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Abstract

This paper establishes the theoretical foundations of the online scaled gradient methods (OSGME a frame-
work that utilizes online learning to adapt stepsizes and provably accelerate first-order methods. 0SGM quan-
tifies the effectiveness of a stepsize by a feedback function motivated from a convergence measure and uses the
feedback to adjust the stepsize through an online learning algorithm. Consequently, instantiations of 0SGM
achieve convergence rates that are asymptotically no worse than the optimal stepsize. 0SGM yields desirable
convergence guarantees on smooth convex problems, including 1) trajectory-dependent global convergence
on smooth convex objectives; 2) an improved complexity result on smooth strongly convex problems, and
3) local superlinear convergence. Notably, 0SGM constitutes a new family of first-order methods with non-
asymptotic superlinear convergence, joining the celebrated quasi-Newton methods. Finally, 0SGM explains
the empirical success of the popular hypergradient-descent heuristic in optimization for machine learning.

1 Introduction

Consider the L-smooth and p-strongly convex optimization problem min,cgn f(x). When f has a large condition
number x := L/u, vanilla gradient descent with constant scalar stepsize 1/L converges slowly. Instead of using a
constant scalar stepsize, preconditioned gradient descent chooses a preconditioner P, € R™*™  a matrix stepsize,
to scale the gradient and accelerate convergence at iteration k:

2F T = gk — PV f(2h). (1)
We can locally measure the quality of stepsize P, by the contraction ratio of suboptimality at 2*:

LRy g (2 P (R — £
Tk (Py) = f}(c(mk)lfj*‘ = & f(};k)f,(f*)) £,

The suboptimality after K iterations of preconditioned gradient descent is the product of these ratios
{rz+(Px)} and can be further bounded by their cumulative sum using the arithmetic-geometric mean inequality:

{L’K+1 _rx K Ik,+1 _fx K K
o =TI, Lt =TI e (P) < (3 iy rar (P)E 2)
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Given this analysis, how should we choose the stepsize P;,? Fast convergence is achieved if we prespecify stepsizes
{Px} to minimize Zszl 74 (Py). However, solving this problem is hard for a given instance f, as the function
r,x (P) depends on the previous sequence of stepsizes and the optimization landscape. However, this problem is
ideally suited to online learning, which optimizes a cumulative sum of functions with provable regret guarantees
even when the functions are adversarially chosen. For example, updating { P} with online gradient descent
Pii1 = Pi — nVr,:(Py) guarantees sublinear regret with respect to any fixed stepsize P [51]:

T Steer Tk (Pr) < e Sy rar (P) + O( ). (3)

Given the freedom to choose 15, we may take p equal to P that achieves the optimal condition number x* < K
and hence the ratio r x (P¥) <1 — ’71* The regret guarantee together with implies a convergence rate

F@H) = fr < [f@h) = 10 = & + O, (4)

as well as an asymptotic iteration complexity O(x* log(1/¢)). Moreover, if f is (locally) quadratic with Hessian
matrix H € S, then P = H ~! yields perfect conditioning x* = 1 and hence superlinear convergence:

F@fHh) = < [f(=h) = fUO(F)5).

This concise proof establishes a new problem-dependent acceleration mechanism for gradient methods, along
with a notable local superlinear convergence guarantee. More generally, our online scaled gradient methods
(0SGM) is a family of first-order methods that updates the stepsize on the fly using online learning on a conver-
gence measure.

1.1 Contributions

This paper establishes the theoretical foundations of 0SGM and showcases several instantiations of 0SGM. Notable
features of 0SGM include:

Non-asymptotic complexity improvement on gradient descent. One instance of 0SGM (Section[6.1)) is
guaranteed to find an e-optimal solution in
1y_ px 1y_ px

K, = {min {K*L2HP1 — P*||% + k¥ log (7][(”3 3 f ), ﬂlog(if@ 3 f )}—‘ (5)
iterations, where P is the stepsize that achieves the optimal condition number £*. The complexity in is no
worse than O(k log(1/¢)), the complexity of vanilla gradient descent. When ¢ — 0, (5)) becomes competitive with
O(k*log(1/e)), the complexity achieved by P*. In general, 0SGM guarantees a problem-dependent complexity
O(k*log(1/¢)) on smooth strongly convex problems, improving on classical accelerated methods when k* < \/k

and € — 0. 0SGM can be viewed as an acceleration mechanism of gradient descent that uses preconditioning to
achieve acceleration. It differs from the existing momentum-based schemes [47], 48] [46].

Non-asymptotic local superlinear convergence. To our knowledge, 0SGM represents the second family
of first-order methods that achieve non-asymptotic local superlinear convergence after the celebrated quasi-
Newton methods [49] 14]. The non-asymptotic superlinear convergence rate of 0SGM matches or surpasses that
of quasi-Newton methods, which were analyzed recently [58] 59, [60} 311 [30} 26, [27]. Our superlinear convergence
analysis is simple and can be of independent interest.

Analysis of hypergradient descent heuristic. An instantiation of 0SGM (Section simplifies to hyper-
gradient descent [62 [7], a popular heuristic that has received limited analysis [33]. 0SGM provides a rigorous
analysis of hypergradient descent [62] [7] through the lens of both online learning (Theorem and provides
new analysis tool using potential function (Theorem Theorem . Our analysis explains the empirical
success of hypergradient descent and motivates its practical extensions.



0SGM also complements the fruitful line of research in adaptive gradient methods [32) [13] 22], parameter-free
first-order methods [34] 5], and parameter-free online learning algorithms [51} 52]. In particular, 0SGM offers
a new perspective to model stepsize selection as an online learning problem in which the sequence of decisions
lies in the stepsize space. This perspective contrasts with the existing literature on adaptive gradient methods:
online learning applied to the primal space and the stepsizes are chosen by a fixed rule to minimize a regret
upper bound [I3], @4} [21]. This shift in the perspective delivers sharp guarantees for smooth convex objectives.
To our knowledge, the only prior work in a similar spirit is [70], which adapts the stepsize to stochastic noise
in nonconvex optimization.

Section [2] introduces the 0SGM framework along with a roadmap for the rest of the paper. Section [9] surveys
the related works in detail.

Not in this paper. 0SGM also demonstrates excellent practical convergence. However, discussion of the setup
most relevant to practical problems does not fit into this paper. We refer the interested readers to a preliminary
conference version of our paper [9] and Part II of this paper.

1.2 Notations

We use ||-|| to denote vector Euclidean norm or matrix operator norm and (-, -) to denote Euclidean or Frobenius

inner product. Letters A, a denote matrices and scalars. [|Allp = />, j afj denotes the matrix Frobenius norm.
Given a positive definite matrix A € S, we define || - ||4 == /(x, Az). Given two symmetric matrices A4, B,
A » B if A— B is positive semidefinite. IIp[-] denotes the orthogonal projection onto a closed convex set
P. Given a vector d € R", Diag(d) denotes the diagonal matrix with elements of d on its diagonal. We use
X* ={x: f(x) = f*} to denote the optimal set of f; dist(P,P) := || P—IIp[P]||r denotes the distance between a
point P and a closed convex set P; diam(P) = maxx yep || X — Y| r denotes the diameter of set P in Frobenius
norm. A function f is L-smooth (has L-Lipschitz continuous gradient) if it satisfies |V f(z) =V f(y)|| < L|lz—yl||
for all #,y € R"; a function f has H-Lipschitz Hessian if |V2f(z) — V2f(y)|| < H|z — y| for all z,y € R™. We
use superscript ¥ to index algorithm iterates and subscript P, to index stepsize sequence.

2  Online scaled gradient methods

0SGM models stepsize selection as a sequential decision-making problem in a collaborative environment. There
are two agents: a stepsize scheduling agent (Scheduler) and a landscape agent (Landscape). Scheduler chooses
stepsize from a closed convex candidate set P C R™*™. An iteration of 0SGM has three steps (Algorithm :

Step 1. Scheduler makes decision P, € P and proposes an update z5t1/2 = zF — P,V f(z*).

Step 2. Landscape queries the objective function f and 1) chooses the next iterate z**! = ./\/l(mk,xk“/z)

based on current z* and the proposal z#*1/2; 2) evaluates the quality of P, and provides feedback
L1 (Pr) to the scheduler.

Step 3. Scheduler updates the stepsize using an online learning algorithm Pyi1 = A(Py, {€1i }i<k)-

Feedback £,, landscape action M, and online algorithm 4 combine to yield different variants of 0SGM.

Stepsize Scheduler P Landscape f(x)
X
Py = P/<+1 xF=P Vf(b) i

“—

Feedback [.(P})



Algorithm 1: Online scaled gradient methods (0SGM)

1 input Initial point x!, initial stepsize P;, feedback £,, online algorithm A, landscape action M
2 for k =1, 2,...do

3 | xFtY/2 =2k — PV f(2¥) > Scheduler suggests the next step based on P}

4 | aFtt = M(2¥ 2**+1/2) > Landscape evaluates Py, chooses 2**!, and gives feedback £, (Py)
5 Pyy1 = A(Py, {{;}j<k) > Scheduler learns a better stepsize from feedback

6 end

Comparison with online learning. Our framework builds on online learning but slightly differs in the spirit:
the environment (Landscape) in online learning is often assumed to be adversarial, while the landscape in 0SGM
shares the same objective of minimizing f and collaborates with the scheduler in two ways: 1) Landscape
provides faithful feedback to the scheduler to improve the stepsize. 2) Landscape can reject bad decisions Py
made by the scheduler and suppress regret in online learning through the landscape action.

Structure of the paper. The paper is organized as follows to introduce different components of 0SGM.

e Feedback £,(P). A function that locally measures the quality of stepsize P at . In our context, smaller
feedback means better quality. Section [3|introduces two important feedback functions.

e Landscape action M. Landscape selectively accepts stepsizes P, with small feedback and suppresses the
regret of the learning algorithm .A. Section [4] discusses different landscape actions and their consequences.

e Learning algorithm A. An online learning algorithm that guarantees performance concerning feedback £, (P).
In our context, the guarantee refers to the (sublinear) regret with respect to any stepsize P € P:

Sy Lon (Pr) < iy £or (P) + o K).

Section [5] discusses the regret guarantees of online gradient descent on our feedback functions.

After establishing these components, we introduce several important instantiations of 0SGM in Section [6] and
discuss the practical aspects of 0SGM in Section [7]

3 Feedback design and analysis

We introduce two feedback functions £, (P): ratio feedback and hypergradient feedbackﬂ The ratio feedback
requires knowledge of the optimal value f* and has strong theoretical guarantees. The hypergradient feedback
does not require f* and is more practical. We analyze the properties of each feedback function and associate
each feedback function with a minimax optimal stepsize.

3.1 Ratio feedback

Given any x ¢ X'*, the ratio feedback r,(P) measures the quality of stepsize P by the contraction ratio of the
suboptimality as the iterate moves from x to @ — PV f(z):

ro(P) = {E=FRHEN=L,

The ratio feedback inherits both convexity and smoothness from f. Since r,(P) simply translates and scales
the function value at the proposed iterate u,(P) := f(z — PV f(x)), we begin by analyzing u, (P).

Proposition 3.1 (Properties of u,). For any x € R™, the function uy(P) = f(x — PV f(x)) has gradient

Vuy(P) = =V f(z — PVf(z)Vf(z)".

2We consider two feedback functions in this paper for simplicity. More feedback functions can be found in [I5} []



Moreover, it satisfies the following properties:

1. If f is convex and L-smooth, then u,(P) is convex and L||V f(z)|*-smooth in P.
2. If f is L-smooth and diam(P) < D, then u,(P) is (LD + 1)||V f(z)||?-Lipschitz in P.

With the properties of u,, the analytic properties of r,,(P) follow immediately.

Lemma 3.1 (Properties of r,). For any x ¢ X*, the ratio feedback r,(P) has gradient

Vr(P) =~ LlamP Rt

Moreover, it satisfies the following properties:

1. If f is convexr and L-smooth, then r,(P) is conver, non-negative, and 2L*-smooth in P.
2. If f is L-smooth and diam(P) < D, then r,(P) is 2L(LD + 1)-Lipschitz in P.

3.2 Hypergradient feedback

Given any x € X*, the hypergradient feedback h,(P) measures the quality of P by the function value progress
relative to the size of the gradient as the iterate moves from x to x — PV f(z):

_ Ha—PY i)~ f(x)
he(P) = S g5mpe

The hypergradient feedback is motivated by the descent lemma for L-smooth functions:

flo = Vi) = fl2) < =z IV (@)

which states that the improvement in the function value of a gradient step with stepsize %I is proportional to
the size of the gradient ||V f(z)||* with ratio 5. In a similar vein, hypergradient feedback h,(P) quantifies the
progress in terms of this ratio when stepsize P is used. The properties of hypergradient feedback h,(P) also
follow from Proposition [3.1

Lemma 3.2 (Properties of h,). For any x &€ X*, the hypergradient feedback h,(P) has gradient

_ _Vf(x=PVf@)V )"
Vhe(P) = == eimp

Moreover, it satisfies the following properties:

1. If f is convex and L-smooth, then h,(P) is convex and L-smooth in P.
2. If f is L-smooth and diam(P) < D, then hy(P) is (LD + 1)-Lipschitz in P.

3.3 Minimax optimal stepsizes

Given a feedback function ¢, (P), we can define its corresponding minimax optimal stepsize P} by

Pj €argmin max £,(P).
Pep TgX*
Minimax optimal stepsize P} represents the best decision the scheduler can make when z is selected adversarially.
We are interested in the feedback achieved by the minimax optimal stepsize ¢,(P;) since it represents the
performance of the scheduler in the worst case. The minimax optimal feedback ¢,(P}) can be bounded by
quantities studied in the literature. For example, when %I € P, the minimax optimal hypergradient feedback
ha(P}) is no worse than hw(%l ) < —ﬁ guaranteed by the descent lemma. For ratio feedback, the performance
of P’ can be quantified using the globally optimal preconditioner defined below.



Definition 3.1 (Globally optimal preconditioner [33]). Suppose f is L-smooth, p-strongly convex, and twice-
differentiable. Given a candidate set of stepsizes P such that %I € P, the globally optimal preconditioner
Py € 8% and the optimal condition number k* are defined as the optimal solution and the optimal value of

min & subject to LPT' XVZf(x) < P! for all z.
k>0,PEPNST ~

The globally optimal condition number satisfies k* < xk = L/u since %I € P. In practice, recent works
[16} 55} [33] observe that x* < & is often the case. Gradient descent with stepsize P} guarantees a contraction
ratio of 1 — - (see Appendix for the proof):

flx = PiVf(z) = f* <1 - 5)[f(x) - . (6)
Since P} € P, the ratio feedback of the globally optimal preconditioner 7, (P}) upper bounds that of the
minimax optimal stepsize r,(P7). The bound is tight on strongly convex quadratics [I5].
Proposition 3.2 (Feedback of the minimax stepsize). For any x ¢ X*, the minimaz optimal stepsizes satisfy:
o If f is L-smooth and u-strongly convez, then r,(Pr) <1 — %
o If f is L-smooth and +1 € P, then hy(Pf) < —5-.
In addition, if f is a strongly convex quadratic, then the minimaz optimal stepsizes are Pr = P} and P = %I.

Limitations of minimax optimal stepsize. Minimax stepsizes are useful for establishing global convergence
results. However, they are not affine invariant and may not reflect the properties of the local landscape. For
example, the globally optimal condition number x* depends on the choice of coordinate system when P # R™*"™.

Example 3.1 (Limitations of globally optimal preconditioner). Consider two strongly convexr quadratics

2 —1

file) = Yaha),  fole) = S Toa),  Tu=| ,
BT
and A has eigenvalues of Ty, on the diagonal A, = 4 sin® [2(;711)] fork=1,...,n. The functions f; and fs are
related by a rotation: they share the same spectrum, and thus the same smoothness constant, strong convexity
constant, and condition number x(T,) = ©(n?). However, their optimal condition numbers with respect to
diagonal stepsizes are different:

*

Ky, =1 with optimal diagonal stepsize Pf=A"
K}, = K(Ty) with optimal diagonal stepsize Py = I,.

The optimal diagonal preconditioner for fi gives perfect conditioning /{}1 =1, yet no diagonal stepsize improves
the conditioning of fa. The orientation of eigenvectors affects the optimal condition number k* when P #£ R™*"™.

4 Progress reduction and landscape action

The example algorithm in Section[1]is based on a simple observation that the suboptimality after K iterations
can be bounded by the sum of contraction ratios at each step (see ) This observation, which we call
reduction, reduces the optimization problem min,ern f(z) to minimizing the sum of per iteration progress. The
per iteration progress with respect to ratio feedback and hypergradient feedback is measured by

_ fEPTh— _ fEMY—f(=h)
"= T e = Terene

Two reductions below guarantee that smaller cumulative progress Z,I::l 7} Or Z,If:l hy, yields faster convergence.



Theorem 4.1 (Reduction for 7). Let {x*} be any sequence such that x* ¢ X*. Then

F@H) = < [fh) = UG S )™

Theorem 4.2 (Reductions for hy). Let {x*} be any sequence such that x* ¢ X* and f(z**1) < f(2F).

If [ is convex, then
K+1\ _ g s A2 1 1\ px
f(x ) f Smln{K %25:17hk7f(‘r ) f }7
where A i= MaXye (4 (o)< f(«1)} Milgrex~ [ — 7.

If f is p-strongly convex, then

F@f ) = < [fah) = 0 = 3 20, —m).

These two reductions are blackbox: they are independent of the mechanism generating the iterates {*} and
universally apply to (monotone) algorithms other than 0SGM. Theorem even does not require f to be
convex. Theorem comes with a restriction of non-increasing function values f(z*). In 0SGM, when the

landscape always accepts the scheduler’s proposal by taking x

k41 — 2k+1/2 the algorithm may not be monotone,

and the reductions for h; in Theorem may not apply. However, we can design the landscape agent so that
it takes action that filters out bad stepsizes and ensures monotonicity of the iterates.

4.1 Landscape actions M and progress

The landscape action in 0SGM is denoted by z*+1 = M(2FT1/2 z¥). We consider four landscape actions below.

Vanilla. o+t = gh+1/2
Landscape accepts all decisions from the scheduler.

Monotone. z**1 satisfies f(zF1) < min{ f(zFt1/2), f(2*)}

k+1 that is no worse than the current iterate z* and the suggested iterate 2**1/2 in terms

b+l — arg minxe{xk+1/27xk} f(JC)

Landscape moves to x
of objective value. This action can be implemented by line search or a null step: x

Lookahead. zF+1 = gk+1/2 — %Vf(x’”lﬁ)

Landscape takes an additional gradient descent step on top of the suggested iterate z¥t1/2 but does not
enforce monotonicity.

Monotone Lookahead. ¥+ satisfies f(z**+!) < min{f(z"T1/2 — LV f(xF+1/2)), f(2*)}

Landscape moves to z*T! that is no worse than the current iterate z* and the lookahead iterate zF+1/2 —

1V f(2*+1/2) in terms of objective value.

All these actions, except vanilla, improve the iteration progress rp and hy upon the feedback r,x(Py) and
hr (Pr) achieved by the scheduler, which we illustrate in Lemma below.

Lemma 4.1 (Feedback and progress). Let f be convex and L-smooth. Each of the above four landscape actions
guarantees the following relation between the feedback and per iteration progress:

Vanilla. vy, = 7 (Pg) and hy, = by (Py).

Monotone. r, < min{ry«(Pg),1} and hy < min{hx(P),0}.

Lookahead. ri, < 1,1 (Py) — 155 | Vrar (Pi) |3 and hy < by (Pr) — 52 [ Vher (Pe)||%.

Monotone Lookahead. 1y, < min{r,«(Py)— 15 ||Vrer (Pi)||%, 1} and hiy < min{hge(Pr) — 55 | Vg (Pr) || %, 0}

The per iteration progress r and hy under these landscape actions are never worse than the feedback 7« (Py)
and h,x(Py). To accelerate convergence, it suffices for the scheduler to minimize the cumulative feedback

Zszl 7% (P) and Zle h.x(Py), a task well-suited for online learning algorithms.



5 Stepsize update and online learning

The scheduler aims to generate a sequence of stepsizes { Py} that reduces the cumulative feedback Zszl Lor (Pr)
as much as possible. This can be done by the existing online learning algorithms with sublinear regret guarantees:

%ZkK:Jm( %) < % Zk 1 L (P P) +0(1) for any P e P. (7)

This guarantee (|7)) says that the average feedback % Zszl L, (Py) achieved by the scheduler is asymptotically

no worse than that achieved by any fixed stepsize P € P. We consider the online learning algorithm A to be
online gradient descent in this paper for concreteness, but our arguments for the convergence of 0SGM apply to
other online learning algorithms as well. We will discuss the practical choice of online algorithm in Section [7}

5.1 Regret guarantees of online gradient descent
Online gradient descent (0GD) updates the stepsize by
Py =Up [Py — ni Ve (Pr)l, (8)

where {n;} is a sequence of non-negative and non-increasing online learning stepsizes which will be specified
later and IIp is the projection operator onto the candidate set P. 0GD on convex feedback £, satisfies

1Pist = PllE < 1Py = PllE = 20k[lor (Pe) — Lo (P)] + 0|V lor (P) |7 for any P e P. 9)

According to @7 whenever the scheduler makes a stepsize decision P that underperforms P (i.e., Ly (Py) —
l,x(P) > 0), the refined stepsize Pyy; approaches P up to some error 73|Vl (Py)|/%. Rearrangmg the
inequality @ and telescoping from k£ = 1 to K, we obtain the following regret guarantee:

Lemma 5.1 (Static regret). Suppose {{,x(P)} are convexr in P. Then 06D with constant stepsize ni, =n > 0
generates a sequence { Py} such that

S (P < T G (P) + £ |1P— PIE+ 2K VEr(POIE forany PeP. (10)

Besides, if {€,+(P)} are o-Lipschitz w.r.t. ||-||r and diam(P) < D, then 06D with ny, = T 0T Mk = 7 satisfies

Zszl Lok (Py) < Zszl O (P) + (g—f +co?)VK  for any P € P. (11)
Lemma competes the adaptive stepsizes { Py} against a static stepsize P € P. A more refined analysis of

online gradient descent, referred to as dynamic regret [19, [5T], enables the scheduler to compete with a sequence
of stepsizes { Py}, Pr € P, at the cost of the path length defined by

PL{PY) = 302 1P — Pl (12)

Lemma 5.2 (Dynamic regret). Suppose {{,x(P)} are convex in P. For any benchmark sequence of stepsizes
{P:}, P € P, 0GD with constant stepsize n > 0 generates { Py} such that

Sry Lo (Pr) < Sy Con (P) + 3 00, 1V (P |3 + g Pl s WP Blepy (05 3) (13)

Besides, if {{,x(P)} are o-Lipschitz w.r.t. || - || and diam(P) < D, then 0GD with n, =  satisfies

Sk (P) < S0 b (P) + [55 + 22 DPL{PYIVE  for any Py € P. (14)

When P, = P the path length vamshes PL({P;}) = 0 and dynamic regret (Lemmal (5 5.2) reduce to static regret
(Lemma . The relation (13) holds for any sequence {F;}, P, € P, indicating that 0GD is asymptotically



competitive with the optimal sequence {Pk} that minimizes the right-hand side of the bounds. The optimal
sequence balances the trade-off between the cumulative feedback ZkK:1 L, (Py) and the path length PL({P:}).
Example illustrates the effect of dynamic regret guarantees.

Example 5.1. Consider diagonal stepsizes {Py}, P, € P = {P = Diag(d) : d € R"} for a 2-dimensional
smooth convex objective defined as

if (x1,22) € Ry == {(z1,22) : 1 > 0};
if (x1,22) € Rg = {(x1,22) : 21 < 0}.

f(z1,22) = {

=N =N

2
L2

2
L35

N[ N[

x] +
xry +

NN

The function f is strongly conver and piecewise quadratic with
different curvatures in the regions Ry and Ro. For x € Ry,
the Hessian inverse Diag(0.5,1) achieves zero ratio feedback
r»(Diag(0.5,1)) = 0 since it sends any x € Ry to the optimal
solution z* = (0,0) in one preconditioned gradient step, resulting
in f(x —Diag(0.5, )V f(x)) — f* = 0. Similarly, for x € Ry, the
Hessian inverse Diag(1.5,1) also achieves zero ratio feedback.
The trajectory {x*} of gradient descent (with appropriate step-
size) remains in the same region as the initial point x*, ensuring
that the common Hessian inverse on that region minimizes the
cumulative feedback over the trajectory with an optimal value of Figure 1: Tlustration of f(z1,x2).
zero: minpep Zszl rex (P) =0.

However, no diagonal stepsize can achieve r(P) = 0 for all x simultaneously. Thus, the minimax optimal step-

size P¥ must incur positive cumulative feedback Zszl rox(PF) > 0, which is strictly worse than the trajectory-

based bound. Even if the trajectory {z*} does not always stay in the same region, the dynamic regret bound in
allows us to compare with a benchmark sequence {Py}. For example, let P, = Diag(0.5,1) if 2* € Ry; and
P, = Diag(1.5,1) if ¥ € Ro. Then Y 1, o1 (Py) = 0 and the path length PL({P}) = o' || Px — Prosa|lr is
proportional to the number of times the trajectory {x*} switches from one region to the other.

6 Algorithm design and analysis

This section demonstrates the convergence guarantees of 0SGM through two variants, one with ratio feedback
and the other with hypergradient feedback. We denote each variant of 0SGM as {Action} 0SGM-{Feedback},
where Action refers to the landscape action and Feedback € {R,H} represents the initial letter of the type of
feedback. Without loss of generality, we assume z¥ ¢ X'*; otherwise the algorithm can be stopped.

6.1 Lookahead O0SGM-R

In this section, we assume f is L-smooth and p-strongly convex and instantiate 0SGM with
Ly (P) :=ry(P) Lookahead landscape: 2" ! = g#+1/2 %Vf(xk'H/Z) A = Online gradient descent.

The algorithm is called Lookahead 0SGM-R (Algorithm E[) The candidate stepsize set is P = R"*".
Algorithm 2: Lookahead 0SGM-R
1 input: Initial point 2, initial stepsize P, € P = R™*", online gradient stepsize n, =71 > 0
2 for k=1,2,... do
3 pht1/2 — ok _ kaf(mk)
4 phtl — pk+1/2 _ %vf(xk-i-l/Q)
5 Pk+1 = Pk —nerk(Pk)
6 end




Recall that the gradient of ratio feedback in Line [5] of Algorithm [2] takes the form

LFT1/2 N
vrmk(Pk) =YX f(zk)),vff*( ) .

The rest of the section analyzes the convergence behavior of Lookahead 0SGM-R, including global convergence
and local superlinear convergence.
6.1.1 Global convergence

We analyze the convergence of Lookahead OSGM-R in three steps. First, according to Theorem the
convergence of Lookahead 0SGM-R follows from bounding the suboptimality in terms of the cumulative progress

FE) = < [f@h) = 1 Shoa o)™ (15)
Second, the cumulative progress Zszl rr under lookahead action is bounded by (Lemma :

Sk S e ek (Pr) — g S IV (P2 (16)

Third, the regret guarantee of online gradient descent bounds the cumulative feedback 25:1 rox(Pg) by
(Lemma [5.1)):

K K 5 5 K
et T (Pr) < 2oy 1o (P) + g5 1P = PllF + 3 550 Ve (Pu) 13- (17)
Putting and together, the cumulative progress is bounded by

S e < S k(P + S IPr = P34 (3 — 1) SR 1V (P (18)

When 1 < 577, lookahead action helps the scheduler suppress the 2|V, (Py)||% error term from online gradient

descent. In particular, stepsize n = ﬁ simplifies to
K K 5 2 112
Dok=1 Tk < Dy ok (P) + L7 Py — Pl (19)

The global convergence guarantee follows immediately by plugging (19) into the reduction , summarized
in Theorem below. The collaboration between landscape and scheduler allows Lookahead 0SGM-R to
converge as if the online algorithm incurred only constant regret.

Theorem 6.1 (Global convergence). Let f be L-smooth and p-strongly convex. For any benchmark stepsize
P € R™*™ Lookahead O0SGM-R (Algorithm@ with n = 1/(2L?) satisfies

F@RHY) = 7 < [fa) = PG Thoy s (P) 4 HIEEE (20)

In particular, if Lookahead 0SGM-R is initialized with P = %I, then

FEE) = £ < [f(ah) = Flmin{(1 = 1), (1= &+ L 11 - PrIH)5), (21)
where k and K* are the condition number and optimal condition number (Deﬁnition of f.

The convergence guarantee in is powerful since it holds for any benchmark stepsize P. In particular, one
can choose the benchmark stepsize P that achieves the best average feedback along the algorithm trajectory.
Moreover, if Lookahead 0SGM-R is initialized with P; = %I, according to , Lookahead 0SGM-R can auto-
matically adapt to the best convergence rate among 1 — X and 1 — 1 + %H%I — P*||%. The former is the
rate of vanilla gradient descent, and the latter is asymptotically the rate of gradient descent with the optimal
stepsize. When K is small, the first rate 1 — % is smaller; when K is large, the second is smaller. Relation
guarantees the best-of-both-worlds: Lookahead 0SGM-R at least matches vanilla gradient descent, and asymp-
totically converges at least as fast as gradient descent with the best possible stepsize. Figure [2]illustrates the
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expected convergence behavior. An asymptotic O(k* log(1/€)) complexity can be obtained from Theorem

A

&5 = F6%)

Iteration number

Figure 2: Theoretical performance of Lookahead OSGM-R. The linear convergence rate initially matches the
1— % rate of vanilla gradient descent and accelerates to (at least) 1 — N—l*

Alternatively, we can obtain an explicit complexity bound through the lens of a potential function.

Potential reduction. Let P be a benchmark stepsize such that ro(P) < 1 — L <1 for all z. For example,
P

it suffices to take the optimal stepsize P= Py with its associated optimal condition number x5 = x*. In each
iteration of Lookahead 0SGM-R, either

i) the feedback r,(Py) is smaller (better) than 7,1 (P) < 1 and the suboptimality contracts:
P = 1=l @) = 1< @5 = 1,
ii) or the feedback r,«(Py) is larger (worse) than ryx(P) but ||Pyy; — P||% shrinks:
1Pesr = Pll3 < 1Py = PllE = 20[rar (Pe) = rox (P)] + 17| Vras (P) |-
This observation motivates the definition of a joint potential in  and P, parametrized by the benchmark P:

p(x, P) = plog(f(z) = f*) + |P = Pl p>0.

This potential combines the primal suboptimality f(z)—f* and the distance to the benchmark stepsize || P— P||%.
Lookahead OSGM-R decreases this potential by at least a constant at every iteration.

Theorem 6.2 (Potential reduction). Let f be L-smooth and u-strongly convex. At every iteration, Lookahead
0SGM-R with n = 1/(2L?) decreases the potential o(z, P) with p = 1/L? by

e(z" T Ppy1) < p(aF, Py) — Kple'
In particular, Lookahead 0SGM-R finds an e-optimal solution within complexity

Ko o= [min {5 p L2 Py = Pl + i log (L2=L)}].

The simple algorithm Lookahead O0SGM-R (Algorithm E[) delivers strong worst-case convergence guarantees
without additional assumptions beyond smoothness and strong convexity. In the next subsection, we show that
Lookahead 0SGM-R also achieves strong problem-dependent convergence as well as local convergence guarantees.

6.1.2 Local convergence

Online gradient descent replaces stale information with new updates, which allows 0SGM to adapt to the local
landscape. This subsection highlights three consequences of this adaptivity: 1) trajectory-level adaptivity to
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the local landscape 2) local superlinear convergence 3) asymptotic optimality compared to any fixed stepsize.

Trajectory-level adaptivity. We combine Theorem and the dynamic regret guarantee in Lemma [5.2
to show local adaptivity to the trajectory.

Theorem 6.3 (Local adaptivity). Let f be L-smooth and p-strongly convex. For any benchmark sequence of
stepsizes { Py}, Lookahead 0SGM-R with n = 1/(2L?) satisfies

P = < (£ = 1 Silares (P + 1Pk = PillE + 2max{(| P~ Pl JPLUPDD .

where PL({P,}) = 22{;11 | Pe — Pyy1l|p is the path length defined in (2).

The convergence rate of Lookahead OSGM-R competes with the average contraction ratio %25:1 7ok (Pr)
achieved by any benchmark sequence of stepsizes {Pk}, incurring an additional cost from the path length.

Local superlinear convergence. When f is twice continuously differentiable, f behaves like a quadratic
function around z*: f(z) = f* + 3(z — 2*, V2 f(2*)(z — 2*)) + O(|lx — 2*||*), for which the fixed stepsize
[V2f(2*)]~! enjoys (local) quadratic convergence. Since Lookahead 0SGM-R can compete with any fixed step-
size, including [V f(2*)]~!, Lookahead 0SGM-R converges superlinearly. First, we formalize the intuition that
[V2f(x*)]71 is locally a good fixed stepsize by bounding its ratio feedback.

Lemma 6.1. Suppose f is L-smooth p-strongly conver and has H-Lipschitz Hessian. Then the ratio feedback

of Hessian inverse at z* is bounded by r,([V2f(z*)]71) < IZ:S |z — 2*|| for all z & X*.

When f is a quadratic, H = 0 and the Hessian inverse drives any point x to the optimal solution z* in one
step and thus achieves zero ratio feedback. The superlinear convergence of Lookahead 0SGM-R follows from
Lemma and Theorem |6.1] along with the observation that |z*¥ — z*|| — 0 geometrically.

Theorem 6.4 (Superlinear convergence). Suppose f is L-smooth and p-strongly convex and has H-Lipschitz
Hessian. Then Lookahead 0SGM-R (Algorithm@ with n = 1/(2L?) and P, = 11 satisfies

F@fH) = f < [f@h) = FURE,

where C = H# [f(ah) = [+ L2 £1 — [V2f(z)] 1%

=9

This result shows superlinear convergence of Lookahead 0SGM-R. The convergence appears linear (by The-
orem [6.1) until K ~ C and superlinear convergence becomes apparent when K is large. The convergence
behavior of Lookahead 0SGM-R in practice is the best of Theorem and Theorem

Negative regret. Relation suggests that the progress of Lookahead 0SGM-R is no worse than any bench-
mark stepsize P up to a fixed additive constant. Actually, we can further show that progress of Lookahead
0SGM-R is strictly better than any benchmark stepsize P unless there is a perfect stepsize that drives = to x* in

one step (e.g., P = [V2f(z*)] 7).

Theorem 6.5 (Negative regret). Fix an arbitrary benchmark stepsize P. For each K > 1, Lookahead 0SGM-R
with n € (0, ﬁ] satisfies exactly one of the cases below:
e the average progress is smaller than that achieved by P: % Zszl re < % lele Tk (]5),

&P P|% )K

e the suboptimality satisfies a superlinear convergence bound: f(x¥+1) — f(x!) < ﬁHVf(xl)HQ( TR

In other words, Lookahead 0SGM-R outperforms the linear convergence rate achievable by any fixed stepsize.
The only exception is when a fixed stepsize achieves a convergence rate of 0, the case of superlinear convergence.

Knowledge of f*. One downside of 0SGM-R is the requirement of optimal value f*. We can relax this
requirement by running an outer loop to search for f* and obtain an O(k*log®(1/¢)) complexity result. See
the conference version [I5] for more details.
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6.2 Monotone Lookahead OSGM-H

In this section, we assume f is L-smooth, optionally p-strongly convex and instantiate 0SGM with
04 (P) == hy(P), Monotone Lookahead landscape: f(2"*!) < min{f(z"t1/2 - %Vf(:r’”l/z)), f(z®)}, A= ocD.

The algorithm is called Monotone Lookahead 0SGM-H (Algorithm. The candidate stepsize set is P = R™*".
Algorithm 3: Monotone Lookahead 0SGM-H
1 input: Initial point 2!, initial stepsize P; € P = R™*", online gradient stepsize n, =1 > 0
2 fork=1,2,... do
3 h /2 = ok — PV f(2)
4 | Choose z**! that satisfies f(z*+!) < min{f(z"T1/2 — IV f(2F+1/2)), f(2*)}
5 Pk+1 :Pk_thmk(Pk)
6 end

Recall that the gradient of hypergradient feedback in Line [5|of Algorithm [3|takes the form

¥ F (2R T2y £ (k)T
Vhr (Pr) = oo

The rest of the section analyzes the convergence behavior of Monotone Lookahead 0SGM-H, including global
convergence and local superlinear convergence.
6.2.1 Global convergence.

Monotone Lookahead OSGM-H enjoys similar convergence guarantees to Lookahead OSGM-R.

Theorem 6.6 (Global convergence). Let f be L-smooth and (u-strongly) convez. For any benchmark stepsize
P € R"*™ Monotone Lookahead 0SGM-H with n = 1/L satisfies

K+1 orx < . AQA ] 1y _ rx
f(l' ) f — mln{Kmax{% lec;l 7h$k(P)7% \P17P|\},0}’f(x ) f }) (COHVGX)
F@ ) = 1 < [f@h) = £ = 2pmax{ g 340, —har (P) = S5 [Py — P|F,01)%,  (u-strongly convex)

where the constant A is defined in Theorem[{.2, In particular, if Monotone Lookahead 0SGM-H is initialized
with P = %I, then

@) = £ < ming 255 f(ah) — 13, (convex)

F@SHY — £ < [f(zh) - (1 — %)K (p-strongly convex)

According to Theorem Monotone Lookahead 0SGM-H converges no slower than vanilla gradient descent.
More importantly, whenever there exists a P such that the average hypergradient feedback along the trajectory
satisfies % Zszl —hgr (P) > i7 Monotone Lookahead OSGM-H converges faster.

Potential reduction. Monotone Lookahead 0SGM-H also admits a potential function analysis. Define

w(z, P) = ych4m +|I1P — L1|%, (convex)
pla.P) = plog(f(@) — 1)+ |P — L1 (tstrongly convex)

Monotone Lookahead 0SGM-H decreases these potentials by at least a constant at every iteration.

Theorem 6.7 (Potential reduction). Let f be L-smooth and (u-strongly) convex. At every iteration, Monotone
Lookahead 0SGM-H with 1 = 1/L decreases the potential p(x, P) with p, = 1/(Lu) and potential w(z, P) with
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Puw = 2A2/L by

w(@* T, Pryr) — w(2®, Py)

(@, Piyr) — o(a, By)

IN

(convex)

- S

(u-strongly convex)

IN

In particular, Monotone Lookahead 0SGM-H with P, = L1 finds an e-optimal solution within complexity

&

K. = [%] for convexr f; and K. := [n log(%)] for p-strongly convex f.

6.2.2 Local convergence

The local convergence guarantees of Monotone Lookahead OSGM-H are similar to Lookahead OSGM-R.

Theorem 6.8 (Local adaptivity). Let f be L-smooth and (u-strongly) convex. For any benchmark sequence of
stepsizes { Py}, Monotone Lookahead 0SGM-H with stepsize n = 1/L satisfies

f(xK-H) - < min{KmaX{% PO _}iZ(Pk)—I)K({Pk}),O} ’ f(.%‘l) - b (convex)
FEH) = < [ — £ - 2max{ S5 —ha (B — prc({Be}), ODF. (uestrongly convex)

where pi ({Pr}) = 5% (|| Px — Pi||% + 2maxp< i {||Px — Pil|r}PL({P:})] and PL({Py}) is defined in (12).

Theorem 6.9 (Superlinear convergence). Suppose f is L-smooth, u-strongly convex and has H-Lipschitz Hes-
sian. Then Monotone Lookahead 0SGM-H with stepsize n =1/L and P, = %I satisfies

F@R) = < [fah) = RN

where C = 28 [f(xt) — f*] + L2||%I — [V2f (@)%

243

Theorem 6.10 (Negative regret). Fiz an arbitrary benchmark stepsize P. For each K > 1, Monotone
Lookahead 0SGM-H with n € (0, ﬁ} satisfies exactly one of the cases below:
e the average progress is smaller than achieved by P: % Zle hi < % Zszl J (]5),

D12
e the suboptimality satisfies a superlinear convergence bound: f(x®+1) — f(zl) < iHVf(xl)HQ(QL”P;iI;PHF)K

6.3 Other instances of 0SGM

Variants of 0SGM can be obtained by enumerating combinations of feedback and landscape actions, but not-
ing that hypergradient feedback should be used with monotone (lookahead) action due to the reduction for
hy. Vanilla 0SGM-R introduced in Section [1]|is the only variant that requires no environment action and
is still guaranteed to converge on smooth strongly convex problems. Monotone 0SGM-H often demonstrates
the strongest empirical performance among all variants. The analyses for other variants resemble Lookahead
0SGM-R and Monotone Lookahead 0SGM-H presented in the previous two subsections, except for the choice of 7
in online gradient descent. We defer the highly repetitive details to Appendix [E]and summarize the convergence
rates of each variant in Table 1} Notably, 0SGM is the second family of first-order methods with nonasymptotic
superlinear convergence guarantees on smooth convex optimization problems, following the renowned quasi-
Newton methods. The online learning argument offers a simple superlinear convergence analysis of 0SGM.

7 Practical algorithm design with 0SGM

This section discusses the implementation of 0SGM for practical performance.
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Table 1: Global convergence rates of 0SGM

Feedback Convexity Landscape action M Worst-case global convergence Superlinear convergence
Lookahead . 1 WK Lk Kogk
Monotone Lookahead min{(1 - 5 + O(%))", (1 = )"} O(e )
Tz Strongly convex
Vanilla 1 1 WK .
1-= O(— ,—3 K log K
Monotone ( w T (\/f)) Oe = )
Strongly convex Monotone Lookahead (1- %)K O(e Klog K)
h gly Monotone (1- % + @(\/%))K O(eféKlogK)
Monotone Lookahead %
Convex Monot JLA2 ( ) : -
onotone (o

7.1 Choice of candidate stepsize

The candidate set P affects the convergence of 0SGM through its expressive power and regret and determines
the computational efficiency of OSGM.

Expressiveness of P and superlinear convergence. Richer candidate sets P leads to smaller minimum
average feedback minp_, L Zszl ¢, (P), indicating faster convergence rate 0SGM can achieve asymptotically.
In particular, inverse Hessian at optimal solution [V2f(z*)]~! guarantees local superlinear convergence. If
[V2f(x*)]~1 € P, then it is a legitimate benchmark P for 0SGM to compete against, indicating local superlinear
convergence of 0SGM too.

Online regret. Richer candidate sets however may lead to larger dimension-dependent constant ||[P; — P||%
and online gradient norm ||V/,(P)||% in the regret and increase the kick-in period. A scalar or diagonal stepsize
often outperforms a full matrix if we expect to perform only a few iterations K.

Three common choices for P in practice are listed in Table

Table 2: Examples of stepsize patterns and corresponding online gradients.

Online gradient

Pattern Candidate set P
Ratio r, Hypergradient h,
Al . _ _(Vf(@=aVf(=),Vi(z)) _ _(Vf@—aVf(=),VI(z))
Scalar {al : a € R} r(a) = — o F R (a) = — NAOIE
Diagonal ~ {Diag(d) : d € R"}  Vry(d) = - VLE=EVIOIVIE gy, (d) = - VL=V Vi)
. Vf(x=PVf(x)Vf(z)" V=PV f(z)Vf(z)"
Full matrix R Vrgy(P) = — it f(zg(—f)z () Vhy(P) = — = Hv,ff(gr;\\)? fe

Additional constraints, such as positive-semidefiniteness and boundedness, can be enforced in 0GD update Py11 =
IIp[P, — NV, (Py)] by an explicit projection but at different computational costs. For example, entrywise
projection onto an interval simply truncates the entries to values in the interval, while projection on the
semidefinite cone requires a full eigendecomposition. Our theory for 0SGM applies even when 0GD involves the
projector IIp[-] due to the non-expansiveness of the projection operator:

| Poy1 — Pl|% = |Tp[Py — 9V (Py)] — P2 < ||Pe — nVLye(Py) — P||%, forall P e P.

Memory and iteration cost. Storing and updating a full matrix costs O(n?) memory and time, whereas
a diagonal or scalar parameterization is essentially free, with memory and computational costs that match
the cost of a gradient step. Projecting onto the set of positive semidefinite matrices P = S% requires a full
eigendecomposition, at a cost of O(n?), which is very rarely worthwhile. Indeed, one of the advantages of 0SGM
over traditional preconditioning is that we directly parametrize the scaling of the gradient, and so need not
ensure the learned scaling is positive semidefinite.
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Recommended choice. If a good guess of [V2f(z*)]~! is available, 0SGM locates [V2 f(z*)] ™! efficiently in the
first few iterations, and a full matrix stepsize is preferred. Otherwise, a diagonal stepsize is generally the most
practical option. We observe that projection onto positive scalings is sometimes helpful for diagonal stepsizes.

7.2 Choice of feedback

Hypergradient feedback h, generally has stronger empirical performance than ratio feedback r,, even though
the latter has desirable theoretical properties. There are two possible reasons:

e Hypergradient feedback does not require the knowledge of optimal value f*.

e Hypergradient feedback has a better dependence on the smoothness constant: h, is L-smooth but 7, is 2L2-
smooth. Consequently, r, may incur larger regret and its theoretical advantage can only be observed for very
large K.

An exception where ratio feedback is preferred occurs when 1) £* < 100 and 2) a good initial stepsize P is
available. In this case, 0SGM-R sometimes outperforms 0SGM-H.

7.3 Choice of landscape action

Vanilla landscape action is less stable and not recommended. In most cases, a monotone landscape action suffices
to yield satisfying performance. A null step z**! = arg Ming, ¢ rprt1/2 gky | (x) is particularly recommended since
the number of gradient oracle calls at each iteration equals that of vanilla gradient descent.

7.4 Choice of online learning algorithm

Other advanced online learning algorithms can be used in place of 0GD, and our convergence analysis still applies.
Advanced online learning algorithms often outperform 0GD, and we recommend using AdaGrad [I3] and other
advanced online learning algorithms from [562, 25] in 0SGM. Most convergence guarantees in this paper hold for
AdaGrad variant of 0SGM, though possibly in a weaker statement.

Online learning parameters. Online learning algorithms often come with their own hyperparameters, such
as the stepsize 1 in 0GD. Our analysis assumes the knowledge of L or at least an upper bound. One option to relax
this assumption is to use parameter-free online algorithms such as [52], which typically require diam(P) < oo.
Another option is to apply back-tracking line-search to estimate L, relying on the fact that both f and feedback
r:(P)/hy(P) are smooth. For example, given an estimate L’ of L, we can monitor two conditions below:

hok (P = 7 Vhor (Py)) = hor (Py) < =55 [ Vhor (Pi) |7,
f(xk+1/2 o %Vf(xkﬂﬂ)) _ f(l,k+1/2) < 7ﬁ”vf(xk+1/2)”2'

Whenever either condition fails, one can backtrack L’ by a certain fraction to find new estimates.

7.5 Momentum-based optimization step

The most practical variant of 0SGM adds the heavy-ball momentum to the step of gradient descent:
" = ab — PV f(a¥) + B (ah — 2P

and jointly learns the stepsize P, and momentum parameter [ by online learning. The hypergradient feedback
is modified based on the potential function for heavy-ball momentum [10]:

plz,27) = f(z) = f* + gllz — 27|

Heavy-ball variant of 0SGM-H demonstrates promising performance in Section |8/ and [9].
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8 Experiments

We have developed an efficient variant of 0SGM-H for large-scale machine learning tasks. See Part II of this
paper for more details.

9 Related work

0SGM is closely related to several lines of research, which we detail below.

Preconditioned gradient descent. The update z**1 = z¥ — P,V f(z*) that scales the gradient by P is
known as preconditioned gradient descent in literature. Preconditioning has become a standard tool in both
optimization and numerical linear algebra and is widely used in modern optimization algorithms [38] [66] 39|
40, 17, 37, 111, B0, Bl 23]. Some recent research has tried to empirically quantify the effect of preconditioning
on linear systems [55, [I6]. However, identifying a good preconditioner with theoretical guarantees is often
challenging in practice. 0SGM allows gradient-based methods to converge as if it is preconditioned by the best
possible preconditioner, with the cost amortized along the iterations.

Adaptive first-order methods and stepsize scheduling. 0SGM is closely related to the literature on stepsize
scheduling and the widely used adaptive gradient methods. Examples in this family include stepsize schedulers
such as [30, 65] and adaptive methods such as AdaGrad [I3], Adam [68], [47], RMSProp [22] among many other
popular variants [I8 [57, 69, [I]. Many of the adaptive gradient methods originate from online learning and have
provable regret guarantees, and they also relate to parameter-free online learning algorithms (see [51] for more
details). Aside from stepsize selection strategies motivated by online learning, there are well-known stepsize
selection strategies such as the Barzilai-Borwein (BB) step [6], Polyak stepsize [54) 20] and notable recently
developed adaptive stepsizes [42] [43]. Another relevant line of research focuses on uniformly optimal first-order
methods [35], [12], which choose stepsize to adapt to problem parameters, such as the smoothness constant. The
idea of analyzing the multi-step convergence relates to recent work on stepsize hedging [3} @].

Quasi-Newton methods. One notable feature of 0SGM is its non-asymptotic superlinear convergence. See
Table 3] for a comparison with recent results showcasing superlinear convergence rates of quasi-Newton methods.

Table 3: Superlinear convergence rates of various methods

Algorithm Reference  Superlinear convergence rate
Greedy quasi-Newton [58] O(e=3K%)
Broyden family [60] 59] O 3Klog K
Online-learning guided quasi-Newton [26] O(e” 3K log K
BFGS with line-search [30] 29] O(eKlog K
Monotone Lookahead 0SGM This paper O(e~Klog K)
Vanilla/Monotone 0SGM This paper O(e—2Klos K)

Our results identify a similarity between 0SGM and quasi-Newton methods. Both 0SGM and HDM learn the inverse
Hessian operator g + [V2 f(2*)]~!g as the algorithm progresses, but through different properties of the operator.
The quasi-Newton methods use the secant equation x —y ~ [V2f(2*)]71(V f(z) =V f(y)) for x,y close to z* and
enforce this equation, replacing the inverse Hessian by Py, to guide learning [26] 27]. In contrast, 0SGM learns
an optimal stepsize for the function. Since the function is locally quadratic, this optimal stepsize is the inverse
Hessian. 0SGM uses the ratio/hypergradient feedback to measure the quality of the stepsize directly and can
search for an optimal stepsize in a given closed convex set P. Both approaches require a safeguard to prevent
divergence in the warm-up phase, which is achieved by line-search in quasi-Newton and landscape actions in
0SGM. In a word, both 0SGM and quasi-Newton leverage complementary perspectives on g — [V2f(z*)]"1g, so
it is natural that they achieve similar convergence guarantees.
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Hypergradient descent heuristic. 0SGM is closely relevant to the hypergradient descent heuristic. Hyper-
gradient descent method (HDM) dates back to 1999 [2], which was first proposed as a heuristic to accelerate
stochastic gradient descent. Similar updates were also explored in [63] 62} 24], 4], while those works employed
slightly different algorithmic updates. Later, [7] rediscovered the HDM and named it “hypergradient descent”;
[7] also extended HDM to other first-order methods with extensive experimental validation of its practical effi-
cacy. Recent studies |28, 8, [53] further empirically enhanced HDM for broader applicability, reporting promising
numerical results. Despite these empirical successes, a rigorous theoretical understanding of HDM has emerged
only recently. [61] showed that a variant of HDM converges on convex quadratic functions and established several
analytic properties. [67] showed the convergence of hypergradient descent with a “powerball” technique and
variance-reduction on stochastic finite-sum optimization. However, these results do not explain the empirical
performance of HDM. Subsequently, [33] demonstrated that when using a diagonal preconditioner, hypergradient
can be employed to generate cutting planes in the preconditioner space, achieving an O(y/nx*log(1/¢)) com-
plexity result on smooth strongly convex functions. Prior to [33], a similar idea was exploited in [45], where the
authors used the ellipsoid method to update the preconditioner in the conjugate gradient method for solving
ill-conditioned linear systems. The preliminary versions of this work [I5], @] showed that HDM can be viewed
as online gradient descent applied to some surrogate loss function and that HDM has strong trajectory-based
convergence guarantees.

Connection between 0SGM and HDM in literature. The most typical version of hypergradient descent [7, 6]
swaps the order of primal update and stepsize update in 0SGM-H:

HDM Lookahead 0SGM-H
Pk+1 = Pk - thmk (Pk) $k+1/2 = xk - Pka(Z‘k)
Thow = 2* = Po V f(2F) wogan = a2 — LV f(@FH?)

Priy1 = Py —nVhge(Pr)

HDM first updates the matrix stepsize P, using the feedback h«(P) and then makes a gradient step on z*

Py.1 to arrive at the next iterate z*+1. The per-iteration progress of HDM is therefore

using

_ e —f@)  fEP—Pepa VER) —FEY)
e = IVi@E®Iz T\Jrvlf(mk)HZ = hyr (Prt1),

which is the hypergradient feedback evaluated at P11 whose update already uses the feedback function Ak (P).
This setting of HDM can be modeled as prescient online learning [64], in which A« (P) is revealed to the scheduler
before making a decision. The received feedback h,x(Pr11) is evaluated at the newly chosen stepsize. The
knowledge of the future allows the stepsize scheduler in HDM to achieve a constant regret [64] 511, [56], which is
similar to the guarantee achieved by Lookahead 0SGM. This is not a coincidence: when P = R™*" HDM reduces
to Lookahead 0SGM-H except the stepsize of additional gradient step is not % but 7:

oy = 2 — Py Vf(2")

= ab — (Py = nVhe(P)V f(a*) (By update of Pi1)
=af — (P, + nvf(wk_ﬁ"vvf{iﬁ’;ﬁ)jf(xkf W I (zF) (By definition of Vh,(P))
=zF — PV f(2*) — gV f(zF — P.Vf(zb))

— k12 nvf(l,k+1/2). (aF 12 = gk — PV f(a¥))

In other words, HDM uses the same stepsize n for both additional gradient step and online gradient descent, while
Lookahead OSGM-H decouples the two stepsizes. HDM and Lookahead 0SGM are equivalent if the stepsize of online
gradient descent is set to n = + and P = R™*" (no projection in online gradient descent). When n < 1/L, the

lookahead landscape action makes more progress than the swapped update J:]g;?,[l =2 — P, VS (mk ).
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Reconcile with lower bound. 0SGM provides an problem-dependent O(x*log(1/¢)) acceleration result that
can outperform the accelerated rate O(y/klog(1/e)) when £* < /k and € — 0. However, our result does not
conflict with the known lower bound for smooth strongly convex optimization [48]. Instead, the acceleration
effect should be considered as the effect of implicit preconditioning.

10 Conclusions

Online scaled gradient methods (0SGM) offer a new mechanism for accelerating gradient-based methods and con-
stitute a new family of first-order methods with superlinear convergence. 0SGM has global, local, and trajectory-
dependent convergence guarantees, laying the theoretical foundation for hypergradient-descent-type first-order
methods. We hope 0SGM paves the way for new directions in the design of adaptive optimization methods.
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A Proof of results in Section [3

A.1 Proof of Proposition (3.1
By the chain rule, the gradient of u,(P) with respect to P takes the form
Vua(P) = ~Vf(x — PVf(@) V(). (22)

Since u,(P) = f(x — PV f(z)) is the composition between affine function x — PV f(x) and convex function f,
it is convex by the composition rule. Next, we show the smoothness of u,(P). For any Py, P,, we deduce that

[Vue(Pr) = Ve (Po)llr = |[Vf(z = PV f(2) = Vf(z = BV @)V ()" | (by definition (22))
=|Vf(z =PV f(z) = Vf(z - RBVf@)|IVf)] (by [lab™ || F = [lalll|b]])
< L||(P, — P)Vf(@)|IIVSf(2)] (by L-smoothness)
< L|Vf(@)|?|Py — P2 (by submultiplicativity of || - ||)
< LIV @2 - ol (y 1< 1 l1p)

Now, suppose diam(P) < D. We show the Lipschitz continuity of u,(P). For any P € P, we deduce that

IVue(P)|lr = |V f(z = PV f(2))Vf(x) || (by definition (22))
=[[Vf(z = PVf(@)|IVf()] (by llab™ [|r = [lall[[b]])
< (IVf(z =PV f(z) = V@) + V@)DV (by llall < [la — 0l + [b]])
< (LIPV @)+ V(@) DIV f ()] (by L-smoothness)
< (L||P|| + 1)V ()| (by submultiplicativity of | - ||)
< (LD +1)[[Vf(2)]*. (by |P|| < diam(P) < D)

A.2 Proof of Lemma [3.1]

When z ¢ X*, the denominator f(x) — f* > 0 and the ratio feedback is well-defined. Note that r,(P) simply
translates and scales u,(P) by a positive factor f(z) — f* > 0 (since x ¢ X™*):

ra(P) = S

Hence the gradient of 7, (P) with respect to P is Vr,(P) = JY(Z;{? = —vf(x_l;zj)cf:}zvf(xf. Non-negativity

of r,(P) follows from the fact that f(x) > f* for all x ¢ X* and the numerator is non-negative. The convexity
of r,(P) follows from the convexity of u,(P) in Proposition Since u, (P) is L||V f(z)||>-smooth, the ratio

%ﬁw}l‘z < 2L2. Suppose further diam(P) < D. Since

uyz(P) is (LD +1)||V f(x)||*-Lipschitz, the ratio feedback has Lipschitz constant (LD';(Q‘)% < 2L(LD+1).

feedback 7, (P) is also smooth with smoothness constant

A.3 Proof of Lemma [3.2

Hypergradient feedback h, (P) = W simply translates u, (P) and divides by a factor of ||V f(x)||?. The
convexity, smoothness, and Lipschitz continuity of h,(P) follow immediately from the same properties of u, (P)
in Proposition The expression of gradient Vh,(P), smoothness constant, and Lipschitz constant are

obtained by dividing those of u,(P) by the scaling factor ||V f(x)||?.
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A.4 Proof of Equation [6]

For any z,y € R™ and ¢ € [0,1], define z; := x + t(y — z). Since (P})Y?V2f(2)(P})Y/? = LTI for any z € R,
Fly) = f@) + (Vf(@),y —2) + [ (1= D)y — 2, V2 [ () (y — x))dt

(2) + (Vf(@),y —2) + e = yltps)-1 Jo (1 —t)dt (by (PD)YEV2f(2)(P1)? = 1)

f(@),y =)+ gz lle — y||?P¢)—1-

&
+
&

Minimize both sides over y € R™ to obtain

£* 2 f@) + min(Vf(2),d) + gz lldliEp -2 = f@) = SV,

deR™

which rearranges to

f@) = " < ZIVI@)E:- (23)
Using (P})Y2V2f(2)(Pr)Y? < I, we have

fle = PIVf(@) = f(a) = (Vf(@), PLVF(2) + o (1= )(V f(x), PtV f(ae) PV f())dt
< f(@) — (Vf(@), PIVf@)) + [ A= DIV I @)[3dt  (by (PHY2V2f(2)(PH)Y? < 1)
= f@) ~ [V F@) 3, + 3@
= fla) - %uw D)\l
< f(2) — Ef(@) - 7] (by (23))

Rearrange to conclude f(z — PrVf(z)) — f* < (1 - 1)[f(z) — f*].
A.5 Proof of Proposition
1)@1—5—{. If fisa

strongly convex quadratic with Hessian A > 0, then both global optimal preconditioner P} and the minimax
stepsize P are Hessian inverse with optimal condition number x* = 1 and minimax feedback r,(A™1) = 0.

e Ratio feedback: Definition of P} and P} € P together imply r,(P}) < maxygx+ 1, (P

e Hypergradient feedback: Since %I € P, the definition of P} and descent lemma together imply

* 1 1
he (Pr) < gég/)i he(£1) < —55.

Now we show that P = %I if f is a strongly convex quadratic. Without loss of generality, assume f(z) =
%(x, Az) is homogeneous. Then z* = 0 is the unique optimal solution and

min max hg(P) = min max L&=PYV@) /(@)

PEP 270 PEP 170 V£ (@)
> i max O (by P R
> max gﬂl@lglx . W (by weak duality)
= max {7l (24)
= rf;%( *ﬁ (by f* =0 and definition of f)
= ma AP = D (A7) = 5,
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where plugs in the minimizer P = A~! that drives x to optimal solution z* in one step. On the other
hand, descent lemma guarantees maxg-g hm(%l ) < —ﬁ. Hence, %I achieves the minimax feedback and is
the minimax optimal stepsize with respect to hypergradient feedback.

B Proof of results in Section 4

B.1 Proof of Theorem [4.1]

The result follows immediately from the definition of r; and the AM-GM inequality:

FACIARED Sy M = ¥ G L CAR Tl A o 02 1 K K
fw(:rl)ff* — k=1 fa(:xk)—f* = Hk:l T < (? Zkzl k)

B.2 Proof of Theorem [4.2]
Convex f. Observe that

1 1 1
e = Lt {f T f(w"’)—f*} t e

_ f@®)—fFt? 1
=Yk {[f(:vk“)ff*][f(m"') f*]} T F@n=r

_ K —he| [V £(=5)|12 1
=2 k=1 {mwl) I f*}} T a7 (25)

: I Chan S €] ‘o k+1 k e R .
Since hy, V7 (zF)]2 < 0 by monotonicity f(x ) < f(l’ ) and f(x) < HVf(:Z?)” HZE T ” by convexity
of f, we have

—hy ||V f (2|2 S ZhellVIEMI2 S —hy
[faF )= f[f(a?)—f*] = [f(@F)—f*]2 = dist(ah,x*)?

Hence, can be lower bounded by

—hy,
A2 -

Y

K K
FaEmEn=yr 2~ a7 Lket M =g 2 max{=ar X his pm=e -

The desired result follows by taking the reciprocal on both sides of the inequality.

u-strongly convex f. The desired inequality follows from the following steps:

pE+y k+1 . .
w (% k 1 W) (by AM-GM inequality)
K ZkFL zF
=(1+ %3, %)K

= (14 =305, hy, w) (by definition of hy)
K Zak=1""k"FlcRy—f* Yy k

< (1 — 2 —h by he < 0 and IV £(=*)]12 >9
<( Zk 1 k) : (by hi <0 an Fah)—f+ = 1)

B.3 Proof of Lemma [4.1]
Recall that zF ! = M(zF*+1/2 2F) and 2¥+1/2 = 2% — P,V f(2*). The per iteration progress and feedback are

_ farth— _ faRty g _ Y- f(ah) R f(ah)
™= e Tk (Br) = Sremsp s = Sereer s e (B) = Swree e

e Vanilla landscape satisfies z5t1 = 2Ft1/2. Then rj, = 7+ (Py) and hy, = hyx (Py) follow immediately.
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e Monotone landscape satisfie

s f(zFt1) < min{f(z*+1/?), f(2*)} and thus

2Ry px min Lh1/2 2RV .
Tk = f}(xk)lf{ < melll f(zw)f;(* D= — min{r, e (P), 1}
hy, = LEEDZI @ o minff @2 F @OV @ e (B, 0.

e Lookahead landscape satisfies z¥+1 = z¥+1/2 — 1V f(2%1/2) and descent lemma implies

P = f@M 2 = LV F(2)) < fMYR) - VAP

Then it follows that

IVfEmI? = V£ (=)

{Chai B A it T A W0 Coanitld [

T = 7

where uses the relation

IVr,

and the inequality in uses the fact f(z) — f* > 5=||Vf(z)||? for L-smooth f. Similarly,

where uses the relation

(zF)—f* f@®)=f~ 2L fF)-f*

_ fEEHE g 1 IVERT) PPV ENIP f )
faR)—f~ 2L [f(zP)—f*]? IV £(*)I?

xk _fx
rox (Pe) = 52 | Vrar (PO F {5t
rox(Py) = 752 | Vo (P17,

IN

HV.f(w'““”)v.f(:vk)T H2 _ IViEE) PV i) |12
o=

s (Po)llF T —j [F@F)—f*T2

By — L@ —f@N) o f@E2) gt V)2
ETTIVIERIET = ViR 2L IVfEM)I?

=l (Pi) = 32 [V hor (Pr) [

2 vsE))
r IVIGHI?

LRz 2T
Vh (Pk)H% = H A ”Vf(w)lXIJTQ( )

e Monotone Lookahead landscape satisfies

F@*Y) < min{f (@2 = LV FEHY), f@h)

Combining the analysis of lookahead and monotone landscape completes the proof.

C Proof of results in Section [3

C.1 Proof of Lemma

5.1]

For any P € P, online gradient descent update Py i1 = IIp[Py — 1 Vi (Py)] satisfies

1Prs1 — PlIE

= |Tp [Py — m Ve (Pr)] — P|%

(28)

<||Pr — i Vlyi (Pr) — P||% (by non-expansiveness of projection)

= ||Px — P||% — 201(Vlur (Pr), P — P) + 02|Vl (Py) |15
< ||Pe = PlI3 = 20kl (Pr) — €on (P)] + 02|V Lo (Po) |3,
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where uses convexity £yx (P) > lyx(Py) 4+ (Ve (Py), P — Pi). Dividing both sides by 2n, we get

Cor () < Lor (P) 4 5 [I1Pe = Pl — [1Prsa — PlIE] + %IV Lok (P17

Telescoping the relation from k = 1 to K and dropping the negative term — g — || Pr41 — P||%, we have

St bk (Pr) < S5y o (P) + g 1P = Pl + 500 (i — ) Phs = PlE + 3250, B IVE(POI
< Yoy Gar (P) + oo 1Py = Pl + 0y BV (30)

where uses the fact nr11 < nr. Equation reduces to when 7, = 1. Now, suppose that {£,«(P)}
are o-Lipschitz and diam(P) < D. Then ||Vl (P)||% < 02 and ||y — P||% < D% And implies

25:1 Ly (Pk) < Zi-(:l o (P) 2771 + %5 Zk 1 k-

e The choice of the stepsize n; = \/% gives

83,
M

S bk (Py) < S 0o (P) + (B + < )WVEK.

e The choice of the stepsize n; = ﬁ and the fact Zszl ﬁ < 2K together give
S o (P) € X4l £an (P) + 52 + 55 5000 B < S0 4o (P) + 52 + co®VE.
Either case can be further bounded by the right-hand side of .
C.2 Proof of Lemma [5.2]
Recall from that for any P € P we have

1Pirs = Pl < [|1Pe = Pl — 20[an (Pr) = €or (P)] + 07 |V (o) |3

Plug in P = Py to obtain || Pey1 — Pil|% < | Pk — Pell% — 20[lyn (Pr) — yi (Pr)] + 02| Veyi (Pr) || % and telescoping
from k =1 to K yields
K K D K
Dt Lo (Pi) = 3oy Con (Pr) — 3 30521 IV (Pe) 1

Pi—-P Pr—P, R
< PPl Pe=Prenlle | A SR Byy — Pl — 185 — Prsa 3. (31)

Observe that the sum in the last term can be simplified to
_1[||15k+1 — Pepall% — 1P — PegallF]
= k D PeyallE = IBel3 + 2(Prsr, Pr — Prya)]
= 305 1Pesall3 = I1Ball3 + 2(Pera — Py, Pi — Prga) + 2(P1, By — Piya)]
= 1Px 1% = |1 Prll3 + 2 45 (Perr — Pr, Py — Poya) + 2(Py, Py — Pr)
< || Prllz = 1Pl + 2max ||y — P1f|r Sy 1B = Prgallr +2(P1, P — P)

= 1P — Pil — |11 — P1||F+2max||Pk — Pillr 45 1Pk = Posa [l (32)
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Combining and , we get
S Lor (Pi) = 4y o (Pr) = § 3205 IV (Bl

| Pc—Prll3— 1 P —Prea |7 | maxe<k |Pu=Pillr x~K—1 )5 >
< o + ; >kt 1Pk = Prgallr-

Moving 3 Zk L IV2ox (Py)]|3 to the right and dropping the negative term —M prove . When
{lx (Pk)} are o-Lipschitz, we can bound || VZ« (Py)||% < 02 and plug in n = =

D Proof of results in Section

D.1 Proof of Theorem [6.1]

Equation (20) follows by plugging the bound ( into Theorem Now, suppose Lookahead OSGM-R is
initialized w1th Py = 11. To show (21)), we plug inP=41 +1 into (20) and use ry($1) < 1— L to obtain

F@ETY) = < [ = £l Sl ra (FD + 12T - DX < [f@h) - £l - DX (33)
On the other hand, we can plug in P = P* into and use r,(P) < 1— -1 to obtain
F@ST) = f* < [fah) = (G Shoy rar (P + 111 = PEIR)E

S = 110= 5 + e llgd = PR~ (34)

Take the minimum of two bounds in and to conclude .

D.2 Proof of Theorem [6.2]

At every iteration, the function value part of the potential changes by

K41y px
plog(f(a") = f*) — plog(f(«*) = *) = plog L5 = plog . (35)

On the other hand, the distance part of the potential changes by

1Pes1 — PlIE @ 1Pk = Pl3 = 20[rpn (Pe) = 74k (P)] 4 0? ||V (P) |

= 1Px = Pl — 2nlroe (Pe) — "IIVT E(PoF — 701 (P)]

= 1Pe = Pl = 2nlroe (Pe) = g7zl Vrgr (P |7 — ror (P)] (by 0 = 572)

< NP = Pl = 2nlr — o (P)), (36)
where uses 1 < 1k (Pr) — 155 | Vs (Pe) |3 by Lemma with lookahead landscape action. Combining
and gives

@(xk—‘rla Pk+1) - (p(xka Pk)
= plog(f(a* 1) = f*) = plog(f(z") = f*) + |Pesr — PI% — || Px — PlI%

< plogri = 2nfry — e (P)] (by (36))
= plogry — 201y + 204 (P)
gplogrk—Qnrk—&—Zn(l—é). (by 7,1 (P) < 1—@)

= a(r) +20(1 - 1),
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where the function a(x) := plogx — 2nz is maximized at z = % and plogry —2nry < plog ﬁ — p, which implies
(", Pist) = o(a®, Po) < plog £ — p+ 2n(1 = )
Taking p = 1/L? = 2, we get the desired reduction in the potential function:
p(@"H, Pogr) = (a®, Po) < —

To obtain the iteration complexity, note that

72 log(f(a"F1) — )
o', P) - 25K

12
kpL

= & loglf(@") = f1+ 1P - P} - K

Hence, Lookahead OSGM-R achieves f(z%1) — f* < e for K > kpL?|Pi — P*||% + K p log(w). This holds
for arbitrary benchmark stepsize P. Taking the minimum (infimum) over P completes the proof.

D.3 Proof of Theorem [6.3]

The result follows from the following chain of inequalities:

FE) = f
<) = FU(F& Shea )™ (by Theorem [4.1)
<[f@@") - (% Zszl Tor (Py) — 155 | Vran (P) | 2) K (by Lemma [4.1] + lookahead action)
= [F(@") = 1 Ziea rae (P) = 3V (P [1) (by 1 = 57z)
<[FEY) = U T roe(Py) + B px (B3, (by Lemma 5.2)

where prc({Pe}) = || Pres1 — Pol|3 + 2maxp<c {[| P — Pollr}PLI{Pi}).

D.4 Proof of Lemma [6.1]

We start by bounding the numerator f(x — [V2f(z*)]"'Vf(x)) — f* of ratio feedback r,([V2f(2*)]~1). By
fl@)—f< %Hx — 2*||? from L-smoothness and [V2f(z*)]~! < 11 from p-strong convexity, we upper bound
the numerator as follows:

fla = [V2f@I) TV (@) = £* < §lla = [V (@) VF(2) - 2™

= SV f @) V2 (@) (@ — a*) = (Vf(z) = V@)
< 5= lIV2f (@) (@ — %) = (Vf(@) = V(@) (37)

1
m

Using Vf(z) — Vf(z*) = fol V2f(z* + t(x — 2*))(x — 2*)dt, the norm in can be further bounded by
IV2f(z*) (@ — 2*) = (Vf(z) = Vf(z")]
= V2 /@) (@ —a*) = Jy V2F (e + b = ) (& — )|
= || Jy [V2f(@*) = V2 f(a* + t(x — 2*))](x — 2*)dt]
< fol tH ||z — 2*||?dt = & ||z — 2*||?, (by H-Lipschitz Hessian)

31



and thus becomes
fla=[V2fE))'V (@) = f* < gm (5o —a*]?)? N (38)

Dividing both sides by f(z) — f* and using f(z) — f* > 4[|z — 2*||?, we conclude that

rx([VQf(a:*)]*l) — flz— [V f(mx))] f*vf(z)) I

il

LH? ||lz—=z Hx
8u? f(z)—f* = 4u3

*HQ — H 'T*HZ'

D.5 Proof of Theorem [6.4]
Plugging 7, ([V2f(z*)]71) < 4 H £z — 2*||? from Lemma into Theorem we get

F@REY) = < [Fh) = P & Sis e =2t + P = 927 @) ) (39)
Recall from Theorem that Lookahead OSGM-R satisfies f(z*) — f* < (1 — 1)*7![f(2') — f*] and thus
together with &[|z% — 2*Z < f(a*) — f*, we have
Sic ot =2t P < S B - £
< 2[f(ah) = f (L - DF
< 2[f@") - £, (10)

where the last inequality uses the relation Zszl ET < = for ~v € [0,1). Plugging back into gives

FE) = < f@h) = PUEEE S b — 2+ S|P — (V2 f ()] 73K
< [f(ah) - P LT 4 2Py (92 () 73K
= [f(") = FUDE, (41)

2 .2

where C' = Ié,ﬁ [f(2Y) = f]+ L2 21 = [V2f ()Y %

D.6 Proof of Theorem [6.5]
Fix a benchmark stepsize P and 7 < 155 Recall from that

K K a A K
Shm1 Th S Yopey Tar (P) + 5o llPr— Pll3 + 50— 512) Yopey [[Vrar (Pe) 1 (by (18))
K - A K
< Zk:1 Tz’“(P) + %”Pl - P||2F - 8i2 Zk:l Hvras’“(Pk)”%- (by n< 4}42)

To lower bound the gradient norm of ratio feedback, observe that

2 _ IVFEIPIVEE2)2 VD)2 [V EE))2 Vst
V7o (Po)llF = === = viei i e

The middle fraction can be bounded using ||Vf(ac — +V (@) < IVSf(z)|; the last fraction can be lower
bounded using the relation —HHVf( Z > flak) - f*
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2 IV f (|12

Hence, we have || V7« (Py)||% > 4u and the bound on the cumulative progress becomes

IV f(F)]?
K K r F K
Sk < Yy ek (P) + P - Pl3 - Sﬁzkﬂ V7o (P) 13
K 2 K VD)2
< Cisirak (P) + 1P — Pli% — 22 T, LSt

A rearrangement gives

K ZIJk+1 2 ~ K Hz ~
S LSt < 262[0, rar (P) = iy ml + &1 1I1Py = P (42)
Then we can bound the suboptimality by
FE) — < LTI
ST . .
< £IVAE)IP (% Zis, Fam)* (by AM-GM inequality)
e \ :
< g IV @) 1P (B [y e (P) = Xz il + g 1P = PIR)S (43)
Finally, we do a case analysis on the sign of ZkK:1 7y (P) — Ele Tk
Case 1. Zle r < Eszl 7, (P): The progress of Lookahead OSGM-R is better than stepsize P.
Case 2. Zle TR > Zszl 7o (P): relation can be further bounded by
2
@) = flah) < VA 2R K
D.7 Proof of Theorem 6.6l
Using Lemma with lookahead action, we bound the cumulative progress by
K K . K K
>t b < pmy min{hgn (Py) = 57 [V (Po)ll3, 0 < 30021 hor (Pe) = o 2opy [Vher (Pl (44)
By Lemma and the choice of stepsize n = %, we further bound the right-hand side of :
Zk e < Zk b o (Pr) — 2L Zk 1|Wh (Pk)H%“
K
< Yhor har (P) + 35 11Pr = PlIE + (3 — 25) iy [Vhar (P13 (45)
K . .
< Yot har (P) + 5| PL— P%. (46)

Together with the hypergradient reduction from Theorem and hy < 0, we conclude

Convex f.

Fla®Hh) — g <mln{zx = (@) = )

A2 1 *\.
< min { s ey @) — Fh

p-strongly convex f.

F@fH = < [f(ah) = I+ 208 K
< [f(=") = £ = 2pmax{ L Y1 —h,n(P) — L ||P — P|3, 01
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D.8 Proof of Theorem

For brevity, we drop the subscript ¢ and w for parameters p, and p,, in both potential functions.

Convex f. We analyze the potential function
w(@, P) = —gefge + 1P — L1]%.

At every iteration, the function value part of the potential changes by

L1 ViENPhe
T — FEh—F @D I =]
l‘k 2
Z f(ﬂcl),f* - ”[y(fI(k),)IJ‘c*?zk (by f(ZkJrl) < f(xk) and hk § 0)
1 hy f@H)—f* 2
Z Fah - T A (by [ TrEmE =A%)

On the other hand, the distance part changes by

1Pet1 = 7 1NF < 1Px = £ 115 = 2nlhar (Pe) = hor (£ )] + 17V (Pu) | 7
<||\Pe — £1||7 — 2n[hex (Pr) — HVh (P[] — 2 (by descent lemma hi($1) < —5-)
<Py = £ = 20lher (Pr) = 55 Ve (PO)IF] = # (by 1 < 1)
<||Pe — £1||7 — 2nhi — 1. (by Lemma [4.1] + lookahead action)

Combining both parts to obtain the change of potential:
Wz, Puyy) — w(zk, P < pA— —2nhy — 3+ = (L& —2n)hy — ¢
For p > 2nAZ2, the potential function will strictly decrease. Taking p = 2nA? and n = %, we have

w(@", Pop1) — w(@®, Py) < — 5.

To obtain the iteration complexity, note that

2 2
—%ﬁ + [|Pryr — 117 < — %ﬁ +P = £1% - &K,

Hence, Monotone Lookahead 0SGM-H with P; = 11 achieves f(25*1) — f* <& for

K Z L2||P1 _ %IH%‘—’— 2LA? — 2LA2.

€ €

u-strongly convex f. We analyze the potential function

o, P) = plog(f(x) — )+ |P = £1]3.
At every iteration, the function value part of the potential changes by
GRS (Can ES (CORNCORSS
= e[ VFED)? + f2*) = f*
= (1+ h R0 (£ = 1)
< (L4 20h0) (") = ),
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ky|2
where the last inequality uses % > 2u. The change of distance part ||[P — $I||% is the same as convex

case. Combine both parts to obtain the change of potential:

p(@* T, Pet) — o(a®, Pr)
= plog(f(z" 1) — f*) — plog(f(z") = f*) + |Pers — £ 1l — |1 P — £11I%
< plog(1 + 2uhy) — 2nhy — 3} = a(he) — 4,
where the function a(z) = plog(1 + 2ux) — 2nz is maximized at x = %. Taking p = n/u, we get
p(a" Prgr) — o(a®, Py) < plog(1 + HE=1) — HEZ — ) = —

Take n = 1/L to get
(@™, Puy1) — o(a®, Pe) < — 75

To obtain the iteration complexity, note that
A log(f(@™ ™) = ) + |1 Prsr = £1I% < Jploglf(2!) = f1+ [P = 21]F - 2= K.
Hence, Monotone Lookahead 0SGM-H with Py = 11 achieves f(25*1) — f* <& for

K > I*| P = 1|} + rlog(HE) = wlog(HE),

D.9 Proof of Theorem [6.8]

By and Lemma the cumulative progress of Monotone Lookahead 0SGM-H is bounded by

Sy b < Sy b (Pr) — 5 Sy VA (Pr)][3 (by ()
< SR e (By) 4 1Pl e B Pilepy () (by Lemma [5.2)
< S ek (B) + L[| P — Pul[% + 2maxy< i {[| Pe — Pil|p}PL{B:})]. (byn=1)

Plugging the minimum of this bound and the bound h; < 0 into hypergradient reduction from Theorem
completes the proof.

D.10 Proof of Theorem [6.9]

First, we establish a bound on h,([V2f(z*)]~!) below.

Lemma D.1. Suppose f is L-smooth p-strongly conver has H - Lipschz'tz Hessian. Then the hypergradient

feedback of Hessian inverse at x* satisfies hy,([V2f(2*)]71) + A4 (x)( )fH < Igﬂ” lz — 2*||? for all z & X*.

Proof. Notice that

2 f@)—f* [V f(@)] V(@) f*
he (V2 £ @] ) + 5 NBlE :
Using and % < #2, the right-hand side can be further bounded by

Fa—[V2 @] Y f @)~ f ) . Li? sl

*12 _ H
IV £ ()] 2 IVi@)|? <Z s,ﬁ HJU— ==

*”2'
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Now, we are ready to prove Theorem Note that

f@BHY) — f(2®) < [f(a!) - f*]( Zk 1 f(wkﬂ}(wf:)) (by AM-GM inequality)
= ) = G Tl ffegmits S =ox
< [fah) - U T, K s )K (by L-smoothness of f)
= [f(@Y) = P i e + S )E. (47)
We now further bound the sum on the right by
St + ] < T e (V2 (@)Y + R d) + LR — (92 £ )% (by (EG))
<14 12+ L1P = (V2 )3 (by Lemma [D.1)

The linear convergence rate of Monotone Lookahead 0SGM-H in Theorem implies

Sy [l — 2|2 < %ZkK:l[f(fEk) - 7 (by p-strong convexity of f)
< ,%[f(xl) - 7] 25:1(1 - %)k < 2f"[f(CCl) - f*]. (by Theorem [6.6)

The above two inequalities, together with the choice P; = %I , imply

K ) —f* 2,2 * *\]—
Scilbe + o] < EE ) — 1+ SR - V()73 (48)
Plugging back into completes the proof:

F@EY) = f@b) < [fa) = PG F@Y) — £+ 515 - V2] L) K

— [flah) — PUEEE ") - £+ L2 - [V2F ) 3D
=[f@h) = £,
where C' := Ié:;s [f(zh) = 5]+ L2 L1 = [V2f(a*)] ) 2).

D.11 Proof of Theorem [6.10]
Fix a benchmark stepsize P and n < i Recall from that

K K r = K
Yo e € sy e (P) + 5P = PUE + 300 — 1) 0y | Vhae (POl (by (@)
K B > K
< S har (P) + 1Py = PlIE — 2 S0y 1V A (P) 3 (by 1 < 57)
K A~ A k+4+1y12
< Yoy har (P) + 1P = PIE = 0 30, Blmt (49)

where applies the definition of h, and that ||V f(zF+1)|| = |V f(zF+1/2 — 1V f(xF+1/2))[| < ||V f(2F+1/2)):

2 _ IVLEHIPIVAEETD)P VLT S IVEET)?
IV P (P || NIGAIR = IvienrE - 2 VIEOTE

Rearranging ([49)), we get

K VD)2 K 5 K 2
Sorey Tl <AL b (P) = Y00, ] + 22| Py — P3. (50)
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Then we can bound the suboptimality by

F@ ) = < LIV

k+1 2 X .
< ﬁIIVf(wl)ll (% Zk 1 w)[( (by AM-GM inequality)
. .
= LIS PRI b (P) — S bl + 2217y — PR, (51)

Finally, we do a case analysis on the sign of Zszl o (P) — Zle I
Case 1. Zszl hi < Zle Dk (]5) The progress of Monotone Lookahead OSGM-H is better than stepsize P.

Case 2. Zszl hy > Zszl hyi (P): relation can be further bounded by

F@H) — fa) < LIV Fa)|P R K

E Other instances of 0SGM

This section presents additional instantiations of 0SGM. We will invoke the following assumptions.
A1l: fis L-smooth and convex.

A2: fis p-strongly convex.

A3: P satisfies 0 € P, 11 € P and diam(P) < D < oo.

A4: f has H-Lipschitz Hessian.

E.1 Vanilla OSGM-R

In this section, we assume f is L-smooth and p-strongly convex (A1][A2) and instantiate 0SGM with
L. (P) =r,(P), Vanilla landscape: 25! = z*+1/2, A = 0GD.

The algorithm is called Vanilla 0SGM-R (Algorithm [4)).
Algorithm 4: Vanilla 0SGM-R

1 input: z!, P GP,nkZﬁ or 771@5\/%,0>0

2 fork=1,2,... do

3 | Ml =2k - PVF(2F)

4 Pk+1 = H'p[Pk — nermk (Pk)]
5 end

The convergence analysis of Vanilla 0SGM-R is similar to that for Lookahead 0SGM-R. However, the convergence
guarantees of Vanilla 0SGM-R are weaker due to the vanilla landscape action.

Theorem E.1 (Global convergence). Under to for any benchmark stepsize Pe P, Vanilla O0SGM-R
(Algomthm with m, = 55 = VE satisfies

L(LD+1
F@RT) = 1< [f@h) = [ Xy ran(P) + 2EEZZHNK, (52)
Moreover, Vanilla 0SGM-R with n, = ﬁ satisfies . forall K > 1.
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Theorem suggests a divergence behavior of Vanilla 0SGM-R in the earlier iterations. Indeed, when the
landscape takes no action to filter out bad stepsizes, the algorithm will remain unstable until the scheduler
learns a good stepsize.

Theorem E.2 (Local adaptivity). Under the same assumptions as Theorem-, for any benchmark sequence

of stepsizes { Py}, Vanilla 0SGM-R with ny, = m satisfies

f(xK+1) — < [faY) - ]( Zk LT Pk) 3L(LD+1)(\2/D?+PL({PIC})))K for any P, € P.

Theorem E.3 (Superlinear convergence). Instate to and suppose [V2 f(z*)]~ € P, Vanilla 0SGM-R

with g, = m satisfies

FfH) = < [fah) = IR+ 325
where Cp = IZTQQ? [Ko(1 =L +3LD(LD + 1)) 4 2], Ky = [36k*[LD(LD + 1)]?] and C; = 3LD(LD + 1).

E.2 Monotone 0SGM-H

In this section, we assume f is L-smooth, optionally p-strongly convex (A1} optionally , and instantiate
0SGM with

(,(P) == hy(P), Monotone landscape: f(z**1) < min{f(z**/?), f(z*)}, A :=o0cD.

The algorithm is called Monotone 0SGM-H (Algorithm .
Algorithm 5: Monotone 0SGM-H

1 input: z', P, € P, = ﬁ or N = \/—%,c> 0

2 for k=1,2,... do

3 | aFtY2 =2k — PV f(zF)

4 | Choose z*t! that satisfies f(zFt') < min{f(z*+1/2), f(z*)}
5 | Prpr =1p[Py — i Vree (Py)]

6 end

The convergence analysis of Monotone 0SGM-H is similar to Monotone Lookahead OSGM-H.

Theorem E.4 (Global convergence). Under to for any benchmark stepsize P € P, MHonotone 0SGHM-H

(Algorithm@) with Ny = W satisfies
F@fHY - < min{Kmax{%zfz1 _hAIk:([j) 2Ry 0},f - f* } (convex)
F@ = < [f(ah) = £ = 2pmax{ £ Y5y —her(P) — %, 0}). (p-strongly convex)
Moreover, Monotone 0SGM-H with n, = m satisfies the same bounds for all K > 1.

Theorem E.5 (Local adaptivity). Under the same assumptwns as Th,eorem-, for any benchmark sequence

of stepsizes { Py}, Monotone 0SGHM-H with ny = (LD+1)\/7 satisfies
K41\ px . A2 1y rx
e e e s e e A AR A (convex)
F@ST) = < [fah) = £ = 2pmax{F 310, —hor () — px({Pe}),0}), (p-strongly convex)

where pi ({Pr}) = 3D<LD+1><3%+PL<{PAA,}>>,
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Theorem E.6 (Superlinear convergence). Instate the same assumptions as Theorem and suppose [V2 f(x*)] 7! €

- _ D - i
P and n, = IDrOVE Monotone 0SGM-H satisfies

FaH) = f(a")

IA

=
CY
T
=

g&“‘
0
_|_
3o
=

where Cy = 82 [Ko(1 — L 4+ 3D(LD +1))%0 + 2x], Ko = [365*[D(LD + 1)]2] and Cy = 3D(LD +1).

E.3 Monotone 0SGM-R and Monotone Lookahead OSGM-R

0SGM-R does not require monotone landscape action to guarantee convergence, such as Vanilla 0SGM-R and
Lookahead 0SGM-R, but it does not hurt to equip both variants with monotone landscape action. By Lemma[4.1]
the per iteration progress of monotone variants of 0SGM-R are bounded by

Monotone : 7, < min{rx(Py), 1} < rx(Pr);

Monotone Lookahead : ry < min{ry(Pr) — 73z [|Vrur (Po)l| 5, 1} < 1o (Pr) — 132 | Vs (Pe) |7,

and the bounds on the right-hand side can be further bounded in the same way for Vanilla 0SGM-R and
Lookahead 0SGM-R. In other words, the convergence analysis of monotone variants reduces to that of non-
monotone variants, Vanilla 0OSGM-R and Lookahead 0SGM-R, respectively.

E.4 Proof of results in Appendix
E.4.1 Proof of Theorem [E.1]

We successively deduce that

FE™) = < (% ZkK:1 )" (by Theorem
= (% 2521 ok (P)) & (by Lemma + vanilla action)

K .
< (% Lhea Tar (P) + %\/KDH))K (by Lemma [5.1))

For stepsize n, = O(ﬁ), the regret guarantee applies to any K > 1 and provides anytime convergence.

E.4.2 Proof of Theorem [E.2]
c. K+1 * 1 K K . 3
Combining f(z* ") — f* < (3% =g rzr(Pr))” with Lemma completes the proof.

E.4.3 Proof of Theorem [E.3]
Plugging pP= %I into Theorem we have, for each K =1,..., K, that

L e N R e

and using strong convexity,

ot — |2 < 2[f(*T) - £ < 2[7(") - f(1 - L4 SLRLEDE )
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and we bound Zszl |z% — 2*||? using

') = FIER (1 o+ R
[f(a) =PI (1 — £ + 2EREDE))
[f(=h) = I en

Let Ko = [36x?[LD(LD +1)]*]. We have ¢; < (1 — 5-)¥ for all k > K and

K
Zk:l ||‘rk - x*H2 S

™

<

T T

YRy er = Yoty en + S re kg1 €k < Ko(1— & +3LD(LD + 1)) + 2k

Using Theorem and Lemma we deduce that

(@) = ]G Sohey ran (P) + 2ERZ2H K
< [F(a) = £ e A Nl — 22 o SRR K
< [f@") =PI [Ko(1 = £ +BLD(LD + 1)K 4 255] 4 SERLEED K
= [f@h) = FUR+ 70"

and this completes the proof.

E.5 Proof of results in Appendix
E.5.1 Proof of Theorem [E.4
Similar to Theorem chaining Theorem Lemma [4.T] and Lemma [5.1] completes the proof.

E.5.2 Proof of Theorem [E.5
Similar to Theorem chaining Theorem Lemma and Lemma completes the proof.

E.5.3 Proof of Theorem [E.6
Plugging pP= %I into Theorem we have, for each k =1,..., K, that
FEE) = 1 < [fah) = 10 - 4+ 2R
Using the same argument as Theorem we have
k *112 2 k+1y _ px 2 1y _ p* 1 3D(LD+1)\k
o — 2| < 2[f @) = fI< Slf @) = 1A= 5+ =7 )"

and we bound Z,If:l |lz% — z*||? using

S ot — 2|2 < 2[f(ah) - £ 500, (1 — L 4 2Ry
< 2[f(a') = P11 — & + 22k
= 2[f(a") - 102 e

Let Ko = [36x2[D(LD + 1)]*]. We have e; < (1 — 5-)* for all k > K, and

Dol ek = ZkK:[Jl e + ZiiKOH er < Ko(1—++3D(LD +1))%0 + 2k
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Similar to the analysis of Theorem using ZkK:1 hi, < Ele hoe ([V2f(2)])7Y) + L\/%H), we further
deduce that

k *

P = £@4) < £ = £ S e+ fSd )

and that

IN

S e (V2 ()] ) + ] + 3D(LD + 1)VE
Ho ™K 2k — 2%)12 + 3D(LD + 1)VEK.

8u3

K z®)—f*
Sialbe + o]

IN

Plugging the bounds back completes the proof.
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