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Abstract

Real world problems often require complex modeling and computation efforts to
be effectively addressed. Relying solely on data-driven approaches without in-
tegrating physics-based models can result in limited predictive capabilities. Even
advanced techniques such as deep learning may be impractical for decision-makers
due to the lack of data and challenges in justifying and explaining results. In
this paper, we propose INFERNO (INference Framework for Efficient Rule-based
kNOwledge generation), a framework designed to address these challenges. Our
methodology integrates derivative-free optimization, bipartite network clustering,
and a novel procedure to derive explainable inference rules. These rules enable
decision-makers to easily identify high-quality solutions. We introduce a new
metric, called Price of Explainability (PoX), to quantify the trade-off between
quality and explainability. The framework was validated on two building design
problems. Results show that INFERNO achieves PoX values that are, overall, 4.5
to 10 times lower than those of a classification tree.

Keywords: clustering, derivative-free optimization, explainability, inference
rules

1. Introduction

In recent years, advances in artificial intelligence (Al), coupled with improved
hardware capabilities, have led to significant innovations. One notable example
is deep learning, where neural networks with multiple layers of nodes are trained
on high-performance GPU systems with large amounts of data. These methods
are widely used for regression and classification tasks in various domains, includ-
ing computer vision, speech recognition, supply chain, healthcare, and natural
language processing (Dong, Wang, & Abbas, [2021). A related example is the
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popular field of Large-Language Models (LLMs), which are trained on a large
amount of data and commonly used for text recognition and generation. Leading
technology companies such as Google, Meta, Microsoft and OpenAl, continu-
ously introduce updated models to improve performance and expand capabilities
in handling and generating text, images, audio, and video, while also addressing
substantial hardware demands (Vaswani et al., [2017; Minaee et al., 2024).

Although data-driven techniques are increasingly widespread and can have
significant impacts, they also introduce challenges related to security, privacy,
fairness, bias, and explainability (Yao et al.l 2024} Gallegos et al., 2024} An-
gelov, Soares, Jiang, Arnold, & Atkinson, 2021}; |Ding, Abdel-Basset, Hawash,
& Al 2022). In complex systems where erroneous decisions may have severe
consequences, explainability is particularly critical. For example, a misdiagnosis
in healthcare care or a failure in critical infrastructure can be difficult to justify if
the decision-making process is based on a black-box algorithm. Addressing this
issue, often framed within the domain of Explainable Al (XAI) (Angelov et al.,
2021} Dwivedt et al., 2023)), is essential. A potential solution is to integrate data-
driven methodologies with physics-based models when available. In principle,
this allows decisions to be supported by the theoretical foundations of the under-
lying model (Wang, Li, Gao, & Zhang, 2022; Proverbio, Costa, & Smith, 2018a).
In the field of LLMs, the challenge of explainability is often associated with the
so-called hallucination phenomenon: as the task of an LLM is to probabilistically
predict the next output, the generated answers could present false statements and
inaccuracies that cannot be easily explained. To mitigate this phenomenon, vari-
ous techniques have been proposed. For example, Retrieval Augmented Genera-
tion (RAG) allows an LLM to access information from an existing dataset, thus
grounding the answers on specific information sources (Gao et al., 2024)). An-
other example is agentic Al (e.g., LangChain, HuggingFace Smolagents), where
LLMs can rely on predetermined functions to generate the information required
to answer users’ queries. In addition, prompting techniques such as Chain-of-
Thought can mitigate hallucinations and inaccuracies by asking the LLM for rea-
soning step-by-step instead of directly answering (Wei1 et al., 2022). However,
explainability challenges may still persist in different forms at various levels of
the decision-making process.

Given that Al is becoming so popular, it is no surprise that even the field of
Operations Research (OR) has been exposed to both Al techniques and, as a con-
sequence, challenges. With reference to explainability, the concept of XAIOR
(Explainable AI for OR) has been put forward as the “conceptualization and ap-
plication of advanced methods for transforming data into insights that are simul-
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taneously performant, attributable, and responsible for solving OR problems and
enhancing decision-making” (De Bock et al.| 2024).

In this paper, we consider OR problems in applied fields like architecture and
engineering, where often expensive simulators are used to evaluate solution qual-
ity. This is sometimes referred to as black-box or derivative-free optimization.
Even though the term black-box may suggest a situation incompatible with ex-
plainability, it is actually quite the opposite given the presence of physics-based
models to perform simulations. Instead, the main challenge is that decision mak-
ers in these fields often prefer a range of solutions rather than a single optimal
option. When solutions are high-dimensional and cannot be easily visualized, se-
lecting among them is not trivial. Dimension-reduction techniques such as PCA
are also not ideal, since results lack easy explainability. Consequently, justifying a
decision in such scenarios can be difficult (Chakraborty, Kiefer, & Raubal, 2024;
Proverbio, Costa, & Smith, [2018b)). Further complicating the process, decision-
makers may be unable or unwilling to explicitly define the criteria guiding their
selection, leaving this information unavailable to algorithm designers. In this con-
text, explainability is not about understanding how good solutions were generated.
Rather, being able to explain how, starting from such solutions, decision-makers
can derive meaningful actions and policies.

This paper proposes a framework to address the abovementioned challenges.
To illustrate the approach, we consider a scenario in which a decision maker
should identify high-quality solutions to a building design problem with two ob-
jectives: minimizing energy consumption and maximizing thermal comfort. A
derivative-free optimization algorithm, coupled with a physics-based model, is
used to identify a pool of high-quality candidate solutions. This set of solutions
is then represented as a bipartite graph, which allows visualization independently
of the dimensionality of the problem. Then a clustering algorithm is applied to
extract meaningful patterns, and the resulting cluster information is used to derive
inference rules, that is, guiding and easy-to-interpret principles that help decision
makers identify suitable solutions. This way, this novel approach to rule gen-
eration supports decision making by offering flexibility in selecting high-quality
solutions that better align with specific design requirements.

The rest of the paper is organized as follows. Section [2] introduces the nec-
essary background information on optimization, clustering, and building design.
The proposed framework, called INFERNO (INference Framework for Efficient
Rule-based kNOwledge generation) is presented in Section |3l An explanation of
the setting and evaluation procedure used for the experiments is provided in Sec-
tion 4] where the Price of Explainability (PoX) metric is also introduced. The

3



results of two case studies of building design are discussed in Section[5} including
a comparison with a classification tree. Conclusions and future work are drawn in
Section[6l

2. Background

This section introduces the necessary background to understand the method-
ology of this work. It focuses on three main topics: derivative-free optimization,
clustering in bipartite networks, and building design, which is the field where the
framework was tested.

Notation. In the rest of the paper, bold symbols indicate vectors and matrices.
The -th component of the vector @ is indicated by x;, while A, ; is the element
located in the i-th row and the j-th column of matrix A.

2.1. Derivative-free Optimization

Derivative-free (or black-box) optimization addresses problems in the follow-
ing form:

min f(x) (1)
st. x € [xF 2V (2)
x e Z! xR 3)

where @ is the n-dimensional vector of variables with lower an upper bounds
xl and 2V, respectively, and where ¢ < n of such variables are integer while
the remaining n — ¢ are continuous. In the derivative-free optimization setting
analyzed here, the analytical form of the function f(x) is unknown and can only
be evaluated by expensive simulations. Therefore, methods for estimating partial
derivatives using finite differences are impractical. For a similar reason, heuristic
approaches such as simulated annealing and genetic algorithms are not suitable in
this case, as they often require a large number of function evaluations (Regis &
Shoemaker, 2007; (Gutmann, 2001]).

A popular approach to deal with the challenge of expensive simulations is to
build a surrogate model (also called the response surface) of the unknown func-
tion f(x). In practice, the surrogate model is an approximation of f(x) obtained
by interpolation and is used to guide the search for potentially better solutions.
Once a good-quality surrogate model is obtained, it can also be used for a quick
exploration of the domain without the need to perform additional simulations.



Some examples of this approach are the Radial Basis Function (RBF) method
(Gutmann), |2001)) and the Efficient Global Optimization (EGO) based on Kriging
interpolation (Jones, Schonlau, & Welch, |1998)).

In this paper, we used RBFOpt, an open source code based on the RBF ap-
proach (Costa & Nannicini, 2018; Nannicini, 2021). The reasons for this choice
are two: 1) the generation of a surrogate model can provide to decision-makers
a quick way to assess the quality of alternative solutions, if needed, and ii) RB-
FOpt has demonstrated good performance in a variety of applications (Wortmann,
Costa, Nannicini, & Schroepfer, [2015; |Diaz, Fokoue-Nkoutche, Nannicini, &
Samulowitz, 2017} Costa, Buccio, Melucci, & Nannicini, 2018), also highlighted
by the results of the 2015 GECCO Black-Box competition, where an early version
of RBFOpt ranked seventh overall (there were 28 participants) and first among
open source softwareﬂ In the next section, we present the main idea of RBFOpt.

2.1.1. RBFOpt

RBFOpt builds a surrogate model of the unknown objective function f(x)
by iteratively selecting new samples. Each sample is often obtained by running
an expensive simulation and is used to refine the surrogate model. The sample
selection method balances the exploration of unknown areas of the domain and
the search for good quality solutions according to the current surrogate model
(exploitation).

The surrogate model is built using radial basis functions, and it assumes the
following form:

si(@) =) Nidllle — &) +p(=), )

i=1

where k is the number of samples, ¢ — R™ : R is the radial basis function, || - ||
denotes the Euclidean distance operator, \; € R is the coefficient associated with
the i—th sample &;, p(x) is a polynomial that may be necessary to ensure the
existence of the interpolant. There are a few choices for the radial basis function
é(r), for example, cubic (¢(r) = r3) and thin plate spline (¢(r) = r?log, r). The
choice of function determines the shape of the interpolant, that is, the coefficients
A and the polynomial p(x). In practice, such values are derived by solving a linear
system. This system imposes that for each sample x; the interpolant is forced to

'For more details, see https://www.ini.rub.de/PEOPLE/glasmtbl/projects/
bbcomp/results/BBComp2015GECCO/summary .html (accessed on 03/2025).
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assume the same value of the unknown objective function, i.e., sp(x;) = f(x;),
and some additional conditions. The interested reader can find more details in
(Costa & Nannicini, 2018; Nannicini, 2021)).

The summary of the basic functioning of RBFOpt is explained in the follow-
ing:

1. select and evaluate m starting samples, using strategies like Latin Hyper-
cube Design;
create the set .S including the samples obtained so far, and set k& < m;
compute the RBF interpolant of the samples in S
select a target objective function value f;_ ;;
find x 1 such that the RBF interpolant to the samples obtained so far plus
the sample (1, fr, ) is the least bumpy;
evaluate f in @), and add the sample (xy 1, f(2x11)) to S;
. if £ > maximum number of evaluations, stop and return the best sample in

S. Otherwise, set k <— k + 1 and go to Step 3.

Sk w

= o

The choice of f},; in Step 4 determines the balance between exploration and
exploitation. When the value is very small, the resulting operation is a global
search for solution potential much better than those evaluated so far. On the other
hand, when f; ; is equal to min, s,(«) a local search is implemented on the
current surrogate model, i.e., it is considered an accurate representation of the
unknown function f. By cycling between these strategies, the algorithm allows
one to find good solutions and avoid to be stuck in a local optimum. Once the
value of f;;,, is determined, the problem of finding the point x;.; that minimizes
the surrogate bumpiness in Step 5 is a nonlinear, nonconvex optimization problem
for which all elements are known. Therefore, despite being in general difficult, it
is at least solvable either with mixed-integer nonlinear solvers or heuristics.

Note that this is the basic implementation of RBFOpt. Updated versions of
the software include other features, e.g., more efficient solving procedures for
intermediate steps and the managing of categorical variables (i.e., discrete, un-
ordered variables) without introducing a bias. The reader should refer to the man-
ual in https://github.com/coin-or/rbfopt|for an exhaustive list of
features.

2.2. Clustering in Bipartite Networks

Let G = (V, E) be a network (also called graph), where V' is the set of vertices
(or nodes), and E is the set of unweighted undirected edges connecting pairs of
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vertices. A bipartite network is a network where V' = Vy U Vg, VRNV = 0, and
edge (v;,v;) joins a red vertex v; € Vi with a blue vertex v; € Vp. Therefore,
no edge exist between vertices of the same color. This structure is well-suited
to represent relationships between entities of two different nature. For example,
users and products they purchased (e.g., Netflix, Amazon) or authors and articles
they wrote.

Clustering refers in general to the identification of groups of vertices, called
clusters, communities, or modules, that are similar and share some common fea-
tures. The formalization of the concept of similarity produced several approaches
and it depends on the nature of the entities being clustered. For example, points
in the space can be grouped together based on their distance and a popular algo-
rithm to do so is K-means (MacQueen, [1967; [Lloyd, |1982). When dealing with
nodes connected by edges, different clustering methods can be used. Some of
them do not require a function to be optimized, as the heuristic of Girvan and
Newman where edges with the highest betweenness (the number of shortest paths
including that edge) are removed (Girvan & Newman, 2002). Others are based
on rules that clusters must respect. Some examples are the strong, weak, semi-
strong, extra-weak, and almost strong definitions (Radicchi, Castellano, Cecconi,
Loreto, & Parisi, 2004; |[Hu et al., 2008}, |(Cafieri, Caporossi, Hansen, Perron, &
Costa, |2012). In practice, they impose constraints for each vertex on the num-
ber of neighbors (i.e, the amount of vertices connected to that vertex) within and
outside their cluster. For example, the strong definition requires each vertex in
a cluster to have more neighbors within its own cluster than neighbors in other
clusters. Finally, clusters can be identified by optimizing a function. One of the
most famous of such functions is modularity, which can be defined as the fraction
of edges within clusters minus the expected fraction of such edges in a random
graph with the same degree distribution (Girvan & Newman, 2002; Newman &
Girvan, [2004). To find clusters, modularity should be maximized. An extension
of modularity to bipartite graphs has been proposed (Barber, [2007). In this work,
we employ bipartite graphs and bipartite modularity optimization as a clustering
method. This choice allows to interpret and visualize results independently of
the problem dimension, as illustrated in the case studies. Details on the bipartite
modularity formulation are provided in the next section.

2.2.1. Bipartite Modularity Optimization
Bipartite modularity was introduced in (Barber, |2007) as an extension of mod-
ularity to bipartite networks. The bipartite modularity optimization (BMO) prob-



lem can be formulated as follows:

1 kik;
max — Z Z (Am - = ]) T (5)
m v, EVR UjEVB m

st. Vi<j<leN —xj+ax;+a;<1 (6)
Vi<j<leN x;+xy;—x;,;<1 (7
Vi<j<leN z;—x;+x;; <1 (8)
Vi<jeN uz;;€{0,1}, 9)

where m = |E| is the number of edges of the graph G, N = {1,...,|Vg| + |V5|}
is the set of vertex indices, A, ; is an element of the adjacency matrix of G equal
to 1 if vertices v; and v; are joined by an edge, O otherwise, £; is the degree of
vertex v; (i.e., the number of its neighbors), x; ; is a binary variable equal to 1 if
vertices v; and v; belong to the same cluster, 0 otherwise, and Constraints (6)-@®)
represent the transitivity conditions imposing that when vertices v; and v; belong
to the same clusters and vertices v; and v; belong to the same cluster, then vertices
v; and v; also belong to the same cluster. The objective function (5] represents the
bipartite modularity that should be maximized to identify clusters.

There is an alternative way to express bipartite modularity, but it has the dis-
advantage of requiring to specify the optimal number of clusters a-priori (while
this information is a byproduct of solving Problem (5)-(9)). However, it has been
shown that maximizing bipartite modularity is an NP-hard problem (Miyauchi &
Sukegawal, 2015)). Therefore, even though small and medium size instances can
be addressed directly with Mixed-Integer Linear Programming (MILP) solvers
like CPLEX (cplex126, [2015) and GUROBI (Gurobi Optimization, LLC, 2024),
larger instances may be challenging. For the sake of this work, directly solving
the MILP was feasible, so we employed that approach. Even though the bottle-
neck of the procedure is represented by the expensive simulations, the scalability
of the clustering computation can be achieved with heuristic approaches (see e.g.
(Barber & Clark, [2009; |Liu & Murata, 2010; Costa & Hansenl, [2014))).

2.3. Building Design

The adoption of a performance-based approach for building design is increas-
ingly essential to reduce energy consumption and advance decarbonization (Mollaoglu-
Korkmaz, Swarup, & Riley, 2013). The widespread use of Building Performance
Simulation (BPS) tools, such as EnergyPlus, has significantly improved the as-
sessment of design options (Mourshed, Kelliher, & Keane, 2003). This process



involves evaluating design alternatives to meet specific performance objectives
while ensuring compliance with building regulations. However, traditional iter-
ative trial-and-error approaches to exploring designs can be time-consuming and
can overlook viable alternatives (Touloupaki & Theodosiou, 2017). In this con-
text, the integration of mathematical optimization with numerical simulation rep-
resents a promising approach to enhance the exploration and evaluation of candi-
date design solutions (Talami, Wright, & Howard, 2025).

Performance-driven building design spans multiple domains, including archi-
tectural configurations (e.g., building geometry and fabric), HVAC system design,
and operational strategies. This inherently multidisciplinary task requires the col-
laboration of various stakeholders, such as architects, engineers, building man-
agers, and owners. As a result, the design process is often complex, as it involves
multiple decision-makers dealing with interdependent variables, strict constraints,
and possibly competing objectives (Talami, Wright, & Howard, 2021). In addi-
tion, the high dimensionality of real-world design problems requires the evalua-
tion of a large number of potential solutions. The large volume of output data can
overwhelm stakeholders, which can affect understanding of the relationships be-
tween design parameters and performance outcomes (Talami & Jakubiecl 2019).
Finally, simulation outputs are often not easily interpretable, lacking actionable
insights and interactivity, hindering their practical use in decision-making.

These challenges highlight the necessity of developing computational frame-
works that help identify well-performing solutions, mitigating the computational
demand associated with extensive performance evaluations while enhancing the
interpretability of the results.

3. Methodology

The proposed framework, INFERNO, is characterized by the following pro-
cess:

* Step 1: an efficient algorithm for simulation-based (derivative-free) opti-
mization should be applied to generate a first pool of high-quality solu-
tions. The selected one is RBFOpt: in addition to providing excellent per-
formance, it allows to model categorical variables without bias and provide
as a byproduct a surrogate model that can be used for fast what-if scenario
evaluation, if needed;

» Step 2: an unsupervised learning method is used to identify similar patters
in the best solutions found at the previous step. To achieve that, the so-
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lution space is transformed into a bipartite network and then clustering is
performed through bipartite modularity optimization. This ensure results to
be visualized regardless of the dimension of the problem;

» Step 3: a set of inference rules is generated. These help produce useful in-
sights from the clusters identified in the previous step and support decision-
makers in selecting solutions aligned with their requirements. Such rules
will be discussed in detail in this section.

1
I| Black-box
-, . . - I
I optimization Do .
1
| [ . o |
| I Clustering :_b: Inference | _, Dec1_s.1on !
| P rules making :
1
|| Simulations A e —
1

Figure 1: The main components of the INFERNO framework. The initial step (red dashed rectan-
gle) including black-box optimization and bipartite network clustering produces the input for the
novel inference rules generation procedure. Such rules are then used to support decision-makers
by reducing the explorable domain while providing explainability (blue dashed rectangle).

Figure |I|illustrates the functioning of INFERNO. To explain how the method
works, we consider in the following a toy example including three variables, i.e.,
x € {0,1} x [2.5,10.5] x {1,2}, and an objective function to be optimized.
As explained earlier, the first step is to find high-quality solutions. This is the
most computationally intensive part of the process, as each sample needs to be
evaluated through an expensive simulation to obtain the corresponding objective
function value. Afterwards, the best solutions (according to the objective function)
among those identified by the optimization process are selected. The number of
solutions depends on the application and the dimension of the problem. For the
sake of clarity, in this toy example, we assume that we have identified a set S* of
four good solutions.

In the next step, the selected solutions are transformed into a bipartite graph
to run the bipartite modularity optimization algorithm. The transformation is as
follows. Let the elements of S* be characterized by Vi € {1,...,[S*|}x; €
74 x R™ 4, For each of these solutions, a blue node is created. On the other
hand, for each j € {1,...,q} (that is, the discrete or categorical variables), if
the number of possible choices associated with the variable j is d;, then d; red
vertices are created. In addition, for each j € {i + 1,...,n} (i.e., the continuous
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variables), the corresponding variable domain is split into d; intervals (whose size
depends on the application) and again d; red vertices are created. In practice,
red vertices are associated with variable values, while blue vertices are associated
with solutions found. Finally, each blue vertex is connected through the edges
to the corresponding red vertices according to the values of x; ;. To illustrate
the procedure, let S* = {(0,3.3,2),(0,5.5,2), (1,8.0,2), (1,9.5,2)}, so we have
four blue vertices labelled “sol 17, “sol 27, “sol 37, and *“sol 4™, respectively. If the
domain of the continuous variable is divided into three sets of low values ([2.5, 5[),
medium values ([5, 8[), and high values ([8, 10.5]), there are seven red vertices
corresponding to the possible values of the three variables. The corresponding
bipartite graph is represented in Figure 2} Note that some red vertices are placed
on the right to indicate the values of variables always selected by the solutions
(“x3 27) or never selected (“x3 17).

Oxm <>
=0l 1

Ox!low
Usacus <>sa+z O
Oz
Csr Osow
Oz righ <>so|4
Figure 2: Bipartite graph obtained from the toy example where S* =

{(0,3.3,2),(0,5.5,2),(1,8.0,2),(1,9.5,2)}. Red vertices are circle-shaped, while blue
vertices are diamond-shaped.

Given the bipartite network of Figure [2] the bipartite modularity optimization
Problem (5)-(9)) can be solved. The optimal solution, i.e., which pairs of vertices
belong to the same cluster, allows to identify three clusters, represented in Figure
by yellow, green, and red colors.

The second cluster, including nodes with labels “sol 3 and “sol 4”, does not
have any common vertex with the first one, except for node “x3 2. The third
cluster associated with variable x5 is also interesting because it includes a red ver-
tex connected to all the blue vertices and another red vertex without connections.
However, it may not be straightforward to identify even these simple patterns,
especially when the size of the network increases.

The third step is the derivation of the inference rules from the analysis of the
clusters. Each cluster that includes at least one red and one blue vertex yields

11



Ox'tG Q
s0l1

Oxz low

Ox! medium <>sm 2 .,3 1
.7.3 2

Ox‘f 1 OSUI 3

Ox! high OSM 4

Figure 3: The three clusters obtained by applying the bipartite modularity optimization to the
network of Figure[2] The first one (yellow color online) includes vertices with labels “z1 07, “z2

CL TS

low”, “x9 medium”, “sol 17, and “sol 2”. The second one (green color online) includes vertices
with labels “x1 17, “x2 high”, “sol 37, and “sol 4. The third cluster is the special case with only
red vertices, i.e., “xr3 0” and “x3 1”. Red vertices are circle-shaped and blue vertices are diamond-
shaped.

one inference rule. It is important to highlight this fact, since a cluster with only
red vertices that are linked to none or all blue vertices represents variable values
that are never (or always) chosen. Such a cluster will not be used to generate an
inference rule, but to make more specific all the others.

The inference rules generation can be summarized as follows. Let the domain
of each of the n variables of the problem be divided into intervals, as explained
above, where d; is the number of intervals of the variable with index j. To make
the discussion clearer, we refer to I, & € {1,...,d;}, as the red vertex that
indicates the k -th interval of the variable j. For example, in the network of Figure
the vertex with the label “x; 0” would be associated with [; ;. The vertex with
the label “xy low” would be identified by I, ; instead. For categorical variables,
any order can be selected.

* Uniformity Principle: if there exists a cluster including only red vertices,
and in such a cluster there is a vertex [, ;, connected to all blue vertices, then
for all inference rules the only valid value of variable j is its k-th interval;

» Exclusion Principle: if there exists a cluster including only red vertices, and
in such a cluster there is a vertex [;; connected to no blue vertex where
variable j was not previously affected by the Uniformity Principle, then for
all inference rules the k-th interval of variable 5 is removed from its domain;

* Generation Principle: for each cluster including at least a blue vertex, the
valid values for each variable j are those associated with nodes [; in the
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cluster. If for some variable j there are no red vertices, then the valid values
are those that remain after domain reduction due to the Uniformity Principle
and the Exclusion Principle.

This way, each cluster with at least one blue vertex produces a set of conditions,
1.e., domain-reduction constraints for the problem variables, that allows identify-
ing a subset of solutions. We call them inference rules. We can see how these
rules are derived from the example in Figure 3]

» Uniformity Principle: as the vertex “x3 2” is linked to all blue vertices, then
in all inference rules the value of x3 is set to 2.

» Exclusion Principle: this does not apply because the domain of x3 has al-
ready been set in the previous step.

* Generation Principle: The first cluster is associated with 1 = 0, x5 low or
medium, and xz3 = 2. The second cluster is associated with x; = 1, x5 set
to high and z3 = 2. The corresponding inference rules can be written as
follows:

- I :={(z1 =0) A (22 € [2.5,8]) A (z3 =2)}
- IQ = {(ZEl = 1) VAN (ZL‘Q S [8, 105]) N (l’g = 2)}

The rules can be interpreted this way. When looking for good solutions according
to the objective function of the derivative-free problem in Step 1, one should re-
strict the search space. In this example, either looking for solutions with z; = 0,
To9 < 8, and z3 = 2, or solutions with 1 = 1, x5 > &, and x3 = 2.

4. Experimental Setting

In this section, we discuss how the experiments were designed. INFERNO
was compared with a classification tree in terms of the Price of Explainability
(PoX). These are discussed in this section, while a detailed evaluation of the re-
sults is presented in the next section.

4.1. Problems Description

We consider two problems, based on a case study building. This is a simulated
5-zone open-plan single-story office with a total floor area of 100 m? and a floor-
to-ceiling height of 2.7 meters. It is nominally located in Nottingham, UK. The
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facades incorporate operable ribbon windows without internal or external shad-
ing, allowing natural ventilation and free cooling during the summer period. A
drawing of the building is presented in Figure 4]

Figure 4: Axonometric, plan, and section view of the open-plan office floor subdivided into five
thermal zones.

The two problems evaluate the performance of candidate design solutions
based on two performance objectives. The total heating energy demand, expressed
in kWh/year, represents the energy consumption of the Heating, Ventilation and
Air Conditioning (HVAC) system required to meet the heating needs of the space
during occupied periods. Cooling is not considered, as it is typically negligible
in this climate. The total discomfort hours are defined as the number of occupied
hours during which the Predicted Mean Vote (PMV) index, based on Fanger’s
comfort model (Fanger, 1970), exceeds 0.5 or falls below -0.5. The goal of the
optimization process is to minimize the heating energy demand and the number
of occupied hours that fall outside the defined comfort zone.

The design space comprises six key variables, summarized in Table([I] selected
due to their impact on the performance criteria.

The aspect ratio controls the building geometry and defines the overall shape
and compactness. Each of the selected options increases the envelope wall area
by 10% from a baseline square shape with a ratio of 1:1 while fixing the building
volume, resulting in progressively higher heat gains and losses due to the larger
area of the exterior wall. The window-to-wall ratio (WWR) determines the pro-
portion between opaque and transparent surfaces and varies from a predominantly
opaque facade (20% WWR) to a fully glazed facade (95% WWR). An interme-
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Element Variables Domain Short form

Geometry Aspect ratio (AR) 1:1,1:2.5,1: 3.7, 1:48 | 1,2.5,3.7,4.8
Window-to-wall ratio (WWR) 20%, 50%, 95% 0.2,0.5,0.95
Lightweight Part L
Fabric | Construction (FAB) Lightweight Passivhaus |y 'y p gy pp
Heavyweight Part L
Heavyweight Passivhaus
HVAC System (HVAC) All-air, Radiant AR
Controls Setpoint air temperature (SPT) 19 °C, 21 °C, 23 °C 19, 21, 23
Setback air temperature (SBK) 10°C, 13°C ,16 °C 10, 13, 16

Table 1: Variables and domain for the building design case studies. The short version of variable
names (in parenthesis) and the values listed under the “Short form” column are employed in the
pictures of the networks and when deriving the inference rules.

diate value of 50% is also analyzed. The fabric of the building represents differ-
ent material configurations and four types are selected based on (Talami, Wright,
& Howard, |2020). Each option includes heavy-weight concrete and lightweight
timber constructions, allowing for an assessment of thermal mass impact. Two
baseline options comply with the Approved Document L2A of the UK Building
Regulations, while two options display higher thermal performance and meet the
Passivhaus Standard. In this study, each option includes glazing, walls, and roof,
as a complete system.

Two HVAC systems are analyzed. A radiant system consisting of a Floor
Embedded Surface System (ESS) which covers over 50% of the space heating
load through thermal radiation. The “all-air” system instead is a Constant Air
Volume (CAV) system which uses convection-based heating. Heating setpoint
and setback room air temperatures constitute the operational controls of the HVAC
system, which influence energy use and comfort levels. Based on (Lush, Butcher,
& Appleby, 2006), three scenarios are defined: cooler, average, and warmer, with
corresponding values for the setpoint and setback variables to 19°C, 21°C, 23°C
and 10°C, 13°C, 16°C, respectively.

4.2. Derivative-free Optimization Setting

The considered problems are associated with two objectives, i.e., energy con-
sumption and thermal comfort. The INFERNO framework was applied to each
problem separately.

The total number of possible solutions is 864, according to the variable do-
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mains in Table |1} The following RBFOpt settings were used. First, the maximum
number of evaluations was set at 87, that is, approximately 10% of the size of the
feasible solution space. Of the six problem variables, the third and fourth (FAB,
HVAC) were considered categorical (i.e., discrete unordered), while the others
were considered integer. After running RBFOpt, the top 25% of the solutions (ac-
cording to the objective function) were kept, that is, 22 of them. This value was
chosen to balance the quality of the solutions with the generation of a bipartite
network of a reasonable size.

4.3. Comparison with a Classification Tree

To evaluate the effectiveness of the INFERNO inference rules, we made a
comparison with another methodology. A possible choice was to employ K-
means, as it was also used as a benchmark in (Proverbio et al., [2018b)). However,
this choice was discarded for a number of reasons. First, the features considered
are discrete/categorical, making K-means not suitable for the task. Moreover, K-
means did not allow for data visualization, as the number of features is 6. Some
dimensionality reduction techniques, such as PCA, could have been used, but in-
terpretability would have been affected.

To address the aforementioned challenges, we performed a comparison using
a classification tree trained on the same data used to represent bipartite networks.
In practice, the samples are the 22 blue nodes that represent the solutions in the
bipartite network, and the features are the six discrete/categorical variables of
Table [I] The target variable to be predicted is the cluster to which each sample
belongs, according to the results of the optimization of bipartite modularity. In
this way, it is possible to compare the inference rules with the classification tree
rules that describe each cluster.

To implement the classification tree, the Python Scikit-learn library was used.
The input data, for both energy consumption and thermal comfort, was the whole
dataset of the corresponding 22 samples without train/test split. This choice was
motivated by the fact that the dataset is small and to have a more fair comparison
with the inference rule generation procedure, where the full dataset was used to
derive the rules. To obtain the simplest tree, the number of leaves was increased
until the clusters produced by bipartite modularity optimization were identified.

4.4. Price of Explainability

Starting from the clusters generated by bipartite modularity optimization, IN-
FERNO derives inference rules for each cluster. Such rules (and those produced
by a classification tree) identify candidate solutions to the problem under study.

16



However, the fact that such rules can be easily stated and interpreted has a price:
the quality of the solutions identified by applying them can be lower than that of
the set of solutions from the corresponding cluster. To quantify this phenomenon,
we introduce the concept of price of explainability. Other authors considered this
topic. For example, (Laber & Murtinhol 2021)) addressed the price of explainabil-
ity (PoE) in the context of clustering problems. For a minimization problem, PoE
was defined as the maximum ratio, over a set of instances, of the optimal cost of
an explainable partition over the optimal cost of an unrestricted partition. For a
maximization problem, the definition is similar, but the numerator and denomina-
tor are swapped.

In this work, we propose a different approach. After the decision-maker se-
lects a cluster of interest, the set of (explainable) solutions generated by the in-
ference or classification tree rules should be used instead of the (unrestricted)
solutions of that cluster. The Price of Explainability (PoX) of the cluster is a
robust estimation of the relative performance decrease when selecting an explain-
able solution versus one of the corresponding unrestricted solutions. In practice,
this approach is based on the robust nonparametric Hodges-Lehmann Estimator
(Jr. & Lehmann, |1963).Let B be the set of cost values of the (explainable) solu-
tions in cluster c. Also, let IV be the set of cost values of the solutions generated
from the rule associated with the cluster c. After the median of all pairwise dif-
ferences between the two sets is computed, PoX is obtained by dividing this value
by the median of the values in B (assuming that it is nonzero). In this way, we
can estimate how much we can expect to lose when using solutions generated by
the explainable set W versus the baseline set B. The pseudocode of PoX for a
minimization problem is summarized by Algorithm
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Algorithm 1: Relative Hodges-L.ehmann Estimator for PoX Calculation
Input:
W: Set of values from group W
B: Set of values from group B with Median(B) # 0
Output:
PoX: Price of Explainability (relative HLE)

Step 1: Compute all pairwise differences
D+ {w—-blweWbeB}; // All pairwise differences

N =

w

Step 2: Calculate the Hodges-Lehmann Estimator
H < Median(D) ; // Hodges-Lehmann Estimator

=

(9]

Step 3: Normalize by the median of B
Mp < Median(B)

=)}

PX<—H
7 (] _—
Mp

8 return PoX

It is important to note that PoX has some limitations. As mentioned, if the
median of B is zero, we should instead use the absolute value and return the H
value of Step 6 in the algorithm. However, this is quite unlikely to happen. In
addition, there is a tendency to obtain lower values if the size of the set W is
small, as can be observed in the results of the next section. Although this may
not be a direct consequence of the main intuition behind the definition of PoX, the
result can be explained as the decision-making task is more straightforward with
a smaller number of options.

5. Results

The bipartite networks for the energy consumption and thermal comfort test
cases were created according to the procedure described earlier. After that, the
bipartite modularity optimization problem was solved to identify clusters. Rules
were derived using both INFERNO and the classification tree. Finally, they were
compared in terms of quality and PoX. We present separately the two cases in the
following.

5.1. Test Case 1: Energy Consumption

The clusters obtained in the energy consumption case are shown in Figure [3
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Figure 5: Clusters identified from the bipartite network representing the best energy consumption
solutions. Vertices depicted with the same color belong to the same cluster.

It can be observed that five clusters were identified, one of them being the
special cluster that included only vertices connected to all blue vertices or to none
of them. Recall that red nodes, according to the bipartite network terminology,
are circle shaped and represent variable values, whereas blue nodes are diamond
shaped and represent solutions. The colors of the nodes in the figures refer instead
to the clusters.

To evaluate the baseline results of the clusters, we computed the number of
solutions in each cluster. We also checked the quality of the best and worst of them
compared to the global best solution of the whole domain (obtained by simulating
all the possible 864 solutions). The quality of such solutions is summarized in
Table

Next, we apply the INFERNO framework. According to the procedure de-
scribed earlier, for each of the non-special clusters an inference rule is generated.
The procedure is summarized in the following.

* Uniformity Principle: as the vertex WWR 0.2 is linked to all blue vertices,
then in all inference rules the value of WWR is set to 0.2.

* Exclusion Principle: The vertices FAB HP, FAB LP, and SPT 23 are never
linked to the blue nodes, so these values are removed from the domain of
the corresponding variables. Vertices WWR 0.5 and WWR 0.95 do not need
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Rule | # Solutions | Best Case % | Worst Case %
I 5 99.7 97.3
6 99.3 97.9
5 99.9 97.6
Iy 6 99.7 97.5

Table 2: Energy consumption results, original clusters. For each cluster, the number of solutions
in that clusters. Also, among those solutions, how the best and worst of them compare versus the
rest of the solutions of the domain (e.g., 99.7% means that the solution is better than 99.7% of the
solutions in the domain).

to be considered here, as the variable WWR was already fixed to 0.2 by the
previous principle. At this point, the domains of the variables WWR, FAB
and SPT are: D(WWR) = {0.2}, D(FAB) = {L,H}, D(SPT) = {19, 21},
respectively.

* Generation Principle:

— the first cluster (red) has AR 3.7, HVAC R, SBK 13. By considering
the updated domains of the other variables, we have Z; := {(AR =
3.7 A (WWR = 0.2) A (FAB € {L,H}) A (HVAC = R) A (SPT €
{19,21}) A (SBK = 13)};

— the second cluster (green) fixes all variables, so the corresponding in-
ference rule is Z, := {(AR = 4.6) A (WWR = 0.2) A (FAB =
L) A (HVAC = A) A (SPT = 19) A (SBK = 16) };

— the third cluster (yellow) has AR 1 and SPT 21, therefore Z3 := {(AR =
1) A (WWR = 0.2) A (FAB € {L,H}) A (HVAC € {A,R}) A (SPT =
21) A (SBK € {10,13,16})};

— the fourth cluster (blue) has AR 2.5, FAB H, SBK 10, and its inference
ruleis Z, := {(AR = 2.5) A (WWR = 0.2) A (FAB = H) A (HVAC €
{A,R}) A (SPT € {19,21}) A (SBK = 10)}.

We then perform a similar analysis to that of Table 2] considering the solutions
generated by the inference rules. Results are reported in Table

From the results, it appears that the number of solutions for each inference
rule is in the range of 1 to 12, where the smaller size refers to rules that restrict
the domain of the variables more. The quality is also in general high, even for the
worst-case solution. However, it is not as high as that of the original clusters -
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Rule | # Solutions | Best Case % | Worst Case %
7 4 97.3 86.9
1 98.0 98.0
12 97.6 91.1
Iy 4 99.0 89.5

Table 3: Energy consumption results, inference rules. For each inference rule, the number of
solutions it allows to identify. Also, among those identified solutions, how the best and worst of
them compare versus the rest of the solutions of the domain.

as was expected since explainability is likely to affect quality. The distribution of
the energy consumption values and the best and worst solutions for each inference
rule are shown in Figure [6]

We then generated rules using a classification tree. The tree was trained with
the objective of classifying the 22 solutions in Figure [5]in the four corresponding
clusters. To find the easier-to-explain rules, we increased the number of leaves
until the 4 clusters could be identified. To achieve this, 4 leaves were necessary.
The identified rules are as follows:

* first cluster (red): Z; := {(AR € {2.5,3.7}) A (FAB=1L)};

» second cluster (green): Z, := {(AR = 4.8) A (FAB=L)};

e third cluster (yellow): Z3 := {(AR = 1)};

* fourth cluster (blue): Z, := {(AR € {2.5,3.7,4.8})A(FAB € {LP,H,HP})}.

The first major difference between classification-tree-based rules and the IN-
FERNO inference rules is that the former does not reduce the explorable domain,
as shown in Table 4l

Rule | # Solutions
7 108
54
216
Ty 486

Table 4: Energy consumption results from the classification tree. For each classification tree rule,
the number of solutions it allows to generate. In total, the whole domain (864 solutions) was
identified.
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Figure 6: Energy consumption results. Distribution of energy values for the entire set of solutions,
with indication for each cluster, in different colors, of the best and worst case solutions identified
by the corresponding inference rules (cluster 1, red, is on the top-left; cluster 2, green, is on the
top-right; cluster 3, yellow, is on the bottom-left; cluster 4, blue, is on the bottom-right).

To better and further assess the differences between the INFERNO inference
rules and the classification tree rules, we computed the PoX. The reference group
(B) is that of the original clusters. The results are shown in Table 5]

It is clear that the inference rules outperform the classification tree rules. The
best PoX value for the inference rules is associated with Z,. This may be related to
the fact that the associated rule identified a single solution. The overall inference
rules PoX is around 4.5 times smaller than that of the classification tree rules.

5.2. Test Case 2: Thermal comfort

Looking at the thermal comfort optimization case, the obtained clusters are
those in Figure [/l The number and quality of the solutions associated with the
clusters are presented in Table [6]

The inference rule derivation procedure for the 4 clusters is summarized in the
following.

* Uniformity Principle: as the vertex WWR 0.2 is linked to all blue vertices,
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Rule | PoX - Inference Rules | PoX - Classification Tree
I 27.75 67.73
I 0.49 77.16
25.56 85.97
n 29.12 143.46

Table 5: Comparison of Price of Explainability (PoX) for INFERNO inference rules and classi-
fication tree rules for the energy consumption case. The reference group for PoX computation is
the set of solutions from the original clusters. The sum of PoX values of the INFERNO inference
rules is approximately 4.5 times smaller than that of the classification tree rules.
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Figure 7: Clusters identified from the bipartite network representing the best thermal comfort
solutions. Vertices depicted with the same color belong to the same cluster.

then in all inference rules the value of WWR is set to 0.2. For a similar
reason, HVAC is set to A.

* Exclusion Principle: Vertices FAB HP and AR 4.6 are never linked to blue
nodes, so these values are removed from the domain of the corresponding
variables. Vertices WWR 0.5, WWR 0.95, and HVAC R do not need to be
considered here, since variables WWR and HVAC were already fixed to 0.2
and A, respectively, by the previous principle. After that, the domains of
the variables WWR, FAB, and HVAC are: D(WWR) = {0.2}, D(FAB) =
{L,LP,H}, D(HVAC) = {R}, respectively.
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* Generation Principle: following the same procedure as in the energy case,
we obtain the following rules.

— for the first cluster (red), Z; := {(AR = 1) A\(WWR = 0.2) A (FAB =
H) A (HVAC = A) A (SPT € {19,21,23}) A (SBK = 13)};

— for the second cluster (green), Z, := {(AR =€ {1,2.5,3.7})A(WWR
0.2) A (FAB € {L,H,LP}) A (HVAC = A) A (SPT = 23) A (SBK =
16)};

— for the third cluster (yellow), Z3 := {(AR = 2.5) A (WWR = 0.2) A
(FAB = LP) A (HVAC = A) A (SPT = 21) A (SBK = 10)};

— for the fourth cluster (blue), Z, := {(AR = 3.7) A (WWR = 0.2) A
(FAB = L) A (HVAC = A) A (SPT = 19) A (SBK € {10,13,16})}.

Rule | # Solutions | Best Case % | Worst Case %
I 6 994 97.5
2 98.1 97.6
7 99.5 98.0
Ty 7 99.8 97.7

Table 6: Thermal comfort results, original clusters. For each cluster, the number of solutions in
that clusters. Also, among those solutions, how the best and worst of them compare versus the
rest of the solutions of the domain (e.g., 99.4% means that the solution is better than 99.4% of the
solutions in the domain).

The results of the solutions identified by the inference rules associated with
the clusters are depicted in Table

Rule | # Solutions | Best Case % | Worst Case %
T 3 98.0 85.1
9 98.1 83.7
1 98.4 98.4
Iy 3 97.7 97.2

Table 7: Thermal comfort results, inference rules. For each inference rule, the number of solutions
it allows to identify. Also, among those identified solutions, how the best and worst of them
compare versus the rest of the solutions of the domain.

The results show that, as for the energy consumption case, the quality of the
solutions when using the inference rules is slightly lower than that of the origi-
nal cluster solutions. At the same time, the results seem to be worse than those
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obtained in the energy consumption case. This is also confirmed by comparing
Figures [6] and [§]

500 1000

il Mﬂmm A1l Wﬂmm

500 1000 1500 2000 500 1000 1500 2000

Figure 8: Thermal comfort results. Distribution of energy values for the entire set of solutions,
with indication for each cluster, in different colors, of the best and worst case solutions identified
by the corresponding inference rules (cluster 1, red, is on the top-left; cluster 2, green, is on the
top-right; cluster 3, yellow, is on the bottom-left; cluster 4, blue, is on the bottom-right).

As in the previous case, a classification tree was also trained to classify the 22
solutions in Figure m In this case, 6 leaves were necessary. The associated rules
to describe the clusters are as follows:

o first cluster (red): Z; := {(FAB = L) A (STP € {21,23})} V {(FAB €
{LP,H,HP}) A (STP = 19)};

* second cluster (green): Z, := {(FAB € {LP,H,HP) A (STP = 23) A
(SBK € {13,16})};

« third cluster (yellow): Z; := {(FAB € {LP,H,HP) A (STP € {21,23}) A
(SBK = 10)}V{(FAB € {LP,H,HP})A(STP = 21)A(SBK € {13,16})};

fourth cluster (blue): Z := {(FAB = L) A (STP = 19)}.
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Note that, unlike in the case of energy consumption, there were sometimes
multiple leaves of the tree associated with the same cluster (that is, the reason for
the OR operator V in clusters 1 and 3). This is already an element that can com-
plicate the decision process because it introduces additional choices. Moreover,
as shown in Table (8] the domain reduction ability of the inference rules is not a
feature of the classification tree rules.

Rule | # Solutions
7 144+216
144
144+144
Ty 72

Table 8: Thermal comfort results from the classification tree. For each classification tree rule,
the number of solutions it allows to generate. The ”+” in the thermal comfort column is used for
clusters identified by two set of rules linked by the VV symbol. In total, the whole domain (864
solution) was identified.

Finally, we compare the Price of Explainability of the inference rules and the
classification tree rules in Table 9l

Rule | PoX - Inference Rules | PoX - Classification Tree
T 46.23 319.73
43.99 295.87
0.0 311.99
Ty 23.40 254.04

Table 9: Comparison of Price of Explainability (PoX) for INFERNO inference rules and classifi-
cation tree rules for the thermal comfort case. The reference group for PoX computation is the set
of solutions from the original clusters. The sum of PoX values of the INFERNO inference rules si
approximately 10 times smaller that that of the classification tree rules.

From the results, the PoX of the inference rules is worse than that of the energy
consumption case. At the same time, the results of the classification tree are much
worse. In fact, the overall PoX of the inference rules is more than an order of
magnitude smaller than that of the classification tree rules. It is also interesting to
observe that the PoX of the inference rules of cluster 3 is zero. This is compatible
with the remark made in the case of energy consumption that rules associated with
one solution provide very small PoX values.
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6. Conclusions and Future Work

In this paper a new framework - referred to as INFERNO - based on derivative-
free optimization and bipartite clustering is employed to address expensive simulation-
based optimization problems. First, a set of high-quality solutions is computed
with RBFOpt, an RBF-based optimization solver. The solutions are then used to
generate a bipartite network, where bipartite modularity optimization is applied
to identify clusters. Finally, a novel procedure is proposed to derive inference
rules from the clusters. Such rules allow decision-makers to efficiently explore
the domain of the problem while searching for alternative solutions.

The INFERNO framework offers several advantages:

* Visualization of results: the use of bipartite networks and clustering enables
effective visualization regardless of the problem’s dimensionality;

* Improved explainability costs: the inference rules are easier to explain than
classification-tree rules (for example, they do not have OR conditions inside)
and achieve better PoX scores;

* Domain reduction: the generated inference rules effectively reduce the prob-
lem domain to a manageable size for decision-makers who want to explore
alternative solutions with shared features. In contrast, the classification trees
produced less specific rules and did not achieve domain reduction.

Nonetheless, the bipartite modularity optimization procedure could be time-
consuming for larger networks. Even though the bottleneck is usually the expen-
sive simulations in Step 1, the issue can be mitigated using heuristics like (Costa:
& Hansen, 2014)).

Future work includes the extension to multiobjective optimization, where two
or more performance metrics should be considered together, and the inclusion of
uncertainty affecting some of the parameters of interest.
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