme, each iteration involves two subproblems: updating the

i1 primal variable z and the dual variable s alternately. These subproblems often have
42 closed-form solutions or allow efficient computation via proximal operators, making
43 PDHG straightforward to implement, especially in the image process. However, when
44 the objective function f is differentiable, solving the subproblem (1.2a) involves a
15 matrix inversion. Consequently, the solution for the subproblem (1.2a) may not be
16 attainable. To address this difficulty, several algorithms have been developed, in-
47 cluding proximal alternating predictor-corrector (PAPC) algorithm [10], primal-dual
18 fixed point algorithm based on the proximity operator (PDFP20y) [6], the adaptive
49  PDHG variant [28], proximal forward-backward splitting (PFBS) algorithm [8]. For
50 further discussion of the connections between these algorithms, we refer readers to e.g.,
51 (7,4, 29,9, 25, 27]. To motivate our study, we present two representative algorithms:
52 the PAPC method and the PDFP20;, method.
The Proximal Alternating Predictor-Corrector (PAPC) method, introduced in [10] ]
employs a gradient mapping for updating the primal variable z¥*1, thereby avoiding
matrix inversion. The iteration scheme of PAPC is given by

(1.4a) FH =gk U f(ah) — rAT s,
(1.4b) s*+1 = Proxgy- (sk + 5A5ck+1) ,
(1.4c) af =gk U f(aP) — rAT s
53 The convergence of PAPC is guaranteed under the condition
1
54 (1.5) ro|AAT| <1, 0<r< T
f

5 where Ly is the Lipschitz constant of V f. This algorithm was initially presented in
56 [22] in the context of ¢1-penalized least squares problems. It has since been inde-
57 pendently rediscovered and appears under various names, including the Primal-Dual
58 Fixed-Point algorithm based on the Proximity Operator (PDFP20) [6] and the PAPC
59 algorithm [10]. An interpretation of PAPC as a primal-dual forward-backward split-
60 ting method was given in [9]. Unlike the PDHG method, PAPC performs only a single
61 evaluation of the gradient of the smooth component and one proximal operation for
62 the nonsmooth component per iteration. This feature makes it particularly attractive
63 for large-scale problems where computational efficiency is critical. However, the the-
64 oretical convergence analysis imposes a stricter constraint on the step-size parameter
65 7, which may limit the flexibility of the method in practical settings.

The PDFP20;, algorithm, proposed in [6], extends the PAPC method by intro-
ducing two under-relaxation steps to improve stability and flexibility. The iterative
scheme is given by:

(1.6a) P =gk V(b)) —rATsE,
(1.6b) §M = Prox sy [s" + 64z,
(1.6¢) TP =gk V(b)) - r AT
(1.6d) sFH = ksh 4 (1 — k)5F T,

(1.6e) P = kak + (1 - k)zhTE
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AN EXAMPLE ARTICLE 3

where k € [0, 1] denotes a relaxation parameter. When k = 0, the PDFP?0y, reduces
to the PAPC. By reformulating the scheme (1.6) within the fixed point algorithmic
framework, the convergence can be proved under the condition

(1.7) ro|AAT| <1, 0<r< 2.

Ly
Compared to the PAPC convergence condition, this result relaxes the upper bound
on the primal step size r, potentially improving convergence speed. However, it
introduces an under-relaxation parameter k, which may affect practical performance
depending on the choice of k.

Both the PAPC and PDFP20;, algorithms employ alternating update schemes
for primal and dual variables while avoiding the matrix inversion typically required
in the z-subproblem, which significantly reduces computational complexity. However,
these algorithms do not fully exploit the intrinsic symmetry of saddle-point problems.
In particular, within each iteration, extrapolation is applied only to either the primal
or the dual variable, but not both. To highlight this asymmetry, we reformulate the
PAPC algorithm in an equivalent form:

(1.8a) P = gF — Y f(ah) —rAT sk,
(1.8b) sFHL = Proxgy- [sk + 5A§ck+1] ,
(1.8¢c) o = ghtl e AT (s gy,

This scheme can be further expressed as:

(1.9a) ghtl = ghtl
(1.9b) ghrl = gk L sAzM,
1
(1.9¢) s**1 = arg min {h*(s) + 2—6”5 - §k+1||2} ,
(1.94) gRFL = ghHl 4 (ghHL gy,
(1.9¢) 2 = gL T f(ah ) — AT
1

(1.9f) 2 = argmin{2||x—ik+2||2} .

P T

As evident from steps (1.9a) and (1.9d), the update of ¥ relies solely on the most
recent iterate Z¥! and does not utilize the preceding iterate 2*, whereas 5t explic-
itly incorporates both s* and s**!. Thus, the dual update involves an extrapolation
with factor 1, while the primal update lacks any form of extrapolation. This struc-
tural imbalance renders the PAPC inherently asymmetric. A similar asymmetry is
also present in the PDFP20,, algorithm.

However, several optimization algorithms for saddle-point problems have success-
fully exploited the inherent symmetry of such formulations by treating the primal
and dual variables in a more balanced manner. Prominent examples include the
Peaceman—Rachford splitting method [21, 26, 15] and various symmetric variants of
the alternating direction method of multipliers (ADMM) [12, 17]. These methods
leverage symmetric update structures, which have been shown to enhance conver-
gence behavior and broaden the range of practical applicability. In particular, they
often permit a wider range for the extrapolation parameter, and empirical studies
suggest that such relaxed conditions yield improved numerical performance. Moti-
vated by these observations, a natural question arises: Can we design a symmetric

This manuscript is for review purposes only.



90
91

2
93

=

95

96

103
104

1(

4 D. DOE, P. T. FRANK, AND J. E. SMITH

optimization algorithm that applies extrapolation to both the primal and dual updates,
while admitting a broad admissible range for the extrapolation parameter?

In this work, we provide an affirmative answer to this question. Motivated by the
symmetric PDHG algorithm introduced in [23], we extend this framework to address
the problem (1.1). The resulting symmetric scheme incorporates extrapolation into
both the primal and dual updates and is formally given by:

(1.10a) P =gk — V(b)) - rATsk,

(1.10b) TRt = gFH gkt — 2h),

(1.10c) skl = Prox sp« [sk + 5Aa’3k+1},

(1.10d) 2P =ab — (14 0)rVf(a®) — orATsP —rAT s

This framework admits an equivalent form as follows

(1.11a) B =ah —rVfak) - rATS,
1.11b PR = gkl (Rt gk,

( ) (SPAPC) xk 1 . (xk x—k) 1
(111C) S +1 PrOX((;h*) [S + SAT + ]’
(111d) xk-l—l — i,k—i—l _ TAT(S]H_l . Sk).

For the detailed derivation process, we refer readers to Section 2.4. To further eluci-
date the structural properties of our method, we rewrite it in an alternative formula-
tion:

(1.12a) R = gt g(ah T — b)),
(1.12b) gRTL = gk sAZMTL
1
(1.12c) skl = argmin{h*(s) + %HS — 5P,
(1.12d) FRHL = ghFL g (R Ry,
(1126) .’l?'k+2 — i'k+1 _ rvf(xk"rl) _ TATngrl,
1
(1.12f) P2 = argmin{Q—Hm — gF 22
T r

This algorithm applies coupled extrapolation to both the primal and dual variables
in steps (1.12a) and (1.12d), resulting in a symmetric update scheme. The use of
extrapolation on both sides not only accelerates the exchange of information between
primal and dual iterates but also reflects the inherent symmetry of the saddle-point
problem. As we will demonstrate through numerical experiments, this symmetry often
leads to faster convergence in practice.

In this paper, we prove that the proposed symmetric proximal alternating predictor-ii

corrector method (SPAPC), defined in (1.11), converges globally to a saddle point of
(1.1) without requiring any additional assumptions. Specifically, our analysis demon-
strates that the convergence is ensured when the following conditions are satisfied

4 Ly

(1.13) POllAAT <1,  O<r<-—, 6Oe(-1,1- L)
Ly, 2

Compared to PAPC and PDFP20y, our method significantly enlarges the admissible

rLy
2

to 0 < r < Lih, while retaining the same

range of the extrapolation parameter from § = 0 to 6 € (—1, 1-—

2
Lp,

) , and relaxes

the condition on r from 0 < r <
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AN EXAMPLE ARTICLE 5

constraint on rd. This expanded parameter range offers two key advantages: (1) it
enables more flexible adaptive tuning strategies that enhance both theoretical conver-
gence guarantees and practical performance. (2) It preserves computational efficiency
by eliminating matrix-vector multiplications and relying exclusively on vector addi-
tion operations, keeping the per-iteration complexity comparable to existing methods.
Moreover, we establish both non-ergodic and ergodic convergence rates for SPAPC,
providing a comprehensive theoretical analysis of its convergence behavior.

The rest of this paper is organized as follows: Section 2 gives some facts that
are useful for further analysis. In particular, a prediction-correction interpretation
for the SPAPC and a characterization of a solution point of the problem (1.1) are
presented. Section 3 conducts the convergence analysis of the SPAPC, including its
global convergence guarantee and convergence rate. Section 4 reports some results of
numerical experiments to verify the theoretical results. Finally, Section 5 summarizes
the conclusions.

2. Preliminaries. In this section, we firstly establish the necessary notation and
lemmas. Building upon them, we then derive the variational inequality formulation
of the optimality conditions for the problem (1.1) and propose a prediction-correction
framework for analyzing SPAPC. Finally, we give a characterization of a solution
point of the problem (1.1) within the scheme (1.10).

2.1. Notation. For a function f, its gradient and domain are, respectively, de-
noted by Vf and domf. For vectors, ||y, represents the I, norm of y, with ||y||
reserved for the Euclidean norm (l3) and ||y||r reserved for the Frobenius norm. For
matrices, R > 0 and R > 0 indicate positive definiteness and positive semidefiniteness,
respectively. For a nonsingular matrix R, Apin(R) and Apax(R) denote the maximum
eigenvalue and the minimum eigenvalue of R, respectively. Given a symmetric matrix
R and vector y, the weighted norm ||y||g is defined as /yT Ry, while ||R|| denotes
the spectral norm (largest singular value). The proximal mapping of a convex, lower
semicontinuous function is given by

1
(2.1) Prox,s(z) = arg rrhln{f(u) + ;Hu —z|?}, VzeR™

Note that in this case, it always yields a unique solution.
In the following, we define some auxiliary variables and matrices, which facilitate
the convergence analysis. The auxiliary variables are given by

(22) w= ( v > V(@) = ( fii ) VG(v) = ( ATS:LAZf(“) >

S

where v*T1 and F*t! are, respectively, defined as follows
k+1 ~k+1 ~kt1
(2.3) k1 [ 2 N _ (T
: v =\ gk1 )V =\ g1 )T gkl )

The matrices are given by

(2.4) Q= < _%GIA _ﬁT >
(2.5) M= ( (”09)] *rflT )

This manuscript is for review purposes only.



6 D. DOE, P. T. FRANK, AND J. E. SMITH

145
Lo
146 (2.6) Qf< (2) 0>7
147
/ Ly O
148 (2.7) Qf=< Of O)v

149 where Ly is a Lipschitz constant of the function f. Building upon the definition (2.4)
150 and (2.5), we present some matrices

, I Al —(1-p)AT
151 (2.8) H=QM" = < ~(1-p)A LI—r(1—p)AAT )’

1-6

B - T AT a1y 0
153 (2.9) G=Q+Q - M HM—( 0 17— pAAT )
154

10 _ Ly 0
55 (2.1 =G — = ( 2 )
155 (2.10) Gr=G-Qs ( "0 ;_TAAT)’
156
e ’ _ - ’ _ (1%0 — Lf)I O
157 (211) Gf—G Qf_ < 0 %—TAAT ’
158  where p = 1—41_9.
159 2.2. Some lemmas. In the section, we introduce some lemmas which are used

160 to prove the convergence and derive the convergence rate.

161 LEMMA 2.1. For any vector x,y,z,p € R", and a symmetric matriz R € R"*",
162 the following identity holds

1
6 (212) (-9 RE—p) = 5 (e - ol — e — 2%+ ly — 2% — Iy — pl%).

164 LEMMA 2.2. For any vector x,y € R", and a symmetric matric R € R"*"™, the
165  following identity holds

166 (2.13) zll7: = llyll% = 22" R(z —y) — |z -yl %
167 LEMMA 2.3. [1] Let f be convex differentiable with L-Lipschitz gradient. Then
168 Vz,y,z € domf:
1
169 (2.14) (Vi) = Vi) (@ —y) > ff||Vf($) ~VIwl*
170 LEMMA 2.4. Let f be convez differentiable with L ¢-Lipschitz gradient. ThenVz,y,z €]
171 domf:
. T Ly 2
172 (2.15) f@) < f(y) + (@ =) V() + o — ="
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AN EXAMPLE ARTICLE 7

Proof. For any convex differentiable functions f with L ¢-Lipschitz continuous
gradient, we have

(216) F(#) < F) + (2= TVI) + L 2]

It follows from the property of the convex function that

(2.17) F(2) < f(y) + (2 = )TV (2).
Adding the inequalities (2.16) and (2.17) yields (2.15). |

LEMMA 2.5. [16] Let X € R™ be a closed convex set. Given two convex functions
Flz) : X = R and G(z) : X — R with VG(z) differentiable. Suppose that the
optimization problem min{F(x) + G(z)|z € X} has a non-empty solution set. Then,
z* € X is optimal if and only if

(2.18) z* e X, F(z) - Flz*) + (z — 2")TVG(z*) >0, Vr € X.

2.3. Optimization condition in terms of variational inequality. In this
section, we derive the variational inequality formulation of the optimality conditions
for problem (1.1). We firstly revisit that (z*,s*) is called a saddle point for the
problem (1.1), if it satisfies

p(a”,s) < p(a”,s") < (x,s7).
Then, it follows from Lemma 2.5 that the first inequality is equivalent to
(2.19) R*(s) — h*(s*) + (s — s")T (= Az*) > 0.
Similarly, the second inequality can be formulated as
(2.20) f(@) — (@) + (2 — a*)T(ATs") > 0.
Since f is differentiable, the inequality (2.20) can further reduce to
(2.21) (z —2*)T(ATs* + Vf(2*)) > 0.

Adding the inequalities (2.19) and (2.21), and using the notations in (2.2), we obtain
the variational inequality of the optimization condition for the problem (1.1)

(2.22) h*(s) — B*(s*) + (v — v*)TVG(v*) > 0.

2.4. A prediction-correction interpretation. In this section, we follow the
approach outlined in, e.g., [14, 19], to reformulate the SPAPC scheme (1.10) within a
prediction—correction framework. This reformulation reveals a structure akin to that
of proximal point algorithms and facilitates a convenient convergence analysis.

First, substituting the step (1.10a) into the step (1.10d), we obtain an equivalent
update of z**1 as follows

o =2k — (14 0)rVf(2¥) — rATs% — rATsFHL
=(1+0) (ask —rVf(zh) — TATsk) — 0k — r AT (R — 5R)
_ :z,k+1 + 9(.’2k+1 _ .’Bk) _ 7ﬁAT(SkJrl _ Sk)

=aF 4 (14 0) (@ — b)) —r AT (sFH — 5F).

(2.23)

This manuscript is for review purposes only.
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Combining the step (2.23) with the scheme (1.10), we get the equivalent form of the
S-PAPC (1.11), i.c.,

g =gk — er(xk) —rATsk,

FEHL = FhHL | (gt _ kY

skt = Proxsp+) [sk + 5Ai‘k+1},

oF T =2k 4 (14 0) (@ — 2F) — r AT (sFFL — sF).
Note that in the following, we mainly study the properties of the scheme (1.11) rather
than the scheme (1.10) for the sake of analysis convenience. The scheme (1.11) can

be further split into two parts: prediction part and correction part. The prediction
part is given by

g = gk U f(ah) — rAT s,

Prediction
( ) { shtl = Proxsp-) [sk + 0A(ZF 4 g(ah !t — xk)]
The corresponding correction part is given by

2P =gk 1 (14 0)(FF — 2F) — AT (sFF — §F)

Sk+1 _ Sk + (Sk+1 _ Sk).

)

(Correction) {

We further simplify the prediction part and correction part. Applying Lemma 2.5 to
the prediction part yields

1
(2:24a) (x =T (@ — 2 4 AT 4rph) >0,
r
1
(2.24b) h*(s) — h*(s**1) + (s — sk+1)Tg(sk+1 — 5P — Az >0,

where p* = V f(2%) — AT (s**1 — s*). Combining the inequalities (2.24a) and (2.24b)
yields
h(s) = h* (3" + (v = " THTVF@E) + (2 — 2TV f(2F)

+ (’U _ ﬂkJrl)TQ(ﬁkle _ ’Uk) > 0’

(2.25)

where (Q is defined in (2.4), V.F(-) is defined in (2.2) and #**? is given by (2.3). This
inequality can be reformulated as
(v — FHYTQEFHT — %) > h* (1Y) — h*(s) + (7 — o) TVF (1)
(@ - )TV ()
= h* (3" — h*(s) + (BT — 0)TVF(v)
+ (@ =)'V (),

(2.26)

where the last identity follows from the fact that (oF+! — v)TVF(oF+) = (oF+ —
v)TVF(v). For the last term of the inequality (2.26), we have

(@ —2)TVf(ah) =@ = 2)TV f(2) + (@ = 2)(Vf (") - Vf(2)),
(2.27) =@ — )TV f it — M (V () — V()
+ak — )T (Vf(a*) — V().
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The inequality (2.27) can further reduce to
(@ =)'V f(a*) 2@ = 2)TV f(2) + (@ =M (V (") - V(@)

+ V)~ V@)
f

(2.28) 2 @)+ I - VR

Lye. 1
— ZLEH gk )2 - ||V f () - V()]
4 Ly

where the first inequality is derived from the Lemma 2.3 and the second inequality
follows from the Cauchy-Schwarz inequality. Substituting (2.28) into the inequality
(2.26), we obtain the simplified prediction part as follows

(Prediction)
(2.29) (0 =TT QE ! — vk) > 1 () — h*(s) + (F*! = 0)TVG (v)

L ~k k
- Ll =,

where VG is defined in (2.2).
For the correction part, we have

(2.30) aFH = aF 4 (14 0) (@ — 2F) — AT (BF T — sF),

where §¥+1 = sk1 (see (2.2)). Combining the update of z**! and s**! in the
correction part, and using the notation (2.2) yields

(2.31) (Correction) v*+t = oF — M(v% — 5FF1),

where the matrix M is defined in (2.5).

The prediction-correction framework, defined by steps (2.29) and (2.31), provides
a structured approach for analyzing the convergence of the SPAPC. This framework
is a modified version in [23] by replacing the proximal mapping in the prediction step
with a gradient mapping. Such modification leverages the Lipschitz continuity of f,
which not only preserves convergence guarantees but also improves the algorithmic
efficiency.

2.5. Characterization of a solution point of (1.1). In this section, we con-
ducts a rigorous analysis of solution point characterization for the problem (1.1) by
the prediction-correction framework.

THEOREM 2.6. Let (s*T1 2F+1) be the iterate generated by the scheme (1.11) from
the current iterate (z*,s%). Then (x*+1 s¥+1) is a solution point of the problem (1.1)
if the following identity holds

(2.32) M(oFH — %) = 0.

Proof. Since the matrix M is nonsingular (see (2.5)), #**! = v* holds when the
condition (2.32) is satisfied. Substituting this result into the correction step (2.31),
we get vFT! = ¢*. Combining the two results, we obtain 9¢+! = v* = ¢v*+1. By the
relation H = QM1 (see (2.8)), the inequality (2.25) can be rewritten as

h*(s) = h* (31 + (v = "THTVF@EH) + (2 — 2TV f(2F)
+ (U o ’l~}k+1)THM('l~}k+1 o ’Uk) Z 07

This manuscript is for review purposes only.



245

246

[\
=S
-

248

249
250

(SN

ORIV
NI,

[\]
(o))

[\v)
SRS

DN N
ot W

3

NN
ot Ot Ot
oo

N

260

261

262

263

264

266
267

268

269

274

10 D. DOE, P. T. FRANK, AND J. E. SMITH
Substituting 7**! = v* = v**! into this inequality yields
h*(s) — h* (") + (v = " THTVF @) + (z — 2TV f (@) > 0
Using the definition (2.2), we have
(2.33) h*(s) — h*(s"1) + (v — FTHTVG () > 0

By the optimization condition (2.22), we have that v¥*1 = (zF+1 sk¥*+1) is a optimal
solution of the problem (1.1). d

Theorem 2.6 shows the term || M (55! — v)||% can be adopted as a measurement
that characterizes the solution precision of 7¥*1 for the problem (1.1).

3. Global Convergence of the SPAPC. In the section, we firstly analyze
the contractive property of the sequence generated by SPAPC (1.11). Then, building

upon the contractive property, we prove the convergence and derive the convergence
rate of the SPAPC.

3.1. Contractive properties. For the sequence {v*} within the prediction-
correction framework defined by (2.29) and (2.31), we have the main theoretical results
as follows:

THEOREM 3.1. Let {vk} be the sequence generated by (1.11). Then, there holds
k%2 k+1 %2 ~k+1 _ k|2
(3.1) [o% ="l = v vl + 119 vt

where 5FF1 s defined in (2.3), and the matrices H and Gy are characterized by (2.8)
and (2.10), respectively.

Proof. Setting v = v* in (2.29), we get
L
(U*—ﬁk+1)TQ(’(7k+1—’l)k) Z h*(gk-i—l)_h*(s*)_i_(,&k—&-l_v*)Tvg(v*)_Zf”:ﬁk-&-l_‘rk”Z,

where v* is the optimal solution to the problem (1.1). By the optimality condition
(2.22), the above inequality can reduce to

L
(v* — 1~}k+1)TQ(,l~)k+1 _ ,Uk) > —TfII:%k“ _ 33k||2-
Substituting (2.31) into this inequality yields

L
(1)* _ ’l~1k+1)TQM_1('Uk+1 _ vk) > _If”jk-i-l _ $k||2.

By the relation H = QM !, we have

(3.2) (v* = FTHTH (kL — k) >

Lf ~k41 P

By Lemma 2.1, the inequality (3.2) is equivalent to

1 1/, -
s 5 (0" = ¥ = o™ = v ) +5 (15 = o — 15— b))
3.3

L
> = L =2k,

This manuscript is for review purposes only.
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For the last two terms in the left side of the inequality (3.3), we have
ok — 913, — bt — R,

= " =" " =) = (F =TI

lo* = o — (" = o) = M (0" =

= 20 = "HTHM " — 511 — (oF — o"T)TMTHM (0" — 54)

s (Uk _ 2~}k+1)T(QT + Q —MTHM (vk _ f)k+1)

34)

(
)

A
N
©

,Uk - 6k+1H2Ga

where the matrix G is characterized by (2.9). Furthermore, applying the definition

(2.10), the expression ||5F+1 — v*||%, — %H:ﬁk“ — 2¥||? can be reformulated as
k41 k2 _ Ly k|2 k41 k2
(3-5) [7°7° =0l = 571277 = 277 =107 =", -
Substituting (3.4) and (3.5) into (3.3), we obtain the assertion (3.1). d

Theorem 3.1 establishes that the sequence {||v* —v*||%} exhibits a non-increasing
behavior under the positive definiteness of H and G¢. This ensures the convergence of
{v*} to the optimal solution v*. To guarantee both H > 0 and Gy > 0, we establish
the following sufficient conditions.

LEMMA 3.2. Let H and Gy be the matrices defined in (2.8) and (2.10), respec-
tively. Suppose the parameters 0, r, 0 in the scheme (1.11) satisfy the conditions (1.13).
Then, the matrices H and G¢ are positive definite.

Proof. Since Gy is a diagonal matrix, Gy > 0 holds if and only if its diagonal
elements satisfy

L 1
(3.6) 9<1—T7f, 5~ rlaaT] >o.

For the positive definiteness of the matrix H, we firstly define a nonsingular matrix
W as follows
I roAT
W= ( 0 I ) ‘

By multiplying H by W7 and W from the left and right, respectively, we obtain the
matrix Ho,:

1
— 1 0
Hy,=W"'HW = ( (40 .
( 0 %I —r0AAT
Since the matrix W is nonsingular, H > 0 is equivalent to H,, > 0. Similar to the
matrix Gy, H,, > 0 holds if and only if its diagonal elements satisfy

1

1
3.7 ——— >0, = —r0|AAT| >0.
(3.7 g 20 - relAaT >
Combining the inequalities (3.6) and (3.7), we conclude the range of 6 as follows
L
0e(-1,1- TTf),

This manuscript is for review purposes only.
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which implies that 6 < 1. Building the range of 8, we have
1
5 > r||AAT| > or||AAT.

Thus, we obtain the condition (1.13). |

3.2. Global convergence. In this section, two main results are established: (1)
a critical lemma for proving S-PAPC convergence, and (2) S-PAPC convergence under
conditions (1.13).

LEMMA 3.3. Let {v*} be the sequence generated by the scheme (1.11) with the
condition (1.13). Then, we have

(3.8a) lim [|zFT! — 2| = 0,
k—o00

(3.8b) lim ||s**1 — 5% = 0.
k—o00

Proof. Theorem 3.1 establishes that the sequence {v*} generated by the scheme
(1.11) satisfies the inequality

g e L [ AN [

Summing the above inequality over k = 0,1, ..., 00 gives
o0
Dol =G, < Hlo® = o7l
k=0

which implies
: SRl k2
lim ||© v¥l|g, = 0.

k— o0
It follows from (2.3) that this identity is equivalent to

k+1 k
. skl k2 s T -
Jm, 07 = le 13;0”(_)

Gy

Lemma 3.2 shows that under the conditions (1.13), the matrix Gy maintains
positive definiteness. Therefore, under the conditions, we obtain

(3.9a) lim || — 2| =0,
k—o00

(3.9b) lim ||s**1 — 5% = 0.
k—o0

Applying the convergence result (3.9b) and taking the limit in iteration (1.11d), we
establish that limy,_,, 2%+! = 2¥. Combined with (3.9b), this yields the final conver-
gence result (3.8). 0

The following result establishes the global convergence of SPAPC.

THEOREM 3.4. Let {vF} be the sequence generated by the scheme (1.11) with the

conditions (1.13). Then, the sequence {v*} converges to the optimal point v™° = v*
for the problem (1.1).

This manuscript is for review purposes only.
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337 Proof. Theorem 3.1 and Lemma 3.2 establish that under condition (1.13), the
338 sequence {|[v* — v*||%} generated by (1.11) is non-increasing. Consequently, {v*} is
330 bounded. Consider a convergent subsequence {vF} — v3° = (z£°,s5°). By substi-
310 tuting (z§°, s5°) into (1.11), we derive the subsequent iterates (Zp°F, sp°t, zp°%). It

341 follows from Lemma 3.3 that

342 oot =50 = a0,
343 50T = 57°,
which implies v = v§°+. By the definition (2.3), we have ﬁ§°+ = v§°+. Thus,

77°% = vp°. Substituting 7;°" = vp° into (2.24) leads to
(w = Z" )T (ATET + V@) 2 0,
{ h*(s) = h*(35°7) = (y — G- F) T (AZ"™) > 0.
344 By the notations (2.2), the above inequalities are equivalent to the form

345 h*(s) — h*(5°1) + (v — 5;°T)TVG(5;°1) > 0.

346 By Lemma 2.5, we obtain that 9;°7 = v3° is an optimal point for (1.1). Fur-
347 thermore, inequality (3.1) shows the contraction property, i.e., [|[vFFt — vl <
348 ||o*® —vg°||%. This implies that {v¥} has a unique cluster point. Thus, the sequence

319 {vF} converges to the optimal point v* = v§°+ = u°. d

3.3. Convergence rate. In this section, we present the non-ergodic convergence
rate of the SPAPC, while establishing that the primal-dual gap generated by the
SPAPC can achieve an ergodic convergence rate. Specifically, Theorem 2.6 shows
that the term M||5*+1 —v*||% can be used to measure the accuracy of iterates. Thus,
we present the non-ergodic convergence rate with respect to this term. For the ergodic
convergence rate, we firstly derive a stricter convergence condition than that in (1.13).
Then, building upon this convergence condition, we derive the ergodic convergence
rate.

In the following, we prove a lemma which is crucial in analyzing the non-ergodic
convergence rate.

W oW W w
not Ot v v
S TR R~

W W
oo

w
ot ot Ot Ot Ot
~

w
©

360 LEMMA 3.5. Let {vk} be the sequence generated by the scheme (1.11). Then it
361 holds that
(3.11)

L
(b1 ,Dk)TMTHM(Uk—l R (o - @k+1)) > _anjk k1 (jk-&-l -~ mk) 2

362 1

R A CAR L] XY
363 Proof. The inequality (2.25) for the iterates k + 1 and k are, respectively, given
364 by

h*(s) — h* (8" + (v — FTHTVF (R + (z — 2FH TV f(aF)
365
+ (’U _ @k+1>TQ(1~}k+1 _ vk) > 0’

366  and

h*(s) = h*(5%) + (v = )T VF (@) + (x — &)V (")

367
+ (0 =MTQE" —v* 1) >0,
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k+

Setting v = ©F in the first inequality and v = #**! in the second inequality yields,

respectively,

h*(gk) _ h*(§k+1) + (f)k _ ,l~}lc+1)va_-(,l~)k+1) + (jk _ jk""l)TVf(xk)

(3.12) + (f)k . ’l~)k+1)TQ('6k+1 _ ’Uk) >0,
and
1) h*(§k+1) _ h*(gk) + (,Ek-i-l _ ﬂk)Tv]_-(ﬂk) + (jk-i-l _ i,k)va(CL‘k—l)

+ (,Ek+1 _ ﬂk)TQ(f}k _ ,Uk—l) >0,

Combining the inequalities (3.12) and (3.13), and using (7¥T! — v)TVF(oF+!) =
("1 — )TV F(v) yields
(3.14)

(5% — 6k+1)TQ(Uk71 R (b — 6k+1)> > ("1 = YT (V (251 — V(F))

T
+ (i’k _ xk—l _ (jk-i-l o .’Ek)) (Vf(ifk_l) o Vf(ifk))
This inequality can further reduce to
1
(i}k _ @k+1)TQ<Uk_1 _ ﬁk _ (’Uk _ @k—i—l)) 2 f‘lvf(xk_l) _ Vf(l‘k)HQ
f

(3.15) F (3 b - @ ah) (V) - V)

L
> _Ifnjk RS (i,k—i-l _ .%'k)H2,

where the first inequality follows from Lemma 2.14 and the second inequality is derived
by the Cauchy-Schwarz inequality. Adding the term

(,Uk—l _ ok (,Uk _ ﬁk+1)TQ (Uk—l _ gk (vk _ 5k+1)
to both sides of (3.15) and using the fact that v Qu = %vT(QT + Q)v, we get
L
(1 — ,Uk)TQ<,Uk—1 k(- ﬁk+1)> > _ani,k s (ik+1 _ xk) 2

1 - -

+ 5H,kal _ Uk _ (Uk _ Uk+1)H2QT+Q'

Using the relation (vF~1 — vF)T = M(vF=1 — %) (see (2.31)) and Q = HM, this

inequality is reformulated as the inequality (3.11). |
THEOREM 3.6. Let {vF} be the sequence generated by the scheme (1.11) with the

conditions (1.13). Then it holds that

0

_ 1
(3.16) 1M (0" =5 HE < Dy

[ = v* 1%,

where t denotes the iterate and Dy is a constant given by

Amin (G)
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Proof. Tt follows from the definition (2.8) that the matrix H is symmetric. By
Lemma 2.2, we have

Mt = a")[[F = (1M " =" )5 = —[lo" ! =% — (" =" )R gy
F2(o5 7t = )T MTHM (vF T 5 - (oF - )
Substituting the inequality (3.11) into the above inequality, we get
1M (P =" |3 — M (" =" = — o =% — (0 = T )[R
L
B 7fH:z,k k1 (:Z‘k'H . xk) H2 + ||Uk_1 gk (wk . 6k+1)“?QT+Q'

By the definition (2.10), we have
(3.18)  [IM(o*! =) — [ M(" = "G = ot =0 — (0F =M,

Under the condition (1.13), Lemma 3.2 establishes the positive definiteness of the
matrix Gy. Consequently, we obtain the following inequality

1M (Wt = 0F)[[F = [ M (0" = T

Summing the above inequality over £k = 0,1,...,¢ — 1 yields
t—1

(3.19) M (0f =3 < D M =
k=0

Furthermore, since the matrix Gy is positive definite under the condition (1.13),
it follows from Theorem 3.1 and the definition (3.17) that the following inequality
holds

e [ [ e A [
> [[v" = v F + Do M (757 — o)1

Summing the above inequality over k =0,1,....t — 1, we get

t—1
(3.20) lof = o*[[3 + Do Y (IM@* ' = oM < [0 — o™ 13-
k=0
Combining the inequalities (3.19) and (3.20), we get the assertion (3.16). |

In the following, a refined convergence condition is presented.

LEMMA 3.7. Let {v*} be the sequence generated by the scheme (1.11). Suppose
the parameters 0,r,9 in the scheme (1.11) satisfy the conditions

1

3.21 e (—-1,1—rLs), 16 < —rnr.

Then, the sequence {||v* — v*||%} is non-increasing and satisfies

(3.22) e e e R G R

where ©*T1 is the auziliary variable in (2.3), and H and G/f are defined by (2.8) and
(2.11), respectively.
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16 D. DOE, P. T. FRANK, AND J. E. SMITH

Proof. By Lemma 2.4, the inequality (2.26) can further reduce to

(’U o ﬂk«kl)TQ(@lﬁLl o Ulc) > h*(§k+1) o h*(S) + (ﬁk«kl o U)TVf(ﬂkJrl)
+ (@ —2)TV f(ah)
(323) Z h*(§k+1) _ h*(S) + (f)k-&-l _ v)Tv]_-(ﬂk—H)

FHE) — fla) - L P

It follows from (0¥t — v)TVF(*+1) = (58! — )TV F(v) that the above inequality
is equivalent to

(v — T QM! — k) > h*(8*1) — h(s) + (B* —v)TVF(u)

.24
(3 2 ) + f(i‘k+1) _ f(m) _ %”ijﬂ-l _ mk||2.

Using the property of the convex function f, we have
(3.25) FEY = f@) = @ —2)TV f ().
Combining the inequalities (3.24) and (3.25), and using the notation (2.2), we have

(3.26)
(’U _ 1~)k+1)TQ(1~)k+1 _ ”Uk) > h*(§k+1) _ h*(s) + (f)kJrl _ U)Tvg(v) _ %Hi’k+1 _ kaQ.

Setting v = v* and applying the analytical framework developed in Theorem 3.1, we
derive the inequality (3.22).
The inequality (3.22) implies that if # > 0 and G, > 0, the sequence {||lv* —v*||}

is non-increasing. Since G/f is a diagonal matrix, G/f > 0 holds when the parameters
0,7, satisfy

1
(3.27) 0 <1-—rLy, S—THAATH > 0.

Furthermore, it follows from Lemma 3.2 that the matrix H is positive definite if the
inequality (3.7) holds. Combining the inequalities (3.27) and (3.7), we obtain (3.21),
which proves the assertion (3.22). |

Note that Lemma 3.7 gives more conservative parameter conditions than that in
Lemma 3.2. Building upon Lemma 3.7, we present the ergodic convergence rate of
S-PAPC.

THEOREM 3.8. Let {vF} be the sequence generated by the scheme (1.11) with the
conditions (3.21), and let 0, = (T4, 8:) be the averaged sequence given by

Then, there holds

(3.28) p(T1,8) — p(x, 5)

This manuscript is for review purposes only.
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143 Proof. For the function p(Z, s), it holds that

@(i‘k+17 5) - @(m7§k+1) = (p(jk+1a 8) - @(‘i‘k-‘rla §k+1) + (p(jk+1a §k+1) - @(‘/L‘a §k+1)

144 _ h*(§k+1) _ h*(S) + (ﬁk—o—l _ U)TV]:(@]C—H) + f(.ik—’_l) _ f(x)

115 Tt follows from (9%+! — )TV F(3F+1) = (94! — v)TVF(v) that the above inequality
146 can further be expressed as

P, 5) = p(a, 1) = W7 () = B (s) + (1 —0) TV F(0)
+ f@EF) = f(2).

148 By (3.24), the following inequality holds
p(@" 1, 5) = o2, 3 ) = B (3" = h* (s) + (" —0)TVF(0) + f(@ ) — f(2)

449 < (o — FEHNT Okl _ by o L sk kg2
< (v —*HTQ(s o)+ Il "%

450 By the correction step (2.31), this inequality can be rewritten as
L
151 (3.29) (@Y s) — p(z, 84 < (v — YT H (WM — b)) + %Hﬂ?kﬂ — k|2

452 Using Lemma 2.1, we have

@) (e, < 2 (o= oHIE - R 0 o
54 — 6 = oM + Lyt — 2 )2)

155 D 2 (= M3 = llo = o, — o -
156 (3.30) L[kt — mk||2).

457 Lemma 3.7 establishes that G;c > 0 holds under the conditions (3.21). Therefore, the

458 inequality (3.30) can further simplified to

1
159 (3.31) P4, 5) = p(a,551) < 5 (Hv — V¥ — v - v'““ll?{)-
460  Summing the above inequality over £ = —1,0,...,¢t — 1 and using the convexity of
461 the function ¢ gives (3.28). o
462 4. Numerical experiments. In the section, we present some numerical experi-

463 ments to verify the efficiency of the symmetric proximal alternating predictor-corrector
464 (SPAPC) algorithm. We firstly examine the convergence condition (1.13) and iden-
465 tify the optimal parameters. Then, we compare the SPAPC algorithm with other
166 algorithms, including the PDFP20y, in [6], the PAPC in [10], and the PDHG in [3].

467 4.1. Lasso problem. To investigate the impact of the convergence condition
468 (1.13) on accelerating the convergence, we construct a general model as follows

1
460 (4.1) mxin olx) = §||K$ —b|13 + pl| Az |1,
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where K € R™*" is a random matrix, b = Ka + p is a given vector and p is a
regularization parameter. We define a € R™ as a random vector with exactly N non-
zero components, and p € R™ as a white gaussian noise of mean 0 and variance 1.
The matrix A € R"~ 1" is given by

(4.2) A=
-1 1

Assume that y = Az and s is a dual variable, then the problem (4.1) is equivalent to
1
min max §|\Kx — 0|13+ sT Az — I,(||s]| o),

where I,,(||s|loc) is a indicator function defined by

(4.3a)
(4.3b)

07 lf ||5||00 S 12

oo, otherwise .

sl =

Note that I,(||s||) is the conjugate function of the function pl|s||;. For the detail
derivation, we refer readers to [2]. By the definition (4.3), the update (1.11c) can
further reduce to

(4.4) sF T = min(max(s® 4+ 6AZF Y, —p), ).

In the numerical experiments, we adopt the parameter configurations: m = 500,
n = 10000, and g = 200. All optimization variables (2°,z°, s% 2°) are initialized to
zero. The Lipschitz constant Ly, computed as the spectral norm ||[KT K|, is 1.4838 x
10*. The norm [|AAT|| evaluates to 3.9655. For the SPAPC algorithm (1.11), the
step size parameter rd is denoted by A, and the maximum iteration number is 8000.
To examine the convergence condition (1.13), we show the numerical performance of

the SPAPC under the different parameters 6, A and 7, focusing on the difference in

the objective gap “’Z;“’* and solution error ||z* — z*||2, where ¢* denotes the optimal
objective function value. By applying the CVX solver in [13] to the problem (4.1),
we obtain the optimal objective function value ¢* ~ 2.47896 x 10* and the optimal
solution x*.

In the following, we firstly investigate the impact of the extrapolation parameter
0 on accelerating the convergence. We fix the parameters A and r at i and i,
respectively. The parameter 6 is chosen from the set {0.7,0.5,0.2,0,—0.2,—0.5, —0.8}.
It is clear that all the parameters 8, r, ¢ satisfy the convergence condition (1.13). The
numerical results £ =2~ and ||z* — 2|3 are, respectively, shown in Figure 1 and Table
1, where C'PU denotes the running time of CPU. The numerical results demonstrate
that as 6 approaches 1, both the objective gap ¢ — ¢* and solution error ||z* — z*||3
decrease. Furthermore, it is shown in Table 1 that the running time also reduce as
6 — 1. These results imply that the convergence condition (1.11) can accelerate the
convergence.

Building upon the above results, we identify the optimal extrapolation parameter
as § = 0.7. With 6 fixed along with r = we analyze the performance of the

1
2Ls>

SPAPC under the different parameter A = rd. The numerical results “”k;f* and

|lz¥ — 2*||3 are shown in Table 2. Note that since the CPU running time is similar
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10° ‘
SPAPC-6,
SPAPC-0,

102 ¢ SPAPC-65 | 7
----- SPAPC-6,
B R O SPAPC-0; | |
10§ SPAPC-6;

'-..,...'“ .......... SPAPC-6;

1000 2000 3000 4000 5000 6000 7000 8000
iteration

104

k_
Fic. 1. Numerical result ©—=2— of (1.11) for (4.1) under the different extrapolation parameter:

*

01 =0.7,02=0.5,03=02,0,=0, 65 =—-0.2, 66 = —0.5, 07 = —0.8

TABLE 1
Numerical result ||z* — z*||3 of (1.11) for (4.1) under the different extrapolation parameter 0

0 |zF —z*|2 | CPU 0 |zF — 22 | CPU
0.7 1.6418 73.5394 | 0.5 2.5586 80.4803
0.2 4.6493 81.2929 0 6.5862 81.5051

—0.2 9.1304 75.5268 | —0.5 15.8486 75.0197
—0.8 31.5168 74.5071

506 in each case, we have ignored the CPU running time. From Table 2, it can be found

507 that decreasing A has little effect on the solution error ||z* — x*||2, while notably

508 affecting the objective gap, i.e., as A decrease, the objective gap increases. Thus, in
the practical, selecting a moderately large A is preferable.

TABLE 2
Numerical result of (1.11) for (4.1) under the different step-size parameter A

N = N T =
3 1.6418 | 55964 x 10" [ ¢ 1.6367 | 6.1752 x 10~ *
5 | 16254 [ 75074x10°% | &5 | 1.6098 [ 1.0400 x 10~?
51 | 15746 [ 1.5634x10°°
509
510 Finally, we compare the numerical performance of the four optimization algo-

511 rithms, including the SPAPC (1.11), the PAPC in [10], the PDHG in [3] and the
PDFP20y, in [6]. We fix the parameter A\ = 0.25 across all methods. The step size r

is chosen from a predefined set {ﬁ, L%v %, %}. To ensure that the convergence

condition (1.13) holds, we set the extrapolation parameter § € {0.7,0.4,0.2,0.04}.
The rest parameters remain unchanged. It should be noted that the PAPC algo-
rithm’s applicability is inherently limited by its convergence condition (1.5), which
restricts its use to larger step sizes r. For the PDHG implementation, there exists a

ot ot
=V )

(SIS B, B
= = =
S ot

EN |
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inversion problem about the matrix (I +7K7 K) in the update (1.2a). To solve it, we
apply the conjugate gradient method in [2] to the quadratic subproblem. The numer-

ical results ‘Pk;f and ||2* —2*||3 are presented in Figure 2 and Figure 3, respectively.
The results indicate that the SPAPC presents superior numerical performance than
other algorithms. Furthermore, it is clear that increasing the step size r leads to the
fast convergence of the SPAPC, which guides us in choosing the step size parameter
in practices.

SPAPC-r4

102 == PDFP20;-r1 | 4
Ao PAPC-r,
—%— PDHG-r,
= = =SPAPC-ry
0 - B =PDFP?0y-ry | ]
10 - A ~PAPC-r
R - -2 2l 2 e
&’\ *
L= RO R T e ===
102k
104 F
Sl
106 | | | | | | |
1000 2000 3000 4000 5000 6000 7000 8000
Iteration
k_x
F1G. 2. Numerical result £ ;f of (1.11) for (4.1) under different methods and the different
primal step-size parameter r: r1 = i,rz = %f, r3 = %, r4 = 1012f

10°
107
10'
[a IaN]
*x 100
—B— PDFP20;-r,
| —A—PAPC-ry
v 107k —§— PDHG-r,
= = =SPAPC-ry ~
= B =PDFP20;-ry Sl
102 ¢ — A =PAPC-r, 3
wwsssnsess SPAPCory
s «wif}s PDFP20,-15
LV SEEEEE S [— SPAPC-r4 E
—=-g-=PDFP20;-1,
10.4 I I I

1000 2000 3000 4000 5000 6000 7000 8000

iteration

FIG. 3. Numerical result ||z* —z*||2 of (1.11) for (4.1) under different methods and the different
1 3 19

;7" = 2L, = ToL;

step-size parameter r: ri = ﬁ,m =
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4.2. Total variation based image denoising. Consider an optimization prob-
lem for image denoising as follows

1
4. i = —|lz — b2 A
(4.5) Jé}éﬁ]‘p(x) QIIx 5 + pll Az,

where x € R™*"™ denotes the denoised image, b € R"*"™ is a noisy input image with
noise level 0.1, and g = 0.1 is a regularization parameter. A denotes the 2D discrete
gradient operator defined as

(4.6) (Az)i,; = ( Eﬁgé” )

4,J

where

1 e
(47&) (Ax),}j o 5(1'2'_,_1’3' — SCZ‘J‘), if i < m,
and

1 e
(4.8a) (Aa?)f] _ 5(%’,;‘4—1 —z;5), ifj<mn,
(4.8b) 0, if j =n,

and g denotes the gird step size. Let y = Ax and s denote the dual variable. Then,
the optimization problem (4.5) can be reformulated as

1
min max 3o = bl + 57 Az — 1, (5]
Similar to the update of s in the Lasso problem, the update (1.11¢) in the image
denoising problem can further reduce to (4.4).

For the numerical experiments, the parameter configuration is set as follows: the
spectral norm of AA” is estimated to be approximately 8, while the Lipschitz constant
Ly is fixed at 1. The step size parameter 7 is defined as A and the maximum iteration
number is 200. Furthermore, to evaluate the convergence behavior of the SPAPC

algorithm, we employ two quantitative metrics: the objective gap ‘Okg,f’o* and the
Signal-to-Noise Ratio (SNR) defined as

Izollp
SNR =20logg —————
10 |20 — kaF7
where x, denotes the original image without noisy and the optimal objective function
value ¢* is estimated to be 1.0892 x 103.
We firstly compare the performance of the SPAPC under the different extrapo-

lation parameters. With the fixed parameters 7 = - and A = %, we choose the

2L 8
extrapolation parameter from a predefined set {0.7,0.5f,0.2,0, —0.2,—-0.5,—0.8}, all
of which rigorously satisfy the convergence condition (1.13). The numerical results
are plotted in Figure 4 and Figure 5. The origin image, the image with noise and
the denoised image are shown in Fig. 6. Since the output pages under the different
extrapolation parameters € look similar, we only present the image for § = 0.7. The

result in Fig. 6 indicates that the SPAPC method can deal with the image denoising
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problem. The numerical results in Figure 4 and Figure 5 shows that as the extrapo-
lation parameter 6 approaches —1, there exists a significant reduction in convergence
6 speed of the SPAPC. In contrast, when 6 approaches the theoretical bound 1 — %,
the convergence speed remains relatively stable. These observations suggest that the
extrapolation parameter close to —1 should be avoided in image denoising problem.

554
555
55
557
T

SPAPC-6,
SPAPC-6,
SPAPC-0

10'
10°
)
|4 107
S|
102
1078
10 ‘ :
20 40 60 80 100 120 140 160 180 200
iteration

k_
£ =2 of (1.11) for (4.5) under the different extrapolation parameter:

*

Fi1G. 4. Numerical result
61 =0.7, 00 =0.5, 03 =0.2, 4 =0, 05 = —0.2, 66 = —0.5, 67 = —0.8

T

T T
SPAPC-0;

SPAPC-0,

SPAPC-0,

ot
[S)
oo

1 1

200

80 100 120 140 160 180

iteration

Fic. 5. Numerical result SNR of (1.11) for (4.5) under the different extrapolation parameter:

61 =0.7, 62 =05, 03 =0.2, 04 =0, 05 = —0.2, g = —0.5, 7 = —0.8
Building upon the above results, we chose the extrapolation parameter 6 as 0.7.
, we compare the performance of the SPAPC

1

559
560 Then, with the fixed parameter r =
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Fi1c. 6. Image.(a) Original image. (b) Image with noise. (c¢) Denoising image

561 under the different parameter A = rd. The numerical results M and SNR are

562 presented in Figure 7 and Figure 8, respectively. The results indicate that increasing

563 A can accelerate the convergence of the SPAPC. Thus, in practices, we usually chose
the large parameter .

103 T T T T T T ! ! T
SPAPC-\,
SPAPC-)
102 ¢ = = =SPAPC-)\| 3
— = —SPAPC-)\,

104

20 40 60 80 100 120 140 160 180 200

iteration

b
Fi1c. 7. Numerical result 5"71"9— of (1.11) for (4.5) under the different parameter A\: A1 =

1 1 1
’)‘2:176’)‘325’)‘4:674

ool
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T T f J I ‘
R R T e SPAPC-), [
SPAPC-),
= = =SPAPC-)
.......... SPAPC-\; | 7

‘‘‘‘‘
0

SNR

0 \ \ \ \ \ \ \ \ \
20 40 60 80 100 120 140 160 180 200
iteration
Fic. 8. Numerical result SNR of (1.11) for (4.5) under the different parameter X: A\; = é, A2 =

TIG» A3 = 3*12, A = é
Finally, we compare the numerical performance of the SPAPC with the other
methods, including the SPAPC (1.11), the PAPC in [10], the PDHG in [3] and the

PDFP20y, in [6]. We maintain the parameter A = 0.25 and § = 0.7 across all methods.

1 3 V2

The step size r is chosen from a predefined set {ﬁ, 70305 m}. The numerical

results (’”k_f* and SNR are presented in Figure 9 and Figure 10, respectively. It can
be found that when the step size parameter r remains the same, the SPAPC present
superior numerical performance than other algorithms. Furthermore, when the step
size satisfies r = §, the SPAPC shows the fastest convergence compared with other
cases. This indicates that, for the image denoising problem, setting equal step sizes
for the primal and dual variables improves the numerical performance of the SPAPC.

5. Conclusion. In this work, we proposed a symmetric proximal alternating
predictor-corrector (SPAPC) algorithm for solving convex-concave saddle-point prob-
lems, where one of the objective components is assumed to be differentiable. By
introducing a coupled extrapolation strategy, the proposed method performs sym-
metric updates for both the primal and dual variables, with each update depending
on both current and previous iterates. This symmetric design not only reflects the
intrinsic structure of the saddle-point formulation but also facilitates improved con-
vergence behavior. We establishes global convergence of the method under relaxed
step-size conditions and provides both ergodic and nonergodic convergence rate guar-
antees. These results highlight the benefits of exploiting algorithmic symmetry and
offer a new perspective on the design of first-order methods for structured optimiza-
tion problems.
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