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Abstract. In this paper, we introduce a practical GPU-enhanced matrix-free first-order method for solving large-scale conic
programming problems, which we refer to as PDCS, standing for the Primal-Dual Conic Programming Solver. Problems that it solves
include linear programs, second-order cone programs, convex quadratic programs, and exponential cone programs. The method
avoids matrix factorizations and uses sparse matrix-vector multiplication as its core operation, which is memory-efficient and well
suited for GPU acceleration. It builds on a variant of the primal-dual hybrid gradient method (PDHG) called reflected restarted
Halpern PDHG with averaging, which we prove converges on general conic programs, and further incorporates several practical
enhancements. Its GPU implementation, cuPDCS, uses customized computational schemes that assign cones of different types and
sizes to different levels of the GPU architecture. Numerical experiments demonstrate that cuPDCS is generally more efficient than
state-of-the-art commercial solvers and other first-order methods on large-scale conic program applications, including Fisher market
equilibrium problems, Lasso regression, and multi-period portfolio optimization. cuPDCS also exhibits better scalability, efficiency,
and robustness compared to other first-order methods on the conic program benchmark dataset CBLIB. These advantages are more

pronounced in large-scale settings.
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1. Introduction

Conic programming seeks to find an optimal solution that minimizes (or maximizes) a linear
objective function while remaining within the feasible region defined by the intersection of an
affine subspace and a convex cone. Many important real-world decision-making models can be
formulated as conic programs. Typical examples are linear programs (LPs), second-order cone
programs (SOCPs), semidefinite programs (SDPs), and exponential cone programs. Conic programs
have extensive applications across numerous fields, including economics (see, e.g., Greene| (2017),
Shmyrev, (2009)), transportation (see, e.g., Charnes and Cooper (1954)), energy (see, e.g., (Chen
et al.| (2024))), healthcare (see, e.g., Mak et al.| (20135), |Band1 et al.| (2019)), finance (see, e.g.,
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Rujeerapaiboon et al.[ (2016)), manufacturing (see, e.g., [ Bowman| (1956), Hanssmann and Hess
(1960)), computer science (see, e.g.,|Cormen et al. (2022))), and medicine (see, e.g., Wagner et al.
(2004)), among many others.

Since the mid-20th century, the development of efficient methods for conic programs has been a
central topic in the optimization community, with significant efforts on improving computational
speed and scalability. Nearly all existing general-purpose solvers for conic programs are based on
either the simplex method (mainly for LPs) or the barrier method (also known as the interior-point
method, IPM). These methods are implemented in most commercial optimization solvers.

Despite their effectiveness for solving moderate-sized instances, both the simplex and barrier
methods become impractical for large-scale conic programs. The primary bottleneck is their
reliance on matrix factorizations, such as LU factorization for the simplex method and Cholesky
factorization for the IPM, which are required to repeatedly solve linear systems at each iteration.
The computational cost of matrix factorizations grows superlinearly with problem size, measured
in terms of the number of decision variables, constraints, or nonzero entries in the problem data.
This limitation arises from two main challenges. First, matrix factorizations are highly memory-
intensive, and even sparse matrices can produce dense factors, making storage and computation
prohibitive. Second, these factorization-based methods are inherently sequential, limiting their
suitability for modern parallel and distributed computing architectures, such as graphics processing
units (GPUs). Due to these challenges, early efforts to use GPUs in commercial solvers have largely
been unsuccessful (Glockner|[2023)).

Meanwhile, outside of conic solver development, GPU-based parallel computing has emerged
as a powerful tool for scaling up modern computational applications, in particular in the training
of large-scale deep learning models. This contrast calls for alternative conic program solvers that
better align with modern high-performance computing architectures.

To exploit GPUs and solve large-scale conic programs more efficiently, a matrix-free first-order
method (FOM) is a promising choice. A matrix-free FOM addresses the two challenges mentioned
above by eliminating the need for matrix factorizations and instead relying on more computationally
efficient operations such as matrix-vector products. These operations are well-suited for GPU
acceleration.

In the context of these developments, we develop a practical matrix-free first-order method
for large-scale conic programs. We call the method PDCS, standing for ‘“Primal-Dual Conic
Programming Solver,” because it is based on the primal-dual hybrid gradient method (PDHG).

PDCS is designed to solve conic programs whose cone is a Cartesian product of zero cones,
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nonnegative cones, second-order cones, and exponential cones. We also develop a GPU-enhanced
implementation of PDCS that is called cuPDCS. As one might expect, for small-scale problems, the
IPMs in commercial solvers are often better than first-order methods (including PDCS) in efficiency
and robustness. However, on the tested instances cuPDCS achieves the following advantages:

1. cuPDCS is generally more efficient than state-of-the-art commercial solvers and other existing

first-order methods on large-scale conic program applications.

2. cuPDCS exhibits better scalability, efficiency, and robustness compared to other first-order

methods on the small-scale conic program benchmark dataset CBLIB.
Furthermore, the above two advantages are more pronounced in large-scale settings. The PDHG
algorithm and the associated practical enhancements used in PDCS do not require any matrix
factorizations. As a result, the computational bottleneck of PDCS is performing (sparse) matrix-
vector products when computing gradients. Because recent GPU hardware and software have made
sparse matrix-vector multiplication very efficient, cuPDCS is up to an order of magnitude faster
than its CPU implementation.

Recently, PDHG has shown promising progress in solving large-scale linear programs and
exploiting GPU acceleration. PDHG can be applied to solve the saddle-point formulation of LP
(Applegate et al.[[2023). Several large-scale LP solvers have been developed based on PDHG in
combination with effective heuristics. Notable implementations include PDLP for CPUs (Applegate
et al.|2021) and cuPDLP (Lu and Yang [2025a) along with its C-language version cuPDLP-C
(Lu et al. 2023) for GPUs. Lu and Yang (2025a), Lu et al. (2023) have shown that GPU-based
implementations of PDHG already outperform classical methods implemented in commercial
solvers on a significant number of problem instances. As a result, PDHG has been integrated as
a new algorithm for LP in COPT (Ge et al.[[2022), Xpress (Biele and Gade 2024), and Gurobi
(Rothberg 2024)). Additionally, it has been incorporated into Google OR-Tools (Applegate et al.
2021), HIGHS (Huangfu and Hall2018)), and NVIDIA cuOpt (Fender2024)).

For general conic programs, Xiong and Freund (2024)) have established that PDHG (with restarts)
can also solve conic programs beyond LPs. However, practical PDHG-based solvers had been
developed mainly for LP and QP, and it was unknown whether GPUs could provide similar
computational advantages for general-purpose conic programs.

PDCS (and cuPDCS) combines techniques from PDHG-based LP solvers with new components
for general conic programs and for GPUs. The adaptive step sizes, adaptive restarts, primal weight

updates and diagonal rescaling of PDCS follow PDLP (Applegate et al.|[2021), and its reflected
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Halpern step follows r’HPDHG (Lu and Yang2024), with the Halpern iteration also used in HPR-
LP (Chen et al.|[2026a) and cuPDLPx (Lu et al. 2025). PDCS extends these techniques from LP
to general conic programs, and the contributions of this paper are as follows. (a) Convergence
theory for the base algorithm. The base algorithm of PDCS, reflected restarted Halpern PDHG
with averaging, combines the Halpern restarts of |[Lu and Yang (2024) with the average restarts
of PDLP (Applegate et al. 2023). We prove that it converges on general conic programs with
an O(%) rate after N iterations, and linearly under a local error bound without knowledge of
the error-bound constant. PDCS adds adaptive parameter choices and diagonal rescaling to this
algorithm. (b) Specialized projection methods. PDHG requires frequent Euclidean projections
onto the underlying cones. While efficient projection methods exist for many common cones, such
as nonnegative cones, second-order cones, and exponential cones, projections onto rescaled cones
(after applying diagonal rescaling) can become nontrivial. PDCS reduces each of these projections
to finding the root of a scalar function, which it computes by Newton’s method with warm starts,
safeguarded by bisection. Each evaluation of this function costs O (n) for an n-dimensional second-
order cone and O(1) for an exponential cone, so the rescaled projections cost at most a logarithmic
factor more than the projections onto the unrescaled cones. (c) Customized parallelism strategies.
Unlike LPs, which involve only nonnegative cones, the underlying cones in general conic programs
are often more complex, consisting of Cartesian products of multiple cones of different types and
sizes. To exploit GPU parallelism both across and within these cones, cuPDCS assigns each cone
to a thread, a warp, a thread block, or a grid according to its type and dimension (Section [5)). The
open-source solver cuPDCS can be called from JuMP and CVXPY.

The current implementation of PDCS supports nonnegative, second-order, and exponential cones.
Extending PDCS to semidefinite programs requires an eigendecomposition in each projection and
a specialized GPU implementation, which we leave for future work. For large-scale SDPs, Han
et al. (2026a) propose LoRADS, which avoids projections onto the semidefinite cone by combining
ADMM with the Burer—-Monteiro method, and |[Han et al. (2026b) develop its GPU implementation
cuLoRADS.

We conduct computational experiments to evaluate the efficiency, stability, and scalability of
cuPDCS. On a benchmark dataset (CBLIB) comprising over 2,000 small-scale conic optimization
instances, our method solves the vast majority of problems, demonstrating better numerical stability
compared with other first-order methods. To assess scalability, we conduct experiments on three
families of large-scale conic program problems: Fisher market equilibrium, Lasso regression,

and multi-period portfolio optimization. The experiments demonstrate that cuPDCS scales more
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effectively to large-scale instances. Across instances with different numbers of cones, cuPDCS

produces high-quality solutions within reasonable computational time.

1.1. Related literature

The primal-dual hybrid gradient method (PDHG). The primal-dual hybrid gradient (PDHG)
method was introduced by Esser et al. (2010), Pock et al.| (2009) for solving general convex-concave
saddle-point problems, of which the saddle-point formulation of conic programs is a special case.
PDHG (with restarts) exhibits linear convergence on LPs, and its performance, including linear
convergence rates and fast local convergence, has been extensively studied (Applegate et al. 2023,
Hinder| 2024, Xiong and Freund 2026, 2023, Lu and Yang |2025bl Xiong|[2026a). Lu and Yang
(2024) introduce a Halpern restart scheme that achieves a complexity improvement of a constant
order over the standard average-iteration restart scheme used in PDLP (Applegate et al. 2021).
Very recently, Ding et al.| (2026)) prove local linear convergence of restarted Halpern PDHG on
conic programs when the restart frequency is set from an error-bound constant. Xiong and Freund
(2024) establish the convergence of restarted PDHG for general conic programs, showing that its
performance is closely linked to the local geometry of sublevel sets near optimal solutions. Xiong
(2026b)) uses probabilistic analysis to establish a high-probability polynomial-time complexity
result for the PDHG used on LPs. |Lu and Yang (2026), Huang et al. (2025) use PDHG to solve
large-scale convex quadratic programs, which can also be reformulated as conic programs.

Other first-order methods for conic programs. Several other first-order methods have been
developed for general conic programs. ABIP (Lin et al.| 2021, Deng et al. 2025) solves conic
programs using an ADMM-based IPM applied to the homogeneous self-dual embedding of the
conic program. SCS (O’Donoghue et al. 2016, O’ Donoghue 2021) employs a similar ADMM-based
approach to solve the homogeneous self-dual embedding. These ADMM-based methods require
solving a linear equation of similar form in each iteration, which is typically handled either through
matrix factorization or the conjugate gradient method. However, matrix factorizations suffer from
scalability limitations and are not well-suited for parallel computing on GPUs. The conjugate
gradient method, while avoiding explicit factorizations, requires multiple matrix-vector products
per iteration, making the choice of tolerance for solving these linear systems a critical heuristic.
We compare PDCS with SCS in Section [6| Beyond general-purpose conic programs, ADMM has
also been used to solve semidefinite programs and quadratic programs (which can be equivalently
formulated as SOCPs); see |[Kang et al.| (2025b) and Stellato et al. (2020).

GPU acceleration for conic programs. The simplex method and IPMs generally do not benefit

much from GPU due to their reliance on solving linear systems (Swirydowicz et al.[2022, Glockner
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2023). Recently, NVIDIA released cuDSS, a GPU-accelerated direct sparse solver (NVIDIA
Corporation2025). Based on cuDSS, Chen et al.|(2026b) introduced CuClarabel, a GPU-accelerated
IPM. The ADMM-based solver SCS (O’Donoghue et al. 2016, (O’ Donoghue| 2021) also has a
GPU version that uses the conjugate gradient method for solving linear systems. However, these
algorithms still face scalability issues for large-scale problems, as demonstrated in our comparison
in Section [0} When we were preparing the first draft of this manuscript, we became aware (by
private communication) of a concurrent project by Haihao Lu, Zedong Peng, and Jinwen Yang that

develops a GPU-implemented PDHG-based solver for large-scale SOCPs.

1.2. Outline

The paper is organized as follows. Section [1.3|introduces the notation used throughout the paper.
Section [2| provides the standard-form conic program and the PDHG iteration. Section [3| presents
reflected restarted Halpern PDHG with averaging and shows its convergence rate. Sectiond|presents
PDCS, which adds practical enhancements to this algorithm. Section |5| describes how cuPDCS
maps the projections onto cones of different types and sizes to the GPU. Section [ presents
numerical experiments comparing PDCS against other first-order methods and commercial solvers,

and Section [/|concludes the paper. The appendices are provided in the Online Appendix.

1.3. Notation

Throughout the paper, let [n] :={1,...,n} for an integer n. We use bold lowercase letters such as
v for vectors and bold capital letters such as A for matrices, and subscripts for the coordinates of a
vector unless stated otherwise. We write (u, v) for the Euclidean inner product, || - || (also written
|| - ||I2) for the Euclidean norm of a vector and the spectral norm of a matrix, and || - ||; and || - ||
for the ¢1- and {-norms of a vector. Denote the identity matrix as I and the diagonal matrix with
diagonal entries xi,...,x, as diag(xy,...,x,). For a vector v, v* and v~ denote its coordinate-
wise positive and negative parts, vi = max{v;,0} and v; = —min{v;,0}. We write Projs(x) for the
Euclidean projection of x onto a closed convex set S. For a cone K and a positive diagonal matrix
D, the rescaled cone is DK := {v: D lve K7}.

For the cones used in this paper, 0¢ denotes the zero cone, R? the nonnegative orthant, K& :=
{(.x) | xeR%t € R, ||x|| <t} the second-order cone, K42 := {(x,y,2) | x,y € Ry,ze RY, ||z||* <
2xy} the rotated second-order cone, and Kexp := {(r, 5,t) R} |s>0,t>5-exp (f)} U{(r,s,t) €
R3|s=0,7>0,r <0} the exponential cone. The dual cone of a cone K C R? is K* := {y e R¢ :

(y,x) >0 for all x € K7}.
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2. Preliminaries of Conic Optimization and PDHG
In this section, we present conic optimization problems (conic programs) in standard form, along
with their dual problems and equivalent saddle-point formulations, and recall the iteration of the
basic PDHG method for these problems.

We consider the following conic program:

min {(¢,x) s.t. Ax=b, xeXK, (D

xeR”

where A € R™" is the constraint matrix and K = K} X K X ... X K is a Cartesian product of [

nonempty closed convex cones. These cones include the zero cone 09, the nonnegative orthant R,

d+1

the second-order cone K

socC

the exponential cone Kexp, the rotated second-order cone K2 and

the dual exponential cone ngp,

The dual problem of (TJ) is

and we call them disciplined cones.

max (b,y) s.t. c—ATyeK*, (2)
yeR™

where the dual cone K™ is correspondingly given by K| X K X ... X K]
The problem (I]) has an equivalent primal-dual formulation, expressed as the following saddle-
point problem of the Lagrangian £(x,y):

min max £L(x,y):=(c,x)—(y,Ax—b) . 3)
xeK yeR™

A saddle point (x,y) of corresponds to a solution satisfying the Karush—Kuhn-Tucker
conditions, which in turn corresponds to an optimal primal solution x for (1)) and an optimal dual
solution y for (2)). We denote the set of saddle points by Z* and assume that it is nonempty. For
z=(x,y) with x € K, the KKT mapping of (3) is

F(x.y) =

c— ATy + Ny (x)
Ax-b ’

where Ny (x) := {-s:s € K", (s,x) =0} is the normal cone of K at x. A point z = (x,y) with
x € K is a saddle point if and only if 0 € ¥(z), so we measure how far z is from optimality
by the Euclidean distance dist(0, ¥ (z)) from 0 to the set ¥ (z). This distance bounds the primal
infeasibility ||Ax —b|| and the dual infeasibility dist(c — ATy, K™). Multiplied by ||z||, it also bounds
the duality gap | (¢, x) — (b, y) |, since (¢, x) — (b,y) = (¢ — ATy —s,x) +(y, Ax — b) forevery s € K*
with (s, x) =0.
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2.1. PDHG for conic programs
PDCS builds on PDHG. Let 7 and o be the primal and dual step sizes, respectively. One iteration
of PDHG for solving (3) at iterate z = (x,y) (denoted by OnePDHG(z)) is given by:

7 = OnePDHG(z) := f=Projcix—t(e=ATy)} (4)

y=y+o(b-A(2Xx-Xx))

Chambolle and Pock (2011) show that the iterates z<*! = OnePDHG(z" ) of PDHG converge to a
saddle point of (3) provided that 7o-||A||? < 1, and Lu and Yang|(2022) show that after N iterations
the last iterate satisfies dist(0, 7 (z")) = 0(\%]_\,).

The single PDHG iteration (4]) does not require any matrix factorization, and its core operations
are sparse matrix-vector multiplications and projections onto K. Matrix-vector multiplications are
typically cheaper than matrix factorizations in both memory usage and computational complexity.
Moreover, projections onto the Cartesian product of disciplined cones can be parallelized.
Specifically, each component of the vector (corresponding to different disciplined cones) can be

projected independently, i.e.,

Projgc, . g (X) = [Projge, (X)) ", . . ., Projge (xp7) 17, (5)

where x[;; denotes the component of x corresponding to the i-th disciplined cone K;. Detailed
discussions on projections onto disciplined cones can be found in|Parikh and Boyd|(2014), Friberg
(2023). In particular, projections onto 04, R, K1 and Kexp are computationally straightforward.
Projection onto the semidefinite cone requires an eigendecomposition, and Kang et al.| (2025al)
propose a matrix-free method for this projection that is much faster on GPUs. The rotated second-
order cone K42 is the image of a second-order cone under an invertible linear map that is not

diagonal, so PDCS applies diagonal rescaling (Section 4} in the coordinates of this second-order

cone. The projection onto K

exp closely resembles that of the exponential cone.

3. Reflected Restarted Halpern PDHG with Averaging

In this section, we present the base algorithm of PDCS, reflected restarted Halpern PDHG with
averaging. It combines restarting from the Halpern iterates (Lu and Yang 2024) and restarting
from the average of the iterates (Applegate et al. 2023), two schemes that have been studied for
accelerating PDHG on linear programs. The algorithm runs the Halpern iteration and, at each restart,
chooses between the current iterate and the average. We show that this combination converges on

general conic programs, at a sublinear rate in general and at a linear rate under a local error bound.
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The iterates of Algorithm |1 are denoted by z"*, where ¢ counts the outer iterations and k the
iterations within the current outer iteration. In outer iteration ¢, the algorithm applies the Halpern
iteration (Halpern||1967, [Lieder 2021) with anchor z'*¥ to the reflected map (1 + a)OnePDHG — ol
with @ € [0, 1], which has the same fixed points as OnePDHG (Line [3]), and maintains the average
of the iterates (Line [6)). It restarts as soon as one of the two candidates has reduced the fixed-
point residual ||z — OnePDHG(z)||pm of the anchor by the factor B, where ||z||yp := m and

M = (T:I (TA_TII) is positive definite when o [|A||*> < 1.

Algorithm 1 Reflected restarted Halpern PDHG with averaging

Require: Initial iterate z*-°, step sizes 7,0 > 0 with 7o||A||? < 1, reflection parameter a € [0, 1], restart
parameter S € (0,1), 1«0
1: repeat
2 k0,20 20
3 while ||z:* — OnePDHG(z":%)||m > 8 ||z"-° — OnePDHG(z"*) ||y do
4: 2-%*1 « OnePDHG(z"*)
5: gz k+l ﬂ((l +a')it’k+1 _ G,’Zt’k) + ﬁzt,o
6
7
8
9

z! — Zf{:‘f'll zt,i

z1:¥*! — whichever of z
k—k+1
end while
10: 20—kttt
11: until termination criteria hold
12: Return OnePDHG(z"?).

t.k+1 and z'-%*! has the smaller fixed-point residual

THEOREM 1. Let {z''*} be generated by Algorithm and let N be the total number of iterations

performed up to 7%, counted over all outer iterations.

t,k

(a) The iterates 7"* converge to a saddle point z* € Z*, and

- 1k 22-8) M| dist(z>°, Z%)
dist (0, 7 (OnePDHG(z""))) < Tra)(1-5) N , (6)

(b) Suppose further that there exist a neighborhood U of z* in K X R™ and a constant y > 0 such

that the local error bound
ydist(z, Z*) < dist(0, F(z)) @)

holds for all z € U. By part (a), there is to such that OnePDHG(z"*) € U for all t > to and all k.
Let Ny, be the number of iterations performed before outer iteration ty. Then, for every € >0,

every iterate 7% with

M M|| dist(z°°, Z* 2
+—|| ”)log(” I dist(z"", Z )), where ¢ := (8)
Y Be

(1+a)Blog(1/B)’
satisfies dist(0, ¥ (OnePDHG(z'*))) < e.

NZN,0+c(1
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The proof of Theorem|I]is given in Appendix

Algorithm |1| thus reduces dist(0, ¥ (OnePDHG(-))) at the rate 0(%), whereas the last iterate of
PDHG attains the rate O(VLN) (Lu and Yang 2022)). Since each iteration of Algorithm |l|evaluates
OnePDHG at most twice (the evaluation at z"***! in Line [7)is reused in Line [4] of the next iteration),
the same rate holds in terms of the number of evaluations of OnePDHG. Theorem [T holds for every
fixed @ € [0, 1]. Including the averaged candidate does not weaken these guarantees, because Line
restarts from whichever candidate has the smaller residual, so the residual at each restart is at most
that of the Halpern iterate. The ablation study in Section (6. 1{shows that the averaged candidate also
helps in practice.

Furthermore, under the local error bound (7), the restarts make the convergence linear. By (8),
after the first IV, iterations, the number of iterations required to reach accuracy € grows linearly in
% and in log(1/¢€), and Algorithmdoes not need to know . For instance, ¢ <3 when @ =1 and
B =0.4, the value of Byficient used by PDCS (Appendix [B.3). Condition (7) is a property of the
problem instance alone and does not depend on the algorithm. For LP, Hoffman’s bound (Hoffman
1952) implies that (7) holds on every bounded set, and since the points OnePDHG(z") remain in a
bounded set, holds with 7y = 0. For general conic programs, Ding et al. (2026) show that (7),
which they call metric subregularity, holds near saddle points that satisfy strict complementarity
and a quadratic facial-violation condition, and they verify this condition for the nonnegative orthant,

second-order cones, semidefinite cones and the relevant faces of exponential cones.

4. A Practical Matrix-Free Primal-Dual Method for Conic Programs
This section presents PDCS, which adds practical enhancements to Algorithm[I] One of them is to
work directly with the following general form:

min (¢,x) s.t. Gx—heXK;,1<x1<u,xekK,, 9)

x=(X1,X2):X] ER"1,x, eR™2

where G € R™*" is the constraint matrix, and 1 and u are elementwise lower and upper bounds
on x;. The set K, denotes the primal cone, which is a Cartesian product of disciplined cones
FKi XKy X... X 7(1p. Here, (Ké‘ denotes the dual cone of Ky. We use 7(5 in the primal so that the
dual feasibility condition can be written using Ky as follows:

max (y.h)+1"A7—u"2], s.t.e—G'y=2,yeKy, LA, LK,

Y, A=(11,42):
yeR™, 11eR™, A,eR™

(10)
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{0}’ if li =—00,U; =+00

R_, if ll' =—oo,u; €R
where A=A XAy X---XA, and A;:= fori=1,2,...,n;. (11)
R,, if ll' eR, u; =+00

R, otherwise
Similarly, Ky = Ki X K, X ... X K, is a Cartesian product of disciplined cones, and its dual cone is
Ky =K XK x ... XK.

PDCS applies PDHG to the saddle-point formulation of (9)), mingex maxyey L(X,y), where
L(x,y) :=(c¢,x) — (y,Gx—h), X := [Lu] Xx K, and Y := Ky. One iteration of PDHG at iterate
z=(x,y) is
X =Projp ypux, {X—7(c— G'y)}
9 =Projyq, {y +o(h - G(2x-x))}

72 =0OnePDHG(z) := (12)

The standard form (T]) is a special case of (9)), for which (12) reduces to ()). Like (), the iteration (12)

is matrix-free. Besides matrix-vector multiplications, it requires only projections onto the box [1, u]

and onto the disciplined cones in K}, and Ky, which are computed as described in Section
Built upon Algorithm [T} PDCS adds adaptive step sizes, adaptive reflection parameters, adaptive

restarts and primal weight updates, as summarized in Algorithm

Algorithm 2 PDCS: Primal-Dual Conic Programming Solver

Require: Initial iterate 2*-0 = z%-0 = (x*0, y0.0), initial step size #*-, initial primal weight w°, < 0
1: repeat
2: k<0
3: while the restart condition is not triggered do
4: gkl prkl gkl pdaptiveStepPDHG(z! K, w!, %)
5: a'* « AdaptiveReflectionParameter(z’-**!)
6: z'"**! — ReflectedHalpern(z"-*+!, 2K, 210, oK)= Kl (1 4+ ot Kzt ket — gtokgtk) 4 L Log00
7 Zlk+l legjllnt,zzt,z/zfillnt,z
8: 2"  GetRestartCandidate(z/-k+!,z!-k+1)
9: ke—k+1
10: end while
11: 210 — 71K ! — PrimalWeightUpdate(z/*10, 20, '), A0 — 5k 141

12: until termination criteria hold
13: Return z'-°.

Algorithm[2|has the same structure as Algorithm[T]and differs from it in the following components,
whose details are given in Appendix [B] The function AdaptiveStepPDHG in Line [ (Function [I]
in Appendix chooses the step size adaptively, instead of using the conservative step sizes
required by the theory. Lines [5] and [6] implement an adaptive variant of the reflected Halpern step
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in Line [5]of Algorithm|[I] in which the function AdaptiveReflectionParameter allows a more
aggressive reflection parameter a’* as the current solution becomes more accurate. The function
GetRestartCandidate in Line 8| and the restart condition use the normalized duality gap (or a
KKT error), following the adaptive restart scheme of PDLP (Applegate et al.[2021), instead of the
fixed-point residual of Algorithm[I] Finally, the function PrimalWeightUpdate adjusts the primal
weight w at each restart from the progress of the primal and dual iterates, which rebalances the
primal and dual step sizes.

In practice, PDCS preconditions the problem by diagonal rescaling. It applies Algorithm [2| to
an equivalent rescaled instance of (9) and maps the solution back (Appendix [B.6). The rescaled
instance has the same form as (9)), except that each disciplined cone K is replaced by the rescaled
cone DK for a positive diagonal matrix D = diag(dy,...,d,). Algorithm [2| therefore runs on it
unchanged, but the projections in are onto rescaled cones. For zero and nonnegative cones this
is trivial, and for second-order cones and exponential cones we use the following characterizations

to compute the projections.

THEOREM 2. Projection onto DK™, The projection of (t,x) onto the rescaled cone DK
is given as follows. For D, let D denote diag(d}, e ,cfn+1) with d; = di/d\,¥Vi =2 If t <0 and
IDx|| < —t, then Projpen {(£,%)} = (0,0). If [[D~'x|| < ¢, then Projpgens {(1,%)} = (£,%). If 1 =0
and x # 0, then Projpgen {(1,%)} = (||(f) +D x|, (L +r)—2)—1x). Otherwise, if |[D~'x|| > 1,
then let 1 > 0 be the solution of the following univariate equation of A:

~ 2
n d._l t2 t
i+1
— x| - ————=0, ———>0. 13
i§(1+24d;+21 ’) (1-20)2 7 (1-24) 4

Then the projection is given by Projpgensi {(t,x)} = ((1 207, (I+ ZAﬁ‘z)‘lx).

In the fourth case, the root of (I3)) lies in (0, %) if £ >0 and in (%, o0) if t < 0. Proposition |1|in
Appendix rewrites (I3)) as an equation in u € (0, 1) whose left-hand side is strictly monotone,
so the root is unique and bisection finds it to accuracy € in O (nlog(1/¢€)) operations. The proof of
Theorem [2]is given in Appendix

The projection onto the rescaled exponential cone DKy, can also be computed by case analysis.
See an informal statement of the result below. A full statement and proof for the diagonally scaled

exponential cone projection are provided in Appendix [C.2]

THEOREM 3. Projection onto DXy, (Informal). Let D = diag(d,,d,,d;) > 0. For any vy =

(ro, s0,%0), the projection PrOjD?(exp(VO) is given as follows. If vq is already in DKcp, then
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PrOjD“Kexp (vo) =vo. If vq is in the polar cone —D_I‘K;kxp, then PrOjD“Kexp (vo) =0. Ifro <0 and so <0,
then Plrojm(exp (vo) = (70,0,1]). Otherwise, ProjD(Kexp (vo) is determined by a scalar p, which is either
explicit or the root of a continuous univariate function h(p) on an explicitly computable interval.
Once p is obtained (via solving the root-finding problem), ProijKexp (vo) is given by closed-form

expressions in p.

Both theorems reduce the projection to finding the root of a scalar function. PDCS computes this
root by a warm-started Newton method, with bisection as a safeguard.

Most of the enhancements in PDCS, including the diagonal rescaling, are common in PDHG-
based LP solvers (Applegate et al.|2021, Lu and Yang|2024, 2025a), and all of them preserve the
matrix-free structure of PDHG. With the step size, the reflection parameter and the primal weight
fixed and restarts decided by the fixed-point residual, Algorithm [2|is Algorithm |1| applied to the
saddle-point formulation of (9), or of its rescaled instance. Theorem [I] then applies with exact
projections, with A replaced by G in M and ¥ replaced by the KKT mapping of this formulation,
because its proof uses only the properties of OnePDHG in Lemmal(I]in Appendix [A]l which carry over
to (12)). The adaptive components are heuristics, and the ablation study in Section shows how
much they contribute in practice. The technical note (Lin et al. 2026)) documents the implementation
and usage of cuPDCS.

100.0% PDCS
--- PDHG

100.0% PDCS
80.0% 80.0%

60.0% 60.0%

40.0% 40.0%

20.0% 20.0%

Fraction of instances solved
Fraction of instances solved

0, 0,
0-0%=1 100 1ot 102 10°3.6 x 103 0-0%p=1 100 10t 102 16736 10°
Time (seconds) Time (seconds)
(a) Problems with second-order cone constraints (b) Problems with exponential and second-order cone
constraints

Figure 1 Performance of PDCS and PDHG in terms of the running time.

We compare the standard PDHG method with PDCS. The performance of both methods is
evaluated on two subsets of the CBLIB dataset. We say an instance is solved if the three relative
errors in (T4) are below 107°. Figure [1| plots the fraction of instances solved versus wall-clock
time. Figure @ shows the results on the dataset where all constraints are second-order cones, while
Figure[Ib|shows results on the dataset with exponential and second-order cone constraints. On both
datasets, PDCS significantly outperforms PDHG, solving substantially more instances within one

hour.
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Figure 2 Hierarchical organization of GPU computation.

5. cuPDCS: A PDCS Implementation with GPU Enhancements

cuPDCS is available at https://github.com/ZikaiXiong/PDCS| and can be called from
JuMP (Lubin and Dunning2015) and CVXPY (Diamond and Boyd 2016)). The interfaces convert
a user model into a sparse conic program, which cuPDCS preprocesses, solves by PDCS, and
postprocesses. The CPU and GPU versions share this structure. On the GPU, all problem data
stay in GPU memory, and each projection is computed by a kernel selected according to the type,
dimension, and rescaling of the cone. Supporting a new cone requires only its conversion and
projection routines, and a new GPU mapping requires only a kernel and a rule for selecting it. The
rules for the step size, restarts, and termination are implemented separately from the projection
kernels.

Sparse matrix-vector multiplication is well

optimized on GPUs (Bell and Garland|[2008)),

1.2e8 1.2e6 1.2e4 12
so we focus on the projections, whose ' ' ' '
) ) & ....-Q.... Q ............. . . =-
parallelization depends on the number and the = 10! 4 »
(5} U
dimensions of the cones. E H
- U
A GPU kernel is launched over a grid § /'I A
of thread blocks, and the threads in each & 109 4 0’ /'/
151 1 ~ X
block are scheduled in groups called warps -% K -7 "\ ‘/ ) .
(Figure [2). cuPDCS has four mappings. (a) - .\"/ y
Grid-wise. Several blocks cooperate on one 10! 103 10 108

cone. This gives the most parallelism within
a cone, but repeated kernel launches become
expensive when there are many cones. (b)
Block-wise. One block handles one cone, and

its threads cooperate through shared memory,

Figure 3

Number of SOCs, [
-8 Grid-wise -® Block-wise -A- Warp-wise

-9 Thread-wise CPU

Projection time at fixed total SOC dimension
ld=1.2x10°.


https://github.com/ZikaiXiong/PDCS
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which is effective for large reductions. (c) Warp-wise. One warp handles one cone. It still performs
the reduction in parallel but uses fewer resources than a block, so it suits many cones of small or
moderate dimension. (d) Thread-wise. One thread handles one cone. The work within a cone is
serial, but many small cones can be processed at the same time. From Grid-wise to Thread-wise,
the parallelism within each cone decreases and the number of cones processed at the same time
increases.

The choice of mapping matters most for diagonally rescaled second-order cones. Theorem
reduces each such projection to finding the root of a scalar function, and each evaluation of this
function requires elementwise operations and a reduction over the coordinates of the cone. Since
the four mappings parallelize this reduction to different degrees, the best mapping depends on both
the number of cones and their dimensions.

We illustrate this dependence using randomly generated instances over K =K% x---x K< ., a
product of I second-order cones of dimension d, fixing the total dimension at /d = 1.2 x 10° while
varying [. Figure |3| reports the mean projection time over ten trials. The dotted CPU line marks
the 15-second limit because all CPU runs time out. Grid-wise and Block-wise execution are faster
when there are few cones of high dimension, and Warp-wise and Thread-wise execution are faster
when there are many cones of low dimension.

Figure 4| fixes / at 100 or 10,000 and varies d. As d grows, the fastest mapping changes from
Thread-wise execution for very small cones to Warp-wise execution at moderate dimensions. For
[ =100, Block-wise execution becomes the fastest for larger cones. For [ = 10,000, Warp-wise
execution remains the fastest for the larger dimensions we tested, because more cones can be

processed in parallel.

An exponential cone has fixed dimension

,_.
<
1

three, so its root-finding projection maps

—_

(e)
b
1

naturally to one thread per cone. Figure[5]

shows that the CPU is faster when there

—

)
L
1

are few cones, because the overhead of

—_

S
b
1

launching GPU kernels dominates, and that

Projection wall time (s)
)
S
1

the advantage of the GPU grows as more b ' ' ' ' T
8 8 10" 10> 10% 10* 105 10°

independent projections can be computed Number of exponential cones, /

in parallel. For zero and nonnegative cones, —- GPU (thread-wise) —% CPU

projection 1s elementwise and Thread-wise Figure 5 Projection time onto / exponential cones on

execution suffices. the CPU and the GPU.
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Figure 4 Projection time versus SOC dimension at fixed /. Grid-wise results are omitted for / = 10,000 because of

the high kernel-launch overhead.

Table |1} lists the mappings implemented Table1  Implemented projection mappings.
for each cone type. Only second-order cones Cone type Thread  Warp  Block  Grid
use all four mappings, and the other cones Zero X X X
use the Thread-wise mapping. The crossover IS\I(())rénegative X X X
points in Figures guide the choice of Exponential X X X

mapping in cuPDCS on the H100 GPU used
in our experiments and may differ on other hardware. The rule that cuPDCS uses to select the

mapping is given in the technical note (Lin et al.[2026).

6. Numerical experiments
We evaluate our method’s performance against several state-of-the-art conic solvers:

* SCS (O’Donoghue et al.2016): an ADMM-based solver with CPU-direct, CPU-indirect, and
GPU-indirect variants, denoted SCS(direct), SCS(indirect), and SCS(GPU). Here, “direct”
denotes the use of matrix factorization, while “indirect” refers to iterative methods for solving
inner linear systems.

* CuClarabel (Chen et al.[2026b): an open-source GPU IPM using cuDSS.

* MOSEK (MOSEK ApS|2024), COPT (Ge et al.[[2022): commercial IPM-based solvers.
The methods that do not require matrix factorization are classified as matrix-free first-order methods.
They include SCS(indirect) and PDCS (including its GPU implementation cuPDCS). The methods
that require a single matrix factorization are classified as non-matrix-free first-order methods.

They include SCS(direct). The other solvers are essentially based on IPMs. They are CuClarabel,
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MOSEK and COPT. For certain problem instances, the presolve capabilities of the commercial
solvers can exploit structural properties to reduce the problem complexity substantially, which may
give these solvers a computational advantage. We denote versions of COPT and MOSEK with
presolve enabled as COPT* and MOSEK*, respectively, and the versions without presolve as COPT
and MOSEK.

We organize the experiments as follows. Section [6.1] evaluates performance on the CBLIB,
a small-scale classical conic program dataset. In Section we consider the Fisher market
equilibrium problem, an exponential cone program. Section focuses on solving large-scale
Lasso problems. Finally, in Section we consider multi-period portfolio optimization, a conic
program with multiple second-order cones. The conic formulations and instance generators of the
three problem classes are given in the technical note (Lin et al. [ 2026).

All GPU experiments were run on an NVIDIA H100 80 GB GPU using Julia 1.10.4,
JuMP 1.31.2, MathOptInterface 1.53.0, CUDA Toolkit 12.6.2, and CUDA.jl 5.11.3. Solver versions
were SCS 3.2.11 (SCS.jl 2.6.4, CUDA 11.8), CuClarabel (Clarabel.jl 0.11.0, CUDSS.jl 0.6.5),
COPT 8.0.5, and MOSEK 10.0.46. CPU benchmarks were run on a Mac mini M2 Pro with 32 GB
of RAM.

Because each method adopts different formulations and methodologies, their actual built-in
termination criteria can vary even when we set the same tolerance. Moreover, some methods keep
their termination criteria private. There is no uniform convergence standard across the methods
we evaluated, but we attempt to document and summarize the known termination criteria for these
methods in Appendix D] For PDCS and cuPDCS, we assess primal and dual feasibility, as well as

primal-dual optimality:

erry(x) = “(Gx—h) —Proj,K;{Gx—h}Hoo/(l +max {||h||m 16Xl HProjW;{Gx—h}Hw}) ,
errg(1, A2) = max {41 = Proj (A1) |2 = Proie; (42} _}/ 1+ max (el 16Tyl D, (D)
erTaap (X, A1, A2) :=|(e,x) = (yTh+17AF —uT A7) |/ (1 + max {|[{c,x)|, [y "Th+17Af —uTA7|}).
In errg,p, terms involving infinite entries of 1 or u are omitted, which amounts to evaluating the dual
objective at Proj, {4 }. Our method terminates once all three errors are below a tolerance, which is
1076 in all our experiments. According to the Karush-Kuhn—Tucker conditions, when these three
criteria are all zero, the solution is optimal.
In order to compare the runtime of different methods across multiple instances, we use the shifted
geometric mean (SGM): SGM (k) := []_[l]\i (i + k)] LN _ k where t; is the time (in seconds) for the
method to run on problem i, and k is a shift parameter that is often set as 10 (Mittelmann|[2025).

SGM mitigates the potentially significant influence of tiny runtimes of only a few instances on the
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overall geometric mean. If a method fails to solve a given instance, we assign ¢#; to be the maximum

allowable time (e.g., the time limit).

6.1. Relaxation of Problems from the CBLIB Dataset

CBLIB is a public dataset of mixed-integer conic programming problems collected from real-world
applications (Friberg2016). We run our experiments on the instances with LP cones, second-order
cones, and exponential cones. In line with standard practice for solving such problems, we first
use COPT to apply presolve and subsequently relax all integer constraints, which produces two
subsets: (1) 1,943 problems that do not involve exponential cones, and (2) 157 problems that include

exponential cones.

Ablation study.
We assess each algorlthmlc component Table 2 Ablation results on 62 representative CBLIB
by disabling it alone in the full solver. instances.
We select one instance from each CBLIB Configuration Solved SGM(10) (s)
. . . . PDCS (Full configuration) 61/62 25.67
subcollection, which gives 62 instances, of No Halpern update 1/62 3134
which 40 contain only second-order cones No adaptive reflection 60/62 28.36
No weighted averaging 59/62 33.82
and 22 contain exponential cones. Each run No adaptive step size 59/62 24.33
. Lo No restart 50/62 95.38
has a one-hour time limit. Table [2| reports No adaptive primal weight w  49/62 93.61
No diagonal rescaling 45/62 94.08

the number of solved instances and the
SGM(10) of the wall time.

The full configuration solves the most instances (61, as does the configuration without the Halpern
update) and has the lower SGM(10) of the two. Removing the adaptive primal weight, restarts, or
diagonal rescaling reduces the number of solved instances the most, to 49, 50, and 45, respectively.
Disabling the adaptive step size slightly reduces SGM(10) but solves two fewer instances. We
therefore enable all components by default.

Comparison with other solvers. For the subset without exponential cones, we categorize
problem instances as small-, medium-, and large-scale based on the number of nonzeros in the
constraint matrix, using thresholds of 50,000 and 500,000. As a result, the dataset comprises
1,641 small-scale, 220 medium-scale and 82 large-scale problem instances. Almost all of these
problems are relatively small, so the [IPM-based solvers and the SCS(direct) are unlikely to reach
computational bottlenecks and can easily perform the required matrix factorizations. We start
with this dataset to give an overview of the performance of PDCS on small-scale problems. All
experiments in this benchmark are executed with a one-hour time limit and a termination tolerance
of 107°.
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Table 3  Conic Program Problems without Exponential Cones

Small(1641) Medium(220) Large(82) Total(1943)

SGM(10) solved SGM(10) solved SGM(10) solved SGM(10) solved

SCS(indirect) 331 1638 23168 188 185658 46 1277 1872

First-order ~ Matrix-free ~ PDCS 278 1640  160.64 208 1602.14 53 11.02 1901
methods cuPDCS 238 1639 1423 215 10599 65 4.68 1919

Non-matrix-free SCS(direct) 059 1636 5498 21346321 58 5261907
T T T T T CuClarabel T 0.15 1640 132 219 4617 61 1.05 1920

Imr‘;r;?;g;zmt COPT* 0.08 1639 203 215 5376 58 112 1912

MOSEK* 0.05 1640 234 214 621 81 049 1935

Tables [3] and [] summarize the results for these two categories of problems. Among the matrix-
free first-order methods, cuPDCS is the fastest on all four subsets. Among all first-order methods,
SCS(direct) is faster on the small-scale and exponential-cone subsets, whereas cuPDCS is the fastest
on the medium- and large-scale subsets without exponential cones.

Both the CPU-based version of our method (denoted by PDCS) and its GPU-enhanced
implementation (denoted by cuPDCS) exhibit strong numerical stability, solving nearly as many
instances as the commercial solver COPT. However, the CPU version occasionally struggles with
more challenging instances, primarily due to the limited parallelism in projection operations
and matrix-vector multiplications. In contrast, the GPU implementation, cuPDCS, enables more
iterations within the allotted time and successfully solves some instances that are otherwise too
difficult for the CPU version.

Table 4 Conic Program Problems with Exponential Cones

First-order methods | Interior-point methods
SCS(direct) SCS(indirect) PDCS cuPDCS | CuClarabel COPT* MOSEK*
SGM(10) 6.07 19.98 18.52 8.03 1 0.87 0.13 5.19
solved 152 152 149 156 ! 156 157 146

The computational bottleneck of matrix-free methods lies in the sparse matrix-vector products,
so we also compare the number of matrix-vector products required for cuPDCS and SCS(indirect)
to solve a particular number of problems. Figure [6] reports the fraction of instances solved versus
the number of sparse matrix-vector products. When we compare the number of matrix-vector
products needed to solve 60% of the problem instances, we see that cuPDCS requires only about
one-fifth to one-tenth as many matrix-vector products as the indirect SCS. Since cuPDCS follows
the PDCS algorithm, we can conclude that, even if not implemented on a GPU, PDCS still requires
fewer matrix-vector products than the other matrix-free solver, SCS(indirect). Fewer matrix-vector
products do not reduce the running time proportionally. For each of the 2,100 CBLIB instances,
we divide the iterative-phase time by the total cuPDCS runtime. The medians of these per-instance
ratios are 31.62%, 79.13%, 86.89%, and 60.90% on the small, medium, large, and exponential-cone

subsets, respectively. Thus, non-iterative overhead has a larger effect on the short-running small
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and exponential-cone instances, whereas the iterative phase dominates on the medium and large

subsets.

100.0% 100.0%

80.0% 80.0%

60.0% 60.0%

40.0% 40.0%

20.0% 20.0%

SCS(indirect)
—— cuPDCS

----- SCS(indirect)
—— cuPDCS

Fraction of instances solved
Fraction of instances solved

0.0%
104 105 106 102 103 104 105 108
The Number of Matrix-Vector Product The Number of Matrix-Vector Product

0.0%

(a) Medium- and large-scale conic program problems  (b) Conic program problems with exponential cones
without exponential cones
Figure 6 Performance of cuPDCS and SCS(indirect) in terms of the number of matrix-vector products.

Among the interior-point methods, MOSEK* generally demonstrates advantages over other
methods for conic programs without exponential cones. However, for problems involving
exponential cones, MOSEK* frequently fails to meet the necessary solution tolerance, resulting in
a “SLOW_PROGRESS” status. All such instances are regarded as failures, regardless of whether
the time limit is reached. This makes the SGM of MOSEK* for problems with exponential cones
appear worse than the other interior-point methods.

The problems in the CBLIB dataset are relatively small. For these problems, solving the matrix
factorizations and the corresponding linear systems remains accessible. Hence, SCS(direct) is
the fastest first-order method on the small-scale and exponential-cone subsets, while all IPMs
significantly outperform first-order methods. However, as the dimension of the problem instance
increases, SCS(direct) and all IPMs face greater challenges and become considerably slower. In the

following, we present the experiments on larger-scale problems.

6.2. Fisher Market Equilibrium Problem
We next consider Fisher market equilibrium instances (Eisenberg and Gale 1959, Ye 2008), an
important optimization problem arising in economics. We formulate each instance as an exponential
cone program and evaluate all applicable solvers at a tolerance of 107 with a five-hour limit.
Table [5|reports the results, where m and n are the numbers of buyers and goods.

Table [5| shows that the comparison depends on the problem size. cuPDCS is the only solver that
solves all 50 instances, and it is much faster than SCS(GPU). CuClarabel and the commercial IPMs

are faster on smaller instances, but they fail on more instances as the size grows, because of the
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Table 5 Results for Fisher market equilibrium problems at the target tolerance 10~°.

Without Presolve With Presolve
Size (m,n) cuPDCS SCS(GPU)  CuClarabel COPT MOSEK COPT* MOSEK*
(100,5,000) 43.0+6.3 10135.5+1704.1 NI 1.8% 1.7+0.4 NI 1.9+0.5
(100,000, 1,000)  787.6+262.5 TL 216.5+12.7 136.4+8.3 136.4+3.8 93.7 £2.0 96.1+2.1
(150,000, 1,000) 1025.4 +251.0 TLY 3322+142  360.0+24.3 204.8 +6.3 272.8+64  1459+2.4
(200,000, 1,000) 1312.1 +488.8 TLY 542.0+£17.2  613.8+29.6 277.1+5.4 423.8+9.7 199.4 +£2.6
(300,000, 1,000) 1791.3 +754.6 TLS 704.1+383  1123.5+69.3 919.1+82.1 7492+43.4  688.7+28.1
(400,000, 1,000) = 2183.1+ 16.2 TLS OOM 4046.2+310.1 2730.8+51.4 2897.3+239.4 1355.8+43.9
(500,000, 1,000) = 2888.3 +2.3 TLS OOM’  8180.9+655.0  7332.3+94.3  6531.9+590.2 3397.9+71.1
(600,000, 1,000) '3523.8 +248.3 TLS OOM?® 15471.0+768.9 16936.5+539.4 12289.8+770.9 9599.4 +387.1
(700,000, 1,000)  3940.3 + 36.7 TLS oom? TL OOM 15613.6 +759.87 OOM
(800,000, 1,000) = 4575.3 +22.1 TLS oom? 0OOM 0OOM OOM 00M
SGM(10) 1413.7 16977.7 3986.3 2756.5 1258.6 2555.4 906.1
Solved 50/50 5/50 20/50 36/50 40/50 37/50 40/50

Note. Bold entries have the lowest mean wall time among all methods, while gray cells have the lowest mean wall time among
methods without presolve. The same convention applies to SGM(10). Unmarked numerical entries summarize 5/5 solved

instances. S, TL, OOM, and NI denote solved, time limit, out of memory, and numerical issue, respectively. 1Sand4NL T2
S and 3 TL. $Some or all instances were not run after all five instances at a smaller size failed for the same reason. Means and

sample standard deviations use only solved instances at each size.

time or memory limit. Without presolve, cuPDCS is the fastest solver from m = 400,000, and it is
the fastest of all methods from m = 500,000.

Presolve generally improves COPT and MOSEK on moderate-sized instances, but it does not
prevent failures on the largest instances. Thus, although MOSEK* has the lowest overall SGM(10),
cuPDCS is the only solver that solves all instances, including those of the largest size, on which

every other solver fails.

6.3. Lasso Problem
The Lasso problem mingeg» ||AX — b||> + A |Ix||; is a classic problem in statistical learning, where
A is the data matrix, b is the response vector, and A > 0 is the regularization parameter.

Following the setting in |Deng et al.| (2025), we generate five synthetic instances at each of five
problem sizes and reformulate them as SOCPs by splitting x into its positive and negative parts.
All runs use a tolerance of 107 and a five-hour limit. Table |§I reports the results, where m and n
are the numbers of rows and columns of A.

Table [6] shows that the commercial IPMs are the fastest on the smallest instances, on which
cuPDCS and SCS(GPU) have similar running times. On the four larger sizes, cuPDCS is the fastest
method and the only solver that solves all 25 instances, and it has the lowest SGM(10). On the three
largest sizes, the other solvers either exceed the time or memory limit or are not run because they
already failed at a smaller size, whereas cuPDCS solves every instance. Presolve helps COPT and

MOSEK only on the smallest size and does not let them solve more instances. CuClarabel is faster
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Table 6 Results for Lasso problems at the target tolerance 10~°.

Without Presolve With Presolve
Size (m,n) cuPDCS SCS(GPU) CuClarabel COPT MOSEK COPT* MOSEK*
(10,000, 100,000) 26.8+0.7 27.3+0.8 41.0+0.6 7.2+0.3 8.6+0.6 5.7+0.1 6.7+0.3
(70,000, 700,000) 28.1+1.0 1225.7+49.0 210.6+12.6 3817.0+123.7 2958.2+107.4 3864.0+14.4 3836.1 £+767.3
(400,000,7,000,000) 157.8 2.7 TL OOM OOM OOM oOM OOM
(700,000, 7,000,000)  238.1+4.0 TLS ooM# ooM$ ooM? ooM$ ooM?
(750,000, 7,500,000) 303.6 & 35.7 TLS ooM# ooM$ ooM? ooM$ ooM?
SGM(10) 102.7 3051.7 2298.5 3276.9 3163.0 3227.0 3253.1
Solved 25/25 10/25 10/25 10/25 10/25 10/25 10/25

Note. See Table[3]for the reporting conventions, outcome abbreviations, and SGM(10) treatment.
than the commercial [IPMs at the second size but runs out of memory at the third size and is not run

on the larger sizes.

6.4. Multi-period Portfolio Optimization Problems

In this section, we study Multi-Period Portfolio Optimization (MPO) problems, which include a
mix of multiple cone types and increasingly higher problem dimensions as the number of time
periods grows.

We select all securities from five major indices (S&P 500, NASDAQ-100, DOW 30, FTSE 100,
and Nikkei 225), resulting in 844 assets in total. The historical data used to construct the problem
were retrieved using the cvxportfolio package (Boyd et al.|[2017), which sources prices from
Yahoo Finance. The data from the year 2024 were used to estimate the returns, variances, and
prices for the first period. For subsequent periods, the predicted data were generated by introducing
a controlled level of random noise to the first period’s estimates. For each horizon 7', we generate
five instances using different realizations of this noise. The remaining model parameters are set as

in the technical note (Lin et al.[[2026).

Table 7 Results for MPO problems at the target tolerance 107°,

Without Presolve With Presolve
Horizon cuPDCS  SCS(GPU) CuClarabel COPT MOSEK COPT* MOSEK*
T=3 19.0+£13.5 33+1.8 13.9+13.8 2.8+0.4 1.6+05 22+04 1.4+0.5
T =48 42.0+144 309.7+3.6 23.7+212 364+1.1 272+04 NI 22.0+1.0
T =96 455+8.4 1286.3+20.7 339+13.1 71.2+1.1 556+1.7 NI 47.2+1.1
T =360 139.4+11.6 4TL,1 OOM 129.2+14.3 429.2+20.2 228.2+10.4 NI 181.2+5.2
T=1440 532.2+51.4 TL 638.5+10.9 TL TL TL TL
T=2,160 823.5+141.7 TL OOM TLS TLS TLS TLS
T=3,600 1332.0+243.2 TL oom? TLS TLS TLS TLS
SGM(10) 172.0 2469.1 351.9 731.7 619.8  6339.6 574.4
Solved 35/35 15/35 25/35 20/35 20/35 5/35 20/35

Note. See Table 5] for the reporting conventions, outcome abbreviations, and SGM(10) treatment.
As T increases, the numbers of constraints, variables, and cones grow proportionally. Table
shows that MOSEK?* is the fastest for 7= 3 and 48, and CuClarabel is the fastest for 7 = 96 and
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360. cuPDCS is the fastest from 7 = 1,440, it is the only solver that solves all 35 instances, and it
has the lowest SGM(10).

Among the matrix-free methods, cuPDCS is much faster and more robust than SCS(GPU) at
moderate and long horizons. Presolve speeds up MOSEK at shorter horizons, but MOSEK* reaches
the time limit at 7 = 1,440 and is not run on longer horizons. COPT* encounters numerical issues
for T =48, 96, and 360. For T > 2,160, the other solvers either fail or are not run because they

already failed at a shorter horizon, while cuPDCS solves every instance.

6.5. Overall Performance Summary

We summarize the three application classes by Dolan—-Moré performance profiles (Dolan and Moré
2002). For each problem class, let $ be the set of test instances and S the set of solvers. For each
successful run, let 7, ; be the wall-clock time of solver s on instance p, and let t; be the shortest such
time over all solvers. We set r), s =1, s/t if solver s solves p, and r), ; = +oo otherwise. For 7 > 1,
the profile p,(7) =|{p € P : rps < 7}|/|P| is the fraction of the test set that solver s solves within
7 times the best time. Hence, p,(1) is the fraction on which s is fastest, while the final height is its
solved fraction. Since the slowest solvers stretch the horizontal axes, the profiles mainly compare

robustness, and Tables [5H7] compare the running times at each size.
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Figure 7 Performance profiles for the Fisher market, Lasso, and MPO experiments.
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Figure [/| shows that cuPDCS is the only solver whose curve reaches one in every panel, that is,
the only solver that solves every instance of the three problem classes. Its advantage grows with the

problem size, and it is the only solver that solves the largest instances of each class (Tables [5H7).

7. Conclusions

We develop PDCS, a matrix-free first-order method for conic programs, and its GPU implementation
cuPDCS. PDCS adds practical enhancements and specialized projections onto diagonally rescaled
cones to reflected restarted Halpern PDHG with averaging, whose convergence on general conic
programs we prove, and cuPDCS exploits the parallel structure of its matrix-vector multiplications
and projections. Experiments on CBLIB and three application classes show that the advantage of
cuPDCS grows with the problem size. For small- and medium-scale problems, particularly when
high accuracy is required, interior-point solvers remain the preferred choice. cuPDCS complements
these solvers on very large problems at moderate accuracy, such as the 1076 tolerance used in our
experiments, where its matrix-free GPU implementation offers better scalability. The benefit of
presolve depends on the problem structure. It substantially improves some MOSEK and COPT
runs. A presolve procedure that runs on the GPU is a direction for future work for cuPDCS, which

currently operates directly on the original formulation.
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Online Appendix

A Practical GPU-Enhanced Matrix-Free Primal-Dual Method for
Large-Scale Conic Programs

Appendix A: Proofs of the convergence results

This appendix proves the results stated in Section[3] Throughout, Z* is the nonempty set of saddle points of (3), ¥ is the
KKT mapping of Section[2] defined for z = (x,y) with x € K, M and || - ||m are as defined in Section[3] distw (z, Z*) :=
Mming¢ 7+ ||Z—2*||m, and T := OnePDHG, so that the fixed-point residual of z is ||z — T'z||m. Since M is positive definite,
IMv]| < /|IM[[[|v]lm and |[v|lm < +/][M][||¥]| for every v, and in particular disty(z, Z*) < +/||[M]|dist(z, Z*). The
symbol z* denotes an arbitrary point of Z*, and statements involving z* hold for every such point. The proofs combine
the Halpern estimate of [Lieder| (2021)) with the restart argument of [Lu and Yang| (2024)), who treat a € {0, 1} for LP.

We carry them out for @ € [0, 1] and the averaged restart candidate.

A.1. Properties of PDHG

The following lemma expresses PDHG as a proximal point method in the metric M (Chambolle and Pock!2016). It
contains the properties of OnePDHG used in the proof of Theorem

LEMMA 1. For every z, M(z —Tz) € ¥ (Tz), and T is firmly nonexpansive in || - ||m, that is, ||Tz — Tz’||l%,I +|I(z -
Tz)—-(z' -TZ) ”12\/1 <l|z- z'||§,1f0r all z and 7. Consequently, the following hold.

(i) 2T —1 is nonexpansive in || - ||m.

(ii) The fixed points of T are exactly the points of Z*, and ||Tz —Z" ”12\/[ + ||Z—TZ||12\,[ < ||z—z*||12v[, so that ||lz—Tz||y <
disty(z, ZF).

(iii) dist(0,F (Tz)) < IIM||||z—Tz||m.

Proof. Write Tz = (%,§). The projection in {@) gives x — 7(c — ATy) — & € Ng(X), which rearranges to 77! (x - %) +
AT(y—§) €c—AT§+ Ny (X). The dual update rearranges to A(x — %) + o' (y — §) = AR — b. These two relations are
the two rows of M(z — Tz) € ¥ (Tz).

The mapping ¥ is monotone. Indeed, if g € ¥ (z) and g’ € ¥ (z’), the first components of g and g’ contain normal
vectors u € Ng(x) and u’ € Ny (x’), the terms involving A cancel, and (g—g',z—2') = (u—u’,x—Xx’). Writing
u=-s and v’ = —s’ with 5,8’ € K*, (s,x) =0 and (s’,x’) =0, this equals (s,x’) + (s’,x) > 0, since x,x’ € K. Let
a:=Tz-T7 andd:=(z-Tz)— (2’ —TZ’). Applying monotonicity to M(z—T7z) € ¥ (Tz) and M(z' —Tz") € ¥ (T7’)
gives (a,Md) > 0. Sincez—z'=a+d and (27Tz-z) — (272 -7')=a—d,

lz—2'|13; = llall3; + |d]l3; +2 (a,Md) = ||]a—d||3; +4 (a,Md),

which gives the firm nonexpansiveness of T and (i).

For (ii), note that 0 € ¥ (z*). Applying monotonicity to this inclusion and to M(z* — Tz*) € F(Tz*) gives
M(z* -Tz*),Tz" —7*) > 0, that is, ||z* — TZ*||§4 <0,soTz" =z*. Conversely, if Tz =z, the inclusion gives 0 € ¥ (z),
so z € Z*. Taking z’ = z* in the firm nonexpansiveness gives the inequality in (ii). Finally, the inclusion gives

dist(0, 7 (Tz)) < ||M(z —Tz)|| < +/|IM||||z — Tz||m, which is (iii). O



Lin et al.: A Practical GPU-Enhanced Matrix-Free Primal-Dual Method for Conic Programs 29

A.2. Estimates within one outer iteration

Fix an outer iteration ¢ of Algorithm E], and let S := (1 +a)T — al. By Lemma i), 2T -1 is nonexpansive. Hence
S = I‘T"I + =< “" (2T - 1), a convex combination of I and 27 — 1, is nonexpansive. Its fixed points are those of T, and
z—Sz=(1+ a) (z—Tz). Since 2--*+1 =T7"-K, Lineof Algorithmis the Halpern iteration z/-%+! = %Sz”k k}rz 70
for S with anchor z'-0.

LEMMA 2. For every k > 0 for which z'°* is computed:

(i) lz'% = 2*||m < ||2"° — 2 ||mi, and the same bound holds for 7% and z.:*
2disty (20, Z%)

- 1k 1,0 £,0 tk
ii) ||z"* -Tz" { " -Tz" s } and the same bound holds for z..".
(i) | || I = ) (T S
Proof. In this proof, write z* := z">*. Part (i) follows by induction from ||z¥*! — z* ||y < ﬁé ISz% = Sz*||m + = k+2 l|z° -
z*||m. The average z'- k is a convex combination of z, . . .,z*, and zi.’ is either z or z'-%.

For (ii), the second bound follows from the estimate of [Lieder| (2021) for the Halpern iteration of a nonexpansive

map, which here reads ||z¥ — Sz¥ ||y < M

since Z* is the set of fixed points of S. Choosing z* as the point
of Z* closest to z°, so that ||z0 — z*||m = distM(ZO,Z*), and using z¥ — SzF = (1 + ) (zF — TZX) gives the second
bound. For the first bound, let e := [|z° — Sz°||v. We first show that ||z/ — 2/~ ||y < § for all j > 1. For j = 1 this holds
with equality, since z' —z° = 3(Sz° — 2°). If it holds up to j, then [|z/ =" — 20|\ < U-De l)e , hence ||Sz/ ™' — 20|y <

15271 = SZ0||m + e < %, and the identity

, i~1_,0
o g = I (g gty S
J+2 (J+D(+2)
gives ||z — 2/ ||y < é’&i; +50fy = 5- Now let k > 1. Since zh - Sz¢ 1 = L (20 - Sz,

|12 ~ 52"~ |[m

k-1 k”
k+1

1z = Sz¥||m < ||12F = S5 ||+ [|1S2F ! = S2F||lm < +]|ZF -2 m <e.

Tz ||

Dividing by 1+« gives ||zX — Tz¥ ||y < ||2° — T2°||u. Finally, Lineensures ||z£.’k - M < ||z8 = TzF||m. )

A.3. Proof of Theorem/T]

Proof of Theorem([l] Let K, be the number of iterations in outer iteration 7, N; := Ko +-- -+ K;_1, 5, := lz0 — TZ"0||m
and Dy := diStM(ZO’O, Z*). If s; =0 for some ¢, then z’ 0ezx by Lemma ii), the inner loop performs no iterations,
and the algorithm generates no further iterates. The arguments below then apply to the finitely many earlier outer
iterations. We therefore assume s, > 0 for all 7.

We first bound the length of the inner loops. Applying Lemma i) to z/+1:0 = LK

, with z* the point of Z* closest
to z', shows that distM(Z”O,Z*) is nonincreasing in ¢, so it is at most Dy. By Lemma ii), the restart condition
l|z5:* — T25:*||p < Bs, holds once k > 1 and k +1 > x; := 2 disty (20, Z*)/((1 + @)Bs;). Since s, < distwm (20, Z*) by
Lemmal[I[ii) and (1+ @) <2, we have x; > 1, so the smallest such k equals [x;] — 1 <x;. Therefore
2 disty (20, Z* ) 2Dy

(1+a)Bs; (1+a),8s,

Next, we show that the iterates converge. Each restart gives 5,41 = ||z£.’K’ - TZZ’K’ Ilm < Bs;, so s; — 0. The anchors

15)

t

"0 are bounded by Lemma i), so they have a cluster point z*, and ||z* —7'z*||m = 0 by the continuity of T, so z* € Z*

by Lemma ii). By Lemma i), l|lz'-® — z*||p is nonincreasing in 7, and it tends to zero along a subsequence, so

70 - z*. Lemma i) then gives ||z-% —z*||m < ||2"°0 — z*||m for all &, so all iterates converge to z*.
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We now prove the rate in part (a). Since s, < 877/ s j for j <1, (15) gives

t-1

- t—1
Ntsl = Z stt <
j=0

Do !5 pi-i

(I+a)B j=o

The iterate z'-* is computed after N = N, + k iterations, and Lemmaii) gives ||z"*F = Tz"¥||p < s and (k+1) ||2"F -

2Dy
< ——-.
(1+a)(1-p)

Tz"*||m < %. Since N +1=N; + (k + 1), adding N, times the first bound to the second gives
2D0 . 2D0 (1 1[8+1)_ 2(2—,3)D()

N+1) 2% = Tz"¥|lm < Nys, +
(N+1) 1z 20 < Nese+ 17— < T

S (1+a)(1-8)
Since dist(0, 7 (Tz""%)) < /|IM||||2"-* — Tz"-* ||\ by Lemmaiii) and Dy < /|[M|| dist(z°, Z*), this gives (6).
Finally, we prove the iteration count in part (b). Let 7y and N,, be as in part (b). Such 7 exists because the iterates

converge to z*, T is continuous and Tz* = z*. Let ¢ >ty and w := Tz"*?, which lies in U. By and Lemma iii),
vy dist(w, Z*) < dist(0, F(w)) < +/||M]||s;. Hence

M

distyr (20, Z°) < 1|20 = il + distw (w, Z°) < s, + VM dist(w, Z°) < 1+ u)st,

Y
and the first inequality in (15) gives K; < L :=clog(1/B8) (1 + @), by the definition of ¢. Now let ¢ > ty, and let
7'k be computed after N iterations. Since k < K; < L, we have N = Ny =Ky + -+ K;_1 + k < (t —to+ 1)L, that is,
N_LNIO - 1. By Lemmaiii), Lemmaii), sj+1 < Bsjforall j, and s, < Do < +/[[M]| dist(z%0, Z%),

: 0,0 *
dist(0, 7 (T2"%)) < vIM[ls, < IM][B' s, < ”M”dl“/(: 29 exp(— M (N—Nto)),

and the right-hand side is at most € when N satisfies (8, since L/log(1/8) =c(1+ M) Finally, an iterate z'-*

t—1y>

with ¢ < to has N < N, so if it satisfies (§), then ||M]| dist(z*?, Z*) < Be, and the same chain of inequalities with
s: < 5o < Dy gives dist(0, F(Tz"%)) < |[M|| dist(z*°, Z*) <e. o
Appendix B: Algorithm details

This appendix describes the algorithmic enhancements used in PDCS.

B.1. Adaptive step size

PDHG converges when 70 ||G||> < 1 (Chambolle and Pock2011). Because this bound can be overly conservative in

practice, PDCS adapts the step sizes

1 2
o [l -],
T=—, 0O=nw, n< ) (16)
w 2‘()’”1 —y)TG(x/*! _Xt)|
2
where ||z||, =W Ix||? + %, and w is the primal weight. Functionupdates n. It returns the accepted step size 7,

which weights the average in Line [7| of Algorithm [2| and the step size 7’ to be tried next. Here, k counts the PDHG

steps, including rejected ones, starting from k = 1, and controls how aggressively 7 is adjusted.

B.2. Adaptive reflection parameter

Lines [5|and E] of Algorithm [2| perform the reflected Halpern step of Algorithm |I| with a reflection parameter a”* that
varies over the iterations. A larger @ may accelerate convergence but can also cause instability. PDCS therefore uses a
small & when the relative error maxErr defined below is large and increases « as this error decreases. It sets "% from

maxErr at 2%+ by

AdaptiveReflectionParameter(z) = Projjo ;) (=0.1-log,q (maxErr(z)) +0.2) , (17)
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Function 1 AdaptiveStepPDHG((x,y), w, 17)

1: while True do

2 R=Projj ek, {X- L(e=GTY)} . §=Projy, {y+70(h-G(2%-x)))

3 7= 31 &=x3=-DIL/NF-NTCE=X)|, 7" —min {(1 - (k+ 1)), (1+(k+1)""6)p}
4: if 7 <7 then k «— k + 1 and return (X,¥),n,7’

5 nenke—k+l

6: end while

where maxErr(-) measures the overall optimality error and is defined by
maxErr(z) := max{errrel,p (x), CITre] d (A1, 42), CITrel,gap (x,41,42)} . (18)

Here errre; (X)), errrer,a (A1, A2), €ITrel gap (X, A1, A2) are relative primal infeasibility, relative dual infeasibility and relative

primal-dual gap:

ElTyhs p(X) = ”(GX —h) - Proj(K; {Gx-h}

‘, €lTaps gap (X, A1, A2) := [(€,x) — (yTh+172] —u" A7),

19)
2
. 2 .
errabs’d(/ll, /12) = \/”/11 - PI‘OJA{/ll}H + ||/12 - PI‘O]q(g{/lQ}H .
. ClTabsp(X) . eITapsd(A1,42) o €I Tabs,gap (X, A1,42)
errrel,p(x) = 1+||lr1)\|1 s erfpeld(A1, A2) = ti_fT”]lz ’errrel,gap(X,/lh/b) = l+|(c,x)|+|y$h+lT/lf—uT/ll’| . (20)

As in (T4), terms involving infinite entries of 1 or u are omitted from (I9) and 20).

B.3. Adaptive restart

To select the restart point, PDCS measures optimality by the normalized duality gap, which is defined as follows.

DEFINITION 1 (NORMALIZED DUALITY GAP (APPLEGATE ET AL.[2023)). For any z=(X,y), r > 0, and step sizes 7 > 0,

11 GT
i and

o > 0 satisfying 7o ||G||? < 1, define M := ( G 11

B(r;z) ={2:=R,9): k€ X, yeV,||lz-2|m<r} .

The normalized duality gap is p(r;z) := % SUPzeg(rp [L(X.§) — L(X,y)].
Computing p(r;z) exactly involves a nontrivial projection onto X x Y under the M-norm. Hence, we approximate the
gap by replacing M with N :=diag(I/7,I/0). The resulting gap is

1

N T/a

p \riz) = — max b'(z-z . b:= 21
( ) r zeXxY ( ) (h—GX @h

po)
llz-z||x <7

GTy- c)
2

PDCS evaluates pN with the current step sizes, given by (T6) with n =7"* and w = .

t,k+1

PDCS takes as restart candidate whichever of z and z-%*! has the smaller approximate normalized duality gap:

2K+ N (sz,k+1 _zt,OHN ;zz,k+1) <N (||it,k+l _zt,OHN ;it,k+l),

2t,k+l

GetRestartCandidate(z" %!,z =
otherwise.

1. . . . .
™ is triggered whenever its approximate normalized

Let zi.’k“ denote the resulting restart candidate. A restart to zi.’k
duality gap satisfies any of the following conditions. Here we use Bsufiicient = 0.4, Bnecessary = 0.8, and Baificial = 0.223.

. t,k+1 Lot k+1 - .
1. (Sufficient decay) pN( 20 g0 sl ) < Butiicient - P (||z”0 -7 1’OHN ,z”o)

.
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t,k+1 t,k
z + _Zt,O z _Zt,O

) ;zz’k) and
N

2. (Necessary decay and no local progress) pN (H
oN ( ;Zrc,k+l) < Brecessary - PN (”Zz,o _Zt—l,0||N ;Zz,o)

3. (Long inner 100p) k > Barificial - k-

tk+1 N (
SZ. >
‘N ¢ ) p

t,k+1
z + _Zt,O

’

For problems with second-order or exponential cones, floating-point errors may make the value of pN returned by the
bisection method negative when the true gap is small. In this case, PDCS replaces pN(r;z) in GetRestartCandidate

and in the restart condition by the weighted KKT error

1
KKTw (Z) = wzerrabs,p(x)z + Eerrabs,d(ll s /12)2 + eITabs,gap (X’ /11 s /12)2 s

where err,ps p, €ITabs,d, EITapbs gap are as defined in (19), and the dual variables A1, A, are recovered from y using the linear

relation in (T0).

B.4. Computation of the approximate normalized duality gap
We compute the approximate normalized duality gap (ZI)) using the approach of [Applegate et al. (2023), Xiong and
Freund| (2024). For any ¢ satisfying ||z — z(7)||n = r, the optimizer of (Z2I)) is
z(t) := argmax t-bT(i—z)—l- |z —z|IR, - (22)
ZEXXY 2
When a root is bracketed, Algorithm[3|finds it by bisection. If no root is bracketed, the argument of Xiong and Freund
(2024, Lemma A .2), adjusted for the factor 1 in (22), gives, for exact z() and d, := ||z(t) — ||y <,

b (z(1) —z) - rr—d? )

0<pN(riz) - r =2t T2t

The doubling search therefore returns the current gap estimate once this bound is at most &, even if the distance never

exceeds r.

Algorithm 3 Bisection search for normalized duality gap pN(;z)

Require: Initial bound ¢y > 0, iterate z € X X Y, radius r > 0, tolerance &£ > 0
¢ Nt < 0, Tighe < o
: for k=0,1,...do > Find a bracketing interval
7 2(ty), dp — |l2-7ly
if d; <r and (r> - di)/(Zrtk) < ¢ then
returnb’™ (Z—2z)/r > Gap error bound satisfied
end if
if di > r then set t;igp < 11, set tier, < 11 /2 if k > 0, and break
ka1 < 21
end for
Z — z(tieft)
while #ign — fiere > € do > Refine by bisection
tmid < (teft + tright) /2, Z < Z(tmiq)
if |z —Z||y < r then tief < t1iq; otherwise frion < fmid
: end while
: returnb"(Z—2z)/r

_ =
T2 Y R RN R LN

—_ = =
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B.5. Primal weight adjustment
The primal weight w balances the primal and dual step sizes 7 = % and o = nw in (16). Following PDLP (Applegate

et al.|[2021)), PDCS adjusts this weight at each restart based on the relative changes in the primal and dual iterates.

A well-chosen primal weight can accelerate restarted PDHG for LPs (Xiong|2026a). We initialize the weight by

e el [, > 10710

InitializePrimalWeight(c, h):= { L . At the beginning of restart ¢, we update it by

1 otherwise

exp (Qlog(i—gy{) +(1-6)log (a)t‘l)) ALLAL > 10710

w1 otherwise ,

PrimalWeightUpdate(z"?,z' 1%, w'~!) := {
where Al = ||X”O —x’_l’OH and A} = ”yt’o —y"l’OH measure the primal and dual changes. The parameter 6 = 0.5
smooths the update. Because very large or very small weights can destabilize the solver, we reset w to its initial value

whenever w ¢ [1075,10°].

B.6. Diagonal rescaling

As for other first-order methods, the practical performance of PDCS depends strongly on the conditioning of the
problem instance. One common strategy is diagonal rescaling, which may improve the condition number of the problem
while preserving the sparsity pattern. We rescale the constraint matrix G € R to G =D, GD,, where D; and D, are

positive diagonal matrices. The corresponding rescaled optimization problem is:
min <é,i> , S.t. Gf(—ﬁe(f(g s iS (f{)[n]] <ua, (i)[n]\[nl] E(]A(p (23)

where ¢ :=Dy¢, G :=D|GD,,h:=Dh,1:=D;'l, 4:=D; 'u, 7%; :=D1K; and %K, :=D; K, Algorithm summarizes
PDCS with diagonal rescaling.

Algorithm 4 Primal-Dual Conic Programming Solver (PDCS) with preconditioning

1: Compute rescaled instance data €, é, h,1and a.
2: Use Algorithm 2] to solve the rescaled problem (23) and obtain solution X and §.
3: Output solution for (9): x=D,% and y =D,¥.

Appendix C: Projection onto rescaled second-order cone and exponential cone

This appendix proves Theoremsand which characterize the projections onto the rescaled second-order cone DK™!
and the rescaled exponential cone DKoy,

C.1. Projection onto rescaled second-order cone

Proof of Theorem[2] Let D be the diagonal rescaling matrix. The projection onto DK™ is the solution of the following
problem:

Projpgenn {(2,X)} = argmin g vy epns % (£, %) = (s, 9|1, s.t. ||]A)_1y||2 <s? 520, (24)
where (¢,x) e R"*!, D = diag(&z, -+, dpy1) with d; =d;/d,; and d; is the i-th entry in the diagonal of D.
We first consider the simplest case, in which (s,y) is the degenerate solution (0, 0). The projection onto the convex
cone DK™ is (0,0) if and only if —(z,x) lies in (DK™!)*. Because (DK)* = D~IK™EL it implies that when
|Dx|| < —t, the projection (s,y) is (0,0). This proves the first case.
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Now we introduce the multipliers A > 0 and i > 0 for the two constraints of (24)), then the Lagrangian is £L(y, s; 4, p) =
%Hy —x|I*+ %(s —-1)? +A(|l D ly|2- 52) + t (=5). Thus, the KKT conditions of (24) are as follows:

IDy|2 =52 <0,y —x+ 24D 2y =0, (s — 1) — 245 — = 0,2 (||ﬁ_1y||2—52) =0,us=0,5>0,4>0,2>0, (25)

Problem ([24)) is convex when its constraints are written as |[D~'y|| < s. At any (s,y) with s > 0 satisfying (23)), either
A=0or |[D'y|| = 5, and in the latter case the gradient of ||[D~'y||> — 52 is 2s times that of ||[D~'y|| — 5. Hence (s,y)
satisfies the KKT conditions of this convex problem with multiplier 24s and is optimal for (24).

If (1,x) is already in the rescaled cone, i.e., |[D~'x|| <, then (s,y) = (¢,X) is an optimal solution for (24) because it
is feasible and has the smallest possible objective value 0. This proves the second case.

If |[D~'x|| > #, since (¢, %) is not in the rescaled cone, the projected solution (s,y) must lie in the boundary of the

cone. In other words, ||D~'y|| = 5. If £ = 0, then the optimality conditions (23)) become
(y=x)+2aD72y =0, s—2as=p, sp=0, [D'y| =5% 520,120, u>0. (26)

y=@in +D) 7 'x, s=|D+D) x|, 2= % , =0 27)

satisfy the above system. Therefore, when ¢ = 0 and ||13‘1x|| > 0, (7)) gives the solution s and y for (24). This proves
the third case.

If t > 0, let u =0 and then the optimality conditions become
(y-x)+2AD%y=0, (1-2)s=1, |[p~'y|’ =5*, 520, 1>0. (28)
If there exist y, s and A € (0, %) satisfying (28), then y and s can be computed by the first and second equations:
y=I+22D72)7'x, s=(1-21)""t>0 (29)
Substituting them into the third equation of (28) yields:
FQ) =[[(D+22DH x> = (1-20)"22=0. (30)

Note that there must exist a root A € (0, %) of the above equation f (1) =0 because f is continuous on (0, %), while
lim_04 £(2) > 0 (since [|D~'x||2 > r2) and lim,_,1 f(4) <0 (since t > 0). Therefore, let A be a root of (30) and then
(29) gives the solution y and s.

Similarly, if £ < 0 and |[Dx]|| > —7 (the case ||Dx|| < —7 has been discussed in the beginning), then there exists A > %
that is a root of £(1) =0. The existence of such a root is due to ||Dx|| > —z. Then (29) gives the solution y and s based

on the root 4. Now the fourth case is proven. m

PROPOSITION 1. Let x € R" and ¢; :=d_}.

In the fourth case of Theorem equation (13)) is equivalent to

2
n 1-
Fy(u) = Zcixiz( “ ) -12=0, u=21 (t>0),
i=1 1+C[M
. ) (3D
u

On (0,1), Fy is strictly decreasing and F_ is strictly increasing. Each has a unique root, computable by bisection in

O(nlog(1/e,)) operations to absolute accuracy €,.
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Proof. The sign condition in (T3] places both transformations in (0, 1). Monotonicity follows from

1—-u 1+c¢; u ! 1+c¢;
= — <0, = >0.
1+ciu (1+c;u)? ci+l-u (ci+1-u)?

Both ratios are positive and x # 0 in the fourth case, so the monotonicity is strict. Moreover,

F O =0'x -2>0>F(l)==%,  F_(0)=—*<0<F_(1)=||px|[* - 2.
The strict inequalities hold because (z,x) ¢ DK™! and —(¢,x) ¢ (DK™:!)*. Thus each of F, and F_ has a unique root.
Each evaluation costs O (n), and bisection on [0, 1] takes O (log(1/¢,)) iterations. o

C.2. Projection onto rescaled exponential cone

To compute the projection of vo onto the diagonally rescaled exponential cone DK, and its dual cone DK, we

exp’
first recall the definitions of Kexp and K-
3 r 3
Kop = {(r.5,1) € B3 [ 5>, tZs-eXp(;)}U{(r,s,t)eR 1s=0, >0, r <0} (32)
i 3 s 3
Wexpz{(r,s,t)eR |r <0, e-tZ—r-exp(—)}U{(r,s,t)eR |r=0, s>0, tZO} (33)
r

and then we present the formal statement and proof of Theorem [3} To compute the projection onto the rescaled cone,

we need to use the following Moreau’s decomposition theorem (Moreau![1962):

LEMMA 3. Let K be a closed convex cone in R™ and K* be its dual cone. For any v, and v4 € R", the following

statements are equivalent. (a) v, € K, vq € =K* and (v,,,vq) =0. (b) v;, =Projyc (v, +va) and vg = Proj_ge- (v, +va).
Therefore, the projection problem essentially reduces to computing v,, and v, such that
Vo=Vp+Va, ¥p €DK, va€ DTG L (vp,Va) =0 (34)

Since the projection of v onto the rescaled cone is unique, the corresponding v/, and v satisfying (34) are also unique.

Now, we are ready to present the formal statement of Theorem 3}

THEOREM 4. Forany vo = (ro, 50, 19) € R3, the corresponding Vv, and V4 that satisfy (34) can be computed as follows:
1. ]fV() € D(]pr, then Vp =V and vg=03x.

2. Ifvo e —D_lngp, then Vp = 031 and vy =vy.

3. Ifro <0 and so <0, then v, = (ro,0,13) and vq= (0, s0, 1 ).

4. Otherwise, solve the following root-finding problem:

h(p) :=dy exp(p)sy(p) = d; ' exp(=p)ra(p) =10 =0, (35)

sod 2ds—dro(1-p) d?d:" (ro—d;'d,pso
sp ()=~ and rq(p) = —— (_2  dose), (36)

dsdr +p(,0—1) dsdr +P(P—1)
for p in interval (1,,u,), where
(min{as, a4}, max{as,as}), ro>0, so>0 (37a)
rUds SOds

3:m , a4:1_r0dr and (l,,up) = (=0,a3), ro0<0, so>0 (37b)

(a4, +00), ro>0, so<0. (37¢)
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Furthermore, h(p) is monotone on the interval (1,,u,). Then the solution (v,,V,) to system (34) is given by

¥y = (d;p.ds.diexp(p)) 5, (p) and va=(d7", (1= p)d5",=d; " exp(=p) ) ra () - (38)

Ifro >0, so > 0and az = as, then (1,,u,) is empty, and (38)) holds with p = a3 and with s,(p), rq(p) replaced by

-1 —-a
to+d,d 'rope
sp= ; —— and rq=d,(ro—d,azsy).
die® +d;d; aze %

Theorem [] provides the solution to (34). The first three cases of Theorem [ are simple cases. In practice, we first
check the first three cases, followed by solving the root-finding problem of the nonlinear equation (33)). Our strategy is
built upon the projection algorithm for the unscaled exponential cone (Friberg|2023)), but the scaling factors can make
the scalar equation singular, so the interval that contains the root has to be determined anew (Lemmas A and [3).

REMARK 1. Projecting onto the rescaled dual exponential cone (ProjDW;Xp (vp)) is equivalent to the following problem:

V4 = argmin, Iv=vol® s.t. veDK, .

(39)

This task can be completed by first projecting onto the primal cone, specifically, v, = Projp-1 Konp (=vo), and the solution
can then be recovered via vq = vo + vp.

Before proving Theorem 4] we first present two preparatory lemmas.

LEMMA 4. Let v € (0, %],( > 0 and denote
a) = (1 -v1 —4v2> [2,a> = (1 +V1 —4v2) [2,a3={¢v,a4=1-v/{,I=(min{a3,as},max{as,as}). (40)
If az > aq, then I C (—o0,a1) U (ay, ). If aq > a3, then I C (ay, as).

Proof. Recall aj +a, =1 and aja, =v?. Consider ag —az = 1 — F-¢v = —%(v{z — ¢ +v). The quadratic function
q(&) :=v{? = ¢ +v has two positive roots /| := % and £, := <2, since ay +ay =l and aja; = v2. Because ¢ > 0, a3 > ay

is equivalent to £ € (0, 1) U ({2, c0) and a4 > a3 is equivalent to £ € ({1, {2).

2
Case 1:az>as. If { <y, thenas={v <a anda4=1—§ < 1—4—"1 = l—r"/v = 1—;—1 =1-(1-ay) = ay, so
2
I:(a4,a3)C(—OO,al).If§2§2,thena3=§v2a2anda4=1—% > l_é’lz = 1—#/‘, = 1—;—2 =1-a; = ap, so

I =(ay4,a3) C [ay, ). In either subcase I € (a;,az), and in particular ay,a, ¢ I.
Case 2: ay > as. Here ( € ({1,{2),s0a; < {v=a3 anda4=1—% < l—ézl—alzaz.Thusal <az<ag<a,
hence I = (a3, a4) C (a1, a,) (and therefore ay,a, ¢ I). When v = %, we have a; =ap = % so the case a4 > a3 does not

occur. [m}

LEMMA 5. Suppose ro >0 or so > 0 and (l,,u,) # @. Then for every p € (1,,u,) (defined in (37)), the quantities
sp(p) and ry(p) (defined in (38)) satisfy sp(p) >0 and rq(p) > 0.

S0

Proof. For simplicity, set 7 :=dg/d, > 0. Then a3 = :—g‘r andas=1- T and introduce

d(p)=(p=3)+ (@ =3), 3(p)=sor=ro+rop, F(p)=1ro~pso. (41)

A direct simplification of (36) gives s,(p) = d; ! 3((’;)) and rq(p) = d 2((‘;; . Since d; ! and dj are positive, it suffices to

show that for p € (/,,u,), the fractions §(p)/d(p) and 7(p)/d(p) are positive.
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Case 1. ro=0, so > 0. Here §(p) = 5o > 0 and 7(p) = —pso. For p < az =0 we have 7(p) > 0, and since p < 0,
d(p)=(p-3%)?+(t* =) >7*=1/4+1/4=7%> 0. Thus all signs match and positivity of the fractions §(p)/d(p)
and 7(p)/d(p) holds.
Case 2. rg > 0, so=0. Here 7(p) = trg > 0 and §(p) = ro(p — 1). For p > a4 = 1, we have §(p) > 0. Also d(p) > 0 for
p > 1since (p — 3)* > 1/4. Thus positivity holds.
Case 3. r9 <0, so > 0. For p < a3 = (ro/sp)t <0, we have 7(p) = tro — pso > 1ro — azsg = 0, and also §(p) =
50T —ro+rop > soT —ro > 0 since ry < 0 < s¢. Furthermore p < 0 implies d(p) > 0. Thus positivity holds.
Case4.rg>0, sg <0.Forp>as=1-(so/ro)T > 1, we compute §(p) = sq7 —ro+rop > soT —ro+ro(1—(so/ro)7) =0,
and 7(p) = tro — pso > Tro — so > 0, since 59 < 0 < ro. Also p > 1 guarantees d(p) > 0. Thus positivity holds.
Case 5. ro > 0, 5o > 0. This is the most complicated case, and we distinguish subcases according to the value of 7.
If 7> 1/2, then d(p) > 0. Moreover, a3 — a4 =T(:—3 + j—g) -1227-1> 0,50 (l,,up) = (as,az). Hence 3(p) >0,
7(p) >0, and d(p) > 0 on (lp,up), which gives s,(p) >0 and rg(p) > 0. If 7 =1/2, then d(p) > 0, with equality
only at p = % By Lemma @ (with v = %, L =ro/s0), if a3 > a4 then (ag,a3) C (—oo, %) U (%,oo), SO % & (Ip,up)
and d(p) > 0 on (lp,up). If as > a3, then (I,,u,) would be empty, contradicting the assumptions. Thus we must

be in the former situation, where again §(p),7 (o) > 0 and positivity holds. Finally, if 7 € (0, %) let q; = 1=¥V1-4T '12_472

Levidrs '12_472, so d(p) < 0 exactly for p € (aj,as) and d(p) > O otherwise. By Lemma@ if as > ay4, then

and ap =
(lp,up) = (as,a3) C (—oo0,a1) U (az, o), where d(p) > 0. On this interval §(p),7(p) > 0, so the fractions 5(p)/d(p)
and 7(p)/d(p) are positive. Otherwise, if a4 > a3, then (lp,up) = (a3, a4) C (ay,az), where d(p) < 0. On this interval
5(p),7(p) <0, so the fractions §(p)/d(p) and 7(p)/d(p) are again positive.
In all subcases we obtain §(p)/d(p) > 0 and #(p)/d(p) > 0 for p € (I,,up). Since d; ! and d, are positive, this
proves s, (p) >0 and rg(p) > 0. o
Now, we are ready to prove Theorem 4]

Proof of Theoremd], By Lemma [3| the desired pair (vp,Vq) is the unique solution of (34). We use the convention

x* =max{x,0} and x~ = —min{x,0}, sox=x"—x~ and x*x~ =0.
Cases[TH2] These follow directly from Lemma 3] and uniqueness of projection.

Case(ro < 0and sg <0). Set v, = (rp, 0, tg) and vq = (0, so, —; ). Then v}, + vq = vo because o = ta' — 1, - Moreover
D_IVP = (ro/d,, 0, tg/dt) € Kexp (the 5 =0 branch with r <0 and 7 > 0), and —D vy = (0, —dss0, d;1;) € ngp (the
r =0branch with s > 0 and ¢ > 0, since s¢ < 0 and =ty < 0). Finally, (vp, va)=ro-0+0-s9— tg fy = 0, because tgta =0.

Hence (34) holds.

exp> and at least one of ro > 0 or so > 0 holds (the complement

of Case[3). We show that the formulas and (38) with p € (1,,u,) yield the unique Moreau pair.

CaseEI(general case). Here vo ¢ DKexp and vo € — D ¥

Step 1 (membership and orthogonality). For any p € R and positive scalars sp, rq define v, = (d,p, ds, d;e”) s, and

va=(d; ', (1-p)d;', —d; e ) rg. Then D~ 'vy, = 5, (p. 1, eP) € Kexp and =D vy = rq (1, p—1,¢77) € K5, whenever

sp >0 and rq > 0, each with equality in the defining inequalities. Moreover, (Vp, Vq) = spra (0 + (1 —p) = 1) =0, so
orthogonality is automatic, independently of p, s,, and rq. By Lemma for every p € (I, u,) we have sp(p) >0 and

ra(p) > 0. Therefore v, € DKexp and vq € —D71K;

xp for all p € (Ip,up), and (vp,vq) =0.
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Step 2 (matching the r- and s-coordinates). A direct substitution into the r- and s-components of v, +vq = vq gives

the equations: d,-p sp(p) + d-'rq(p) = ro, and dg sp(p) + d;l(l - p)ra(p) = so. Furthermore, with s, and rq(p) as
— — ~—— —
7 from v, r from vq4 s from v, s from vq4
in @), it can be checked that v, and vq match vy in the r- and s-coordinates.

Step 3 (matching the t-coordinate). The remaining ¢-coordinate equation (vp + Vq) , = to is precisely equivalent to the

scalar equation (33). The only possible singularities of /(p) occur when the denominator is zero, i.e.,
_ 2
did;* +p(p—1)=(p—3)"+((ds/dy)* = }) =0,

i.e., at p =ay,ap € (0,1) (defined in the above proof of Lemma [5) when dy/d, < % By the proof of Lemma the
open interval (l,,u,) used in (37) never contains a; or as. Hence h is continuous on (I, u,,). We then show that A(p)
attains opposite signs at the endpoints (or limits) of (/,,u,,) in each branch of (37).

(i) ro > 0, so > 0. Here (I,,u,) = (min{asz,as}, max{as,as}). We first assume a3z # a4. A direct simplification of

(36) shows r4(a3) =0 and sp(a4) =0, and consequently

d7'd, - ro(1 - sod;'ds = ro(1 - 242)
has) = 2 B0 o) -ty = ot D exp(as) -t = Ly -ty (42)
dsdr +dra3(a3_1) dszdr_l"'dr’;gd:(zgd:_l) ds

and

h(as) = -

_ dy
ro_dsldr(l_ig_dr) 50 -1 sods
d X —1]-1
d;! +d;2dr(1_80_ds) (= suds) rods

rodx rody

(43)
ds_ldr (1 - S()—ds) so—"ro

rodx

=)

rodx 0

_ Sod‘ _ Sod
d, 1exp(md: - 1) —to =—d,rod; 1exp(md: - 1) —1o .

Since v ¢ DKexp with 5o > 0, the membership test for (ro/d,, so/ds, to/d;) in Kexp fails, ie., to < (so/ds) di e®, so
h(az) > 0. Likewise, since vo ¢ —D~ 1%

exp

with ro > 0, the test for (—d,ro, —dsso, —d;ty) € K, fails on the r <0

exp

branch, i.e., to > —d,rod; ! exp(‘diLig — 1), so h(as) < 0. Hence h(p) changes sign across the nonempty open interval

(Upsup).

If a3 = ay=: a,then a(1—a) = a3 (1-a4) = d>d; 2. With sp and rg as in itemofTheorem the - and ¢-coordinates
of v, +vg = vg hold by construction, and the s-coordinate equals (1 — a)d,d 70 = s0. The two membership tests above
give to > —dirod; Ye=@ and 1y < (so/ds) d; €%, which are equivalent to sp >0 and rq > 0, respectively. Step 1 and
Lemmathen show that (vp, vg) solves (34).

(ii) ro <0, so > 0. Here (Iy,u,) = (=o0,a3) (with a3 <0). As p — —oo, the term —d; e Prq(p) dominates with
negative sign and i(p) — —oo. At p = a3, the same calculation as in @2)) yields h(a3) = (so/ds) d; e® — 1ty > 0 because
vo € DKexp with 5o > 0. Thus a sign change occurs on (—co,a3).

(iii) ro > 0, so < 0. Here (I, u,) = (a4, 00) (with a4 > 1). As p — +oo, the term d,e”s,(p) dominates positively
and h(p) — +co. At p = a4, the same dual-side evaluation as in (43)) yields i(a4) < 0. Hence a sign change occurs on
(a4, 00).

We claim that 4 is strictly monotone on the interval (/,,u,). Let 6(p) := dgdr‘ 2+ p(p —1). Differentiating (33) and

(36) gives

W (p)= [sp(P)Ap(p) +ra(p)Ad(p)] . (44)

L
erdt(S(P)
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where Ap(p) i=d?d? +d?e* [d?(p — 1)? +d?] > 0 and Ag(p) :=d?p? +d2 + d?e* > 0. Lemmagives Sp.Ta >0, 50
sign b’ (p) =signd(p). If rg, so > 0, then 6 > 0 on (a4, as) when az > a4, and 6 < 0 on (a3, as) when aq > a3. Hence h
is strictly increasing in the first case and strictly decreasing in the second. If rg < 0 < s, then p < a3 <0, so 6 >0 and
h is strictly increasing. If so <0 < rp, then p > a4 > 1, so again § > 0 and £ is strictly increasing.

The endpoint signs and strict monotonicity imply that each branch has a unique p* € (I,,, u,) satisfying h(p*) =0.

Step 4. With this unique p* € (I,,u,) and sp = s,(p*), rq =ra(p*) from (BE), the definitions give v, € DKo,
V4 € — D‘W(Q‘Xp, Vp + Vg = Vg, and (v, vq) =0. By Lemma Vp = ProjD.Kexp (vp) and vq = Proj,DmK;p (vp), completing
the proof. O
Appendix D: Optimality Termination Criteria

This section describes the termination criteria of the solvers in our experiments. Generally, these criteria comprise
three types of errors: primal infeasibility (err,), dual infeasibility (errg), and the duality gap (errg,p).

SCS solves the conic program problems in the following formulation:
min ¢'x s.t.AX+s=b, s€ X, max -b'y s.t.tATy+c=0, ye K" (45)
X y

If the problem is not in this formulation, we first reformulate it into this formulation and then use SCS to solve it. All
iterates of SCS satisfy the conic constraints s € K and y € K™ as the solver does projections onto the cones in each
iteration. On the formulation (@ SCS determines its termination criteria based on the following residual thresholds:
errp = |[AX+5 = bl < Eabs + Erel Max {|[AX |0, [ISlleo - Iblleo}» errq =||[ATy +¢||, < Eabs +rel - max {|[ATy]| .. el } s
€ITgap = leTx+bTy| < e4ps + £re] - MaxX {|ch|, |bTy|} .
In our experiments, we say a solution satisfies the & tolerance if the above conditions all hold with &) = €4 = €.

MOSEK uses an interior-point method to solve the conic program problem. It addresses the model below:
Ax-br=0, ATy+s—cr=0, —¢'x+b'y—«=0, xeK, seK*, 1,>0.

A solution is regarded as satisfying the &, tolerance in MOSEK if the following conditions hold:

X TY S
L [ T
= < &re = = Erels
PTo1+ bl ' 1+lell
x's |[¢'x bT min {|e"x|,|bT
errgapzmax{T,___y [ max 1, 0TS
T T T T

The problem that CuClarabel directly addresses is similar to that of SCS, i.e., . However, CuClarabel introduces

two scalar variables 7, k > 0 of the homogeneous embedding and considers the following optimization problem:
min s'y+7k s.t. ¢'x+b'y=—«, ATy+cr=0,Ax+s-br=0, (s,y,7,k) € KX K" xR, XxR,.

For the above formulation, a solution is regarded as satisfying the & tolerance if the following conditions hold:

A%+ b AT +¢]
err, = r T = < Erel , ITg = T «
max {1, |[bl| +[[x/7lc + [I8/7 o }

< Erel
max{1,[[e|lo + X/ Tl + I¥/7lle}

[e"x+bTy| <
eITgap = . <e
¥ max{1, min{|cTx[, [bTy[}} =

Since CuClarabel also uses an interior-point method, all iterates of CuClarabel are within the cones.

] .

COPT uses an interior-point method to solve conic programs, but the definition of tolerance in its optimality criteria

is not publicly available.
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Appendix E: Default Parameter Settings

Table [§] summarizes the default configuration of cuPDCS, which is used when the corresponding options are not

specified.
Table 8 Default cuPDCS configuration.

Component Default setting

Preprocessing Ten iterations of Ruiz rescaling in the {,,-norm, followed by one Pock—Chambolle
rescaling with exponent 1.

Cone rescaling Scalar or diagonal rescaling, chosen separately for each cone.

Adaptive step size Enabled by default, with the step size updated by Function

Primal weight Initialized from the data and updated at each restart with smoothing parameter
6=0.5 (Appendix [B.5).

Averaging and reflection Averaging weighted by the step sizes, the Halpern iteration, and reflection are
enabled.

Restart Restarts based on the normalized duality gap, checked every 2,000 iterations, with
both the current and the averaged iterates as candidates.

Termination Absolute and relative tolerances are both 107, checked every 2,000 iterations on
the original problem scale.

GPU projection mapping Grid-wise, Block-wise, Warp-wise, or Thread-wise, selected according to the types

and dimensions of the cones, with batching for many small cones.
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