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Abstract

We consider unconstrained multi-criteria optimization problems with
finite sum objective functions. The proposed algorithm belongs to a
non-monotone trust region framework where additional sampling ap-
proach is used to govern the sample size and the acceptance of a can-
didate point. Depending on the problem, the method can yield a mini-
batch or an increasing sample size behavior. This work can be viewed
as an extension of additional sampling trust region method for scalar
finite sum function minimization presented in the literature, requiring
nontrivial modifications both in construction and in convergence anal-
ysis of the algorithm. Under assumptions standard for this framework,
we prove stochastic convergence for twice continuously-differentiable,
but possibly non-convex objective functions. The experiments on ma-
chine learning binary classification datasets show the efficiency of the
proposed scheme and its competitiveness with the relevant state-of-
the-art methods in both convex and non-convex setup.

Key words: Additional sampling, non-monotone trust region, adaptive
sample size, multi-objective optimization, Pareto critical points, stochastic

convergence.

1 Introduction

The problem we are solving can be stated as

min f(z) := (f*(x), ..., f{zx))"
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where f: R™ ¥ R? and each component function is assumed to be smooth
with Lipschitz-continuous gradients. Let N?, i = 1,...,¢ be the respective
index sets and N* = jN%j = N, for all i = 1,...,q. We assume that each
component function has the following finite sum form
, 1 >X<
Fiw) = i) =1 (2)
JEN?

This setup is often encountered in Machine Learning (ML) and Deep Learn-
ing (DL) and it has been widely researched, yielding many crafty optimiza-
tion methods. The considered problems are often nonlinear, nonconvex,
and large-scale, which calls for the development of stochastic optimization
methods specialized for Multi-Objective (MO) problems. In ML terms, each
component function f/(z) can be seen as a distinct average loss function,
where x 2 R"™ is the vector of trainable parameters for input-label pairs
f(aé, y;)gévzl of the training dataset, i.e.,

f]’(m) = Li(aé-,y;;x), j=1,.,N,i=1,..,4q,

and L‘( ) measures the prediction error. For the method we propose, the
stochastic inflow comes from subsampling which is used to reduce the com-
putational costs of evaluating the full functions and possibly the relevant
derivatives.

The points of interest in multi-criteria problems are Pareto critical points
which cannot be locally improved in terms of all component function val-
ues [10],[23]. Finding Pareto critical points yields possibility of finding an
entire Pareto front - a set of globally optimal points [9]. This is extremely
important in some applications since the representation of the entire front
can provide crucial information. Pareto critical points can be character-
ized as zeros of the so called marginal function (see [10] for more details).
In the single-objective case (¢ = 1), this concept is reduced to the well
known first order optimality conditions, i.e., finding a stationary point of
the objective function. Therefore, a common approach in the analysis of
multi-criteria optimization is to show that (sub)sequence of marginal func-
tion values converges to zero. In stochastic setup, where only approximate
values of the functions and the derivatives are available, the approximate
marginal function plays a significant role in the algorithm, while the analysis
aims stochastic convergence of the true marginal function [26],[17].

Both the line search and the trust region approach has been researched
in multi-objective optimization, resulting in a number of deterministic and
stochastic algorithms. Deterministic multi-criteria steepest descent and
Newton method, together with a projected gradient method for the con-
strained case has been discussed in [II]. The stochastic multi-gradient, an
extension of the classical stochastic gradient (SG) [21], can be found in [20],



in which sublinear convergence for convex and strongly convex functions is
shown.

In [27], the marginal function is utilized to define the trust region method,
and therein a convergence towards a critical point is shown. The complex-
ity of multi-objective problems motivates the development of the stochastic
and derivative free approaches. In [20], a black box function is used and the
derivative is unknown. Therein it is shown that by using the true function
values and approximate derivatives it is possible to prove convergence to-
wards a Pareto optimal point. It is also possible to use both approximate
function and gradient values if the estimates are sufficiently accurate with
high probability (probabilistically fully linear), see [17], which is a gener-
alization of [8]. Therein, an adaptive subsampling technique is used which
depends on the trust region radius. It successfully reduced the computa-
tional cost by using less data when the radius is larger.

The literature also provides methods designed for problems with the
finite sum objective functions. These methods exploit the structure of the
function and their advantage lies in subsampling techniques. It is shown that
subsampling can help in reducing the costs of deterministic schemes where
the full sample set is needed at all iterations, yielding excessive optimization
costs. Some papers on this topic are [I],[2],[3],[4],[5],[6],[22]. Moreover, sam-
pling is inevitable in infinite sum problems that are used for modeling online
training process, or in more general problems where the objective function
is in a form of mathematical expectation (see [15] or [19] for instance). In
[13] an additional sampling technique is employed within a non-monotone
trust region framework, aiming to solve single-criterion problems. The idea
of non-monotonicity withing trust region framework is also present in the
literature [28],[25],[7].

In this work, we propose a stochastic non-monotone trust region algo-
rithm for solving multi-objective problems —. At each iteration we
employ subsampled functions and gradients to find a candidate subsequent
point based on approximate trust region model. The acceptance of that
point is based on additional sampling technique [I3],[18],[12], [24], which
also governs the subsampling strategy. This means that besides subsam-
pling needed to form an approximate model and the candidate point, we
also use an independent subsampled functions as a decision making criteria.
Roughly speaking, the role of additional sampling is to test the heterogene-
ity of the data and increase the level of precision if necessary. By adaptively
choosing the sample size for each component, we handle the sample average
approximation error for each objective function separately. This leads to
two different sample size scenarios: 1) “mini-batch scenario”, where at least
one of the objective functions is approximated during the whole optimiza-
tion process; and 2) “full sample scenario”, where the full sample is reached
eventually for all the objective functions.

In particular, the presented work generalizes the additional sampling



non-monotone trust region approach for single-objective problems [13] to
multi-objective setup. This adaptation requires nontrivial modifications
both in the algorithm’s construction and in the convergence analysis. The
resulting method yields adaptive sample size sequences designed to reduce
costs by exploiting the problem’s structure, while ensuring the convergence
towards critical points under some common assumptions for this setup, re-
gardless of the sample size scenario.

The paper is organized as follows. Some basic concepts are covered in
the following section. Section 3 presents the proposed algorithm. Within
Section 4 the stochastic convergence of the proposed method is analyzed,
while Section 5 is devoted to numerical results. Some conclusions are drawn
in Section 6.

2 Preliminaries

We start this section by defining efficient and weakly efficient solutions of

problem (|1)).

Definition 1. [10] A point z* 2 R" is called (an) efficient (solution) for
(or Pareto optimal) if there exists no point 2 R” satisfying f*(z)  f*(z*)
foralli 2 ¥1,2,...,qg and f(x) & f(z*). A point z* 2 R" is called (a) weakly
efficient (solution) for (1)) (or weakly Pareto optimal) if there exists no point
x 2 R" satisfying f'(x) < f*(z*) for all s 2 1,2, ..., ¢Q.

It can be shown that a stationarity condition for problem is related to
marginal function

w(xz) = min max hrfi(z),di . 3
(@) ldli<1  i€{l,..q} fi(z) (3)

Notice that w(x) = krf(z)k if ¢ = 1 since the solution of problem (3]
is dP'(z) = rf(x)/krf(z)k in that case. In general, marginal function
characterizes Pareto critical points as stated in the following lemma.

Lemma 1. [I0] Let D(z) be the set of solutions of (). Then
a) w(z) 0, for every x 2 R™;
b) if z is Pareto critical for (1) then 0 2 D(x) and w(z) = 0;

c¢) if z is not Pareto critical of then w(z) > 0 and any d 2 D(z) is a
descent direction for ;

d) the mapping = ¥ w(z) is continuous.



One possible scalar representation of the multi-objective problemml) is

min : = max f'(x): 4
XZIIR’” (X) (X) i2f 1;:¥;qg (X) ( )
Although problems and (@) are not equivalent, it can be shown that
every solution problem @) is a Pareto critical point of problem @)
At each iteration k we form a sample average approximations of functions
@) and their derivatives as follows
[ 1 X iy i iy}
fN;(x)z NP fi (x); rkai(x)z . rfi(x); (5)
Kjon |

where N} N ' and N/ = jN/j. Moreover, we consider the approximate
marginal functions [26]

| = i . -di
I'ny (X) I(r(Pklnl i2fm1;??:);(qghr ka.(x), di (6)
where Ny = (N 5N N = (N Lo N9 is the set gtuple. The corre-
sponding scalar problem is then given by

: . — i o)
min N ()i () = izrfnf‘ﬁf;qngk'(X)' @)

[7) as

my, (d) = i2Enax lei(d); (8)

my; (d) := fii(xk)+ hrf,i\lli(xk);di + %h}l;Hf(di;

WhereHli( approximates the Hessian of functionf ' for i = 1;:::; q at iteration
k. Notice that for eachi = 1;:::;;q, r mei(O) =rfl ki(xk)' and mei(O) =
f,l\jli (Xk)-

Furthermore, following the approach of [13], we will rely on additional
sampling and draw independently sampled subsets to govern sampling strat-
egy of the method. This yields a nondecreasing, adaptive subsampling ap-
proach constructed in a such way to avoid employing the entire sample set
for functions f' which are homogeneous, i.e., whose subsampled values do
not noticeably di er from the full sample values. On the other hand, if the
local functions of an objectivef' are heterogeneous, mini-batch does not
provide a good representative and the sample size is increased gradually. As
mentioned, this will create two possible scenarios: \mini-batch" (MB) and
\full sample” (FS). Recall that in the MB scenario, there exists at least one
component functionf ' for which the subsampling sizeNli( is strictly less than
the full sample sizeN throughout the algorithm. On the other hand, FS
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does not imply fully deterministic approach, but rather a non-monotonically
increasing sample mode where the full sample is reached eventually. More
formally, let us de ne

Mp:= fi2f1;::509) N\ <N; 8k 2 Ng: 9)

Thus, My 6 ; implies MB scenario, while My = ; implies FS scenario. No-
tice that scenario depends on a sample path - the outcome of the algorithm
in uenced by random sampling. Denoting the set of all possible sample
paths of the algorithm by , we have = MB [ FSand MB \ FS = ;,
whereMB represents all possible sample paths such thatMy, 6 ;, while
FS represents all possible sample paths such thatMy = ;.

3 Algorithm

Within this section we present Additional Sampling algorithm for Multi-
Objective Problems - ASMOP. As mentioned earlier, at each iterationk,
a quadratic model my, (d) is formed using the subsampled values (5) and
Hessian approximationsH|. Then, the direction is obtained by solving the
following problem approximately

min mn, (d); (10)

where  is the trust region radius. The approximate solution dy is such
that the Cauchy decrease condition holds

1 . ! X
M @) My (d) 5! mint g )
with _
k=1+ max kHk: (12)
i2f 1;:::909

It can be shown that such direction exists (see Lemma 2 of [17] for instance).
Similar to [13], we will de ne a trial point X; = Xxx + dg, and check the
ratio between the decrease of the relevant scalar function and the quadratic
model. Since we are dealing with noisy approximations in general, we adopt
non-monotone trust region strategy to avoid imposing a strict decrease and
de ne the ratio as follows

Ne(Xt) N (Xk) Ktk

M i, @) v, ©) )

wherety, > 0 for all k and

tyk t< 1: (24)
k=0



The role of tk is to control a potential increase of the scalar function and it
is assumed to be predetermined.

Furthermore, let us de ne the set of indices at iteration k for which we
have an approximate function values, i.e.,

ME:=fi2fL 509Ny <N g (15)

If My = ; then we say that the algorithm is in the FS (full sample) phase
at iteration k. On the other hand, we say that the algorithm is in the
MB (mini-batch) phase at iteration k if M, 6 ;. If we are in the MB
phase, the independent additional sampling is performed. More precisely,
we sampleDy = ( D{; ::;; D), independently of Ny, with D}, N ' such that
D} = jD}j <N forall i =1;::q The subsampleDy is used to calculate
fIiDL(Xk)’ fl L(Xt) andr f! ik(xk) by the following formulas

i 1 X i i 1 X i :
fDL(x)= o fi (x); rfDik(x)= o rfj(x); i=1;159:0 (16)
Kijapi Kjap|

Keep in mind that it is possible that some component functions reached the
full sample, while the others did not. For eachi 2 M £ we setD, = N', i.e,,
we havefDik(x) = kai(x) = fyi(x). For all the other componentsi 2 Ml')‘ it
is possible to use subsample@li( of arbitrary small sizes. In our experiments
we setDL = 2, which keeps the computational cost of additional sampling
low.

The following ratio acts as an additional measure of adequacy of the trial
point

D (Xt)  p(Xk) ki

: 17
P max; of 1;:599 kr fBL(Xk)k ( )
where p, (X) 1= MaX iy 1;::q0 f b, (X), T > 0 and
o
tk t< 1: (18)
k=0
Notice that p, is equivalent to an Armijo-like condition
T i :
D) oK) * ke max K fp (ke (19)
In the MB phase, the trial point is accepted if both and p,

Notice that the second condition may be very strong since the maximum
of the approximate gradients appears on the right-hand side of (19). This
is balanced with the choice of predetermined non-monotonicity parameter
sequenceftyg. The ratio p, also plays a signi cant role in subsampling
strategy as will be seen within the algorithm. Therefore, the choice of the
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non-monotonicity parameter may have a big impact on the algorithm's be-
havior as will be demonstrated within Section 5. If ASMOP reaches the FS
phase, only n, = n is considered as in the deterministic version of the
multi objective trust region [27].

One more mechanism is used to control the sample size behavior. Namely,
if we get relatively close to Pareto critical point on an approximate problem,
more precisely, if! n, (Xk) <"h L where

[
i~ N Ny
is a sample average approximation error estimate, we increase the subsam-

pling size. The algorithm can be stated as follows.
Algorithm 1. (ASMOP)

(20)

Step 0. Initialization.
Choosexg 2 R"; max > 0; 02 (0; max), 12 (0;1); 2=1=4;;">
0; 2 (0;2); ftyg satisfying (14) and fixg satisfying (18), No =
(N&;:iNgh. Setk =0.

Step 1. Candidate point.
Form the model (8) and nd the step such that (11) holds.
Calculate n, by (13) and ! n, (Xk) by (6).
Set Xt = Xi + dk.

Step 2. Sample update.
if My =, (FS phase) then
Go to Step 3.
else (MB phase)
Forall i 2 Mf:
ChooseDL randomly and uniformly, with replacement, from N ' and
calculate p, by (17).
if !, (Xk) <"hl then
ChooseN},, 2 (N};N] and chooseN|,, .
else
if p,< then
ChooseN|,, 2 (N};N] and chooseN|,, .
else
if n, < then
SetNl,; = Nl and N/,, = N/
else
SetN/,, = N}, and chooseN|,; .
end if
end if
end if
end if



Step 3. Ilterate update.
if MX 6 ; (MB phase) then

if N, and p, then
Xk+1 = Xt.
else
Xk+1 = Xk-
end if
else (FS phase)
if N, then
Xk+1 = Xt.
else
Xk+1 = Xk.
end if
end if
Step 4. Radius update.
if N, then
k+1 = Minf max; 2 k0.
else
k+1 = 1 k-
end if

Step 5. Counter update.
Setk = k+1 and go to Step 1.

A few more words are due to algorithm's construction. The initializa-
tion includes setting the hyper-parameters, including the trust region radius
bound nax and the initial sample size Ng. Step 1 nds a candidate point
through nding a suitable direction dx based on the chosen sampldl,. We
also calculate the corresponding approximate marginal function.

Notice that Step 2 is relevant only if the MB phase is active and it is
devoted to the sampleNy update. Besides determining the sample sizBly+;
to be used in the next iteration, we also determine whether the same sample
should be retained. The additional sampleDy is drawn according to the
stated rules to ensure theoretical requirements. Recall that the sample size
of DL can be arbitrarily small for all i and k. The independence fromNy is
crucial since we need an independent \second opinion" on the trial point.

The sample size can be increased due tby, (xx) < h{( or p, <
The later case indicates that the trial point obtained via Ny is a bad choice
with respect to independent representative p, of the original scalar rep-
resentation . This signalizes potential heterogeneity of the data and re-
quirement for a better approximation by employing a larger subsample. If
both ! n, (Xk) hL and p, hold, then we check the agreement y, .

If N, < then we suspect that the modelmy, was not good enough ap-
proximation of , and that the failure was due to inadequate radius rather
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than inadequate sample. In that case, we keep the same sample size, but
also retain the same sample for the next iteration. Finally, if the agreement
is good enough, i.e., n, , we proceed with the same sample size, but
with a di erent sample. Notice that the sample size sequence is nondecreas-
ing. Therefore, if the algorithm enters the FS phase, it remains in it until
the end.

Step 3 is devoted to the acceptance of the trial point. In the MB phase,
both measures of agreementy, and p, need to be big enough in order to
accept the trial point, while in the FS phase the decision is reduced to y, .
The trust region radius is updated within Step 4 where the decision is based
solely on y, regardless of the phase of the algorithm.

4 Convergence analysis

Within this section we prove almost sure convergence of a subsequence of
marginal functions ! (xx), which is an equivalent of vanishing subsequence
of gradients in the scalar case @ = 1). We start the analysis by imposing
some standard assumptions for the considered framework.

Assumption 1. All the functions fji, j 2N i=1;::qare twice continu-
ously di erentiable and bounded from bellow.

Notice that this assumption implies that all the subsampled functionsf! ;i =
k
1;:::; g are twice continuously di erentiable and bounded from bellow as well.

Assumption 2. There exists a positive constantc, such that
ke %f/(x)k ¢, foral x2R"j2N'i=1;:0;

and the sequence of  de ned by (12) is uniformly bounded, i.e., there
exists a positive constantc, such that

k=1+max kH k ¢, forall k2 N:
|

This assumption implies that all the Hessianskr 2f,i\li(x)k are uniformly

bounded as well with the same constantc;,. AIthoughkrestrictive, this as-
sumption is satis ed in some important classes of ML problems such as
logistic regression and linear least squares.

Similarly to Proposition 5.1 in [27] we prove that the error of the ap-
proximate model my, can be controlled by the trust region radius.

Lemma 2. Suppose that Assumptions 1-2 hold. Then there exists a positive
constant ¢ > 0 such that for eachk 2 N the step dx of ASMOP satis es

ioN O+ dk) my ()i oo 2
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Proof. Due to Assumption 1 and Taylor's expansion, for eachi there exists
K'2 (0;1) such that the following equality holds

FL ek di) = FLL O+ hr 1 (i dei + Sk 261 (it ¥di) s (20)
Ny K Ny 2 Ny
Furthermore, there holds

JoN (Xt de) mp (de)j = ji max f' J de) maxgmN'(dk)J

f'. (dk)]
X (Xk + ) my; (di)]

I2fmlaxq (thdk r 2f,'\,ki(Xk + {dd)dkij  (22)

+ j*mk;Hldkij)

1
L dek? = g
I2fmlaxq (Zkdk?(ch + cp)) 2(Ch + Cp)

and the result holds with ¢ = %(ch + Cp).

Remark 1. Notice that if Ml'j = ;,i.e., if the algorithm is in the FS phase,
Lemma 2 implies
joetdd) m(d)j o g (23)

The further analysis is conducted by observing the two possible out-
comes of the algorithm with respect to sample size behavior (MB and FS)
separately. However, at the end we combine all the possible outcomes to
form the nal result stated in Theorem 4.2. In order to do that, we follow
the similar path as in other papers dealing with the considered additional
sampling approach. Let us denote byD, the subset of all possible outcomes
of Dy such that p, , i.e.,

Dy =fDk Nj p(xt) b (xk)+ «ik isz'ﬂ_l}(qg kr fl')L(xk)kg: (24)
If Dk 2 Dy and n, then Xx+1 = X¢, otherwise we havexys+1 = X.
Similarly, we denote the set of outcomes where an increase occurs as

D, =Mk Nj p,(X)> p(Xk)+ «kik . ffqaxqgkf fli (Xk)kgi (25)

Notice that if Dy 2D, , then xx+1 = Xx. Now, we proceed by observing the
MB scenario rst. The following lemma states that, within this scenario, we
have p, for all k large enough.

Lemma 3. If My 6 ; then there exists random, nite iteration ko 2 N such
that D, = ; forall k Kko.
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Proof. Since the sample sizes are nondecreasing, for eacB My, there exist
a correspondingN' < N and ki 2 N such that N} = N' for all k k.
Without loss of generality, let us assume that for allj 2 My, there holds
N|J< = N forall k ko :=maxiy 1.::qq k{), i.e., for all k kg the subsample
sizes reached their upper limit.

Let us assume the contrary, that there exist an in nite subsequence of
iterations K N such that D, 6 ; for all k 2 K. That means that
for all k 2 K there exists at least one possible choice oDy such that

b, < . Without loss of generality, assume that for all k 2 K we have
that k ko. Since DL N 1, there are nitely many combinations
with repetitions for DL and thus there are nitely many choices for g-tuples
Dx!l. Therefore there existsp~2 (0;1) such that P(Dy 2 D,) p, i.e.,
P(Dk2Dyg) 1 p=p<1Hence

Y
P(Dk 2Dy ;8k 2 K) p=0;
k2K

i.e., almost surely there existsk ko, such that p, < . However, accord-
ing to Step 2 of the algorithm, the sample size is increased for all 2 M_l'; in

that case, which is a contradiction with the assumption that N} = N' for
alli 2 Mpand k Kkg. This completes the proof.

The following lemma will help us to show that the marginal function
tends to zero in the MB scenario. In order to prove the convergence result,
we de ne an auxiliary function ik

fix (X) = max_f{(x): (26)

N =1 i2f 1;:::09
The result is as follows.

Lemma 4. Suppose that Assumptions 1 holds andM, 6 ;. Then
fix (Xt) fix (Xk) D (Xk) + kilk
holds for all k kg, wherekg is as in Lemma 3.

Proof. Lemma 3 implies that we have p, Di.e.,

0.0 o)+l max kel (xok

More precisely, the number of possible choices foDy is S(D}) S' := (2N 2)I=((N
1)1)2 where the upper bound follows from the combinatorics of unordered sampling with
repla@ement. “Thus, the number of choices for g-tuples Dy is also nite and bounded by
S= "im, S
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for all k ko and for every possible choice oDg. Since the choice of
each Dli( is uniform and random with replacements, this further implies?
that the previous inequality also holds for all the single-element choices of
DL and all their possible combinations formingDy. Further, observing the
combinations of the form Dy = (j;:::;j ) for j =1;:::;; N we obtain

omax fl(x) m _max_kr f/(xk:
i2f 1;:::;,99 i2f 1;::5q i2f 1;:::;909

Now, summing overj and dividing by N we obtain
_ g X |
fix (X)  fix (X)) *+ oktk o max gkr fi (xik: (27)

N i=1 i2f 1;:q

Further, let us observe the marginal function and let us denote byd, the
solution of (3) at iteration Kk, i.e.,

[ = hr fi(xe):di:
(Xk) izfmlgfqgr (Xk); dyi

Then for everyi 2 f 1;::; qg there holds
I (xk) = max hrfi(xe);dd hr fi(xy);di:
i2f 1;::;99
Furthermore, by using the Cauchy-Schwartz inequality and the fact that
kd,k 1 we obtain
L(xk) hr fi(x);dd ke fi(x)kkdek kr fi(x)k:

Equivalently, ! (xx) kr fi(x,)k for everyi and thus we obtain

. 1 .
! kr f' k= K— f! k 28
(Xk) X K (Xk) aTeX 5N j:lr i (Xk) (28)

max iw kr f1(x)k iw max kr f!(x)k:
i 2f l;::;qu i=1 Ik N o1 i2f 1;::;09 JATRIE:

Combining this with (27) we obtain the result.

The following result states that in the MB case, eventually all the iterates
remain within a random level set of the function i .

Corollary 4.1. Suppose that the assumptions of Lemma 4 hold. Then the
following holds for allk 2 N

fix (Xko+k) fix (Xko) ¥ maxt:

2 Additional sampling is such that it is possible to have Dy = fj;:;j g which is in fact
equivalent of choosing one-elementD, = fjg due to sample average approximations.
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Proof. SinceXy+1 is either xx or x;, Lemma 4 and nonnegativity of ! (xx)
(Lemma 1, a)) imply that in either case we have ix (Xk+1) fix (Xk)+ Kkt
for every k  Kkg. Then, the results follows from summability of ty (18) and
the fact that the sequence of i is uniformly bounded by max .

Similar result can be obtained for the FS scenario as well.

Lemma 5. Suppose that the Assumptions 1-2 hold. IfMy = ;, then there
exists a nite, random iteration k; such that the following holds forallk 2 N

(Xk1+ k) (Xkl) + maxt

Proof. SinceMy = ;, there exists a random, nite iteration ki 2 N such that

for all k ki the full sample is reached, i.e.,Nli( =N foralli=1;::q, and

thus we have N, (Xk) = (Xk), mn, (dk) = mi(dy) and ! n, (Xk) = ! (Xk).

Let us observe iterations k ks and denote  := . Then, according

to the algorithm, the step is accepted if and only if . So, either
(Xks1) = (XK)or (Xke1) = (X)) and e,

(Xk+1) (X + te k+ (Mi(de)  my(0))

I (Xk)
K

(Xk) + tk « é! (Xk) minf ; g
(Xk) + tk max:
Hence the result follows from (14).

In order to prove the main result, we assume that the expected value
of any local cost function fji is uniformly bounded. For instance, this is
true under the bounded iterates assumption which is common is stochastic
framework. More precisely, we assume the following.

Assumption 3. There exists a constantC > 0 such that for all i = 1;:::;q
andj 2N "' we haveE(jf{(xk,)jj MB) C and E(jf{(xk,)jj FS) C:

Notice that Assumption 3 implies that
E( fix (o) iMB) C and E( fix (x,,) JFS) C: (29)

In the sequel we will show the convergence result for ASMOP algorithm.
The analysis is conducted in a similar way as in the proof of Theorem 1
of [13], but adapted to t the multi-objective framework. For the sake of
readability, we observe separately MB and FS case. First we consider the
MB scenario and show that liminfe; ! (xx) = 0 almost surely.

Theorem 1. Suppose that Assumptions 1-3 hold. Then

P(Iimlinf F'(xk)=0jMB)=1:
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Proof. Let us consider the MB scenario, i.e., the sample paths such that
My 6 ;. Then, Lemma 3 implies that we have p, ; forall k ko and
for every possible choice oDy. Moreover, we know that for eachi 2 My we
have N/ = N' <N, and for eachi 2 M, we haveN} = N for all k k.
Moreover, according to Step 2 of the algorithm, we have

In () "hi "= N> 0

foralli 2 Mpand k kg. Now, we will show that there exists an in nite
subset of iterations at which the trial point is accepted, i.e., that y,
occurs in nite number of times.

Suppose the contrary, that there existsks ko such that y, <  for
all k  ks. This further implies that lim ;1 ¢ = 0 due to Step 3 of the
algorithm. Moreover, in this scenario, we also have a xed sampléNy = Ny,
forall k  ks. Furthermore, sincemy, (0) = n, (Xk), from Lemma 2 for all
k ks we have that

PN 1= Ne (X)) N (X))t K hj= N (XE) ek mN"(dk)j
k My (ch) M (©) M (T M, (0
CEttkk "cflf+tk"k

1) pin k;wg & minf ;g

Since limgy k= 0, there exists kg ks such that ¢ < " n=q, for all

k ks and thus

_ o 2tk 20 k+ 2t
Ine 'T.N - = . :
5 N

Letting k ! 1  and using the fact that limy,; tx = 0 due to (14), we
obtain limyn N, = 1, which is in contradiction with the assumption of
Ne < < Zforall ko ks
Thus, we have just shown that there exists an in nite subsequence ;

N such that y, forall k 2 K. Let K3 = Ko\f ko;ko+1;:::9:= fkjgjan:
Then, for all k 2 K3 we have p, and y, , and thus Xg+1 = Xt.
Notice that for all the intermediate iterations, i.e., for all k kg, k 2 K3 we
have Xx+1 = Xk. Thus, Lemma 4 implies

fix Xy ) = 0= i (Xig1)  fix (Xig) D (X)) + kg B
and thus for eachj 2 N
X 1

fix (ij) fix (Xko) P (Xk,) + max b
1=0
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Applying the conditional expectation E( j MB) and using Assumptions 1
which implies that  fix (Xx;) is bounded from below for anyj, by employing
Assumption 3 and letting j '1  we conclude that

R
E(! (X)) jMB) < 1:
1=0

Now, for any , from Markov's inequality we obtain
_ 1% _
P(!(xg) JMB) - E((xq)jMB)<1:
1=0 1=0

Finally, Borel-Cantelli Lemma implies that lim ;1 ! (Xx,) = O which com-
pletes the proof.

Next, we show the same result for the FS scenario.

Theorem 2. Suppose that Assumptions 1-3 hold. Then
P(Iimlinf F'(xx)=0jFS)=1:

Proof. Let us consider the FS scenario, i.e., the sample paths such that

Mp = ;. Then, as in the proof of Lemma 5, for allk ki we haveNli( =
foralli=1;::q andthus N, (Xk) =  (Xk), My, (dk) = m(dk), ! N (Xk) =
I'(xk) and g := N.

Let us suppose the the statement of this theorem is not true, i.e., that
there exists" > Oandks, Kkj suchthat! (xx) >" forall k k. Since (14)
implies that lim 11ty = 0; without loss of generality, assume thatty < c;
for all k  kz. Then it can be shown that the sequence of ¢ is uniformly
bounded away from zero. Indeed, if at any iterationk Kk, the value of
falls below " := "=(20 maxf 1; ¢t ; cpg), then Lemma 2 implies

(xt)  mi(dy) tx K; G g+ tk k
mi(di) Mk (0) L0 minf ;LX) g
G 2+t k Cf|f+tkk<CfA+CfA
> minf ki g9 7 k 5

Tk 4=

<

i

which further implies that ¢ > % > , and, according to the algorithm, the
radius is increased, i.e., x+1 > . Therefore, there exists™ 0, such that
k> T forall kK ko.

On the other hand, the existence ofkz such that < for everyk K3
would imply limyg1 k = 0 due to Step 4 of the algorithm, which is in
contradiction with > ~, for all k ko. Thus, we conclude that there
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must exist an in nite number of iterations K1 N such that for all k 2 K1
there holdsk ks and . Therefore, for all k 2 K1 we have

(Xk+1) (X)) + kte+ (Mmi(de)  my(0))
P (Xk) P (Xk)

> minf ; . g

(Xk) + «ktk émmf ; Ebg

(Xk) +  «ktk

= (xXk)+ itk €

Again, without loss of generality, we can assume that for allk 2 K, there
holds ¢ty €¢=2 and thus

¢
(Xk+1) (Xk) E; k2 Ki:

Furthermore, by denoting K; = fkjgjon and using the fact that for all
k  kzsuchthatk 2 K, the trial point is rejected and thus  (Xk+1) = (Xk),
we conclude that for allj 2 N

[

>

Applying the conditional expectation and using Assumption 3 we obtain
that for every j 2 N

Xk ) = 0= (Xg+1) (X))

E( (%)iFS) C s

and letting j ! 1 we obtain limji;  E( (Xy) j FS) = 1 . Thisis
in contradiction with Assumption 1 which implies that the function is
bounded from below. This completes the proof.

Finally, we obtain the following result as a direct consequence of the
previous two theorems and Lemma 1.

Corollary 4.2.  Suppose that Assumptions 1-3 hold. Then the sequence of
iterates f xxgkon generated by the ASMOP algorithm satis es

liminf ! (xx) =0 a.s.
m (Xk)
Moreover, if the sequence of iterates is bounded, then a.s. there exists an

accumulation point of the sequencd xxgkon Which is a Pareto critical point
for problem (1).
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5 Numerical results

In this section we showcase numerical results obtained on machine learning
problems. The proposed algorithm - ASMOP is compared to the state-
of-the-art stochastic multi-gradient method SMG [20] for multi-objective
problems. We also compare ASMOP to SMOP [17] which also uses sample
average approximations, but di erent sample size guidance. The comparison
is made through FEV (number of function evaluations) and CPU time. The
rst measure is relevant for problems where accessing the data represents
a dominant cost and it also serves as a proxy for computational cost. The
other measure is relevant in applications such as portfolio optimization in
nance, where the approximate solution needs to be obtained promptly. It
is, however, sensitive to implementation issues which may not be optimal
for all the considered methods. Nevertheless, the results reveal potentials of
ASMOP considering both measures.

We tested the relevant methods on di erent types of problems. Section
5.1 covers convex problems where the objectives are constructed through
regularized logistic regression models. In Section 5.2 we present the re-
sults obtained on di erent types of objectives - one objective is modeled by
regularized nonconvex loss in 2-layer Neural Networks, while the other one
represents a least squares problem coming from, e.g., linear regression. Ad-
ditionally, within Section 5.3 we compare di erent parameter con gurations
of ASMOP and demonstrate algorithm's behavior under di erent sample
size increments. In all sections, since the gradients and Hessians reuse in-
termediate quantities computed during the loss evaluation (e.g.x" g ), they
can be obtained with a negligible additional computational cost. Therefore,
one FEV accounts for the joint evaluation of the function, gradient, and
Hessian of a single functionfj‘.

5.1 Logistic regression

The rst set of experiments consists of minimizing the regularized logistic
regression loss function with the CIFAR10, MNIST and Fashion MNIST
dataset. CIFAR10 is a dataset for an image classi cation problem, and it
consists ofN =5 10* RGB images of 32 32 pixels in 3 hues, which are in
10 categories, hence the dimension of the problem is=32 32 3 =3072.
We create a model which di erentiates category 0 (airplane) from 1 (car),
and also category 2 (bird) from 3 (cat) at the same time. AssumingN is the
set of indices of the training dataset, we split the dataset into two subsets
by creating two index subgroupsN 1 and N 2 such that N ! are indices of the
samples which are in categories 0 and 1, anN ? are indices of the samples
in categories 2 and 3. The second dataset we used was the MNIST dataset
which consists ofN =7  10* samples of gray-scale images of handwritten
digits with 32 32 pixels, hence the dimension is1 = 1024. Once again,
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we created two datasets from MNIST, the rst containing samples with
labels 0 and 8, and the second with labels 1 and 4. This way the model
di erentiates digits 0 or 8, and digits 1 and 4 at the same time, similarly
as with CIFAR10. We made both subgroups contain the same amount
of elementsN = 10%. The third dataset we used was the Fashion MNIST
dataset which consists oN =7 10* samples of gray-scale images of clothing
items with 32 32 pixels, hence the dimension i1 = 1024. Once again,
we created two datasets from Fashion MNIST, the rst containing samples
with labels 0 and 1, corresponding to T-shirt/top and trouser, and the second
with labels 2 and 3, corresponding to pullover and dress. This way the model
di erentiates T-shirt/top or trouser, and pullover or dress at the same time,
similarly as with CIFAR10 and MNIST. We made both subgroups contain
the same amount of elementdN = 10%. Finally, we considered the MNIST-
Fairness dataset, which is derived from the MNIST dataset. As before, the
original dataset consists ofN = 7  10* gray-scale images of handwritten
digits with 32 32 pixels, hence the dimension i = 1024. From this
dataset we selected only the samples with labels 1 and 4, corresponding to
the handwritten digits 1 and 4.

In order to introduce a sensitive attribute, we considered the pixel at
position 162 and split the samples according to whether the pixel value was
smaller or larger than its average value over the dataset. This procedure
generates two subgroups of data, which can be interpreted as two sensitive
groups. As mentioned, we are minimizing a regularized logistic regression
loss function

min f (x) == (f 1(x); f 2(x)); (30)
X2 R0
where the function components are de ned as follows:
i 1 X ( X (XT a )) i 2.
f'(x) = N log(1+ ' Yi\x aly4 Eki&k;|=1;2: (31)
joN i

Here,x 2 R" represents model coe cients we are trying to nd, X coe cient
vector without the intercept, a; the feature vector andy; the relevant label.
There are several factors and parameter choices which in uence the be-
havior of the algorithm. For this experiment, we set the initial subsampling
size Ny = 0:0IN, and we update the size at Step 2 when needed by a
small amount, N|i< = 0:02N. For the nonmonotonicity parameters we set
ty = W and ty = %, which satisfy (14) and (18). Since the
power of the denominator is slightly larger than 1, the algorithm will slowly
and gradually decrease the tolerance towards the rise of the function value.
Both additional sampling sizesD{ and D2 are set to 2 for all iterations in
order to keep the additional sampling computationally cheap. We compare
algorithms' true marginal function values ! (xx) as a measure of stationarity
for multi-objective problems. We calculate ! (xk) at each iteration and plot
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it against the FEV or CPU time. For all the considered methods, we per-

form 5 runs with the same parameters and report the plots of the averaged
values. In the plots of ! (xk), a shaded region is shown to represent the
Standard Deviation.

The following Figures 1, 2, 3 and 4 compare the three mentioned algo-
rithms for the xed budget of 8 10° function evaluation and 80 seconds
for CIFAR10 dataset, 10° and 3 seconds for MNIST dataset, 2 10° and 6
seconds for Fashion MNIST dataset and 19 and 0:3 seconds for MNIST-
Fairness dataset. We have also included the subsampling sizes of SMOP and
ASMORP for both function components in all gures. It is evident that AS-
MOP uses small amount of information to achieve large function reduction.
We have noticed that if we set 1% of samples as a starting size, and increase
the size of both subsamples by 2% of the respective maximum sample size,
the subsampling sizes update similarly for both criteriaf * and f 2.

Figure 1: CIFAR10 dataset, problem (31), N = 10%;n = 3072. First row: optimality
measure against function evaluations (left) and optimality measure against time in sec-
ond (left). Second row: sample sizes behavior. Parameters: xo = (0:1;0:1;:::;0:1); o =
1, max =8; 1=0:5 ,=2; =10 % =0:25"=10 °:
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Figure 2. MNIST dataset, problem (31), N = 10*;n = 1024. First row: optimality

measure against function evaluations (left) and optimality measure against time in sec-
ond (left). Second row: sample sizes behavior. Parameters: xo = (0:1;0:1;::;;0:1); o =
1, max =8; 1=0:5 ,=2; =10 % =0:25"=10 *

Figure 3: Fashion MNIST dataset, problem (31), N =10%;n = 1024. First row: opti-
mality measure against function evaluations (left) and optimality measure against time in
second (left). Second row: sample sizes behavior. Parametersxo = (0:1;0:1;:::;0:1); o =
1, max =8; 1=0:5 ,=2; =10 % =0:25"=10 “
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Figure 4: MNIST-Fairness dataset, problem (31), N = 10%;n = 1024. First row: opti-
mality measure against function evaluations (left) and optimality measure against time in

second (left). Second row: sample sizes behavior. Parametersxo = (0:1;0:1;:::;0:1); o =
1, max =8; 1=0:5 ,=2; =10 % =0:25"=10 %

5.2 Regularized Nonconvex loss in 2-layer Neural Networks
and Least squares

We have also tested how the ASMOP behaves when the criteria are two
completely dierent loss functions. Once again we have used CIFAR10,
MNIST, Fashion MNIST and MNIST-Fairness dataset for an image classi-
cation problem. The problem we are solving is (30), however this time the
component functions are

1 1 2
1 - = - 1 2
e N e Lrelnwan " 3 K
and 2 1 X 1 T 2
200= 5 S8 W) (32)
j2N 2

where N is the size of the respective sample groupss 2 R" is the vector
of model coe cients, & coe cient vector without the intercept, & the at-
tribute vector of the sample and y; its respective label. By minimizing this
loss function, we get coe cients that are adjusted for both machine learning
models. Speci cally, for CIFAR10 it will use a regularized Nonconvex loss
in 2-layer Neural Networks to di erentiate images of cars and planes, and
weighted least squares method to di erentiate birds from cats, and analo-
gously for the other three datasets considered. In the similar manner, we
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