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Abstract. In this paper, we study the online statistical inference of distributed contextual multi-

armed bandit problems, where the agents collaboratively learn an optimal policy by exchanging

their local estimates of the global parameters with neighbors over a communication network.

We propose a distributed online decision making algorithm, which balances the exploration and

exploitation dilemma via the ε-greedy policy and updates the policy online by incorporating the

distributed stochastic gradient descent algorithm. We establish the pivotal limiting distribution

for the estimator of reward model parameter as a stochastic process and then employ the random

scaling method to construct its asymptotic confidence interval. We also establish the asymptotic

normality of the online inverse probability weighted value estimator and construct an asymptotic

confidence interval of the value by plug-in method. The proposed algorithm and theoretical

results are tested by simulations and a real data application to a warfarin drug dosing problem.

Key words. Distributed contextual multi-armed bandit, confidence intervals, random scaling,

ε-greedy, distributed stochastic gradient descent

1 Introduction

Contextual multi-armed bandit (CMAB) is an online sequential decision making process

where the agent observes a feature of users (referred to as context) at each round and then

selects an action, in return only receiving a scalar reward corresponding to the chosen action.

The goal of the agent is to learn an optimal policy that maximizes the expected cumulative

reward through balancing the trade-off between exploitation and exploration. Many practical

problems, such as healthcare [5, 18], recommend system [6, 27] and dialogue system [30], can

be modeled as CMAB. In the past decades, efficient algorithms have been proposed for CMAB,

including forced sampling method [5, 20], ε-greedy method [33, 38], upper confidence bound

method [4, 27] and Thompson sampling [2, 8]. We refer interested readers to the survey [39] for

a more comprehensive overview on the development of contextual bandit problems.

In many real-world applications, the sequential decision making involves multiple agents and

is distributed by nature. For example, multiple physically separated hospitals may conduct the

same clinical trial simultaneously; E-commerce platforms or streaming media recommendation

systems utilize multiple servers to provide personalized product or content recommendations to

a large number of users. This motivates people to expand the traditional single-agent bandit

problems to accommodate multi-agents frameworks [17, 22, 26, 36]. Wang et al. [36] consider

the linear contextual bandit with a central server, where the agents are given access to the same

bandit model and communicate with the server via packet-based transmission. The authors pro-

pose two algorithms: DELB and DisLinUCB. DELB is an elimination-based protocol designed

for fixed action sets, which divides the time horizon into phases and eliminates suboptimal arms

at the end of each phase through global confidence bounds. DisLinUCB is a linear upper confi-

dence bound (UCB) based algorithm for time-varying action sets, where the agents update the
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local confidence set based on new observations in each step, and upload the accumulation of

the local data to the central server in the step that the volume of the local confidence ellipsoid

varies greatly. DELB achieves a regret bound of O(p
√
nT logT ) and DisLinUCB achieves a regret

bound of O(p
√
nT log2T ), where n is the number of agents, T is the time horizon and p is the

dimension of the feature vector. Different from [36], Huang et al. [22] focus on a federated linear

contextual bandit under heterogeneous data. The authors propose Fed-PE, a federated phased

elimination algorithm where agents only upload their local estimators of the global parameters

to the central server. Fed-PE may achieve a regret bound of O(
√
pnT log(KnT )), where K is the

number of arms. Li and Wang [26] extend the linear models [36] to federated generalized linear

contextual bandit problems and propose the FedGLB-UCB, which updates local parameters via

online newton iteration in each step. On the other hand, FedGLB-UCB updates global param-

eters offline via accelerated gradient descent method in the step that an indicator determined

by the time interval and the local covariance matrix exceeds a preset threshold value. FedGLB-

UCB achieves a regret bound of O(p
√
nT log(nT )). Dubey and Pentland [17] study distributed

linear contextual bandits, and propose FedUCB for both centralized and decentralized (peer-to-

peer) settings, which uploads the noisy parameter estimators in each round of communication

to ensure the (ϵ, δ)-federated differential privacy for the agents. FedUCB may achieve a regret

bound of Õ(p
3
4

√
nT/ϵ) in the centralized setting and a regret bound of Õ(p

3
4

√
diam(G)nT/ϵ)

in the decentralized setting, where diam(G) is the diameter of communication network G.

Existing literature on distributed contextual bandit problems often focuses on maximizing

the expected cumulative reward outcomes, with less attention paid to statistical inference. In

real-world applications, it is important to have reliable uncertainty quantification of the learned

policy, as it may provide guidance for policy interventions and indicate potential risks in rec-

ommendations [11]. Indeed, the statistical inference of contextual bandit problems has been

widely studied [9, 10, 11, 21], where the majority of the works focus on the ε-greedy based

algorithm. Chen et al. [9] study the two-armed contextual bandit problem with linear reward

using ε-greedy policy, where the authors provide the online ordinary least squares estimators for

parameters and use an inverse propensity weighting (IPW) estimator of the value function to

correct the bias induced by the ε-greedy exploration. The asymptotic normality for the estima-

tors of parameter and value is established, and then the corresponding confidence intervals are

constructed in an offline setting. As a following work of [9], Chen et al. [10] propose a ε-greedy

policy and stochastic gradient descent (SGD) based algorithm for contextual bandits, where the

asymptotic normality of the IPW estimators of the reward model parameter and the value is

established by the martingale central limit theorem. For constructing the confidence interval,

the authors provide the online plug-in estimator of the asymptotic variance for the parameters

and the value. Chen et al. [11] study ε-greedy policy and SGD based algorithm for contextual

bandits by providing a generalized-weighting method, which allows multiple weighting schemes

including IPW, sqrt-IPW and vanilla. The authors establish the asymptotic normality for the

estimator of reward model parameter and construct the confidence interval by plug-in method.

More recently, Han et al. [21] study ε-greedy policy and SGD based algorithm for low-rank

matrix contextual bandit problems, where SGD has to accommodate the low-rank structure of

the model parameter. The authors introduce an doubly-debiasing inference procedure, which

may correct the bias induced by both low-rankness and data adaptivity simultaneously, and

then establish the asymptotic normality of the proposed online doubly-debiased estimators and
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construct the confidence intervals for the true matrix.

Motivated by the works [9, 10, 11, 21], we focus on the statistical inference of distributed

contextual bandit problems with n agents, where the individual agent is associated with local

private datasets and they collaboratively learn a mapping from a feature vector to an optimal

action over a communication network. As far as we are concerned, the contribution of the paper

can be summarized as follows.

• We propose an ε-greedy policy and distributed stochastic gradient descent based algorithm

for the contextual bandits (ε-DSGDCB). Each agent in ε-DSGDCB builds a local update

by first performing a consensus step — communicating its local estimates of global reward

model parameters with neighbors to seek a common parameter over a connected network —

followed by a corrected gradient-based update. The distributed structure of ε-DSGDCB

eliminates the dependency on the central server and does not have to share their local

feature vectors or raw observations, which inherently reduces the cost of data transmission

and enhances the privacy of personal information. We show that ε-DSGDCB may achieve

the expected regret bound of O(T 3/4).

• We derive inferential results of the policy produced by ε-DSGDCB. We establish the

pivotal limiting distribution for the estimator of reward model parameter as a stochastic

process by the functional central limit theorem, where the asymptotic distribution is free

of any unknown nuisance parameters. Then, we leverage the random scaling method to

construct an asymptotically pivotal statistic by normalizing the estimator of parameter

with its random transformation. Compared with the plug-in technique in [10, 11, 21],

the random scaling method has lower computational and storage costs as it only uses a

solution path for inference and does not need to estimate the asymptotic variance. Another

advantage of the random scaling method for distributed contextual bandit is the reduction

of communication costs as it does not need to transmit gradients and Hessian matrices

among neighbors. Furthermore, the asymptotic normality and the confidence interval of

the value are also studied.

• We illustrate the numerical performance of our methods in simulations and a real data

application to the warfarin drug dosing problem. In the real-world application, ε-DSGDCB

makes 21 physically separated research groups to jointly learn an optimal dosing policy

to maximize overall patient remission rates without private data sharing. The resulting

bandit policy significantly outperforms the physicians’ benchmark policy in practice.

The rest of the paper is organized as follows. In Section 2, we introduce the model of dis-

tributed contextual multi-armed bandit and ε-DSGDCB, where the regret bound of the proposed

algorithm is discussed. Section 3 establishes the pivotal limiting distribution for the estimators

of parameter and constructs its asymptotic confidence interval by the random scaling method.

Moreover, inferential results for the estimators of value are discussed. Finally, empirical results

on simulated data and a real application on the warfarin drug dosing problem are presented in

Section 4.

Throughout the paper, Rp denotes the p-dimension Euclidean space endowed with norm

∥β∥ =
√
⟨β, β⟩. [a] denotes the largest integer less than or equal to a. 1 ∈ Rp denotes the vector
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of all 1s. β[i] denotes the i-th element of β. et denotes the unit vector with the t-th coordinate

as 1 and the other coordinates as 0. For matrices, ∥·∥ represents the Frobenius norm. Ip ∈ Rp×p

denotes the identity matrix. A ⊗ B denotes the Kronecker product of matrix A and B. For a

sequence of random vectors {ξt} and a random vector ξ, ξt ⇒ ξ denotes the weak convergence,

ξt
d→ ξ denotes the convergence in distribution and Cov (ξ) denotes the covariance matrix of

random vector ξ. The communication network is denoted by an undirected connected graph

G = (V, E), where V = {1, 2, · · · , n} denotes the set of agents and E ⊆ V × V denotes the edge

set of connecting agents, and the corresponding communication matrix is M = [mij ] ∈ Rn×n

with mij ≥ 0.

2 Problem Setting and Algorithm

Consider a distributed contextual bandit problem involving n agents deployed on a commu-

nication network. For t ∈ T := {1, 2, · · · , T}, each agent i observes a p-dimensional individual-

specific feature xi,t ∈ Rp, and then pulls an arm ai,t ∈ A := {1, 2, · · · ,K} and receive a reward

yi,t ∈ [0, 1]. The task of agents is to learn a common optimal policy d∗ : RKp 7→ A via exchanging

information only with their neighbors privately.

Note that it is often difficult to obtain a closed form of the conditional expected reward

or compute its value numerically, we consider the case that conditional expectation reward is a

parametric function for agent i,

E(Yi | Ai, Xi) = µi(Ai, Xi;β
∗),

where β∗ ∈ RKp is an unknown parameter. Let Oi = (Xi, Ai, Yi) be the observed triples 1

and the true reward Yi is generated by µi(Ai, Xi;β
∗) + Ei, where Ei is a random error and

independent of Ai and Xi. We consider the case that for each agent, the random policy selects

each action with equal probability and then the expected loss is

min
β∈RKp

L(β) =

n∑
i=1

Li(β), (2.1)

where

Li(β) =

∫∫∫
ℓi(β;xi, ai, yi)dPYi|Xi,Ai

(yi|xi, ai)dPr
Ai
(ai)dPXi(xi). (2.2)

Here, ℓi(β;Oi) denotes the i-th loss function, which is a function of the reward model µi(Ai, Xi;β),

PXi is the distribution of Xi,Pr
Ai

is a discrete uniform distribution with probability 1/K and

PYi|Xi,Ai
is the conditional distribution of Yi given Xi, Ai

Next, we introduce ε-DSGDCB.

Algorithm 1 provides a pseudo-code of ε-DSGDCB. In line 6, the inverse probability weight-

ing gradient gi(βi,t−1; oi,t) is used to correct the bias induced by the ε-greedy exploration. In line

7, the parameter of loss function is updated by the distributed stochastic gradient descent, where

1We use uppercase letters “O = (X,A, Y )” to denote the random variables representing the triples including

the context, action and reward, while their lowercase counterparts “o = (x, a, y)” represent the corresponding

realizations.
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Algorithm 1 ε-greedy policy and distributed stochastic gradient descent based algorithm for

the contextual bandits(ε-DSGDCB): At each node i ∈ V = {1, 2, . . . , n}
1: Input: initial value βi,0 ∈ RKp, πi,0 = 1/K, learning rate γt > 0, exploration rate εt ∈ [0, 1],

communication matrix M = [mij ].

2: for t = 1 to T do

3: Observe a context xi,t.

4: Choose an arm ai,t with probability πi,t−1 (xi,t) .

5: Observe a reward yi,t.

6: Calculate the inverse probability weighting gradient with oi,t = (xi,t, ai,t, yi,t)

gi(βi,t−1; oi,t) =
∇ℓi(βi,t−1; oi,t)

Kπi,t−1(xi,t)
.

7: State update

βi,t =
n∑

j=1

mijβj,t−1 − γtgi(βi,t−1; oi,t). (2.3)

8: Update β̄i,t =
t−1
t β̄i,t−1 +

1
tβi,t.

9: Update πi,t(xi,t) =

{
εt/K + 1− εt, if ai,t = argmaxa∈A µi

(
a, xi,t; β̄i,t

)
,

εt/K, otherwise.

10: end for

the first term on the right hand side of (2.3) represents the communication of parameter with

neighbors through the communication matrix M for agreement and the second term represents

the current parameter adjustment along the direction of the corrected gradient gi(βi,t−1; oi,t).

In line 9, the ε-greedy policy is used to pull the optimal arm with high probability εt/K+1− εt
and the suboptimal arm with low probability εt/K.

We next record the assumptions that will be used throughout the paper.

Assumption 2.1. (i) L(β) is µ-strongly convex (µ > 0) in β, that is,

L(γ) ≥ L(β) + ⟨∇L(β), γ − β⟩+ µ

2
∥β − γ∥2, ∀β, γ ∈ RKp.

(ii) ∇2L (β∗) is positive definite and there exists c > 0 such that∥∥∇L(β)−∇2L (β∗) (β − β∗)
∥∥ ≤ c ∥β − β∗∥2 , ∀β ∈ RKp,

where β∗ is the optimal solution to problem (2.1).

Assumption 2.2. For ∀i ∈ V, (i) there exists a positive random variable cL,i (Oi) such that

E
[
c2L,i (Oi)

]
< ∞ and

∥∇ℓi (β;Oi)−∇ℓi (γ;Oi)∥ ≤ cL,i (Oi) ∥β − γ∥, ∀β, γ ∈ RKp;

(ii) there exists a constant cf > 0 such that

EPr
O

[
∥∇ℓi (β

∗;Oi)∥2
]
≤ cf ,

where Pr
O is the joint distribution of Oi when Ai follows Pr

A.
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Assumption 2.3. The communication matrix M is doubly stochastic, i.e., M1 = 1 and 1TM =

1T . There exists a constant ρ ∈ (0, 1] such that
∥∥∥M− 11T

n

∥∥∥ ≤ 1− ρ.

Assumption 2.4. There exists a constant cl > 0 such that for ∀i ∈ V,

∥Li (β)− Li (γ)∥ ≤ cl∥β − γ∥, ∀β, γ ∈ RKp.

Assumption 2.1 (i) guarantees the uniqueness of the optimal parameter of the loss function

(2.1). Assumption 2.1 (ii) is the standard condition for studying the asymptotic normality

of stochastic approximation based algorithm [31]. Assumption 2.2 (i) implies the Lipschitz

continuity of ∇Li(·), i.e.,
∥∇Li(β)−∇Li(γ)∥ ≤ cL∥β − γ∥,

where cL = max1≤i≤n E [cL,i (Oi)]. Assumption 2.2 (ii) ensures the boundedness of covariance

matrix of ∇ℓi(β
∗;Oi). Assumption 2.3 is the standard conditions in distributed stochastic

gradient descent literature [7], which implies that
(
1
n11

T
)
M = M

(
1
n11

T
)
= 1

n11
T . Assumption

2.4 presents the Lipschitz continuity of Li(·), which will be used to analyze the regret bound of

ε-DSGDCB.

For ease of the notation, we define the filtration Ft := σ{oi,k : i ∈ V, 1 ≤ k ≤ t}, which is

the σ-algebra generated by {oi,k : i ∈ V, 1 ≤ k ≤ t}, and denote Pπ
O as the joint distribution of

Oi under the ε-greedy policy in ε-DSGDCB,

βt :=
[
βT
1,t, β

T
2,t, · · · , βT

n,t

]T
,

Gt :=
[
g1 (β1,t; o1,t+1)

T , g2 (β2,t; o2,t+1)
T , · · · , gn (βn,t; on,t+1)

T
]T

,

β̂t :=

(
1T

n
⊗ IKp

)
βt, Ĝt :=

(
1T

n
⊗ IKp

)
Gt,

Here, βt and Gt are formed by stacking all agents’ parameters and corrected gradients, β̂t and

Ĝt are the averages of all agents’ parameters and corrected gradients.

The following two technical lemmas characterize the solution error and consensus error of

ε-DSGDCB.

Lemma 2.1 (Solution Error). Let c1 =
cL
2δ , c2 = 4c2L

(
8
ε∞

+ 1
)
and µ̃ = µ

n−
δ
ncL with δ ∈ (0, µ

cL
).

Suppose that (i) Assumptions 2.1-2.3 hold, (ii) the exploration rate εt → ε∞ > 0, (iii) the

diminishing learning rate γt → 0 satisfies γ0 ≤ µ̃
c2
. Then, for any t ≥ 0,

EPπ
O

[
∥∆t+1∥2 | Ft

]
≤ (1− µ̃γt+1) ∥∆t∥2 +

[
c1
γt+1

n
+ c2

γ2t+1

n

] ∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + 4cf
ε∞

γ2t+1,

where ∆t = β̂t − β∗.

Proof. The proof is provided in Section 5.2 of the Appendix.

Lemma 2.2 (Consensus Error). Suppose that (i) Assumptions 2.1-2.3 hold, (ii) the exploration

rate εt → ε∞ > 0, (iii) the diminishing learning rate γt → 0 satisfies γ0 ≤ ρ/
√
2c3, where
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c3 = 6c2L

(
16
ε∞

+ 3
)
. Then, for any t ≥ 0,

EPπ
O

[∥∥∥βt+1 − 1n ⊗ β̂t+1

∥∥∥2 | Ft

]
≤(1− ρ/2)

∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + γ2t+1

ρ
6nc2L

(
16

ε∞
+ 3

)
∥∆t∥2

+ 3n

(
4cf
ε∞

+ 3c2f

)
γ2t+1

ρ
.

Proof. The proof is provided in Section 5.3 of the Appendix.

With Lemmas 2.1 and 2.2 in hand, we have the following convergence result of parameters.

Theorem 2.1. Let c1 = cL
2δ , c2 = 4c2L

(
8
ε∞

+ 1
)
, c3 = 6c2L

(
16
ε∞

+ 3
)

and µ̃ =
(µ
n − δ

ncL
)
with

δ ∈ (0, µ
cL
). Suppose that (i) Assumptions 2.1-2.3 hold, (ii) the exploration rate εt → ε∞ > 0,

(iii) the diminishing learning rate γt → 0 satisfies

γt
γt+1

≤ min

{√
1 + (µ̃/4)γ2t+1,

3

√
1 + (µ̃/4)γ3t+1, 1 + ρ/(4− 2ρ)

}
, ∀t ≥ 0

and γ0 ≤ min

{
µ̃
c2
, ρ√

2c3
,
√

ρ2µ̃

96c1
(

16
ε∞

+3
)
c2L
, 3ρc1
4µ̃c1+ρc2

}
. Then, ∀t ≥ 0,

E ∥∆t+1∥2 ≤
t+1∏
i=1

(
1− µ̃γi

2

)
D+

96c1

(
4cf
ε∞

+ 3c2f

)
ρ2µ̃

γ2t+1 +
16cf
µ̃ε∞

γt+1,

E
[∥∥∥βt+1 − 1n ⊗ β̂t+1

∥∥∥2] ≤(1− ρ

2

)t+1 ∥∥∥β0 − 1n ⊗ β̂0

∥∥∥2 + 4n
[
6c2L

(
16
ε∞

+ 3
)
∆̄ + 3

(
4cf
ε∞

+ 3c2f

)]
ρ2

γ2t+1,

where D = ∥∆0∥2 + 8γ1c1
ρn

∥∥∥β0 − 1n ⊗ β̂0

∥∥∥2 is the initial error and ∆̄ = D + 1 +
16cf
c2ε∞

.

Proof. Define an auxiliary sequence

Lt+1 := E
[
∥∆t+1∥2 + γt+1

8c1
ρn

∥∥∥βt+1 − 1n ⊗ β̂t+1

∥∥∥2] , ∀t ≥ 0. (2.4)

By Lemmas 2.1 and 2.2,

Lt+1 ≤ (1− µ̃γt+1)E ∥∆t∥2 +
[
c1
γt+1

n
+ c2

γ2t+1

n

]
E
∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + 4cf
ε∞

γ2t+1︸ ︷︷ ︸
Lemma 2.1

+γt+1
8c1
ρn

[(
1− ρ

2

)
E
∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + γ2t+1

ρ
6nc2L

(
16

ε∞
+ 3

)
E ∥∆t∥2 + 3n

(
4cf
ε∞

+ 3c2f

)
γ2t+1

ρ

]
︸ ︷︷ ︸

Lemma 2.2

=

[
1− µ̃γt+1 +

48c1
ρ2

(
16

ε∞
+ 3

)
c2Lγ

3
t+1

]
E ∥∆t∥2 +

4cf
ε∞

γ2t+1 +
24c1
ρ2

(
4cf
ε∞

+ 3c2f

)
γ3t+1

+ γt
8c1
ρn

[
γt+1

γt

(
1− ρ

2
+

ρ

8
+

c2ρ

8c1
γt+1

)]
E
∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 .
7



Note that γ0 ≤ min

{√
ρ2µ̃

96c1
(

16
ε∞

+3
)
c2L
, 3ρc1
4µ̃c1+ρc2

}
and the diminishing learning rate γt → 0, then

1− µ̃γt+1 +
48c1
ρ2

(
16

ε∞
+ 3

)
c2Lγ

3
t+1 ≤ 1− µ̃γt+1

2

γt+1

γt

(
1− ρ

2
+

ρ

8
+

c2ρ

8c1
γt+1

)
≤ 1− µ̃γt+1

2
,

which implies

Lt+1 ≤ (1− µ̃γt+1/2)Lt +
4cf
ε∞

γ2t+1 +
24c1
ρ2

(
4cf
ε∞

+ 3c2f

)
γ3t+1

≤
t+1∏
i=1

(
1− µ̃γi

2

)
D+

t+1∑
s=1

t+1∏
i=s+1

(1− µ̃γi/2)

(
4cf
ε∞

γ2t+1 +
24c1
ρ2

(
4cf
ε∞

+ 3c2f

)
γ3s

)

≤
t+1∏
i=1

(
1− µ̃γi

2

)
D+

96c1

(
4cf
ε∞

+ 3c2f

)
ρ2µ̃

γ2t+1 +
16cf
µ̃ε∞

γt+1,

where D = ∥∆0∥2 + 8γ1c1
ρn

∥∥∥β0 − 1n ⊗ β̂0

∥∥∥2, the last inequality follows from the fact that the

learning rate γt−1

γt
≤ min

{√
1 + (µ̃/4)γ2t ,

3
√

1 + (µ̃/4)γ3t

}
and Lemma 5.1 in Appendix. Note

that Lt+1 ≥ E ∥∆t+1∥2,

E ∥∆t+1∥2 ≤
t+1∏
i=1

(
1− µ̃γi

2

)
D+

96c1

(
4cf
ε∞

+ 3c2f

)
ρ2µ̃

γ2t+1 +
16cf
µ̃ε∞

γt+1.

Note also that γ0 ≤ min

{√
ρ2µ̃

96c1
(

16
ε∞

+3
)
c2L
, µ̃
c2

}
and γt ↓ 0,

sup
t≥0

E ∥∆t∥2 ≤ D+
96c1

(
4cf
ε∞

+ 3c2f

)
ρ2µ̃

γ21 +
16cf
µ̃ε∞

γ1 ≤ D+ 1 +
16cf
c2ε∞

. (2.5)

Substitute (2.5) into Lemma 2.2,

E
∥∥∥βt+1 − 1n ⊗ β̂t+1

∥∥∥2
≤(1− ρ

2
)E
∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + n

ρ

[
6c2L

(
16

ε∞
+ 3

)
∆̄ + 3

(
4cf
ε∞

+ 3c2f

)]
γ2t+1

≤
(
1− ρ

2

)t+1 ∥∥∥β0 − 1n ⊗ β̂0

∥∥∥2 + n

ρ

[
6c2L

(
16

ε∞
+ 3

)
∆̄ + 3

(
4cf
ε∞

+ 3c2f

)] t+1∑
s=1

(
1− ρ

2

)t+1−s
γ2s

≤
(
1− ρ

2

)t+1 ∥∥∥β0 − 1n ⊗ β̂0

∥∥∥2 + 4n

ρ2

[
6c2L

(
16

ε∞
+ 3

)
∆̄ + 3

(
4cf
ε∞

+ 3c2f

)]
γ2t+1,

where ∆̄ = D + 1 +
16cf
c2ε∞

, the last inequality follows from Lemma 5.2 in Appendix and the fact

that the learning rate γt/γt+1 ≤ 1 + ρ/(4− 2ρ), t ≥ 0. The proof is complete.
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Theorem 2.1 shows that the averaged parameter β̂t converges to the optimal parameter β∗

at rate O(γt) and the consensus error
∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 converges to 0 at rate O(γ2t ), where γt

is a diminishing learning rate of ε-DSGDCB. Theorem 2.1 paves the way to study the regret

bound of ε-DSGDCB and construct the asymptotic distribution of the estimators of parameter

and value.

At the end of this section, we present the regret bound of ε-DSGDCB. For simplicity, we

denote ℓi,a ∈ [0, 1] as the loss incurred by the selected action a for agent i.

Theorem 2.2. Let

Reg(T ) :=
T∑
t=1

n∑
i=1

ℓi,ai,t −
T∑
t=1

n∑
i=1

ℓi,a∗i,t

be the regret at round T , where a∗i,t is the optimal arm for agent i at time t. Under the conditions

of Theorem 2.1 and Assumption 2.4,

E [Reg(T )] ≤ O

(
T∑
t=1

n
√
γt

εt
+ n

T∑
t=1

εt

)
.

Proof. Recall that Pr
O is the joint distribution of Oi when Ai follows Pr

A, for any i ∈ V,

EPr
O

[
ℓi,ai,t − ℓi,a∗i,t | Ft

]
=EPr

O

[
ℓi,ai,t − ℓi (βi,t; oi,t+1) | Ft

]︸ ︷︷ ︸
Exploration error

+EPr
O
[ℓi (βi,t; oi,t+1)− ℓi (β

∗; oi,t+1) | Ft]︸ ︷︷ ︸
Estimation error

≤εt + Li(βi,t)− Li(β
∗).

Next, we focus on the cumulative estimation error. Recall that Pπ
O is the joint distribution

of Oi under the ε-greedy policy in ε-DSGDCB,

T∑
t=1

n∑
i=1

[L(βi,t)− L(β∗)] ≤ EPπ
O

[
T∑
t=1

n∑
i=1

⟨g (βi,t; oi,t+1) , βi,t − β∗⟩ | Ft

]

≤ EPπ
O

[
T∑
t=1

n∑
i=1

cl
εt

∥βi,t − β∗∥ | Ft

]

≤ EPπ
O

[
n

T∑
t=1

cl
εt

∥∆t∥+
T∑
t=1

cl
εt

∥∥∥βt − 1n ⊗ β̂t

∥∥∥ | Ft

]

= O

(
T∑
t=1

n
√
γt

εt

)
,

(2.6)

where the first inequality follows from Assumption 2.1 (i), the second inequality follows from

Assumption 2.4 and the last equality follows from Theorem 2.1. Then, we have

E [Reg(T )] ≤ O

(
T∑
t=1

n
√
γt

εt
+ n

T∑
t=1

εt

)
.

The proof is complete.

9



When the learning rate γt = m0/(t + m1)
κ with κ ∈

(
1
2 , 1
)
, m0,m1 > 0, and the explo-

ration rate εt = t−κ/4, Theorem 2.2 shows that ε-DSGDCB attains a regret bound of O(T 1−κ
4 ).

Moreover, if the time horizon T is known a priori, ε-DSGDCB may achieve the regret bound of

O(T
3
4 ) with the learning rate γt = 1/T . Recently, Arya and Sriperumbudur [3] propose a kernel

ε-greedy algorithm for contextual bandits, which achieves the theoretically optimal regret bound

of O(T 2/3). The proposed algorithm in [3] updates the parameter βt through solving a sample

average approximation optimization problem, where the optimal convergence rate of βt → β∗ is

O(1/t). On the other hand, ε-DSGDCB updates the parameters βi,t by a stochastic gradient

descent iteration (2.3) and the optimal convergence rate of βi,t → β∗ is O(1/
√
t).

3 Statistical Inference

The asymptotic normality of stochastic approximation method can be traced back to the

1950s [15, 19]. Recently, many works have leveraged the asymptotic normality to construct the

confidence interval of the optimal solution, such as plug-in method [13], batch-means method

[13, 40] and random scaling method [24]. In this section, we employ the random scaling method

to study the statistical inference of parameters for distributed contextual bandit in Section 3.1

and the plug-in method to study the statistical inference of value in Section 3.2.

3.1 Parameter Inference

In this subsection, we study the pivotal limiting distribution for the estimator of parameter

and employ the random scaling method to establish an asymptotically pivotal statistic for the

distributed contextual bandit. The idea of random scaling is borrowed from the time-series

literature on fixed bandwidth heteroskedasticity and autocorrelation robust inference [23]. Lee

et al. [24] first utilize the random scaling method for the statistical inference of the iteration

points of stochastic approximation. We refer the interested readers to the works [12, 14, 25, 29]

for recent advances in the statistical inference of random scaling method.

For establishing the pivotal limiting distribution for the estimator of parameter, the follow-

ing conditions are needed.

Assumption 3.1. [24] (i) The learning rate γt = m0/(t+m1)
κ with κ ∈

(
1
2 , 1
)
and m0,m1 > 0.

(ii) For ∀i ∈ V, there exists a constant p ≥ 1/(1− κ) such that E
∥∥∥∇Li(β̂t)− gj(β̂t; oi,t+1)

∥∥∥2p is

bounded.

Assumption 3.1 (i) is a standard condition on the learning rate of distributed stochastic

gradient descent. Assumption 3.1 (ii) is the moment condition to enhance the results for uniform

convergence, which will be used to establish the functional central limit theorem.

Theorem 3.1. Under the conditions of Theorem 2.1 and Assumption 3.1, for ∀i ∈ V,
√
twT

(
β̄i,t − β∗)√

wTRi,tw

d→ W (1)

[∫ 1

0
(W (r)− rW (1))2 dr

]−1/2

, ∀w ∈ Rp,

where

Ri,t =
1

t

t∑
s=1

[
1√
t

s∑
k=1

(
βi,k − β̄i,t

)] [ 1√
t

s∑
k=1

(
βi,k − β̄i,t

)]T
, (3.7)
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β̄i,t =
1
t

∑t
k=1 βi,k and W (·) is a standard one-dimensional Wiener processes.

Proof. Denote

Σ = H−1SH−1, H =
1

n
∇2L(β∗), S = Cov

 n∑
j=1

gj (β
∗; oj,k)

 .

Next, we show that

1√
t

[tr]∑
k=1

(βi,k − β∗) ⇒ Σ1/2W (r), r ∈ [0, 1].

By Theorem 2.1 and the fact that
∑∞

t=0
γt√
t
< ∞, for r ∈ [0, 1],

E

∥∥∥∥∥∥ 1√
t

[tr]∑
k=0

(β̂k − β∗)− 1√
t

[tr]∑
k=0

(βi,k − β∗)

∥∥∥∥∥∥
 ≤ 1√

t

[tr]∑
k=0

√
E
[∥∥∥βk − 1⊗ β̂k

∥∥∥2] ≤ 1√
t

[tr]∑
k=0

O (γk) ,

where the last term converges to 0 by Kronecker lemma. Then, we just need to verify

1√
t

[tr]∑
k=0

(β̂k − β∗) ⇒ Σ1/2W (r), r ∈ [0, 1].

By the recursion (2.3) in ε-DSGDCB,

β̂t+1 − β∗

=β̂t − γt+1Ĝt − β∗

=

(
IKp − γt+1

1

n
∇2L(β∗)

)
(β̂t − β∗)− γt+1

 1

n

n∑
j=1

gj(βj,t; oj,t+1)−
1

n

n∑
j=1

gj(β̂t; oj,t+1)


− γt+1

(
1

n
∇L(β̂t)−

1

n
∇2L(β∗)(β̂t − β∗)

)
− γt+1

 1

n

n∑
j=1

gj(β̂t; oj,t+1)−
1

n
∇L(β̂t)

 .

(3.8)

Denote

U =
1

n
∇2L(β∗), ζt =

1

n
∇L(β̂t)−

1

n

n∑
j=1

gj(β̂t; oj,t+1)

and

ηt = −
(
1

n
∇L(β̂t)−

1

n
∇2L(β∗)(β̂t − β∗)

)
−

 1

n

n∑
j=1

gj(βj,t; oj,t+1)−
1

n

n∑
j=1

gj(β̂t; oj,t+1)

 .

Then, we may reformulate (3.8) as

∆t+1 =(IKp − γt+1U)∆t + γt+1(ζt + ηt)

=

t+1∏
j=1

(IKp − γjU)∆0 +

t+1∑
j=1

t+1∏
i=j+1

(IKp − γiU)γj(ζj−1 + ηj−1).
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Next, for r ∈ [0, 1], we introduce a partial sum process

∆̄t(r) :=
1

t

[tr]∑
k=0

∆k.

Then,

∆̄t(r) =
1

t

[tr]∑
j=0

j∏
i=1

(IKp − γiU)∆0 +
1

t

[tr]∑
j=0

 [tr]∑
k=j

k∏
i=j+1

(IKp − γiU)

 γj(ζj−1 + ηj−1)

=
1

tγ0
α[tr]∆0 +

1

t

[tr]∑
j=1

U−1(ζj−1 + ηj−1) +
1

t

[tr]∑
j=1

w
[tr]
j (ζj−1 + ηj−1),

(3.9)

where α
[tr]
j = γj

∑[tr]
k=j

∏k
i=j+1(IKp − γiU), α[tr] = α

[tr]
0 and w

[tr]
j = α

[tr]
j − U−1.

By (3.9), we have

√
t∆̄t(r) = I(1)(r) + I(2)(r) + I(3)(r) + I(4)(r) + I(5)(r),

where

I(1)(r) =
1√
tγ0

α[tr]∆0, I(2)(r) =
1√
t

[tr]∑
j=1

U−1ζj−1,

I(3)(r) =
1√
t

[tr]∑
j=1

U−1ηj−1, I(4)(r) =
1√
t

[tr]∑
j=1

w
[tr]
j ζj−1,

I(5)(r) =
1√
t

[tr]∑
j=1

w
[tr]
j ηj−1.

Note that ∥α[tr]∥ ≤ C and 1
t

∑t
j=1 ∥wt

j∥ → 0 by [31, Lemma 1], we have supr ∥I(1)(r)∥ = op(1).

By Assumption 2.1 (ii), the Lipschitz continuity of ∇ℓj(·, Oj) and Theorem 2.1,

E [∥ηt∥] =E
[∥∥∥∥−( 1

n
∇L(β̂t)−

1

n
∇2L(β∗)(β̂t − β∗)

)

−

 1

n

n∑
j=1

gj(βj,t; oj,t+1)−
1

n

n∑
j=1

gj(β̂t; oj,t+1)

∥∥∥∥∥∥


≤ c

n
E
[∥∥∥β̂t − β∗

∥∥∥2]+ cL
nε∞

E
[∥∥∥βt − 1n ⊗ β̂t

∥∥∥] = O (γt) .

(3.10)

Then, we have E
[
supr

∥∥∥ 1√
t

∑[tr]
j=1 ηj

∥∥∥] = o(1), which implies E
[
supr ∥I(3)(r)∥

]
= o(1). By the

similar analysis in the proof of [24, Theorem 1, Page 7], we have E
[
supr

∥∥I(4)(r)∥∥p] = o(1).

Moreover, the boundedness of
∥∥∥w[tr]

j

∥∥∥ and (3.10) imply that E
[
supr

∥∥I(5)(r)∥∥] = o(1).

We establish the asymptotic properties of I(2)(r) by martingale functional central limit

theorem [37, Theorem 2.3.9]. We decompose the martingale difference sequence ζt into the
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following two parts,

ζ
(1)
t :=

1

n

n∑
j=1

gj(β
∗; oj,t+1), ζ

(2)
t :=

1

n

n∑
j=1

gj(β̂t; oj,t+1)−
1

n

n∑
j=1

gj(β
∗; oj,t+1)−

1

n
∇L(β̂t).

By the definition of ζ
(2)
t ,

EPπ
O

∥∥∥∥∥ 1n
n∑

i=1

[
gi(β̂t; oi,t+1)− gi(β

∗; oi,t+1) +∇Li(β
∗)−∇Li(β̂t)

]∥∥∥∥∥
2

| Ft


≤EPπ

O

 2

n

n∑
i=1

K∑
j=1

∥∥∥∇ℓi

(
β̂t; oi,t+1

)
−∇ℓi (β

∗; oi,t+1)
∥∥∥2 1{ai,t+1=j}

K2 {πi,t (xi,t+1)}2
| Ft

+
2

n

n∑
i=1

∥∥∥∇Li

(
β̂t

)
−∇Li (β

∗)
∥∥∥2

≤ 1

ε∞
EPr

O

[
2

n

n∑
i=1

∥∥∥∇ℓi

(
β̂t; oi,t+1

)
−∇ℓi (β

∗; oi,t+1)
∥∥∥2]+ 2

n

n∑
i=1

∥∥∥∇Li

(
β̂t

)
−∇Li (β

∗)
∥∥∥2 .

By Assumption 2.2 (i) and Theorem 2.1, we have

EPπ
O

[∥∥∥ζ(2)t

∥∥∥2 | Ft

]
≤

4c2L
ε∞

∥β̂t − β∗∥2 → 0.

Next, we focus on martingale difference sequence ζ
(1)
t . Denote

ξt,k =
ζ
(1)
k√
t
, St,k = E

[
ξt,kξ

T
t,k | Ft,k−1

]
, S[tr] =

[tr]∑
k=1

St,k, r ∈ [0, 1],

where the filtration Ft,k := σ{ξt,k : 1 ≤ k ≤ t}. Note that {ζ(1)k } is a martingale difference

sequence, E [ξt,k | Ft,k−1] = 0.

By Assumption 2.2 (ii), we have

EPπ
O

[
∥ξt,k∥2 | Ft,k−1

]
=EPπ

O

∥∥∥∥∥ 1
n

∑n
i=1 gi(β

∗; oi,k+1)√
t

∥∥∥∥∥
2

| Ft,k−1


≤EPπ

O

 1

nt

n∑
i=1

K∑
j=1

∥∇ℓi (β
∗; oi,k+1)∥2 1{ai,k+1=j}

K2 {πi,k (xi,k+1)}2
| Ft,k−1


=E

 1

nt

n∑
i=1

K∑
j=1

E
{
∥∇ℓi (β

∗;xi,k+1, j, yi,k+1)∥2 | Ft,k−1, xi,k+1

}
K2πi,k (xi,k+1)

| Ft,k−1


≤ 1

ε∞
EPr

O

[
1

nt

n∑
i=1

∥∇ℓi (β
∗; oi,k+1)∥2

]
≤

cf
tε∞

.

Then,

lim
t→∞

t−1∑
k=0

EPπ
O

[
∥ξt,k∥2 | Ft,k−1

]
≤ lim

t→∞

tcf
tε∞

=
cf
ε∞

.

13



Note that St,k = 1
tn2 Cov

(∑n
j=1 gj (β

∗; oj,k+1)
)
= 1

tn2S, for r ∈ [0, 1],

S[tr] =

[tr]∑
k=1

St,k ⇒ r

n2
Cov

 n∑
j=1

gj (β
∗; oj,k+1)

 ,

which implies condition (3.24) in [37, Theorem 2.3.9]. Then, we just need to verify the Lindeberg

condition. For any δ > 0, by the Hölder inequality,

E
[
∥ξt,k∥2 1{∥ξt,k∥≥δ}

]
≤
(
E
[
∥ξt,k∥2(p/2)

])2/p(
E
[
1q{∥ξt,k∥>δ}

])1/q

= (E [∥ξt,k∥p])2/p P 1/q (∥ξt,k∥ > δ)

≤ (E [∥ξt,k∥p])2/p
(
E [∥ξt,k∥]

δ

)1/q

≤
c
1+1/(2q)
f

t1+1/(2q)ε
1+1/(2q)
∞ δ1/q

,

where p > 2 and q > 0 such that 2/p + 1/q = 1, the second inequality follows from Markov

inequality, the third inequality follows from

E [∥ξt,k∥p] = E

[∥∥∥∥∥
1
n

∑n
j=1 gj (β

∗; oj,k)√
t

∥∥∥∥∥
p]

≤
∑n

j=1 E [∥gj (β∗; oj,k)∥p]
ntp/2

≤
c
p/2
f

tp/2ε
p/2
∞

.

Then, for r ∈ [0, 1],

lim
t→∞

[tr]∑
k=1

E
[
∥ξt,k∥2 1{∥ξt,k∥≥δ}

]
≤ lim

t→∞

trc1+1/(2q)

t1+1/(2q)ε
1+1/(2q)
∞ δ1/q

= 0.

Therefore, all the conditions of [37, Theorem 2.3.9] hold and we have

I(2)(r) =
1√
t

[tr]∑
j=1

U−1ζj ⇒ Σ1/2W (r), r ∈ [0, 1].

Summarizing above, for any i ∈ V,

1√
t

[tr]∑
k=1

(βi,k − β∗) ⇒ Σ1/2W (r), r ∈ [0, 1]. (3.11)

Denote Ct(r) := wT 1√
t

∑[tr]
k=1 (βi,k − β∗). Then, for ∀w ∈ Rp,

Ct(r) ⇒
(
wTΣw

)1/2
W (r), r ∈ [0, 1].

Furthermore, wT
(
β̄i,t − β∗) = 1√

t
Ct(1) and wTRi,tw = 1

t

∑t
s=1

[
Ct

(
s
t

)
− s

tCt(1)
]2

. By continu-

ous mapping theorem,
√
twT

(
β̄i,t − β∗)√

wTRi,tw

d→ W (1)

[∫ 1

0
(W (r)− rW (1))2 dr

]−1/2

.

The proof is complete.
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Theorem 3.1 establishes the asymptotic distribution of parameters of distributed contextual

bandit framework as a stochastic process and constructs an asymptotically pivotal statistic by

the random scaling method. Compared with the previous works on statistical inference of

contextual bandit problem [9, 10, 11, 21], the random scaling method does not need to estimate

the asymptotic variance but studentize
√
t
(
β̄i,t − β∗) via the following random scaling matrix

Ri,t =
1

t

t∑
s=1

[
1√
t

s∑
k=1

(
βi,k − β̄i,t

)] [ 1√
t

s∑
k=1

(
βi,k − β̄i,t

)]T
,

which can be updated online as follows,

Ri,t =
1

t2

t∑
s=1

s2
(
β̄i,s − β̄i,t

) (
β̄i,s − β̄i,t

)T
=

1

t2

t∑
s=1

s2β̄i,sβ̄
T
i,s −

1

t2
β̄i,t

t∑
s=1

s2β̄T
i,s −

1

t2

(
t∑

s=1

s2β̄i,s

)
β̄T
i,t +

1

t2

t∑
s=1

s2β̄i,tβ̄
T
i,t,

where β̄i,s =
1
s

∑s
k=1 βi,k.

3.2 Value Inference

In this subsection, we study the statistical inference of the value of the optimal policy for

distributed contextual bandit problems.

For any i ∈ V, recall the optimal policy d∗(Xi) = argmaxa∈A µi (a,Xi;β
∗), then the

corresponding expected value is

Vi = E [E [Yi | d∗(Xi), Xi]] =

∫
µi (d

∗(Xi), Xi;β
∗) dPXi

and the cumulative expected value is

V =
n∑

i=1

Vi =
n∑

i=1

E [E [Yi | d∗(Xi), Xi]] =
n∑

i=1

∫
µi (d

∗(Xi), Xi;β
∗) dPXi .

Following the idea outlined in [10], we use a local inverse probability weighting estimator

Vi,t =
1

t

t∑
s=1

wi,syi,s, ∀i ∈ V (3.12)

for agent i’s expected value Vi, and a distributed variant of agent i’s inverse probability weighted

value estimator

V̂i,t =
t− 1

t

n∑
j=1

mij V̂j,t−1 +
n

t
wi,tyi,t, ∀i ∈ V (3.13)

for cumulative expected value V , where

wi,t =
1{ai,t=d∗t−1(xi,t)}

P
(
1{ai,t=d∗t−1(xi,t)} | Ft−1, xi,t

) =


1

1+
εt−1
K

−εt−1
, if ai,t = d∗t−1 (xi,t) ,

0, otherwise,
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and d∗t−1 (xi,t) = argmaxa∈A µi

(
a, xi,t; β̄i,t−1

)
.

In (3.12), the inverse probability weighting method corrects the bias of reward induced

by the ε-greedy policy, where we select the weighted largest reward wi,tyi,t when ai,t is the

estimated optimal decision d∗t−1 (xi,t), and 0 otherwise. Notice that each agent only has access

to local information in distributed bandit setting, the cumulative expected value is estimated

by exchanging the agent’s local estimates of this value with neighbors across a communication

network in (3.13).

The following conditions are made to establish the asymptotic normality for the estimator

of value.

Assumption 3.2. [10] For ∀i ∈ V, (i) the features vector Xi satisfies E∥Xi∥ < ∞, the second

moment of reward exists for any given features and action, that is,

θ2i (Ai, Xi) = E
[
Y 2
i | Ai, Xi

]
< ∞;

(ii) there exists a constant C ≥ 0 such that for all ai and aj in A where ai ̸= aj,

P {0 < |µi (ai, Xi;β
∗)− µi (aj , Xi;β

∗)| ≤ κ} ≤ Cκ for all κ ∈ R+.

Assumption 3.2 (i) guarantees the boundedness of the observed data. Assumption 3.2 (ii)

is a margin condition widely adopted by contextual bandit literature [3, 5, 9, 10], which ensures

a sufficient gap between the rewards for different arms.

Theorem 3.2. Under the conditions of Theorem 2.1 and Assumption 3.2, for ∀i ∈ V,
√
t {Vi,t − Vi}

d→ N
(
0, η2i

)
(3.14)

and

η2i,t
d→ η2i ,

where

η2i =
K

K − (K − 1)ε∞

∫
θ2i (d

∗(Xi), Xi) dPXi − V 2
i

and

η2i,t =
K

K − (K − 1)εt

1

t

t∑
s=1

wi,sy
2
i,s − V 2

i,t. (3.15)

Proof. The proof is similar to the proof of [10, Theorem 4.1].

Theorem 3.2 shows the asymptotic normality of the local value estimator of the optimal

policy (3.14) and the efficiency of plug-in method (3.15) for each agent.

Next, we move to study the statistical inference of the cumulative value of the optimal

policy for distributed contextual bandit.

Theorem 3.3. Under the conditions of Theorem 2.1 and Assumption 3.2, for ∀i ∈ V,
√
t
(
V̂i,t − V

)
d→ N

(
0, η2

)
(3.16)
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and

η̂2i,t
d→ η2,

where

η2 =
n∑

i=1

[
K

K − (K − 1)ε∞

∫
θ2i (d

∗(Xi), Xi) dPXi − V 2
i

]
,

η̂2i,t =
K

K − (K − 1)εt
η̂
(1)
i,t − η̂

(2)
i,t , (3.17)

η̂
(1)
i,t =

t− 1

t

n∑
j=1

mij η̂
(1)
j,t−1 +

n

t
wi,ty

2
i,t (3.18)

and

η̂
(2)
i,t =

n∑
j=1

mij η̂
(2)
j,t−1 +

(
1

t

t∑
s=1

wi,syi,s

)2

−

(
1

t− 1

t−1∑
s=1

wi,syi,s

)2

. (3.19)

Proof. We finish the proof in two steps: (i) Establish the asymptotic normality of
√
t
(
V̂i,t − V

)
.

(ii) Show the consistency of distributed variant of plug-in estimator η̂2i,t.

Step (i). Denote V̄t =
1
n

∑n
i=1 V̂i,t, then∥∥∥√t

(
V̂i,t − V

)∥∥∥ ≤
∥∥∥√t

(
V̂i,t − V̄t

)∥∥∥+ ∥∥∥√t
(
V̄t − V

)∥∥∥ .
Next, we focus on the convergence rate of

∥∥∥V̂i,t − V̄t

∥∥∥. Denote

V̂t :=
[
V̂1,t, V̂2,t, · · · , V̂n,t

]T
,

(3.13) can be rewritten compactly as

V̂t =
t− 1

t
MV̂t−1 +

1

t
Wt,

where Wt = n [w1,ty1,t, w2,ty2,t, . . . , wn,tyn,t]
T .

Then, it is sufficient to study the convergence rate of
∥∥∥V̂t − 1nV̄t

∥∥∥ .
Let wmax = max1≤i≤n E [wi]. By the recursion of V̂t and the definition of V̄t,∥∥∥V̂t − 1nV̄t

∥∥∥ =

∥∥∥∥ t− 1

t
MV̂t−1 +

1

t
Wt −

1n1
T
n

n

(
t− 1

t
MV̂t−1 +

1

t
Wt

)∥∥∥∥
=

∥∥∥∥ t− 1

t

(
M− 1n1

T
n

n

)(
V̂t−1 − 1nV̄t−1

)
+

1

t

(
In − 1n1

T
n

n

)
Wt−1

∥∥∥∥
≤ t− 1

t

∥∥∥∥M− 1n1
T
n

n

∥∥∥∥∥∥∥V̂t−1 − 1nV̄t−1

∥∥∥+ 1

t

∥∥∥∥In − 1n1
T
n

n

∥∥∥∥ ∥Wt−1∥

≤ t− 1

t
(1− ρ)

∥∥∥V̂t−1 − 1nV̄t−1

∥∥∥+ 1

t

∥∥∥∥In − 1n1
T
n

n

∥∥∥∥n 3
2wmax,

(3.20)
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where the last inequality follows from Assumption 2.3. Then, we have∥∥∥V̂t − 1nV̄t

∥∥∥ ≤1

t

(
(1− ρ)t

∥∥∥V̂0 − 1nV̄0

∥∥∥+ t∑
s=1

(1− ρ)t−s

∥∥∥∥In − 1n1n
n

∥∥∥∥n 3
2wmax

)

=
1

t

t∑
s=1

(1− ρ)t−s

∥∥∥∥In − 1n1n
n

∥∥∥∥n 3
2wmax

≤1

t

∥∥In − 1n1n
n

∥∥n 3
2wmax

ρ
.

(3.21)

Note the boundedness of
∥In−1n1n

n ∥n 3
2wmax

ρ ,
√
t
∥∥∥V̂t − 1nV̄t

∥∥∥ = O
(

1√
t

)
.

Next, we focus on the asymptotic normality of
√
t
(
V̄t − V

)
.

By the definition of V̄t and recursion in (3.19),

V̄t =
1Tn
n
V̂t =

1Tn
n

(
t− 1

t
MV̂t−1 +

1

t
Wt

)
=

t− 1

t
V̄t−1 +

1

t

n∑
i=1

wi,tyi,t

=
1

t

t∑
t=1

n∑
i=1

wi,tyi,t.

The rest proof is similar to the proof of centralized asymptotic normality in [10, Theorem 4.1].

Step (ii). We just study (3.18) as the proof of (3.19) is similar.

Denote η̄
(1)
t = 1

n

∑n
i=1 η̂

(1)
i,t , then∥∥∥∥∥η̂(1)i,t −

n∑
i=1

∫
θ2i (d

∗(Xi), Xi) dPXi

∥∥∥∥∥ ≤
∥∥∥η̂(1)i,t − η̄

(1)
t

∥∥∥+ ∥∥∥∥∥η̄(1)t −
n∑

i=1

∫
θ2i (d

∗(Xi), Xi) dPXi

∥∥∥∥∥ .
Denote η̂

(1)
t =

[
η̂
(1)
1,t , η̂

(1)
2,t , · · · , η̂

(1)
n,t

]T
, (3.18) can be rewritten compactly as

η̂
(1)
t =

t− 1

t
Mη̂

(1)
t−1 +

1

t
Ht,

where Ht = n
[
w1,ty

2
1,t, w2,ty

2
2,t, . . . , wn,ty

2
n,t

]T
. Then, it is sufficient to study the convergence

rate of
∥∥∥η̂(1)t − 1nη̄

(1)
t

∥∥∥ .
By the similar analysis on (3.20)-(3.21),∥∥∥η̂(1)t − 1nη̄

(1)
t

∥∥∥ =

∥∥∥∥ t− 1

t
Mη̂

(1)
t−1 +

1

t
Ht −

1n1
T
n

n

(
t− 1

t
Mη̂

(1)
t−1 +

1

t
Ht

)∥∥∥∥
≤ t− 1

t
(1− ρ)

∥∥∥η̂(1)t−1 − 1nη̄
(1)
t−1

∥∥∥+ 1

t

∥∥∥∥In − 1n1
T
n

n

∥∥∥∥n 3
2wmax

≤1

t

∥∥In − 1n1n
n

∥∥n 3
2wmax

ρ
= O

(
1

t

)
.
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Next, we show that
∥∥∥η̄(1)t −

∑n
i=1

∫
θ2i (d

∗(Xi), Xi) dPXi

∥∥∥ d→ 0. By the definition of η̄
(1)
t and

recursion in (3.18),

η̄
(1)
t =

1Tn
n
η̂
(1)
t =

1Tn
n

(
t− 1

t
Mη̂

(1)
t−1 +

1

t
Ht

)
=

t− 1

t
η̄
(1)
t−1 +

1

t

n∑
i=1

wi,ty
2
i,t

=
1

t

t∑
t=1

n∑
i=1

wi,ty
2
i,t.

The rest proof of the consistency of η̄
(1)
t is similar to the proof of [10, Theorem 4.2].

Compared with Theorem 3.2, Theorem 3.3 establishes the asymptotic normality of the value

estimator for the cumulative expected value (3.16) and presents the consistency of the asymptotic

variance estimator by the distributed variant of the plug-in method (3.17). Notice that individual

agent is only associated with local private value, Theorem 3.3 needs to communicate the weighted

value to neighbors over the communication network.

4 Numerical Results

In this section, we report some preliminary numerical results on the individual confidence

intervals of the parameters and value for the distributed contextual bandit problems.

Under Theorem 3.1, when w = ej for j = 1, 2, ...,Kp, we have the following asymptotically

pivotal distribution in each coordinate j,

√
t
(
β̄i,t[j] − β∗

[j]

)
√

Ri,t[jj]

d→ W (1)

[∫ 1

0
(W (r)− rW (1))2 dr

]−1/2

, ∀i ∈ V,

and then the approximate (1−α/2) confidence interval for the j-th component of the parameter

β∗ is {
β∗
[j] : β̄i,t[j] − c1−α/2

√
Ri,t[j,j]

t
≤ β∗

[j] ≤ β̄i,t[j] + c1−α/2

√
Ri,t[j,j]

t

}
,

where β̄i,t[j] and Ri,t[j,j] are the j-th and (j, j)-th components of β̄i,t and Ri,t respectively, and

the critical value c(1 − α/2) satisfies P
(
U ≤ c1−α/2

)
= 1 − α/2 for the mixed normal random

variable U . Additionally, we set significance level of α = 0.05 and the corresponding critical

value c1−α/2 = 6.747 [1, Table I].

Similarly, the approximate (1 − α/2) confidence intervals for the local value Vi and the

cumulative value V under Theorems 3.2 and 3.3 are{
Vi : Vi,t − t−

1
2 zα/2ηi,t ≤ Vi ≤ Vi,t + t−

1
2 zα/2ηi,t

}
and {

V : V̂i,t − t−
1
2 zα/2η̂i,t ≤ V ≤ V̂i,t + t−

1
2 zα/2η̂i,t

}
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respectively, where zα/2 satisfies P
(
U ≤ zα/2

)
= 1−α/2 for the standard normal random variable

U .

Next, we report the empirical performance of the proposed methods on synthetic data

in Section 4.1 and the warfarin dosing problem using a real patient dataset in Section 4.2,

respectively.

4.1 Synthetic Data

Consider a distributed contextual bandit problem with a linear regression loss function,

min
β

n∑
i=1

(
E [Yi − µi(Ai, Xi;βi)]

2
)
,

where the number of agents is n = 20, the agents make decisions in a binary action space with

linear reward models

µi(Ai, Xi;βi) = (1−Ai)X
T
i βi[1:3] +AiX

T
i βi[4:6].

Here, X = (1, X2, X3) is the random input vector, X2 and X3 independently follow the standard

normal distribution, Y = µ(A,X;β∗)+E is the response variable with random error E ∼ N (0, 1)

and the true parameter β∗ = (0.5, 1.8,−2.2, 0.8, 0.7,−1.3)T is randomly generated. We generate

an undirected graph G = (V, E) by adding random links to a ring network, where a link exists

between any two nonadjacent nodes with a probability prob > 0.7 [32]. The corresponding

weights mji are defined by the Metropolis rule [35]:

mji =


1

max{ni,nj}+1 j ∈ Ni,

1−
∑

j∈Ni
mji j = i,

0 otherwise,

where Ni := {j | (i, j) ∈ V, j ̸= i} is agent i ’s set of neighbors, ni := |Ni| is the cardinality of

Ni. In this experiment, the learning rate is αt = 0.1/(t + 1)0.505 and the initial point is 0120,

where 0120 ∈ R120 is the vector of all 0s. Moreover, we set the first 50 steps as the initial random

exploration time.

We record the convergence of ε-DSGDCB in Figure 1. We can observe from Figures 1 (a)

and (b) that the consensus error
∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 and the solution error ∥∆t∥2 converge to 0

with the increase of decision steps t, which implies the convergence of the parameter estimators

in Theorem 2.1. Figure 1 (c) presents the convergence of the local value estimators for Agent

12, which verifies the result of Theorem 3.2. Figures 1 (d) and (e) illustrate the convergence of

the cumulative value estimators, which verify the result of Theorem 3.3. Moreover, Figure 1 (e)

depicts the value estimator of the cumulative expected value for Agent 1 almost coincides with

the average of all agents as t increases, which indicates the agreement of the cumulative value

estimators. Furthermore, we may conclude the robustness of ε-DSGDCB with respect to the

exploration rates as the parameters and values exhibit less variation relative to the exploration

rate with increasing t in Figures 1 (a)-(d).

2Without loss of generality, we present the results of Agent 1 as representative of the entire agent group.
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Figure 1: The convergence of the parameter and value estimators
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Figure 2: Statistical inference of the parameter estimators with εt = 0.1

In Figure 2, we record the coverage probability and average length of 97.5% confidence

interval for the estimators of parameter, where blue solid line and green dashed line denote the

statistical inference for Agent 1 and the average of all agents respectively. Figure 2 shows that

the average length of the confidence intervals shrinks and the coverage probabilities are getting

closer to the nominal level 97.5% with the increasing of the time horizon T , which verifies the

result of Theorem 3.1. Moreover, Figure 2 indicates the agreement of ε-DSGDCB as the coverage

probability, the average length of the confidence intervals of parameter estimators for Agent 1

and the average of all agents almost coincide.

Figure 3 records the coverage probability and average length of 97.5% confidence interval

for the value estimators. Similar to Figure 2, we may observe the reduction of the average

length of the confidence intervals and the convergence of coverage probabilities to the nominal

level 97.5% with increasing time horizon T , which verifies the results of Theorems 3.2 and 3.3.

Moreover, we may conclude the agreement of the distributed variant of plug-in cumulative value

estimators in Figures 3 (c) and (d).

4.2 Real Data Analysis

Warfarin is one of the most widely prescribed anticoagulant drugs worldwide, but the de-

termination of the appropriate dose varies significantly among individuals, and improper dosing

can lead to severe health consequences, such as stroke or internal bleeding [34]. Consequently,

the development of individualized dosing policy has emerged as a critical priority in precision

medicine. In this section, we use distributed contextual bandit to learn a warfarin optimal dos-

ing policy based on the real patient dataset3, which is collected by 21 research groups spanning

9 countries and 4 continents in PharmGKB for 5700 patients treated with warfarin. We formu-

late the problem as a distributed contextual bandit problem with n = 21 agents by classifying

the drug dose into three arms: low dosage, less than 3mg/day; medium dosage, ranging from

3The complete data set of genotypes and clinical variables, as well as the full genotype quality-control data, is

available to registered PharmGKB users at www.pharmgkb.org (full data set accession number, PA162355460).
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Figure 3: Statistical inference of the value estimators with εt = 0.1

23



3mg/day to 7mg/day; and high dosage, more than 7mg/day.4 The distributed structure of

ε-DSGDCB may protect patient privacy and reduce the cost of data transfer by sharing local

estimators of global parameters across institutions rather than individual patient information.

In the experiment, we use 5528 patient samples with a known true patient-specific optimal

warfarin dose, which is randomly divided into training (75%) and testing (25%) sample subsets.

Moreover, the reward is defined as the therapeutic daily dose of warfarin, and the same linear

regression loss function configuration as in subsection 4.1 is preserved. We encode and normalize

the raw user features, which include demographics, diagnosis, pre-existing diagnoses, medications

and genetics, and the resulting user features consist of p = 27 covariates ranging between 0 and

1. In ε-DSGDCB, the exploration rate is εt = 0.1, the learning rate is αt = 0.1/(t + 1)0.7, the

initial point is β = 01701 and the same communication matrix M configuration is preserved as

subsection 4.1.

Table 1: Percentage of warfarin dosage assigned to patients with T = 10000

True Bandit policy assigned dosage (%) Physician policy assigned dosage (%) % of

dosage Low Medium High Low Medium High patient

Low 44 56 0 0 100 0 29

Medium 6 90 4 0 100 0 57

High 1 68 31 0 100 0 14

Table 1 reports a comparison between the bandit policy and the physicians’ fixed-dose

policy [16] for the percentage of warfarin doses assigned to patients, where the bold numbers

indicate the fraction of patients recommended an appropriate dose, the underlined numbers

denote the fraction of patients recommended a significantly worse dose, and other numbers rep-

resent the fraction of patients recommended an unsuitable dose. We can observe from Table 1

that the bandit policy increases the risk of incorrect dosing for a small number of patients in

exchange for a large improvement in average dosing accuracy. Specifically, patients experience

significantly suboptimal dosing under the bandit policy with only a 0.1% weighted probability.

The bandit policy demonstrates superior performance to physician decisions, correctly recom-

mending dosages for 44% of low-dose patients and 31% of high-dose patients. This contrasts

with physician policies resulting in suboptimal treatment outcomes for these critical subgroups,

which constitute half of the patient population.

Table 2 lists the 97.5% asymptotic confidence intervals length for the estimators of parame-

ter and value, where the ‘Avglen’ and ‘Medlen’ denote the average and the median of confidence

interval length for the parameter estimators, ‘loc-Vallen’ and ‘cum-Vallen’ denote the confidence

interval length of the local and cumulative value estimators. As we can observe from Table 2,

for a fixed decision step, the confidence interval length for the parameters of Agent 1 is similar

to that of the average of all agents, which implies the agreement of ε-DSGDCB in Theorem

2.1. Additionally, the confidence interval length for the cumulative value estimator of Agent 1

and the average of all agents almost coincide, which indicates the agreement of the distributed

4The classifications of the drug dose follow the ‘clinically relevant’ criteria suggested in [16].
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Table 2: 97.5% confidence intervals for the estimators of parameter and optimal value with

different decision steps

Decision Agent 1 Agent-ave

steps Avglen Medlen loc-Vallen cum-Vallen Avglen Medlen loc-Vallen cum-Vallen

T = 1000 0.0938 0.0433 0.2119 1.4989 0.0928 0.0444 0.2069 1.4998

T = 5000 0.0875 0.0376 0.0909 0.6723 0.0873 0.0362 0.0899 0.6723

T = 10000 0.0634 0.0311 0.0626 0.4776 0.0694 0.0318 0.0636 0.4776

variant of the plug-in method in Theorem 3.3. Furthermore, the length of the confidence inter-

val shrinks when the number of decision step T grows larger, which are consistent with those

obtained from numerical simulations in synthetic data.
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5 Appendix

5.1 Useful Inequalities

Lemma 5.1. [28, Lemma 6] Let a sequence of non-negative, non-increasing learning rate {γt}t≥1,

a > 0, p ∈ Z+ and γ0 < 2/a. If γpt /γ
p
t+1 ≤ 1 + (a/2)γpt+1 for any t ≥ 1, then

t∑
j=1

γp+1
j

t∏
i=j+1

(1− γia) ≤
2

a
γpt , ∀t ≥ 1.

Lemma 5.2. [28, Lemma 7] Let a sequence of non-negative, non-increasing learning rate {γt}t≥1,

p ∈ Z+. If supt≥1 γ
p
t /γ

p
t+1 ≤ 1 + p

4−2p , then for any t ≥ 0, it holds that

t+1∑
i=1

(
1− ρ

2

)t+1−i
γpi ≤ 4

ρ
γpt+1.

5.2 Proof of Lemma 2.1

Proof. By the definition of β̂t,

β̂t+1 =

(
1T

n
⊗ IKp

)(
Ãβt − γt+1Gt

)
= β̂t − γt+1Ĝt,

where Ã = A⊗ IKp. Recall that ∆t = β̂t − β∗, we have

EPπ
O

[
∥∆t+1∥2 | Ft

]
= ∥∆t∥2 −

2γt+1

n

〈
∆t,

n∑
i=1

∇Li (βi,t)

〉

+
γ2t+1

n2
EPπ

O

∥∥∥∥∥
n∑

i=1

gi (βi,t;Oi,t+1)

∥∥∥∥∥
2

| Ft

 .

(5.22)

For the second term on the right hand of (5.22),

1

n

〈
∆t,

n∑
i=1

∇Li (βi,t)

〉
=
1

n

n∑
i=1

〈
∆t,∇Li (βi,t)−∇Li(β̂t)

〉
+

1

n

n∑
i=1

〈
∆t,∇Li(β̂t)−∇Li (β

∗)
〉

≥µ

n
∥∆t∥2 −

cL
n

n∑
i=1

∥∆t∥
∥∥∥βi,t − β̂t

∥∥∥ ,
where the inequality follows from the Cauchy-Schwarz inequality, Assumptions 2.1 (i) and 2.2

(i). By the Young’s inequality, for δ ∈ (0, µ
cL
),

µ

n
∥∆t∥2 −

cL
n

n∑
i=1

∥∆t∥
∥∥∥βi,t − β̂t

∥∥∥ ≥
(
µ

n
− δ

n
cL

)
∥∆t∥2 −

cL
4nδ

∥∥∥βt − 1n ⊗ β̂t

∥∥∥2. (5.23)

For the third term on the right hand of (5.22), we have∥∥∥∥∥ 1n
n∑

i=1

gi (βi,t;Oi,t+1)

∥∥∥∥∥
2

=

∥∥∥∥∥ 1n
n∑

i=1

[gi (βi,t;Oi,t+1)−∇Li (βi,t) +∇Li (βi,t)−∇Li (β
∗)]

∥∥∥∥∥
2

,
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which implies

EPπ
O

∥∥∥∥∥ 1n
n∑

i=1

gi (βi,t;Oi,t+1)

∥∥∥∥∥
2

| Ft


≤2EPπ

O

∥∥∥∥∥ 1n
n∑

i=1

[gi (βi,t;Oi,t+1)−∇Li (βi,t)]

∥∥∥∥∥
2

| Ft

+
2

n

n∑
i=1

∥∇Li (βi,t)−∇Li (β
∗)∥2 .

Denote ϕt =
1
n

∑n
i=1 [gi (βi,t;Oi,t+1)−∇Li (βi,t)], we decompose the martingale difference

sequence ϕt into the following two parts,

ϕ
(1)
t :=

1

n

n∑
i=1

gi(β
∗;Oi,t+1),

ϕ
(2)
t :=

1

n

n∑
i=1

[gi(βi,t;Oi,t+1)− gi(β
∗;Oi,t+1) +∇Li(β

∗)−∇Li(βi,t)] .

For ϕ
(1)
t ,

EPπ
O

[∥∥∥ϕ(1)
t

∥∥∥2 | Ft

]
=EPπ

O

∥∥∥∥∥ 1n
n∑

i=1

gi(β
∗;Oi,t+1)

∥∥∥∥∥
2

| Ft


≤EPπ

O

 1

n

n∑
i=1

K∑
j=1

∥∇ℓi (β
∗;Oi,t+1)∥2 1{Ai,t+1=j}

K2 {πi,t (Xi,t+1)}2
| Ft


=E

 1

n

n∑
i=1

K∑
j=1

E
{
∥∇ℓi (β

∗;Xi,t+1, j, Yi,t+1)∥2 | Ft, Xi,t+1

}
K2πi,t (Xi,t+1)

| Ft


≤ 1

ε∞
EPr

O

[
1

n

n∑
i=1

∥∇ℓi (β
∗;Oi,t+1)∥2

]
.

(5.24)

By Assumption 2.2 (ii), we have

EPπ
O

[∥∥∥ϕ(1)
t

∥∥∥2 | Ft

]
≤ 1

ε∞
EPr

O

[
1

n

n∑
i=1

∥∇ℓi (β
∗;Oi,t+1)∥2

]
≤

cf
ε∞

.

For ϕ
(2)
t ,

EPπ
O

∥∥∥∥∥ 1n
n∑

i=1

[gi(βi,t;Oi,t+1)− gi(β
∗;Oi,t+1) +∇Li(β

∗)−∇Li(βi,t)]

∥∥∥∥∥
2

| Ft


≤EPπ

O

 2

n

n∑
i=1

K∑
j=1

∥∇ℓi (βi,t;Oi,t+1)−∇ℓi (β
∗;Oi,t+1)∥2 1{Ai,t+1=j}

K2 {πi,t (Xi,t+1)}2
| Ft


+

2

n

n∑
i=1

∥∇Li (βi,t)−∇Li (β
∗)∥2

≤ 1

ε∞
EPr

O

[
2

n

n∑
i=1

∥∇ℓi (βi,t;Oi,t+1)−∇ℓi (β
∗;Oi,t+1)∥2

]
+

2

n

n∑
i=1

∥∇Li (βi,t)−∇Li (β
∗)∥2 .
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By Assumption 2.2 (i),

EPπ
O

[∥∥∥ϕ(2)
t

∥∥∥2 | Ft

]
≤

4c2L
nε∞

n∑
i=1

∥βi,t − β∗∥2, (5.25)

which implies

EPπ
O

∥∥∥∥∥ 1n
n∑

i=1

gi (βi,t;Oi,t+1)

∥∥∥∥∥
2

| Ft


≤
4cf
ε∞

+
16c2L
nε∞

n∑
i=1

∥βi,t − β∗∥2 + 2

n

n∑
i=1

c2L ∥βi,t − β∗∥2

≤
4cf
ε∞

+ c2 ∥∆t∥2 +
c2
n

∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 ,
(5.26)

where c2 = 4c2L

(
8
ε∞

+ 1
)
.

Substitute (5.23) and (5.26) into (5.22), we have

EPπ
O

[
∥∆t+1∥2 | Ft

]
≤∥∆t∥2 − 2γt+1

[(
µ

n
− δ

n
cL

)
∥∆t∥2 −

cL
4nδ

∥∥∥βt − 1n ⊗ β̂t

∥∥∥2]
+ γ2t+1

[
4cf
ε∞

+ c2 ∥∆t∥2 +
c2
n

∥∥∥βt − 1n ⊗ β̂t

∥∥∥2]
=
(
1− 2µ̃γt+1 + c2γ

2
t+1

)
∥∆t∥2 +

[
c1
γt+1

n
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γ2t+1

n

] ∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + 4cf
ε∞

γ2t+1
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n
+ c2

γ2t+1

n

] ∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + 4cf
ε∞

γ2t+1,

where the last inequality follows from the condition γt+1 ≤ µ̃/c2.

5.3 Proof of Lemma 2.2

Proof. By the definition of β̂t,

βt+1 − 1n ⊗ β̂t+1 =

(
Ã− 11T

n
⊗ IKp

)(
βt − 1n ⊗ β̂t

)
− γt+1

(
In×Kp −

11T

n
⊗ IKp

)
Gt.

Then, for any α > 0,

EPπ
O
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≤(1 + α)(1− ρ)2
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1

α
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O
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11T
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]
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EPπ

O
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Gt

∥∥∥∥2 | Ft

]
,

(5.27)
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where the first inequality follows from Assumption 2.3 and the second inequality is obtained by

setting α = ρ
1−ρ .

For the last term on the right hand of (5.27),

EPπ
O

[∥∥∥∥(In×Kp −
11T

n
⊗ IKp

)
Gt

∥∥∥∥2 | Ft

]

=EPπ
O
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1

n
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2
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≤6EPπ

O
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(gi (βi,t;Oi,t+1)−∇Li (βi,t))
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2

| Ft

+ 3

n∑
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∥∥∥∥∥∥∇Li (βi,t)−
1

n
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∇Lj (βj,t)
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2

≤12n

(
cf
ε∞

+
4c2L
nε∞

n∑
i=1

∥βi,t − β∗∥2
)

+ 3
n∑
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∥∥∥∥∥∥∇Li (βi,t)−
1

n

n∑
j=1

∇Lj (βj,t)

∥∥∥∥∥∥
2

≤12n

(
cf
ε∞

+
8c2L
ε∞
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8c2L
nε∞
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∥∥∥2)

+ 3
n∑

i=1

∥∥∥∥∥∥∇Li (βi,t)−
1

n

n∑
j=1

∇Lj (βj,t)

∥∥∥∥∥∥
2

,

(5.28)

where the second inequality follows from the analysis of (5.24)-(5.25). For the last term on the

right hand of (5.28),

n∑
i=1

∥∥∥∥∥∥∇Li (βi,t)−
1

n

n∑
j=1

∇Lj (βj,t)

∥∥∥∥∥∥
2

≤6
n∑

i=1

∥∥∥∇Li (βi,t)−∇Li

(
β̂t

)∥∥∥2 + 3
n∑

i=1

∥∥∥∥∥∥∇Li

(
β̂t

)
− 1

n

n∑
j=1

∇Lj

(
β̂t

)∥∥∥∥∥∥
2

.

By Assumption 2.2 (ii),

n∑
i=1

∥∥∥∥∥∥∇Li

(
β̂t

)
− 1

n

n∑
j=1

∇Lj
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β̂t
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2

≤3
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∥∇Li (β
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n
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(
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)∥∥∥2
≤3nc2f + 6nc2L ∥∆t∥2 ,

which implies that

n∑
i=1
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1

n
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∇Lj (βj,t)
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2
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Substitute (5.29) into (5.28), we have

EPπ
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Gt
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4cf
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∥∥∥2 .
(5.30)

Then, substitute the resulting expression (5.30) into (5.27), we have
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∥∥∥2 | Ft

]
≤(1− ρ)

∥∥∥βt − 1n ⊗ β̂t

∥∥∥2 + γ2t+1

ρ

[
6nc2L

(
16

ε∞
+ 3

)
∥∆t∥2 + c3

∥∥∥βt − 1n ⊗ β̂t

∥∥∥2]+ 3n

(
4cf
ε∞

+ 3c2f

)
γ2t+1

ρ
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∥∥∥2 + γ2t+1

ρ
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(
16
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ρ
,

where the last inequality follows from γt ≤ ρ/
√
2c3. The proof is complete.
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