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Abstract

In this paper, we introduce the Primal-Dual Conic Programming Solver (PDCS), a large-
scale conic programming solver with GPU enhancements. Problems that PDCS currently sup-
ports include linear programs, second-order cone programs, convex quadratic programs, and
exponential cone programs. PDCS achieves scalability to large-scale problems by leveraging
sparse matrix-vector multiplication as its core computational operation, which is both memory-
efficient and well-suited for GPU acceleration. The solver is based on the restarted primal-dual
hybrid gradient method but further incorporates several enhancements, including adaptive re-
flected Halpern restarts, adaptive step-size selection, adaptive weight adjustment, and diagonal
rescaling. Additionally, PDCS employs a bijection-based method to compute projections onto
rescaled cones. Furthermore, cuPDCS is a GPU implementation of PDCS and it implements cus-
tomized computational schemes that utilize different levels of GPU architecture to handle cones
of different types and sizes. Numerical experiments demonstrate that cuPDCS is generally more
efficient than state-of-the-art commercial solvers and other first-order methods on large-scale
conic program applications, including Fisher market equilibrium problems, Lasso regression,
and multi-period portfolio optimization. Furthermore, cuPDCS also exhibits better scalability,
efficiency, and robustness compared to other first-order methods on the conic program bench-
mark dataset CBLIB. These advantages are more pronounced in large-scale, lower-accuracy

settings.

1 Introduction

Convex conic programming aims to find an optimal solution that minimizes (or maximizes) a linear
objective function while remaining within the feasible region defined by the intersection of a linear

subspace and a convex cone. Many important real-world decision-making models can be formulated
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as conic programs. Typical examples include, but are not limited to, linear programs (LPs), second-
order cone programs (SOCPs), semidefinite programs (SDPs), and exponential cone programs.
Conic programs have extensive applications across numerous fields, including economics (see, e.g.,
[26, 55]), transportation (see, e.g., [11]), energy (see, e.g., [13]), healthcare (see, e.g., [15, 1]), finance
(see, e.g., [53]), manufacturing (see, e.g., [3, 31]), computer science (see, e.g., [15]), and medicine
(see, e.g., [78]), among many others.

Since the mid-20th century, the development of efficient solution methods for conic programs has
been a central topic in the optimization community, with significant efforts focused on improving
both computational speed and scalability. Nearly all existing general-purpose solvers for conic
programs are based on either the simplex method (for LP problems) or the barrier method (also
known as the interior-point method). These methods are widely implemented in most commercial
optimization solvers.

Despite their effectiveness for solving moderate-sized instances, both the simplex and barrier
methods become impractical for large-scale problems. The primary bottleneck is their reliance on
matrix factorizations—such as LU factorization for the simplex method and Cholesky factoriza-
tion for the interior-point method—which are required to repeatedly solve linear systems at each
iteration. The computational cost of matrix factorizations grows superlinearly with problem size,
measured in terms of the number of decision variables, constraints, or nonzero entries in the prob-
lem data. This limitation arises from two main challenges. First, matrix factorizations are highly
memory-intensive, and even sparse matrices can produce dense factors, making storage and com-
putation prohibitive. Second, these factorization-based methods are inherently sequential, limiting
their suitability for modern parallel and distributed computing architectures, such as graphics pro-
cessing units (GPUs). Due to these challenges, early efforts to leverage GPUs in commercial solvers
have largely been unsuccessful [25].

Meanwhile, outside of conic solver development, GPU-based parallel computing has emerged as
a powerful tool for scaling up modern computational applications, most notably in the training of
large-scale deep learning models. This contrast highlights the need for alternative conic program
solvers that better align with modern high-performance computing architectures.

To better harness the power of GPUs and more efficiently solve large-scale conic programs, a
matrix-free first-order method (FOM) is a promising choice. A matrix-free FOM addresses the two
challenges mentioned above by eliminating the need for matrix factorizations and instead relying
on more computationally efficient operations such as matrix-vector products. These operations are
well-suited for GPU acceleration.

In the context of these developments, this paper aims to develop a matrix-free FOM-based solver
for solving large-scale conic programs. The solver we develop in this paper is called the “Primal-Dual
Conic Programming Solver” (PDCS) because it is based on the primal-dual hybrid gradient method
(PDHG). PDCS is designed to solve conic programs where the feasible region consists of Cartesian
products of zero cones, nonnegative cones, second-order cones, and exponential cones. We also
develop a GPU-enhanced implementation of PDCS that is called cuPDCS. As one might expect,



for small-scale problems, the interior-point methods in commercial solvers are consistently better
than first-order methods (including PDCS) in efficiency and robustness. However, our experimental

results demonstrate that cuPDCS achieves the following advantages:

1. cuPDCS is generally more efficient than state-of-the-art commercial solvers and other existing
first-order methods on large-scale conic program applications.
2. cuPDCS exhibits better scalability, efficiency, and robustness compared to other first-order

methods on the small-scale conic program benchmark dataset CBLIB.

Furthermore, the above two advantages are more pronounced in large-scale, lower-accuracy settings.
The PDHG algorithm and the associated practical enhancements used in our PDCS do not need any
matrix factorizations. As a result, the computational bottleneck of PDCS is performing (sparse)
matrix-vector products when computing gradients. Thanks to recent advancements in GPU hard-
ware and software optimization, sparse matrix-vector multiplication (SpMV) has been extensively
optimized for GPUs, making cuPDCS orders of magnitude faster than its CPU-based counterparts.

Recently, PDHG has shown promising progress in solving large-scale linear programs and ex-
ploiting GPU acceleration. PDHG is used to directly solve the saddle-point formulation of LP [2].
Several large-scale LP solvers have been developed based on PDHG in combination with effective
heuristics. Notable implementations include PDLP for CPUs [I| and cuPDLP [10] along with its
C-language version cuPDLP-C [11] for GPUs. [10, 11] have shown that GPU-based implementations
of PDHG already outperform classical methods implemented in commercial solvers on a significant

number of problem instances. As a result, PDHG has been integrated as a new algorithm for LP

in COPT |[23], Xpress |7], and Gurobi [51]. Additionally, it has been incorporated into Google
OR-Tools [1], HIGHS [23], and NVIDIA cuOpt [20].
As for the general conic programs, |63] has established that PDHG (with restarts) can also solve

conic programs beyond LPs. However, no practical PDHG-based solver has been developed for conic
programs, and it remains unknown whether GPUs can provide similar computational advantages
for general-purpose conic solvers.

To better unleash the potential of PDHG and utilize the efficiency of GPU, there are several
enhancements implemented in PDCS (and cuPDCS). These enhancements go beyond a straightfor-
ward GPU implementation and involve algorithmic improvements, specialized projection methods,
and customized parallelism strategies: (a) Algorithmic improvements: PDCS is based on a variant
of PDHG that integrates several effective enhancements, including adaptive Halpern restarts, diago-
nal rescaling, and adaptive step-size selection. Some of these heuristics have been proven effective in
the PDHG-based LP solver PDLP [1]|. (b) Specialized projection methods: PDHG requires frequent
Euclidean projections onto the underlying cones. While efficient projection methods exist for many
common cones, such as nonnegative cones, second-order cones, and exponential cones, projections
onto rescaled cones (after applying diagonal rescaling) can become nontrivial. PDCS addresses
this by employing bijection-based algorithms. These methods maintain computational complexity
comparable to that of projecting onto the original, unrescaled cones. (c) Customized parallelism

strategies: Unlike LPs, which involve only nonnegative cones, the underlying cones in general conic



programs are often more complex, consisting of Cartesian products of multiple cones of different
types and sizes. To better leverage GPU parallelism and accommodate the varying structure of the
cones, cuPDCS implements customized computational schemes that utilize different levels of GPU
architecture to handle different cones of different types and sizes.

It should be mentioned that PDCS also applies to general semidefinite programming (SDP)
problems but it requires conducting a Euclidean projection onto the semidefinite cone in each it-
eration, whose cost grows superlinearly with respect to the problem dimension. For these SDP
problems, recent works [30, 29] propose a less expensive GPU-based first-order solver cuLoRADS
that is based on the alternating direction method of multipliers (ADMM) and the Burer-Monterio
method. It does not require projections onto the cone and exhibits better performance than com-
mercial solvers in solving many large-scale SDP problem instances. In contrast, our PDCS focuses
on cones other than semidefinite cones.

We conducted computational experiments to evaluate the efficiency, stability, and scalability of
cuPDCS. On a benchmark dataset (CBLIB) comprising over 2,000 small-scale conic optimization
instances, our method successfully solved the vast majority of problems, demonstrating better nu-
merical stability compared with other methods. To assess scalability, we do experiments on three
families of large-scale conic program problems—Fisher market equilibrium, Lasso regression, and
multi-period portfolio optimization. The experiments demonstrate that cuPDCS scales more effec-
tively to large-scale instances. Across scenarios involving varying cone counts, cuPDCS consistently

produced high-quality solutions within reasonable computational time.

1.1 Related literature

The primal-dual hybrid gradient method (PDHG). The primal-dual hybrid gradient (PDHG)
method was introduced in [19, 50| for solving general convex-concave saddle-point problems, of
which the saddle-point formulation of conic programs is a special case. PDHG (with restarts)
exhibits linear convergence on LPs, and its performance—including linear convergence rates and
fast local convergence—has been extensively studied in [2, 32, 62, 42, 61, 59]. [43] introduces
a Halpern restart scheme that achieves a complexity improvement of a constant order over the
standard average-iteration restart scheme used in PDLP [I|. [63] establishes the convergence of
restarted PDHG for general conic programs, showing that its performance is closely linked to the
local geometry of sublevel sets near optimal solutions. [(0] uses probabilistic analysis to establish a
high-probability polynomial-time complexity result for the PDHG used on LPs. [11, 31] use PDHG
to solve large-scale convex quadratic programs, which can also be equivalently reformulated as conic
programs.

Other first-order methods for conic programs. Several other first-order methods have been
developed for general conic programs. ABIP [38, 17] solves conic programs using an ADMM-based
interior-point method applied to the homogeneous self-dual embedding of the conic program. SCS
[19, 18] employs a similar ADMM-based approach to solve the homogeneous self-dual embedding.

These ADMM-based methods require solving a linear system of similar form in each iteration, which



is typically handled either through matrix factorization or the conjugate gradient method. However,
matrix factorizations suffer from scalability limitations and are not well-suited for parallel computing
on GPUs. The conjugate gradient method, while avoiding explicit factorizations, requires multiple
matrix-vector products per iteration, making the choice of tolerance for solving these linear systems
a critical heuristic. We will present a comparison between PDCS and these methods in Section 5.
GPU acceleration for conic programs. The simplex method and interior-point methods

generally do not benefit much from GPU acceleration due to their reliance on solving linear systems

in each iteration [56, 25|. Recently, NVIDIA developed the first GPU-accelerated direct sparse
solver (cuDSS) [16]. Based on cuDSS, very recently, [11] introduced CuClarabel, a GPU-accelerated
interior-point method. The ADMM-based solver SCS [19, 18] also has a GPU implementation that

leverages the conjugate gradient method for solving linear systems. However, these algorithms still

face scalability issues for large-scale problems, as demonstrated in our comparison in Section 5.
During the final preparation of this manuscript, we became aware through personal conversations

of a concurrent working project by Haihao Lu, Zedong Peng, and Jinwen Yang that proposes a GPU-

implemented PDHG-based solver to solve large-scale second-order cone programs.

1.2 Outline

The paper is organized as follows. Section 1.3 introduces the notation used throughout the paper.
Section 2 provides the conic program formulations considered in this paper and the PDHG itera-
tions used as the base algorithm. Section 3 details the enhancement techniques incorporated into
PDCS. Section 4 describes the customized computational schemes that leverage different levels of
GPU architecture to efficiently handle various cone types. Finally, Section 5 presents numerical ex-
periments comparing PDCS against other first-order methods and commercial solvers. All omitted

proofs and additional details on numerical experiments are provided in the Appendix.

1.3 Notations

Throughout the paper, we use the following notations. Let [n] := {1,...,n} for integer n. We
use bold letters like v to represent vectors and bold capital letters like A to represent matrices.
In general, we use subscripts to denote the coordinates of a vector without additional clarification.
We define the lg-norm for vector v € R”™ as |[v[|, = (321, Ivs|7)"/9, where v; is the i-th entry of
v. For brevity, ||v|| stands for l3-norm. The inner product operator for two vectors is defined as

(u,v) = >, u;v;. We denote the norm parameterized by matrix M as ||v||y; = V'vI Mv. Denote
+

the identity matrix as I. Let vt = [(v],...,v;")], where v;" = max{v;,0} is the coordinate-wise

positive part of a vector. Similar notation for the coordinate-wise negative part v~ is defined by
using v; = min{v;,0}. We denote the scaled cone as D/C, which implies that v € DK is equivalent
to D™'v € K. We use Projs(x) = argminyc s |ly — x|| to denote a projection operation that projects
point x to set S. We use opax(A) to denote the largest singular values of A.

Throughout this paper, we use the following notations for commonly used cones: 0¢ represents

d+1

o denotes the second-order cone, defined

the zero cone, Rff_ represents the non-negative cone, K



as K&t = {(t,x) | x e R4t € R, [|x|| < t}, K&EZ denotes the rotated second-order cone, defined as

SocC rsoc

K2 = {(2,9,2) | 7,y € R,z € RY, ||z||2 < 22y}, Kexp denotes the exponential cone, defined as
{(r;s,t) eR3 | s >0,t >s-exp (L)} U{(r,s,t) € R} | s =0,t > 0,r <0} and SiXd denotes the
semi-definite cone, defined as SiXd = {AeR™: A= AT xTAx>0,vx € RN\{0}}. The dual
cone KC* of K is the set of non-negative dot products of y € R? and x € K, which is defined as

K*={y eR?: (y,x) >0,Vx € K}.

2 Preliminaries of Conic Optimization and PDHG

In this section, we present the formulation of the conic optimization problems (conic programs)
considered in this paper, along with their corresponding dual problems and equivalent saddle-point
formulations. In Section 2.1, we outline the iterations of the basic Primal-Dual Hybrid Gradient
(PDHG) method for these conic programs.

We consider the following conic program:

min (c,x) s.t. Gx—hey,1<x;<u, xpek,, (P)
x=(x1,X2):
x1ER™1 xo€R™2

where G € R™*" is the constraint matrix, 1 € (RU {—o00})",u € (RU {o0})" denote the lower
bound and upper bound for the decision variable components x; and x3. The set K, denotes the
primal cone, which is a Cartesian product of nonempty closed smaller cones: K1 x Ko X ... x Ky,

where [, denotes the number of the smaller cones. These smaller cones include the zero cone 04,

d+1

o, the exponential cone Keyp, the rotated

the nonnegative orthant Ri, the second-order cone R

*

expr and we call them disciplined cones.

second-order cone K%t2 and the dual exponential cone K

Our algorithm also applies to the semidefinite cone (SiXd). As for K3, it denotes the dual cone of

K4, because the dual problem can be written as a problem of Ky expressed as follows:

max (y,h) +1"AF +u'A7
¥, A=(A1,A2):
YER™, A1€R"™, Xo€R™2 (D)
s. t. c—G'ly=X\, yeKky, ALEA, M eEK,

where

{0}, ifl; = —o0,u; = 400

R™, ifl; =—o0,u; € R
A=A XAy x---x A, and A;:= fori=1,2,...,n1. (1)
if; e R,u; =+

R, if otherwise

Similarly, the Kq can be expressed as a Cartesian product of smaller disciplined cones: K4 :=
K1 x Ko x ... x Ky, And its dual cone K is correspondingly given by KJ x K3 x ... x K.

The problem (P) has an equivalent primal-dual formulation, expressed as the following saddle-



point problem on the Lagrangian £(x,y):

i L(x,y):=(c,x) —(y,Gx—h) , PD

min max L(x,y) = (¢,x) — {y,Gx —h) (PD)

where X := [l,u] x K, and )V := Kq4. A saddle point (x,y) of (PD) corresponds to an optimal
primal solution x for (P) and an optimal dual solution (y,c — G Ty) for (D).

According to the Karush-Kuhn-Tucker conditions, for any (x,y, A) satisfying ¢ — Gly =\, we

define the following optimality error metrics:

€ITapbs p(X) == H(Gx —h) - Proj;c;;{Gx — h}H ;

2
erTaps.a(A1, Ag) 1= \/H)\l = Projp {A}” + || A2 = Projie; DA} 2)

errabs,gap(X7 >\17 AQ) = ‘<Ca X> - (yTh + ITAT + uTA1_> ‘ .

It is important to note that the above definitions only involve x and A for simplicity because
y and X correspond to each other one-on-one when ¢ — G'y = X. These three metrics in (2)
quantify the primal infeasibility errans p(x), dual infeasibility erraps (A1, A2), and primal-dual gap
€ITabs,gap (X, A1, A2) in terms of the /o-norm. Alternative metrics using other norms may also be

employed in subsequent sections.

2.1 PDHG for conic programs

PDCS uses PDHG as its base algorithm and one iteration of PDHG for solving (PD) at iterate
z = (x,y) (denoted by OnePDHG(z)) is given by:

x = Projjuxk, {x —7(c — GTy)}
y =Proj, {y + o(h — G(2x — x))}

z = OnePDHG(z) :=

(3)

where 7 and o are the primal and dual step sizes, respectively. It has been proven by [10, 39, 63] et
al. that the iterates generated by (3) globally converge to the saddle point of (PD) and achieve a
linear convergence rate for LP problems.

The one PDHG iteration (3) does not require any matrix factorization and the core operations
consist only of the matrix-vector multiplications and two projections onto [, u] x K, and KCq. The
matrix-vector multiplication is cheaper than matrix factorization in both memory usage and com-
putational complexity. Moreover, projections onto the Cartesian product of disciplined cones can
be performed in parallel. Specifically, each component of the vector (corresponding to different
disciplined cones) can be projected independently, i.e.,

Proji, . xk,(x) = [Projic, (xqu)) T, ..., Proj, (x) "] T (4)

where x[; denotes the component of x corresponding to the i-th disciplined cone K;. Table 1



summarizes the projection operations for the disciplined cones considered, as well as for the positive

semidefinite cone. It can be observed from Table 1 that the projections onto 0¢ and Ri are trivial.

Table 1: Euclidean projections onto different disciplined cones

Disciplined Cone Projection Operation
Zero Cone (0%) Projroa{x} =0
Nonnegative Cone (R%) ProjRi {x} =x*
0, HXH < -t
Second-order Cone (K41) Projas (t,x) = ¢ (¢, %), IIx|| <t,
L ), -l > el
Exponential Cone (Kexp) A root finding problem [22]

Positive Semidefinite Cone (ST*%)  Projgixa(X) = UATUT for X = UAUT and UUT =1
JF

As for the second-order cone KZ&t!, the most time-consuming computations can be reduced to a
Euclidean norm computation (i.e., a vector-vector product). For the exponential cone Kexp, the cost
of projection onto this cone is almost constant because of its low dimensionality. The only expensive
projection above is the projection onto the SiXd, which requires a singular value decomposition. This
can be computationally prohibitive for large d. In addition to the five cone projections presented in
Table 1, the rotated second-order cone (K%+2) and the dual exponential cone (KZ,,) can be projected

TSOC exp

onto pretty efficiently. Notably, the K£%t2 is equivalent to the second-order cone via reformulation,

*

exp Closely resembles that of the exponential cone. As a result, for

and the projection onto the C
most typical conic programs except the ones involving semi-definite cones, PDHG remains a fully

matrix-free method, making it scalable for most large-scale conic program problems.

3 A Practical Primal-Dual Conic Programming Solver

In this section, we present the algorithmic enhancements used in PDCS. Built upon the basic PDHG
framework, PDCS integrates several techniques, including adaptive step-size selection (Section 3.1),
adaptive reflected Halpern iteration (Section 3.2), adaptive restart (Section 3.3), and primal weight
updates (Section 3.4). The overall algorithmic framework is summarized in Algorithm 1, with
each enhancement described in detail in the following subsections. In addition, PDCS also applies
diagonal preconditioning to improve the conditioning of problem instances. This preconditioning
procedure is described in Section 3.5.

To briefly summarize the main components in Algorithm 1: the function AdaptiveStepPDHG in
Line 4 performs a line search to determine an appropriate step size; the function AdaptiveReflection
in Line 5 computes the reflection coefficient; Lines 6 and 7 perform a reflected Halpern iteration and
weighted averaging of iterates; and the function GetRestartCandidate in Line 8 selects a candidate
for restarting based on either the normalized duality gap or KKT error. At each outer iteration,
the primal weight w is updated based on the progress of primal and dual iterates, and this weight

plays a central role in balancing the primal and dual step sizes via the function AdaptiveStepPDHG.



Algorithm 1 Primal Dual Conic Programming Solver (PDCS) (without preconditioning)
0.0 — (x00,y0.0)

Require: z y?0), total iteration k <— 0, step-size 1" - 1/||G/|| ., primal weight
w" < InitializePrimalWeight(c,h) (Section 3.4).

1: while Termination criteria do not hold do

2 k<« 0

3: while both Restart condition (Section 3.3) and the termination criteria do not hold do
4: gbRFL b+l pbh+l L« AdaptiveStepPDHG(z"F,wt, ft* k) > Section 3.1
5 Btk AdaptiveReflection(itka) > Section 3.2

6 zt,k+1 — %((1 4 ﬂt’k>it’k _ ﬂt’kzt’k)) 4 %Hzt,o

7 Ztk+1 Zf*ﬁl = Zf;rll nt,izt,i

8: z5F !+ GetRestartCandidate(z!* 1, zHF+1) b Section 3.3

9: Lk« k+1

10: Restart /710 < z0% ¢+« t 4+ 1

11: | w! < PrimalWeightUpdate(z'?, z/~10 wi~1) > Section 3.4

3.1 Adaptive step-size

To ensure global convergence in theory, the step-sizes 7 and ¢ must satisfy the condition 7o < ﬁ

[10]. However, this requirement is often overly conservative in practice. To improve empirical
performance, PDCS employs a line search heuristic similar to the one used in PDLP [1], allowing it

to adaptively choose step-sizes. Specifically, PDCS selects the parameters as follows:

t+1 _th2
w

n HZ
< 5
O.)’ g 77w, n_ 2‘(yt+1 _yt)TG(Xt+1 _Xt)’7 ( )

2
where ||z||, :=1\/w I1x[|* + %, and w is the primal weight.

The update of 7 is carried out by the procedure described in Function 2. Here, k records the
total number of PDHG iterations and controls how aggressively n is adjusted. Compared to PDLP,
which uses the inner-loop count k to control the adjustment rate, PDCS uses k, resulting in more

conservative updates in early iterations |!].

Function 2 AdaptiveStepPDHG((x,y), w, n, k)

1: while True do

2 )A(:Proj[lyu]xlcp {x— g(c— GTy)}

3y =Projc, {y +nwh—-G((2x —x))}

1 N slG-xy = v/ - y) G- x)

5: 1’ < min {(1 —(k+1D)7"Hn, 1+ (k )_0'6)77}
6: if n <7 then

7 . return (%,¥),1,7,k

8 nenk+—k+1




3.2 Adaptive reflected Halpern iteration

Line 6 in Algorithm 1 implements a reflected Halpern iteration. A similar technique has been
used in practical first-order LP solvers such as HPR-LP [12] and r?HPDHG [43], where it has

demonstrated significant empirical acceleration. The standard Halpern iteration involves averaging

th) t,0

the current iterate (typically z"*) with the initial point z"" of the current inner loop. This anchoring

mechanism mitigates oscillations in PDHG iterates and has been shown to yield improved worst-

0 serves as a fixed anchor. Originally introduced

case convergence rates. In this setting, the point z
by [28], Halpern iteration has recently been recognized again for its role in accelerating a range of
minimax optimization and fixed-point methods; see, e.g., [65].

The idea behind the reflected Halpern iteration is to apply this anchoring technique not directly
to zbF, but to an extrapolated point between the newly computed iterate zb*
iterate z"*. Specifically, Line 6 replaces z'* with (1 4+ g4F)z24% — g4+ zbF where B is the reflection

parameter. It has been theoretically shown that the reflected Halpern iteration can further accelerate

and the previous

convergence in general fixed-point methods, including PDHG, see [51, 37, 13].

In practice, larger values of 8 correspond to more aggressive extrapolation, which can accelerate
convergence but may also introduce instability and oscillations if set too high. To balance accelera-
tion with stability, PDCS adaptively adjusts the reflection coeflicient based on the observed progress
of iterates. When the KKT error is large, indicating that the iterate is still far from optimality, a
smaller coefficient is selected to promote conservative and stable updates. As the iterates begin to
converge and the KKT error decreases, a larger coefficient is used to speed up progress. For conic
programs, PDCS uses the following rule to select the reflection parameter based on the KKT error

at z

tk _ (&t,k’yt,k)

AdaptiveReflection(z"F) = Projjo 13 (—0.1 -logyg (maXErr(it’k)) + 0.2) , (6)

where maxErr(-) measures the overall optimality error and is defined by
maxErr(z) := max{erryel p(x), errrel,d (A1, A2), €ITrel gap (X, A1, A2) } - (7)

Here erryel p(x), €rTrel d (A1, A2), €ITrel gap (X, A1, A2) are relative primal infeasibility, relative dual in-
feasibility and relative primal-dual gap:

R errabs,p(x) e errabs,d(Aly)\Q)
errrel,p(x) = T4, errrel,d()\laAQ) = 1+l )

errabs,gap(x:)\ly)Q) (8)
1+|{c,x) \Jr|yTth1T )\1++uTA; | ’

errrel,gap(xa AL, AZ) =

The absolute errors in the numerators are defined in (2). We adopt these relative errors because
they are invariant under scalar rescaling of problem data and demonstrate more stable empirical

performance in our experiments.

10



3.3 Adaptive restart

The restart technique resets the anchor point used in the Halpern iteration to a carefully selected
point and simultaneously updates the primal weight w! (see Section 3.4). It has been proven that
PDHG with restarts (either average-iterate restarts or Halpern restarts) achieves linear convergence
for LP problems |2, 13]. For general conic programs, [(3] establishes global convergence of PDHG
with average-iterate restarts, and similar results may be extended to Halpern-iteration restarts using
the techniques in [13]. Empirical studies have also shown that restart strategies can significantly
improve the practical performance of PDHG [1, 2].

To select the new anchor point, PDCS evaluates the normalized duality gap, which serves as a

surrogate for optimality. This metric is defined as follows:

Definition 1 (normalized duality gap [63]). For any z = (x,y) € X x Y, r > 0, and step-

i1 _GT
e 1y | and B(r;z) =

{z:=(xy):x€X,ye),|z—1z|y <r}, then the normalized duality gap is given by p(r;z) :=
% SUPzeB(r;z) [ﬁ(X, 5’) - ﬁ(ia y)]

sizes 7 > 0, ¢ > 0 satisfying 70 < (0max(G)) "2, define M :=

The 7 and ¢ above correspond to the current step sizes 7% and o**. [2, 63] show that the above
normalized duality gap p(r;z) serves as a measurement of the optimality of solution z. However,
computing p(r;z) exactly involves a nontrivial projection onto X x ) under the M-norm, which is

computationally expensive. To alleviate this, we approximate the duality gap by replacing M with
1

L
L1

g

a diagonal surrogate matrix N := ( ) and denote the resulting approximate gap as p™ (-, ).

This approximation pN(-,-) is equivalent to p(-,-) under a constant factor and can be efficiently

computed using a bisection search method [2, 63]. The details of the computation method are
deferred to Appendix A.
In PDCS, we compare the approximate normalized duality gaps of z*+1 and z4%+1 and select
the one with the smaller gap as the new anchor point:
GetRestartCandidate(zbFH1 zbFFL)
tk+1 N (|| tk+1 _ t,0]| . tk+1 N (||zt.k+1 _ 10| . ztk+1
[ N (a0 s < N ([ 0] )
zbF 1 otherwise .
Let zi’kﬂ denote the resulting restart candidate. A restart to zé’kﬂ is triggered whenever its

approximate normalized duality gap satisfies any of the following conditions. Let Ssufficient = 0.4,
Brecessary = 0.8, and Bartificial = 0.223, and define the Restart Condition to hold if one of the

following is true:

1. (Sufficient decay) p™N (

. Zt,oHN ;Zi’kH) < Bunticiont - PN (Hzt,o _ Ztil’OHN , Zt,O)

2. (Necessary decay -+ no local progress) p™ (Hzi’k‘Irl — zt’OH ;zi’kH) > pN (Hzik — Zt’OH ;zi’k)
N

N
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and pN (

A Zt,oHN ;Zi,k—&-l) < Buecessary - N (Hzt,o _ ZtiLOHN , Zt,O)

3. (Long inner loop) k > Bartifical - k-

A similar adaptive restart approach has also been used in first-order LP solvers PDLP [1]|, cuPDLP
[10] and cuPDLP-c [14].

However, for general conic programs, numerical issues are more severe, particularly when eval-
uating p™N for cones beyond LP cones. In some cases, especially when the actual gap value is very
small, the bisection method may produce negative outputs due to floating-point inaccuracies. When

this occurs, PDCS switches to an alternative criterion based on the weighted KKT error.

1
KKT,, (Z) = \/WQ@ITabS,p(X)2 + Eerrabs,d<)\la >\2)2 + errabs,gap(xv A1, )\2)2 ) (9)

where erTabs p, €ITabs d, €ITabs gap are as defined in (7), and the dual variables A1, Ay are recovered
from y using the linear relation in (D). When numerical issues happen, all instances of p™N(r;z) in
both GetRestartCandidate and RestartCondition are replaced with KKT,(z).

3.4 Primal weight adjustment

As shown in Function 2, the primal weight is used to balance the primal and dual step-sizes. A larger
primal weight leads to a smaller primal step-size 7 and a larger dual step-size 0. The update strategy
follows a similar approach to that used in PDLP [1], relying on the relative changes in the primal and
dual variables. In PDCS, the primal weight is updated only at the beginning of each new restart. The

Il Jle],. [, > 1010

primal weight is initialized using: InitializePrimalWeight(c,h) :=
1 otherwise
The update at the beginning of a new restart is defined as:

Al _ -
10 -1y exp <Glog (Tz) + (1 - 6)log (w* 1)) AL AL > 10 10
t—1

w otherwise ,

PrimalWeightUpdate(z"?,z'~

where AL = ||x"0 — x*710|| and A} = |y — y'=19|| denote the changes in the primal and dual
variables, respectively. In practice, we set § = 0.5. Occasionally, we observe that the solver can
become unstable when the primal weight grows too large or too small, causing imbalanced updates
between the primal and dual iterates. To mitigate this, if w > 10° or w < 107, we reset w to its

initial value computed by InitializePrimalWeight.

3.5 Diagonal rescaling and projections onto rescaled cones

Like many other first-order methods, the practical performance of PDCS is closely tied to the
conditioning of the problem instance. One common strategy is diagonal rescaling, which may

improve the condition number of the problem while preserving the sparsity pattern. This technique
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has become a standard step in many first-order solvers for LPs, including PDLP [1], cuPDLP [10],
and ABIP [17].
We rescale the constraint matrix G € R™X" to G = DGD,, where Dy and Dy are positive

diagonal matrices. The corresponding rescaled optimization problem is:
min (&,%) , s.t. Gx—heki, 1< (X)) <, (&) € Kp (10)

where the transformed data and cones are defined as: ¢ := CDQ,G = DlGDg,fl = Dlh,i =
D2_117 a = Dg_lu, K% = DK} and I€p = DQ_IICP. For any optimal solution X of the rescaled
problem (10), an optimal solution of the original problem (P) can be recovered as x = Dax.
Following the practice of PDLP, we perform several initial iterations of Ruiz rescaling [52], followed
by one iteration of Pock-Chambolle rescaling [10].

The full PDCS framework with diagonal rescaling is summarized in Algorithm 3.

Algorithm 3 Primal Dual Conic Solver (PDCS) (with preconditioning)

1: Compute rescaled instance data ¢, G, fl,i and 1.
2: Use Algorithm 1 to solve the rescaled problem (10) and get solution X and y.
3: Output solution for (P): x = Dax and y = Dyy.

This rescaling reformulates the problem in terms of non-standard cones Iép and l@g For LPs,
the rescaled nonnegative cones remain nonnegative cones, so projections remain straightforward.
However, in general conic programs, diagonal rescaling introduces new challenges. Specifically, after
rescaling, projections onto second-order cones no longer admit closed-form solutions, and projections

onto exponential cones require more intricate calculations.

Projection onto rescaled second-order cones. After introducing the diagonal rescaling D =
d;
< >, the projection onto the second-order cone is equivalent to solving the following
dn+1

optimization problem:

1 R 2
Projpi,. {(%)} = argmin = [[(t,%) ~ (s.y)I*, st [D7ly[ <% 520, )
(s,y)eRmTL
A az A
where (t,x) € R and D = with d; = d;/d;, and d; denotes the i-th entry in the
an+1

diagonal of D.

Although general nondiagonal rescaling could yield the projection much more costly [6], for

diagonal rescaling considered in our case, the following theorem shows that this projection can be

computed by solving an equivalent root-finding problem.

Theorem 1. The projection of (t,x) onto rescaled cone DK%Y is given as follows.

1. If t <0 and |Dx|| < —t, the projection Projpens1 {(t,x)} = (0,0).
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2. If Hf)*le < 1, then Projpyns {(£,%)} = (£,%).
8. Ift =0 and x # 0, then Projpcni1 {(t,x)} = (H(]f) + D x|, (Tuxn + f)72)*1x).
4. Otherwise, if HIA)*le > t, then let A > 0 be the solution of the following system of A:

nal Alq 2 9
d t t
Y |— 5] -5 =0, ——>0.
=\ 1+2xd; (1—-2)) (1-2))

Then the projection is given by Projpen+1 {(t,x)} = ((1 —2\) "M, (T + 2)\f)_2)_1x>.

In the PDCS implementation, the fourth case is handled using a root-finding routine based on

a bijection method.

Proof of Theorem 1. First of all, we consider the simplest case of (s,y)—when it is the degenerate
solution (0,0). Tt should be noted that the projection onto a convex cone DK is (0,0) if and

soc
only if —(¢,x) lies in the dual cone of DK, Because (DK%HN)* = D1 KnH)* = DK,
it implies that when ||Dx|| < —t, the projection (s,y) is (0,0). This proves the first case.

Now we introduce the multipliers A > 0 and g > 0 for the two constraints of (11), then the
Lagrangian is £(y, s; M\, 1) = 2]ly = x|+ (s = )2 + A(|| D'y ||? — s?) + pu(—s). Thus, the KKT

condition of (11) is as follows:

ID 'y~ s*<0, 5>0, A>0, p>0 (12)
y—x+2D72y =0, (s—t)—2As—pu=0 (13)
A(ID 1y |2 = 5) =0, ps =0 (14)

It should be noted that Slater’s condition holds for (11) as there exist strictly feasible solutions, any
nonzero (s,y) satisfying (12),(13) and (14) is an optimal solution pair for (11).

Let us start from the simplest case. If (¢,x) is already in the rescaled cone, i.c., [|[D™1x||? < 2,
then (s,y) = (¢,x) is an optimal solution for (11) because it is feasible and has the smallest possible
objective value 0. This proves the second case.

Now we consider the other case |[D~'x|[? > ¢2. Since (t,x) is not in the rescaled cone, the
projected solution (s,y) must lie in the boundary of the cone. In other words, |[D~ly| = s. If
t = 0, then the optimality conditions (12),(13) and (14) become

. . 2
(y—%x)4+2 D2y =0, s—2\s=p, su=0, D_lyH =52, 5>0,A>0, n>0. (15

One can observe that in this case

y=Txn+D 7 x, s= H(]f) + ]f)fl)*lx’

, A==, u=0 (16)
satisfy the above system. Therefore, when ¢t = 0 and H]f)_le > 0, (16) gives the solution s and y
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for (11). This proves the third case.
If t >0, let x =0 and then the optimality conditions (12),(13) and (14) become

. . 2
(y—x)+2 D%y =0, (1-2\)s =1, DflyH =52, 5>0,2>0. (17)

If there exist y, s and A € (0, %) satisfying (17), then y and s can be computed by the first and
second equations:
y=I+2D"H)x, s=(1-20)"1%>0 (18)

Substituting them into the third equation yields:

[(D+ 22D H k|2 - (1-2))"2%%2=0. (19)

Denoeted by f(X)

Note that there must exist a root A € (0, %) of the above equation f(A) = 0 because f is continuous
on (0,3), while limy_,o1 f(A) > 0 (since |D~'x||? > #?) and limA%% f(A) < 0 (since t > 0).
Therefore, let A be a root of (19) and then (18) gives the solution y and s.

Similarly, if ¢ < 0 and ||Dx|| > —¢ (the cases |[Dx|| < —t has been discussed in the begining),
then there exists A > 3 that is a root of f(\) = 0. The existence of such a root is due to |Dx|| > —t.

Then (18) gives the solution y and s based using the root A\. Now the fourth case is proven. O

Projection onto rescaled exponential cones. If a vector can be expressed as the sum of
two orthogonal components belonging to a primal-polar pair of non-empty closed convex cones,
then these components correspond to the respective projections of the point onto each cone [17].

Applying this result into the projection of a point vy onto an exponential cone with diagonal

dr
rescaling D = ds ; > , the projection problem can thus be characterized by solving the following
t

system in terms of v, and vgq:

Vo =Vp+Vd, Vp € DKexp , Vq € —D_llszp , V;—Vd =0, (20)
where —D71K = {(r,s,t) eR3 | r > 0,(—exp(1))dit > d,7exp (g;ﬁ) } U{(r,s,t) €eR3 | r =

0,¢ <0,s <0}. In particular, vy, is Projpg,,, (Vo) and —vq is Projp-ixc; (vo).

It could be proven that the solution pair v, and vq from (20) can be parameterized by a scalar.
Therefore, the projection problem can also be reduced to a root-finding problem that can be solved
by a bijection search method. We defer the proof of this result and the implementation details of

the projection to Appendix B.
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4 cuPDCS: A PDCS Implementation with GPU Enhancements

In this section, we present the design and implementation of PDCS optimized for better exploiting

GPU architectures. We name this GPU implementation as cuPDCS. The solver is available at
https://github.com/ZikaiXiong/PDCS.

As demonstrated in previous sections, the primary computational bottlenecks of PDCS are
matrix—vector multiplications and projections onto cones. While matrix—vector multiplications are
already well-optimized on GPUs (see, e.g., [7]), projections onto cones remain comparatively under-
optimized. (An exception is the LP cone, for which the projection is an elementwise comparison
and thus straightforward to parallelize.) Consequently, developing an efficient projection strategy
is essential for achieving overall performance gains in our cuPDCS solver.

We first briefly review the hierarchical organization of GPU parallel computing, which comprises
three levels of execution granularity: grid, block, and thread (Figure 1). Upon dispatch to the GPU,
each workload is organized into a single grid consisting of multiple blocks; each block contains
numerous threads that share block-level (shared) memory and can synchronize their execution.
Accordingly, it is crucial to allocate computational resources properly. Moreover, empirical evidence
indicates that frequent data transfers between the CPU and GPU result in significant overhead. This
is a primary reason why existing GPU solvers (such as |10, 41] et al.) almost all emphasize executing
the majority of computations mostly on the GPU. Consequently, a fundamental design principle
for projection operators is to reduce as much as possible data transfers between the CPU and GPU
while maximizing the proportion of computations executed on the GPU. In the case of multi-cone
projection, it is also essential to allocate computational resources in a manner that enables all cone
projections to be executed in parallel. Recall that, as indicated in (4), cone projections can be
carried out by separately projecting onto rescaled disciplined cones. As discussed in Section 3.5,
projections onto second-order and exponential cones can be reformulated as root-finding problems

that typically involve a few vector inner products and scalar multiplications.

Grid Thread

Block

Block

Block

Block

Block

Block

Figure 1: Illustration of the GPU architecture.

;


https://github.com/ZikaiXiong/PDCS

In our GPU implementation of PDCS, we employ three parallel computing strategies:

1. Grid-wise. Assign the entire grid to execute each cone projection sequentially. Vector inner
products are computed using the cuBLAS library, which delivers high-performance capabil-
ity for individual operations. However, each cuBLAS call also incurs significant launch and
resource-allocation overhead.

2. Block-wise. Assign one disciplined cone projection to each CUDA block. This approach
amortizes the kernel-launch overhead by simultaneously processing many cones within a single
kernel invocation.

3. Thread-wise. Assign one disciplined cone projection to each CUDA thread. This strategy
removes nearly all synchronization and kernel-launch overhead, allowing simultaneous pro-

cessing of a large number of tasks by distributing them across individual threads.

A distinguishing feature of the projection phase is that the number, dimension, and type of individual
disciplined cones can vary substantially. Consequently, no single parallelization strategy can be
expected to perform optimally across all cone types or configurations. For instance, consider the
task of projecting a randomly generated vector R™*(@+1) onto a multi-block second-order cone

K= K& x KEL % - x K& where there are m second-order cone blocks. In our experiments,
1.2x10°

o —‘, thus ensuring that the total dimensionality

we fix the dimension d of each cone as d = {
of the cone remains at least 1.2 x 10°. Figure 2 compares the performance of the three proposed
strategies—grid-wise (one grid per projection), block-wise (one block per projection), and thread-
wise (one thread per projection)—under this configuration. In this test, a time limit of 15 seconds
is imposed, and we report the average runtime along with the standard deviation (indicated by the
shaded region) over 10 independent trials. Note that the CPU implementation of these projections
always requires more than 15 seconds; hence, its data points are represented by a horizontal dotted

line at 15 seconds.

101 —— GPU (Grid-wise)
—— GPU (Block-wise)
—— GPU (Thread-wise)
-=-= CPU

10°

Time (s)

107!

10! 103 10° 107 10°
The Number of Cones

Figure 2: Runtime of projections onto second-order cones
Intuitively, the grid-wise strategy benefits from the highly optimized norm computations pro-
vided by the cuBLAS library, rendering it particularly effective for a small number of high-dimensional

tasks. However, this strategy suffers when addressing a large number of small-dimension tasks, as

each cuBLAS function call incurs non-negligible overhead that accumulates significantly across many
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projections. In contrast, the block-wise approach, which effectively utilizes shared memory to per-
form in-block reductions, is ideally suited for a moderate number of tasks with moderate dimensions.
Finally, the thread-wise method may become the best when the workload consists of a very large
number of very low-dimensional tasks, as each small cone projection can be efficiently handled by
an individual thread, and the overall massive parallelism is fully exploited.

When m (the number of cones) is very small (i.e., each cone is high-dimensional), the grid-wise
strategy performs best. As m grows and d becomes moderate, the block-wise strategy becomes
more efficient. Ultimately, when m is extremely large (yielding many small cones), the thread-wise
approach is the best, since a single thread is sufficient for handling the small cone projection and
the large number of threads provides high parallelism. Note that we have a time limit of 15 seconds
for the projection task, and both the thread-wise and block-wise strategies exceed the threshold for
a small number of high-dimensional cones, whereas the grid-wise strategy exceeds the threshold as
the number of cones increases.

Another key factor in resource allocation is the computational cost associated with different
cone types. For the zero and nonnegative cones, the projection requires only simple elementwise
comparisons (and, for the nonnegative cone, scalar clamping). These inexpensive operations have
negligible synchronization or overhead. Projection onto the exponential cone, by solving the con-
ditions in (26), likewise consists primarily of elementwise comparisons and scalar multiplications,
making it well-suited for thread-level parallelism. Consequently, for these three cone types, we
assign one GPU thread per cone, thereby minimizing synchronization overhead.

In contrast, projection onto a second-order cone with diagonal rescaling (Theorem 1) reduces to
solving a univariate root-finding problem that involves both elementwise products and a Euclidean
norm calculation. While the elementwise products can be handled in parallel, the norm computation
necessitates a reduction (i.e., summation), which requires synchronization. To balance throughput
and synchronization costs, we implement reduction at three distinct levels. At the grid level, we di-
rectly leverage the cuBLAS library; at the block level, reduction is conducted using shared memory;
and at the thread level, we perform serial addition. These three strategies correspond to the meth-
ods we previously proposed and are aimed to ensuring efficiency for second-order cone projections
under varying scenarios.

Both the block-wise and thread-wise strategies avoid repeated CPU-GPU data transfers and
the overhead associated with multiple cuBLAS calls by performing the entire projection operation
within a single kernel launch. By selecting the number of blocks (in the block-wise strategy) or
threads (in the thread-wise approach) based on available GPU resources, we can execute projections
for all cones in a multi-cone structure concurrently. This approach increases hardware utilization,
and leads to more efficient projections for large-scale instances. Table 2 summarizes the projection
strategies for different cone types.

Finally, we examine the effectiveness of these strategies on exponential-cone projections in Fig-
ure 3 by projecting a randomly generated vector to a multi-block exponential cone. We compare the

GPU-based, thread-wise strategy to a CPU-based implementation as the number of cones varies.
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Table 2: Projection strategies for different cone types

Cone Type Thread-wise Block-wise Grid-wise
Zero Cone X X
Nonnegative Cone X X
Second-order Cone

Exponential Cone X X

Similar to Figure 2, Figure 3 displays the mean projection time over ten runs, with the shaded re-
gion representing the corresponding standard deviation. The results demonstrate that the massive
parallelism of the GPU provides significant speedups, and the performance gap between the GPU-

and CPU-based implementations widens with increasing numbers of cones.

100
— CPU
10-1 —— GPU
L 102
)
€ 1073
1074
>
10-5

10! 102 103 104 10° 106
The Number of Cones

Figure 3: Projections onto exponential cones

5 Numerical experiments

In this section, we evaluate the performance of our solver on a diverse set of problem instances,
comparing it with several other state-of-the-art conic solvers that use either first-order methods or

interior-point methods (barrier methods):

e SCS [19] and ABIP [17]: Open-source, ADMM-based conic solvers. SCS provides three
variants: CPU-direct, CPU-indirect, and GPU-indirect. The “direct” and “indirect” refer
to whether a direct method (using matrix factorizations) or an iterative method (using the

conjugate gradient method) is employed to solve the inner linear systems.

e CuClarabel [I1]: An open-source solver implementing an interior-point method for conic
problems with GPU acceleration. It uses the cuDSS library to solve the linear systems on the

GPU via matrix factorizations.
e MOSEK [3] and COPT [21]: State-of-the-art commercial interior-point method based solvers.

The methods that do not require matrix factorizations or require only a single matrix factorization
are classified as first-order methods. They are SCS (either direct or indirect), ABIP and PDCS
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(including its GPU implementation cuPDCS). The other solvers are essentially based on interior-
point methods (also known as barrier methods). They are CuClarabel, MOSEK and COPT. For
certain problem instances, the presolve capabilities of the commercial solvers can detect structural
properties, thereby significantly reducing problem complexity and potentially offering a computa-
tional advantage. We denote versions of COPT and MOSEK with presolve enabled as COPT* and
MOSEK?*, respectively, and the versions without presolve as COPT and MOSEK. In Sections 5.2,
5.3, and 5.4, we will compare these variations in greater detail.

This comparison in this section allows us to assess the relative strengths and shortcomings
of PDCS and cuPDCS across various problem regimes. We organize the experiments as follows.
Section 5.1 evaluates performance on the CBLIB dataset, a small-scale classical conic program
dataset. In Section 5.2, we consider the Fisher market equilibrium problem, a conic programming
problem involving the exponential cone. Section 5.3 focuses on solving a large-scale Lasso problem,
which can be reformulated into a second-order cone problem. Last, in Section 5.4, we consider multi-
period portfolio optimization, which is a conic programming problem with multiple second-order
cones.

For testing case in Section 5.2, 5.3 and 5.4, we set time limit as 2 hours for 10™3 tolerance
and 5 hours for 107% tolerance. All GPU experiments are conducted on an NVIDIA H100 with 80
GB of VRAM, running on a cluster equipped with an Intel Xeon Platinum 8468 CPU. All CPU
benchmarks are performed on a Mac mini M2 Pro with 32 GB of RAM.

Because each solver adopts different formulations and methodologies, their actual built-in ter-
mination criteria can vary even if setting the same tolerance requirement. Moreover, some solvers
keep their termination criteria private. For these reasons, there is no uniform convergence standard
across the solvers we evaluated, but we attempt to document and summarize the known termina-
tion criteria for these solvers in Appendix D. As for PDCS and cuPDCS, we assess primal and dual
feasibility, as well as primal-dual optimality, with the following metrics derived from (P) and (D).

We define the primal feasibility error, dual feasibility error, and primal-dual gap as:

[ (Gxm)—Projes fGxn}|
1+max{||hHoo7HGxHoo7 Proj’Cé{Gx_h}”oo} 7
maX{HAI*PrOjA{)‘l}Hoo’ AQ*PrOjKE{A2}Hw} (21)

Crmax] el [G Ty ’
e (yThHT AT +uTAT)]
- 1+max{|(c,x)\+‘yTh+lTA1++uT>‘; ‘} .

errp(x) =

errd()\l, )\2) =

eITgap (X, A1, A2)

Our solver terminates once all three of these criteria fall below a specified tolerance, which is usually
either 1073 or 107S.

In order to comprehensively compare the runtime of different solvers across multiple instances,

we use the shifted geometric mean (SGM) [16] defined as follows:
N 1/N
SCM(k) = [H(ti + k) —k,
i=1
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where ¢; is the time (in seconds) for solver ¢ on problem i, and k is a positive shift. The SGM is
able to mitigate the potentially significant influence of tiny runtimes of only a few instances on the
overall geometric mean. If a solver fails to solve a given instance, we assign t; to be the maximum

allowable time (e.g., the time limit).

5.1 Relaxtion of Problems from the CBLIB Dataset

CBLIB' is a public dataset of mixed-integer conic programming problems collected from real-world
applications [21]. We run our experiments on the instances with LP cones, second-order cones, and
exponential cones. In line with standard practice for solving such problems, we first use COPT
to apply presolve and subsequently relax all integer constraints, thereby producing two refined
subsets: (1) 1,943 problems that do not involve exponential cones, and (2) 157 problems that
include exponential cones.

For the subset without exponential cones, we further categorize problem instances as small-,
medium-, and large-scale based on the number of non-zeros in the constraint matrix, using thresholds
of 50,000 and 500,000. As a result, the dataset comprises 1,641 small-scale, 220 medium-scale and
82 large-scale problem instances. In spite of this classification, it should be noted that almost all of
these problems are relatively small in scale so the barrier method-based solvers and the SCS(direct)
would not reach computational bottlenecks and can easily conduct the matrix factorization. We
start with this dataset to give an overview of the performance of PDCS on small-scale problems. All
experiments in this benchmark are executed with a one-hour time limit and a termination tolerance
of 1076,

Tables 3 and 4 summarize the results for these two categories of problems. Among the first-order
methods, SCS(indirect) is the fastest for small-scale problems and the problems with exponential
cones. Our cuPDCS is faster for the medium-scale and large-scale problems without exponential
cones. Since all these problems are relatively still small-scale, the barrier methods all perform far
better than first-order methods.

Both the CPU-based version of our solver (denoted by PDCS) and its GPU-enhanced implemen-
tation (denoted by cuPDCS) exhibit strong numerical stability, solving nearly as many instances as
the commercial solver COPT. However, the CPU version occasionally struggles with more challeng-
ing instances, primarily due to the limited parallelism in projection operations and matrix-vector
multiplications. In contrast, the GPU implementation, cuPDCS, enables more iterations within
the allotted time and successfully solves some instances that are otherwise too difficult for the
CPU version. Overall, cuPDCS demonstrates a substantial performance advantage over its CPU
counterpart.

Among all these methods, only SCS(indirect), and PDCS along with cuPDCS are matrix-free
methods. The computational bottleneck of matrix-free methods lies in the sparse matrix-vector
products, so we also compare the number of matrix-vector products required for cuPDCS and

SCS(indirect) to solve a particular number of problems. Figure 4 shows the number of matrix-vector

https://cblib.zib.de/download/all/ Accessed: 2025-04-06.

21


https://cblib.zib.de/download/all/

Table 3: Conic Program Problems without Exponential Cones

Small(1641) Medium(220) Large(82) Total(1943)
SGM(10) count SGM(10) count SGM(10) count SGM(10) count
ABIP 3.66 1622 1342.77 84 3458.00 2 19.04 1708
) SCS(direct) 0.59 1636 54.98 213 463.21 58 5.26 1907
Flrst-}?rger SCS(indirect) 331 1638 231.68 188  1856.58 46 12.77 1872
methods  ppcg 2.78 1640 160.64 208  1602.14 53 11.02 1901
,,,,,,,,, cuPDCS 291 1640 ~ 44.95 211  312.65 57 743 1908
) CuClarabel 0.15 1640 1.32 219 46.17 61 1.05 1920
Barrler‘ COPT* 0.08 1639 2.03 215 53.76 58 1.12 1912
methods 1Rk * 0.05 1640 234 214 6.21 81 0.49 1935
Table 4: Conic Program Problems with Exponential Cones
First-order methods ‘ Barrier methods
SCS(direct) SCS(indirect) PDCS cuPDCS ' CuClarabel COPT* MOSEK*
SGM(10) 10.98 17.43 12.04 | 0.87 0.13 5.19
count 152 152 155 ! 156 157 146

products and the corresponding fraction of instances solved within this number. Notably, when we

compare the number of matrix-vector products needed to solve 60% of the problem instances, we

see that cuPDCS requires only about one-fifth to one-tenth as many matrix—vector products as
the indirect SCS. Since cuPDCS follows the PDCS algorithm, we can conclude that, even if not

implemented on a GPU, PDCS still requires fewer iterations than the other matrix-free solver,

SCS(indirect). This advantage is not clearly reflected in the runtime reported in Table 3 because

the actual runtime significantly depends on implementation details and programming language. In

particular, for small-scale problems, a substantial amount of time is consumed by fixed overheads.
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Figure 4: Performance of cuPDCS and SCS(indirect) in terms of the number of matrix-vector

products.

Among the barrier methods, MOSEK* consistently demonstrates advantages over other solvers

for conic programs without exponential cones. However, for problems involving exponential cones,
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MOSEK* frequently fails to meet the necessary solution tolerance, resulting in a “SLOW _PROGRESS”
status. In our analysis, all such instances are regarded as failures, irrespective of whether the time
limit is reached. Additionally, our tolerance settings differ from those in [17], and ABIP’s diffi-
culty in achieving high-precision solutions under our stricter tolerance results in seemingly poorer
performance compared to what is reported in Table 13 of [17].

It should be emphasized that the problems in the CBLIB dataset are relatively small in scale.
For these problems, solving the matrix factorizations and the corresponding linear systems remains
accessible. Hence, the SCS with direct factorizations implemented on CPUs appears to be the best
first-order method, while all interior-point methods significantly outperform first-order methods.
However, as the dimension of the problem instance increases, SCS(direct) and all interior-point
methods face greater challenges and become considerably slower. In the following sections, we

present the experiments on larger-scale problem instances.

5.2 Fisher Market Equilibrium Problem

The first class of conic problem instances we are testing on is the Fisher Equilibrium Problem |18, 61],

an important optimization problem arising in economics. It is formulated as follows [18]:

min — Z W; log Z Uinz'j s. t. Z Xij = bj y Xij > 0 s (22)

where m is the number of buyers, n is the number of goods, w € R"™, U € R™*™ The vector
w € R™ represents the monetary endowment of each buyer, U € R™*™ denotes the utility of
each buyer for each good and the j-th entry of b denotes the overall amount of goods j. In this
formulation, each buyer i allocates their budget w to maximize their utility, while each seller j offers
a good for sale. An equilibrium is reached when goods are priced so that every buyer acquires an
optimal bundle and the market clears—meaning all budgets are spent and all goods are sold.

This problem can be equivalently formulated as a conic program problem with exponential cones.
We formulate it as a standard conic problem (see the specific formulation in Appendix C) and com-
pare various solvers (excluding ABIP as it is not applicable) under two levels of solution accuracy:
low accuracy (1072) and high accuracy (107%). The results are summarized in Table 5. In the ex-
periments, we consider some different dimension choices of m and n for matrix U while maintaining
a constant sparsity level of 0.2. Each nonzero entry of w and U is sampled independently from the
uniform distribution U [0, 1], and we set b; = 0.25 for all j € [n]. The time limits are set to 2 hours
for the low-accuracy tests and 5 hours for the high-accuracy tests. The first three columns m, n
and nnz of Table 5 denote the number of rows, the number of columns, and the number of nonzero
entries of U.

As shown in Table 5, cuPDCS consistently outperforms the other matrix-free GPU-enhanced
solver, SCS(GPU). Although both solvers utilize GPU, SCS(GPU) is significantly slower. This is
primarily because SCS(GPU) is a GPU implementation of SCS(indirect), which typically requires
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Table 5: Experiments on Fisher market equilibrium problems.

Without Presolve With Presolve
m " M2 cuPDCS  SCS(GPU) CuClarabel COPT  MOSEK COPT* MOSEK*
1073
1.0E102 5.0E+03 1.0E+05 1.5E+01 f  1.0E+01 2.6E+00 LOE{00 2.8E+00 4.2E-01
1.0OE+05 1.0E+03 2.0E4+07 | 4.6E+02 f f f 2.5E+03 f 1.5E+02
1.5E+05 1.0E+03 3.0E407 4.3E+02 f f f f f 2.5E+02
2.0E+05 1.0E+03 4.0E+07 1.1E+03 f f f f f 3.9E+03
2.5E+05 1.0E+03 5.0E+07 1.4E+03 f f f f f 6.4E+03
2.8E+05 1.0E+03 5.5E+07 1.6E+03 f f f f f f
10-°
1.0E102 5.0E+03 1.0E105 3.7E101 12E104 12E101 2.8E100 L1E}00 3.0E100 4.2E-01
1.0E+05 1.0E+4+03 2.0E+07 1.8E+03 f f f 2.7E+03 f 1.8E-+02
1.5E+05 1.0E403 3.0E+07 2.8E+03 f f f f f 2.9E+02
2.0E4+05 1.0E+03 4.0E+07 4.2B4+03 f f f f f 4.0E+03
2.5E4+05 1.0E+03 5.0E+07 5.7E+03 f f f f f 6.5E+03
2.8E4+05 1.0E+03 5.5E+07 6.2E+03 f f f f f 7.7E+03

Note. Entries marked “f” indicate failure due to exceeding the time limit or returning errors. Bold entries indicate
the best runtime among all solvers for each row. Shaded cells highlight the best-performing method on the original
problem (without presolve).

more iterations to converge than cuPDCS. Moreover, SCS(GPU) uses the GPU only to accelerate the
iterative method for solving the linear system, while the rest of the algorithm remains implemented
on CPU. This design results in substantial data transfer between the CPU and GPU, which incurs
significant overhead and slows down the overall performance. In spite of this, SCS(GPU) is still
faster than its two CPU versions, SCS(indirect) and SCS(direct).

Even when compared to interior-point methods such as COPT and MOSEK, cuPDCS performs
competitively—often outperforming them on problem instances where U contains more than 2 x 107
nonzero elements. Although CuClarabel is a GPU-accelerated interior-point solver, its performance
is generally closer to that of COPT and MOSEK than to cuPDCS, suggesting that classic interior-
point methods benefit less from GPU acceleration than first-order methods. It is also worth noting
that cuPDCS is more sensitive to accuracy requirements than interior-point solvers. When the
target tolerance tightens from 1072 to 107°, the runtime of cuPDCS increases significantly, while
the runtimes of interior-point methods remain relatively stable. This indicates that computing
high-accuracy solutions is more challenging for cuPDCS.

The presolve function in commercial solvers can significantly affect performance. For MOSEK,
presolve leads to improved robustness and faster runtimes. MOSEK* performs substantially better
than its non-presolved counterpart. Conversely, for COPT, presolve leads to a slight performance
degradation in our experiments. These differences arise from the ability of presolve to exploit matrix
structure and reduce the cost of matrix factorizations, though the benefits are not always guaranteed.
When only comparing algorithm performance on the original problems (without presolve), cuPDCS
performs the best on all problems but the smallest-scale problem, as indicated by the shaded cells.

To further illustrate the scalability of cuPDCS, Figure 5 compares its performance against
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MOSEK and MOSEK*. The plots show runtime as a function of problem size, measured by the
number of nonzero elements in U. In the low-accuracy setting, cuPDCS enjoys a substantial speed
advantage over MOSEK, and this advantage becomes more pronounced as the problem size increases.
Moreover, regardless of the target tolerance, when the number of nonzeros exceeds approximately
4x107, the runtime of MOSEK* grows sharply, whereas cuPDCS maintains better scalability, show-

casing the benefits of GPU-accelerated first-order methods for solving large-scale conic programs.

70001 — 17500 --n a.RPHH
6000 A 15000 1
—&k— cuPDCS
30001 12500 1 —e— MOSEK*
= —&k— cuPDCS » —— MOSEK
5 4000 MOSEK* | 5 10000
£ 30001 —— MOSEK = 75001
2000 A 5000 1
1000 1 2500 1
041 0]
2 3 4 5 2 3 4 5
The number of nonzeros of U X107 The number of nonzeros of U X107

(a) Teriminate tolerance 10~ (Time limit: 2 hours).  (b) Teriminate tolerance 10~% (Time limit: 5 hours).

Figure 5: The performance of cuPDCS and MOSEK.

5.3 Lasso Problem

The Lasso problem is a fundamental optimization model in statistical learning that integrates vari-

able selection and regularization to improve both prediction accuracy and model interpretability [57]:

min || Ax —b]* + A x|, ,
where matrix A € R™*" b € R™ and A > 0 is the regularization parameter.

We generate a family of synthetic Lasso problem instances following the experimental setting
used for ABIP in [17]. Specifically, the matrix A € R™*™ is generated with a fixed sparsity
level of 107%, where each nonzero entry is drawn independently from the uniform distribution, i.e.,
A;; ~ U[0,1] for all i and j. The label vector b is then generated by b = Ax + 1076 - 1, where
%X € R™ has entries drawn independently from the standard normal distribution, and half of its
components are randomly set to zero. The vector 1 denotes the all-ones vector. The regularization
parameter A is set to HATbHOO, same as [17].

By decomposing the decision variable x into its positive and negative parts, the problem can
be equivalently reformulated as an SOCP. The complete SOCP formulation is provided in Ap-
pendix C.2. We compare various solvers under two levels of solution accuracy: low accuracy (1073)

and high accuracy (107%). The results are summarized in Table 6. The first three columns m, n
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and nnz denote the number of rows, the number of columns, and the number of nonzero entries of

A.

Table 6: Experiments on Lasso problems.

Without Presolve With Presolve

m " M2 uPDCS SCS(GPU)  ABIP  CuClarabel COPT MOSEK COPT* MOSEK*
1073

1.OE+04 1.0E+05 1.0E405 7.1E-02 5.5E+02 7.5E4+00 4.1E+01 24E+02 2.0E+00 6.7E+01 1.7E-+00

7.0E4+04 7.0E4+05 4.9E+06 2.9E-01 f f  4.3E+02 f 1.7E+03 f 3.1E+03

4.0E+05 7.0E406 2.8E+08 1.2E+02 f f f f f f f

7.0E+05 7.0E+06 4.9E+08 3.2E+02 f f f f f f f

7.5E+05 7.5E4+06 5.6E+08 4.7E+02 f f f f f f f
10-¢

1LOE+04 1.0E+05 1.0E4+05 1.1E-01 1.1E+03 1.6E+01  4.3E+01 2.5E+02 3.6E+00 6.7E+01 2.1E-+00

7.0E+04 7.0E+05 4.9E+06 8.4E-01 f f f f 2.5E403 f 3.5E+03

4.0E+05 7.0E+06 2.8E+08 2.6E+02 f f f f f f f

7.0E+05 7.0E4+06 4.9E+08 5.2E+02 f f f f f f f

7.5E+05 7.5E4+06 5.6E+08 6.0E+02 f f f f f f f

Note. Entries marked “f” indicate failure due to exceeding the time limit or returning errors. Bold entries indicate
the best runtime among all solvers for each row. Shaded cells highlight the best-performing method on the original
problem (without presolve).

It is observed from Table 6 that, for Lasso problems, cuPDCS consistently achieves the best
performance among all tested solvers, including both first-order and interior-point methods, whether
or not presolve is applied. To evaluate scalability, we examined instances with matrix dimensions
m = 7.5 x 10° and n = 7.5 x 10°. Even at this extreme scale, cuPDCS successfully computed high-
accuracy solutions within a practical time frame. Moreover, cuPDCS shows only a modest increase
in runtime when transitioning from a target tolerance of 1073 to 107%. This near-constant runtime
indicates that the underlying PDCS algorithm converges faster (potentially at a linear rate) on Lasso
problems compared to Fisher market equilibrium problems. This conjecture is further supported
by the empirical convergence behavior illustrated in Figure 6 in Section 5.5.

While presolve continues to benefit interior-point solvers like COPT and MOSEK, the improve-
ment is less significant than in the Fisher market experiments. In contrast, GPU acceleration offers
greater advantages. Specifically, CuClarabel demonstrates performance comparable to that of both
COPT* and MOSEK*. However, its applicability is confined to moderate problem sizes, as it
struggles to solve very large-scale instances and is slower than commercial solvers on small-scale

instances.

5.4 Multi-peroid Portfolio Optimization Problems

The Fisher market problem we have tested in Section 5.2 contains a huge number of small cones,
each with three dimensions. In contrast, the Lasso problem in this section, despite being high-
dimensional and large-scale, contains only a single second-order cone. In this section, we test on

the Multi-period Portfolio Optimization (MPO) problems that contain multiple different cones.
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The Fisher market problems discussed in Section 5.2 involve a very large number of small cones,
each with three dimensions. In contrast, the Lasso problems examined in the previous section,
although high-dimensional and large-scale, contain only a single second-order cone. In this section,
we study Multi-Period Portfolio Optimization (MPO) problems, which include a mix of multiple
cone types and increasingly higher problem dimensions as the number of time periods grows.

A typical MPO problem is formulated as follows [9]:

T-1

max Z (Tr, Wry1)

wri1,7=0,..T—1 £
sit. 1T (Wrpg —w,r) =0, V7r=0,...,T—1
w, >0, Vr=0,...,T—1

(W) Zr41(Wri1)py =0, Vr=0,...,T -1
<Y Vr=0,....,T7—1

Hziﬁ (Wri1 = W)y

_’YQT,iS(WT+1_WT>i§’}/2T7i7 VT:07~"7T_17i:17"'7n+1

n
S1/2
—Y3r < z; (27—{~_1>” (WT+1 _Wb)i <, V7=0,...,T—-1.
1=

In the above optimization problem, t, represents the estimated future return at time 7, w, denotes
the investment weight of the portfolio at time 7, 3. is the estimated variance of future returns at
time 7, wy, is the benchmark portfolio (set as an all-cash strategy), and w2 represents the estimated
price of securities at time 7. Within this framework, the objective is to maximize the multi-period
return. The first equality constraint ensures that the sum of transaction weights is zero, while the
second inequality, w, > 0, enforces long-only holdings. The third equality imposes a market-neutral
condition, and the fourth inequality serves as a risk control mechanism. The fifth inequality restricts
the transaction weight of a single period to a specified range, and the final inequality controls the
estimation error for 3. Further details and explanations can be found in [9].

We select all securities from five major indices—S&P 500, NASDAQ-100, DOW 30, FTSE 100,
and Nikkei 225—resulting in 844 assets in total. The historical data used to construct the problem
was retrieved using the cvxportfolio package 9], which sources prices from Yahoo Finance. Data
from the year 2024 is used to estimate the returns, variances, and prices for the first period. For

subsequent periods, the predicted data was generated by introducing a controlled level of random

)

noise to the first period’s estimates. The parameters are set as follows: v, = Hf]l/fl (Wi/n —Wp)
Y2r,i = 0.05, and v3r = 0.05, where wy /,, denotes the equally weighted 1 /n strategy.

We still evaluate solver performance on MPO problems under two levels of solution accuracy:
low accuracy (1073) and high accuracy (107°). Results are presented in Table 7. As the number of
time periods T increases, the number of constraints, variables, and cones grows proportionally.

From Table 7, we observe that cuPDCS consistently outperforms the other first-order solvers,
SCS(indirect) and ABIP. Notably, ABIP is available only as a CPU implementation and still relies
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Table 7: Experiments on MPO problems.

- Without Presolve With Presolve
cuPDCS  SCS(GPU) ABIP CuClarabel COPT MOSEK COPT* MOSEK*
1073
3 1.9E+00 3.7E4+00 1.9E+00 1.5E+00 8.3E-01 8.1E-01 8.6E-01 4.0E-02
48 7.2E+00 3.5E+02 4.0E+01 9.9E+01 &8.8E-+00 1.7E+01 9.3E+00 8.6E-01
96 1.1E+01 1.8E+03 9.1E+01 6.3E+02 1.9E-+01 3.3E4+01 2.0E+01 1.7E400
360 5.1E+01 f 1.9E-+02 f 1.2E+02 1.2E+02 1.2E+02 7.2E-+00
1440  4.9E+02 f 9.0E+02 f f f f 4.8E+01
2160 5.8E-+02 f f f f f f f
3600 1.1E-+03 f f f f f f f
10-6
3 7.5E+00 f f 1.6E+00  8.3E-01 1.3E+00 8.4E-01 5.0E-02
48 1.8E+401 f f 1.1E4+02 8.8E+00 2.7E+01 &.8E+00 9.9E-01
96 5.7TE+01 f f 6.1E+02 1.9E+01 6.0E+01 1.9E+01 1.9E+400
360 4.2E-+02 f f 9.2E+03 1.2E+02 2.4E+02 1.1E+02 8.2E-+00
1440 = 3.4E-+03 f f f f f f 5.6E+01
2160 1.0E-+03 f f f f f f f
3600 9.0E+03 f f f f f f f

Note. Entries marked “f” indicate failure due to exceeding the time limit or returning errors. Bold entries indicate
the best runtime among all solvers for each row. Shaded cells highlight the best-performing method on the original
problem (without presolve).

on at least one matrix factorization per iteration, making it less suitable for large-scale problems.
Among the solvers that work directly on the original problem formulation (i.e., without presolve),
cuPDCS demonstrates a clear advantage on large-scale instances.

However, as the desired accuracy increases, the runtime of cuPDCS grows more rapidly than
that of interior-point methods. Presolve can significantly enhance MOSEK’s performance, making
it indeed more robust and quicker on moderate-sized instances. Yet, even MOSEK* struggles to
handle large-scale MPO problems due to its considerable memory requirements. For cases with
T > 2160, MOSEK* runs out of memory, whereas cuPDCS continues to perform effectively. These
results show the scalability and robustness of cuPDCS for solving large-scale conic optimization

problems involving mixed cone types.

5.5 Comments and Remarks

To provide further insight into the algorithmic behavior of PDCS, we illustrate its convergence on
several representative problem instances in Figure 6. FEach plot shows the evolution of the “KKT
error” across iterations of PDCS. Here, the “KKT error” is defined as the average of the three
error metrics introduced in (21). Figures 6a and 6c¢ illustrate the convergence behavior for three
Fisher market equilibrium problems and three MPO problems, respectively. In both cases, we
observe an initial phase of rapid progress followed by a plateau with slower KKT error reduction.

This trend helps explain why PDCS is particularly effective in computing low-accuracy solutions.

28



10° 100
—— m=100,n=5000 —— m=400000,n=7000000
101 —— m=500,n=25000 10-11 —— m=700000, n=4000000
m = 1000, n = 50000 —— m=750000, n = 7500000
-2
o 10 O 1072 [
e e e
g 107 o 107 @
v 107 < 10 <
107> 10-5
1076 107
T T T -7 T T T T
0 2x10° 4x105 6x105 8x10° 0 2x103 4x103 1o 0 2x10% 4x10* 6x10%
lteration number Iteration number lteration number

(a) Fisher market equilibrium (b) LASSO problem (Section 5.3)  (c) MPO problem (Section 5.4)
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Figure 6: Convergence bahavior of PDCS.

Interestingly, during the final iterations, PDCS often exhibits a phase of accelerated convergence,
which differs from the typical sublinear behavior expected from first-order methods. Figure 6b shows
the convergence of PDCS on three Lasso problem instances. In this case, the algorithm exhibits
nearly linear convergence, enabling it to achieve high-accuracy solutions in a relatively short time.
This observation is consistent with the results reported in Section 5.3 and suggests Lasso problem is
particularly well-suited for the rPDHG. It would be interesting to explore what properties of conic
problems (such as Lasso problems) could make them particularly suitable for PDCS.

In summary, cuPDCS demonstrates consistently strong performance across a wide range of large-
scale conic optimization problems. It outperforms other first-order methods, such as SCS and ABIP,
particularly in high-dimensional problems by GPU enhancements. Moreover, even in comparison
with commercial interior-point solvers like MOSEK and COPT (both with and without presolve),
cuPDCS remains highly competitive. Its advantages are especially pronounced in large-scale, lower-
accuracy settings. It would be interesting to study the presolve for first-order methods like cuPDCS,
as it could potentially lead to another significant speedup, similar to the presolve for MOSEK.
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Appendices

A How to compute the normalized duality gap?

The main idea of computing the normalized duality gap is similar to that developed in [2] for LPs
and [63] for CLPs. Below, we restate it in the context of our CLP formulation (P).
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Note that

T 1 ( max, bT (2 — 2) ) (23)

r st 2€X x Y, ||z — 2|3 < r?
b Gly -
where b = = Y7 ). As shown in [2, 63], the optimal solution of (23) coincides
b2 h - Gx
with the solution z(t) of the following problem such that ||z — z(t)|| = :
T /= 1. 2
z(t) :=argmax t-b (z—2z)— <z —z|\- (24)
ZEXXY 2

Therefore, the goal becomes finding the ¢ such that ||z — z(¢)||n = 7 and we use ¢, to denote this ¢.
We use a binary search method to identify the ¢, and compute pN(r;z). See the overall algorithm

of computing such ¢, within a tolerance ¢ and the corresponding pN(r;z) in Algorithm 4.

Algorithm 4 Binary search for normalzied duality gap p(r;z)

Require: ty,z = (x,y),r

L teft = 0, tright = fo

2: for k=0,1,..., do > Find an initial interval [tieft, tright] by exponential search
3 Z Z(tk)

4: if ||z — z||y > 7 then

5: if £k =0 then

6 ‘ quit the loop

7 else

8 L tright < tk, tlett < tk/2, and quit the loop

9: | Tpy1 & 2t
10: while tyight — tiee > € do > Refine [tieft, tright] by binary search
11: | tyid < (tese + tright)/2
12: Z < Z(tmia)
13: if ||z — ||y < then
14: ‘ tieft < tmid
15: else
16: L tright < tmid
17: return b'(z-2)

T

The problem (24) is essentially a Euclidean projection onto the feasible set X' x )
z(t) = (Projy(x +t7 - by), Projy{y +to - ba}) , (25)

which reduces to multiple cone projection problems because X = [1,u] x K, and Y = K4. Appendix

B will show more details on how to do these cone projections efficiently.
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B Projection onto a rescaled exponential cone

In this section, we will provide a detailed discussion of how to project onto an exponential cone,
with a particular focus on the case of diagonal rescaling.
The following theorem shows that the solution pair v, and vq from (20) can be parameterized

by a scalar p, which can be obtained by solving a root-finding problem.

Theorem 2. The projection of vo = (ro,s0,t0) € R onto the rescaled cone DKexp is given as
follows:

1. If vo € DKexp, then Projpi,. (Vo) = vo.

2. [f Vo € fD_llchp}

3. Ifro <0 and sg <0, then v, = (rg,O,t(J{) and vg = (O,so,ta).
4. Otherwise, let p € R be a scalar parameter satisfying the following system:

then Projpy,. (vo) = 03x1.

dyexp(p)sy — dy P exp(—p)ra—to =0, 5, >0, r4>0 (26)
wn which
sod tds —ro(1 — p)
2d; "t +dep(p—1)
dgro — dsdrpso
2d +dop(p—1)

vy = (dyp, ds, dyexp(p))sp , with s, =

V= (d;l, (1—p)d;t, —d; exp(—p)) rq , with 4=

Then v, and vq are the projections of vo onto DKexp and —DfllC:Xp, respectively; i.e., vq

Projpi.,,, (Vo) and vq = Proj_p-ijcx (vo).

In the practical implementation of PDCS, the system (26) is solved by a bijection method.

Theorem 2 provides the solution of (20). The first three cases of Theorem 2 are some simple
cases, which are essentially the cases satisfying the elementwise orthogonality condition. In practice,
we first check the first three cases, followed by solving the root-finding problem of the nonlinear
system (26). Our strategy is built upon the projection algorithm for the unscaled exponential
cone [22], yet the diagonal scaling matrix introduces a non-trivial coupling that complicates the

root-finding analysis.

C Conic program reformulation

C.1 Fisher market equilibrium problem

In this section, we give the conic program reformulation of the Fisher market equilibrium problem

(Section 5.2). The Fisher market equilibrium problem is equivalently written as the following
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problem:

S. t. ZXij:bj,VjG[n],
ti:ZUinij,Vie[m], ( )
j€n]

pi <log(t;),V i€ [m],

where w € R™ U € R™*" are given beforehand as the vector of monetary endowment for each

buyer and the matrix of the utility vector for each buyer.
Now we present the conic program formulation of the problem. Let the decision variables be

stacked as y € R7("+2).

T
y = X:Tl? s 7X:Tn7 (p17t1)7 ceey (pm,tm)
Let the problem parameters be stacked as follows in c, A, E), Q,d:
-
C = 07'"a07(_W170)7"'7(_Wm70) )
R.,—/
mn items
Inxn o In><n
U;. 0,-1 . b
A = L (0,—1) , b:=
. e Tt Omxl
Um,: (07 _1)
_ ) - _ 0 -
031 -1
1 0
Q:= L di=
1 0
-1
L 1 - - 0 -
Then (29) is equivalent to the following conic program problem:
min ¢y, st Ay:B,Qy—dEICg”(p,yzl (30)

yeRm(n+2)

32



where Kl i= Kexp X -+ X Kexp and 1:= [0,...,0,—00,...,—00].
4 ~—— —
m items mn items 2m items

The above problem (30) is the problem that the various solvers, including cuPDCS, directly

address in the experiments in Section 5.2.

C.2 Lasso Problem

For completeness, we present the SOCP reformulation of the Lasso problem. The original Lasso
problem is formulated as

min || Ax — bl|* + Alfx]|; ,

xER™

where A € R™*", [ts SOCP reformulation is given by
: T 1" o1 W71
min <[ 0 2 (Omx1) A-(Lanx1) } ) { wory X3 X } >

weRreRyeR™
X1 €R17X2 ERi

1 0 0 -+ 0 T 1|
s. 1. [ woryl x| xg } =
0m><1 0m><1 Im><m A -A b
T
g e yT ] exnr

C.3 Multi-period Portfolio Optimization (MPO)

In this subsection, we present the MPO problem and its conic program reformulation. Compared
with single-period portfolio optimization problems, MPO can avoid creating a greedy strategy and
amortize the transaction in multi periods.

Boyd et al. |9] present a penalty-based formulation of the Multi-Period Optimization (MPO)

problem, as given below in equation (31):

T—1
AT isk, 7, hold 7hold trade Jtrad
maGX]R"+1 Z {rT—l—le-i—l - ’Y};ls wT(WT-l-l) - 77'0 (b‘ro (W7—+1) - ,yTra ¢ Tra e(ZT)}
Wril1,27 H—
7=0,..T—1 =0 (31)
s.t. 172, =0, z,€ 2, We+2z, €W, forall7=0,...,T—1,
Wrpl =Wr+2z,, forall7=0,..., 7 -1,

where the decision variable w,;1 € R"*! represents the weights of assets for the period 7 + 1, in
which the first n components denote n assets and the (n + 1)-th component denotes the weight of
cash. And the other decision variable z, denotes the transaction amount in the period 7.

In this formulation, the expected return £,,; € R**! is predicted beforehand using other statis-
tical or machine learning methods. The function @T() quantifies risk, which is typically defined as
Vr(Wry1) i= ||§A371_ér21 (W1 —wp 2+ (30, f];f |Wrt1 — Wb|(i))2. In this formulation, w}, denotes

the benchmark asset weight and X is an estimate of the covariance matrix of the stochastic returns,
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and the term (37", EA);/ 2 |[Wrt1 — Wb|(i))2 is a measure of covariance forecast error risk and & is a
hyper-parameter [33, 36]. The term qB}T‘Old denotes the holding cost, which may include factors such as
borrowing fees. The term &rade(zT) denotes the transaction cost, which is typically modeled as a lin-
ear and quadratic function of the transaction amount z,, i.e., "2 ([z,];) = a.|[z,];| + brilz+] (i) |°
where a, and b, are coefficients |27] that can be predicted using other statistical and machine learn-
ing methods. The set Z, contains the constraints for the transaction amounts z,, such as limiting
the transaction ratio in each period. The set W; contains the constraints on the asset weights w41,
such as the requirement for market neutrality, (w”)T 3, (w,41) = 0 where w”" is the asset value in
period 7.

Hence, a specific example of (31) is

T-1 2
AT rlsk 1/2
meaﬂécnle g T Wrpl — HET—H Wi — Wb + K g 27-+1 i [ Wrp1 — Wi
Wri1 : -

r=0,..,.T—-1 7

72’?51( (Wr41)

trade . <Z Q7 |WT+1 WT| TZ(WT+1 - WT)ZQ) 77}—101(1 0 ]

$hold (wr 1)

és_radc (W‘r+1)
st 1 (Wrp1 —wr) =0, Wry1 20, (W) B (Wrpt) =0,7=0,...,7 — 1.
(32)

This specific example considers the case with no borrowing fee, long holding, and no constraint on
transactions. In this formulation, yIisk, f, Htrade, Qri,bri Ahold are hyper-parameters.

The above problem models the risk-control tasks in the portfolio optimization problem as regular-
ization terms added to the objective function, but choosing the proper hyperparameters to balance
different objectives would be difficult in practice and require heavy parameter tuning. Given that,
another commonly seen strategy is to model the other objectives other than profit within the con-
straints. In this way, the hyper-parameters directly correspond to the maximum allowed holding
costs, transaction cost, or risk. See, for example, [35]. Such a constraint-based formulation of (32)

is as follows, a SOCP problem:
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. max - f':wT_,_l
TT:TJI,?QTA' 7=0
st 1T (Wyp1—wr) =0, Vr=0,...,7—1
w, >0, Vr=0,...,T—1
(W) Br i1 (Wri1)p =0, ¥7=0,...,T—1 (33)

1/2

7-+1(W7'+1 Wb)[n] < Tr VT = 07 s 7T -1

Y27 < (Wrp1 = Wr)i <y2ri 5, ¥7=0,....,T—1i=1,...,n+1
_737<Z( iﬂ) (Wrp1 —Wp)i <3, ¥r=0,....T—1.

The above problem (33) is the problem that the various solvers, including cuPDCS, directly

address in the experiments in Section 5.4.

D Optimality Termination Criteria

This section describes the termination criteria of the solvers used in our experiments on CLP
problems. Generally, these criteria comprise three types of different errors: primal infeasibility

(errp), dual infeasibility (errq), and the duality gap (errgap).

D.1 ABIP

ABIP directly addresses the following primal and dual problems:

min ¢'x s.t.Ax=b, xek,

X

max b'y s.t.A'y+s=c, sek*.
y

(34)

If the given optimization problem does not satisfy this formulation, ABIP reformulates the problem
to (34) first and then solves it. It should be noted that for all iterates of ABIP, x and s always lie
in the cones K and K* because ABIP uses an ADMM-based interior point method, which ensures
all iterates are always in the interior of the cones. On the formulation (34), ABIP determines its

termination criteria based on the following three types of errors:

-
|Ax —b||, erry : HC*A *SH orr lc’x+b'y|
14 max {[|Ax]| o, [[blloo} Itele 7 7 T4+ max{fc"x],[bTyl}

€ITp 1=

In our experiments, we say a solution satisfies the ey tolerance if max{erry, errq, errgap} < el for

this solution.
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D.2 SCS

SCS directly solves the conic program problems in the following formulation:

min ¢'x s.t.Ax+s=b, sek,
X

(35)
max —b'y st.A'ly4+c=0, yeK*
y

If the problem is not in this formulation, we should first reformulate it into this formulation and
then use SCS to solve it. All iterates of SCS satisfy the conic constraints s € K and y € K* as the
solver does projections onto the cones in each iteration.
On the formulation (35), SCS determines its termination criteria based on the following residual

thresholds:

errp = [Ax +s — b|[, < €ans + erel - max {[|AX[| ., [Is]lc » [Pl }

ey = [ ATy 4] < e+ v ma ATyl )

o0 o0
eITgap = |ch — bTy\ < €abs + Erel * max{]ch\, \bTy|} .

In our experiments, we say a solution satisfies the € tolerance if the above conditions all hold with

Erel = €abs = €.

D.3 COPT

The algorithm used in the solver COPT is an interior point method, but the definition of tolerance
in its optimality criteria is not publicly available yet.

D.4 MOSEK

MOSEK uses an interior-point method to solve the conic program problem that is similarly struc-

tured to (34). However, it directly addresses the self-dual homogeneous model below:

Ax—br =0
Aly+s—cr=0
—¢'x+b'y—k=0

xek, seK*, ,k>0.
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A solution is regarded as satisfying the e, tolerence in MOSEK if the following conditions hold:

A% bl __
1+[bl, ™

ATY 48 _
erry = H r - CHOO < Eral,

1+ el
¢'x ‘}/ { mm{|ch|,|bTy|}}<
ma < Erel -
T

€ITp =

Ts

T
€ITgyp = Max { 3

D.5 CuClarabel

The problem formulation that CuClarabel solves is similar to that of SCS, i.e., (35). However,

CuClarabel introduces two slack variables 7, x > 0 and consider the following optimization problem:

min STy—i-T/{
s. t. ch—i—bTy: —K
Aly+er=0
Ax+s—br=0
(s,y,7,k) E KX K* xRy x Ry .

For the above formulation, a solution is regarded as satisfying the e, tolerance if the following

conditions hold:

A% -2 +bf|
err, = < €rel
P max{L, [[bll + 1%/l + lIs/7ll} =

|ATS +<f
errq = - = < €Erel
max{L, [lc[l + [x/7llo + 2/l } =

‘c X+bTy‘
elTgap =

max{1, min{|c"x|,|bTy|}} ~ S el -

Since CuClarabel also uses an interior-point method, all iterates of CuClarabel are within the cones.
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