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Abstract

Recent research increasingly integrates machine learning (ML) into predictive maintenance (PdM)
to reduce operational and maintenance costs in data-rich operational settings. However, uncertainty
due to model misspecification continues to limit widespread industrial adoption. This paper investi-
gates a PdM framework in which sensor-driven prognostics inform decision-making under economic
trade-offs within a finite decision space. We investigate two key questions: (1) Does higher predic-
tive accuracy necessarily lead to better maintenance decisions? (2) If not, how can the impact of
prediction errors on downstream maintenance decisions be mitigated? We first demonstrate that in
the traditional estimate-then-optimize (ETO) framework, errors in probabilistic prediction can result
in inconsistent and suboptimal maintenance decisions. To address this, we propose an integrated
estimate-optimize (IEO) framework that jointly tunes predictive models while directly optimizing
for maintenance outcomes. We establish theoretical finite-sample guarantees on decision consistency
under standard assumptions. Specifically, we develop a stochastic perturbation gradient descent al-
gorithm suitable for small run-to-failure datasets. Empirical evaluations on a turbofan maintenance
case study show that the IEO framework reduces average maintenance regret up to 22% compared to
ETO. This study provides a principled approach to managing prediction errors in data-driven PdM.
By aligning prognostic model training with maintenance objectives, the IEO framework improves
robustness under model misspecification and improves decision quality. The improvement is partic-
ularly pronounced when the decision-making policy is misaligned with the decision-maker’s target.
These findings support more reliable maintenance planning in uncertain operational environments.
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1 Introduction

1.1 Background

Effective maintenance planning is essential for maximizing equipment availability, reducing opera-
tional costs, and ensuring manufacturing safety (Pintelon and Gelders, 1992). Preventive maintenance
strategies have become particularly prevalent in asset-intensive industries due to their effectiveness in
improving operational and asset management efficiency. For instance, organizations such as airlines (La-
gos et al., 2020) and railways (Wagenaar et al., 2017) increasingly adopt preventive maintenance to
enhance efficiency, minimize unplanned downtime, and streamline maintenance management (De Jonge
and Scarf, 2020).

Traditionally, preventive maintenance approaches have relied on explicitly defined static models, as-
suming known distributions of equipment lifetimes or degradation processes, such as non-homogeneous
or compound Poisson processes (Lee and Cha, 2016; Drent et al., 2023). However, these static models
fail to adapt effectively under varying operational conditions, which can lead to suboptimal maintenance
schedules, increased downtime, or unnecessary interventions. In contrast, data-driven predictive main-
tenance (PdM) leverages real-time monitoring of equipment conditions facilitated by widespread sensor
deployment and advancements in data analytics methods (Wen et al., 2022). This continuous update in
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equipment monitoring improve the accuracy of the forecast and the overall operational efficiency, which
has fueled the growing interest in data-driven PdM strategies (Cai et al., 2023).

Data-driven PAM utilizes data collected from sensors to evaluate equipment health states and pre-
dict their Remaining Useful Life (RUL). This predictive process, termed prognostics (Lei et al., 2018),
guides timely and cost-effective maintenance decisions. Machine Learning (ML) methods have become
key enablers for PAM by capturing nonlinear, time-varying relationships between sensor data and equip-
ment degradation. However, flexible ML models require large datasets for effective training and reliable
generalization (Bartlett et al., 2021). Unfortunately, such extensive datasets are rarely available in PAM
settings, as run-to-failure experiments needed to generate labeled data for supervised learning are costly
and time-consuming, limiting the available sample size (Waldhauser et al., 2024). Therefore, accurately
capturing the underlying relationships between sensor data and prediction targets, such as RUL, becomes
difficult, making model misspecification a fundamental challenge in PAM (Lv and Liu, 2014).

Driven by recent advances in ML, predictive models have become one of the central focuses of PdM
research. However, their ultimate value lies not in the prediction itself, but in supporting informed and
effective maintenance decisions. In practice, these decisions are often prescribed through optimization
frameworks that regard predictions of system states as input. Thus, a fundamental challenge in data-
driven PdM emerges: how can we best convert available data (e.g., sensor readings) into optimal main-
tenance actions? Addressing this challenge has motivated the development of data-driven optimization,
which progressively integrates ML techniques with optimization methods for effective decision-making
under uncertainty. In this context, data-driven PdM stands out as a prominent application of such
integration.

Data-driven optimization has increasingly incorporated ML techniques to support decision-making
in the presence of contextual information (also known as features in ML and covariates in statistics).
A prevalent methodology in this domain is the Estimate-then-Optimize (ETO) approach, in which op-
timization instances rely on predictions generated by probabilistic methods that implicitly assume high
predictive accuracy (Qi et al., 2021). Most ETO studies prioritize improving estimation accuracy through
increasingly sophisticated predictive models. Recent research, however, has identified a fundamental is-
sue with ETO methods: under conditions of model misspecification, optimizing solely for prediction
accuracy does not necessarily yield optimal decision quality, due to a misalignment between predictive
objectives and decision goals (Elmachtoub et al., 2023; Hu et al., 2022). This misalignment was also
noted by Gebraeel et al. (2023) specifically for PAM, where the decision quality is commonly measured
by metrics such as maintenance costs, equipment availability, or other risk-related factors.

Motivated by these insights, this work proposes a novel data-driven PdAM framework that explicitly
integrates decision quality into the prognostic model learning process, establishing a unified end-to-end
prognosis-then-maintenance pipeline. To our knowledge, this is the first study in PAM to directly analyze
and optimize how prognostic models influence downstream maintenance outcomes. Additionally, this
work provides practical insights on model comparison under misspecification, highlighting the trade-off
between predictive accuracy and the quality of maintenance decisions.

1.2 Related work

This section reviews three streams of literature closely related to the decision-oriented data-driven
PdM framework: (i) advances in data-driven contextual optimization, (ii) recent empirical studies in PAM
using probabilistic models, and (iii) studies on decision-oriented metrics in data-driven maintenance.

1.2.1 Data-driven contextual optimization

Data-driven PdAM can be viewed as an instance of data-driven contextual optimization, where sensor
readings or health indicators serve as contextual information observed prior to decision-making, and
the RUL is the uncertain outcome realized after decisions are made. According to a recent survey by
Sadana et al. (2025), two main methodological paradigms exist for data-driven contextual optimiza-
tion: decision rules and learning-and-optimization. Decision rule approaches directly map observed
contextual data into feasible decisions without explicitly modeling uncertainty (Ban and Rudin, 2019;
Qi et al., 2023). In contrast, learning-and-optimization approaches explicitly model conditional uncer-
tainty—either deterministically as point estimates or probabilistically as distributions—and subsequently
integrate these models into downstream optimization processes. These conditional distributions can be
modeled either through nonparametric methods, such as weighted sample average approximation and its
variants (Bertsimas and Kallus, 2020; Kannan et al., 2025) or through parametric approaches, such as
neural networks (Mandi et al., 2024).



Recent literature in the learning-and-optimization stream emphasizes the importance of integrating
predictive modeling with optimization objectives. While traditional ETO frameworks separate the pre-
diction and optimization stages, implicitly assuming high predictive accuracy, the Integrated conditional
Estimate-Optimize (IEO) approach, also known as smart predict-then-optimize (Elmachtoub and Grigas,
2022) or decision-focused learning (Mandi et al., 2024) in deterministic contexts, aligns model training
directly with optimization goals.

Building upon this literature, this study introduces the first IEO framework explicitly designed for
data-driven PAM. In doing so, it makes several distinct contributions to the field of data-driven optimiza-
tion: (i) we extend the theoretical analysis of the IEO framework to optimization problems characterized
by discrete feasible sets; (ii) we propose an efficient training algorithm to handle the non-differentiability
of decision loss while preserving predictive accuracy; and (iii) we empirically investigate the practical
performance of ETO and IEO approaches under varying levels of model misspecification, specifically
within PdM applications.

1.2.2 Data-driven predictive maintenance

Probabilistic prognostic models have recently gained popularity in data-driven PdAM due to their
ability to quantify uncertainty around RUL predictions. A key advantage of probabilistic models is their
compatibility with numerous maintenance strategies that rely on stochastic optimization techniques re-
quiring distributional information. For example, Cai et al. (2023) utilized Maximum Likelihood Estima-
tion (MLE) to estimate the failure probability distribution and, subsequently, applied a threshold-based
policy for preventive maintenance. Similarly, Lee and Mitici (2023) employed a convolutional neural net-
work combined with Monte Carlo dropout techniques (Srivastava et al., 2014) to generate probabilistic
RUL estimates. They then trained a deep reinforcement learning algorithm for sequential maintenance
planning using these estimates. The same neural architecture was adopted by Mitici et al. (2023) com-
bined with single- and multi-component replacement models for scheduling maintenance actions. Other
notable works include the approach by Nguyen and Medjaher (2019), who developed an LSTM-based
classifier to estimate failure probabilities, integrating these predictions into a joint ordering-replacement
decision model. Additionally, Zhuang et al. (2023) employed Bayesian deep learning techniques with bi-
directional LSTM networks to quantify uncertainty more effectively, also for joint ordering-replacement
decision-making. However, these studies predominantly adopt the ETO approach, optimizing ML mod-
els primarily for predictive accuracy. For more applications of ML in data-driven PdM, we refer to the
recent review (Li et al., 2024).

While maintenance decisions resulting from these models were acceptable in specific scenarios, they
have not explicitly investigated the link between predictive accuracy and decision quality. Consequently,
they leave the following critical question unanswered: does a better predictive model necessarily lead to
better maintenance decisions? To address this gap, we calibrate the prognostic models with an objec-
tive that directly minimizes the downstream maintenance cost, thereby making the trade-offs between
predictive accuracy and operational decision quality explicit.

1.2.3 Decision-oriented prognostics

Recent research has underscored that evaluating prognostic models requires consideration of down-
stream decision-making impacts (Lewis and Groth, 2022). Particularly, Atamuradov et al. (2017) em-
phasized that when evaluating the performance of prognostic models, the downstream decision-making
consequence and health management tasks should be taken into account. Following this direction, Ka-
mariotis et al. (2024) proposed a decision-oriented metric to evaluate prognostic algorithms and guide
hyper-parameter tuning (e.g., learning rates and step lengths in gradient descent). However, their hyper-
parameter tuning heuristics offer no guarantees regarding decision quality, as multiple training processes
may lead to different outcomes. We address this gap by directly incorporating decision-oriented metrics
into the training process, optimizing prognostic model parameter (e.g. weights and biases for neural
networks) explicitly toward improved maintenance outcomes that are effective across different decision-
making models.

Finally, we differentiate our framework from a concurrent study by van der Haar et al. (2025), which
also leverages ML models for feature-based maintenance with a focus on decision quality. Their approach
predicts the binary necessity of maintenance for each available time window, thus aligning with the
decision-rule approach and bypassing the need for explicit modeling of uncertainty. Consequently, their
approach does not strictly fall within the scope of PAM and may have limited applicability to different
maintenance problems. In contrast, our method explicitly models RUL uncertainty and thus generalizes



beyond binary decision structures. A detailed theoretical analysis demonstrating how our proposed
framework encompasses and extends the approach in van der Haar et al. (2025) will be presented in
Section 3.

1.3 Contributions

In summary, the contributions of this work are as follows:

1. We propose the first IEO framework for data-driven predictive maintenance, advancing decision-
oriented prognostics within the PAM domain.

2. We establish a non-asymptotic generalization bound proving that the IEO framework preserves
consistency for a broad class of discrete maintenance optimization problems, covering both decision-
rule and learning-and-optimization settings.

3. For tractability, we develop an efficient fine-tuning scheme using a stochastic perturbation gradient
method that overcomes non-differentiability in maintenance problems.

4. We validate our framework on a simulated dataset of large commercial turbofan engines, showing
our framework can consistently reduce maintenance cost across diverse scenario compared to the
ETO approach while generating better prognostics in certain metrics. These improvements become
even more prominent as model misspecification intensifies.

2 Problem Setting

In this section, we first set up the problem by introducing RUL modeling and the representation
of its uncertainty. We then formulate the downstream maintenance optimization problem based on the
estimated RUL. Finally, we demonstrate the limitations of the traditional ETO approach using a simple
example, thereby motivating the need for our proposed IEO framework.

2.1 RUL modeling

We consider individual equipment subject to stochastic deterioration during production or manufac-
turing under normal conditions. The RUL of a component, monitored via installed sensors, is specified
as the health indicator. To model the uncertainty associated with its RUL, we define a discrete random
variable Y, with support ) and realization y € ). The support set is given by Y 2 {#, ..., %}, where
each element %,,h = 1,..., H, represents the aggregation of events in which the RUL of the component
lies within the interval [h, h 4+ 1) units of time. The definition of a time unit can be specified by the
modeler to reflect the availability of maintenance resources. In this work, we define one unit of time as a
single production cycle, such as one flight for a turbofan engine. The number of intervals H can be chosen
by the modeler: a smaller H shortens the planning horizon but may truncate important future events,
whereas a larger H extends the horizon at the cost of increased computational complexity. We let Py
be the set of all measurable probability distributions supported on ). Therefore, the RUL uncertainty
is then represented by a probability distribution P € Py such that Y ~ P.

The contextual information (specified as sensor data in this work), which is known to have correlation
with RUL, is denoted by a random variable X with its realization x € X C RP. The joint probability
distribution of (X,Y) is denoted by P. Specifically, the conditional distribution of RUL knowing the
sensor data is denoted by Py |x, hereafter referred to as conditionals. An estimation of the conditional

Py|x is denoted by ]3y| x € Apy_1, where Ay _; is the (H — 1)-dimensional probability simplex defined
as Ag_1 & {P S RH|PT1H =1,P> 0}, and 1z denotes the all-one vector in R¥. The estimation task

of conditional ]3(|X ) can also be viewed as a probabilistic classification problem with H possible classes,
based on the modeling of RUL.

2.2 Maintenance policy

In this section, we define the maintenance models considered in this work. In data-driven mainte-
nance, the objective is to learn a policy that maps information (input) related to the sensor data z to a
feasible decision z (output), in order to minimize a predefined cost or loss function. Depending on the



methodology, the input to this policy can either be the raw sensor data x, possibly after feature engi-
neering (as in the decision-rule approach), or a statistical approximation of the conditional distribution
estimated via predictive models. We adopt the latter approach since data-driven PdM fundamentally
involves using observed data to infer future equipment behavior.

We now define the objective that the maintenance policy aims to optimize, which represents the oper-
ational and maintenance cost incurred by a given decision. Specifically, the cost function in Equation (1)
captures the trade-off between preventive and corrective maintenance:

(o) = cpFtemly—z) ifz<y (1)
' Ce+ca(z—1vy) otherwise’

where z € Z denotes a scheduled maintenance decision in unit of cycles and Z its feasible region, y
the random realization of RUL, ¢, the preventive maintenance cost, c. the corrective maintenance cost
(larger than c,), ¢, the amortized component cost per cycle, and ¢, the opportunity cost per cycle due
to service interruption and unexpected shutdown (larger than ¢,,). Note that the stochastic realization
of RUL y may not be observed after a policy has been deployed, since the recording process will stop at
z if z < y. In data-driven PdM we often have offline data collected from run-to-failure experiments, we
can leverage this information for model training and evaluation.

We consider two maintenance policies for the single-item preventive maintenance problem, based
on stochastic optimization (SO) and distributional quantile, respectively. Both policies are designed to
operate with a RUL distribution. For each policy, we assume the maintenance windows are limited to a
discrete feasible set Z = {Z1,..., Zk } to reflect the limitation of maintenance resources in reality. Here,
Zi,Vk = 1,..., K denotes an available time slot for maintenance intervention. For instance, Z; = 0
represents the maintenance can be carried out at current inspection time, whereas Z; = 5 means the
next available window is after 5 cycles. The feasible set Z is specified based on the problem setting. Next,
we first assume the RUL distribution P is explicitly identified, thus the conditionals Py |x, to introduce
the maintenance policies. In Sections 3 and 4, we describe how to estimate RUL distributions from data.

2.2.1 Contextual stochastic optimization policy

If the RUL distribution Py is well identified, the SO problem in Equation (2) can be formulated to
prescribe the optimal decision z minimizing the expected cost:

(SO) =" € argminEp, [c(z;Y)]. (2)
z€EZ

Th SO formulation aims to find the optimal decision for cost minimization under the whole population
Py . If contextual information x is available—as is typically the case in PdM—and correlated with the RUL,
the SO can be extended to a contextual setting, giving rise to what is known as Contextual Stochastic
Optimization (CSO) (Bertsimas and Kallus, 2020; Sadana et al., 2025). In this setting, as shown in
Equation (3), a CSO policy ¢ tailors a decision for each scenario with observation x, rather than being
optimized for the entire population:

To(Py|x=s) = arg I;lin Epy x[c(2; Y)|X = 2]. (3)
z€E

The major difference between Equation (2) and Equation (3) is in the probability distribution over which
the expectation is taken. The risk-neutral CSO model can be replaced by a variety of measures. For
example, Conditional Value-at-Risk (Lin et al., 2022) and Robust Satisficing (Sim et al., 2024) have been
studied in the presence of contextual information.

2.2.2 Quantile policy

In addition to CSO policy, the quantile policy—also known as the threshold policy—is widely used in
the PAM literature due to its simplicity in implementation and statistical interpretability. Given sensor
data x and the conditional Py |x, the quantile policy m¢ prescribes a maintenance decision as in Equation
(4):

TQ(Py|x=s) = argmax {z € Z : Py|x, {Y <z} < a}, (4)

which selects the latest maintenance window z while ensuring that the tolerated failure probability
a € (0,1) is respected. The quantile policy disconnects the decision-making and decision evaluation



process, because it disregards the cost coeflicients such as ¢, and c. and focuses only on failure probability.
Consequently, the tolerance a should be carefully calibrated to adapt to the downstream maintenance
task for alternative targets such as cost minimization. Additionally, the risk aversion is established on
the true conditional Py|x while in practice the probability distribution is only an estimate. Therefore,
the policy may fail to meet the preset reliability requirement 1 — .

In a data-driven PdM setting, the conditional is unknown, and the decision-maker typically relies
on estimation of the RUL P. Once the estimations are available, the policies become mappings from
the estimated conditionals to decisions. In the rest of the paper, we unify the notations of CSO (with
subscript C') and quantile policy (with subscript @) by ﬂ(ﬁ; ¢). The dependence of decision on the
sensor data x is implicitly merged into the estimated distribution P. With a slight abuse of notation,
we use ¢ to denote the parameters of each policy. Specifically, for the CSO policy m¢, ¢ aggregates the
cost coeflicients. For the quantile policy 7¢, ¢ denotes the risk margin o.

2.3 The limitations of ETO: a motivating example

We introduce a simple example to reveal some limitations of adopting the ETO approach for PdM,
particularly concerning the following assumptions: 1) identical estimation accuracy nearly guarantees
identical decision quality, and 2) better estimation accuracy implies better decision quality. For illus-
tration, we assume there exists an underlying RUL probability distribution P given sensor data .
Furthermore, we consider there exist two distinct estimation methods that estimate P based on z, each
subject to inevitable estimation error 4, simulating model misspecification. The two estimations are de-
noted by P; and P,. The underlying RUL distribution P is assumed as a truncated Poisson distribution,
of which the probability mass for an integer support element k is )‘k;,_ ” with A\ = 20. The support is
truncated at H = 30, and the probabilities are re-normalized accordingly. Cost parameters are chosen
as ¢y = 1,¢cq = 5,¢, = 10, ¢, = 100. The feasible decision set Z = Y is considered for simplicity.

To quantify the estimation accuracy and decision quality of an estimated distribution, we define the
two following unit-less metrics:

o [~ X,ey Py)log P(y)
(P) = (— >ey P 08 P(y)

.7 — (Ep[c(w(i; DV 1) . 100%,

— 1) x 100%,

Eple(n(P;¢);Y)]

where 6, (P) > 0 denotes the relative estimation error (Cross Entropy) of P to P that is consistent with
the Kullback—Leibler divergence, and 50(13) > 0 denotes the relative optimality gap incurred by the
estimation P in the expected maintenance cost. The smaller . (13), the higher accuracy in estimation;
The smaller 6.(P), the better decision is incurred by P.

We first considg\r the case where two estimations ]31 and ]32 achieve near-optimal and identical es-
timation error 0.(P;) = 0.(P2) = 1%. The estimated probability and the relative optimality gap are
depicted in Figure 1(a) and Figure 1(b), respectively. Next, we manually set 8,(P;) = 6c(Ps) = 2% to
demonstrate the results when estimation error is larger. A similar analysis is depicted in Figure 1(c) and
Figure 1(d). Clearly, in both cases, ﬁl and ﬁg incur different optimality gaps. Moreover, both ﬁl and
ﬁz lead to better decision quality when the estimation error is set to 2% compared to the case in which
the error is 1%. Therefore, the two assumptions indicated at the beginning of this section do not hold.

This example reveals that invariant estimation accuracy under a specific evaluation metric, such as
the Kullback—Leibler divergence, can lead to distinct decision outcomes if the downstream optimization
uses the estimation as input. Furthermore, lower estimation errors do not necessarily translate into
lower optimality gaps under a maintenance policy. This phenomenon can be formally described by the
following Proposition 1.

Proposition 1. The relative optimality gap 6, is not Lipschitz continuous with the estimation error d..
That is: given P € Py and two imperfect estimates Py, Py € Py\{P}, there exists parameter values
Cp, Ce, Cd, Cm, and policy 7, such that YC > 0,

~

5o (Py) — 50<132)‘ > Clo.(P) = 6. (B)].
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Figure 1: Estimated probability and relative optimality gap in the example. Note: (a) and (b) are for
the cases where estimation error is set to 6. = 1%, (¢) and (d) are for §. = 2%. CSO policy is considered
to prescribe decisions given P; and P,. The colored dash lines in (b) and (d) indicates the objective value
under the estimated distributions.

The Lipschitz condition does not hold due to the discrete nature of the feasible set Z, which commonly
arises in maintenance practice. If an ML model is chosen as the estimation method, the training con-
figuration (i.e., hyperparameters) has been shown to have a non-negligible effect on the decision quality
even if estimation accuracy remains essentially unchanged (Kamariotis et al., 2024). In the next section,
we formally define the mismatch between RUL estimation and maintenance optimization within the con-
cept of consistency and introduce an approach that guarantees the consistency of the learning/estimation
process.

3 Consistency Analysis

In this section, we briefly revisit the ETO approach and introduce the concept of consistency, which
characterizes the relationship between RUL estimation and maintenance optimization in PAM. We further
establish a finite-sample generalization bound, providing theoretical support for the IEO approach that
is consistent with the decision-making process.

3.1 Estimate-then-optimize (ETO)

In data-driven PdM, considering that RUL distribution Py|x is not identified, one typically relies
on a dataset D £ {(x;,y;)};_, containing n pairs of sensor data z and RUL labels y. The number of
available samples n is assumed to be small (as is often the case in practical settings) due to limited trials
of run-to-failure experiments.

In the ETO approach, when a predictive model m is employed to estimate the conditional distribution,
it is typically learned by minimizing the objective defined in Equation (5), based on the dataset D:

_ PR
Meto £ ngﬁ/l ﬁ Z;eeto (m(xl), yz) > (5)

where m : X — Py is a probabilistic prognostic model from a prespecified model class M 2 {m(-;w),w € Q}
with € being a parameter space, and ¢, : Py x Y — R denotes a chosen loss function. In this work, we
consider the Negative Log-Likelihood (NLL) as the loss function, which is defined in Equation (6):

Cnn(m(z),y) = —logm(yl|z). (6)

With a slight abuse of notation, m(y|x) here denotes the probability mass the model m assigns to the
element y € Y given input x, with parameter w omitted.



The variational problem in Equation (5) is usually replaced in ML studies by a regularized, parametric
surrogate:

n
aeto éggg;&zll (m(xﬁw)ayi)'*')‘Hw‘bv (7)

where A > 0 denotes the strength of the f5 regularization. The optimizer &g, is non-trivial to obtain
because the mapping w + >, Loy (m(z;;w), y;) + Aljw||2 is often nonconvex in w. Stochastic Gradient
Descent (SGD) and its variants, such as Adam optimizer (Kingma and Ba, 2014), are commonly used in
ML to reach near-optimal parameter, often in combination with learning strategies such as dropout (Sri-
vastava et al., 2014). Once the optimal or near-optimal model parameter @.;, has been obtained, the
fitted model is used in the decision-making process to estimate the RUL distribution for a new unseen
instance xg. The estimation m(zg;@et,) is then passed to a policy 7(-; @) to generate a maintenance
decision. However, as illustrated in the examples in Section 2, the combination of a predictive model
and a downstream policy can yield counterintuitive or suboptimal outcomes. Recent theoretical devel-
opments further highlight the limitations of the ETO approach, particularly for decision-making under
considerable model misspecification (Hu et al., 2022; Elmachtoub et al., 2023).

3.2 Definition of consistency

To understand the link between RUL estimation accuracy and maintenance consequences, we contrast
two notions of risk. Decision risk R(w), also referred to as true risk, is the expected maintenance cost
incurred by the model parameter w when applying the model m(-;w) to the predictive maintenance task
with a fixed policy 7 under objective c:

R(w) & Eple(m(m(X;w); ¢); V). (8)

Meanwhile, estimation risk Re(w), also known as surrogate risk, measures how well the model predicts
independently of any decision-making policy, under a user-chosen loss ¢:

Ro(w) £ Eplt(m(X;w), Y)]. (9)

Specifically, the objective function in Equation (5), with A = 0 corresponds to the empirical counterpart
of estimation risk in Equation (9). Under standard assumptions, the empirical minimizer @.¢,, depending
on the model complexity and the size of the training set, guarantees the estimation risk (Bartlett et al.,
2021). However, the guarantee on estimation risk cannot directly translate into guarantees on decision
risk. In the context of PdM, this means that improvements in the estimation accuracy of the model
m, as measured by the loss function ¢ on the data set D, do not necessarily imply a reduction in the
overall maintenance cost resulting from the joint deployment of m and 7. As discussed in Section 2, this
disconnect arises because the maintenance cost function lacks a robust Lipschitz property due to the
discreteness of decision spaces, rendering the cost function sensitive to even small estimation errors.
We next proceed to formally define the concept of model misspecification.

Definition 1 (model misspecification). A model class M is misspecified w.r.t. P if
Vm € M,/XDKL (IP’Y‘X:mHm(x)) dPx (z) > 0.
Contrarily, a model class M is well-specified w.r.t. P if
Im e M,/XDKL (Py | x=zllm(z)) dPx(x) = 0.

where D(+||-) denotes the Kullback—Leibler divergence of two distributions over the same support.

Model misspecification is an unavoidable aspect of data-driven methodologies. Rather than assuming
access to a well-specified model class, whose validity typically requires large sample sizes to verify, it is
more critical to understand how misspecification influences decision-making when the learning objective
is to identify a best-in-class, accuracy-oriented estimator under limited data. To rigorously characterize
this relationship, we adopt the notion of consistency, as introduced in Ho-Nguyen and Kiling-Karzan
(2022), which formalizes the extent to which improvements in predictive performance translate into
better decision outcomes.



Definition 2 (P-consistency). A loss function £ is P-consistent, or with P-consistency, if for all € > 0,
there exists a v > 0 (which may depend on €), such that:

. / . /
{w}Rg(w) - wllléfQRg(w ) < 'y} - {w|R(w) — J/IgQR(“ ) < e} .

The P-consistency condition describes how a loss £ supports decision making for a specified model class
M, policy 7, and data distribution P. If ¢ is P-consistent, then minimizing the estimation risk—thereby
obtaining the best predictive model in M—yields a decision risk no worse than that of the best decision-
oriented model in the same model class, up to a certain level. For certain policy classes, Ho-Nguyen
and Kiling-Karzan (2022) showed that P-Fisher consistency of ¢ is sufficient to guarantee P-consistency.
Nonetheless, establishing P-consistency for general losses is challenging because it hinges on the specific
structure of the policy 7 and the downstream optimization problem.

Despite the difficult of proving the consistency of a surrogate loss, there at least exists a P-consistent
loss L, defined in Equation (10), which replaces the estimation error by the decision loss evaluated by
plugging decision m(m(X); ¢) into the underlying cost structure c:

L(m(X),Y) £ c(n(m(X); 9);Y). (10)
We show the loss L holds the P-consistency by the following Proposition 2.

Proposition 2. The loss function L in Equation (10) is P-consistent for any model class M, since by
definition Ry (w) = R(w). Specifically, Vv > 0, there always exist an € > v, such that:

{olrao) - it Rew) <0} € {ulre) - int pw) < o

w’ €N

3.3 Non-asymptotic guarantee of consistency

A critical challenge remains in minimizing the risk Ry (w). Proposition 2 establishes that minimizing
the estimation risk of the parameter w under L is equivalent to minimizing the true risk, but it does not
suggest any approach to minimize the risk. Since the true distribution P is unknown, models must be
trained using a finite dataset D. This introduces a key concern: while Ry (w) = R(w) in the population
limit due to the consistency of L, how can we ensure that the parameters w learned from empirical data
D approximates a minimizer of Ry (w)? To address this gap, we leverage the framework of Probably
Approximately Correct (PAC) learning to derive probabilistic guarantees for model parameter w that
minimizes the empirical risk over D. The following outlines the key assumptions and components required
to establish such a generalization bound.

Assumption 1. The dataset D is i.i.d. generated from a data-generating process P* £ % Zie[n] d(X,,Y)
with ..y the Dirac measure, and (X;,Y;) ~ P for all i =1,...,n.

Assumption 2. The maintenance cost function is bounded, i.e., Vz € Z,Vy € Y, |e(z;y)] < Cy for
some Cy > 0.

Assumption 3. The feasible set Z is finite, i.e., |Z| = K with K < oo.

Next, we unify the RUL estimation and maintenance decision-making into an integrated policy. This
procedure has two advantages. First, it allows our consistency guarantee to apply to both the decision-
rule and the learning-and-optimization approaches. Second, it enables us to leverage the Natarajan
dimension, which is defined in Definition 4, of the integrated policy to construct an upper bound on the
model complexity term involved in the PAC-type guarantee.

Definition 3 (Integrated Policy Class). A model class G denotes an end-to-end function class contains
mappings from contextual information to finitely possible decisions:

G2 {g,: X = Z,weQ}.

The predictive maintenance process can be considered as g, (z) = w(m(x;w); ¢). Furthermore, the class
can be generalized to a decision-rule approach, such as one where a model g(-;w) generates weights
(analogous to action selection in reinforcement learning) over all possible decisions in Z. When binary

weights are generated for each z € Z by model g,,, the class contains the policy proposed by van der Haar
et al. (2025).



With the above elements established, we derive a theoretical guarantee for our framework in Theorem
1. Our analysis is inspired by the work of El Balghiti et al. (2023), who utilize the Natarajan dimension
to establish performance guarantee for the SPO loss (Elmachtoub and Grigas, 2022). Their approach
interprets linear programs with polyhedral constraints as discrete choice problems over a finite set of
vertices, a perspective that informs our treatment of discrete decision spaces in PdAM. Note that our
theoretical development assumes the Natarajan dimension of the model class G, denoted by d, is smaller
than n.

Theorem 1. Suppose Assumptions 1-3 hold. If the loss £ in Equation (7) is replaced by L with A = 0,
and the Natarajan dimension d is less than or equal to n, then with probability at least 1 — § over the
draw of D from P", the following inequality holds for all w € Q:

= log(1/6 2dlog(en/d) + 4dlog K
R < Ra(e) + 0y B o, f2dloaen/d) + Ao

where Ry, (w) denotes the empirical estimation risk under L, obtained by replacing ¢ in Equation (7) with
L as defined in Equation (10).

The proof can be found in the Appendix A. Theorem 1 states the probabilistic guarantee on the true
risk Ry, (w) of model parameter w, given its empirical risk Ry, (w), regardless of how w is determined. The
following corollary, of which the proof is provided in the Appendix A, further provides the consistency
of the learning process, showing that a model learned by minimizing Ry (w) has a high probability to
approach the best-in-class decision-oriented model. Thus, the consistency of the learning process is
guaranteed.

Corollary 1. Denote one minimizer of EL(W) as Werm. Suppose Assumptions 1-3 hold and d < n.
Then, the following inequality holds with probability at least 1 — 0 over the draw of D from P":

log(2 2d 1 4dlog K
R (Werm) SmeigRL(w)Jr?C'l (”5;7/(5)+201\/ d og(en/dT)L+ dlog

Corollary 1 provides a probabilistic guarantee of P-consistency for the empirical minimizer weyp,,
which is practical (though not trivial) to obtain given the dataset D, showing convergence towards the
best-in-class true risk minimizer. As long as we.y,, can be obtained for a dataset D, the excess risk,
defined as Ry (werm) — mingeq Ry (w), is bounded in probability. As n — oo, the excess risk converges
to 0 with a rate O(y/logn/n), meaning that the learning process of w by minimizing the empirical risk
is consistent as minimizing its excess risk and, therefore, the true risk.

Remark 1 (Dependent and Limited data). To establish the results based on McDiarmid’s inequality,
we adopt the i.i.d. assumption. In practical maintenance applications, sensor data are typically time-
series and are often preprocessed using sliding windows, where successive samples may share overlapping
information. Consequently, the i.i.d. assumption might not necessarily hold. We refer to Bertsimas
and Kallus (2020, Theorem EC.10) for a generalization result of certain mizing processes. Additionally,
Theorem 1 establishes a uniform generalization bound that holds Yw € Q. Consequently, the bound
becomes informative primarily in the regime where the sample size n is large. In data-driven PdM, the
available dataset is typically small. In this setting, the bound may be dominated by the two error terms,
thereby limiting its practical tightness.

The Remark motivates real-world evaluation of the IEO framework in data-driven PdM, moving
beyond purely theoretical analysis. With the consistency of the loss function L established, our focus
now shifts to empirical risk minimization. In Section 4, we propose a practical model training framework.
Before that, we introduce empirical evaluation metrics of practical relevance.

3.4 Empirical evaluation metrics

With no direct access to the real distribution P, we consider an independent testing dataset D
separate from the training set D. The evaluation metrics described below are computed using this
testing dataset. Four empirical evaluation metrics, namely: (i) regret, (ii) failure frequency, (iii) NLL
loss, and (iv) Mean Absolute Error (MAE) loss are considered to evaluate the performance of PdM
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frameworks, which are defined as:

1
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Note in the CSO policy, high failure frequency is implicitly penalized through high cost coefficients cq4
and c., whereas the quantile policy explicitly constrains the probability of failure to be at most « for
each individual instance.

4 Integrated Estimate-Optimize (IEO) Framework

In this section, we propose a practical IEO framework for data-driven PAM. The framework integrates
with an RUL prediction model formulated as a neural network-based high-dimensional classifier over a
discrete support, combined with either the CSO or quantile-based policy. To reduce complexity, the
predictive component adopts a Weibull-type parametrization. To address the computational challenges
of TEQO, we introduce a fine-tuning strategy along with an efficient stochastic perturbation algorithm to
improve decision quality.

4.1 RUL predictive model

We consider the RUL distributions are represented by a vector of probabilities over the discrete
support Y. Therefore, the predictive model class M should be capable of generating a probabilistic
prediction potentially in high-dimensional space Py depending on the choice of H. Various probabilistic
prognostics algorithms have been investigated in PAM to estimate RUL conditioned on sensor obser-
vations (see Section 1). To focus on the consistency of frameworks instead of dataset-specific model
selection and hyperparameter tuning, we adopt a Weibull-type representation of the RUL distribution
for its computational tractability. The Weibull distribution is widely used in reliability engineering for
lifetime estimation (Canavos and Taokas, 1973). Compared to the discrete Poisson distribution, the
two-parameter Weibull model offers greater flexibility.

A Weibull-type RUL distribution is generated as follows: First, the predictive model does not out-
put an H-dimensional distribution directly, but instead produces two parameters m(z;w) = 0(x) =
[A(z), k(x)] denoting the aggregation of scale and shape parameters for the Weibull distribution W(k, A).
Next, the continuous Weibull distribution W(k, A) is projected onto Y to obtain the predicted conditional
P(:|0(x)):

T k(z)—1 i
P(ylo(z)) = kEx; <Aé’x)> e~ WA
P(y|o(z))
>yey Py10(x))

The process first truncates then re-normalizes the probability density of W(k,\) over } to obtain a
Weibull-type probability vector. It is important to emphasize that the use of a Weibull-type repre-
sentation in our predictive model does not imply an assumption that the true conditional distribution
Py |x belongs to the Weibull family. In traditional settings, modelers often impose such distributional
assumptions explicitly by specifying a likelihood function in MLE or Bayesian inference. Our framework
does not rely on likelihood, but instead leverages the Weibull representation to generate a discrete distri-
bution, which is evaluated either by the NLL loss of probability (in the ETO approach) or the decision
quality (in the TEO approach). The Weibull representation reduces the output dimension from H to 2
while maintaining a considerable degree of model flexibility. However, it cannot capture potential multi-
modality in the RUL distribution, which may occur when multiple fault modes exist. This limitation

P(ylo(x)) = C Wye.
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can be addressed by employing a mixture of Weibull. Other probabilistic generative methods, such as
normalizing flow (Papamakarios et al., 2021), also offer promising alternatives and are left for future
research.

4.2 Framework overview

We present the IEO framework for data-driven predictive maintenance, which combines a predictive
model with a preselected policy. Building on Theorem 1 and Corollary 1, we formulate an empirical
decision risk minimization problem in Equation (11) that fine-tunes a model trained using the ETO

approach:
n

Wieo = argmin lZ:L(m(arji;w),yi), (11)
wEQ(@eto) n i=1

where the parameter space Q(@,t,) is required to be proximal to the ETO-trained model parameter Wet,.
We denote the fine-tuning region Q(&et,) as a parameter space centered at @Wer, with specific constraints.
It could be, for instance, {w € Q||lw — Deoll2 < 7} with a tunable radius parameter r. In this work, we
achieve it by limiting the step size and the number of training steps of the fine-tuning process. The fine-
tuning approach mainly reduces the computational expense of decision-oriented learning while preserving
the predictive accuracy by searching the parameters in the neighborhood of We,. Alternative training

strategies based on regularization (either on parameters or predictive accuracy) exist, see Qi et al. (2021);
Stratigakos et al. (2024).

4.3 Stochastic perturbation gradient descent
One of the major challenges in the IEO framework is to obtain the gradient of L with respect to the

model parameter w. By simplifying the notation as m(z;;w) = 0(x;) = 0; and L(6;,y;) = L; for each
sample (x;,y;), one can leverage the chain rule to obtain the gradient:

VoL = — = — -
00; ow on(P(-6;): ¢) 00; ow

where 06; /0w denotes the prediction gradient with respect to the model parameter, which can be easily
computed using existing tools such as automatic differentiation in PyTorch (Paszke et al., 2019). The
term OL;/00; quantifies how the decision quality L; varies locally with respect to the model output at
0;, and 7r(]3(|91), ¢) concisely represents the process of constructing a Weibull-type discrete distribution
]3(|61) and embedding it into the policy 7 for decision-making.

Two computational issues arise when deriving the analytical gradient. First, the gradient of decision
quality with respect to the decision can be identically zero in certain maintenance problems (e.g., when
¢4 = ¢m = 0). Second, the policy mapping from the predicted distribution to the decisions is non-
continuous due to the discrete nature of Z, which makes the gradient of the decision with respect to the
prediction undefined.

To circumvent these computational challenges, we develop a stochastic perturbation algorithm which
approximates the gradient VyL by bridging 6 to L directly. Consider a two-dimensional standard
Gaussian noise n ~ N(0,1), where I € R?*? is the identity matrix, and let ¥ be a positive semi-
definite symmetric matrix that defines the covariance. For a given perturbation 7, the noisy prediction
0; + Y1 ~ N(0;, X2 7) may lead to a different decision than the original 6; (though not always). Conse-
quently, this results in a different decision loss being observed, thereby alleviating the issue of vanishing
gradients.

Next, a smooth approximation of L; can be constructed by taking the expectation over n:

L; 2 E,[L(6; + En,y:)]-

The gradient of the smoothed loss L; with respect to the model output 6; admits an explicit formulation by
considering the Gaussian random variable 0, = 0;+Xn, whose probability density function is parametrized
by 6;. To obtain a smooth gradient without differentiating through the policy, we employ the score
function gradient estimation (Mohamed et al., 2020):

VoL = X7'E,[L(0; + X1, y:)n). (12)
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Figure 2: Gradients generated by the ETO and the IEO approaches. Note. Gradients for NLL loss
reduction —Vyl,,;; and for regret minimization —VoL over the landscape of regret for current prediction
0 = [\, k] = [100, 15] while the label is y; = 95. We set M = 100 and ¥ = I. Solid black line denotes
the contour of NLL loss. The red dots denote valid perturbations that have different regret compared to
current prediction, while black crosses denote invalid perturbations. CSO policy is combined in (a) and
quantile policy in (b).

Practically, the expectation in Equation (12) can be approximated by Monte-Carlo sampling using M
ii.d. samples {773} drawn from N(0, I), resulting in an unbiased estimator for VyL; (Berthet et al.,
2020):

I S A A
z~72 (0 + 207, y)n’. (13)

The advantage of Equation (13) lies in its ability to decouple gradient estimation from the need to dif-
ferentiate through the optimization process, requiring only forward computations (M times per sample).
This decoupling is particularly beneficial when the downstream optimization is discrete—as is commonly
the case in maintenance settings—where analytical gradients typically do not exist.

However, in practice, the estimated gradient VyL; may suffer from high variance. To address this,
we adopt the REINFORCE (Williams, 1992), introducing a baseline b(6;) = L(6;,y;) to reduce sampling
variance and avoid the need for a large number of samples M. Other approaches for variance reduc-
tion exist, among which we conjecture an importance sampling technique for noise 1 dedicated to the
downstream task may be a promising alternative.

Figure 2 illustrates the negative gradient —VgL over the landscape of decision quality, expressed in
terms of regret. The regret landscape reveals that there exist infinitely many estimations (A, k) that
yield the same decision (and thus the same regret), but differ in estimation accuracy, and vice versa.
Furthermore, the gradient for minimizing the NLL loss, denoted by —Vg/,,;; does not align with the
gradient —VyL for cost minimization. This discrepancy holds true for both policies considered in our
study.

5 Case Studies on Turbofan Engine Maintenance

5.1 Experimental setup

We conduct numerical experiments using simulated data from a realistic large commercial turbofan
engine, based on the CMAPSS dataset provided by NASA (Saxena et al., 2008). The dataset consists of
four subsets, labeled FD00! through FD004. The FD001 subset was generated under a single operational
condition with one fault mode. In contrast, FD002 and FD004 include six operational conditions, while
FD003 and FDO004 contain two fault modes. Our study focuses on the FD001 subset for two main
reasons: (1) In operations and maintenance, handling multiple fault modes typically requires distinct
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Table 1: Model training configuration used for all experiments. Note. C and @ denotes the combined
CSO and quantile policy, respectively. The ETO framework has no dependency on the policy thus the
policy is omitted.

Framework Optimizer Learning Rate Dropout Rate Batch Size Steps

ETO Adam le-3 10% 64 200 + 100
IEO-C Adam 2e-4 10% 64 100
IEO-@ Adam 2e-4 10% 64 100

prognostics and tailored maintenance strategies. (2) More importantly, multiple operational conditions
introduce non-identical data distributions. In such scenarios, decision-makers must account for the
decision-dependent uncertainty to balance revenue and maintenance costs (Basciftci et al., 2020; Drent
et al., 2024). These complexities fall outside the scope of our current study, which concentrates on
single-component maintenance and aims to highlight the structural differences between the ETO and
TIEO frameworks.

The FD0OO01 subset includes both a training set and a test set. The training set contains run-to-failure
data from 100 engines of the same type. The test set also includes data from 100 engines; however, the
recordings stop before failure, with the corresponding true RUL provided for each case. For example,
the first engine in the test set has sensor data recorded up to 112 cycles before failure. This introduces
a distributional shift between the training and testing data due to incomplete sequences. To ensure
consistent evaluation over the full operational lifetime, we restrict our analysis to the engines in the
training set, which contain full run-to-failure sequences. Our feature engineering follows Mitici et al.
(2023), employing a sliding window of size 30 to extract time-series sensor features. This results in a
feature space of dimension dim(X) = 30 x 14 = 420. A sliding-window approach with unit stride is used
to generate multiple training instances per engine.

We evaluate four framework variants: ETO-C, ETO-C, IEO-C, and IEO-Q. Here, ETO and IEO
refer to different frameworks, while C and @ denote the combined CSO and quantile policy, respectively.
To focus on the structural differences between frameworks, we use a simple neural network architecture
with two hidden layers of dimensions (400, 100), mapping the 420-dimensional input to 2 outputs to
conform to our Weibull-type representation. Each hidden layer incorporates a 10% dropout rate to
mitigate overfitting. To simulate a fine-tuning process, we first train the model using the ETO strategy
for 200 steps. The resulting model parameter is then transferred to the IEO framework for an additional
100 steps, using a reduced learning rate. For a fair comparison, the ETO framework continues training
for additional 100 steps. Table 1 lists the details of the training configuration. Other parameters are
determined as follows: H = 150,Z = {0,5,...,125}. For the underlying maintenance cost function
and CSO policy, ¢, = 1,cq4 = 5,¢p = 50,c. = 200 are considered. For the quantile policy, we use
> =1,M =1000,a = 0.01.

5.2 Base case: In-sample evaluation without distributional shift

To provide a clear comparison between the ETO and IEO frameworks, we begin by designing an
ideal scenario without any distributional shift between the training and testing datasets. Specifically,
we use all 100 engines for both training and evaluation, directly assessing performance on the training
set. This case study enables us to examine whether improved predictive accuracy translates to improved
decision quality at a population level. We include only data pairs with RUL labels of 125 or less to align
with the latest maintenance window (set as 125), also to control the dataset size to manage the degree
of model misspecification. To ensure robustness, the experiments are independently repeated 100 times.
The results of these experiments are illustrated in Figure 3. Table 2 further lists the performance of
frameworks under various metrics.

First, our results demonstrate that the model fine-tuned via IEO approach significantly improves
decision quality in terms of regret. Specifically, IEO reduces the average regret by approximately 4.3%
compared to the ETO framework with the CSO policy and by 27.8% with the quantile policy. This
improvement in decision quality comes with a modest trade-off—approximately a 6% increase—in the
NLL loss, which is the learning objective of the ETO framework. More notably, the IEO-C and IEO-
@ frameworks substantially reduce variability in regret across the 100 trials. Table 2 quantifies this
variability by the standard deviation and maximum value of regret across 100 trials. The maximum
regret is reduced by 12.9% and 34.1% in IEO-C and TEO-Q, respectively.

The decision quality improvement by employing the IEO approach is particularly notable combining
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Figure 3: Performance of four frameworks under different evaluation metrics in the ideal case. Note. The
boxes are plotted with the 25% and the 75% confidence intervals. The ideal case evaluates the metrics
over the training set of 100 engines.

Table 2: Evaluation metrics of four frameworks in the ideal case by 100 experiments. Note. Evaluation
metrics are demonstrated in mean value + the standard deviation considering 100 independent experi-
ments.

Framework Regret Max Regret Failure Frequency NLL MAE

ETO-C 22.918 + 0.869 26.223 0.016 £ 0.009 3.772 £ 0.043  9.629 + 0.534
IEO-C 21.930 £ 0.326 22.850 0.013 £+ 0.003 3.995 + 0.126  9.314 + 0.205
ETO-Q 30.866 + 1.699 35.952 0.000 £ 0.000 3.772 £ 0.043  9.629 £ 0.534
IEO-Q 22.277 + 0.367 23.691 0.011 £ 0.003 4.009 + 0.051  12.183 +£ 0.642

the quantile policy. The ETO-@Q framework exhibits over conservativeness in decision-making, with
an average regret of 30.866 and zero failure occurrences. Conversely, the IEO-@Q framework achieves a
well-calibrated failure frequency, closely matching the preset risk margin of 1%, while simultaneously
outperforming the ETO frameworks in terms of regret. Additionally, we note that the MAE loss for the
IEO-C framework, i.e. 9.314, is the lowest among all methods with the smallest variability.

This case study highlights the inherent inconsistency between the NLL loss and the actual goals of
downstream tasks, such as minimizing maintenance costs and reducing failures. The IEO approach con-
sistently improves decision quality and maintains stable performance when integrated with both the CSO
and quantile policies. Notably, the value of the IEO framework becomes particularly pronounced when
the utilized decision policy is less aligned with the underlying objective in the downstream maintenance
problem.

5.3 Short-term scheduling: Out-of-sample evaluation under weak misspeci-
fication

In the second case study, we consider a more practical setting by evaluating framework performance
on out-of-sample data. Consistent with our previous setup, we focus exclusively on data pairs with RUL
labels of 125 or less. This approach allows us to control the degree of model misspecification and simulate
realistic short-term scheduling scenarios in PAM applications, as if extra information indicates the need
for maintenance. Specifically, we use data from the first 20 engines for testing and the remaining 80
engines for training. To ensure robust and reliable results, the experiments are repeated independently
100 times. Results are illustrated in Figure 4 and summarized numerically in Table 3.

The results again confirm that the IEO approach consistently reduces both the average and the
variability of regret when paired with either the CSO or quantile policies. Notably, the IEO-Q framework
demonstrates the best performance across decision-related metrics compared to all other alternatives,
including IEO- C; albeit with a larger trade-off in terms of NLL and MAE losses. Similar to the first case
study, IEO-C achieves the lowest MAE loss overall, though it slightly increases the failure frequency
from 0.02 to 0.023 relative to ETO-C. The risk calibration of the IEO-@Q framework is somewhat affected
by the distributional shift between training and testing datasets, yet it still maintains the highest level of
safety in decision-making, second only to the over-conservative ETO-@Q framework. Overall, consistent
with earlier findings, the IEO-Q framework delivers competitive decision-making performance compared
to the IEO-C framework when the underlying maintenance objective is not explicitly conveyed to the
quantile policy.
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Figure 4: Performance of four frameworks under different evaluation metrics in the short-term scheduling
case by 100 experiments. Note. The boxes are plotted with the 25% and the 75% confidence intervals.
The short-term scheduling case evaluates the metrics over 20 testing engines.

Table 3: Evaluation metrics of four frameworks in the short-term scheduling case. Note. Evaluation
metrics are demonstrated in mean value + the standard deviation considering 100 independent experi-
ments.

Framework Regret Max Regret Failure Frequency NLL MAE

ETO-C 24.026 + 1.322 27.812 0.020 £ 0.011 3.835 £ 0.055  9.996 + 0.649
IEO-C 22.951 + 0.567 24.515 0.023 £+ 0.006 3.977 £ 0.124  9.441 + 0.252
ETO-Q 31.485 + 2.197 38.226 0.000 £ 0.001 3.835 £ 0.055  9.996 + 0.649
IEO-Q 22.730 £ 0.549 24.255 0.017 £ 0.005 4.012 + 0.067  12.186 + 0.831

5.4 Long-term scheduling: Out-of-sample evaluation under strong misspec-
ification

Finally, we examine a long-term scheduling scenario in which all available data pairs are included,
rather than limiting our analysis to cases with an RUL of 125 or less. This setting better captures
realistic conditions where the decision-maker lacks precise information about equipment health and must
therefore proactively schedule maintenance early in the equipment’s life. Consequently, maintenance
decisions taken later (e.g., after 125 cycles) may be interpreted as proxies for health indicators. To
model this scenario, we simulate a two-phase degradation process by manually capping all RUL values
greater than 125 at 125, aligning them with the defined latest maintenance window. This adjustment
introduces a more complex data distribution, significantly exacerbating model misspecification, as our
predictive models are not explicitly designed to capture a two-stage degradation process. As in previous
scenarios, we use the first 20 engines for testing and the remaining ones for training, repeating the
experiment independently 100 times. The results are illustrated in Figure 5 and summarized in Table 4.

Under stronger model misspecification, all frameworks exhibit reduced performance across all metrics
compared to their short-term counterparts. However, the decision quality improvements resulting from
the TEO fine-tuning become more prominent. Numerically, the IEO framework reduces average regret
by 6.56% when using the CSO policy and by 21.92% with the quantile policy. Consistent with previous
findings, the IEO-C and IEO-@Q frameworks deliver comparable decision-making performance. Specif-
ically, IEO-C maintains the lowest MAE loss overall, whereas IEO-@Q provides the safest decisions in
terms of failure frequency, except for the over-conservative and unstable ETO-(@ framework. The insta-
bility of ETO-Q, reflected in its significantly high variability in regret, stems from unreliable predictive
distributions caused by strong model misspecification. In contrast, the IEO approach effectively corrects
suboptimal decisions produced by the quantile policy by explicitly incorporating decision-oriented losses
into model training, though at the cost of substantially increased NLL and MAE losses.

6 Concluding Remarks

This paper investigates the consistency of machine learning-based predictive maintenance approaches
under limited data and model misspecification. We highlight that intuitive ETO approaches inherently
lead to suboptimal maintenance decisions due to estimation errors, and propose an IEO framework that
maintains consistency in decision-making. We establish the consistency of our IEO method through
non-asymptotic probabilistic guarantees. Technically, our proposed framework fine-tunes existing pre-

16



I ETO e

(a) Regret (b) Failure Frequency (c) NLL (d) MAE
40 0.06 .
44 2
35 0.04 192
15
30 ; 0.02 4.0 ;; ;
. % 0.00 - o8 10
el TQ el TQ e TQ ¢ Q

Figure 5: Performance of four frameworks under different evaluation metrics in the long-term scheduling
case by 100 experiments. Note. The boxes are plotted with the 25% and the 75% confidence intervals.
The long-term scheduling case evaluates the metrics over 20 testing engines.

Table 4: Evaluation metrics of four frameworks in the long-term scheduling case. Note. Evaluation met-
rics are demonstrated in mean value £ the standard deviation, considering 100 independent experiments.

Framework Regret Max Regret Failure Frequency NLL MAE

ETO-C 29.446 + 1.953 36.777 0.037 £+ 0.012 3.947 £ 0.106  11.474 £ 1.690
IEO-C 27.515 £+ 0.989 31.111 0.028 + 0.008 4.138 + 0.157 11.112 4+ 0.921
ETO-Q 35.556 + 3.915 51.113 0.001 £ 0.002 3.947 £ 0.106  11.474 + 1.690
IEO-Q 27.759 + 0.935 30.758 0.025 £ 0.008 4.297 4+ 0.138 16.745 £ 2.374

dictive models, and we introduce a stochastic perturbation gradient descent algorithm to manage the
non-differentiability challenges associated with discrete optimization problems. Extensive experiments
conducted on aero-engine datasets demonstrate the robustness and consistency of the IEO framework
under varying degrees of model misspecification. These experiments provide empirical evidence that the
proposed TEO approach consistently outperforms the ETO framework in terms of decision quality, par-
ticularly as model misspecification intensifies, with only modest trade-offs in predictive accuracy. These
findings align closely with recent theoretical advances in data-driven optimization (Elmachtoub et al.,
2023, 2025).

Despite its advantages, the IEO framework inevitably incurs increased computational complexity
compared to ETO methods, primarily because it requires iterative solving of multiple optimization in-
stances. To mitigate this computational burden, we employ a stochastic perturbation algorithm combined
with low-dimensional uncertainty representations. Nevertheless, future research could explore alterna-
tive end-to-end learning techniques tailored to complex optimization scenarios. Additionally, applying
the IEO framework to more complex maintenance problems, such as joint ordering-and-replacing, multi-
component maintenance under resource constraints, and decision-dependent maintenance, represents
important directions for further studies. Finally, advancing theoretical insights specifically tailored to
small-data contexts and dependent data would significantly enhance the practical applicability of the
IEO approach, addressing a notable gap in current literature that primarily focuses on asymptotic and
independent scenarios.
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A Proofs of Theorem and Lemma

Definition 4 (Natarajan Dimension). Consider G : X — Z a set of functions that maps contextual
information x € X to a feasible decision z € Z. G shatters a set X' C X if there exists two functions
91,92 € G such that:

1. Vz e X/, g1(x) # go(z).
2. VX" C X',3g € G, such that Vo € X", g(x) = g1(x), and Vx € X\X", g(z) = g2(x).
The Natarajan dimension of G is the mazximal cardinality of a set X' that can be shattered by G.

Proof. Proof of Theorem 1. Following the notation in Section 3, we denote the unified policy class as G.
Define the empirical Rademacher complexity of class G given dataset D as

1 n
—E, | s i i)y Yi
o | e

Rp(G)

where ¢ is the n-dimensional independent Rademacher random variable and ¢ the optimization objective
function. Next, denote the growth function of model class G as

Hg(?’l) £ ( max €X|{(gw($1)7' .- >gw(xn))7gw € g} |7

L1yeeny In)

which indicates the maximum number of unique n-dimensional decision vectors that can be induced by
class G. By the multiclass generalization of Sauer’s lemma (Haussler and Long, 1995, Corollary 5), if
n > d and K > 2, then

w35 (0) (437 = (20« ()

where d denotes the Natarajan dimension of class G that is irrelevant to data size n.
Further, we denote the set of all decision vectors that can be induced by G and a fixed dataset D as

Zp £ {(gw(zl)a cee agw(xn))vgw € g} s

which has an upper bound |Zp| < IIg(n) for every D ~ P™ by definition. Therefore,

Rp(9) = %Ea [Sup ZaiC(gw(xi)yyz—)]

9. €9 5
n

1
= —E, sup Z oic(zi, yi)
n (21,~~

L Zn)EZD i—1

\/2log | Z
Sclx/ﬁi(f‘ il

2log | Z
_ 0y 210820l
n

“c \/4d log K + 2dlog(en/d) (A.1)
n

The first inequality is by the Massart’s lemma (Mohri et al., 2018, Theorem 3.7), the boundedness of ¢,
and the invariance of y; given dataset D. The second inequality is by the Sauer’s lemma.

An alternative exists to drop the requirement for d < n. Instead of using the Sauer’s lemma to bound
IIg(n), one can consider the classic Natarajan lemma (Shalev-Shwartz and Ben-David, 2014, lemma
29.4), which states that

Hg (’I’L) < ndKQd,

%) /210gn|ZD| SCl\/éldlogK;:2d10gn

is valid no matter the relationship between d and n. This bound is adopted by El Balghiti et al. (2023).

therefore
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Still consider the case where d < n. Now the empirical Rademacher complexity Rp(G) has an data-

irrelevant upper bound by (A.1), we can use the same upper bound again for the Rademacher complexity
of G:

4dlog K + 2dlog(en/d)
n

Ru(G) £ Eppn[Rp(G)] < C1\/ (A.2)

For i.i.d. sample D drawn from P™, by Mohri et al. (2018, Theorem 3.3), with probability at least 1 —§,

RL((U) § RL(UJ) + 2Rn(g) + Cl

- log(1/5)
= (A.3)

Replacing the empirical Rademacher complexity in (A.3) by the upper bound in (A.2) finishes the
proof. O

Proof. Proof of Corollary 1. Denote

Werm € argmin Ry, (w)7
wEeN

w* € argmin Ry, (w).
weN

By definition EL (Werm) < EL (w*), thus the following inequality holds with probability 1:

Rp(werm) — Rp(w*) = R (Werm) — RL(werm)
+ Rp(w*) — Rp(w")
+ Ry (Werm) — R (w*)
< R (Werm) — Rr.(Werm)
+ Rp(w*) — Rp(w”) (A.4)

By Assumptions 1-2, applying Hoeffding’s inequality to Ry (w*) — Ry (w*) gives:

R 2
PR - o) 2 e {2 ).
1

Taking §/2 = exp { } further leads to:

P" {EL(W*) — Rp(w*) <y logéi/‘s)} >1-14/2, (A.5)

Applying Theorem 1 to wermy guarantees that with probability at least 1 — /2,

2] log(2/6
Ry (Werm) <Ry (werm> + Cl %
4dlog K + 2d1
+Cl\/ dlog K + 2d Og(en/d). "
n
Combining the inequalities (A.4)—(A.6) finishes the proof. -
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