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Abstract

In this paper, we study sparse inverse covariance matrix estima-
tion incorporating partly smooth nonconvex regularizers. To solve
the resulting regularized log-determinant problem, we develop DIIR-
QUIC—a novel Damped Inexact Iteratively Reweighted algorithm
based on QUadratic approximate Inverse Covariance (QUIC) method.
Our approach generalizes the classic iteratively reweighted ¢; scheme
through damped fixed-point updates. A key novelty of DIIR-QUIC
is an inexact termination criterion for the subproblems that permits
controlled inexactness in solutions to accelerate each iteration while
still guaranteeing identification of the active manifold in finitely many



steps. We establish the global convergence of DIIR-QUIC and, under
the Kurdyka-Lojasiewicz property, prove Q-linear convergence of the
perturbed objective values and R-linear convergence of the iterates.
Extensive numerical experiments on synthetic and real-world datasets
demonstrate that DITR-QUIC outperforms existing approaches in com-
putational efficiency and estimation accuracy.

Keywords— Inverse covariance matrix estimation, Nonconvex regularization
optimization, Smooth active manifold, Damped inexact iterative reweighting

1 Introduction

Estimating the inverse covariance matrix, also known as the precision matrix, is a
fundamental problem in modern multivariate statistical analysis. A key motivation
for the estimation is that its zero entries directly encode conditional-independence
relationships among variables. This built-in sparsity makes precision estimation
a versatile tool for high-dimensional problems: it underlies linear discriminant
analysis in statistical learning [I], guides optimal asset allocation in portfolio opti-
mization [2] and facilitates gene-network reconstruction in computational biology
[3]. As data dimensions grow, developing effective methods that balance statistical
reliability with computational scalability has become an increasingly active area
of research.

Sparsity-promoting precision estimation is especially vital when the number
of variables far exceeds the sample size [I]. In the setting of Gaussian Markov
Random Fields (GMRF), we usually observe m independently drawn samples
yi ~ N(u,X) in R” and seek to recover the precision matrix X~!. Enforcing a
sparse structure on X! generally enhances statistical inference and interpretabil-
ity in the high-dimensional regime (i.e., m « m). A zero entry in the precision
matrix corresponds to a conditional independence constraint, implying no direct
dependency between the associated variables. As a result, estimating a sparse
precision matrix is equivalent to learning a sparse undirected graph in a GMRF.

To obtain a sparse precision matrix, one widely studied approach in high-
dimensional settings is the regularized log-likelihood formulation [4 [5]. This in-
volves maximizing the log-likelihood function over the space of positive definite
matrices while incorporating a sparsity-inducing regularizer. A natural choice
for enforcing sparse pattern in the solution is the £y (quasi-)norm, defined as
| X o = 25;; I(Xi; # 0), where I(-) denotes the Boolean indicator function that
returns 1 when the condition is true and 0 otherwise. The £y-norm is particularly
appealing due to its ability to induce exact sparsity. However, its combinatorial na-
ture renders the associated optimization problem computationally intractable, as



commented in [6]. To regain tractability, convex relaxations replace || X | with its
tightest convex surrogate, the £1-norm. Regularizing the log-determinant function
with an ¢;-penalty ensures strong convexity properties and, through Lagrangian
duality, often yields computationally efficient solutions [7) [§]. Despite these ad-
vantages, the /1-penalty suffers from a well-known limitation: it tends to system-
atically over-penalize large coefficients, introducing bias and potentially misiden-
tifying the true sparsity pattern. This bias generally arises due to the relaxation
gap between ¢;- and {p-norm formulations [9].

To address this issue, nonconvex regularization approaches have gained consid-
erable attention [I0]. In particular, the nonconvex regularizers such as the b-norm
(0 < p < 1) [11], the smoothly clipped absolute deviation (SCAD) and the min-
imax concave penalty (MCP) [12], as well as the piecewise exponential concave
approximation function and the capped ¢; regularizers [6], have demonstrated su-
perior numerical performance compared to £1-norm regularization. These methods
often yield sparser models with improved prediction accuracy. Such findings high-
light the need for alternative regularization strategies that achieve a better balance
between sparsity and estimation accuracy, thereby motivating further exploration
of nonconvex sparsity-promoting penalties.

In this paper, we focus on the following matrix optimization problem with
nonconvex sparsity-promoting regularizers:

min F(X)={f(X) =tr(SX) — logdet X} + p{@(X) = Z¢(|XU|)} P

st. XeSh,,

where § € S} is the empirical covariance matrix, and p > 0 is a regularization
parameter. Throughout this paper, we write S, (respectively, S}) for the set of
n-by-n symmetric positive definite (respectively, positive semidefinite) matrices.
The following assumption on the function ¢ is imposed throughout.

Assumption 1.1. Let ¢ : [0,+00) — [0, +0) satisfy:
(i) ¢(0) =0, and ¢ is concave on [0,+00).
(ii) ¢ € CH((0,+0)), ¢'(t) =0 for allt > 0, and ¢’ is nonincreasing on (0, +0).
(iii) For any d >0, ¢ is Lipschitz on [J,+0).
(iv) Let

#'(0%) = lim ¢'(t) € (0,40] and ¢ (+0) = tEI—i{loo @' (t) = 0.

t—0+



There exists t* € (0, +00] such that
¢'(t) >0, Vtel0,t*), ¢'(t) =0, Vte [t +ow) (if t* < +m).
Then the inverse (¢')~" : (¢/(+0), ¢/(0%)) — (0,t*) defined by

(@)7'(s) = inf{t > 0| ¢'(t) < s}.
is well-defined and continuous on its effective domain.

Under Assumption the function ® covers a wide range of nonconvex sur-
rogates for the ¢y norm, which counts the number of nonzero entries in a matrix.
Notable examples include ¢, (quasi-)norm [I3], SCAD [14] and MCP [I5]. Table
in Appendix summarizes several representative instances.

On the algorithmic front, addressing the nonconvex optimization problem
remains a challenging task. To our knowledge, [I1] was the first to address problem
(P) with (X)) = >}, [X;5[P for 0 < p < 1 in its maximization form. The au-
thors proposed a two-stage alternating optimization algorithm. In the first stage,
they reformulated the original matrix problem into an equivalent vector problem
by exploiting permutations of the matrix variables and the empirical covariance
matrix. In the second stage, they applied a cyclic descent method to solve the
resulting ¢P-regularized least squares problem, updating each coordinate sequen-
tially. At each iteration, their algorithm performs updates on a single row and
column of the matrix, involving three components: one column vector, a scalar
and a principal submatrix. However, the algorithm lacks theoretical guarantees for
global convergence—precluding any convergence rate analysis—and its numerical
evaluation has been confined to relatively small problem instances (typically on
the order of 100 variables). Moreover, our reproduced experiments indicate that
the algorithm incurs a comparatively high computational cost and generally fails
to achieve satisfactorily low stationarity residuals. These limitations restrict its
practical applicability to large-scale problems.

Another line of research, while not directly tackling the same problem, nonethe-
less offers useful insights. Notable examples include the works of Phan et al. [6]
and Wei et al. [I12]. Phan et al. [6] focused on a formulation involving a nonconvex
loss function of the form f(X) = logdet X + tr(SX ~!), combined with noncon-
vex sparsity-promoting penalties, specifically the difference-of-convex (DC) repre-
sentations of the piecewise exponential concave approximation and the capped £
regularization. The authors proposed two tailored Difference-of-Convex Algorithm
(DCA) variants and established global subsequential convergence. On the other
hand, Wei et al. [12] addressed related covariance estimation problems involving a
loss function of the form f(X) = 3|= — S| — rlogdet X (7 > 0 is used in their
original texts), combined with the SCAD and MCP penalties. The authors applied
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a standard iteratively reweighted ¢; algorithm, with each subproblem handled by
an inexact proximal gradient method and backtracking line-search. However, it is
crucial to note that their statistical convergence—i.e., the consistency guarantees
for the sequence of covariance estimators—and their iteration-complexity bounds
for the inner subproblem solver are derived under the oracle assumption that the
true support of the covariance matrix is known a priori. In addition, the global
convergence of the generated iterates to a stationary point of the original non-
convex problem remains unestablished. Furthermore, the algorithms in both of
these works cannot accommodate nonconvex regularizers such as the nonconvex
8 norm, since its derivative is unbounded at the origin.

We propose to estimate large-scale sparse covariance matrices by solving the
log-determinant program with more general nonconvex and nonsmooth reg-
ularizers. To this end, we develop an algorithmic framework that builds on ef-
ficient solvers for the weighted ¢;i-regularized log-determinant subproblem. Our
framework generalizes the iteratively reweighted ¢; (IR¢1) schemes in [16]: at each
iteration, we first apply a smoothing and reweighting step to define a weighted
¢1-regularized log-determinant subproblem and compute an intermediate solution.
We then employ a damped update operator, as in [I7, [I§], to generate the next
iterate.

While the underlying idea is simple and natural, two key challenges arise in
practice. First, each weighted ¢; subproblem can only be solved approximately,
and it is unclear how much inexactness in the subproblem solution can be allowed
to guarantee the global convergence of the method. Second, even if we assume the
global convergence properties of the damped IR/{; framework are guaranteed, it is
also unclear whether the algorithm can identify the active manifold under inexact
subproblem solutions. Smooth active manifolds are useful in nonsmooth optimiza-
tion, as noted by the authors of [19], “ Once M is identified, the nonsmoothness of
the problem is largely irrelevant, since all future iterates lie on a smooth manifold
along which f is smooth.” Here, M refers to a smooth active manifold.

In this paper, we address both issues in the damped IR/; framework by in-
corporating an inexact criterion for the subproblem solver and proving that the
proposed algorithm is well-posed and converges globally. We further show that the
algorithm correctly identifies the active manifold in a finite number of iterations
under the proposed inexact criterion. Moreover, under the Kurdyka—tLojasiewicz
(KL) property, we prove that the objective values converge at a Q-linear rate and
the iterates uniquely converge at an R-linear rate. Numerical results confirm the
effectiveness and efficiency of the proposed algorithm.



1.1 Notation and preliminaries

Throughout, let N, R, Ry = [0,+00) and Ry = (0,40) denote the sets of
natural numbers, real numbers, nonnegative real numbers, and positive real num-
bers, respectively. Correspondingly, R™*™ denotes the Euclidean space of m-by-
n-dimensional real matrices, with inner product (X,Y) = tr(X7Y"). Let S, =
R N S™ denote the set of n-by-n-dimensional symmetric matrices with positive
entries. Meanwhile, the notation X > 0 indicates that X is positive definite, while
X > 0 means that X is positive semidefinite. The Kronecker product of the ma-
trices X and Y is denoted by X @Y. We use Z(X) = {(4, j) € [n] x [n] | X;; # 0}
and Z(X) = {(i,7) € [n] x [n] | Xi; = 0} to denote the index set of the nonzeros
and zeros of X, respectively. Given a matrix X € S" and a positive weight matrix
W e RY", we define the weighted ¢1-norm of X as [ X|1w = 2", Wij|Xij.

In addition, | X |, = max |Xj;|. For any nonempty set Q < R™*", rint((2)
(i.)€ln] x[n]
denotes its relative interior.

Throughout the paper we measure distances in R™”*" with the Frobenius norm
| - ||F. In particular:

(i) Set-to-set distance. For any two nonempty sets 2, Q2 = R™*", define
dist(Q,Q) = inf{| X ~Y|r | X €Q,Y € Q}.

Note that here dist(-, -) is not a proper distance, since it may fail the triangle
inequality.

(ii) Point-to-set distance. For any X € R™ "™ and nonempty Q < R™ " we
abbreviate dist(X, Q) = dist({X}, Q).

(iii) Scalar case. When n = 1, this reduces to the usual absolute-value distance
dist(z,y) = | —y|, Ya,y e R.

The following proposition is useful in our analysis, and its proof can be found in
[20, Appendix A.3].

Proposition 1.2 (Triangle inequality for set distances [20, Proposition 3]). For
any three sets Q1,Q9, Q3 € R™ ™, it holds that

dist(Ql,Qz) < distH(Ql | Q3) + dist(Qg,Qz), (1)
where disty (1 | Q3) == sup _inf |Y — X|p refers to the Hausdorff distance
XeQz Yetu
between Q1 and Q3.

Before presenting the stationarity condition of , we first characterize the
subdifferentials of ® in the following lemma.
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Lemma 1.3 (Subgradients [2I], Definition 8.3] and their relationships [21, Theorem
8.6]). Consider (P). Let X € St . The following holds:

(i) 0B(X) = 0(X) = 0¢(|X11]) x 06(|X12]) x - - % 0(| X with

{0/ (1Xi5D)}, (i,4) € Z(X),
06 (1Xis1) = { [='(0), #'(0)],  (4,4) € Z(X) and lim ¢/(s) < +oo,
R, (i,7) € Z(X) and Sl_i)r(r)lJr @' (s) = +oo.

Here, 0®(X) and 0®(X) refer to the reqular, limiting (or Mordukhovich)
subdifferentials of ® at X, respectively. Both 0®(X) and 0®(X) are closed
sets, and 0P(X) is conver.

(i) 0B(X)® = 0PD(X) = 0%p(|X11]) x 0Pd(|X12]) X - -+ X 0PP(| Xnn|) with

{0}, (i,5) € Z(X),
0% (1 X)) =< {0}, (4,5) € Z2(X) and lm ¢'(s) < +o0,
e Z(

s—0+t
R,  (4,)) X) and lim ¢'(s) = +oo.

s—0t

Here, 0°®(X) refers to the horizon subdifferential of ® at X, and 0®(X)®
refers to the horizon cone of 0®(X) [21, Definition 3.3].  Furthermore,
0°®(X) and 0P(X)™ are closed cones, with 0P(X )™ convex.

Consequently, by Assumption and [21), Corollary 8.11], ®(X) is (subdifferen-
tially) regular at X . In addition, it follows from [21, Ezercise 8.8] and f € C' that
F is (subdifferentially) regular for all X € ST} .

In particular, given a positive weight matrix W € R}*", we have

(2)

n = Wisgn(X;;), if X;; #0,
a|X|1,W={GGS |Gij{ jsgn(Xi;) ] }

€ [—Wij, Wi]’], if Xij =0.
We next provide the first-order necessary optimality condition for problem .

Theorem 1.4 (Fermat’s rule generalized [21, Theorem 10.1]). Consider under
Assumption . If F has a local minimum at X* € S'} |, then

CVF(XF) € 0B(XH).



Indeed, it holds that

(i,5) € Z(X™) : Vi f(X™) + pd/ (1X35]) sgn(X5) = 0, (3a)

Vi f(X*)| < p'(0),  lim ¢'(s) < +oo,
—Vii f(X*) eR, lim ¢'(s) = +oo.

s—0t

(i,5) € Z(X7) :

Then we say that a matrizv X* € ST, is a stationary point of F' if holds.

We next recall the notion of partial smoothness, which captures the intrinsic
smooth structure underlying a nonsmooth function. We begin with some elemen-
tary definitions.

Definition 1.5. Let ) < R" be a nonempty convex set. The subspace parallel to
the set €2, denoted by par €2, is defined as par 2 = aff Q — x, Va € ), where aff 2
is the affine span of €.

Definition 1.6 (Partly smooth function [22] Definition 2.7]). Suppose that the
set M < R™*™ contains the point X. A function h : R™*" — R u {400} is said
to be partly smooth at X relative to M if M is a manifold around X and the
following four properties hold:

(i) (Restricted smoothness) the restriction h|aq is smooth at X;

(ii) (Regularity) at every point close to X in M, the function h is regular and
has a subgradient;

(iii) (Normals parallel to subdifferential) Naq(X) < par dh(X), where
Na(X) denotes the normal space to M at X;

(iv) (Subgradient continuity) the subdifferential map oh is continuous at X
relative to M.

We say that the function A is partly smooth relative to a set M if M is a manifold
and h is partly smooth at each point in M relative to M. In addition, M is
referred to the active manifold (of partial smoothness).

For a partly smooth function, the condition (iii) in Definition reveals a
“stable” property. We restate this result in the following proposition.

Proposition 1.7 (Local normal sharpness [22, Proposition 2.10]). If the func-
tion h : R™"™ — R U {+oo} is partly smooth at the point Xo relative to the
set M < R™*"  then all points X € M close to Xg satisfy the condition
Nm(X) = par 0h(X).



Definition 1.8 (Prox-regularity [23, Definition 2.1]). A function h : R™*" —
R U {+00} is proz-regular at a point X for a subgradient V' € 0h(X) if h is finite
at X, locally lower semi-continuous around X, and there exists p > 0 such that

h(X') = h(X) + (V. X' = X) = LI X' = X |},

whenever X and X’ are near X with 2(X') near h(X) and V' € 0h(X) is near_V.
Furthermore, h is proz-regular at X if it is prox-regular at X for every V' € 0h(X).

The following proposition states the basic conditions that guarantee the algo-
rithm identifies the active manifold in a finite number of iterations.

Proposition 1.9 (Active manifold identification [23, Theorem 5.3]). Let the func-
tion h : R™" — R U {+00} be CI-partly smooth (q = 2) at the point X relative
to a smooth manifold M, and proz-reqular there, with 0 € rint oh(X). Suppose
X* - X with h(X*) — h(X). Then

X% e M for all sufficiently large k

if and only if
dist(0, 0h(X ")) — 0.

The KL property is needed in our convergence analysis. For completeness, we
recall its essential components below.

Definition 1.10 (Desingularizing function). [24, Section 3.1.2] Let p > 0. We
say that ¢ : [0,p] — Ry is a desingularizing function if (i) ¢(0) = 0; (ii) ¢ is
continuous on [0, ] and of class C*! on (0, p); (iii) ¢'(s) > 0 for all s € (0, p).

Definition 1.11 (KL property). [25, Definition 3] Let F' : R™*" — R U {400}
be proper lower semicontinuous. We say that [’ satisfies the Kurdyka-Lojasiewicz
property at X € dom(0F) :== {X € R™*" | 0F(X) # J} if there exist p > 0, a

neighborhood U(X, p) of X, and a concave desingularizing function ¢ : [0, p) —
R, such that the Kurdyka-Lojasiewicz inequality

¢ (F(X)— F(X))dist (0,0F(X)) > 1 (4)
holds, for all X in the strict local upper level set
Lev(X,p) = {X e U(X,p) | F(X) < F(X) < F(X) + p}.

Typical examples of desingularizing functions include those of the form ¢(s) =
cs'™% where ¢ > 0 and 6 € [0, 1) is the KL exponent. If F satisfies the KL property
with exponent # at any X € dom(0F), then call F' is said to be a KL function
with exponent 6. According to [26, Lemma 2.1], any proper lower semicontinuous
function has the KL property with exponent 1/2 at all noncritical points.
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2 Proposed Algorithm

In this section, we present Damped Inexact Iteratively Reweighted QUIC (DIIR-
QUIC) to solve (P)). The proposed DIIR-QUIC alternates between applying the
modified QUIC method to a weighted ¢1-regularized log-determinant subproblem
and updating the iterate through a damped fixed-point step that blends the sub-
problem solution with the previous solution estimate. Therefore, DIIR-QUIC in-
volves three main components: (i) a smoothing technique combined with the IR¢;
technique is employed to locally approximate the nonconvex regularizer to yield
strongly-convex subproblems; (ii) an efficient subproblem solver for computational
efficiency; (iii) a practical inexact termination criterion for the subproblem de-
signed to trade off the inner and outer loop computations. An overall statement
of DITR-QUIC is formally presented in Algorithm

Algorithm 1 Proposed DIIR-QUIC for solving
Input: SeS?,,p>0,ac(0,1) and pe (0,1)

+
(Initialization) Choose X° e S, and £° € S7. Set k = 0.

Set Wi = ¢/ (|X35| + £5), V(i,j) € [n] x [n]

Solve Y* & QUIC(p, X*, W*, §) by invoking Algorithm [
Update X** = (1 — o) X* + aY*

Update M = (1 — 2)E" + a(uEX)

Set k < k + 1 and go to step 3

To develop DIIR-QUIC, we first define a function for the objective function
F in that is nonsmooth but locally Lipschitz continuous. This construction
is motivated by the extensive literature on smoothing approximation techniques
designed to address the nonsmoothness of the function ®, which satisfies Assump-
tion (see, e.g., [27,[16]). To this end, we simply add perturbations to ® to have
the following optimization problem:

min  F(X,€) = f(X) + p ) ¢(|Xi;| + &)
i (5)
s.t. X >0,

where the perturbation parameters &; = £;; > 0,V(,j) € [n] x [n]. By construc-
tion and Assumption for each entry Xj;, it holds that

(i) If 0 < &;j < &, then o(|1Xy5| + &) < ¢(|Xij] + Eij)-
(ii) For any &; >0, 0 < o(|Xi;| + &) — o(| X45]) < d(&ij).
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At the kth iterate X% € S’ ,, we compute an intermediate point Y* by ap-
proximately solving the weighted ¢-regularized log-determinant subproblem:

Y* ~ argminy, o Qr(Y) = f(Y) + p[[Y |1,we, (Psub)
where Wz’; = W(ij,é’fj) = ¢/(|Xz-kj| + 5{‘3) > 0, V(4,7), and the concavity of ¢
underpins this construction. We accept Y* once it satisfies the inexact termination
criterion:

inexact )

dist (0,0Qu(Y")) < B X* = Y* |, (S

where the scalar Bk € (0,1] is tied to the kth subproblem’s line-search step size
(see Lemma (11)) This inexact termination condition provides several
computational and theoretical benefits: (i) it can be efficiently evaluated within
QUIC; (ii) thanks to the term |X* — Y*|, there is no need for ) to shrink to
zero. Indeed, S, is uniformly bounded away from zero, as shown in Lemma (ii)
below; (iii) this condition allows DIIR-QUIC to identify the smooth active manifold
within finitely many iterations.

With Y* at hand, we compute the new iterate as X*+1 = (1-— oz)Xk +aY"*,
and update the perturbation as £¥! = (1 — a)&F + a(u&Y), with a damping
parameter « € (0,1) and constant u € (0,1). Motivated by [I7], we can describe
the iterative scheme of DIIR-QUIC consistently with the following relaxed fixed-
point iteration:

[XkJrl] B ([XkD _ [(1 — )X+ aSx (X", EF)

, 6
gkt Er (1—a)&F + aSe(XF, EF) (©)

where 7 : ST, x S, — ST, x SZ, denotes a relaxed mapping, Sx(X* gF) =

vt & argminy . o Qx(Y) and Sg(X*, ") = p€F. In view of this, (f) yields
a natural characterization of stationarity for problem , as formalized in the
proposition below.

Proposition 2.1. A pair (X*,€%) € S xS is a stationary point of if and
only if (X*, &%) = T(X*,&*). In particular, a point X* € S" | is a stationary
point of F' associated with if and only if X* = Sx(X*,0).

Proof. Note that (X*, &%) = T(X*,€*) if and only if £* = 0. Thus, proving this
equivalence reduces to establishing the second statement.

Suppose that X * is stationary for (). Then —V f(X*) € 0®(X*) by Theorem
Consider the problem

Y >0

min {Q*(Y) = f(Y) +pZVV$|YM} 5
i,
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where Wi = W(X7,0) = ¢'(|X}5]). Let Y* = Sx(X*,0) be an inexact solution
satisfying N
dist (0,0Q4(Y™)) < B« X* = Y*|p,

where BV* € (0,1]. Since 0 € 0Q+(X™*) and Q) is strictly convex (see Lemma ,
X* is its unique minimizer. Initialized at X™*, any solver satisfying the above
inexactness bound should return Y* = X*, proving the forward direction.
Conversely, if X* = Sx(X™,0), then by the inexact termination condition,
we obtain dist (0, 0Q«(X ™)) = 0. This directly implies X* satisfies the optimality
conditions , completing the proof. ]

2.1 Modified QUIC for subproblem solution

As shown in Algorithm [I] the proposed DITR-QUIC method consists of approxi-
mately solving a sequence of weighted ¢1-norm regularized log-determinant prob-
lems , a subject that has garnered substantial attention over the past decade.
To efficiently solve each subproblem, we employ QUIC—a proximal Newton-type
method known for its computational efficiency. To contextualize its use, we give a
concise overview of QUIC.

The foundation of QUIC lies within the framework of inexact successive quadratic
approximation methods [28], which sequentially solve subproblems constructed
from a quadratic approximation of the smooth function f of Q. We use {Z'} to
denote the iterate sequence generated by QUIC for solving . At a given iter-
ate Z*, QUIC first computes an approximate Newton direction D! using a locally
quadratic approximation of f at Z!, that is,

D' ~ argminpegn J(D; Z") = f(D; Z%) + g(D; ZY), (7)

where f(D; Zt) = f(Z!) + {vec(V f(Z")),vec(D)) + 2({vec(D), V2 f(Z*)vec(D))
and g(D; Z") = p|Z' + D, w«. A key insight of QUIC is the development of
a closed-form solution for computing the Newton direction associated with ,
achieved through a coordinate descent update rule. Starting with an initial guess
A the algorithm updates A+ via

AT — A®) 4 n(eie? +ejel), (8)
where A®) represents a given completed updates, e;, e; are unit vectors in R",
and 1 € R is the parameter to be computed. In QUIC, this is done by solving a
sequence of single-variable minimization problems:

min J(A® + n(eie? +ejel); zt). 9)
neR
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Iterating this process under appropriate termination criteria yields the desired
solution D",

Another key insight of QUIC is a dimension-reduction strategy that leverages
the optimality condition of to compute the Newton direction using only a
subset of elements of A®. The indices updated during this process are

Tiee(Z") = {(i,4) € [n] x [n] | W < |Vi; f(Z")| or Z}; # 0}, (10)
and the remaining indices are denoted as
Tixed(Z") = {(i,j) € [n] x [n] | W} > |Vi; f(Z")| and Z}; =0} (11)

Hence, QUIC in fact solves the following optimization problem for the Newton
direction:

D' ~ argminp,p,._ov(i.j)ezoea(zt) 1 (D Z") = [(D; Z') + g(D; ZY).  (12)

To solve the reduced subproblem by coordinate descent, we propose to
use the following inexact termination criterion. We accept the current update
D' = AW once

[AY — AUD ] < AWy, (13)

where 0 < € « 1 is a predetermined tolerance parameter.

Remark 2.2. In the original QUIC paper, the convergence analysis—both global
and local—relies on the assumption that each Newton direction D? is computed
exactly by solving . However, as noted by the authors (see [5, §5.2.1]), its
actual implementation employs an iterative coordinate descent method that only
approximately solves the subproblem in practice. In contrast, our proposed inex-
act termination criterion formalizes this practical inexactness and enables a
rigorous convergence analysis. Specifically, we prove that the resulting algorithm
retains both global and local convergence guarantees (see Lemma [3.4(i) and Corol-
lary [3.10[(ii) below), thereby strengthening the theoretical foundation of QUIC
under inexact subproblem solves and aligning it more closely with practical imple-
mentations. Moreover, as shown in Lemma (ii) below, this inexact condition
ensures that the obtained solution satisfies the inexactness criterion , which is
crucial for establishing the active manifold property of QUIC when subproblems
are solved approximately.

After determining D!, a step size 3; € (0, 1] is chosen to ensure both feasibility
(i.e., Zt+ 8, D! > 0) and sufficient objective decrease. To this end, QUIC employs
an Armijo-type line-search to identify ; as the largest value in the candidate set
{r0, w1, ...}, where 7 € (0,1), satisfying:

Qr(Z" + BiD") < QK(Z") + Bro A, (14)
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where o € (0,0.5 — ¢,) for some small ¢, > 0, which depends on the chosen
inexactness parameter € specified in , and

A =(Vf(Z2"),D") + p| Z" + D'y wr — ol 2", wr- (15)

The updated iterate is then computed as Z!*! = Z* + 5, D*. We summarize the
computational steps of QUIC in Algorithm

Algorithm 2 The modified QUIC for solving (Psub))
Require: S, W* Z% «— X* 3, < 1, 7€ (0,1) and t < 0.

while dist (0, 0Q,(Z")) < 8| X* — ZY|| (refer to (C,..)) is not satisfied
do
while is not satisfied do
Partition the variables into free and fixed sets according to and
).

for (i,7) € Zpeo(Z') do
Solve for D' by coordinate descent update ({)).
end for
end while
while True do
if Zt+ 3,D! > 0 then
if holds then
break
end if
end if
By < 7By
end while
Z" — ZV 4+ B,D and t «— t + 1.
end while
Return Y* « Z+1,

3 Convergence

In this section, we show the convergence properties of the proposed Algorithm
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3.1 Well-posedness and basic properties of subprob-
lems

We start by demonstrating that each subproblem (Pgyp)) is well-defined, and also
present some useful properties of the subproblems solved by Algorithm [2]

Lemma 3.1 (Well-posed subproblem). Let Assumption hold. Each subproblem
(Psub) is well posed in the sense that it admits a unique optimal solution whose
etgenvalues are uniformly bounded away from zero and infinity.

Proof. Tt follows from Eikj > 0 that WZ; > 0, Yk, Y(i,j); hence the proof mainly
follows [29, Theorem 1]. O

Proposition 3.2. Consider the subproblem (Psubl). Define the sublevel set of Qy
with respect to the initialization X* € S", as Levg, (X*) = {Z > 0| Qr(Z) <
Qr(XF)}. Then the following statements hold.

(i) For each k, there exist constants ¢ > 0 and ¢ < +00 such that ¢ <l < ug <
¢, and the level set Levg, (X*) < xi. ={Z > 0| 1] < Z < uiI}.

(ii) It holds that
IVF(X) — VA < 52X - Y], VXY € (16)
In addition, V2f(X) = X'® X~ and
u I < V2F(X) < 1.°I, VX € X, (17)
where 0 < I, < u < +0 are defined in statement (i).

Proof. Statement (i) follows from the result in [5, Lemma 2]. Statement (ii) follows
from statement (i) and [7, Lemma 6(iii)]. O

We next show that the termination condition implies a theoretically useful
inexactness criterion, and its proof can be found in Appendix

Lemma 3.3. Consider the subproblem (Psu)). Let {Z'}1=0 be the sequence gen-
erated by Algorithm@ and let {A(t)} be the sequence generated by the update rule
for solving the problem associated with . Furthermore, let D be an ap-
proximate solution to satisfying the inexact condition . Then the following
statements hold.

(i) Suppose that the initial point AO) = 0. Then the finite quantity Cy, == el,;2
satisfies the following implication for each iteration t:

|A® — A < AD |} = dist(0,07(AD; Z20)) < G |AD 1. (18)
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(ii) AUnder . Suppose that UEQ — EZI:Q > 0. Then there exists a constant
B > 0 such that for all By = 3, Z*' = Z! + B, D? satisfies

Qu(Z") = Qr(Z™) = (B (. — el ®) — (2)7'87) 12" — 27 (19)

Furthermore, the backtracking line-search procedure in Algorithm [3 termi-
nates in a finite number of iterations and yields a step size [ that admits
the following lower bound:

B, = B == min {1,27(1 - o) (u;? — el,f)l,%} . (20)
Consequently, it holds that

lim |ZT - Z!% =o. (21)

t—+00

(i) Suppose that Algorithm @ is run with the condition . Then there exist
€,0 > 0 such that the line-search condition will be satisfied with unit
stepsize (i.e, By = 1) whenever |Z' — Z*| < 0 and C|AD|; < e

Next, we show the global subsequential convergence and the manifold identifi-
cation property of Algorithm [2{ under the inexact condition ([13)).

Lemma 3.4. Consider the subproblem ([Psu)). Let {Z'} be the sequence generated
by Algorithm[9, converging to Z*. The following statements hold.

(i) (Global subsequential convergence of QUIC under condition (13))
Suppose that u,;Q — 611;2 > 0. Then any cluster point of {Z'} is a stationary

point of (Psub)).-

(ii) (Manifold identification of QUIC under condition (13)) Given that
the regularizer | - |1, w+ is partly smooth at Z* relative to the manifold
Mouvic(Z*) = {Z € x | Z(Z) < I(Z*)}, suppose in addition that the
nondegenerate condition

0 € rint (0Qr(Z™)) (22)

holds at Z*, and Algorithm [§ is exvecuted under the inexactness criterion
(13). Then

(1) Qu(Z") = Qu(Z7).
(2.) dist(0,0Qk(Z")) > 0 = Z' e Mquic(Z*) for all sufficiently large
t.
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Consequently, there exist constants €,6 > 0 such that, for sufficiently large
t, the following condition holds:

12" — Z*| <6, CrlAV| <& Bi=1 — Z"' e Mquic(Z¥).

Proof. The proof of statement (i) primarily follows from Proposition [3.2| and [28,
Theorem 3.3] (applied within a monotone line-search framework (LS;) while omit-
ting the additional regularization function (i.e., setting g = 0 in their formulation)).
As for statement (ii), it follows from Lemma |3.3[and [30, Lemmas 1-2 & Theorem
1]. O

3.2 Global convergence properties

This section analyzes the convergence properties of the proposed Algorithm
We first show the model reduction on F(X* €F) caused by (X**!, £F1) with
inexact subproblem solution. We now consider the outer loop of Algorithm [1} In
the sequel, we define
[ = inf du= 23
fnf b and u = supuy, (23)
where 0 < ¢ < I}, < up, < ¢ < +00,VYk € N is stated in Proposition Corre-
spondingly, we define x ={Z > 0 |l < Z < ul}.
We first prove some useful results in the following proposition, and its proof
can be found in Appendix [A2]

Proposition 3.5 (Approximate sufficient descent property). Let Assumption
hold and let {(X*,E*)} be the sequence generated by Algorithm |1 with X° € x.
The following assertions hold.

-1
(i) Suppose 1> > {(2 m(l— a)) + e] u? under condition (13). The sequence

{NF(X’“, EX)} is monotonically decreasing. Indeed, there exists some constant
C > 0 such that

F(X*, &%) — F(X* gMh) = 0| x* — XM, (24)

where C' = (05_1,5’(u_2 —el™?) - ﬁ) with B = min {1,2n(1 — o) (u™2 — el ~2)1?}.

Consequently, lim F(XF, Ek) exists.
k—+00

(i) Y% | Xk — X2 < 4o, indicating kgr-ir-loc | Xk — Xk+L2, = 0 and

: k_ vk(2 _
Jim X5 - YR~ 0.
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(i4i) There exist constants 0 < | < u < +oo such that the sequences {X*} and
{Y'*} are contained in a convex cone x = {X |II < X <ul}. Additionally,
the sequences {X*} and {Y*} are bounded. As a consequence, there exists
a constant Cyax > 0 such that |V f(X¥)|e = max;; |Vi; f(X*)| < Ciax for
all k.

We next establish the global convergence of the proposed DIIR-QUIC.

Theorem 3.6 (Global subsequential convergence). Let Assumption hold and
let {(XF*, EF)} be the sequence generated by Algorithm . Then the following state-
ments holds.

(i) The sequence {EF} converges to 0.

(ii) The set of cluster points Q® of {X*} is nonempty, compact, connected, and
dist(X*, Q%) — 0.

(iii) Any cluster point X™* € Q% is a stationary point of F.

(iv) The sequence {F(X¥*)} is convergent. Moreover, the objective function F is
constant on Q%, and hence € = F(X*) = limg_, ;oo F(X* EF).

Proof. (i) This statement directly follows from the definition of Algorithm 1}

(ii) Proposition (iii) implies that Q% is nonempty. On the other hand,
Proposition [3.5(ii)- (iii) leads to the desired results by combining [31, Corollary 2.7
(Ostrowski)]. This establishes statement (ii).

(iii) Let X* be a cluster point of {X*}. Consider a subsequence . such that
(X%} L X*. Tt follows from Y* = L(X*+1 — X*) 4 X* that {Y*} & X*
by Proposition (ii), which further implies that sgn(Yi]j) = sgn(X}),V(i,J) €
I(X*). Let R¥ € 0Qi(Y") be the minimum-norm subgradient [5, Definition 6]
defined as follows:

Vi f(YR) + pWE if ;¥ >0,

5

RE = 4 V(YR — oW, if i <0, (25)

sgn(V,; f(Y")) max(’Vijf(Ykﬂ - pI/VZ@, O), if YZ’; = 0.
We then know from the first-order optimality condition of (Psyb)) that

R € Vi f(YY) + pW (X[, £5)aYi5, V(0. 5) € [n] x [n]. (26)
Consider first that (i,7) € Z(X™). By [2I, Proposition 8.7] and [32, Proposition
2.1.5], we know that, for sufficiently large k € N, there exists {; € 0| X:| such that

0= Vi f(X*) + pW (XJ, 0)& (27)

K iJ
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holds since f e C', Y % x#, €8 2 0 and RY; % 0, ¥(i,j) € Z(X*). Thus, (3a)

is satisfied at X, V(,j) € Z(X™). On the other hand, for (i,j) € Z(X*) and

11151+ ¢'(t) < +0, we have from that
t—

0€ Vi f(X*) + pW (0,0)010] = |Vi;£(X*)| < p'(0). (28)

Hence, X* € Q% is stationary for F'.
(iv) The convergence of {F(X*)} is a direct consequence of Proposition (i)—
(ii) and statement (i) in this theorem. On the other hand,

F(X*,€%) = lim f(X*)+ (X" €)@ f(X*) + o(X*") = F(X"),  (29)

where (a) holds by Assumption and statement (iii) and f € C'. The proof is
complete. O

The following non-degenerate condition is assumed to hold throughout.

Assumption 3.7. Under Assumption let X* €S, be any stationary point
of problem . We assume in addition that

(i) (Nondegenerate condition):
0 € rint(0F(X™)) = Vf(X™) + rint (0®(X™)). (30)
(ii) (No active-kink condition): Let K = {t > 0 | ¢/ is not C' att}. Then
for each (i, j) with X5 # 0, | X}5| ¢ K.

The following lemma establishes the conditions to guarantee manifold identi-
fication in our setting, and its proof can be found in Appendix [A3]

Lemma 3.8 (F in admits an active manifold). Let Assumptions
hold and let {(X*,E*)} be the sequence generated by Algorithm |1 converging to
(X*,E*). The following statements hold.

(i) Function ® is partly smooth at the point X* relative to the manifold M(X*) ==

*

{X e ST, | sgn(Xg(x+)) = sgn(XI(X*)),XZ(X*) = 0}, and proz-regular
there. Consequently, F' is also partly smooth and proz-reqular at X* relative
to M(X™).

(ii) The following implication holds:

dist(0, 0F (X*)) - 0 «— X% e M(X™) for all sufficiently large k. (31)
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Next, we claim that the proposed DIIR-QUIC identifies the active manifold in
a finite number of iterations.

Theorem 3.9 (Finite identification of DIIR-QUIC). Let Assumptions
hold. Consider a point X™* that satisfies the non-degeneracy condition . If
Algorzthm is executed with the inexact stopping conditions 1D then there
exist constants 7, %, € > 0 such that for any | X* — X*| < 7, | X* - Y*| <&, and
|EX| < &, it follows that X5+ e M(X*).

Proof. We prove this by contradiction. Suppose the conclusion is false; then there
exists a subsequence . < N such that X* — X*, €¥ - 0, and X¥ — Y* - 0 as
ke.” - o, yet Xkl ¢ M for all ke ..

By Proposition [3.5{(ii) and standard variational analysis results [21, Proposition
8.7], [32, Proposition 2.1.5], we obtain from and that for sufficiently large
k e 7, it holds that

(RE = Vus (v")) e pw(xh, ekl x|, (32)

Then, we derive

dist(0, 0F (XF*, £F)) = dist(=V f(XF), po®(XF, EF))

= inf | = VA(X*) = £F|p
Lrepod(XF EF)

(32
D px) - (RE - V)
< [VAXE) = VHYH)p + [RH|p < 2] XE = Y+ [R¥].

(33)
On the other hand, we know that
dist(0F (X*), 0F (X*, %)) = dist(po®(XF), pod(XF*, EF))
<p DL dist(¢ (X)), ¢ (X5 +EF))
(i.5)€Z(X*)
tp Y, dist(96(0), ¢ ()
(z',j)eZ(X’ﬂ
<o X ISQXED - SUXGI+ €I+ 3 nf -9/ (ED)] (34)
(i,§)eT* (i.))e2 (xk) $€9*0)
<p Z Ly} ij TP Z 5eia%f(o) |f—¢/(5z‘kj)|
(i-j)ET* (i.4)eZ(X*)
= pLy|EE inf |&€— &' (ER).
pLylESli+p D] [t le— @' (ED)

(i,§)eZ(XF)
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Therefore, combining the above bounds, we obtain

dist(0, 0F (X*))

Eq. ()
qg. dist(0, 0F (X*, %))+  sup inf U —V¥|p
UkedF (XFk gh) VFEIF(XF)
Eq.(33)
\! XY = Y5 |p + |R*p+  sup Cinf Ut = VF|R
ukeap(xk7gk) VkeoF(Xk)

Eq.(34) .
B 2 x4 R+ pLylESli+p inf € — ¢'(£5)].
. £e09(0)
(i,j)eZ(XF)

Since | X* — Y*| — 0 and |R¥| — 0 by Proposition (ii), and since Theorem
i) ensures that ”gé(xk) |1 — 0and infecppoy [€ — qb’((‘,’fj)] — 0, we conclude that
dist(0, 0F(X*)) — 0, which indicates that X**! e M for all sufficiently large
k by Lemma [3.8] This contradicts our assumption, and therefore, the conclusion
holds. O

Corollary 3.10. Let Assumptions hold. Let {(X*,E")} be the sequence
generated by Algorithm[1. The following statements hold.

(i) (Uniform lower bounds for monzeros) For any (i,j) € Z(X™*), there
exists a 0 > 0 and an index K € N such that ij >0, >0 forallk > K.
Indeed, it holds that

ax + RY;

Ch
|ij|>5k=:(¢')1< ; >—5{§->0,Vk>K, (35)

where Rfj 1s defined in . Or equivalently, the corresponding weights for
any (i,7) € Z(X™*) are bounded, i.e.,

Crnax + RE,
B Yk > K.
p

As a consequence, it holds for any (i,j) € Z(X*) that

0< Wk <

17

x5l > @) (Do) o (36)

(ii) (Accelerating subproblem solution) There exists an inder K € N such
that for all k > K, Algorithm[J solves the following optimization problem:

min f(Y)+p Y WX 00(sen(X")Y), (37)
(4,9)ET(X*)
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which has the same optimum of (Pa)). Consequently, QUIC is equivalent
to the pure Newton method.

Proof. (i) Let (,j) € Z(X*) and K € N be the index such that Theorem [3.9] holds.
Crmax+RE

We first claim that W (X}, &5) < === for all k > K with (i,) € Z(X*).
Cmax k
Seeking a contradiction, assume that W(ij,é'fj) > SR for some k > K

with (7,7) € Z(X™). Now consider the first-order optimality condition of the kth

subproblem (Pgyp)). By , it holds that

Crax + RE;
Vi f (V9] = 1pW (X5, ) = R > o= —% = Rfj| = Conas (38)

ijr “ig

which contradicts Proposition (iii). Therefore, we know that for any (i,7) €

k
Z(XH*), W(ij,é'k) < w, which is equivalent to . On the other hand,

ij

since R* € 0Qx(Y"), it follows from and Proposition (ii) that R;; — 0.
Moreover, Theorem [3.6{(i)-(ii) and Theorem guarantees that 52-’3- — 0. Hence,
continuity of (¢')~! indicates that implies (36). Moreover, Theorem |3.9
Lemma [3.3[(iii), Proposition [3.5((ii), together with the arguments in [5, Theorem
16], establish statement (ii). This completes the proof. O

3.3 Analysis Under the KL Property

In this subsection, assuming the KL property and drawing on techniques from
[33], we demonstrate that the sequence of relaxed objective values {F(X*, &%)}
converges at a Q-linear rate. Moreover, we establish the global convergence of the
iterates {X*} and prove that they converge at an R-linear rate.

Theorem 3.11. Suppose that Assumptions[1.1]3.7 hold and that F(X,E) is a KL
function with exponent 1/2. Let {(X*, EF)} be the sequence generated by Algorithm
converging to some limit point (X*,0) € T®. Then {F(XF*, ")} converges Q-
linearly to F(X*,0)

Proof. We first note that if there exists an index ko € N such that F(X*o, £F0) =
F(Xkot1 gkot1) "then Proposition (1) implies X*0 = X*0+1 and hence £* =
gkot1 In view of Proposition the sequence { X*} then converges to a station-
ary point in a finite number of iterations. Hence, we assume that F(X* £F) >
F(XFk+1 gk+1) for all k € N in the subsequent proof.

Suppose that F'(X, ) satisfies the KL property with exponent 1/2. Then, by
[25, Lemma 6] (in conjunction with Theorem [3.6ii) and (iv)), there exist constants
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e >0 and ¥ > 0 such that the following holds: for every cluster point X € Q®
and for every (X,€) e S, x SZ satisfying

dist((X,E),T®) < e and F(X,0) < F(X,€) < F(X,0) + ¥,
the inequality
¢ (F(X,€) — F(X,0)) - dist(0,0F(X,€)) > 1 (39)

holds. Here, the desingularizing function is defined by o(t) = ¢t'/? with ¢ > 0, so
that its derivative is given by ¢'(t) = 5t~ 1/2.

Let (X*,0) be a cluster point of the sequence {(X*, £¥)}. By Theorem m(i)—
(ii) and (iv), there exists an index K € N such that for all & > K we have
(XF EF) e {(X,E) e ST, x ST, | dist((X,E),T%) < ¢} n {(X,E) | F(X*,0) <
F(X* &F) < F(X*,0) + 9} with ¥ > 0 and . For any such k, the KL inequality

yields
€

2
Introducing the notion A, = F(X* €F) — F(X*,0), can be rewritten as

(F(XF EF) — F(X*,0))7Y2 . dist(0, 0F (X*; EF)) > 1. (40)

9 .
dist(0, 0F (X *; £F)) > EA,lf.

Next, we bound the left-hand side from above in terms of the iterate differences.
By virtue of and using the inexactness condition 1) one obtains

dist(0, 0F(X*, €M) <172 XF — Y| p + |R¥|p

- 4
(72 4 BIXE — V¥, ()

<
<
Then, we deduce that

2 10 1724 B

7Ak/ < 7HXI<: _ Xk+1HF-

c Q@
On the other hand, the sufficient decrease property (see Eq. ) guarantees that

HXk . Xk-HH% < 6_1(F(Xk,8k) o F(Xk+1,£k+1)> _ é—l(jk - Ak+1)-

Substituting the above bound into the previous squared inequality, we obtain

A < (l+6k> CH Ay = Apsa).

4
c? a

Rearranging the terms, we deduce that there exists a constant ¢ € (0, 1) such that

A1 < éAy, for all sufficiently large k.
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This recursive inequality implies that

~ o k,_K ~

A < (C) Axk, (42)
i.e., the sequence {Ak} converges to zero Q-linearly, which is equivalent to saying

that {F(X* €¥)} converges Q-linearly. This completes the proof. O

We next prove the convergence properties of the sequence {X k }.

Theorem 3.12. Suppose that Assumptions hold, and let {(X*,EX)} be the
sequence generated by Algorithm[1l The following statements hold.
(i) If F(X,€) is a KL function, then > | X* — X¥|p < +00. Conse-
quently, the sequence {X*} converges to a stationary point of .
(ii) If, in addition, F(X,E) has the KL property with exponent 1/2 at X*, then
{X*} converges at least R-linearly to X*.
Proof. (i) As stated in the proof of Theorem it suffices to consider the case
in which F(XF*, €F) > F(X*+1 gF+1) for all sufficiently large k. Let (X*,0) be
a cluster point of the sequence {(X*, EF)}.
From Theorem [3.6(i)—(ii) and (iv), there exist ¢ > 0, ¥ > 0, and an index
K € N such that for all k¥ > K, (X*, &%) e {(X,€) | dist((X,€),T®) <
e} n {(X,€) | F(X*0) < F(X* ") < F(X*,0) + 9}. Because F is a KL
function on this neighborhood, there is a desingularizing function ¢ such that for
each k > K,
¢ (F(XF* EF) — F(X*,0)) - dist(0,0F(X", X)) = 1. (43)
Moreover, since ¢ is concave on [0,9), for any such k, one obtains the standard
KL -type inequality
P'(F(X",EF) — F(X*,0))(F(X", &F) — F(XM gM)
< @(F(X*) = F(X*)) = (F(X*1) = F(X¥)).
Set Ay, = p(F(X*) — F(X*)) for each k. Tt follows from and that for
each k > K,
Ay, = Ay = ¢/ (F(XFER) = F(X*,0)(F(X*, EF) — (XM R
- F(X’“,Ek’) _ F(Xk+1’gk+1)
dist(0, 0F (Xk, EF))

(44)

@ (| Xk — Xk+1)2 (45)
S r
= —2 >
l ;rﬁk HXk _ Xk:+1||F
C ® ol
= X X e > | X X
172 + By, 2+1
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where (a) follows from ([24), and Y* = L(X*1 — X*) + X* and (b) holds
since B < 1.

from K to any k > K yields

Denote w = l,"gc

(Ak = Af4) <

8\'—*
g+

k
2 (8 = Apg) =

k
Z HXk _XkJrlHF <
k=K

Letting k& — 400, we have > ;%% | X* — X**!|p < 400, and hence {X*} is a
Cauchy sequence. By Theorem (3.6 - iii), its limit X™* lies in 2®. One then verifies
that X* is a stationary point of , completing the proof of statement (i).

(ii). By Theorem (see ([42))), we know that there exists an index K € N
such that for all £ > K

F(X*, €Y — F(X*,0) < (&) F Ak  for some e (0,1).

Using statement (i), we know {X*} converges. For any k > K, we have

t w0
k ; ¢ 041 ¢ 0+1
IXF = X*|p = lim (X=X < DX = X
= l=k
By (24), we can bound each | X*— X**!|r by a constant multiple of (F(X* %) —
F(XL €512 Hence

L 1 1 o ‘
HXk;_X*HF < Z(C—I(F(XZ’SZ)_F(X€+1’£é+1)))2 (5 e )2 Z §
l=k t=k
k)2
Since 37, (8)4% = (C) it follows that
1-V2
_ Loo\k/2
oy A )2 (€) _ \ k
IXF - X*r < (F38x)" 1oz = O(VDY),
Because 0 < /¢ < 1, this shows {X*} converges R-linearly to X*. The proof is
complete. 0

4 Numerical Experiments

This section evaluates the numerical performance of DIIR-QUIC in solving on
both synthetic and real-world datasets and investigates its convergence behavior
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numerically. All experiments are conducted on a PC equipped with an AMD
Ryzen 5 4600H processor (3.00 GHz base frequency), 16 GB of RAM, running
64-bit Ubuntu 22 LTS. At each outer iteration, the weighted ¢;-regularized log-
determinant subproblem is solved using a QUIC implementation E] modified
to enforce the inexact termination condition (C!" . We have publicly released
the C++ implementation of DIIR-QUIC at https://github.com/Optimizater/
DITR-QUICL

4.1 Nonconvex /,-regularized log-determinant problems

The nonconvex ¢, (quasi-)norm (0 < p < 1) is used to promote sparsity in inverse
covariance estimation [I1]. As a representative instance of our broader class of
sparsity-promoting formulations, we take ®(X) = | X[ = >},; [ X;;|7 and consider
the following problem:

min F(X) = {f(X) = tr(SX) — logdet X)} + p ) | X"
ij (46)
st. XeSh,,
where p € (0,1). To our knowledge, [I1] is the only existing algorithm capable
of directly solving the special case of problem in which the regularizer is
Pis y | X3j|P. Accordingly, we use it as the benchmark algorithm in our numerical
experiments and, following their terminology, refer to it as £,COV.

For DITR-QUIC, we set o = 0.98 and p = 0.1. In Algorithm [2| an iterative
coordinate descent method is used to compute an approximate Newton direction
Dt in , under the inexactness condition with € = 0.05. We terminate the
outer loop when either

(i) the iteration count reaches MaxIter = 3000, or

(ii) the stationarity residual (see Theorem [1.4))

ky—1 kp—1 k
(i,jg%&k) 1S5 — (X)) iy + ppl X35 P "sgn(X;5)[ - n < tol, (47)

is satisfied. Here, tol = 107°.

In our implementation, we treat any entry of X* whose magnitude exceeds 1078
as active, and these indices define Z(X*). Following [34], we initialize

0, ifie+#3j
[Xo]ij = { 1 o (48)
—, ifi=7j.
Sii+p? J

LA publicly available implementation of the original QUIC algorithm—written in C4++
with a Python wrapper—can be found at https://github.com/osdf/pyquic.

26


https://github.com/Optimizater/DIIR-QUIC
https://github.com/Optimizater/DIIR-QUIC
https://github.com/osdf/pyquic

and initialize the perturbation matrix £ by drawing an n x n matrix W with
iid. N(0,1), scaling each entry by 0.5, symmetrizing via W = (W + WT)/2,
and then setting £ = |I7T\/Z]| for all (i, 7).

For the ¢,COV, the authors have not publicly released their MATLAB im-
plementation. Consequently, we reimplemented the algorithm primarily based on
the descriptions provided in the original paper. Since our Algorithm [2] is imple-
mented in C++, we also developed the core computational components of £,COV
in C++ to ensure a relatively fair comparison. As described in [11, §IV SIM-
ULATIONS], the authors employed a warm-start (WS) strategy with respect to
the model parameter p to potentially improve numerical performance with a good
initialization. This strategy has also been incorporated into our reimplementation.
More precisely, this warm-start procedure generates a short sequence of exponents
1 =p@) >pa) > >pu) =p >0 that interpolates linearly between 1 and the
target p € (0,1). The number of intermediate steps K is chosen as

, 1>p=0.9,

, 0.7<p<0.9,
04<p<0.7,

, 0.2<

, 0<p<0.2.

2
3

K={4
5 p <04,
L6

Then it proceeds as follows:

(i) Initialization: Set p() = 1 and adopt the GLASSO algorithm [4] to solve
the resulting convex weighted ¢1-regularized log-determinant program with

initialization .

(ii) Warm-start loop: For k = 1,..., K, run the £,COV algorithm at exponent
P(k), using the solution obtained at step k — 1 as the initial estimation.

Since £,COV tackles with the off-diagonal regularizer p 3, ; | X;;|P, we termi-
nate its iterations when either

(i) the iteration count reaches MaxIter = 3000, or
(ii) the stationarity residual is satisfied. Here, since the regularizer excludes
diagonal entries, we set pp]ij\pflsgn(ij) =0 fori=jand (i,5) € Z(XF).

4.2 Synthetic data

We generate two synthetic test cases of n-variate Gaussian data following [35],
each defined by a known precision matrix:
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(i) Tridiagonal precision: A strongly diagonally dominant precision matrix
Eii = 1.25, 2i,i+1 = Ei+1,i = —0.5, Ez'j = (0 otherwise.

This structure induces simple chain-like dependencies among the variables
and ensures positive definiteness by virtue of diagonal dominance [36].

(ii) Clustered precision: A random structured precision matrix with n/100
clusters of size 100. Each variable is conditionally dependent on approxi-
mately 10 others, with 90% of edges located within the same cluster and
only 10% connecting different clusters. This yields dense intra-cluster and
sparse inter-cluster connectivity.

Asnoted in [35], the tridiagonal case provides a simple baseline with one-dimensional
dependence, while the clustered case models more realistic community-structured
dependencies commonly observed in practice [37]. In particular, we follow the
procedure presented in [38, Example 1] to generate the clustered precision matrix.
Using the true sparse inverse covariance matrix 37! generated above, we then draw
m = n/2ii.d. samples from the corresponding GMRF distribution. When S is sin-
gular, we regularize it by setting § < S +£&I,,x,, where £ € {1078,1077,...,1074},
and repeat this update until S becomes positive definite.

The regularization parameter p on synthetic datasets is chosen by five-fold
cross-validation, as in [6]. We first construct a logarithmic grid of 10 candidate
values: {p; = 10% }}0:1, where the exponents a; are equally spaced over [—1, 0] for
tridiagonal matrices and over [—2,0] for clustered matrices. For each p; and each
fold k, we estimate the precision matrix on the training subset and evaluate its
negative log-likelihood (NLLj) on the test subset:

train train

NLLi(p;) = % (tr(sE2%) o der 58 (49)

where St((]fs)t is the empirical covariance on fold k& and ergfr)l is the estimated preci-

sion matrix from the training set. We then average over folds:

5
1
NLLcv = = ), NLLg(p;), (50)
k=1

and choose the p; that minimizes NLLcy as the optimal p*.

4.2.1 Empirical convergence behavior on synthetic data

We now investigate the convergence behaviors of DITR-QUIC. All experiments run
DIIR-QUIC and £,COV on the same dataset. Each curve in our plots corresponds
to a single run of the respective algorithm on that shared dataset. Specifically,
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(i)

(iii)

We plot the objective values F(X* €F) and stationarity residuals versus
elapsed time for both DIIR-QUIC and ¢,COV. In ¢,COV, we consider the
penalty pzm | X;j|P for objective comparison. When warm-starting over a
sequence of exponents 1 = pqy) > ppy > -+ > px) = p > 0, we record
performance metrics only at the final exponent pxy = p. During the initial
warm-up stages (p(i),V1 < i < K), we terminate each run when either the
iteration count reaches MaxIter = 3000, or the change in successive objective
values falls below 1074, and we do not log performance metrics for these
intermediate stages. Fig[I] confirms that DIIR-QUIC not only drives down
the objective rapidly but also achieves high-quality first-order stationarity—
effectively solving the nonconvex £,-regularized log-determinant problem in
far fewer iterations than £, COV algorithm, across varying matrix dimensions
and exponents p.

To illustrate the Q-linear convergence of DIIR-QUIC, we plot the error
F(X* gF) — F(XT,ET) over the last few iterations, where X T denotes the
returned estimate of DIIR-QUIC. To avoid plotting numerical noise, we only
display those F(XF*, €F) — F(XT, ET) values exceeding 10~8. The plots are
shown in Fig

We empirically validate Proposition by checking that, once the approxi-
mate fixed-point conditions

IE¥F <10-° and | X* — Y¥|p < 105,

are satisfied, the stationarity residual condition is generally satisfied.
To illustrate this, Fig[3|plots, over the elapsed time, the scaled infinity norms

n | XE =Y e and 0 €8,

where we only display those n - |E¥||,, values exceeding 1070, The plots
confirm that as soon as the two fixed-point thresholds are reached, the sta-
tionarity residual falls below its prescribed tolerance.

To empirically confirm Theorem we monitor the cardinality of the in-
dex set Z(X*) over successive iterations. In all our tests, each of these
cardinalities stabilizes after a finite number of iterations, indicating that the
algorithm has correctly identified the smooth active manifold. The plots are
shown in Fig[4]
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Figure 1: Convergence plots of objective value and stationarity residual (plot-
ted on a logarithmic scale) versus elapsed time (seconds) for DIIR-QUIC
(left) and ¢,COV (right) on a tridiagonal precision matrix with p = 0.5.
DITR-QUIC not only converges faster—consistently attaining the prescribed
stationarity residual when ¢,COV often does not—but also reduces total run-
time by approximately 70% across all tested dimensions.
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Figure 2: Q-linear convergence of the perturbed objective error F/(X*, £F) —
F(XT, ST) plotted versus iteration for DIIR-QUIC on tridiagonal precision
matrices and clustered matrices with p = 0.5, across varying matrix dimen-
sions. The error is displayed on a logarithmic scale, and only values above
108 are shown.
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4.2.2 Statistical properties of the estimator on synthetic data

To measure how well an algorithm recovers the true precision matrix X1, we
follow [35] 1T}, [7] and compute the following metrics for the returned estimate X B

(i)

(iii)

(iv)

Normalized Kullback-Leibler (KL) loss [39]

KL(XT) = !

- [tr(ZXT) —log det(EXT) - n]

and quadratic loss (Lossg)
1
Losso(XT) = —|=XT — I||F,
n

measure entry-wise fit between XX T and the identity. For these two mea-
sures, smaller value indicates a preferred estimator.

Matthews correlation coefficient (MCC) [40]

TP x TN — FP x FN
/(TP + FP)(TP + FN)(TN + FP)(TN + FN)’

MCC(XT) =

Here, TP, TN, FP, and FN count true positives, true negatives, false posi-
tives and false negatives in the support of XT. MCC ranges from —1 to 1,
with 1 denoting perfect support recovery.

Sensitivity and specificity [7]

TP TN
———— and Specificity = ————.
TP+ FN 0O PPN T AN FP

Sensitivity measures the fraction of true nonzeros recovered, while specificity
measures the fraction of true zeros recovered; ideal values are close to 1.

Sensitivity =

F1 score [35]:
Fi-score == [1 + 0.5(FP + FN)/(|= 7o — FN)] .

Here |[X7!{o counts the number of nonzeros of the true precision matrix
3~ 1. The F;-score balances precision and recall on the nonzero support. A
value of 1 indicates perfect support recovery (see, e.g., [41] for details).

To comprehensively evaluate the performance of DIIR-QUIC and ¢,COV, we
conducted 10 independent trials on synthetic datasets featuring two distinct co-
variance structures (tridiagonal and clustered patterns) across varying dimensions
and exponents p. As shown in Table [I], the results demonstrate that DIIR-QUIC
consistently outperformed competing methods in recovering the underlying sparse
structure.
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4.3 Real-world datasets

We conduct performance comparisons between DIIR-QUIC and ¢,COV on two
classes of real-world datasets: gene expression datasets [38] and stock datasets
[6]. In our first experiments, we consider three benchmark datasets from [38]
Examples 3, 5 and 6]: the Lymph node status data (n = 587), the Arabidopsis
thaliana data (n = 834) and the Leukemia data (n = 1255). Following [I1],
we select the regularization parameter p via the extended Bayesian information
criterion (EBIC). For a candidate precision-matrix estimate X' and sample size
m, the EBIC for a Gaussian graphical model is commonly defined as

logm + 47 logn

EBIC(XT) = —m(logdet XT — tr(SXT)) + 5

IZ(XT) o,

where |Z(XT)|og denotes the cardinality of the index set of nonzero off-diagonal

entries of XT and 4 € [0,1] is a user-defined constant. We then evaluate EBIC

over a logarithmic grid

Jj—1 Jj—1
—(=1)) = -1

N 70— (1) + N

pjzl()af, CLJ:—1+ 7j€[N]a
where N = 10, so that p; ranges smoothly from 107! to 1. Denoting the resulting
EBIC values by EBIC(p;), we choose pgpic = argmin ey EBIC(p;).

To evaluate both the statistical accuracy and computational efficiency of DIIR-
QUIC at the chosen regularization level pgpic, we compute the five-fold cross-
validated test-set negative log-likelihood, as defined in . The metric NLLgvy
provides a cross-validated assessment of predictive performance, effectively balanc-
ing the trade-off between under- and over-fitting. The values of per-fold held-out
negative log-likelihoods are summarized via box plots to visualize variability and
robustness. The right column of Figure [5] plots the stationarity residuals versus
elapsed time for both algorithms at pgpic. Under an identical wall-clock time
limit (rather than an iteration cap) imposed on ¢,COV, DIIR-QUIC converges
more rapidly, demonstrating its computational efficiency in reaching a stationary
point.

In the second experiment, following [6], we evaluate portfolio performance
within the Markowitz mean-variance framework. The optimal portfolio weights
w € RP are obtained by solving;:

min w/ Tw st wle=1, (51)
w

where X is the estimated covariance matrix of asset returns and e is the all-ones
vector. For a given weight vector w, we compute on the test set Xiegt

R(w) = Z wlz, o(w) = VwTSieqw,

€ Xtest
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where Siest is the sample covariance matrix of Xiest. Portfolio performance is then
measured by the Sharpe ratio

S(w) = . (52)

We analyze weekly returns of 30 Dow Jones Industrial Index components from
January 6, 2020, to June 26, 2023, with data obtained from East Money Informa-
tionE] Following [6], we partition the series into training (first 50 weeks), validation
(next 50 weeks) and test sets. Regularization parameters are tuned to maximize
the Sharpe ratio on the validation set. We compare three methods—DIIR-QUIC,
¢,COV, and its warm-start £,COV (WS)—to evaluate their impact on out-of-
sample performance. Table [2] reports the results.

Table 2: Out-of-sample performance comparison of DIIR-QUIC and ¢,COV
methods on the Dow Jones weekly returns: realized return R(w), realized
risk o(w), and Sharpe ratio S(w).

. : Stationarity
p  Algorithm R(w) o(w) S(w) Time (s) residuals
DIIR-QUIC 0.0205 0.0263 0.7815 0.0037 9.65e-06
0.3 ¢, COV 0.0191 0.0251 0.7621 0.0006 1.04e-16
¢, COV (WS) 0.0191 0.0251 0.7621  0.1708 1.04e-16
DIIR-QUIC 0.0231 0.0267 0.8635 0.0025 8.40e-06
0.5 ¢, COV 0.0191 0.0251 0.7621 0.0007 1.04e-16
¢, COV (WS) 0.0191 0.0251 0.7621 0.1138 1.04e-16
DIIR-QUIC 0.0233 0.0267 0.8732 0.0014 3.63e-06
0.7 ¢, COV 0.0191 0.0251 0.7621  0.0007 1.04e-16
¢, COV (WS) 0.0191 0.0251 0.7621 0.0577 1.04e-16

5 Conclusion

In this paper, we have proposed DIIR-QUIC, an inexact QUIC-based iteratively
reweighting algorithm tailored for solving log-determinant optimization problems
involving nonconvex partly smooth regularizers. We established that, under mild
conditions, the inexactly solved subproblems are sufficient to identify the smooth

2Please refer to https://www.eastmoney.com
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active manifold in finitely many iterations. Moreover, we proved the global conver-
gence of the generated iterates, along with convergence rates for both the perturbed
objective value sequence and the iterates under Kurdyka-Lojasiewicz property.
Finally, extensive numerical experiments on synthetic and real inverse-covariance
estimation tasks confirmed that DIIR-QUIC consistently delivered superior com-
putational efficiency and estimation accuracy compared with existing methods,
demonstrating its practical value for large-scale nonconvex log-determinant opti-
mization.

A Auxiliary proofs

For the sake of clarity, some technical proofs are deferred to this appendix.

A.1 Proof of Lemma 3.3

Proof. As for statement (i), recall that f is differentiable and
0J(AD; Z = VF(AD; Z4) + og(AW; ZY).
It follows that

dist(O,&J(A(t);Zt)) (t)eagm(t - IVA(AY; ZY) + G|

< inf f ; G
B IVFA™; 2t + GV,

) iy Z ’VZ]f( Zt) + G( )’ (53)
GMeog(At);Z?) (,5)€Ttree (Z1)

S vuf(al; zh + G

(ivj)ezﬁxed (Zt)

Define ;;(n) = J(A(~ )-1-77(616 +ejel); Z1), (i, j) € Tiee(Z') and let n* = 0
denote the minimizer of ¢;;(n). Then it follows from [2I, Theorem 10.1] that
0 € 055 (n*),V(i,j) € Ziree(Z"). By the chain rule for subdifferentials (see, e.g., [21
Theorem 10.49]), there exists S} € diy;(n*) with ¢;;(n) = g(At=D 4 n(ee] +
ejel); Z!) such that

<Vf(A(t_1) + n*(eie]T + ejef); zZh, eie]T + ejeiT> + 55 =0,V(i,j) € Thee(ZY).
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On the other hand, we know the overall update is given by A® = Al=1) 4
n* (eief+ej el),V(i,j) € Tiee(Z"). Then the coordinate-wise optimality conditions
imply that for every updated index (i,7) € Zgpee(Z?), it holds that

Vi F(AY; z% + 6| =o.

Additionally, for any (i,7) € Zxeqa(Z?), we have Gg_l) = GZ(;»). Moreover, by
the definition of Zgyea(Z"), it holds that Z; = 0 and W} > |Vy;f(Z")]. These

conditions, together with the expression for the subdifferential in and Az(;fl) =
0 imply that

inf Z Vi f(A =1 Zt)+G( )| 0.
GUDedg(Al=D:ZY) ;T (2)

Combining this condition with yields

dist(0,0J(A®D; Zt))

= coed > IVufav:izh +af)
GOCOADZY) ()T (27)

(a) _

< i L (t). 7t t
G(tfl)ea;?i(t%);zt) Z {W”f(A 1 2") = Vi [(ATY; 20|+

(iuj)EIﬁxed(Zt)
Vi f(ACTD; Z) GS_”I}

= D IVufAY;Zh) - vy faltl zh) (54)

(inj)EIﬁxed(Zt)

Mo Ve fat zh ¢ @Y

(ij)EIﬁxed(Zt)
= >, Vi f(AY; ') — vy f(AlY; 70|

(ivj)ezﬁxed(zt)
<|VAAY; zh - V(ALY ZY|,

b
212140 — A, < a2 a0,

inf
G(t-Degg(At-1); Zt)

—~
=

where the inequality (a) follows from the triangle inequality, and inequality (b)
holds because Proposition (ii) applies to f as well. Consequently, setting Cj, ==
ell,;2 yields the desired result.

As for statement (ii), by the standard convention in convex analysis, it holds
that Qx(Z) = +o0, VZ < 0. Note that for any Z, D, scalar a € [0,1] and
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W e RY*", it follows from the convexity and positive homogeneity of the | - [|; y+
that

1Z +aDlw = |a(Z+ D)+ (1-a)Z|w < a|Z+ Dlyw + (1-a)|Z|w. (55)
Then, we have for all 5; € (0,1] that
Qu(Z' + piD") — Qr(Z")
= (2" + B:D") — [(Z") + p| Z" + B D', wr — p| Z" ] w

(a)
< BUVF(ZY), DY = Bip(| 2t ywi — | 2" + DYy ) (56)
1 2
+ BtJ (Vf(Z' +0p,D") — Vf(Z"), D")do (2 By A +2%||Dt||%,
0 k

where inequality (a) follows from the mean value theorem and (55)), and inequality
(b) holds by together with the the Lipschitz continuity of Vf as stated in
(16). Then, by the strong convexity of J(D; Z?!), it follows from that there
exists St € 0J(D*; Z') such that

-2
J(D';2") - J(0; 2") < (§', D'y — = | D'[};

)
= U € 1
< I8'e 1D - 51D < (- i ) 1D

l% Qu%

Rearranging gives

€ 1
- Dt 2
(lz 2u%> H ”F
> J(D% Z" — J(0; Z")

1
= (Vf(2"),D") + J{vee(D"), V2 f(Z")vee(DY)) + pl| 2" + D'y i — p| 2" 1w

1 (@)
= A+ Slvee(D'), VAf(Z)veo( DY) > A' + - D'},
where inequality (a) holds by . Then, we have
A< (el? = u?) | DY (57)

This, together with , leads to the desired .
On the other hand, combining with the fact that A! < 0, we deduce from

that

Bt

Qu(Z' + 5D") — Qu(Z') < 6 & + 55| D'
k

—2 02
< <5t _ lkﬁt) At
2(u? — el ?)
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Therefore, is satisfied whenever
L2 (8:)?

Ry NG
2(u 2 — el ?) bea

B A —

which indicates that holds whenever
Br < 2(1 — o) (u;,? — el %)z

Hence, we deduce that holds, where = € (0,1) is introduced to mitigate

potential undershooting in the backtracking procedure. In addition, rearranging

and letting t — 400, it follows from that |Z!*1 — Z!|%. — 0, as desired.
(iii). For notational ease, define the function

u(s) = J(sD" Z"), Vs e [0,1].
We first prove that
i(a) = (1) — (1 — a)Cx | D'|, Yae (0,1]. (59)

Since g(sD?) is convex with respect to s € [0, 1], we denote its right—directional
derivative at s = 1 by
Z'+ (1 +h)Dt% ZY) — g(Zt + D% ZY)

Dirt o(Z' + D DY) — Tim % .
ir7g(2" + D% DY) = lim .

Thus, we obtain ¢/, (1) = 4 f(sD*; Zt){sz1 + Dirtg(Z' + D%; D'). Due to the con-
vexity of g, there exists a subgradient G € dg(Z' + D'; Z") such that Dir*g(Z* +
Dt; DY) = (G?, D?). Therefore, //, (1) = {(Vf(Z!) + V2f(Z')D! + G*, D%).

Let J® e 0J(D*%; Z') such that (1) = (J®, D", Then, by applying the
inexactness condition together with the matrix Hélder inequality, we deduce
that

/(1) < CIDUE.

Exploiting the convexity of ¢, for any a € (0,1) we have
(1) < u(a) + (1= a)ii (1) < ufa) + (1 - a)Ck| DI,

Rearranging the above inequality yields the desired . Moreover, by and
, we have

(vee(V F(21)), vee( DY) + 4 (vee(D), V2 F(Z")vece( DY) + p| 2" + D' gy

< alvec(Vf(Z")),vec(D")) + a;<vec(Dt), V2f(Z"vec(DY)) + pal Zt + Dtul,wk
+(1—a)p| 2", we + (1 — a)Ci| D*|3.
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Rearranging gives

0= (1—a)[(vec(Vf(Z")),vec(D")) + p| Z* + D*
1

+ 5(1 — a®){vec(D"), V2 f(Z")vec(D")).

Lwe — Pl 2w — Ci| D[]

Dividing both sides of the above inequality by (1 — a) and then taking a 1 1, we
have
Al < —(vec(D"), V2 f(Z")vec(D")) + Cy| D'|}. (60)
Define f(0) = f(Z' + oD?). We know that
/() = F"(0)] = [vec(D")T (V2 f(Z' + tD") = V* f(Z"))vec(D")]
(@ ® (61)
< [V2f(Z2"' +tD") = V2 f(Z")|r|D'|} < ol | DI,

where (a) holds by the Cauchy-Schwartz inequality and (b) holds by the mean
value theorem and Proposition [3.2)(ii). Then we have that

F"(0) < J"(0) + ol | D3 = vec(D")"V2f(Z")vec(D") + ol | D .

We next integrate both sides of the above inequality with respect to o € [0,1] to
obtain an upper bound on f’(p). Note that

o _ e _

| oo < [(F© + 01D ) de
0 0

then we have

F'(0) < F'(0) + ovee(DYT 9 (2" vec(D) + L2 ID! . (62)

We again integrate both sides of with respect to p € [0, 1] to obtain an upper
bound on f(p), and we hence have

(o) < J(0) + oV F(2), D'+ L gPvec( D)V (2 )vee( D) + £ 01| D'
(63)
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On the other hand,

Qw(Z' + D") = f(Z'+ D") + p| Z' + D'||, wr

(a)
< f(Z") + pl Z' |, wr + (Vf(Z"),D") + p| 2" + D'

1L,Wk — P||Zt||1,Wk)

1 1
+ ivec(Dt)TVZf(Zt)vec(Dt) + gl,;QHDtH:}

1 1
< Qr(ZH + A+ 5vec(Dt)T V2f(Z")vec(D) + 61,;2”Dt\y%
() At el ?

< Qp(ZhH + =
Qr( )+2+ 5

(¢) 1 nel; 2 12
Lo+ ((5- 5t ) ~ o 1P ) &

2 2(up? — el ?) up? — el ?)

1._
D[ + 5132 ID' 3

(d)
< Qr(Z') + o\,

where (a) follows from with o = 1, (b) follows from and the fact that
|D|; < n|D|F,VD € S", (c) follows from and (d) holds provided

1 nel; 2 2
<_ R >_ ———|D'|r > o,
2 2(u " —el %) 6(uy, “ — €l ?)

which is guaranteed by o € (0,0.5 — €,), by , by the boundedness of §; in
statement (ii) and for 0 < € « 1. Therefore, the line-search condition holds
with 8y = 1. This completes the proof. O

A.2 Proof of Proposition |3.5

Proof. (i). By the concavity of ¢(-) over R, we have for each (i,j) € [n] x [n]
that

k k k k k k k+1 k
¢(|Xij+1| +&5) < o(IX5| + &) + ¢/(|Xij’ + gij)(‘Xij+ | — X351 (64)
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Then
F(Xk,gk) _ (Xk-H gk)
=ﬂXﬂ—J%X“1+p§M4Xk+5k p}kﬁX“l &f)

Eq.
> f(XP) = fXPY Y WE(XE - IXET)
ij
@ rxh) 4 p Y WEIXE| - (f((l —a)XP +aY*)+ o> WhavE+ (1 a)ij|>

i ij

®
>a<ﬂxk Yk+p2 D>=a@AX%—QAY%L

(65)
where inequality (a) uses the identity X**!' = (1 — @) X* + aY* and inequality
(b) holds due to the convexity of f and |-|. Let K € N denote the number of

iterations required to obtain Y'* for the kth subproblem (Pu)). Starting from the
initialization Z°% = X*, it follows that

K1
Qr(XM) = Qr(Y*) = > Qu(Z") — Qu(Z™)
=0
K1
PN (h? - - o )12 - 2
=0
(;) Kil (/S)(U el 2) o > HZt Zt+1H2
g 212 F

() _ _
2 (B - - g ) 1X* - Y4
(u=2 —el™?) 1

© k k+1)2
= < a2 - 2[2@2) ”X - XM HFa
where (a) follows from f3; < 1, (23) and 3 := min {1,201 — o) (u™2 — el"2)I?}, (b)

holds by the triangle inequality, and (c) results from the identity Y* = %(X ket _
XF) + X*. This, together with , gives

B
g

F(Xk,gk) _ F(XkJrl?ngrl) > F(Xk,gk) _ F(Xk+1,gk)

Blu™? —e™?) 1 k pr1pz (66)
= — X"-X .
(A= 2

(ii) Rearranging and summing up both sides of inequality from k = 0 to
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k —1 gives

Blu=2 — ]2 1 k—1
<,8(U € ) > Z HXk _ )(kJAH%7
k=0

«a  22¢
E—1
< Z F(xk:’gk) o F(Xk-i-l’gk-i-l)
k=0
< F(X9, €% — F(X* €F) ¢ F(X°,€% — inf F(X,E) < 4o,

XeLevpx,e)(X0,E0)

where inequality (a) holds since the value ianeLevF(X £)(X0,£0) F(X,€&) is finite

by [2I, Theorem 1.9]. Let k — +o0, and it leads us to the desired results.
(iii) It follows from X° € x and {Y*} < x, Vk (by Proposition (1)) that
{X*} < x. This completes the proof. O]

A.3 Proof of Lemma [3.§

Proof. (i) It is immediate that M (X™*) forms a smooth manifold in a neighborhood
of X*. We next claim that ® is partly smooth at X™* relative to M(X™). To see
this, observe first that for all X € M(X™) we have

Slpmxn(X) = D e(XyD+ D, e(IXyl)

(4,9)eL(X*) ) (i,j)eZ(X*) (67)
= Z o (sgn(X75)Xij),
(6,5)€T(X*)

so ®|pq(x*) is smooth. Second, since ® is continuous by Assumption and
| pq(x#) is smooth, we then know that ® is regular [2T, Example 7.28] at each

* ..
X e M(X*) with Z& = {d‘i)(sgn%w)xw) } for any (4, j) € Z(X*) by |21, Exercise

8.8]. Next, we check the local normal sharpness condition. Routine calculation
(e.g., using [21l, Example 6.8]) shows that at any point X € M(X™*), we have

o (68)
par 00(X) ={H e€S" | H;; =0,V(i,j) e Z(X™)}.

Hence the normal space is parallel to the subdifferential. Finally, the subdifferential
map 0P is continuous relative to M(X™*) since M(X™) contains ® to a smooth
subspace by . On the other hand, by [2I, Proposition 13.34], we also know
that ® is prox-regular at X™* relative to M(X™). Consequently, it follows from
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[22, Corollary 4.7] and f € C! that F is partly smooth at X* relative to M(X*),
and prox-regular there.

(ii) Theorem (iii), together with f € C! and Assumption gives F(X*) —
F(X*). Thus, the premises in Proposition on F' are satisfied. Note that

dist(0, 0F (X*)) - 0 «— dist(—Vf(X"),00(X*)) -0

L Qist (= F(X*), 0B(X*)) = 0,

(69)

where (a) follows from Vf(X*) — Vf(X*) and the non-degenerate condition
(30). By Proposition we know that X* ¢ M(X*) for all sufficiently large
k € N. This completes the proof. O

B Tests with other nonconvex regularizers

For completeness, we provide additional experimental results with p = 0.3 (Figure
@ Figure [§| and Table [4)) and p = 0.7 (Figure [7} Figure @] and Table . Moreover,
we validate the performance of DIIR-QUIC by incorporating nonconvex SCAD
and MCP penalties. Synthetic precision-matrix estimation problems of size n €
{500, 1000, 2000} were solved under both penalty types. Figure [L0|summarizes the
results.
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Figure 6: Convergence plots of objective value and stationarity residual (plot-
ted on a logarithmic scale) versus elapsed time (seconds) for DITR-QUIC and
¢,COV on a tridiagonal precision matrix with p = 0.3.
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Figure 7: Convergence plots of objective value and stationarity residual (plot-
ted on a logarithmic scale) versus elapsed time (seconds) for DITR-QUIC and
¢,COV on a tridiagonal precision matrix with p = 0.7.
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Figure 8: Q-linear convergence of the perturbed objective error F(X*, £F) —
F(XT1, E") plotted versus iteration for DIIR-QUIC on tridiagonal precision
matrices and clustered matrices with p = 0.3, across varying matrix dimen-
sions. The error is displayed on a logarithmic scale, and only values above
10~% are shown.
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Figure 10: Convergence behavior of DIIR-QUIC on a tridiagonal synthetic
precision matrix (n = 500) with SCAD and MCP penalties. Top row:
Evaluation of the penalized objective value and stationarity residuals versus
elapsed time. Bottom row: Q-linear convergence of the objective error in
log scale.

95



[5]

C.-J. Hsieh, M. A. Sustik, I. S. Dhillon, P. Ravikumar, et al., “QUIC:
quadratic approximation for sparse inverse covariance estimation.,” Journal
of Machine Learning Research, vol. 15, no. 1, pp. 2911-2947, 2014.

D. N. Phan, H. A. Le Thi, and T. P. Dinh, “Sparse covariance matrix es-
timation by DCA-based algorithms,” Neural Computation, vol. 29, no. 11,
pp- 3040-3077, 2017.

T. Nakagaki, M. Fukuda, S. Kim, and M. Yamashita, “A dual spectral pro-
jected gradient method for log-determinant semidefinite problems,” Compu-
tational Optimization and Applications, vol. 76, pp. 33-68, 2020.

C. Wang, “On how to solve large-scale log-determinant optimization prob-
lems,” Computational Optimization and Applications, vol. 64, pp. 489-511,
2016.

D. Bertsimas, A. King, and R. Mazumder, “Best subset selection via a modern
optimization lens,” The Annals of Statistics, vol. 44, no. 2, pp. 813-852, 2016.

J. Fan, H. Liu, Q. Sun, and T. Zhang, “I-lamm for sparse learning: Simul-
taneous control of algorithmic complexity and statistical error,” Annals of
Statistics, vol. 46, no. 2, p. 814, 2018.

G. Marjanovic and V. Solo, “On ¢, optimization and sparse inverse covariance
selection,” IEEE Transactions on Signal Processing, vol. 62, no. 7, pp. 1644—
1654, 2014.

Q. Wei and Z. Zhao, “Large covariance matrix estimation with oracle sta-
tistical rate via majorization-minimization,” IFEE Transactions on Signal
Processing, vol. 71, pp. 3328-3342, 2023.

L. E. Frank and J. H. Friedman, “A statistical view of some chemometrics
regression tools,” Technometrics, vol. 35, no. 2, pp. 109-135, 1993.

J. Fan and R. Li, “Variable selection via nonconcave penalized likelihood and
its oracle properties,” Journal of the American Statistical Association, vol. 96,
no. 456, pp. 1348-1360, 2001.

C.-H. Zhang, “Nearly unbiased variable selection under minimax concave
penalty,” The Annals of Statistics, vol. 38, no. 2, pp. 894-942 2010.

Z. Lu, “Iterative reweighted minimization methods for ¢, regularized uncon-
strained nonlinear programming,” Mathematical Programming, vol. 147, no. 1,
pp. 277-307, 2014.

56



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

L. Bai, Y. Hu, H. Wang, and X. Yang, “Avoiding strict saddle points of
nonconvex regularized problems,” arXiv preprint arXiv:2401.09274, 2024.

D. Davis and D. Drusvyatskiy, “Proximal methods avoid active strict sad-
dles of weakly convex functions,” Foundations of Computational Mathematics,
vol. 22, no. 2, pp. 561-606, 2022.

D. Davis, D. Drusvyatskiy, and L. Jiang, “Active manifolds, stratifications,
and convergence to local minima in nonsmooth optimization,” Foundations
of Computational Mathematics, pp. 1-83, 2025.

A. Flinth, F. de Gournay, and P. Weiss, “Grid is good. adaptive refinement
algorithms for off-the-grid total variation minimization,” Open Journal of
Mathematical Optimization, vol. 6, pp. 1-27, 2025.

R. T. Rockafellar and R. J.-B. Wets, Variational Analysis, vol. 317. Heidel-
berg, Germany: Springer Berlin, 2009.

A. S. Lewis, “Active sets, nonsmoothness, and sensitivity,” SIAM Journal on
Optimization, vol. 13, no. 3, pp. 702-725, 2002.

W. L. Hare and A. S. Lewis, “Identifying active constraints via partial smooth-
ness and prox-regularity,” Journal of Convex Analysis, vol. 11, no. 2, pp. 251—
266, 2004.

G. Garrigos, Descent dynamical systems and algorithms for tame optimiza-
tion and multi-objective problems. PhD thesis, Université de Montpellier;
Universidad Tecnica Federico Santa Maria, 2015.

J. Bolte, S. Sabach, and M. Teboulle, “Proximal alternating linearized min-
imization for nonconvex and nonsmooth problems,” Mathematical Program-
ming, vol. 146, no. 1, pp. 459-494, 2014.

H. Attouch, J. Bolte, P. Redont, and A. Soubeyran, “Proximal alternating
minimization and projection methods for nonconvex problems: An approach
based on the Kurdyka-tojasiewicz inequality,” Mathematics of Operations Re-
search, vol. 35, no. 2, pp. 438-457, 2010.

X. Chen, L. Niu, and Y. Yuan, “Optimality conditions and a smoothing trust
region newton method for nonlipschitz optimization,” SIAM Journal on Op-
timization, vol. 23, no. 3, pp. 1528-1552, 2013.

T. Liu and A. Takeda, “An inexact successive quadratic approximation
method for a class of difference-of-convex optimization problems,” Compu-
tational Optimization and Applications, vol. 82, no. 1, pp. 141-173, 2022.

o7



[29]

[30]

[31]

32]

33]

[34]

[37]

[38]

[39]

[40]

O. Banerjee, L. El Ghaoui, and A. d’Aspremont, “Model selection through
sparse maximum likelihood estimation for multivariate Gaussian or binary
data,” The Journal of Machine Learning Research, vol. 9, pp. 485-516, 2008.

C.-P. Lee, “Accelerating inexact successive quadratic approximation for regu-
larized optimization through manifold identification,” Mathematical Program-
ming, vol. 201, no. 1, pp. 599-633, 2023.

H. H. Bauschke, M. N. Dao, and W. M. Moursi, “On Fejér monotone se-
quences and nonexpansive mappings,” arXiv preprint arXiv:1507.05585, 2015.

F. H. Clarke, Optimization and nonsmooth analysis. Philadelphia, PA: STAM,
1990.

Y. Wu, S. Pan, and X. Yang, “A regularized newton method for /,-norm
composite optimization problems,” SIAM Journal on Optimization, vol. 33,
no. 3, pp. 1676-1706, 2023.

S. Wu, “Stochastic optimization methods for structure learning in Gaussian
graphical models and the general log-determinant optimization,” Doctoral
Dissertation, 2020.

A. Eftekhari, L. Gaedke-Merzhauser, D. Pasadakis, M. Bollhofer, S. Schei-
degger, and O. Schenk, “Algorithm 1042: Sparse precision matrix estimation
with squic,” ACM Transactions on Mathematical Software, vol. 50, no. 2,
pp. 1-18, 2024.

M. Bollhéfer, A. Eftekhari, S. Scheidegger, and O. Schenk, “Large-scale sparse
inverse covariance matrix estimation,” SIAM Journal on Scientific Comput-
ing, vol. 41, no. 1, pp. A380-A401, 2019.

D. Pasadakis, M. Bollhofer, and O. Schenk, “Sparse quadratic approximation
for graph learning,” IEEE Transactions on Pattern Analysis and Machine
Intelligence, vol. 45, no. 9, pp. 11256-11269, 2023.

L. Li and K.-C. Toh, “An inexact interior point method for ¢;-regularized
sparse covariance selection,” Mathematical Programming Computation, vol. 2,
pp- 291-315, 2010.

M. Yuan and Y. Lin, “Model selection and estimation in the Gaussian graph-
ical model,” Biometrika, vol. 94, no. 1, pp. 19-35, 2007.

P. Baldi, S. Brunak, Y. Chauvin, C. A. Andersen, and H. Nielsen, “Assessing
the accuracy of prediction algorithms for classification: an overview,” Bioin-
formatics, vol. 16, no. 5, pp. 412-424, 2000.

58



[41]

[42]

[43]

[44]

H. Dalianis and H. Dalianis, “Evaluation metrics and evaluation,” Clinical
Text Mining: Secondary Use of Electronic Patient Records, pp. 4553, 2018.

M. Fazel, H. Hindi, and S. P. Boyd, “Log-det heuristic for matrix rank min-
imization with applications to hankel and euclidean distance matrices,” in
Proceedings of the 2003 IEEE American Control Conference, 2003, vol. 3,
pp- 21562162, 2003.

D. Geman and C. Yang, “Nonlinear image recovery with half-quadratic reg-
ularization,” IEEE Transactions on Image Processing, vol. 4, no. 7, pp. 932—
946, 1995.

Y. Wang and L. Zhu, “Variable selection and parameter estimation with the
atan regularization method,” Journal of Probability and Statistics, vol. 2016,
no. 1, p. 6495417, 2016.

C. Gao, N. Wang, Q. Yu, and Z. Zhang, “A feasible nonconvex relaxation
approach to feature selection,” in Proceedings of the AAAI Conference on
Artificial Intelligence, vol. 25, pp. 356-361, 2011.

59



	Introduction
	Notation and preliminaries

	Proposed Algorithm
	Modified QUIC for subproblem solution

	Convergence
	Well-posedness and basic properties of subproblems
	Global convergence properties
	Analysis Under the KŁ Property

	Numerical Experiments
	Nonconvex lp-regularized log-determinant problems
	Synthetic data
	Empirical convergence behavior on synthetic data
	Statistical properties of the estimator on synthetic data

	Real-world datasets

	Conclusion
	Auxiliary proofs
	Proof of Lemma 3.3
	Proof of Proposition 3.5
	Proof of Lemma 3.8

	Tests with other nonconvex regularizers

