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Abstract
In this paper, we show that minimax rational approximations can be enhanced by
introducing a controlling parameter on the denominator of the rational function.
This is implemented by adding a small set of linear constraints to the underlying
optimization problem. The modification integrates naturally into approxima-
tion models formulated as linear programming problems. We demonstrate our
approach through several numerical examples, including a multivariate rational
approximation of the Korteweg–de Vries (KdV) equation from fluid dynamics.
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1 Introduction
Rational approximations offer a strong balance between approximation accuracy
and computational efficiency. While polynomial-based methods are simpler and
more straightforward to implement, they often fall short in terms of approxima-
tion quality. On the other end of the spectrum, free-knot splines can achieve high
accuracy but are typically more complex and computationally demanding to con-
struct. Several well-established methods exist for computing rational approximations
for the univariate function approximation. These include the AAA algorithm [1],
Remez-type methods [2], and approaches based on linear programming, such as the
bisection method [3, 4] and the differential correction method [5, 6]. In [7], the
authors extended the bisection and differential correction methods to multivariate
settings. A comprehensive literature review on uniform approximation by rational
function approximation, its geometrical properties and its connection with polynomial
approximation can be found in [8].

The main contribution of this paper is the development of a preconditioning tech-
nique based on a denominator control parameter. This technique can be efficiently
implemented by introducing additional linear constraints, a straightforward modifica-
tion in linear programming-based frameworks, but one that is not readily applicable
to methods such as AAA or Remez-type algorithms. Numerical experiments demon-
strate that the proposed approach enhances approximation accuracy and enables an
efficient calculation of a larger-scale problem.

Rational approximation is a very attractive option for uniform approximation
problems: the corresponding optimisation problems are quasiconvex and can be solved
efficiently through the solution of larger linear programming problems. Another
attractive approximation technique is neural networks, in particular, deep learning.
The efficiency of neural networks was established in the universal approximation
theorem [9, 10], which states that neural networks with a single hidden layer can
approximate any continuous function to any accuracy, provided that the activation
functions are non-polynomials. This result led to a broad area of research on what
activation function is best for practical applications.

It appeared that rational functions are an attractive choice for activation functions.
This can be explained by the fact that their parameters can be learned by the net-
work itself, and it was shown in [11] that good approximation results can be achieved.
Such networks are also known as rational networks. Another example, where ratio-
nal approximation improves the classification power of deep learning, can be found
in [12]. Therefore, rational approximations are also used as auxiliary subproblems in
larger approximation problems and hence the improvement of the existing rational
approximation approaches as well as the development of new algorithms is crucial.
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2 Methodology
A uniform rational approximation can be formulated as follows:

minimisemax
t∈Q

∣∣∣∣∣f(t)− ATG(t)

BTH(t)

∣∣∣∣∣ , (1)

where Q is a compact convex set (continuous settings) or a finite set of discretisa-
tion points from a convex set (discrete settings). In most practical problems, discrete
settings are applied. In the case of rational approximation, the components of vec-
tors G(t) and H(t) are the monomials, the rational function degree (m,n) means that
the degree of the numerator and denominator polynomials are m and n, respectively.

It was shown in [13] that the optimal uniform rational approximation is unique
as a rational function. However, since the vectors (A,B) and (αA,αB) correspond
to the same rational function, we need a scaling approach. Some common meth-
ods exist, such as keeping all the coefficients of the denominator between −1 and 1.
In our approach, we fix one of the coefficients of the denominator. In addition, we
require that BTH(t) > 0. In practice, this can be implemented as the linear constraint
BTH(t) ≥ δ, where δ is a small positive number. Therefore, bounding the denomi-
nator from above can be considered a preconditioning approach. This approach may
improve the performance of the bisection and differential correction methods. Indeed,
by governing the ratio

Cr =
maxt B

TH(t)

mint BTH(t)
≤ u

ℓ
, (2)

we control the constraint matrices appearing in these linear programming problems.
Adding the constraint (2) to Problem (1) maintains its quasiconvex structure, and
therefore we can apply a bisection method to solve it.

In the following two sections, we present the results of numerical experiments for
univariate functions (Section 3) and multivariate functions (Section 4).

3 Numerical performance: univariate approximation
We evaluate three test functions using three different approximation methods: our
optimization-based approximation with preconditioning via the bisection method (for
details on the bisection, Appendix A), the Remez algorithm, as implemented in [2],
and the AAA algorithm from [1].

For our optimization-based method, we set the bisection tolerance near double-
precision accuracy (10−15), and we use 400 equidistant sample points over the target
interval. The AAA algorithm uses the same set of sample points, while the Remez
algorithm operates with a function handle and has access to arbitrary function
evaluations. After computing all approximations, we evaluate them at 1000 uni-
formly spaced points across the interval and report the maximum absolute deviation
from the original function as the uniform error. The source code is available at:
https://github.com/nirsharon/preconditioningRationalApprox.
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The test functions are a cubic spline function (f1), a cusp (f2), and an oscilla-
tory function(f3). Table 1 includes the functions, their domains, and the fundamental
parameters: the degrees of the rational approximation (m,n) and the denominator
upper bound u. The lower bound is fixed at ℓ = 1 and therefore Cr ≤ u.

Test function [a, b] (m,n) Cr of (2)

f1(x) =

{
−x3 + 6x2 − 6x+ 2 x < 1

x3 1 ≤ x
[0, 3] (4, 5) and (5, 5) 2,4,8

f2(x) = |x|2/3 [−1, 2] (6, 6) 100
f3(x) = cos 9x+ sin 11x [−1, 1] (7, 7) 50

Table 1: The test functions, their domains, and approximation param-
eters.
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Fig. 1: The effect of changing denominator bounds with fixed degrees. We set the
rational polynomial degrees to (4,5) and compare our method with the (5,5) AAA
and (4,5) Remez approximations.

In Figure 1, we examine the function f1 and study the effect of varying the denom-
inator bound u in equation (2), using the degree (4, 5) rational approximations. The
Remez algorithm achieves a uniform error of approximately 0.0009, while the AAA
method (restricted to m = n) yields 0.0025 with a degree (5, 5) approximation. For
the optimization-based approach, a tight bound of u = 2 results in an error of 0.0051.
Increasing the bound to u = 4 improves the result, slightly outperforming AAA
(Figure 1b). The AAA denominator norm is Cr = 3.91, which lies within the feasible
region of the optimization, explaining the improved accuracy. At u = 8 (Figure 1c),
the optimization method matches the minimax performance of Remez, also achieving
a uniform error of 0.0009. Notably, the Remez denominator norm is Cr = 6.86, which
is within the optimization’s constraint set and thus explains the result. This shows
the agility of the optimization-based approach for rational approximation.

In the second example, we consider the test functions f2 and f3, reporting the
corresponding error rates and absolute changes in the denominator. The results, shown
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in Figure 2, demonstrate that the controlling parameter provides an effective means of
balancing approximation accuracy with constraints on the denominator, particularly
valuable when such restrictions are required. For f2, the optimization-based method
achieves an error rate comparable to that of the Remez algorithm, but using only
discrete data and significantly faster optimization, while producing a denominator that
varies by an order of magnitude less than those obtained by the other two methods. In
the case of f3, the AAA algorithm performs poorly, while the optimization approach
again yields superior accuracy with a well-controlled denominator.
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Fig. 2: Comparison of the three methods for rational approximation — optimization,
Remez, and AAA, using the test functions f2 and f3.

4 Numerical performance: an application in the
multivariate approximation

In this section, we present a multivariate function approximation example, demon-
strating how the performance of the optimization method is improved by introducing
control parameters into the denominator of the rational function. It should be noted
that multivariate function approximation is much harder than it is for univariate
functions, even in the simple case of polynomial approximation [14].
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Consider the Korteweg–de Vries (KdV) equation which is a nonlinear partial
differential equation of the form

ut = −uux − uxxx,

which models the wave propagation on shallow water surfaces. This equation appears
in many applications, including fluid dynamics, waves and symmetry. Our goal is to
approximate the solution u on the given spatio temporal points, (x, t) by using the
multivariate bisection method. The algorithm is implemented in MATLAB (R2023a).

The original dataset was created in [15] and is publicly available. The solution u is
computed on the domain (x, t) ∈ [−20, 20]× [0, 40] with a discretization of [512× 201]
points and an initial guess of u(x, 0) = − sin(πx/20). The experiments are based on a
subset of the full domain, referred to as the reduced domain, which is constructed by
selecting every kth point (k = 10, 20) along each dimension along with the correspond-
ing function values. Both the approximation and the uniform error are evaluated over
this reduced domain for consistency.

This approach is adopted to prevent excessive data volume from causing crashes
in MATLAB during computation. The original values of u on the reduced domain are
shown in Figure 3. To approximate u, we apply the multivariate bisection method,
using Chebyshev monomials in place of classical monomials within the rational
approximation.

Fig. 3: KdV solution plotted over the reduced domain: 3D (on left) and 2D (on right)
landscape view of the original solution.

As the degree of the rational function increases, MATLAB code can not handle its
calculation properly and crashes. In particular, in our experiments, MATLAB could
handle the approximations up to the degree (18, 18) without any preconditioning, the
uniform error went down to 0.034389 (k = 10) and 0.014062 (k = 20). Any higher
degrees could not be processed. As a remedy, we restricted the upper bound of the
denominator to l = 100 and increased the degree to (20, 20). The program completed
the tasks with the uniform error being 0.027058 (k = 10) and 0.010817 (k = 20).
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We now present an example comparing the two approximations: one with degree
(18, 18) and the other with degree (20, 20). The latter experiment tends to crash
with the usual setting of the algorithm (MATLAB) and therefore, we introduce an
additional constraint that restricts the denominator from above (upper bound of 100).
This additional constraint is simple and can be simply added to the constrain set of
our optimization problem and the problem remains in the class of linear programming
problems. The uniform errors are recorded in Table 2 and the approximations are
presented in Figure 4.

Adding the extra linear constraint prevented the code from crashing. The pro-
gram terminated normally and found the optimal solution. As expected, the uniform
approximation error is lower in the case of the higher degree polynomials in the numer-
ator and denominator of the rational approximation: 0.034 for degree (18, 18) and
0.027 for degree (20, 20). Figure 3 (exact function, landscape view) is very similar to
Figure 4 (right).

Therefore, we can conclude that the application of the preconditioning approach,
proposed in this paper, is also efficient for multivariate function approximation.

Degree (n,m) Uniform error
(18,18) 0.034389
(20,20) 0.027058

Table 2: Uniform error
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Fig. 4: KdV solution approximated over the reduced domain: degree (18,18) on left
and (20,20) on right (landscape view).
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5 Conclusions and future research
Our numerical experiments show that the controlling parameters can lead to more
accurate approximations. In particular, our algorithm can accommodate higher-degree
polynomials in both the numerator and the denominator. Similar results were observed
in our experiments with the differential correction method, but this problem requires
more detailed study.

The additional linear constraints can be naturally added to the corresponding
optimization problems without paying a significant computational price: the problems
remain linear programming problems. This approach can be seen as a preconditioning
technique for solving large linear programming problems, appearing in the bisection
and differential correction methods.
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A The Bisection method for rational approximation
Historically, the implementation of many minimax rational approximations is based on
solving linear programming problems [16, 17]. The bisection method is looking at the
problem from the point of view of quasiconvexity. The problem can be reformulated
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as:

min z (3)

subject to

f(t)− ATG(t)

BTH(t)
≤ z, (4)

ATG(t)

BTH(t)
− f(t) ≤ z, (5)

BTH(t) > 0. (6)

Define a bisecting interval z ∈ [l, u] and assign z = 1
2 (u + l). If the set of constraints

in (4) has a feasible solution, update the upper bound u = z; otherwise, update the
lower bound l = z. Terminates when u− l < ε, for a predefined threshold ε.
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