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Abstract

In this paper, we study sparse inverse covariance matrix estima-
tion incorporating partly smooth nonconvex regularizers. To solve
the resulting regularized log-determinant problem, we develop DIIR-
QUIC—a novel Damped Inexact Iteratively Reweighted algorithm
based on QUadratic approximate Inverse Covariance (QUIC) method.
Our approach generalizes the classic iteratively reweighted ℓ1 scheme
through damped fixed-point updates. A key novelty of DIIR-QUIC
is an inexact termination criterion for the subproblems that permits
controlled inexactness in solutions to accelerate each iteration while
still guaranteeing identification of the active manifold in finitely many
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steps. We establish the global convergence of DIIR-QUIC and, under
the Kurdyka- Lojasiewicz property, prove Q-linear convergence of the
perturbed objective values and R-linear convergence of the iterates.
Extensive numerical experiments on synthetic and real-world datasets
demonstrate that DIIR-QUIC outperforms existing approaches in com-
putational efficiency and estimation accuracy.

Keywords— Inverse covariance matrix estimation, Nonconvex regularization
optimization, Smooth active manifold, Damped inexact iterative reweighting

1 Introduction
Estimating the inverse covariance matrix, also known as the precision matrix, is a
fundamental problem in modern multivariate statistical analysis. A key motivation
for the estimation is that its zero entries directly encode conditional-independence
relationships among variables. This built-in sparsity makes precision estimation
a versatile tool for high-dimensional problems: it underlies linear discriminant
analysis in statistical learning [1], guides optimal asset allocation in portfolio opti-
mization [2] and facilitates gene-network reconstruction in computational biology
[3]. As data dimensions grow, developing effective methods that balance statistical
reliability with computational scalability has become an increasingly active area
of research.

Sparsity-promoting precision estimation is especially vital when the number
of variables far exceeds the sample size [1]. In the setting of Gaussian Markov
Random Fields (GMRF), we usually observe m independently drawn samples
yi „ N pµ,Σq in Rn and seek to recover the precision matrix Σ´1. Enforcing a
sparse structure on Σ´1 generally enhances statistical inference and interpretabil-
ity in the high-dimensional regime (i.e., m ! n). A zero entry in the precision
matrix corresponds to a conditional independence constraint, implying no direct
dependency between the associated variables. As a result, estimating a sparse
precision matrix is equivalent to learning a sparse undirected graph in a GMRF.

To obtain a sparse precision matrix, one widely studied approach in high-
dimensional settings is the regularized log-likelihood formulation [4, 5]. This in-
volves maximizing the log-likelihood function over the space of positive definite
matrices while incorporating a sparsity-inducing regularizer. A natural choice
for enforcing sparse pattern in the solution is the ℓ0 (quasi-)norm, defined as
}X}0 –

ř

ij IpXij ‰ 0q, where Ip¨q denotes the Boolean indicator function that
returns 1 when the condition is true and 0 otherwise. The ℓ0-norm is particularly
appealing due to its ability to induce exact sparsity. However, its combinatorial na-
ture renders the associated optimization problem computationally intractable, as
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commented in [6]. To regain tractability, convex relaxations replace }X}0 with its
tightest convex surrogate, the ℓ1-norm. Regularizing the log-determinant function
with an ℓ1-penalty ensures strong convexity properties and, through Lagrangian
duality, often yields computationally efficient solutions [7, 8]. Despite these ad-
vantages, the ℓ1-penalty suffers from a well-known limitation: it tends to system-
atically over-penalize large coefficients, introducing bias and potentially misiden-
tifying the true sparsity pattern. This bias generally arises due to the relaxation
gap between ℓ1- and ℓ0-norm formulations [9].

To address this issue, nonconvex regularization approaches have gained consid-
erable attention [10]. In particular, the nonconvex regularizers such as the ℓpp-norm
(0 ă p ă 1) [11], the smoothly clipped absolute deviation (SCAD) and the min-
imax concave penalty (MCP) [12], as well as the piecewise exponential concave
approximation function and the capped ℓ1 regularizers [6], have demonstrated su-
perior numerical performance compared to ℓ1-norm regularization. These methods
often yield sparser models with improved prediction accuracy. Such findings high-
light the need for alternative regularization strategies that achieve a better balance
between sparsity and estimation accuracy, thereby motivating further exploration
of nonconvex sparsity-promoting penalties.

In this paper, we focus on the following matrix optimization problem with
nonconvex sparsity-promoting regularizers:

min F pXq“tfpXq – trpSXq ´ log detXu ` ρ

#

ΦpXq –
ÿ

ij

ϕp|Xij |q

+

s.t. X P Sn
``,

(P)

where S P Sn
` is the empirical covariance matrix, and ρ ą 0 is a regularization

parameter. Throughout this paper, we write Sn
`` (respectively, Sn

`) for the set of
n-by-n symmetric positive definite (respectively, positive semidefinite) matrices.
The following assumption on the function ϕ is imposed throughout.

Assumption 1.1. Let ϕ : r0,`8q Ñ r0,`8q satisfy:

(i) ϕp0q “ 0, and ϕ is concave on r0,`8q.

(ii) ϕ P C1pp0,`8qq, ϕ1ptq ě 0 for all t ą 0, and ϕ1 is nonincreasing on p0,`8q.

(iii) For any δ ą 0, ϕ1 is Lipschitz on rδ,`8q.

(iv) Let

ϕ1p0`q “ lim
tÑ0`

ϕ1ptq P p0,`8s and ϕ1p`8q “ lim
tÑ`8

ϕ1ptq ě 0.
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There exists t˚ P p0,`8s such that

ϕ1ptq ą 0, @ t P r0, t˚q, ϕ1ptq “ 0, @ t P rt˚,`8q pif t˚ ă `8q.

Then the inverse pϕ1q´1 :
`

ϕ1p`8q, ϕ1p0`q
˘

Ñ p0, t˚q defined by

pϕ1q´1psq “ inftt ą 0 | ϕ1ptq ď su.

is well-defined and continuous on its effective domain.

Under Assumption 1.1, the function Φ covers a wide range of nonconvex sur-
rogates for the ℓ0 norm, which counts the number of nonzero entries in a matrix.
Notable examples include ℓp (quasi-)norm [13], SCAD [14] and MCP [15]. Table
3 in Appendix summarizes several representative instances.

On the algorithmic front, addressing the nonconvex optimization problem (P)
remains a challenging task. To our knowledge, [11] was the first to address problem
(P) with ΨpXq “

ř

i‰j |Xij |p for 0 ă p ă 1 in its maximization form. The au-
thors proposed a two-stage alternating optimization algorithm. In the first stage,
they reformulated the original matrix problem into an equivalent vector problem
by exploiting permutations of the matrix variables and the empirical covariance
matrix. In the second stage, they applied a cyclic descent method to solve the
resulting ℓpp-regularized least squares problem, updating each coordinate sequen-
tially. At each iteration, their algorithm performs updates on a single row and
column of the matrix, involving three components: one column vector, a scalar
and a principal submatrix. However, the algorithm lacks theoretical guarantees for
global convergence—precluding any convergence rate analysis—and its numerical
evaluation has been confined to relatively small problem instances (typically on
the order of 100 variables). Moreover, our reproduced experiments indicate that
the algorithm incurs a comparatively high computational cost and generally fails
to achieve satisfactorily low stationarity residuals. These limitations restrict its
practical applicability to large-scale problems.

Another line of research, while not directly tackling the same problem, nonethe-
less offers useful insights. Notable examples include the works of Phan et al. [6]
and Wei et al. [12]. Phan et al. [6] focused on a formulation involving a nonconvex
loss function of the form fpXq “ log detX ` trpSX´1q, combined with noncon-
vex sparsity-promoting penalties, specifically the difference-of-convex (DC) repre-
sentations of the piecewise exponential concave approximation and the capped ℓ1
regularization. The authors proposed two tailored Difference-of-Convex Algorithm
(DCA) variants and established global subsequential convergence. On the other
hand, Wei et al. [12] addressed related covariance estimation problems involving a
loss function of the form fpXq “ 1

2}Σ ´ S}2
F ´ τ log detX (τ ą 0 is used in their

original texts), combined with the SCAD and MCP penalties. The authors applied
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a standard iteratively reweighted ℓ1 algorithm, with each subproblem handled by
an inexact proximal gradient method and backtracking line-search. However, it is
crucial to note that their statistical convergence—i.e., the consistency guarantees
for the sequence of covariance estimators—and their iteration-complexity bounds
for the inner subproblem solver are derived under the oracle assumption that the
true support of the covariance matrix is known a priori. In addition, the global
convergence of the generated iterates to a stationary point of the original non-
convex problem remains unestablished. Furthermore, the algorithms in both of
these works cannot accommodate nonconvex regularizers such as the nonconvex
ℓpp norm, since its derivative is unbounded at the origin.

We propose to estimate large-scale sparse covariance matrices by solving the
log-determinant program (P) with more general nonconvex and nonsmooth reg-
ularizers. To this end, we develop an algorithmic framework that builds on ef-
ficient solvers for the weighted ℓ1-regularized log-determinant subproblem. Our
framework generalizes the iteratively reweighted ℓ1 (IRℓ1) schemes in [16]: at each
iteration, we first apply a smoothing and reweighting step to define a weighted
ℓ1-regularized log-determinant subproblem and compute an intermediate solution.
We then employ a damped update operator, as in [17, 18], to generate the next
iterate.

While the underlying idea is simple and natural, two key challenges arise in
practice. First, each weighted ℓ1 subproblem can only be solved approximately,
and it is unclear how much inexactness in the subproblem solution can be allowed
to guarantee the global convergence of the method. Second, even if we assume the
global convergence properties of the damped IRℓ1 framework are guaranteed, it is
also unclear whether the algorithm can identify the active manifold under inexact
subproblem solutions. Smooth active manifolds are useful in nonsmooth optimiza-
tion, as noted by the authors of [19], “Once M is identified, the nonsmoothness of
the problem is largely irrelevant, since all future iterates lie on a smooth manifold
along which f is smooth.” Here, M refers to a smooth active manifold.

In this paper, we address both issues in the damped IRℓ1 framework by in-
corporating an inexact criterion for the subproblem solver and proving that the
proposed algorithm is well-posed and converges globally. We further show that the
algorithm correctly identifies the active manifold in a finite number of iterations
under the proposed inexact criterion. Moreover, under the Kurdyka– Lojasiewicz
(K L) property, we prove that the objective values converge at a Q-linear rate and
the iterates uniquely converge at an R-linear rate. Numerical results confirm the
effectiveness and efficiency of the proposed algorithm.
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1.1 Notation and preliminaries
Throughout, let N, R, R` – r0,`8q and R`` – p0,`8q denote the sets of
natural numbers, real numbers, nonnegative real numbers, and positive real num-
bers, respectively. Correspondingly, Rmˆn denotes the Euclidean space of m-by-
n-dimensional real matrices, with inner product xX,Y y “ trpXTY q. Let Sn

ą0 “

Rnˆn
`` X Sn denote the set of n-by-n-dimensional symmetric matrices with positive

entries. Meanwhile, the notation X ą 0 indicates that X is positive definite, while
X ľ 0 means that X is positive semidefinite. The Kronecker product of the ma-
trices X and Y is denoted by XbY . We use IpXq – tpi, jq P rnsˆrns | Xij ‰ 0u

and ZpXq – tpi, jq P rns ˆ rns | Xij “ 0u to denote the index set of the nonzeros
and zeros of X, respectively. Given a matrix X P Sn and a positive weight matrix
W P Rnˆn

` , we define the weighted ℓ1-norm of X as }X}1,W “
řn

i,j“1Wij |Xij |.
In addition, }X}8 – max

pi,jqPrnsˆrns
|Xij |. For any nonempty set Ω Ă Rnˆn, rintpΩq

denotes its relative interior.
Throughout the paper we measure distances in Rnˆn with the Frobenius norm

} ¨ }F . In particular:

(i) Set-to-set distance. For any two nonempty sets Ω̄,Ω Ă Rnˆn, define

distpΩ̄,Ωq – inft}X ´ Y }F | X P Ω̄,Y P Ωu.

Note that here distp¨, ¨q is not a proper distance, since it may fail the triangle
inequality.

(ii) Point-to-set distance. For any X P Rnˆn and nonempty Ω Ă Rnˆn, we
abbreviate distpX,Ωq – distptXu,Ωq.

(iii) Scalar case. When n “ 1, this reduces to the usual absolute-value distance
distpx, yq “ |x´ y|, @x, y P R.

The following proposition is useful in our analysis, and its proof can be found in
[20, Appendix A.3].

Proposition 1.2 (Triangle inequality for set distances [20, Proposition 3]). For
any three sets Ω1,Ω2,Ω3 Ď Rnˆn, it holds that

distpΩ1,Ω2q ď distHpΩ1 | Ω3q ` distpΩ3,Ω2q, (1)

where distHpΩ1 | Ω3q – sup
XPΩ3

inf
Y PΩ1

}Y ´ X}F refers to the Hausdorff distance

between Ω1 and Ω3.

Before presenting the stationarity condition of (P), we first characterize the
subdifferentials of Φ in the following lemma.
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Lemma 1.3 (Subgradients [21, Definition 8.3] and their relationships [21, Theorem
8.6]). Consider (P). Let X P Sn

``. The following holds:

(i) B̂ΦpXq “ BΦpXq “ Bϕp|X11|q ˆ Bϕp|X12|q ˆ ¨ ¨ ¨ ˆ Bϕp|Xnn|q with

Bϕ
`

|Xij |
˘

“

$

’

’

’

&

’

’

’

%

tϕ1p|Xij |qu, pi, jq P IpXq,

r´ϕ1p0q, ϕ1p0qs, pi, jq P ZpXq and lim
sÑ0`

ϕ1psq ă `8,

R, pi, jq P ZpXq and lim
sÑ0`

ϕ1psq “ `8.

Here, B̂ΦpXq and BΦpXq refer to the regular, limiting (or Mordukhovich)
subdifferentials of Φ at X, respectively. Both BΦpXq and B̂ΦpXq are closed
sets, and B̂ΦpXq is convex.

(ii) B̂ΦpXq8 “ B8ΦpXq “ B8ϕp|X11|q ˆ B8ϕp|X12|q ˆ ¨ ¨ ¨ ˆ B8ϕp|Xnn|q with

B8ϕp|Xij |q “

$

’

’

’

&

’

’

’

%

t0u, pi, jq P IpXq,

t0u, pi, jq P ZpXq and lim
sÑ0`

ϕ1psq ă `8,

R, pi, jq P ZpXq and lim
sÑ0`

ϕ1psq “ `8.

Here, B8ΦpXq refers to the horizon subdifferential of Φ at X, and B̂ΦpXq8

refers to the horizon cone of B̂ΦpXq [21, Definition 3.3]. Furthermore,
B8ΦpXq and B̂ΦpXq8 are closed cones, with B̂ΦpXq8 convex.

Consequently, by Assumption 1.1 and [21, Corollary 8.11], ΦpXq is (subdifferen-
tially) regular at X. In addition, it follows from [21, Exercise 8.8] and f P C1 that
F is (subdifferentially) regular for all X P Sn

``.

In particular, given a positive weight matrix W P Rnˆn
` , we have

B}X}1,W “

#

G P Sn | Gij

#

“ WijsgnpXijq, if Xij ‰ 0,
P r´Wij ,Wijs, if Xij “ 0.

+

. (2)

We next provide the first-order necessary optimality condition for problem (P).

Theorem 1.4 (Fermat’s rule generalized [21, Theorem 10.1]). Consider (P) under
Assumption 1.1. If F has a local minimum at X˚ P Sn

``, then

´∇fpX˚q P BΦpX˚q.
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Indeed, it holds that

pi, jq P IpX˚q : ∇ijfpX˚q ` ρϕ1p|X˚
ij |q sgnpX˚

ijq “ 0, (3a)

pi, jq P ZpX˚q :

$

&

%

|∇ijfpX˚q| ď ρϕ1p0q, lim
sÑ0`

ϕ1psq ă `8,

´∇ijfpX˚q P R, lim
sÑ0`

ϕ1psq “ `8.
(3b)

Then we say that a matrix X˚ P Sn
`` is a stationary point of F if (3) holds.

We next recall the notion of partial smoothness, which captures the intrinsic
smooth structure underlying a nonsmooth function. We begin with some elemen-
tary definitions.

Definition 1.5. Let Ω Ă Rn be a nonempty convex set. The subspace parallel to
the set Ω, denoted by par Ω, is defined as par Ω “ aff Ω ´ x, @x P Ω, where aff Ω
is the affine span of Ω.

Definition 1.6 (Partly smooth function [22, Definition 2.7]). Suppose that the
set M Ă Rmˆn contains the point X. A function h : Rmˆn Ñ R Y t`8u is said
to be partly smooth at X relative to M if M is a manifold around X and the
following four properties hold:

(i) (Restricted smoothness) the restriction h|M is smooth at X;

(ii) (Regularity) at every point close to X in M, the function h is regular and
has a subgradient;

(iii) (Normals parallel to subdifferential) NMpXq Ă par BhpXq, where
NMpXq denotes the normal space to M at X;

(iv) (Subgradient continuity) the subdifferential map Bh is continuous at X
relative to M.

We say that the function h is partly smooth relative to a set M if M is a manifold
and h is partly smooth at each point in M relative to M. In addition, M is
referred to the active manifold (of partial smoothness).

For a partly smooth function, the condition (iii) in Definition 1.6 reveals a
“stable” property. We restate this result in the following proposition.

Proposition 1.7 (Local normal sharpness [22, Proposition 2.10]). If the func-
tion h : Rmˆn Ñ R Y t`8u is partly smooth at the point X0 relative to the
set M Ă Rmˆn, then all points X P M close to X0 satisfy the condition
NMpXq “ par BhpXq.
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Definition 1.8 (Prox-regularity [23, Definition 2.1]). A function h : Rmˆn Ñ

R Y t`8u is prox-regular at a point ĎX for a subgradient sV P BhpĎXq if h is finite
at ĎX, locally lower semi-continuous around ĎX, and there exists ρ ą 0 such that

hpX 1q ě hpXq ` xV ,X 1 ´ Xy ´
ρ

2}X 1 ´ X}2
F

whenever X and X 1 are near ĎX with hpXq near hpĎXq and V P BhpXq is near sV .
Furthermore, h is prox-regular at ĎX if it is prox-regular at ĎX for every V P BhpĎXq.

The following proposition states the basic conditions that guarantee the algo-
rithm identifies the active manifold in a finite number of iterations.

Proposition 1.9 (Active manifold identification [23, Theorem 5.3]). Let the func-
tion h : Rmˆn Ñ R Y t`8u be Cq-partly smooth pq ě 2q at the point ĎX relative
to a smooth manifold M, and prox-regular there, with 0 P rint BhpĎXq. Suppose
Xk Ñ ĎX with hpXkq Ñ hpĎXq. Then

Xk P M for all sufficiently large k

if and only if
distp0, BhpXkqq Ñ 0.

The K L property is needed in our convergence analysis. For completeness, we
recall its essential components below.

Definition 1.10 (Desingularizing function). [24, Section 3.1.2] Let ℘ ą 0. We
say that φ : r0, ℘s Ñ R` is a desingularizing function if (i) φp0q “ 0; (ii) φ is
continuous on r0, ℘s and of class C1 on p0, ℘q; (iii) φ1psq ą 0 for all s P p0, ℘q.

Definition 1.11 (K L property). [25, Definition 3] Let F : Rmˆn Ñ R Y t`8u

be proper lower semicontinuous. We say that F satisfies the Kurdyka- Lojasiewicz
property at X̄ P dompBF q – tX P Rmˆn | BF pXq ‰ Hu if there exist ℘ ą 0, a
neighborhood UpX̄, ρq of X̄, and a concave desingularizing function φ : r0, ℘q Ñ

R`, such that the Kurdyka- Lojasiewicz inequality

φ1
`

F pXq ´ F pX̄q
˘

dist
`

0, BF pX̄q
˘

ě 1 (4)

holds, for all X in the strict local upper level set

LevpX̄, ρq – tX P UpX̄, ρq | F pX̄q ă F pXq ă F pX̄q ` ℘u.

Typical examples of desingularizing functions include those of the form φpsq “

cs1´θ, where c ą 0 and θ P r0, 1q is the KL exponent. If F satisfies the K L property
with exponent θ at any X P dompBF q, then call F is said to be a K L function
with exponent θ. According to [26, Lemma 2.1], any proper lower semicontinuous
function has the K L property with exponent 1{2 at all noncritical points.
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2 Proposed Algorithm
In this section, we present Damped Inexact Iteratively Reweighted QUIC (DIIR-
QUIC) to solve (P). The proposed DIIR-QUIC alternates between applying the
modified QUIC method to a weighted ℓ1-regularized log-determinant subproblem
and updating the iterate through a damped fixed-point step that blends the sub-
problem solution with the previous solution estimate. Therefore, DIIR-QUIC in-
volves three main components: (i) a smoothing technique combined with the IRℓ1
technique is employed to locally approximate the nonconvex regularizer to yield
strongly-convex subproblems; (ii) an efficient subproblem solver for computational
efficiency; (iii) a practical inexact termination criterion for the subproblem de-
signed to trade off the inner and outer loop computations. An overall statement
of DIIR-QUIC is formally presented in Algorithm 1.

Algorithm 1 Proposed DIIR-QUIC for solving (P)
1: Input: S P Sn

``, ρ ą 0, α P p0, 1q and µ P p0, 1q

2: (Initialization) Choose X0 P Sn
`` and E0

P Sn
ą0. Set k “ 0.

3: Set W k
ij “ ϕ1p|Xk

ij| ` Ek
ijq, @pi, jq P rns ˆ rns

4: Solve Y k p«q
Ð QUICpρ,Xk,W k,Sq by invoking Algorithm 2

5: Update Xk`1 “ p1 ´ αqXk ` αY k

6: Update Ek`1
“ p1 ´ αqEk

` αpµEk)
7: Set k Ð k ` 1 and go to step 3

To develop DIIR-QUIC, we first define a function for the objective function
F in (P) that is nonsmooth but locally Lipschitz continuous. This construction
is motivated by the extensive literature on smoothing approximation techniques
designed to address the nonsmoothness of the function Φ, which satisfies Assump-
tion 1.1 (see, e.g., [27, 16]). To this end, we simply add perturbations to Φ to have
the following optimization problem:

min F pX,Eq “ fpXq ` ρ
ÿ

ij

ϕp|Xij | ` Eijq

s.t. X ą 0,

(5)

where the perturbation parameters Eij “ Eji ą 0,@pi, jq P rns ˆ rns. By construc-
tion and Assumption 1.1, for each entry Xij , it holds that

(i) If 0 ď sEij ď Eij , then ϕp|Xij | ` sEijq ď ϕp|Xij | ` Eijq.

(ii) For any Eij ě 0, 0 ď ϕp|Xij | ` Eijq ´ ϕp|Xij |q ď ϕpEijq.
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At the kth iterate Xk P Sn
``, we compute an intermediate point Y k by ap-

proximately solving the weighted ℓ1-regularized log-determinant subproblem:

Y k « argminY ą0 QkpY q – fpY q ` ρ}Y }1,W k , (Psub)

where W k
ij “ W pXk

ij , Ek
ijq “ ϕ1p|Xk

ij | ` Ek
ijq ą 0, @pi, jq, and the concavity of ϕ

underpins this construction. We accept Y k once it satisfies the inexact termination
criterion:

dist
´

0, BQkpY kq

¯

ď rβk}Xk ´ Y k}F , (Cpkq

inexact)

where the scalar rβk P p0, 1s is tied to the kth subproblem’s line-search step size
(see Lemma 3.3(ii)). This inexact termination condition (Cpkq

inexact) provides several
computational and theoretical benefits: (i) it can be efficiently evaluated within
QUIC; (ii) thanks to the term }Xk ´ Y k}, there is no need for rβk to shrink to
zero. Indeed, β̃k is uniformly bounded away from zero, as shown in Lemma 3.3(ii)
below; (iii) this condition allows DIIR-QUIC to identify the smooth active manifold
within finitely many iterations.

With Y k at hand, we compute the new iterate as Xk`1 “ p1 ´ αqXk ` αY k,
and update the perturbation as Ek`1 “ p1 ´ αqEk ` αpµEkq, with a damping
parameter α P p0, 1q and constant µ P p0, 1q. Motivated by [17], we can describe
the iterative scheme of DIIR-QUIC consistently with the following relaxed fixed-
point iteration:

„

Xk`1

Ek`1

ȷ

“ T
ˆ„

Xk

Ek

ȷ˙

“

«

p1 ´ αqXk ` αSXpXk,Ekq

p1 ´ αqEk ` αSEpXk,Ekq

ff

, (6)

where T : Sn
`` ˆ Sn

ą0 Ñ Sn
`` ˆ Sn

ą0 denotes a relaxed mapping, SXpXk,Ekq “

Y k p«q
Ð argminY ą0 QkpY q and SEpXk,Ekq “ µEk. In view of this, (6) yields

a natural characterization of stationarity for problem (P), as formalized in the
proposition below.

Proposition 2.1. A pair pX˚,E˚q P Sn
`` ˆSn

ą0 is a stationary point of (5) if and
only if pX˚,E˚q “ T pX˚,E˚q. In particular, a point X˚ P Sn

`` is a stationary
point of F associated with (P) if and only if X˚ “ SXpX˚,0q.

Proof. Note that pX˚,E˚q “ T pX˚,E˚q if and only if E˚ “ 0. Thus, proving this
equivalence reduces to establishing the second statement.

Suppose that X˚ is stationary for (P). Then ´∇fpX˚q P BΦpX˚q by Theorem
1.4. Consider the problem

min
Y ą0

#

Q˚pY q “ fpY q ` ρ
ÿ

i,j

W ˚
ij |Yij |

+

,
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where W ˚
ij “ W pX˚

ij , 0q “ ϕ1p|X˚
ij |q. Let Y ˚ “ SXpX˚,0q be an inexact solution

satisfying
dist p0, BQ˚pY ˚qq ď rβ˚}X˚ ´ Y ˚}F ,

where rβ˚ P p0, 1s. Since 0 P BQ˚pX˚q and Q˚ is strictly convex (see Lemma 3.1),
X˚ is its unique minimizer. Initialized at X˚, any solver satisfying the above
inexactness bound should return Y ˚ “ X˚, proving the forward direction.

Conversely, if X˚ “ SXpX˚,0q, then by the inexact termination condition,
we obtain dist p0, BQ˚pX˚qq “ 0. This directly implies X˚ satisfies the optimality
conditions (3), completing the proof.

2.1 Modified QUIC for subproblem solution
As shown in Algorithm 1, the proposed DIIR-QUIC method consists of approxi-
mately solving a sequence of weighted ℓ1-norm regularized log-determinant prob-
lems (Psub), a subject that has garnered substantial attention over the past decade.
To efficiently solve each subproblem, we employ QUIC—a proximal Newton-type
method known for its computational efficiency. To contextualize its use, we give a
concise overview of QUIC.

The foundation of QUIC lies within the framework of inexact successive quadratic
approximation methods [28], which sequentially solve subproblems constructed
from a quadratic approximation of the smooth function f of Qk. We use tZtu to
denote the iterate sequence generated by QUIC for solving (Psub). At a given iter-
ate Zt, QUIC first computes an approximate Newton direction Dt using a locally
quadratic approximation of f at Zt, that is,

Dt « argminDPSn JpD;Ztq “ f̄pD;Ztq ` gpD;Ztq, (7)

where f̄pD;Ztq – fpZtq ` xvecp∇fpZtqq, vecpDqy ` 1
2xvecpDq,∇2fpZtqvecpDqy

and gpD;Ztq “ ρ}Zt ` D}1,W k . A key insight of QUIC is the development of
a closed-form solution for computing the Newton direction associated with (7),
achieved through a coordinate descent update rule. Starting with an initial guess
∆p0q, the algorithm updates ∆pt`1q via

∆pt`1q “ ∆ptq ` ηpeie
T
j ` eje

T
i q, (8)

where ∆ptq represents a given completed updates, ei, ej are unit vectors in Rn,
and η P R is the parameter to be computed. In QUIC, this is done by solving a
sequence of single-variable minimization problems:

min
ηPR

Jp∆ptq ` ηpeie
T
j ` eje

T
i q;Ztq. (9)
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Iterating this process under appropriate termination criteria yields the desired
solution Dt.

Another key insight of QUIC is a dimension-reduction strategy that leverages
the optimality condition of (Psub) to compute the Newton direction using only a
subset of elements of ∆ptq. The indices updated during this process are

IfreepZtq – tpi, jq P rns ˆ rns | W k
ij ă |∇ijfpZtq| or Zt

ij ‰ 0u, (10)

and the remaining indices are denoted as

IfixedpZtq – tpi, jq P rns ˆ rns | W k
ij ě |∇ijfpZtq| and Zt

ij “ 0u. (11)

Hence, QUIC in fact solves the following optimization problem for the Newton
direction:

Dt « argminD:Dij“0,@pi,jqPIfixedpZtq JpD;Ztq “ f̄pD;Ztq ` gpD;Ztq. (12)

To solve the reduced subproblem (12) by coordinate descent, we propose to
use the following inexact termination criterion. We accept the current update
Dt “ ∆ptq once

}∆ptq ´ ∆pt´1q}1 ď ϵ}∆ptq}1, (13)
where 0 ă ϵ ! 1 is a predetermined tolerance parameter.
Remark 2.2. In the original QUIC paper, the convergence analysis—both global
and local—relies on the assumption that each Newton direction Dt is computed
exactly by solving (12). However, as noted by the authors (see [5, §5.2.1]), its
actual implementation employs an iterative coordinate descent method that only
approximately solves the subproblem in practice. In contrast, our proposed inex-
act termination criterion (13) formalizes this practical inexactness and enables a
rigorous convergence analysis. Specifically, we prove that the resulting algorithm
retains both global and local convergence guarantees (see Lemma 3.4(i) and Corol-
lary 3.10(ii) below), thereby strengthening the theoretical foundation of QUIC
under inexact subproblem solves and aligning it more closely with practical imple-
mentations. Moreover, as shown in Lemma 3.4(ii) below, this inexact condition
ensures that the obtained solution satisfies the inexactness criterion (18), which is
crucial for establishing the active manifold property of QUIC when subproblems
(7) are solved approximately.

After determining Dt, a step size βt P p0, 1s is chosen to ensure both feasibility
(i.e., Zt `βtD

t ą 0) and sufficient objective decrease. To this end, QUIC employs
an Armijo-type line-search to identify βt as the largest value in the candidate set
tπ0, π1, . . .u, where π P p0, 1q, satisfying:

QkpZt ` βtD
tq ď QkpZtq ` βtσ△t, (14)
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where σ P p0, 0.5 ´ ϵσq for some small ϵσ ą 0, which depends on the chosen
inexactness parameter ϵ specified in (13), and

△t “ x∇fpZtq,Dty ` ρ}Zt ` Dt}1,W k ´ ρ}Zt}1,W k . (15)

The updated iterate is then computed as Zt`1 “ Zt ` βtD
t. We summarize the

computational steps of QUIC in Algorithm 2.

Algorithm 2 The modified QUIC for solving (Psub)
Require: S, W k, Z0 Ð Xk, βt Ð 1, π P p0, 1q and t Ð 0.

while dist p0, BQkpZtqq ď βt}X
k ´ Zt} (refer to (Cpkq

inexact)) is not satisfied
do

while (13) is not satisfied do
Partition the variables into free and fixed sets according to (10) and

(11).
for pi, jq P IfreepZ

tq do
Solve (12) for Dt by coordinate descent update (8).

end for
end while
while True do

if Zt ` βtD
t ą 0 then

if (14) holds then
break

end if
end if
βt Ð πβt

end while
Zt`1 Ð Zt ` βtD

t and t Ð t ` 1.
end while
Return Y k Ð Zt`1.

3 Convergence
In this section, we show the convergence properties of the proposed Algorithm 1.
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3.1 Well-posedness and basic properties of subprob-
lems

We start by demonstrating that each subproblem (Psub) is well-defined, and also
present some useful properties of the subproblems solved by Algorithm 2.

Lemma 3.1 (Well-posed subproblem). Let Assumption 1.1 hold. Each subproblem
(Psub) is well posed in the sense that it admits a unique optimal solution whose
eigenvalues are uniformly bounded away from zero and infinity.

Proof. It follows from Ek
ij ą 0 that W k

ij ą 0, @k, @pi, jq; hence the proof mainly
follows [29, Theorem 1].

Proposition 3.2. Consider the subproblem (Psub). Define the sublevel set of Qk

with respect to the initialization Xk P Sn
`` as LevQk

pXkq “ tZ ą 0 | QkpZq ď

QkpXkqu. Then the following statements hold.

(i) For each k, there exist constants c ą 0 and c̄ ă `8 such that c ď lk ă uk ď

c̄, and the level set LevQk
pXkq Ă χk “ tZ ą 0 | lkI ĺ Z ĺ ukIu.

(ii) It holds that

}∇fpXq ´ ∇fpY q} ď l´2
k }X ´ Y }, @X,Y P χk. (16)

In addition, ∇2fpXq “ X´1 b X´1 and

u´2
k I ĺ ∇2fpXq ĺ l´2

k I, @X P χk, (17)

where 0 ă lk ă uk ă `8 are defined in statement (i).

Proof. Statement (i) follows from the result in [5, Lemma 2]. Statement (ii) follows
from statement (i) and [7, Lemma 6(iii)].

We next show that the termination condition (13) implies a theoretically useful
inexactness criterion, and its proof can be found in Appendix A.1.

Lemma 3.3. Consider the subproblem (Psub). Let tZtutě0 be the sequence gen-
erated by Algorithm 2, and let t∆ptqu be the sequence generated by the update rule
(8) for solving the problem associated with (12). Furthermore, let Dptq be an ap-
proximate solution to (7) satisfying the inexact condition (13). Then the following
statements hold.

(i) Suppose that the initial point ∆p0q “ 0. Then the finite quantity Ck – ϵl´2
k

satisfies the following implication for each iteration t:

}∆ptq ´∆pt´1q}1 ď ϵ}∆ptq}1 ùñ distp0, BJp∆ptq;Zptqqq ď Ck}∆ptq}1. (18)
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(ii) Under (13). Suppose that u´2
k ´ ϵl´2

k ą 0. Then there exists a constant
β̂ ą 0 such that for all βt ě β̂, Zt`1 “ Zt ` βtD

t satisfies

QkpZtq ´QkpZt`1q ě
`

βt

`

u´2
k ´ ϵl´2

k

˘

´ p2l2kq´1β2
t

˘

}Zt ´ Zt`1}2
F . (19)

Furthermore, the backtracking line-search procedure in Algorithm 2 termi-
nates in a finite number of iterations and yields a step size βt that admits
the following lower bound:

βt ě β̂ – min
␣

1, 2πp1 ´ σqpu´2
k ´ ϵl´2

k ql2k
(

. (20)

Consequently, it holds that

lim
tÑ`8

}Zt`1 ´ Zt}2
F “ 0. (21)

(iii) Suppose that Algorithm 2 is run with the condition (13). Then there exist
ϵ̄, δ̄ ą 0 such that the line-search condition (14) will be satisfied with unit
stepsize (i.e, βt “ 1) whenever }Zt ´ Z˚} ď δ̄ and Ck}∆ptq}1 ď ϵ̄.

Next, we show the global subsequential convergence and the manifold identifi-
cation property of Algorithm 2 under the inexact condition (13).

Lemma 3.4. Consider the subproblem (Psub). Let tZtu be the sequence generated
by Algorithm 2, converging to Z˚. The following statements hold.

(i) (Global subsequential convergence of QUIC under condition (13))
Suppose that u´2

k ´ ϵl´2
k ą 0. Then any cluster point of tZtu is a stationary

point of (Psub).

(ii) (Manifold identification of QUIC under condition (13)) Given that
the regularizer } ¨ }1,W˚ is partly smooth at Z˚ relative to the manifold
MQUICpZ˚q “ tZ P χ | IpZq Ď IpZ˚qu, suppose in addition that the
nondegenerate condition

0 P rint pBQkpZ˚qq (22)

holds at Z˚, and Algorithm 2 is executed under the inexactness criterion
(13). Then

(1.) QkpZtq Ñ QkpZ˚q.
(2.) distp0, BQkpZtqq Ñ 0 ùñ Zt P MQUICpZ˚q for all sufficiently large

t.
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Consequently, there exist constants ϵ̄, δ̄ ą 0 such that, for sufficiently large
t, the following condition holds:

}Zt ´ Z˚} ď δ̄, Ck}∆ptq}1 ď ϵ̄, βt “ 1 ùñ Zt`1 P MQUICpZ˚q.

Proof. The proof of statement (i) primarily follows from Proposition 3.2 and [28,
Theorem 3.3] (applied within a monotone line-search framework (LS1) while omit-
ting the additional regularization function (i.e., setting g “ 0 in their formulation)).
As for statement (ii), it follows from Lemma 3.3 and [30, Lemmas 1-2 & Theorem
1].

3.2 Global convergence properties
This section analyzes the convergence properties of the proposed Algorithm 1.
We first show the model reduction on F pXk,Ekq caused by pXk`1,Ek`1q with
inexact subproblem solution. We now consider the outer loop of Algorithm 1. In
the sequel, we define

l “ inf
kě0

lk and u “ sup
kě0

uk, (23)

where 0 ă c ď lk ă uk ď c̄ ă `8,@k P N is stated in Proposition 3.2. Corre-
spondingly, we define χ “ tZ ą 0 | lI ĺ Z ĺ uIu.

We first prove some useful results in the following proposition, and its proof
can be found in Appendix A.2.

Proposition 3.5 (Approximate sufficient descent property). Let Assumption 1.1
hold and let tpXk,Ekqu be the sequence generated by Algorithm 1 with X0 P χ.
The following assertions hold.

(i) Suppose l2 ě

„

´

2
a

πp1 ´ σq

¯´1
` ϵ

ȷ

u2 under condition (13). The sequence

tF pXk,Ekqu is monotonically decreasing. Indeed, there exists some constant
rC ą 0 such that

F pXk,Ekq ´ F pXk`1,Ek`1q ě rC}Xk ´ Xk`1}2
F , (24)

where rC –
`

α´1β̃pu´2 ´ ϵl´2q ´ 1
2l2α

˘

with β̃ – min
␣

1, 2πp1 ´ σqpu´2 ´ ϵl´2ql2
(

.
Consequently, lim

kÑ`8
F pXk,Ekq exists.

(ii)
ř`8

k“0 }Xk ´ Xk`1}2
F ă `8, indicating lim

kÑ`8
}Xk ´ Xk`1}2

F “ 0 and

lim
kÑ`8

}Xk ´ Y k}2
F “ 0.
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(iii) There exist constants 0 ă l ă u ă `8 such that the sequences tXku and
tY ku are contained in a convex cone χ “ tX | lI ĺ X ĺ uIu. Additionally,
the sequences tXku and tY ku are bounded. As a consequence, there exists
a constant Cmax ą 0 such that }∇fpXkq}8 “ maxij |∇ijfpXkq| ă Cmax for
all k.

We next establish the global convergence of the proposed DIIR-QUIC.

Theorem 3.6 (Global subsequential convergence). Let Assumption 1.1 hold and
let tpXk,Ekqu be the sequence generated by Algorithm 1. Then the following state-
ments holds.

(i) The sequence tEku converges to 0.

(ii) The set of cluster points Ω8 of tXku is nonempty, compact, connected, and
distpXk,Ω8q Ñ 0.

(iii) Any cluster point X˚ P Ω8 is a stationary point of F .

(iv) The sequence tF pXkqu is convergent. Moreover, the objective function F is
constant on Ω8, and hence ξ – F pX˚q “ limkÑ`8 F pXk,Ekq.

Proof. (i) This statement directly follows from the definition of Algorithm 1.
(ii) Proposition 3.5(iii) implies that Ω8 is nonempty. On the other hand,

Proposition 3.5(ii)-(iii) leads to the desired results by combining [31, Corollary 2.7
(Ostrowski)]. This establishes statement (ii).

(iii) Let X˚ be a cluster point of tXku. Consider a subsequence S such that
tXku

S
Ñ X˚. It follows from Y k “ 1

αpXk`1 ´ Xkq ` Xk that tY ku
S
Ñ X˚

by Proposition 3.5(ii), which further implies that sgnpY k
ijq “ sgnpX˚

ijq,@pi, jq P

IpX˚q. Let Rk P BQkpY kq be the minimum-norm subgradient [5, Definition 6]
defined as follows:

Rk
ij “

$

’

’

’

’

&

’

’

’

’

%

∇ijfpY kq ` ρW k
ij , if Y k

ij ą 0,

∇ijfpY kq ´ ρW k
ij , if Y k

ij ă 0,

sgn
`

∇ijfpY kq
˘

max
´

ˇ

ˇ∇ijfpY kq
ˇ

ˇ ´ ρW k
ij , 0

¯

, if Y k
ij “ 0.

(25)

We then know from the first-order optimality condition of (Psub) that

Rk
ij P ∇ijfpY kq ` ρW pXk

ij , Ek
ijqB|Y k

ij |, @pi, jq P rns ˆ rns. (26)

Consider first that pi, jq P IpX˚q. By [21, Proposition 8.7] and [32, Proposition
2.1.5], we know that, for sufficiently large k P N, there exists ξ˚

ij P B|X˚
ij | such that

0 “ ∇ijfpX˚q ` ρW pX˚
ij , 0qξ˚

ij (27)
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holds since f P C1, Y k
ij

S
Ñ X˚

ij , Ek
ij

S
Ñ 0 and Rk

ij
S
Ñ 0, @pi, jq P IpX˚q. Thus, (3a)

is satisfied at X˚
ij ,@pi, jq P IpX˚q. On the other hand, for pi, jq P ZpX˚q and

lim
tÑ0`

ϕ1ptq ă `8, we have from (26) that

0 P ∇ijfpX˚q ` ρW p0, 0qB|0| ðñ |∇ijfpX˚q| ď ρϕ1p0q. (28)

Hence, X˚ P Ω8 is stationary for F .
(iv) The convergence of tF pXkqu is a direct consequence of Proposition 3.5(i)-

(ii) and statement (i) in this theorem. On the other hand,

F pX˚,E˚q “ lim
kÑ`8

fpXkq ` Φ̃pXk,Ekq
paq
“ fpX˚q ` ΦpX˚q “ F pX˚q, (29)

where paq holds by Assumption 1.1 and statement (iii) and f P C1. The proof is
complete.

The following non-degenerate condition is assumed to hold throughout.

Assumption 3.7. Under Assumption 1.1, let X˚ P Sn
`` be any stationary point

of problem (P). We assume in addition that

(i) (Nondegenerate condition):

0 P rint pBF pX˚qq “ ∇fpX˚q ` rint pBΦpX˚qq . (30)

(ii) (No active-kink condition): Let K “ tt ą 0 | ϕ1 is not C1 at tu. Then
for each pi, jq with X˚

ij ‰ 0, |X˚
ij | R K.

The following lemma establishes the conditions to guarantee manifold identi-
fication in our setting, and its proof can be found in Appendix A.3.

Lemma 3.8 (F in (P) admits an active manifold). Let Assumptions 1.1-3.7
hold and let tpXk,Ekqu be the sequence generated by Algorithm 1 converging to
pX˚,E˚q. The following statements hold.

(i) Function Φ is partly smooth at the point X˚ relative to the manifold MpX˚q –

tX P Sn
`` | sgnpXIpX˚qq “ sgnpX˚

IpX˚q
q,XZpX˚q “ 0u, and prox-regular

there. Consequently, F is also partly smooth and prox-regular at X˚ relative
to MpX˚q.

(ii) The following implication holds:

distp0, BF pXkqq Ñ 0 ðñ Xk P MpX˚q for all sufficiently large k. (31)
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Next, we claim that the proposed DIIR-QUIC identifies the active manifold in
a finite number of iterations.

Theorem 3.9 (Finite identification of DIIR-QUIC). Let Assumptions 1.1-3.7
hold. Consider a point X˚ that satisfies the non-degeneracy condition (30). If
Algorithm 1 is executed with the inexact stopping conditions (Cpkq

inexact), then there
exist constants τ̃ , κ̃, ϵ̃ ą 0 such that for any }Xk ´ X˚} ď τ̃ , }Xk ´ Y k} ď κ̃, and
}Ek} ď ϵ̃, it follows that Xk`1 P MpX˚q.

Proof. We prove this by contradiction. Suppose the conclusion is false; then there
exists a subsequence S Ă N such that Xk Ñ X˚, Ek Ñ 0, and Xk ´ Y k Ñ 0 as
k P S Ñ 8, yet Xk`1 R M for all k P S .

By Proposition 3.5(ii) and standard variational analysis results [21, Proposition
8.7], [32, Proposition 2.1.5], we obtain from (25) and (26) that for sufficiently large
k P S , it holds that

´

Rk
ij ´ ∇ijfpY kq

¯

P ρW pXk
ij , Ek

ijqB|Xk
ij |. (32)

Then, we derive

distp0, BF pXk,Ekqq “ distp´∇fpXkq, ρBΦpXk,Ekqq

“ inf
LkPρBΦpXk,Ekq

} ´ ∇fpXkq ´ Lk}F

Eq.(32)
ď } ´ ∇fpXkq ´ pRk ´ ∇fpY kqq}F

ď }∇fpXkq ´ ∇fpY kq}F ` }Rk}F ď l´2}Xk ´ Y k}F ` }Rk}F .
(33)

On the other hand, we know that

distpBF pXkq, BF pXk,Ekqq “ distpρBΦpXkq, ρBΦpXk,Ekqq

ď ρ
ÿ

pi,jqPIpXkq

distpϕ1p|Xk
ij |q, ϕ1p|Xk

ij | ` Ek
ijqq

` ρ
ÿ

pi,jqPZpXkq

distpBϕp0q, ϕ1pEk
ijqq

ď ρ
ÿ

pi,jqPIk

|ϕ1p|Xk
ij |q ´ ϕ1p|Xk

ij | ` Ek
ijq| ` ρ

ÿ

pi,jqPZpXkq

inf
ξPBϕp0q

|ξ ´ ϕ1pEk
ijq|

ď ρ
ÿ

pi,jqPIk

Lϕ1Ek
ij ` ρ

ÿ

pi,jqPZpXkq

inf
ξPBϕp0q

|ξ ´ ϕ1pEk
ijq|

“ ρLϕ1}Ek
Ik }1 ` ρ

ÿ

pi,jqPZpXkq

inf
ξPBϕp0q

|ξ ´ ϕ1pEk
ijq|.

(34)
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Therefore, combining the above bounds, we obtain

distp0, BF pXkqq

Eq.(1)
ď distp0, BF pXk,Ekqq ` sup

UkPBF pXk,Ekq

inf
VkPBF pXkq

}Uk ´ Vk}F

Eq.(33)
ď l´2}Xk ´ Y k}F ` }Rk}F ` sup

UkPBF pXk,Ekq

inf
VkPBF pXkq

}Uk ´ Vk}F

Eq.(34)
ď l´2}Xk ´ Y k}F ` }Rk}F ` ρLϕ1}Ek

Ik }1 ` ρ
ÿ

pi,jqPZpXkq

inf
ξPBϕp0q

|ξ ´ ϕ1pEk
ijq|.

Since }Xk ´ Y k} Ñ 0 and }Rk} Ñ 0 by Proposition 3.5(ii), and since Theorem
3.6(i) ensures that }Ek

IpXkq
}1 Ñ 0 and infξPBϕp0q |ξ´ϕ1pEk

ijq| Ñ 0, we conclude that
distp0, BF pXkqq Ñ 0, which indicates that Xk`1 P M for all sufficiently large
k by Lemma 3.8. This contradicts our assumption, and therefore, the conclusion
holds.

Corollary 3.10. Let Assumptions 1.1-3.7 hold. Let tpXk,Ekqu be the sequence
generated by Algorithm 1. The following statements hold.

(i) (Uniform lower bounds for nonzeros) For any pi, jq P IpX˚q, there
exists a δk ą 0 and an index K P N such that Xk

ij ě δk ą 0 for all k ą K.
Indeed, it holds that

|Xk
ij | ě δk – pϕ1q´1

˜

Cmax ` Rk
ij

ρ

¸

´ Ek
ij ą 0,@k ą K, (35)

where Rk
ij is defined in (25). Or equivalently, the corresponding weights for

any pi, jq P IpX˚q are bounded, i.e.,

0 ă W k
ij ď

Cmax ` Rk
ij

ρ
,@k ą K.

As a consequence, it holds for any pi, jq P IpX˚q that

|X˚
ij | ě pϕ1q´1

ˆ

Cmax
ρ

˙

ą 0. (36)

(ii) (Accelerating subproblem solution) There exists an index K P N such
that for all k ą K, Algorithm 2 solves the following optimization problem:

min
Y ą0

fpY q ` ρ
ÿ

pi,jqPIpXkq

W pXk
ij , 0qϕpsgnpXkqYijq, (37)
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which has the same optimum of (Psub). Consequently, QUIC is equivalent
to the pure Newton method.

Proof. (i) Let pi, jq P IpX˚q and K P N be the index such that Theorem 3.9 holds.
We first claim that W pXk

ij , Ek
ijq ď

Cmax`Rk
ij

ρ for all k ą K with pi, jq P IpX˚q.

Seeking a contradiction, assume that W pXk
ij , Ek

ijq ą
Cmax`Rk

ij

ρ for some k ą K
with pi, jq P IpX˚q. Now consider the first-order optimality condition of the kth
subproblem (Psub). By (26), it holds that

|∇ijfpY kq| “ |ρW pXk
ij , Ek

ijq ´ Rk
ij | ą

ˇ

ˇ

ˇ

ˇ

ˇ

ρ
Cmax ` Rk

ij

ρ
´ Rk

ij

ˇ

ˇ

ˇ

ˇ

ˇ

“ Cmax, (38)

which contradicts Proposition 3.5(iii). Therefore, we know that for any pi, jq P

IpX˚q, W pXk
ij , Ek

ijq ď
Cmax`Rk

ij

ρ , which is equivalent to (35). On the other hand,
since Rk P BQkpY kq, it follows from (Cpkq

inexact) and Proposition 3.5(ii) that Rij Ñ 0.
Moreover, Theorem 3.6(i)-(ii) and Theorem 3.9 guarantees that Ek

ij Ñ 0. Hence,
continuity of pϕ1q´1 indicates that (35) implies (36). Moreover, Theorem 3.9,
Lemma 3.3(iii), Proposition 3.5(ii), together with the arguments in [5, Theorem
16], establish statement (ii). This completes the proof.

3.3 Analysis Under the K L Property
In this subsection, assuming the K L property and drawing on techniques from
[33], we demonstrate that the sequence of relaxed objective values tF pXk,Ekqu

converges at a Q-linear rate. Moreover, we establish the global convergence of the
iterates tXku and prove that they converge at an R-linear rate.

Theorem 3.11. Suppose that Assumptions 1.1-3.7 hold and that F pX,Eq is a K L
function with exponent 1{2. Let tpXk,Ekqu be the sequence generated by Algorithm
1 converging to some limit point pX˚,0q P Γ8. Then tF pXk,Ekqu converges Q-
linearly to F pX˚,0q

Proof. We first note that if there exists an index k0 P N such that F pXk0 ,Ek0q “

F pXk0`1,Ek0`1q, then Proposition 3.5(i) implies Xk0 “ Xk0`1, and hence Ek0 “

Ek0`1. In view of Proposition 2.1, the sequence tXku then converges to a station-
ary point in a finite number of iterations. Hence, we assume that F pXk,Ekq ą

F pXk`1,Ek`1q for all k P N in the subsequent proof.
Suppose that F pX,Eq satisfies the K L property with exponent 1{2. Then, by

[25, Lemma 6] (in conjunction with Theorem 3.6(ii) and (iv)), there exist constants
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ε ą 0 and ϑ ą 0 such that the following holds: for every cluster point X̂ P Ω8

and for every pX,Eq P Sn
`` ˆ Sn

ą0 satisfying

distppX,Eq,Γ8q ă ε and F pX̂,0q ă F pX,Eq ă F pX̂,0q ` ϑ,

the inequality

φ1pF pX,Eq ´ F pX̂,0qq ¨ distp0, BF pX,Eqq ě 1 (39)

holds. Here, the desingularizing function is defined by φptq “ ct1{2 with c ą 0, so
that its derivative is given by φ1ptq “ c

2 t
´1{2.

Let pX˚,0q be a cluster point of the sequence tpXk,Ekqu. By Theorem 3.6(i)-
(ii) and (iv), there exists an index K P N such that for all k ě K we have
pXk,Ekq P tpX,Eq P Sn

`` ˆ Sn
ą0 | distppX,Eq,Γ8q ă ϵu X tpX,Eq | F pX˚,0q ă

F pXk,Ekq ă F pX˚,0q ` ϑu with ϑ ą 0 and . For any such k, the K L inequality
yields

c

2pF pXk,Ekq ´ F pX˚,0qq´1{2 ¨ distp0, BF pXk; Ekqq ě 1. (40)

Introducing the notion ∆̃k “ F pXk,Ekq ´ F pX˚,0q, (40) can be rewritten as

distp0, BF pXk; Ekqq ě
2
c
∆̃

1{2
k .

Next, we bound the left-hand side from above in terms of the iterate differences.
By virtue of (33) and using the inexactness condition (Cpkq

inexact), one obtains

distp0, BF pXk,Ekqq ď l´2}Xk ´ Y k}F ` }Rk}F

ď pl´2 ` β̃kq}Xk ´ Y k}F .
(41)

Then, we deduce that

2
c
∆̃

1{2
k ď

l´2 ` β̃k

α
}Xk ´ Xk`1}F .

On the other hand, the sufficient decrease property (see Eq. (24)) guarantees that

}Xk ´ Xk`1}2
F ď rC´1pF pXk,Ekq ´ F pXk`1,Ek`1qq “ rC´1p∆̃k ´ ∆̃k`1q.

Substituting the above bound into the previous squared inequality, we obtain

4
c2 ∆̃k ď

ˆ

l´2 ` β̃k

α

˙2
rC´1p∆̃k ´ ∆̃k`1q.

Rearranging the terms, we deduce that there exists a constant c̃ P p0, 1q such that

∆̃k`1 ď c̃∆̃k for all sufficiently large k.
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This recursive inequality implies that

∆̃k ď
`

c̃
˘k´K

∆̃K , (42)

i.e., the sequence t∆̃ku converges to zero Q-linearly, which is equivalent to saying
that tF pXk,Ekqu converges Q-linearly. This completes the proof.

We next prove the convergence properties of the sequence tXku.
Theorem 3.12. Suppose that Assumptions 1.1-3.7 hold, and let tpXk,Ekqu be the
sequence generated by Algorithm 1. The following statements hold.

(i) If F pX,Eq is a K L function, then
ř`8

k“1 }Xk`1 ´ Xk}F ă `8. Conse-
quently, the sequence tXku converges to a stationary point of (P).

(ii) If, in addition, F pX,Eq has the K L property with exponent 1{2 at X˚, then
tXku converges at least R-linearly to X˚.

Proof. (i) As stated in the proof of Theorem 3.11, it suffices to consider the case
in which F pXk,Ekq ą F pXk`1,Ek`1q for all sufficiently large k. Let pX˚,0q be
a cluster point of the sequence tpXk,Ekqu.

From Theorem 3.6(i)–(ii) and (iv), there exist ϵ ą 0, ϑ ą 0, and an index
K P N such that for all k ě K, pXk,Ekq P

␣

pX,Eq | dist
`

pX,Eq,Γ8
˘

ă

ϵ
(

X
␣

pX,Eq | F pX˚,0q ă F pXk,Ekq ă F pX˚,0q ` ϑ
(

. Because F is a K L
function on this neighborhood, there is a desingularizing function φ such that for
each k ě K,

φ1
`

F pXk,Ekq ´ F pX˚,0q
˘

¨ dist
`

0, BF pXk,Ekq
˘

ě 1. (43)

Moreover, since φ is concave on r0, ϑq, for any such k, one obtains the standard
K L -type inequality

φ1pF pXk,Ekq ´ F pX˚,0qqpF pXk,Ekq ´ F pXk`1,Ek`1qq

ď φpF pXkq ´ F pX˚qq ´ φpF pXk`1q ´ F pX˚qq.
(44)

Set ∆̄k – φpF pXkq ´ F pX˚qq for each k. It follows from (43) and (44) that for
each k ě K,

∆̄k ´ ∆̄k`1 ě φ1pF pXk,Ekq ´ F pX˚,0qqpF pXk,Ekq ´ F pXk`1,Ek`1qq

ě
F pXk,Ekq ´ F pXk`1,Ek`1q

distp0, BF pXk,Ekqq

paq

ě
rC}Xk ´ Xk`1}2

F

l´2`β̃k
α }Xk ´ Xk`1}F

“
α rC

l´2 ` β̃k

}Xk ´ Xk`1}F

pbq

ě
α rC

l´2 ` 1}Xk ´ Xk`1}F ,

(45)
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where paq follows from (24), (41) and Y k “ 1
αpXk`1 ´ Xkq ` Xk, and pbq holds

since β̃k ď 1.
Denote ω – α rC

l´2`1 ą 0. Summing up (45) from K to any k̄ ą K yields

k̄
ÿ

k“K

}Xk ´ Xk`1}F ď
1
ω

k̄
ÿ

k“K

`

∆̄k ´ ∆̄k`1
˘

“
1
ω

`

∆̄K ´ ∆̄k̄`1
˘

ď
1
ω
∆̄K .

Letting k̄ Ñ `8, we have
ř`8

k“K }Xk ´ Xk`1}F ă `8, and hence tXku is a
Cauchy sequence. By Theorem 3.6(iii), its limit X˚ lies in Ω8. One then verifies
that X˚ is a stationary point of (P), completing the proof of statement (i).

(ii). By Theorem 3.11 (see (42)), we know that there exists an index K P N
such that for all k ě K,

F pXk,Ekq ´ F pX˚,0q ď
`

c̃
˘k´K

∆̃K for some c̃ P p0, 1q.

Using statement (i), we know tXku converges. For any k ě K, we have

}Xk ´ X˚}F “

›

›

›
lim
tÑ8

t
ÿ

ℓ“k

`

Xℓ ´ Xℓ`1˘
›

›

›

F
ď

8
ÿ

ℓ“k

}Xℓ ´ Xℓ`1}F .

By (24), we can bound each }Xℓ ´Xℓ`1}F by a constant multiple of
`

F pXℓ,Eℓq´

F pXℓ`1,Eℓ`1q
˘1{2. Hence

}Xk ´X˚}F ď

8
ÿ

ℓ“k

´

rC´1`F pXℓ,Eℓq ´F pXℓ`1,Eℓ`1q
˘

¯

1
2

ď

´

∆̃K
rC pc̃qK

¯

1
2

8
ÿ

ℓ“k

pc̃q
ℓ
2 .

Since
ř8

ℓ“kpc̃qℓ{2 “
pc̃qk{2

1 ´
?
c̃
, it follows that

}Xk ´ X˚}F ď

´

∆̃K
rC pc̃qK

¯

1
2 pc̃qk{2

1 ´
?
c̃

“ O
`

p
?
c̃q k

˘

.

Because 0 ă
?
c̃ ă 1, this shows tXku converges R-linearly to X˚. The proof is

complete.

4 Numerical Experiments
This section evaluates the numerical performance of DIIR-QUIC in solving (P) on
both synthetic and real-world datasets and investigates its convergence behavior
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numerically. All experiments are conducted on a PC equipped with an AMD
Ryzen 5 4600H processor (3.00 GHz base frequency), 16 GB of RAM, running
64-bit Ubuntu 22 LTS. At each outer iteration, the weighted ℓ1-regularized log-
determinant subproblem (Psub) is solved using a QUIC implementation 1 modified
to enforce the inexact termination condition (Cpkq

inexact). We have publicly released
the C++ implementation of DIIR-QUIC at https://github.com/Optimizater/
DIIR-QUIC.

4.1 Nonconvex ℓp-regularized log-determinant problems
The nonconvex ℓp (quasi-)norm p0 ă p ă 1q is used to promote sparsity in inverse
covariance estimation [11]. As a representative instance of our broader class of
sparsity-promoting formulations, we take ΦpXq “ }X}p

p “
ř

ij |Xij |p and consider
the following problem:

min F pXq “ tfpXq – trpSXq ´ log detXqu ` ρ
ÿ

ij

|Xij |p

s.t. X P Sn
``,

(46)

where p P p0, 1q. To our knowledge, [11] is the only existing algorithm capable
of directly solving the special case of problem (46) in which the regularizer is
ρ
ř

i‰j |Xij |p. Accordingly, we use it as the benchmark algorithm in our numerical
experiments and, following their terminology, refer to it as ℓpCOV.

For DIIR-QUIC, we set α “ 0.98 and µ “ 0.1. In Algorithm 2, an iterative
coordinate descent method is used to compute an approximate Newton direction
Dt in (12), under the inexactness condition (13) with ϵ “ 0.05. We terminate the
outer loop when either

(i) the iteration count reaches MaxIter “ 3000, or

(ii) the stationarity residual (see Theorem 1.4)

max
pi,jqPIpXkq

|Sij ´ rpXkq´1sij ` ρp|Xk
ij |p´1sgnpXk

ijq| ¨ n ă tol, (47)

is satisfied. Here, tol “ 10´5.
In our implementation, we treat any entry of Xk whose magnitude exceeds 10´8

as active, and these indices define IpXkq. Following [34], we initialize

rX0sij “

#

0, if i ‰ j
1

Sii`ρ , if i “ j.
(48)

1A publicly available implementation of the original QUIC algorithm—written in C++
with a Python wrapper—can be found at https://github.com/osdf/pyquic.
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and initialize the perturbation matrix E0 by drawing an n ˆ n matrix W with
i.i.d. N p0, 1q, scaling each entry by 0.5, symmetrizing via xW “ pW ` W T q{2,
and then setting E0

ij “ |xWij | for all pi, jq.
For the ℓpCOV, the authors have not publicly released their MATLAB im-

plementation. Consequently, we reimplemented the algorithm primarily based on
the descriptions provided in the original paper. Since our Algorithm 2 is imple-
mented in C++, we also developed the core computational components of ℓpCOV
in C++ to ensure a relatively fair comparison. As described in [11, §IV SIM-
ULATIONS], the authors employed a warm-start (WS) strategy with respect to
the model parameter p to potentially improve numerical performance with a good
initialization. This strategy has also been incorporated into our reimplementation.
More precisely, this warm-start procedure generates a short sequence of exponents
1 “ pp0q ą pp1q ą ¨ ¨ ¨ ą ppKq “ p ą 0 that interpolates linearly between 1 and the
target p P p0, 1q. The number of intermediate steps K is chosen as

K “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

2, 1 ą p ě 0.9,
3, 0.7 ď p ă 0.9,
4, 0.4 ď p ă 0.7,
5, 0.2 ď p ă 0.4,
6, 0 ă p ă 0.2.

Then it proceeds as follows:

(i) Initialization: Set pp0q “ 1 and adopt the GLASSO algorithm [4] to solve
the resulting convex weighted ℓ1-regularized log-determinant program with
initialization (48).

(ii) Warm-start loop: For k “ 1, . . . ,K, run the ℓpCOV algorithm at exponent
ppkq, using the solution obtained at step k ´ 1 as the initial estimation.

Since ℓpCOV tackles (46) with the off-diagonal regularizer ρ
ř

i‰j |Xij |p, we termi-
nate its iterations when either

(i) the iteration count reaches MaxIter “ 3000, or

(ii) the stationarity residual (47) is satisfied. Here, since the regularizer excludes
diagonal entries, we set ρp|Xk

ij |p´1sgnpXk
ijq “ 0 for i “ j and pi, jq P IpXkq.

4.2 Synthetic data
We generate two synthetic test cases of n-variate Gaussian data following [35],
each defined by a known precision matrix:
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(i) Tridiagonal precision: A strongly diagonally dominant precision matrix

Σii “ 1.25, Σi,i`1 “ Σi`1,i “ ´0.5, Σij “ 0 otherwise.

This structure induces simple chain-like dependencies among the variables
and ensures positive definiteness by virtue of diagonal dominance [36].

(ii) Clustered precision: A random structured precision matrix with n{100
clusters of size 100. Each variable is conditionally dependent on approxi-
mately 10 others, with 90% of edges located within the same cluster and
only 10% connecting different clusters. This yields dense intra-cluster and
sparse inter-cluster connectivity.

As noted in [35], the tridiagonal case provides a simple baseline with one-dimensional
dependence, while the clustered case models more realistic community-structured
dependencies commonly observed in practice [37]. In particular, we follow the
procedure presented in [38, Example 1] to generate the clustered precision matrix.
Using the true sparse inverse covariance matrix Σ´1 generated above, we then draw
m “ n{2 i.i.d. samples from the corresponding GMRF distribution. When S is sin-
gular, we regularize it by setting S Ð S` ε̂Inˆn, where ε̂ P t10´8, 10´7, . . . , 10´4u,
and repeat this update until S becomes positive definite.

The regularization parameter ρ on synthetic datasets is chosen by five-fold
cross-validation, as in [6]. We first construct a logarithmic grid of 10 candidate
values: tρj “ 10aj u10

j“1, where the exponents aj are equally spaced over r´1, 0s for
tridiagonal matrices and over r´2, 0s for clustered matrices. For each ρj and each
fold k, we estimate the precision matrix on the training subset and evaluate its
negative log-likelihood (NLLk) on the test subset:

NLLkpρjq “
1
2

´

trpS
pkq

testΣ
:,pkq

trainq ´ log detΣ:,pkq

train

¯

, (49)

where S
pkq

test is the empirical covariance on fold k and Σ
:,pkq

train is the estimated preci-
sion matrix from the training set. We then average over folds:

NLLCV “
1
5

5
ÿ

k“1
NLLkpρjq, (50)

and choose the ρj that minimizes NLLCV as the optimal ρ˚.

4.2.1 Empirical convergence behavior on synthetic data

We now investigate the convergence behaviors of DIIR-QUIC. All experiments run
DIIR-QUIC and ℓpCOV on the same dataset. Each curve in our plots corresponds
to a single run of the respective algorithm on that shared dataset. Specifically,
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(i) We plot the objective values F pXk,Ekq and stationarity residuals versus
elapsed time for both DIIR-QUIC and ℓpCOV. In ℓpCOV, we consider the
penalty ρ

ř

i,j |Xij |p for objective comparison. When warm-starting over a
sequence of exponents 1 “ pp0q ą pp1q ą ¨ ¨ ¨ ą ppKq “ p ą 0, we record
performance metrics only at the final exponent ppKq “ p. During the initial
warm-up stages pppiq,@1 ď i ă Kq, we terminate each run when either the
iteration count reaches MaxIter “ 3000, or the change in successive objective
values falls below 10´4, and we do not log performance metrics for these
intermediate stages. Fig 1 confirms that DIIR-QUIC not only drives down
the objective rapidly but also achieves high-quality first-order stationarity—
effectively solving the nonconvex ℓp-regularized log-determinant problem in
far fewer iterations than ℓpCOV algorithm, across varying matrix dimensions
and exponents p.

(ii) To illustrate the Q-linear convergence of DIIR-QUIC, we plot the error
F pXk,Ekq ´ F pX:,E:q over the last few iterations, where X: denotes the
returned estimate of DIIR-QUIC. To avoid plotting numerical noise, we only
display those F pXk,Ekq ´ F pX:,E:q values exceeding 10´8. The plots are
shown in Fig 2.

(iii) We empirically validate Proposition 2.1 by checking that, once the approxi-
mate fixed-point conditions

}Ek}F ă 10´8 and }Xk ´ Y k}F ă 10´5,

are satisfied, the stationarity residual condition (47) is generally satisfied.
To illustrate this, Fig 3 plots, over the elapsed time, the scaled infinity norms

n ¨ }Xk ´ Y k}8 and n ¨ }Ek}8,

where we only display those n ¨ }Ek}8 values exceeding 10´10. The plots
confirm that as soon as the two fixed-point thresholds are reached, the sta-
tionarity residual falls below its prescribed tolerance.

(iv) To empirically confirm Theorem 3.9, we monitor the cardinality of the in-
dex set IpXkq over successive iterations. In all our tests, each of these
cardinalities stabilizes after a finite number of iterations, indicating that the
algorithm has correctly identified the smooth active manifold. The plots are
shown in Fig 4.

29



DIIR-QUIC ℓpCOV
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Figure 1: Convergence plots of objective value and stationarity residual (plot-
ted on a logarithmic scale) versus elapsed time (seconds) for DIIR-QUIC
(left) and ℓpCOV (right) on a tridiagonal precision matrix with p “ 0.5.
DIIR-QUIC not only converges faster—consistently attaining the prescribed
stationarity residual when ℓpCOV often does not—but also reduces total run-
time by approximately 70% across all tested dimensions.
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Figure 2: Q-linear convergence of the perturbed objective error F pXk, Ek
q ´

F pX:, E:
q plotted versus iteration for DIIR-QUIC on tridiagonal precision

matrices and clustered matrices with p “ 0.5, across varying matrix dimen-
sions. The error is displayed on a logarithmic scale, and only values above
10´8 are shown.

31



Tridiagonal Clustered

n
“

50
0

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
Elapsed Time (s)

10 8

10 6

10 4

10 2

100

102

104

106

lo
g 1

0
(c

on
sid

er
ed

 q
ua

nt
iti

es
)

Stationarity residuals
Xk Yk n

k n

0 10 20 30 40
Elapsed Time (s)

10 8

10 6

10 4

10 2

100

102

104

lo
g 1

0
(c

on
sid

er
ed

 q
ua

nt
iti

es
)

Stationarity residuals
Xk Yk n

k n

n
“

10
00

10 20 30 40 50 60 70 80
Elapsed Time (s)

10 9

10 7

10 5

10 3

10 1

101

103

105

lo
g 1

0
(c

on
sid

er
ed

 q
ua

nt
iti

es
)

Stationarity residuals
Xk Yk n

k n

0 200 400 600 800
Elapsed Time (s)

10 9

10 7

10 5

10 3

10 1

101

103

105
lo

g 1
0
(c

on
sid

er
ed

 q
ua

nt
iti

es
)

Stationarity residuals
Xk Yk n

k n

n
“

15
00

50 100 150 200 250
Elapsed Time (s)

10 9

10 7

10 5

10 3

10 1

101

103

105

lo
g 1

0
(c

on
sid

er
ed

 q
ua

nt
iti

es
)

Stationarity residuals
Xk Yk n

k n

0 500 1000 1500 2000
Elapsed Time (s)

10 9

10 7

10 5

10 3

10 1

101

103

105

lo
g 1

0
(c

on
sid

er
ed

 q
ua

nt
iti

es
)

Stationarity residuals
Xk Yk n

k n

Figure 3: Fixed-point conditions and stationarity residual condition versus
elapsed time (seconds) for DIIR-QUIC and ℓpCOV on tridiagonal precision
matrices and cluster precision matrices with p “ 0.5
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Figure 4: Plots of the cardinality of IpXkq versus elapsed time for DIIR-
QUIC on tridiagonal precision matrices and clustered matrices.

33



4.2.2 Statistical properties of the estimator on synthetic data

To measure how well an algorithm recovers the true precision matrix Σ´1, we
follow [35, 11, 7] and compute the following metrics for the returned estimate X::

(i) Normalized Kullback-Leibler (KL) loss [39]

KLpX:q –
1
n

“

trpΣX:q ´ log detpΣX:q ´ n
‰

and quadratic loss (LossQ)

LossQpX:q –
1
n

}ΣX: ´ I}F ,

measure entry-wise fit between ΣX: and the identity. For these two mea-
sures, smaller value indicates a preferred estimator.

(ii) Matthews correlation coefficient (MCC) [40]

MCCpX:q –
TP ˆ TN ´ FP ˆ FN

a

pTP ` FPqpTP ` FNqpTN ` FPqpTN ` FNq
.

Here, TP, TN, FP, and FN count true positives, true negatives, false posi-
tives and false negatives in the support of X:. MCC ranges from ´1 to 1,
with 1 denoting perfect support recovery.

(iii) Sensitivity and specificity [7]

Sensitivity “
TP

TP ` FN and Specificity “
TN

TN ` FP .

Sensitivity measures the fraction of true nonzeros recovered, while specificity
measures the fraction of true zeros recovered; ideal values are close to 1.

(iv) F1 score [35]:

F1-score – r1 ` 0.5pFP ` FNq{p}Σ´1}0 ´ FNqs´1.

Here }Σ´1}0 counts the number of nonzeros of the true precision matrix
Σ´1. The F1-score balances precision and recall on the nonzero support. A
value of 1 indicates perfect support recovery (see, e.g., [41] for details).

To comprehensively evaluate the performance of DIIR-QUIC and ℓpCOV, we
conducted 10 independent trials on synthetic datasets featuring two distinct co-
variance structures (tridiagonal and clustered patterns) across varying dimensions
and exponents p. As shown in Table 1, the results demonstrate that DIIR-QUIC
consistently outperformed competing methods in recovering the underlying sparse
structure.
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4.3 Real-world datasets
We conduct performance comparisons between DIIR-QUIC and ℓpCOV on two
classes of real-world datasets: gene expression datasets [38] and stock datasets
[6]. In our first experiments, we consider three benchmark datasets from [38,
Examples 3, 5 and 6]: the Lymph node status data (n “ 587), the Arabidopsis
thaliana data (n “ 834) and the Leukemia data (n “ 1255). Following [11],
we select the regularization parameter ρ via the extended Bayesian information
criterion (EBIC). For a candidate precision-matrix estimate X: and sample size
m, the EBIC for a Gaussian graphical model is commonly defined as

EBICpX:q “ ´mplog detX: ´ trpSX:qq `
logm` 4γ̃ logn

2 |IpX:q|off,

where |IpX:q|off denotes the cardinality of the index set of nonzero off-diagonal
entries of X: and γ̃ P r0, 1s is a user-defined constant. We then evaluate EBIC
over a logarithmic grid

ρj “ 10aj , aj “ ´1 `
j ´ 1
N ´ 1p0 ´ p´1qq “ ´1 `

j ´ 1
N ´ 1 , j P rN s,

where N “ 10, so that ρj ranges smoothly from 10´1 to 1. Denoting the resulting
EBIC values by EBICpρjq, we choose ρEBIC “ argminjPrNs EBICpρjq.

To evaluate both the statistical accuracy and computational efficiency of DIIR-
QUIC at the chosen regularization level ρEBIC, we compute the five-fold cross-
validated test-set negative log-likelihood, as defined in (50). The metric NLLCV
provides a cross-validated assessment of predictive performance, effectively balanc-
ing the trade-off between under- and over-fitting. The values of per-fold held-out
negative log-likelihoods are summarized via box plots to visualize variability and
robustness. The right column of Figure 5 plots the stationarity residuals versus
elapsed time for both algorithms at ρEBIC. Under an identical wall-clock time
limit (rather than an iteration cap) imposed on ℓpCOV, DIIR-QUIC converges
more rapidly, demonstrating its computational efficiency in reaching a stationary
point.

In the second experiment, following [6], we evaluate portfolio performance
within the Markowitz mean-variance framework. The optimal portfolio weights
w P Rp are obtained by solving:

min
w

wTΣw s.t. wTe “ 1, (51)

where Σ is the estimated covariance matrix of asset returns and e is the all-ones
vector. For a given weight vector w, we compute on the test set Xtest

Rpwq “
ÿ

xPXtest

wTx, σpwq “
a

wTStestw,
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Figure 5: Comparison of DIIR-QUIC and ℓpCOV algorithms. Left: Five-fold
cross-validated negative log-likelihood (lower is better). Right: Stationarity
residuals versus elapsed time.
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where Stest is the sample covariance matrix of Xtest. Portfolio performance is then
measured by the Sharpe ratio

Spwq “
Rpwq

σpwq
. (52)

We analyze weekly returns of 30 Dow Jones Industrial Index components from
January 6, 2020, to June 26, 2023, with data obtained from East Money Informa-
tion.2 Following [6], we partition the series into training (first 50 weeks), validation
(next 50 weeks) and test sets. Regularization parameters are tuned to maximize
the Sharpe ratio on the validation set. We compare three methods—DIIR-QUIC,
ℓpCOV, and its warm-start ℓpCOV (WS)—to evaluate their impact on out-of-
sample performance. Table 2 reports the results.

Table 2: Out-of-sample performance comparison of DIIR-QUIC and ℓpCOV
methods on the Dow Jones weekly returns: realized return Rpwq, realized
risk σpwq, and Sharpe ratio Spwq.

p Algorithm Rpwq σpwq Spwq Time (s) Stationarity
residuals

0.3
DIIR-QUIC 0.0205 0.0263 0.7815 0.0037 9.65e-06
ℓp COV 0.0191 0.0251 0.7621 0.0006 1.04e-16
ℓp COV (WS) 0.0191 0.0251 0.7621 0.1708 1.04e-16

0.5
DIIR-QUIC 0.0231 0.0267 0.8635 0.0025 8.40e-06
ℓp COV 0.0191 0.0251 0.7621 0.0007 1.04e-16
ℓp COV (WS) 0.0191 0.0251 0.7621 0.1138 1.04e-16

0.7
DIIR-QUIC 0.0233 0.0267 0.8732 0.0014 3.63e-06
ℓp COV 0.0191 0.0251 0.7621 0.0007 1.04e-16
ℓp COV (WS) 0.0191 0.0251 0.7621 0.0577 1.04e-16

5 Conclusion
In this paper, we have proposed DIIR-QUIC, an inexact QUIC-based iteratively
reweighting algorithm tailored for solving log-determinant optimization problems
involving nonconvex partly smooth regularizers. We established that, under mild
conditions, the inexactly solved subproblems are sufficient to identify the smooth

2Please refer to https://www.eastmoney.com
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active manifold in finitely many iterations. Moreover, we proved the global conver-
gence of the generated iterates, along with convergence rates for both the perturbed
objective value sequence and the iterates under Kurdyka- Lojasiewicz property.
Finally, extensive numerical experiments on synthetic and real inverse-covariance
estimation tasks confirmed that DIIR-QUIC consistently delivered superior com-
putational efficiency and estimation accuracy compared with existing methods,
demonstrating its practical value for large-scale nonconvex log-determinant opti-
mization.

A Auxiliary proofs
For the sake of clarity, some technical proofs are deferred to this appendix.

A.1 Proof of Lemma 3.3
Proof. As for statement (i), recall that f̄ is differentiable and

BJp∆ptq;Ztq “ ∇f̄p∆ptq;Ztq ` Bgp∆ptq;Ztq.

It follows that

distp0, BJp∆ptq;Ztqq “ inf
GptqPBgp∆ptq;Ztq

}∇f̄p∆ptq;Ztq ` Gptq}F

ď inf
GptqPBgp∆ptq;Ztq

}∇f̄p∆ptq;Ztq ` Gptq}1

“ inf
GptqPBgp∆ptq;Ztq

$

&

%

ÿ

pi,jqPIfreepZtq

|∇ij f̄p∆ptq;Ztq `G
ptq

ij |`

ÿ

pi,jqPIfixedpZtq

|∇ij f̄p∆ptq;Ztq `G
ptq

ij |

,

.

-

.

(53)

Define ςijpηq “ Jp∆pt´1q`ηpeie
T
j `eje

T
i q;Ztq,@pi, jq P IfreepZtq and let η˚ ě 0

denote the minimizer of ςijpηq. Then it follows from [21, Theorem 10.1] that
0 P Bςijpη˚q,@pi, jq P IfreepZtq. By the chain rule for subdifferentials (see, e.g., [21,
Theorem 10.49]), there exists S˚

ij P Bψijpη˚q with ψijpηq “ gp∆pt´1q ` ηpeie
T
j `

eje
T
i q;Ztq such that

x∇f̄p∆pt´1q ` η˚peie
T
j ` eje

T
i q;Ztq, eie

T
j ` eje

T
i y ` S˚

ij “ 0,@pi, jq P IfreepZtq.
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On the other hand, we know the overall update is given by ∆ptq “ ∆pt´1q `

η˚peie
T
j `eje

T
i q,@pi, jq P IfreepZtq. Then the coordinate-wise optimality conditions

imply that for every updated index pi, jq P IfreepZtq, it holds that

|∇ij f̄p∆ptq;Ztq `G
ptq

ij | “ 0.

Additionally, for any pi, jq P IfixedpZtq, we have G
pt´1q

ij “ G
ptq

ij . Moreover, by
the definition of IfixedpZtq, it holds that Zt

ij “ 0 and W k
ij ě |∇ijfpZtq|. These

conditions, together with the expression for the subdifferential in (2) and ∆pt´1q

ij “

0 imply that

inf
Gpt´1qPBgp∆pt´1q;Ztq

ÿ

pi,jqPIfixedpZtq

|∇ij f̄p∆pt´1q;Ztq `G
pt´1q

ij | “ 0.

Combining this condition with (53) yields

distp0, BJp∆ptq;Ztqq

“ inf
GptqPBgp∆ptq;Ztq

ÿ

pi,jqPIfixedpZtq

|∇ij f̄p∆ptq;Ztq `G
ptq

ij |

paq

ď inf
Gpt´1qPBgp∆pt´1q;Ztq

ÿ

pi,jqPIfixedpZtq

!

|∇ij f̄p∆ptq;Ztq ´ ∇ij f̄p∆pt´1q;Ztq|`

|∇ij f̄p∆pt´1q;Ztq `G
pt´1q

ij |

)

“
ÿ

pi,jqPIfixedpZtq

|∇ij f̄p∆ptq;Ztq ´ ∇ij f̄p∆pt´1q;Ztq|

` inf
Gpt´1qPBgp∆pt´1q;Ztq

ÿ

pi,jqPIfixedpZtq

|∇ij f̄p∆pt´1q;Ztq `G
pt´1q

ij |

“
ÿ

pi,jqPIfixedpZtq

|∇ij f̄p∆ptq;Ztq ´ ∇ij f̄p∆pt´1q;Ztq|

ď }∇f̄p∆ptq;Ztq ´ ∇f̄p∆pt´1q;Ztq}1
pbq

ď l´2
k }∆ptq ´ ∆pt´1q}1 ď ϵl´2

k }∆ptq}1,

(54)

where the inequality paq follows from the triangle inequality, and inequality pbq
holds because Proposition 3.2(ii) applies to f̄ as well. Consequently, setting Ck –

ϵl´2
k yields the desired result.

As for statement (ii), by the standard convention in convex analysis, it holds
that QkpZq “ `8, @Z ĺ 0. Note that for any Z, D, scalar a P r0, 1s and
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W P Rnˆn
` , it follows from the convexity and positive homogeneity of the } ¨ }1,W k

that
}Z`aD}1,W “ }apZ`Dq`p1´aqZ}1,W ď a}Z`D}1,W `p1´aq}Z}1,W . (55)

Then, we have for all βt P p0, 1s that
QkpZt ` βtD

tq ´QkpZtq

“ fpZt ` βtD
tq ´ fpZtq ` ρ}Zt ` βtD

t}1,W k ´ ρ}Zt}1,W k

paq

ď βtx∇fpZtq,Dty ´ βtρp}Zt}1,W k ´ }Zt ` Dt}1,W k q

` βt

ż 1

0
x∇fpZt ` θβtD

tq ´ ∇fpZtq,Dtydθ
pbq

ď βt △t `
β2

t

2l2k
}Dt}2

F ,

(56)

where inequality paq follows from the mean value theorem and (55), and inequality
pbq holds by (15) together with the the Lipschitz continuity of ∇f as stated in
(16). Then, by the strong convexity of JpD;Ztq, it follows from (54) that there
exists S̄t P BJpDt;Ztq such that

JpDt;Ztq ´ Jp0;Ztq ď xS̄t,Dty ´
u´2

k

2 }Dt}2
F

ď }S̄t}F }Dt}2
F ´

u´2
k

2 }Dt}2
F ď

ˆ

ϵ

l2k
´

1
2u2

k

˙

}Dt}2
F .

Rearranging gives
ˆ

ϵ

l2k
´

1
2u2

k

˙

}Dt}2
F

ě JpDt;Ztq ´ Jp0;Ztq

“ x∇fpZtq,Dty `
1
2xvecpDtq,∇2fpZtqvecpDtqy ` ρ}Zt ` Dt}1,W k ´ ρ}Zt}1,W k

“ △t `
1
2xvecpDtq,∇2fpZtqvecpDtqy

paq

ě △t `
u´2

k

2 }Dt}2
F ,

where inequality paq holds by (17). Then, we have
△t ď

`

ϵl´2
k ´ u´2

k

˘

}Dt}2
F . (57)

This, together with (56), leads to the desired (19).
On the other hand, combining (57) with the fact that △t ă 0, we deduce from

(56) that

QkpZt ` βtD
tq ´QkpZtq ď βt △t `

β2
t

2l2k
}Dt}2

F

ď

ˆ

βt ´
l´2
k β2

t

2pu´2
k ´ ϵl´2

k q

˙

△t .

(58)
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Therefore, (14) is satisfied whenever

βt △t ´
l´2
k pβtq

2

2pu´2
k ´ ϵl´2

k q
△t ď βtσ△t,

which indicates that (14) holds whenever

βt ď 2p1 ´ σqpu´2
k ´ ϵl´2

k ql2k.

Hence, we deduce that (20) holds, where π P p0, 1q is introduced to mitigate
potential undershooting in the backtracking procedure. In addition, rearranging
(19) and letting t Ñ `8, it follows from (20) that }Zt`1 ´ Zt}2

F Ñ 0, as desired.
(iii). For notational ease, define the function

ιpsq – JpsDt;Ztq, @s P r0, 1s.

We first prove that

ιpaq ě ιp1q ´ p1 ´ aqCk}Dt}2
1, @a P p0, 1s. (59)

Since gpsDtq is convex with respect to s P r0, 1s, we denote its right–directional
derivative at s “ 1 by

Dir`gpZt ` Dt;Dtq – lim
hÓ0

gpZt ` p1 ` hqDt;Ztq ´ gpZt ` Dt;Ztq

h
.

Thus, we obtain ι1`p1q “ d
ds f̄psDt;Ztq

ˇ

ˇ

s“1 ` Dir`gpZt `Dt;Dtq. Due to the con-
vexity of g, there exists a subgradient Gt P BgpZt `Dt;Ztq such that Dir`gpZt `

Dt;Dtq “ xGt,Dty. Therefore, ι1`p1q “ x∇fpZtq ` ∇2fpZtqDt ` Gt,Dty.
Let J ptq P BJpDt;Ztq such that ι1`p1q “ xJ ptq,Dty. Then, by applying the

inexactness condition (18) together with the matrix Hölder inequality, we deduce
that

ι1`p1q ď Ck}Dt}2
1.

Exploiting the convexity of ι, for any a P p0, 1q we have

ιp1q ď ιpaq ` p1 ´ aqι1`p1q ď ιpaq ` p1 ´ aqCk}Dt}2
1,

Rearranging the above inequality yields the desired (59). Moreover, by (55) and
(59), we have

xvecp∇fpZtqq, vecpDtqy `
1
2xvecpDtq,∇2fpZtqvecpDtqy ` ρ}Zt ` Dt}1,W k

ď axvecp∇fpZtqq, vecpDtqy `
a2

2 xvecpDtq,∇2fpZtqvecpDtqy ` ρ a}Zt ` Dt}1,W k

` p1 ´ aqρ}Zt}1,W k ` p1 ´ aqCk}Dt}2
1.
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Rearranging gives

0 ě p1 ´ aq
“

xvecp∇fpZtqq, vecpDtqy ` ρ}Zt ` Dt}1,W k ´ ρ}Zt}1,W k ´ Ck}Dt}2
1
‰

`
1
2p1 ´ a2qxvecpDtq,∇2fpZtqvecpDtqy.

Dividing both sides of the above inequality by p1 ´ aq and then taking a Ò 1, we
have

△t ď ´xvecpDtq,∇2fpZtqvecpDtqy ` Ck}Dt}2
1. (60)

Define f̃pϱq “ fpZt ` ϱDtq. We know that

|f̃2pϱq ´ f̃2p0q| “ |vecpDtqT p∇2fpZt ` tDtq ´ ∇2fpZtqqvecpDtq|

paq

ď }∇2fpZt ` tDtq ´ ∇2fpZtq}F }Dt}2
F

pbq

ď ϱl´2
k }Dt}3

F ,
(61)

where paq holds by the Cauchy-Schwartz inequality and pbq holds by the mean
value theorem and Proposition 3.2(ii). Then we have that

f̃2pϱq ď f̃2p0q ` ϱl´2
k }Dt}3

F “ vecpDtqT ∇2fpZtqvecpDtq ` ϱl´2
k }Dt}3

F .

We next integrate both sides of the above inequality with respect to ϱ P r0, 1s to
obtain an upper bound on f̃ 1pϱq. Note that

ż ϱ

0
f̃2pϱq dϱ ď

ż ϱ

0
pf̃2p0q ` ϱl´2

k }Dt}3
F q dϱ,

then we have

f̃ 1pϱq ď f̃ 1p0q ` ϱvecpDtqT ∇2fpZtqvecpDtq `
1
2ϱ

2l´2
k }Dt}3

F . (62)

We again integrate both sides of (62) with respect to ϱ P r0, 1s to obtain an upper
bound on f̃pϱq, and we hence have

f̃pϱq ď f̃p0q ` ϱx∇fpZtq,Dty`
1
2ϱ

2vecpDtqT ∇2fpZtqvecpDtq`
1
6ϱ

3l´2
k }Dt}3

F .

(63)
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On the other hand,

QkpZt ` Dtq “ fpZt ` Dtq ` ρ}Zt ` Dt}1,W k

paq

ď fpZtq ` ρ}Zt}1,W k ` px∇fpZtq,Dty ` ρ}Zt ` Dt}1,W k ´ ρ}Zt}1,W k q

`
1
2vecpDtqT ∇2fpZtqvecpDtq `

1
6 l

´2
k }Dt}3

F

ď QkpZtq ` △t `
1
2vecpDtqT ∇2fpZtqvecpDtq `

1
6 l

´2
k }Dt}3

F

pbq

ď QkpZtq `
△t

2 `
n ϵl´2

k

2 }Dt}2
F `

1
6 l

´2
k }Dt}3

F ,

pcq

ď QkpZtq `

ˆˆ

1
2 ´

nϵl´2
k

2pu´2
k ´ ϵl´2

k q

˙

´
l´2
k

6pu´2
k ´ ϵl´2

k q
}Dt}F

˙

△t

pdq

ď QkpZtq ` σ△t,

where paq follows from (63) with ϱ “ 1, pbq follows from (60) and the fact that
}D}1 ď n}D}F ,@D P Sn, pcq follows from (57) and pdq holds provided

ˆ

1
2 ´

nϵl´2
k

2pu´2
k ´ ϵl´2

k q

˙

´
l´2
k

6pu´2
k ´ ϵl´2

k q
}Dt}F ą σ,

which is guaranteed by σ P p0, 0.5 ´ ϵσq, by (21), by the boundedness of βt in
statement (ii) and for 0 ă ϵ ! 1. Therefore, the line-search condition (14) holds
with βt “ 1. This completes the proof.

A.2 Proof of Proposition 3.5
Proof. (i). By the concavity of ϕp¨q over R``, we have for each pi, jq P rns ˆ rns

that

ϕp|Xk`1
ij | ` Ek

ijq ď ϕp|Xk
ij | ` Ek

ijq ` ϕ1p|Xk
ij | ` Ek

ijqp|Xk`1
ij | ´ |Xk

ij |q. (64)
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Then

F pXk,Ekq ´ F pXk`1,Ekq

“ fpXkq ´ fpXk`1q ` ρ
ÿ

ij

ϕp|Xk
ij | ` Ek

ijq ´ ρ
ÿ

ij

ϕp|Xk`1
ij | ` Ek

ijq

Eq.(64)
ě fpXkq ´ fpXk`1q ` ρ

ÿ

ij

W k
ijp|Xk

ij | ´ |Xk`1
ij |q

paq
“ fpXkq ` ρ

ÿ

ij

W k
ij |Xk

ij | ´

˜

fpp1 ´ αqXk ` αY kq ` ρ
ÿ

ij

W k
ij |αY k

ij ` p1 ´ αqXk
ij |

¸

pbq

ě α

˜

fpXkq ´ fpY kq ` ρ
ÿ

ij

W k
ijp|Xk

ij | ´ |Y k
ij |q

¸

“ αpQkpXkq ´QkpY kqq,

(65)
where inequality paq uses the identity Xk`1 “ p1 ´ αqXk ` αY k and inequality
pbq holds due to the convexity of f and | ¨ |. Let Kk P N denote the number of
iterations required to obtain Y k for the kth subproblem (Psub). Starting from the
initialization Z0 “ Xk, it follows that

QkpXkq ´QkpY kq “

Kk´1
ÿ

t“0
QkpZtq ´QkpZt`1q

Eq.(19)
ě

Kk´1
ÿ

t“0

ˆ

βtpu
´2
k ´ ϵl´2

k q ´
β2

t

2l2k

˙

}Zt ´ Zt`1}2
F

paq

ě

Kk´1
ÿ

t“0

ˆ

β̃pu´2 ´ ϵl´2q ´
1

2l2

˙

}Zt ´ Zt`1}2
F

pbq

ě

ˆ

β̃pu´2 ´ ϵl´2q ´
1

2l2

˙

}Xk ´ Y k}2
F

pcq
“

ˆ

β̃pu´2 ´ ϵl´2q

α2 ´
1

2l2α2

˙

}Xk ´ Xk`1}2
F ,

where paq follows from βt ď 1, (23) and β̃ – min
␣

1, 2πp1 ´ σqpu´2 ´ ϵl´2ql2
(

, pbq
holds by the triangle inequality, and pcq results from the identity Y k “ 1

αpXk`1 ´

Xkq ` Xk. This, together with (65), gives

F pXk,Ekq ´ F pXk`1,Ek`1q ě F pXk,Ekq ´ F pXk`1,Ekq

ě

ˆ

β̃pu´2 ´ ϵl´2q

α
´

1
2l2α

˙

}Xk ´ Xk`1}2
F .

(66)

(ii) Rearranging and summing up both sides of inequality (66) from k “ 0 to
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k̄ ´ 1 gives

ˆ

β̃pu´2 ´ ϵl´2q

α
´

1
2l2α

˙ k̄´1
ÿ

k“0
}Xk ´ Xk`1}2

F

ď

k̄´1
ÿ

k“0
F pXk,Ekq ´ F pXk`1,Ek`1q

ď F pX0,E0q ´ F pX k̄,E k̄q
paq

ď F pX0,E0q ´ inf
XPLevF pX,EqpX0,E0q

F pX,Eq ă `8,

where inequality paq holds since the value infXPLevF pX,EqpX0,E0q F pX,Eq is finite
by [21, Theorem 1.9]. Let k̄ Ñ `8, and it leads us to the desired results.

(iii) It follows from X0 P χ and tY ku Ă χ, @k (by Proposition 3.2(i)) that
tXku Ă χ. This completes the proof.

A.3 Proof of Lemma 3.8
Proof. (i) It is immediate that MpX˚q forms a smooth manifold in a neighborhood
of X˚. We next claim that Φ is partly smooth at X˚ relative to MpX˚q. To see
this, observe first that for all X P MpX˚q we have

Φ|MpX˚qpXq “
ÿ

pi,jqPIpX˚q

ϕp|Xij |q `
ÿ

pi,jqPZpX˚q

ϕp|Xij |q

“
ÿ

pi,jqPIpX˚q

ϕpsgnpX˚
ijqXijq,

(67)

so Φ|MpX˚q is smooth. Second, since Φ is continuous by Assumption 1.1 and
Φ|MpX˚q is smooth, we then know that Φ is regular [21, Example 7.28] at each

X P MpX˚q with BΦ
BXij

“

"

dϕpsgnpX˚
ijqXijq

Xij

*

, for any pi, jq P IpX˚q by [21, Exercise

8.8]. Next, we check the local normal sharpness condition. Routine calculation
(e.g., using [21, Example 6.8]) shows that at any point X P MpX˚q, we have

NMpX˚qpXq “ tH P Sn | Hij “ 0,@pi, jq P IpX˚qu,

par BΦpXq “ tH P Sn | Hij “ 0,@pi, jq P IpX˚qu.
(68)

Hence the normal space is parallel to the subdifferential. Finally, the subdifferential
map BΦ is continuous relative to MpX˚q since MpX˚q contains Φ to a smooth
subspace by (67). On the other hand, by [21, Proposition 13.34], we also know
that Φ is prox-regular at X˚ relative to MpX˚q. Consequently, it follows from
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[22, Corollary 4.7] and f P C1 that F is partly smooth at X˚ relative to MpX˚q,
and prox-regular there.

(ii) Theorem 3.6(iii), together with f P C1 and Assumption 1.1, gives F pXkq Ñ

F pX˚q. Thus, the premises in Proposition 1.9 on F are satisfied. Note that

distp0, BF pXkqq Ñ 0 ðñ distp´∇fpXkq, BΦpXkqq Ñ 0
paq

ðñ distp´∇fpX˚q, BΦpX˚qq “ 0,
(69)

where paq follows from ∇fpXkq Ñ ∇fpX˚q and the non-degenerate condition
(30). By Proposition 1.9, we know that Xk P MpX˚q for all sufficiently large
k P N. This completes the proof.

B Tests with other nonconvex regularizers
For completeness, we provide additional experimental results with p “ 0.3 (Figure
6, Figure 8 and Table 4) and p “ 0.7 (Figure 7, Figure 9 and Table 5). Moreover,
we validate the performance of DIIR-QUIC by incorporating nonconvex SCAD
and MCP penalties. Synthetic precision-matrix estimation problems of size n P

t500, 1000, 2000u were solved under both penalty types. Figure 10 summarizes the
results.
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Figure 6: Convergence plots of objective value and stationarity residual (plot-
ted on a logarithmic scale) versus elapsed time (seconds) for DIIR-QUIC and
ℓpCOV on a tridiagonal precision matrix with p “ 0.3.
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Figure 7: Convergence plots of objective value and stationarity residual (plot-
ted on a logarithmic scale) versus elapsed time (seconds) for DIIR-QUIC and
ℓpCOV on a tridiagonal precision matrix with p “ 0.7.
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Figure 8: Q-linear convergence of the perturbed objective error F pXk, Ek
q ´

F pX:, E:
q plotted versus iteration for DIIR-QUIC on tridiagonal precision

matrices and clustered matrices with p “ 0.3, across varying matrix dimen-
sions. The error is displayed on a logarithmic scale, and only values above
10´8 are shown.
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Figure 9: Q-linear convergence of the perturbed objective error F pXk, Ek
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Figure 10: Convergence behavior of DIIR-QUIC on a tridiagonal synthetic
precision matrix (n “ 500) with SCAD and MCP penalties. Top row:
Evaluation of the penalized objective value and stationarity residuals versus
elapsed time. Bottom row: Q-linear convergence of the objective error in
log scale.
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Universidad Tecnica Federico Santa Maria, 2015.

[25] J. Bolte, S. Sabach, and M. Teboulle, “Proximal alternating linearized min-
imization for nonconvex and nonsmooth problems,” Mathematical Program-
ming, vol. 146, no. 1, pp. 459–494, 2014.

[26] H. Attouch, J. Bolte, P. Redont, and A. Soubeyran, “Proximal alternating
minimization and projection methods for nonconvex problems: An approach
based on the Kurdyka- lojasiewicz inequality,” Mathematics of Operations Re-
search, vol. 35, no. 2, pp. 438–457, 2010.

[27] X. Chen, L. Niu, and Y. Yuan, “Optimality conditions and a smoothing trust
region newton method for nonlipschitz optimization,” SIAM Journal on Op-
timization, vol. 23, no. 3, pp. 1528–1552, 2013.

[28] T. Liu and A. Takeda, “An inexact successive quadratic approximation
method for a class of difference-of-convex optimization problems,” Compu-
tational Optimization and Applications, vol. 82, no. 1, pp. 141–173, 2022.

57



[29] O. Banerjee, L. El Ghaoui, and A. d’Aspremont, “Model selection through
sparse maximum likelihood estimation for multivariate Gaussian or binary
data,” The Journal of Machine Learning Research, vol. 9, pp. 485–516, 2008.

[30] C.-P. Lee, “Accelerating inexact successive quadratic approximation for regu-
larized optimization through manifold identification,” Mathematical Program-
ming, vol. 201, no. 1, pp. 599–633, 2023.

[31] H. H. Bauschke, M. N. Dao, and W. M. Moursi, “On Fejér monotone se-
quences and nonexpansive mappings,” arXiv preprint arXiv:1507.05585, 2015.

[32] F. H. Clarke, Optimization and nonsmooth analysis. Philadelphia, PA: SIAM,
1990.

[33] Y. Wu, S. Pan, and X. Yang, “A regularized newton method for ℓq-norm
composite optimization problems,” SIAM Journal on Optimization, vol. 33,
no. 3, pp. 1676–1706, 2023.

[34] S. Wu, “Stochastic optimization methods for structure learning in Gaussian
graphical models and the general log-determinant optimization,” Doctoral
Dissertation, 2020.

[35] A. Eftekhari, L. Gaedke-Merzhäuser, D. Pasadakis, M. Bollhöfer, S. Schei-
degger, and O. Schenk, “Algorithm 1042: Sparse precision matrix estimation
with squic,” ACM Transactions on Mathematical Software, vol. 50, no. 2,
pp. 1–18, 2024.
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