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Abstract

We consider linear and semidefinite programming relaxations of
nonconvex quadratic programs given by the reformulation-linearization
technique (RLT relaxation), and the Shor relaxation combined with
the RLT relaxation (SDP-RLT relaxation). By incorporating the first-
order optimality conditions, a quadratic program can be formulated as
an optimization problem with complementarity constraints. We inves-
tigate the effect of incorporating optimality conditions on the strength
of the RLT and SDP-RLT relaxations. Under the assumption that the
original relaxations have a finite optimal value, we establish that the
RLT and SDP-RLT bounds arising from the complementarity formu-
lation agree with their counterparts. We present several classes of
instances of quadratic programs with unbounded RLT and SDP-RLT
relaxations to illustrate the different behavior of the relaxations of
the complementarity formulation. In particular, our examples reveal
that relaxations of optimality conditions may even yield misleading
information on certain families of instances.
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1 Introduction

In this paper, we consider the problem of minimizing a (possibly nonconvex)
quadratic function over a polyhedron:

ν∗ = min
x∈Rn

{q(x) : x ∈ F} , (QP)

where q : Rn → R and F ⊆ Rn are given by

q(x) = 1
2
x⊤Qx+ c⊤x, (1)

F =
{
x ∈ Rn : G⊤x ≤ g, H⊤x = h

}
. (2)

(QP) is a quadratic program defined by the parameters Q ∈ Rn×n, c ∈ Rn,
G ∈ Rn×m, H ∈ Rn×p, g ∈ Rm, and h ∈ Rp. Without loss of generality, we
assume that Q is a symmetric matrix. We denote the optimal value of (QP)
by ν∗ ∈ R ∪ {−∞} ∪ {+∞}, with the usual conventions for infeasible and
unbounded problems.

Quadratic programs play a central role in optimization due to numerous
applications (see, e.g., [12]). Unless q(x) is a convex function, (QP) is an
NP-hard problem (see, e.g., [24, 19]).

Global solution algorithms for (QP) are typically based on branch-and-
bound methods, which recursively partition the feasible region into smaller
subregions and generate upper and lower bounds on the objective function
value in each subregion (see, e.g., [17]). Lower bounds are usually given by
solving convex relaxations of (QP). Strong relaxations provide tighter lower
bounds, which can potentially improve the solution time by closing the gap
earlier.

In this paper, we consider two convex relaxations of (QP). The first one,
referred to as the RLT relaxation, is a linear programming relaxation given
by the reformulation-linearization technique (see, e.g., [25]). The RLT re-
laxation is obtained by generating implied quadratic constraints for F and
then replacing each quadratic term with a new variable. The second relax-
ation, referred to as the SDP-RLT relaxation, is a semidefinite programming
relaxation obtained by combining the RLT relaxation with the Shor relax-
ation [27], further tightening the relationship between the original variables
and the new variables representing quadratic terms.

By incorporating the first-order optimality conditions, (QP) can be for-
mulated as an optimization problem with complementarity constraints (see,
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e.g., [13]). Unless (QP) is unbounded, the two formulations are equivalent.
On the other hand, it is well-known that convex relaxations arising from
equivalent formulations may not, in general, be equivalent (see, e.g., [22,
Example 3]).

Motivated by this observation, we investigate the effect of incorporating
the first-order optimality conditions on the strength of RLT and SDP-RLT
relaxations of (QP). Our contributions are as follows:

1. If the RLT relaxation of (QP) has a finite optimal value, we show that
incorporating optimality conditions does not improve the strength of
the RLT relaxation (see Theorem 1).

2. Unless p = 0, we show that the Slater condition fails for the SDP-RLT
relaxation (see Lemma 3).

3. Using facial reduction techniques, we present an equivalent formula-
tion of the SDP-RLT relaxation as a conic optimization problem that
satisfies the Slater condition (see Proposition 1).

4. By relying on the equivalence between the two formulations, we es-
tablish necessary and sufficient optimality conditions for the original
SDP-RLT relaxation (see Proposition 2).

5. We establish that incorporating optimality conditions does not improve
the strength of the SDP-RLT relaxation if its optimal value is attained
(see Theorem 2).

6. We present several classes of instances of (QP) with unbounded RLT
and SDP-RLT relaxations to illustrate the different behavior of the
relaxations arising from the complementarity formulation. In particu-
lar, our examples reveal that the information from the relaxations of
optimality conditions should be treated with some caveat.

We briefly motivate our choice of F in the general form given by (2). RLT
and SDP-RLT relaxations are, in general, highly dependent on the particular
representation of F. For instance, if one replaces each equality constraint with
two inequality constraints, then the resulting RLT relaxation is, in general,
weaker than the original one (see, e.g., the discussion at the end of Section 6
in [22]). Furthermore, converting F into a more convenient form may increase
the dimension of the problem, which may adversely affect the computational
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cost of the relaxations. Therefore, throughout this manuscript, we will as-
sume the general form given by (2).

This paper is organized as follows. We review the literature in Section 1.1
and define our notation in Section 1.2. We present the first-order optimality
conditions and incorporate these conditions to obtain a reformulation of (QP)
as an optimization problem with complementarity constraints in Section 2.
Section 3 is devoted to the comparison of the RLT relaxations arising from
the original formulation and the complementarity formulation. We compare
the corresponding SDP-RLT relaxations in Section 4. Section 5 concludes
the paper.

1.1 Literature Review

In addition to playing a central role in guiding algorithmic methods and their
termination criteria, optimality conditions can be taken into consideration
prior to solving an optimization problem. For instance, by directly incor-
porating the first-order optimality conditions, (QP) can be reformulated as
a linear programming problem with complementarity constraints [13]. Such
reformulations can then be utilized to develop solution methods based on
mixed integer linear programming approaches (see, e.g., [16, 31, 14]).

Optimality conditions can also be employed to develop branching strate-
gies in a branch-and-bound framework. For box-constrained quadratic pro-
grams, Hansen et al. [15] propose a finite branch-and-bound algorithm by
employing first-order optimality conditions to subdivide the feasible region
(see also Audet et al. [1] for a similar method for disjoint bilinear program-
ming), and Vandenbussche and Nemhauser [29] utilize the optimality con-
ditions from [15] to generate valid inequalities for a linear programming re-
laxation and develop a finite branch-and-bound algorithm using a similar
branching rule [28]. By using semidefinite programming relaxations, Bu-
rer and Vandenbussche propose a similar finite branch-and-bound method
for box-constrained quadratic programs [8] and general quadratic programs
with bounded feasible regions [7] (see also [9] for a copositive relaxation-
based approach). In addition to the first-order optimality conditions, Burer
and Chen [6] propose semidefinite programming relaxations that incorporate
additional information from second-order optimality conditions in a branch-
and-bound framework for box-constrained quadratic programs.

In this paper, our focus is on the effect of incorporating optimality con-
ditions on the strength of convex relaxations. The relaxations considered in
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this paper are similar to those in [29, 7, 8, 6, 2, 9] that utilize optimality con-
ditions in various ways. In particular, we compare the RLT and SDP-RLT
relaxations of (QP) with their counterparts arising from the complemen-
tarity formulation obtained by adding the first-order optimality conditions.
In fact, the resulting SDP-RLT relaxation is equivalent to the doubly non-
negative relaxation considered in the branch-and-bound method of [9] (see,
e.g., [2, Proposition 9]).

In particular, our results are closely related to and build on [6], where
they establish the equivalence of the basic Shor relaxation and various other
semidefinite relaxations arising from the incorporation of first- and second-
order optimality conditions for box-constrained quadratic programs. In this
paper, we consider general quadratic programs, whereas the results of [6]
are applicable to box-constrained quadratic programs. In contrast with [6],
which considers variations of the basic Shor relaxation, we consider tighter
semidefinite programming relaxations given by combining the Shor relaxation
with the RLT relaxation of the complementarity formulation. On the other
hand, while the relaxations of [6] also incorporate additional information
from the second-order optimality conditions, our relaxations utilize only the
first-order conditions.

1.2 Notation

We use Rn, Rn
+, Rn

++, Rm×n, Sn, Sn
+, and Sn

++, to denote the n-dimensional
Euclidean space, the nonnegative orthant, the positive orthant, the set of
m× n real matrices, the space of n× n real symmetric matrices, the cone of
n× n positive semidefinite matrices, and the cone of n× n positive definite
matrices, respectively. For U ∈ Sn, we also use U ⪰ 0 and U ≻ 0 to denote
that U is positive semidefinite and positive definite, respectively. We use 0
to denote the real number zero, whereas the vector of all zeroes, as well as
the matrix of all zeroes are denoted by 0, whose dimension should always be
clear from the context. We denote matrices, vectors, and scalars by uppercase
Roman letters, lowercase Roman letters, and Greek letters, respectively, with
the exceptions of i and j used for indexing purposes and m,n, and p reserved
for dimensions. We denote subsets of Sn by calligraphic letters. For all
other objects such as sets, functions, and problem labels, we use the sans
serif font type. All inequalities on vectors or matrices are understood to
hold componentwise. We reserve I for the identity matrix, whose dimension
should be implied by the context. The transpose of U ∈ Rm×n is denoted
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by U⊤. We denote by diag(U) ∈ Rn the vector obtained from the diagonal
entries of U ∈ Rn×n. The rank of a matrix A ∈ Rm×n is denoted by rank(A).
For u ∈ Rn and U ∈ Rm×n, we use uj and Uij to denote the ith component of
u and the (i, j)-component of U , respectively. For U ∈ Rm×n and V ∈ Rm×n,
the trace inner product is denoted by

⟨U, V ⟩ = trace(U⊤V ) =
m∑
i=1

n∑
j=1

UijVij.

For a given closed convex cone K ⊆ Sn, the dual cone, denoted by K∗, is
given by

K∗ = {Y ∈ Sn : ⟨X, Y ⟩ ≥ 0, for all X ∈ K} .

We use relint(K) and int(K) to denote the relative interior and interior of K,
respectively.

Throughout this manuscript, we adopt the following conventions for the
linear algebra of empty matrices and empty vectors [3]. If U ∈ Rm×0 is
an m × 0 empty matrix, v ∈ R0 is a 0 × 1 empty vector, and V ∈ R0×n

empty matrix, then U v = 0 ∈ Rm and U V = 0 ∈ Rm×n, whereas we use the
usual linear algebra rules for the product of an empty matrix and a nonempty
matrix or vector of conforming dimensions, i.e., the product of a 0×m empty
matrix with and m× n matrix is a 0× n empty matrix. Finally, we use

U ∈ R0×0 =⇒ U−1 = U. (3)

2 Optimality Conditions and a Formulation

with Complementarity Constraints

In this section, we review the first-order optimality conditions for (QP). By
incorporating the optimality conditions, we present a formulation of (QP) as
an optimization problem with complementarity constraints.

Throughout this paper, we make the following assumption.

Assumption 1. F ̸= ∅ and rank(H) = p < n. Furthermore, there exists
x◦ ∈ F such that G⊤x◦ < g and H⊤x◦ = h.

We note that the feasibility of (QP) can be checked via linear program-
ming. Similarly, the other assumptions can easily be satisfied by a simple
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preprocessing stage. Finally, if rank(H) = p = n, then F = {x◦}, in which
case the feasible region of each of the RLT relaxation and the SDP-RLT re-
laxation consists of the unique point (x◦, x◦ (x◦)⊤) [22, Corollary 28]. There-
fore, the lower bound from each of the two relaxations already agrees with
the optimal value ν∗.

2.1 Optimality Conditions

Since the feasible region of (QP) is a nonempty polyhedron, constraint qual-
ification holds at each feasible solution. Therefore, if x ∈ Rn is a local
minimizer of (QP), then there exists (y, z) ∈ Rm×Rp such that the following
first-order (KKT) optimality conditions are satisfied:

Qx+ c+Gy +H z = 0 (4)

G⊤x ≤ g (5)

H⊤x = h (6)

y⊤(g −G⊤x) = 0 (7)

y ≥ 0. (8)

We say that x ∈ Rn is a KKT point (or critical point) of (QP) if there exists
(y, z) ∈ Rm ×Rp satisfying (4)–(8). The set of all KKT points is denoted by

Fc = {x ∈ Rn : ∃ (y, z) ∈ Rm × Rp s.t. (4)− (8) hold.} (9)

If x ∈ Rn is a KKT point of (QP), then it follows from (4), (6), and (7)
that (see also [13])

x⊤Qx+ c⊤x+ g⊤y + h⊤z = 0. (10)

2.2 Complementarity Formulation

In this section, we present a formulation of (QP) by incorporating the first-
order optimality conditions.

By adding the optimality conditions (4), (7), and (8) as well as the implied
relation (10) to (QP), we obtain the following reformulation with complemen-
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tarity constraints:

ν∗
+ = min

x∈Rn,y∈Rm,z∈Rp

1
2
x⊤Qx+ c⊤x

s.t.
G⊤x ≤ g
H⊤x = h

Qx+ c+Gy +H z = 0
y⊤(g −G⊤x) = 0

y ≥ 0
x⊤Qx+ c⊤x+ g⊤y + h⊤z = 0.

(QP+)

By using (10), it is easy to verify that

1
2
x⊤Qx+ c⊤x = 1

2

(
c⊤x− g⊤y − h⊤z

)
,

which implies that (QP+) can be formulated as a linear programming prob-
lem with complementarity constraints (see also [13]). However, we will con-
tinue to use the original objective function in (QP+), which will facilitate a
direct comparison of the relaxations arising from (QP) and (QP+).

We review several useful results about the complementarity formulation
(QP+).

Lemma 1. (i) The feasible region of (QP+) is nonempty if and only if
Fc ̸= ∅, where Fc is defined as in (9).

(ii) If (QP+) is not infeasible, then ν∗
+ > −∞ and ν∗

+ is equal to the
minimum objective function value of any KKT point of (QP).

(iii) If ν∗ > −∞, then ν∗
+ = ν∗.

Proof. (i) If (x, y, z) is (QP+)-feasible, then x ∈ Fc. The converse impli-
cation follows from (9) and the observation that (10) is implied by the
KKT conditions.

(ii) By part (i), Fc ̸= ∅. The assertion follows from [18, Lemma 3.1].

(iii) If ν∗ > −∞, then the set of optimal solutions of (QP) is nonempty [11],
which implies that Fc ̸= ∅. The assertion follows from (i) and (ii).
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3 RLT Relaxations

In this section, we consider RLT (reformulation-linearization technique) re-
laxations. First, we present the RLT relaxation of (QP) and briefly review
its optimality conditions. We then consider the RLT relaxation of the com-
plementarity formulation (QP+). We finally compare the strengths of the
two RLT relaxations under different scenarios.

3.1 RLT Relaxation and Optimality Conditions

The RLT relaxation of (QP) is a linear programming relaxation given by
a two-stage approach (see, e.g., [25]). In the first stage, one generates im-
plied quadratic constraints on F by treating linear equality and inequality
constraints in different ways. The quadratic inequality constraints are ob-
tained by the products of all pairs of linear inequality constraints. On the
other hand, the quadratic equality constraints are generated by multiplying
each linear equality constraint by each variable. We remark that all other
quadratic constraints obtained by the product of two linear equality con-
straints, or the product of a linear equality constraint and a linear inequality
constraint, are already implied by this procedure (see, e.g., [26, Remark 1],
[22]). In the second stage, all quadratic constraints are linearized by replacing
each quadratic term xixj with a new variable Xij, i = 1, . . . , n; j = 1, . . . , n.

The RLT relaxation of (QP) is therefore given by

ν∗
R = min

x∈Rn,X∈Sn

1
2
⟨Q,X⟩+ c⊤x

s.t.
G⊤x ≤ g

H⊤x = h

H⊤X = hx⊤

G⊤XG−G⊤x g⊤ − g x⊤G+ g g⊤ ≥ 0.

(R)

Note that (R) is a relaxation of (QP) since, for each x ∈ F, (x, x x⊤) is
(R)-feasible with the same objective function value, where F is given by (2).
Therefore,

ν∗
R ≤ ν∗. (11)

Let (u,w,R, S) ∈ Rm ×Rp ×Rp×n ×Sm denote the dual variables corre-
sponding to the four sets of constraints in (R), respectively. After scaling S
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by a factor of 1
2
, the dual of (R) is given by (see, e.g., [22])

max
u∈Rm,w∈Rp,R∈Rp×n,S∈Sm

−u⊤g + w⊤h− 1
2
g⊤S g

s.t.
−Gu+H w −R⊤h−GS g = c

R⊤H⊤ +H R +GS G⊤ = Q

S ≥ 0

u ≥ 0.

(RD)

Using standard linear programming duality, we arrive at the following
optimality conditions (see, e.g., [22, Lemma 18]).

Lemma 2. Let (x̂, X̂) ∈ Rn×Sn be (R)-feasible. Then, (x̂, X̂) is an optimal
solution of (R) if and only if there exists (û, ŵ, R̂, Ŝ) ∈ Rm×Rp×Rp×n×Sm

such that

−G û+H ŵ − R̂⊤h−G Ŝ g = c, (12)

R̂⊤H⊤ +H R̂ +G Ŝ G⊤ = Q, (13)

û ≥ 0, (14)

Ŝ ≥ 0, (15)

û⊤ (
g −G⊤x̂

)
= 0, (16)〈

Ŝ, G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤
〉
= 0. (17)
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3.2 RLT Relaxation of the Complementarity Formula-
tion

The RLT relaxation of (QP+) is given by

ν∗
R+ = min

x∈Rn,y∈Rm,z∈Rp,
X∈Sn,Y ∈Sm,Z∈Sp,

Mxy∈Rn×m,Mxz∈Rn×p,Myz∈Rm×p

1
2
⟨Q,X⟩+ c⊤x

s.t.
G⊤x ≤ g

H⊤x = h

H⊤X = hx⊤

G⊤XG−G⊤x g⊤ − g x⊤G+ g g⊤ ≥ 0

Qx+ c+Gy +H z = 0

H⊤Mxy = h y⊤

H⊤Mxz = h z⊤

QX + c x⊤ +GM⊤
xy +HM⊤

xz = 0

QMxy + c y⊤ +GY +HM⊤
yz = 0

QMxz + c z⊤ +GMyz +H Z = 0

diag
(
y g⊤ −M⊤

xy G
)

= 0

y g⊤ −M⊤
xy G ≥ 0

y ≥ 0

Y ≥ 0

⟨Q,X⟩+ c⊤x+ g⊤y + h⊤z = 0.
(R+)

In (R+), X,Mxy,Mxz, Y,Myz, and Z are the variables corresponding to
the linearizations of the quadratic terms x x⊤, x y⊤, x z⊤, y y⊤, y z⊤, and
z z⊤, respectively. The first four constraints are given by the RLT procedure
applied to the constraints from the original formulation. The sixth and sev-
enth constraints are obtained by multiplying the second constraint of (QP+)
by y⊤ and z⊤, respectively, and the eighth, ninth, and tenth constraints are
obtained by multiplying the third constraint of (QP+) by x⊤, y⊤, and z⊤,
respectively. The eleventh constraint is given by the linearization of the
fourth constraint of (QP+). We obtain the twelfth constraint by linearizing
the product of G⊤x ≤ g and y ≥ 0, and the fourteenth constraint by lin-
earizing the product of y ≥ 0 with itself. Finally, the last constraint is the
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linearization of the last quadratic equality in (QP+).

3.3 Comparison of Two RLT Relaxations: Finite RLT
Bound

In this section, under the assumption that ν∗
R is finite, we compare the

strength of the RLT relaxations (R) and (R+) obtained from the original
formulation (QP) and the complementarity formulation (QP+), respectively.

Theorem 1. Suppose that ν∗
R > −∞. Then, the RLT relaxations (R) and

(R+) are equivalent, i.e., ν∗
R = ν∗

R+.

Proof. Clearly, ν∗
R ≤ ν∗

R+ since (R+) has additional constraints.

To establish the reverse inequality, suppose that ν∗
R > −∞. Let (x̂, X̂) ∈

Rn × Sn denote an optimal solution of (R). We will construct

(ŷ, ẑ, Ŷ , Ẑ, M̂xy, M̂xz,Myz) ∈ Rm × Rp × Sm × Sp × Rn×m × Rn×p × Rm×p

such that (x̂, ŷ, ẑ, X̂, Ŷ , Ẑ, M̂xy, M̂xz, M̂yz) is (R+)-feasible.

By the optimality conditions for (R), there exists (û, ŵ, R̂, Ŝ) ∈ Rm ×
Rp × Rp×n × Sm such that (12)–(17) hold.

By (12) and (13), we obtain

Q x̂+ c+G
(
Ŝ (g −G⊤x̂) + û

)
+H

(
−R̂ x̂− ŵ

)
= 0. (18)

In view of the fifth constraint of (R+), we define

ŷ = Ŝ (g −G⊤x̂) + û, (19)

ẑ = −R̂ x̂− ŵ. (20)

We define each of the remaining lifted variables by using the correspond-
ing rank-one matrix, except that we replace x̂ x̂⊤ by X̂:

Ŷ = Ŝ
(
G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤

)
Ŝ

+ Ŝ
(
g −G⊤x̂

)
û⊤ + û

(
g −G⊤x̂

)⊤
Ŝ + û û⊤, (21)

Ẑ = R̂ X̂R̂⊤ + R̂ x̂ ŵ⊤ + ŵ x̂⊤R̂⊤ + ŵ ŵ⊤, (22)

M̂xy = x̂ g⊤Ŝ − X̂ G Ŝ + x̂ û⊤, (23)

M̂xz = −X̂ R̂⊤ − x̂ ŵ⊤, (24)

M̂yz = −Ŝ g x̂⊤R̂⊤ − Ŝ g ŵ⊤ + Ŝ G⊤X̂R̂⊤ + Ŝ G⊤x̂ ŵ⊤ − û x̂⊤R̂⊤ − û ŵ⊤.
(25)
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We claim that (x̂, ŷ, ẑ, X̂, Ŷ , Ẑ, M̂xy, M̂xz, M̂yz) is (R+)-feasible. The first

four constraints of (R+) are satisfied since (x̂, X̂) is (R)-feasible, and the fifth
constraint holds by (18), (19), and (20).

Let us first consider the sixth and seventh constraints:

H⊤M̂xy
(23)
= h g⊤Ŝ − h x̂⊤G Ŝ + h û⊤ (19)

= h ŷ⊤,

H⊤M̂xz
(24)
= −h x̂⊤R̂⊤ − h ŵ⊤ (20)

= h ẑ⊤,

where we used H⊤x̂ = h and H⊤X̂ = h x̂⊤.
Considering the eighth constraint, we have

QX̂
(13)
= R̂⊤h x̂⊤ +HR̂ X̂ +G Ŝ G⊤X̂,

c x̂⊤ (12)
= −G û x̂⊤ +H ŵ x̂⊤ − R̂⊤h x̂⊤ −G Ŝ g x̂⊤,

G M̂⊤
xy

(23)
= G Ŝ g x̂⊤ −G Ŝ G⊤X̂ +G û x̂⊤,

HM̂⊤
xz

(24)
= −HR̂ X̂ −H ŵ x̂⊤,

where we used H⊤X̂ = h x̂⊤ in the first line. Therefore, QX̂+c x̂⊤+GM̂⊤
xy+

H M̂⊤
xz = 0.

Next, we focus on the ninth constraint:

QM̂xy
(13),(23)
= R̂⊤h g⊤Ŝ − R̂⊤h x̂⊤G Ŝ + R̂⊤h û⊤ +HR̂ x̂ g⊤Ŝ −HR̂ X̂G Ŝ

+ HR̂ x̂ û⊤ +G Ŝ G⊤x̂ g⊤Ŝ −G Ŝ G⊤X̂G Ŝ +G Ŝ G⊤x̂ û⊤,

c ŷ⊤
(12),(19)
= −G û g⊤Ŝ +G û x̂⊤G Ŝ −G û û⊤ +H ŵ g⊤Ŝ −H ŵ x̂⊤G Ŝ

+H ŵ û⊤ − R̂⊤h g⊤Ŝ + R̂⊤h x̂⊤G Ŝ − R̂⊤h û⊤ −G Ŝ g g⊤Ŝ

+G Ŝ g x̂⊤G Ŝ −G Ŝ g û⊤,

G Ŷ
(21)
= G Ŝ G⊤X̂ G Ŝ −G Ŝ G⊤x̂ g⊤Ŝ −G Ŝ g x̂⊤G Ŝ +G Ŝ g g⊤Ŝ

+ G Ŝ g û⊤ −G Ŝ G⊤x̂ û⊤ +G û g⊤Ŝ −G û x̂⊤G Ŝ +G û û⊤,

HM̂⊤
yz

(25)
= −HR̂ x̂ g⊤Ŝ −H ŵ g⊤Ŝ +HR̂ X̂ G Ŝ

+H ŵ x̂⊤G Ŝ −HR̂ x̂ û⊤ −H ŵ û⊤,

where we used H⊤x̂ = h and H⊤X̂ = h x̂⊤ in the first equality. It follows
that QM̂xy + c ŷ⊤ +G Ŷ +HM̂⊤

yz = 0.
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Considering the tenth constraint, we obtain

QM̂xz
(13),(24)
= − R̂⊤h x̂⊤R̂⊤ − R̂⊤h ŵ⊤ −HR̂ X̂R̂⊤ −HR̂ x̂ ŵ⊤

− G Ŝ G⊤X̂R̂⊤ −G Ŝ G⊤x̂ ŵ⊤,

c ẑ⊤
(12),(20)
= G û x̂⊤R̂⊤ +G û ŵ⊤ −H ŵ x̂⊤R̂⊤ −H ŵ ŵ⊤

+ R̂⊤h x̂⊤R̂⊤ + R̂⊤h ŵ⊤ +G Ŝ g x̂⊤R̂⊤ +G Ŝ g ŵ⊤,

G M̂yz
(25)
= −G Ŝ g x̂⊤R̂⊤ −G Ŝ g ŵ⊤ +G Ŝ G⊤X̂R̂⊤ +G Ŝ G⊤x̂ ŵ⊤

− G û x̂⊤R̂⊤ −G û ŵ⊤,

HẐ
(22)
= HR̂ X̂R̂⊤ +HR̂ x̂ ŵ⊤ +H ŵ x̂⊤R̂⊤ +H ŵ ŵ⊤,

where we used H⊤x̂ = h and H⊤X̂ = h x̂⊤ in the first equality. We conclude
that QM̂xz + c ẑ⊤ +GM̂yz +HẐ = 0.

We next focus on the eleventh and twelfth constraints:

ŷ g⊤ − M̂⊤
xy G

(19),(23)
= Ŝ g g⊤ − Ŝ G⊤x̂ g⊤ + û g⊤ − Ŝ g x̂⊤G+ Ŝ G⊤X̂G− û x̂⊤G

= û
(
g −G⊤x̂

)⊤
+ Ŝ

(
G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤

)
.

By (14), the first constraint, (15), and the fourth constraint, we conclude
that ŷ g⊤ − M̂⊤

xy G ≥ 0. By (15), (16), (17), and the fourth constraint, we

obtain diag
(
ŷ g⊤ − M̂⊤

xy G
)
= 0.

Next, it follows from (19), (21), (14), the first constraint, (15), and the
fourth constraint that ŷ ≥ 0 and Ŷ ≥ 0. Finally, considering the last
constraint, we arrive at

⟨Q, X̂⟩ (13)
= 2h⊤R̂ x̂+

〈
Ŝ, G⊤X̂G

〉
,

c⊤x̂
(12)
= −û⊤G⊤x̂+ ŵ⊤h− h⊤R̂ x̂− g⊤Ŝ G⊤x̂,

g⊤ŷ
(19)
= g⊤Ŝ g − g⊤Ŝ G⊤x̂+ g⊤û,

h⊤ẑ
(20)
= −h⊤R̂ x̂− h⊤ŵ,

where we used H⊤X̂ = h x̂⊤ in the first equality. It follows that

⟨Q, X̂⟩+ c⊤x̂+ g⊤ŷ + h⊤ẑ = û⊤ (
g −G⊤x̂

)
+
〈
Ŝ, G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤

〉
= 0,
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where we used (16) and (17) to derive the second equality.
Therefore, (x̂, ŷ, ẑ, X̂, Ŷ , Ẑ, M̂xy, M̂xz, M̂yz) is (R+)-feasible with the same

objective function value, which implies that ν∗
R+ ≤ ν∗

R. We conclude that
ν∗
R+ = ν∗

R.

Theorem 1 establishes the equivalence of the two RLT relaxations (R)
and (R+) under the assumption that ν∗

R is finite. The following corollary
presents a sufficient condition for a finite RLT lower bound ν∗

R.

Corollary 1. If F is nonempty and bounded, then ν∗
R = ν∗

R+.

Proof. If F is nonempty and bounded, then the feasible region of (R) is
nonempty and bounded [22, Lemma 7], which implies that ν∗

R is finite. The
assertion follows from Theorem 1.

We close this section with an example that illustrates a family of instances
of (QP) with an unbounded feasible region but a finite RLT lower bound ν∗

R.

Example 1. Consider the following family of instances of (QP) with n = 2,
m = 2, and p = 0 parametrized by α ∈ R, adapted from [22, Example 4]:

Q =

[
1 1
1 1

]
, c(α) = −

[
α
α

]
, G =

[
1 −1
1 −1

]
, g =

[
2
2

]
.

The feasible region F = {x ∈ R2 : −2 ≤ x1 + x2 ≤ 2} is clearly unbounded
and the objective function is convex. It is easy to verify that the objective
function can be expressed as q(x;α) = 1

2
(x1 + x2 − α)2− 1

2
α2. Therefore, the

set of KKT points (and hence the set of minimizers), denoted by Fc(α), is
given by

Fc(α) =


{x ∈ R2 : x1 + x2 = −2} , α ∈ (−∞,−2],

{x ∈ R2 : x1 + x2 = α} , α ∈ (−2, 2),

{x ∈ R2 : x1 + x2 = 2} , α ∈ [2,∞),

which implies that the optimal value, denoted by ν∗(α), is given by

ν∗(α) =


2α + 2, α ∈ (−∞,−2],

−1
2
α2, α ∈ (−2, 2),

−2α + 2, α ∈ [2,∞).
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It is easy to verify that an optimal solution of the RLT relaxation (R), denoted
by (x̂(α), X̂(α)), is given by

(
x̂(α), X̂(α)

)
=



([
0
−2

]
,

[
0 2
2 0

])
, α ∈ (−∞,−2],([

0
0

]
,

[
0 −2
−2 0

])
, α ∈ (−2, 2),([

0
2

]
,

[
0 2
2 0

])
, α ∈ [2,∞),

which implies that the optimal value of (R), denoted by ν∗
R(α) is given by

ν∗
R(α) =


2α + 2, α ∈ (−∞,−2],
−2, α ∈ (−2, 2),
−2α + 2, α ∈ [2,∞).

Therefore, we obtain ν∗
R(α) = ν∗(α) for each α ∈ (−∞, 2] ∪ [2,∞), whereas

ν∗
R(α) < ν∗(α) for each α ∈ (−2, 2). Since ν∗

R(α) > −∞ for each α ∈ R, it
follows from Theorem 1 that ν∗

R(α) = ν∗
R+(α) for each α ∈ R. As illustrated

by this example, relaxations of the first-order optimality conditions do not
improve the RLT bound even though (QP) is a convex optimization problem.

3.4 Comparison of Two RLT Relaxations: Unbounded
Case

By Theorem 1, the RLT relaxation (R+) is equivalent to (R) whenever ν∗
R >

−∞. In this section, we consider the behavior of (R+) on instances of (QP)
that admit an unbounded RLT relaxation. We present three examples that
illustrate different scenarios.

Example 2. Consider the following family of instances of (QP) with n = 2,
m = 2, and p = 0 parametrized by α ∈ R:

Q =

[
1 0
0 1

]
, c(α) = −

[
α
α

]
, G =

[
1 −1
1 −1

]
, g =

[
2
2

]
.

The feasible region F = {x ∈ R2 : −2 ≤ x1+x2 ≤ 2} is clearly unbounded and
the objective function is strictly convex. It is easy to verify that the unique
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KKT point (and hence the unique minimizer) is given by

Fc(α) =


{[

−1 −1
]⊤}

, α ∈ (−∞,−1],{[
α α

]⊤}
, α ∈ (−1, 1),{[

1 1
]⊤}

, α ∈ [1,∞),

which implies that

ν∗(α) =


2α + 1, α ∈ (−∞,−1],

−α2, α ∈ (−1, 1),

−2α + 1, α ∈ [1,∞).

For each α ∈ R, we claim that the RLT relaxation (R) is unbounded below.
Consider the dual problem given by (RD). Since p = 0, the second constraint
implies that

Q = GS G⊤ = (S11 − 2S12 + S22)

[
1 1
1 1

]
,

where S ∈ S2. It follows that (RD) is infeasible, which implies that (R) is
unbounded below since F ̸= ∅. Therefore, ν∗

R(α) = −∞ for each α ∈ R.
Let us now consider (R+). We remark that both the objective function and

the constraints of (R+) depend on α. Our computational results illustrate
that the (x,X)-component of an optimal solution of (R+) is given by

(x∗(α), X∗(α)) =



([
−1
−1

]
,

[
1 1
1 1

])
, α ∈ (−∞,−1],([

0
0

]
,

[
−1 −1
−1 −1

])
, α ∈ (−1, 1),([

1
1

]
,

[
1 1
1 1

])
, α ∈ [1,∞),

which implies that

ν∗
R+(α) =


2α + 1, α ∈ (−∞,−1],

−1, α ∈ (−1, 1),

−2α + 1, α ∈ [1,∞).

It follows that ν∗
R+(α) = ν∗(α) for each α ∈ (−∞,−1] ∪ [1,∞), whereas

ν∗
R+(α) < ν∗(α) for each α ∈ (−1, 1).
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In Example 2, (R+) not only strengthens (R), but also fully closes the gap
for certain choices of the parameter α. On the other hand, one can still have
νR+ < ν∗, i.e., the relaxation of optimality conditions does not guarantee
exactness even if the objective function of (QP) is strictly convex.

Example 3. Consider the following family of instances of (QP) with n = 2,
m = 2, and p = 0 parametrized by α ∈ R:

Q = −
[
1 0
0 1

]
, c(α) =

[
α
α

]
, G =

[
1 −1
1 −1

]
, g =

[
2
2

]
.

Note that this family of instances is obtained by negating the objective func-
tion of the family of instances in Example 2. The objective function is strictly

concave and is unbounded along the direction d =
[
1 −1

]⊤
. Therefore,

ν∗(α) = −∞ for each α ∈ R. By (11), νR(α) = −∞ for each α ∈ R.
It is easy to verify that the set of KKT points is given by

Fc(α) =


{[

1 1
]⊤}

, α ∈ (−∞,−1),{[
−1 −1

]⊤
,
[
α α

]⊤
,
[
1 1

]⊤}
, α ∈ [−1, 1],{[

−1 −1
]⊤}

, α ∈ [1,∞),

Concerning (R+), it follows from our computational results that the (x,X)-
component of an optimal solution of (R+) is given by

(x∗(α), X∗(α)) =



([
1
1

]
,

[
1 1
1 1

])
, α ∈ (−∞, 0),([

1
1

]
,

[
1 1
1 1

])
, α = 0,([

−1
−1

]
,

[
1 1
1 1

])
, α ∈ (0,∞).

Therefore,

ν∗
R+(α) =


2α− 1, α ∈ (−∞, 0),

−1, α = 0,

−2α− 1, α ∈ (0,∞).

It follows that ν∗
R+(α) > −∞ = ν∗ for each α ∈ R. Therefore, (R+) is no

longer a valid relaxation of (QP).
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The next example illustrates another possible scenario.

Example 4. Consider the following family of instances of (QP) with n = 2,
m = 2, and p = 0:

Q = −
[
1 0
0 1

]
, c(α) =

[
−α

−1 + α

]
, G = −

[
1 0
0 1

]
, g =

[
0
0

]
.

The objective function is strictly concave and is unbounded along the direction

d =
[
1 1

]⊤
. Therefore, ν∗(α) = −∞ for each α ∈ R. By (11), ν∗

R(α) = −∞
for each α ∈ R.

It is easy to verify that the set of KKT points is empty, i.e., Fc(α) = ∅
for each α ∈ R since (4) and (8) are inconsistent. It follows that (R+) is
infeasible, i.e., ν∗

R+(α) = +∞ > −∞ = ν∗ for each α ∈ R. Once again,
(R+) is no longer a valid relaxation of (QP).

We close this section with a full comparison of the RLT relaxations (R)
and (R+).

(i) If (QP) has a finite optimal value, then (QP+) is an equivalent refor-
mulation of (QP) by Lemma 1(iii).

- If ν∗
R > −∞, then (R) and (R+) are equivalent and ν∗

R = ν∗
R+ by

Theorem 1 (see, e.g., Example 1).

- If, on the other hand, ν∗
R = −∞, then ν∗

R ≤ ν∗
R+ ≤ ν∗, and each

of the two inequalities can be strict (see, e.g., Example 2). In this
case, (R+) can potentially yield a tighter lower bound than (R).

(ii) If (QP) is unbounded below, then ν∗
R = −∞ by (11).

- If Fc = ∅, then (QP+) is infeasible by Lemma 1(i). Therefore,
(QP+) is no longer equivalent to (QP), and (R+) is not necessarily
a valid relaxation of (QP) (see, e.g., Example 4).

- If, on the other hand, Fc ̸= ∅, then ν∗
R+ > −∞ by Lemma 1(ii).

Therefore, once again, (QP+) is no longer equivalent to (QP),
and (R+) is not necessarily a valid relaxation of (QP) (see, e.g.,
Example 3).
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In Examples 3 and 4, it is easy to verify that −∞ = ν∗(α) < ν∗
+(α) =

ν∗
R+(α) for each α ∈ R. Therefore, for each family of instances, (R+) is, in
fact, an exact relaxation of (QP+). However, (QP+) is not equivalent to (QP)
in each of these examples. Therefore, some care needs to be taken before
incorporating relaxations of optimality conditions into RLT relaxations of
general quadratic programs. We refer the reader to [16] for a two-stage
approach to obtain equivalent linear complementarity formulations of (QP).

4 SDP-RLT Relaxation

In this section, we consider the SDP-RLT relaxation of (QP) given by com-
bining the Shor relaxation with the RLT relaxation. After presenting the
SDP-RLT relaxation, we show that the Slater condition fails whenever p > 0.
We then present another formulation using a facial reduction approach, for
which the Slater condition always holds. Using the equivalence between the
two formulations, we establish optimality conditions for the original SDP-
RLT relaxation. Finally, we present our main result on the effect of incorpo-
rating optimality conditions on the strength of the SDP-RLT relaxation.

The SDP-RLT relaxation of (QP) is obtained by further strengthening
the relation between the original variable x and the lifted variable X in the
RLT relaxation using an additional semidefinite constraint:

ν∗
SR = min

x∈Rn,X∈Sn

1
2
⟨Q,X⟩+ c⊤x

s.t.
G⊤x ≤ g

H⊤x = h

H⊤X = hx⊤

G⊤XG−G⊤x g⊤ − g x⊤G+ g g⊤ ≥ 0,

X − x x⊤ ⪰ 0.

(SR)

By the Schur complement property,

X − x x⊤ ⪰ 0 ⇐⇒
[
1 x⊤

x X

]
⪰ 0. (26)

Therefore, (SR) can be formulated as a semidefinite programming problem.
Similar to the RLT relaxation (R), for each x ∈ F, (x, x x⊤) is (SR)-feasible

with the same objective function value, where F is given by (2). Therefore,
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we immediately obtain
ν∗
R ≤ ν∗

SR ≤ ν∗. (27)

4.1 Slater Condition

In contrast with the RLT relaxation (R), strong duality, in general, may fail
for the SDP-RLT relaxation (SR). A sufficient condition that ensures strong
duality is the Slater condition, i.e., the existence of a strictly feasible solution.

First, we observe that the Slater condition fails for (SR) whenever p > 0.

Lemma 3. Given an instance of (QP) satisfying Assumption 1, the Slater
condition holds for the SDP-RLT relaxation (SR) if and only if p = 0.

Proof. Suppose that p > 0. For any (SR)-feasible solution (x̂, X̂) ∈ Rn×Sn,[
1 x̂⊤

x̂ X̂

] [
h⊤

−H

]
=

[
0
0

]
, (28)

where we used H⊤x̂ = h and H⊤X̂ = h x̂⊤. Therefore,〈[
h⊤

−H

] [
h⊤

−H

]⊤
,

[
1 x̂⊤

x̂ X̂

]〉
= 0,

which implies that (SR) cannot have a strictly feasible solution.
For p = 0, let x̂ = x◦, where x◦ is defined as in Assumption 1, and let

X̂ = x̂ x̂⊤ + ϵ I, where ϵ ∈ R++. Therefore,

G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤ =
(
g −G⊤x̂

) (
g −G⊤x̂

)⊤
+ ϵG⊤G.

Since
(
g −G⊤x̂

) (
g −G⊤x̂

)⊤
> 0 by Assumption 1, it follows that there

exists a sufficiently small ϵ > 0 such that both the linear inequality and
semidefinite constraints in (SR) are satisfied strictly. Therefore, the Slater
condition holds for (SR).

4.2 An Equivalent Reformulation via Facial Reduction

By Lemma 3, the Slater condition fails for the SDP-RLT relaxation (SR)
whenever p > 0. In view of this result, we present an equivalent reformulation
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of (SR) that relies on facial reduction techniques aimed at reformulating
the original problem by restricting it to the smallest face of the positive
semidefinite cone that contains the feasible region (see, e.g., [5, 4, 20, 30]).

Consider an instance of (QP) that satisfies Assumption 1. If p > 0, then
let P be a matrix whose columns form a basis for the null space ofH⊤ ∈ Rp×n,
i.e.,

H⊤P = 0, P ∈ Rn×(n−p), and rank(P ) = n− p, if p ∈ {1, . . . , n− 1}.
(29)

If, on the other hand, p = 0, we then define

P = I ∈ Sn, if p = 0, (30)

Next, let

U :=

[
1 0
x◦ P

]
∈ R(n+1)×(1+n−p), (31)

where x◦ is as defined in Assumption 1. By (29), (30), and (31), rank(U) =
n− p+ 1.

Consider the following optimization problem:

ν∗
SRR = min

x∈Rn,X∈Sn

1
2
⟨Q,X⟩+ c⊤x

s.t.
G⊤x ≤ g

G⊤XG−G⊤x g⊤ − g x⊤G+ g g⊤ ≥ 0,[
1 xT

x X

]
∈ K,

(SRR)

where

K :=
{
K ∈ Sn+1 : K = U T U⊤, T ∈ Sn−p+1

+

}
⊆ Sn+1

+ , (32)

and U is given by (31). It is well-known and easy to check that K is a face
of the cone of positive semidefinite matrices (see, e.g., [20]) and that it is a
closed convex cone [23, Corollary 18.1.1]. Furthermore, it is easy to verify
that the dual cone is given by

K∗ =
{
L ∈ Sn+1 : U⊤LU ⪰ 0

}
⊇ Sn+1

+ . (33)

We first review some useful properties of K and K∗.
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Lemma 4. Let K and K∗ be given by (32) and (33), respectively. Then,

K = Sn+1
+ , if p = 0, (34)

K =
{
K ∈ Sn+1 : U⊤K U ⪰ 0, U⊤K V = 0, V ⊤K V = 0

}
, if p > 0,

(35)

K∗ = Sn+1
+ , if p = 0, (36)

K∗ =


L ∈ Sn+1 :

L =
[
U V

] [NUU NUV

N⊤
UV NV V

] [
U V

]⊤
,

NUU ∈ Sn+1−p
+ ,

NUV ∈ R(n+1−p)×p,

NV V ∈ Sp


, if p > 0,

(37)

where V ∈ R(n+1)×p is a matrix such that
[
U V

]
∈ R(n+1)×(n+1) is invertible

and U⊤V = 0 ∈ R(n−p+1)×p. Furthermore,

relint(K) = int(K) = Sn+1
++ , if p = 0, (38)

relint(K) =
{
K ∈ Sn+1 : K = U T U⊤, T ∈ Sn−p+1

++

}
, if p > 0. (39)

Proof. The reader is referred to [21, Lemma 1] and [10].

We next establish the equivalence between (SR) and (SRR).

Proposition 1. The optimization problems (SR) and (SRR) are equivalent,
and ν∗

SR = ν∗
SRR.

Proof. First, assume that p = 0. If (x̂, X̂) ∈ Rn × Sn is (SRR)-feasible, then
(x̂, X̂) ∈ Rn × Sn is (SR)-feasible since K = Sn

+ by Lemma 4.

Conversely, if (x̂, X̂) ∈ Rn × Sn is (SR)-feasible, then[
1 x̂⊤

x̂ X̂

]
= U

(
U−1

[
1 x̂⊤

x̂ X̂

] (
U−1

)⊤)
U⊤ = U T U⊤ ∈ K,

where we used the fact that T ⪰ 0 and U ∈ R(n+1)×(n+1) is invertible by (31)
and (30). Therefore, (x̂, X̂) ∈ Rn × Sn is (SRR)-feasible.

Suppose now that p > 0. We define

V =

[
h⊤

−H

]
∈ R(n+1)×p. (40)
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Note that

U⊤V =

[
1 (x◦)⊤

0 P⊤

] [
h⊤

−H

]
=

[
0
0

]
,

where we used Assumption 1 and (29). Furthermore, for (α, a) ∈ R × Rn,
consider the following system:

[
U V

]⊤ [
α
a

]
=

1 (x◦)⊤

0 P⊤

h −H⊤

[
α
a

]
=

00
0

 . (41)

Since H ∈ Rn×p has full column rank by Assumption 1, it follows from (29)
that the columns of H form a basis for the null space of P⊤. By the second
row of (41), we have P⊤a = 0, which implies that there exists a unique vector
d ∈ Rp such that H d = a. Substituting this into the first row of (41) and
using Assumption 1, we obtain

α + (x◦)⊤a = α + (x◦)⊤H d = α + h⊤d = 0.

Finally, multiplying the third row of (41) from the left by −d⊤, using the
above identity and H d = a, we have

−α d⊤h+ d⊤H⊤a = α2 + a⊤a = 0,

which implies that the unique solution of (41) is given by (α, a) = (0,0) ∈
R×Rn. Therefore,

[
U V

]
∈ R(n+1)×(n+1) is an invertible matrix that satisfies

the assumptions of Lemma 4.
If (x̂, X̂) ∈ Rn×Sn is (SRR)-feasible, then X̂ − x̂ x̂ ⪰ 0 by (32) and (26).

Therefore, there exists a D̂ ∈ Rn×n such that X̂ = x̂ x̂⊤ + D̂ D̂⊤. By (35),

V ⊤
[
1 x̂⊤

x̂ X̂

]
V =

[
h −H⊤] [1 x̂⊤

x̂ x̂ x̂⊤ + D̂ D̂⊤

] [
h⊤

−H

]
=

(
h−H⊤x̂

) (
h−H⊤x̂

)⊤
+
(
H⊤D̂

)(
H⊤D̂

)⊤

= 0,

which implies that H⊤x̂ = h and H⊤D̂ = 0. Therefore,

H⊤X̂ = H⊤x̂ x̂⊤ +H⊤D̂ D̂⊤ = h x̂⊤,

which implies that (x̂, X̂) ∈ Rn × Sn is (SR)-feasible.
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Conversely, if (x̂, X̂) ∈ Rn × Sn is (SR)-feasible, then (x̂, X̂) ∈ Rn × Sn

is (SRR)-feasible by (26), (28), and (35).
The last assertion follows from the fact that the objective functions are

the same.

4.3 Optimality Conditions

In this section, we first present the dual problem of the equivalent formulation
(SRR). By relying on Proposition 1, we establish necessary and sufficient
optimality conditions for (SR). Finally, we deduce some useful relations
about the set of optimal solutions of (SR).

First, we consider the dual problem of the reduced SDP-RLT relaxation
(SRR). We define the dual variables (u, S) ∈ Rm × Sm corresponding to the
two sets of linear constraints in (SRR). Concerning the conic constraint, we
introduce the dual variable [

β b⊤

b B

]
∈ Sn+1,

where β ∈ R, b ∈ Rn, and B ∈ Sn. After scaling the above dual matrix
variable and S by a factor of 1

2
, we obtain the following dual problem of

(SRR):

ν∗
SRRD = max

u∈Rm,S∈Sm

β∈R,b∈Rn,B∈Sn

−u⊤g − 1
2
g⊤S g − 1

2
β

s.t.
−Gu−GS g + b = c

GS G⊤ +B = Q

S ≥ 0

u ≥ 0[
β b⊤

b B

]
∈ K∗,

(SRRD)

where K∗ is defined as in (33).
We next present the optimality conditions for the SDP-RLT formulation

(SR).
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Proposition 2. Let (x̂, X̂) ∈ Rn × Sn be (SR)-feasible. Then, (x̂, X̂) is an
optimal solution of (SR) if and only if there exists (û, Ŝ, β̂, b̂, B̂) ∈ Rm ×
Sm × R× Rn × Sn such that

−G û−G Ŝ g + b̂ = c, (42)

G Ŝ G⊤ + B̂ = Q, (43)

û ≥ 0, (44)

Ŝ ≥ 0, (45)[
β̂ b̂⊤

b̂ B̂

]
∈ K∗, (46)

û⊤ (
g −G⊤x̂

)
= 0, (47)〈

Ŝ, G⊤X̂ G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤
〉

= 0, (48)〈[
β̂ b̂⊤

b̂ B̂

]
,

[
1 x̂⊤

x̂ X̂

]〉
= 0. (49)

Furthermore, ν∗
SR = ν∗

SRR = ν∗
SRRD.

Proof. Let (x̂, X̂) be (SR)-feasible. By Proposition 1, (x̂, X̂) is (SRR)-feasible.
First, we observe that (SRR) satisfies the Slater condition. Let ϵ > 0 and

T̃ =

[
1 0
0 ϵ I

]
∈ Sn−p+1

++ .

By (31) and Lemma 4,[
1 x̃⊤

x̃ X̃

]
= U T̃ U⊤ =

[
1 (x◦)⊤

x◦ x◦ (x◦)⊤ + ϵ P P⊤

]
∈ relint(K).

Using a similar argument as in the proof of Lemma 3, there exists a suffi-
ciently small ϵ > 0 such that the linear inequality constraints of (SRR) are
strictly satisfied. Therefore, the Slater condition holds for (SRR), which im-
plies that strong duality holds and the optimal value is attained in (SRRD).
Together with Proposition 1, we obtain ν∗

SR = ν∗
SRR = ν∗

SRRD. The relations
(42)–(49) now follow from standard conic duality.

By relying on Proposition 2, we next deduce further useful conditions
between optimal solutions of (SR) and (SRRD), which will play a key role in
establishing our main result in the next section.
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Proposition 3. Let (x̂, X̂) ∈ Rn × Sn and (û, Ŝ, β̂, b̂, B̂) ∈ Rm × Sm × R×
Rn×Sn be an optimal solution of (SR) and (SRR), respectively. Then, there
exists (ẑ, Ŵ ) ∈ Rp × Rp×n such that

−b̂⊤x̂+ h⊤ẑ = β̂, (50)

B̂ x̂+ b̂+H ẑ = 0, (51)

B̂ X̂ + b̂ x̂⊤ = H Ŵ. (52)

Furthermore, 〈
B̂, X̂ − x̂ x̂⊤

〉
= 0. (53)

Proof. Let (x̂, X̂) ∈ Rn × Sn and (û, Ŝ, β̂, b̂, B̂) ∈ Rm × Sm × R × Rn × Sn

be an optimal solution of (SR) and (SRR), respectively. By Proposition 2,
the relations (42)–(49) hold. Since (x̂, X̂) is (SRR)-feasible by Proposition 1,
there exists T̂ ∈ Sn−p+1

+ such that[
1 x̂⊤

x̂ X̂

]
= U T̂ U⊤. (54)

Combining this identity with (49), we get〈[
β̂ b̂⊤

b̂ B̂

]
,

[
1 x̂⊤

x̂ X̂

]〉
=

〈[
β̂ b̂⊤

b̂ B̂

]
, U T̂ U⊤

〉
=

〈
U⊤

[
β̂ b̂⊤

b̂ B̂

]
U, T̂

〉
= 0.

(55)
By (46) and (33),

U⊤
[
β̂ b̂⊤

b̂ B̂

]
U ⪰ 0. (56)

Since T̂ ⪰ 0, it follows from (56) and (55) that

U⊤
[
β̂ b̂⊤

b̂ B̂

]
U T̂ = 0. (57)

Multiplying (57) from the right by U⊤ and using (54) and (31), we obtain[
1 (x◦)⊤

0 P⊤

] [
β̂ b̂⊤

b̂ B̂

][
1 x̂⊤

x̂ X̂

]
=

[
0 0
0 0

]
.
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Considering the (1, 1)-, (2, 1)-, and (2, 2)-blocks, we arrive at

β̂ + b̂⊤x̂+ (x◦)⊤b̂+ (x◦)⊤B x̂ = 0, (58)

P⊤
(
B̂ x̂+ b̂

)
= 0, (59)

P⊤
(
B̂ X̂ + b̂ x̂⊤

)
= 0. (60)

If p = 0, then P = I by (30), which implies that the relations (50), (51),
and (52) directly follow from (58), (59), (60), and our conventions for empty
matrices and vectors. Furthermore,〈

B̂, X̂ − x̂ x̂⊤
〉
= trace

(
B̂ X̂ − B̂ x̂ x̂⊤

)
= trace

(
−b̂ x̂⊤ + b̂ x⊤

)
= 0,

where we used (52) and (51) in the penultimate equality. This establishes
(53).

Let us now assume that p > 0. Since the columns of H form a basis for
the null space of P⊤, it follows from (59) and (60) that there exists a unique
(ẑ, Ŵ ) ∈ Rp × Rp×n such that (51) and (52) are satisfied. Substituting (51)
into (58) and using HTx◦ = h, we obtain (50).

Finally,

0
(49)
=

〈
B̂, X̂

〉
+ 2 b̂⊤x̂+ β̂

(50)
=

〈
B̂, X̂

〉
+ b̂⊤x̂+ h⊤ẑ

(51)
=

〈
B̂, X̂

〉
− x̂⊤B̂ x̂

=
〈
B̂, X̂ − x̂ x̂⊤

〉
,

which establishes (53) and completes the proof.

4.4 SDP-RLT Relaxation of the Complementarity For-
mulation

Similar to (R+), we next consider the SDP-RLT relaxation of the complemen-
tarity formulation (QP+) obtained by incorporating the first-order optimality
conditions of (QP).
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ν∗
SR+ = min

x∈Rn,y∈Rm,z∈Rp,
X∈Sn,Y ∈Sm,Z∈Sp,

Mxy∈Rn×m,Mxz∈Rn×p,Myz∈Rm×p

1
2
⟨Q,X⟩+ c⊤x

s.t.
G⊤x ≤ g

H⊤x = h

H⊤X = hx⊤

G⊤XG−G⊤x g⊤ − g x⊤G+ g g⊤ ≥ 0

Qx+ c+Gy +H z = 0

H⊤Mxy = h y⊤

H⊤Mxz = h z⊤

QX + c x⊤ +GM⊤
xy +HM⊤

xz = 0

QMxy + c y⊤ +GY +HM⊤
yz = 0

QMxz + c z⊤ +GMyz +H Z = 0

diag
(
y g⊤ −M⊤

xy G
)

= 0

y g⊤ −M⊤
xy G ≥ 0

y ≥ 0

Y ≥ 0

⟨Q,X⟩+ c⊤x+ g⊤y + h⊤z = 0 X Mxy Mxz

M⊤
xy Y Myz

M⊤
xz M⊤

yz Z

−

xy
z

xy
z

⊤

⪰ 0.

(SR+)
The next proposition, which is the counterpart of Theorem 1, establishes

our main result in this section.

Theorem 2. Suppose that ν∗
SR > −∞ and (SR) has a nonempty set of opti-

mal solutions. Then, the SDP-RLT relaxations (SR) and (SR+) are equiva-
lent, i.e., ν∗

SR = ν∗
SR+, and (SR+) has a nonempty set of optimal solutions.

Proof. Our proof is similar to that of Theorem 1.
Clearly, ν∗

SR ≤ ν∗
SR+ due to the additional constraints in (SR+).

For the reverse inequality, suppose that ν∗
SR > −∞ and let (x̂, X̂) ∈

Rn × Sn be an optimal solution of (SR). We will construct ŷ ∈ Rm, ẑ ∈
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Rp, Ŷ ∈ Sm, Ẑ ∈ Sp, M̂xy ∈ Rn×m, M̂xz ∈ Rn×p, and M̂yz ∈ Rm×p such that

(x̂, ŷ, ẑ, X̂, Ŷ , Ẑ, M̂xy, M̂xz, M̂yz) is (SR+)-feasible.

By Propositions 2 and 3, there exists (û, Ŝ, β̂, b̂, B̂, ẑ, Ŵ ) ∈ Rm × Sm ×
R× Rn × Sn × Rp × Rp×n such that (42)–(49) and (50)–(52) are satisfied.

First, assume that p > 0. By (51), we have H ẑ = −(B̂ x̂ + b̂). Since
H ∈ Rn×p has full column rank, ẑ ∈ Rp is uniquely defined by

ẑ = −(H⊤H)−1H⊤
(
B̂ x̂+ b̂

)
. (61)

If, on the other hand, p = 0, then it follows from (3) that ẑ given by (61) is
a well-defined 0× 1 empty vector. Therefore, we will continue to use (61) in
the remainder of the proof without distinguishing between the cases of p = 0
and p > 0.

Combining (51) with (43) and (42), we obtain

Q x̂+ c+G
(
Ŝ
(
g −G⊤x̂

)
+ û

)
+H ẑ = 0.

Therefore, in view of the fifth constraint of (SR+), we similarly define

ŷ = Ŝ
(
g −G⊤x̂

)
+ û, (62)

and ẑ as in (61).
Similar to the proof of Theorem 1, we define each of the remaining lifted

variables by using the corresponding rank-one matrix, except that we replace
x̂ x̂⊤ by X̂:

Ŷ = Ŝ
(
G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤

)
Ŝ

+ Ŝ
(
g −G⊤x̂

)
û⊤ + û

(
g −G⊤x̂

)⊤
Ŝ + û û⊤, (63)

Ẑ = (H⊤H)−1H⊤
(
B̂ X̂B̂⊤ + B̂ x̂ b̂⊤ + b̂ x̂⊤B̂⊤ + b̂ b̂⊤

)
H(H⊤H)−1, (64)

M̂xy = x̂ g⊤Ŝ − X̂G Ŝ + x̂ û⊤, (65)

M̂xz =− X̂B̂⊤H(H⊤H)−1 − x̂ b̂⊤H(H⊤H)−1, (66)

M̂yz =− Ŝ g x̂⊤B̂⊤H(H⊤H)−1 − Ŝ g b̂⊤H(H⊤H)−1 + Ŝ G⊤X̂B̂⊤H(H⊤H)−1

+ Ŝ G⊤x̂ b̂⊤H(H⊤H)−1 − û x̂⊤B̂⊤H(H⊤H)−1 − û b̂⊤H(H⊤H)−1.
(67)
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We claim that (x̂, ŷ, ẑ, X̂, Ŷ , Ẑ, M̂xy, M̂xz, M̂yz) is (SR+)-feasible. The
first five constraints of (SR+) are clearly satisfied.

For the sixth and seventh constraints, we have

H⊤M̂xy
(65)
= h g⊤Ŝ − h x̂⊤G Ŝ + h û⊤ (62)

= h ŷ⊤,

H⊤M̂xz
(66)
= −h x̂⊤B̂⊤H(H⊤H)−1 − h b̂⊤H(H⊤H)−1,

= −h
(
B̂ x̂+ b̂

)⊤
H(H⊤H)−1,

(51)
= h ẑ⊤,

where we used H⊤x̂ = h and H⊤X̂ = h x̂⊤.
Let us next consider the eighth constraint:

QX̂
(43)
= G Ŝ G⊤X̂ + B̂ X̂,

c x̂⊤ (42)
= −G û x̂⊤ −G Ŝ g x̂⊤ + b̂ x̂⊤,

G M̂⊤
xy

(65)
= G Ŝ g x̂⊤ −G Ŝ G⊤X̂ +G û x̂⊤,

H M̂⊤
xz

(66)
= −H(H⊤H)−1H⊤

(
B̂ X̂ + b̂ x̂⊤

)
(52)
= −B̂ X̂ − b̂ x̂⊤.

Therefore, QX̂ + c x̂⊤ +GM̂⊤
xy +H M̂⊤

xz = 0.
Next, we focus on the ninth constraint:

QM̂xy
(43),(65)
= G Ŝ G⊤x̂ g⊤Ŝ −G Ŝ G⊤X̂G Ŝ +G Ŝ G⊤x̂ û⊤

+B̂ x̂ g⊤Ŝ − B̂ X̂G Ŝ + B̂ x̂ û⊤,

c ŷ⊤
(42),(62)
= −G û g⊤Ŝ +G û x̂⊤G Ŝ −G û û⊤ −G Ŝ g g⊤Ŝ

+G Ŝ g x̂⊤G Ŝ −G Ŝ g û⊤ + b̂ g⊤Ŝ − b̂ x̂⊤G Ŝ + b̂ û⊤,

G Ŷ
(63)
= G Ŝ G⊤X̂G Ŝ −G Ŝ G⊤x̂ g⊤Ŝ −G Ŝ g x̂⊤G Ŝ +G Ŝ g g⊤Ŝ

+G Ŝ g û⊤ −G Ŝ G⊤x̂ û⊤ +G û g⊤Ŝ −G û x̂⊤G Ŝ +G û û⊤,

H M̂⊤
yz

(67)
= H(H⊤H)−1H⊤

(
−B̂ x̂ ĝ⊤Ŝ − b̂ ĝ⊤Ŝ + B̂ X̂G Ŝ + b̂ x̂⊤G Ŝ

)
−H(H⊤H)−1H⊤

(
B̂ x̂ û⊤ + b̂ û⊤

)
= H(H⊤H)−1H⊤

(
−
(
B̂ x̂+ b̂

)(
ĝ⊤Ŝ + û⊤

)
+
(
B̂ X̂ + b̂ x̂⊤

)
G Ŝ

)
(51),(52)
= −B̂ x̂ ĝ⊤Ŝ − b̂ ĝ⊤Ŝ − B̂ x̂ û⊤ − b̂ û⊤ + B̂ X̂G Ŝ + b̂ x̂⊤G Ŝ.
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It follows that QM̂xy + c ŷ⊤ +G Ŷ +H M̂⊤
yz = 0.

Considering the tenth constraint, we obtain

QM̂xz
(43),(66)
= −G Ŝ G⊤X̂B̂⊤H(H⊤H)−1 −G Ŝ G⊤x̂ b̂⊤H(H⊤H)−1

−B̂ X̂B̂⊤H(H⊤H)−1 − B̂ x̂ b̂⊤H(H⊤H)−1,

c ẑ⊤
(42),(61)
= G û x̂⊤B̂⊤H(H⊤H)−1 +G û b̂⊤H(H⊤H)−1

+G Ŝ g x̂⊤B̂⊤H(H⊤H)−1 +G Ŝ g b̂⊤H(H⊤H)−1

−b̂ x̂⊤B̂⊤H(H⊤H)−1 − b̂ b̂⊤H(H⊤H)−1,

G M̂yz
(67)
= −G Ŝ g x̂⊤B̂⊤H(H⊤H)−1 −G Ŝ g b̂⊤H(H⊤H)−1

+G Ŝ G⊤X̂B̂⊤H(H⊤H)−1 +G Ŝ G⊤x̂ b̂⊤H(H⊤H)−1

−G û x̂⊤B̂⊤H(H⊤H)−1 −G û b̂⊤H(H⊤H)−1,

H Ẑ
(64)
= H(H⊤H)−1H⊤

(
B̂ X̂B̂⊤ + B̂ x̂ b̂⊤ + b̂ x̂⊤B̂⊤ + b̂ b̂⊤

)
H(H⊤H)−1

= H(H⊤H)−1H⊤
((

B̂ X̂ + b̂ x̂⊤
)
B̂⊤ +

(
B̂ x̂+ b̂

)
b̂⊤

)
H(H⊤H)−1

(51),(52)
= B̂ X̂B̂⊤H(H⊤H)−1 + b̂ x̂⊤B̂⊤H(H⊤H)−1

+B̂ x̂ b̂⊤H(H⊤H)−1 + b̂ b̂⊤H(H⊤H)−1.

We conclude that QM̂xz + c ẑ⊤ +GM̂yz +H Ẑ = 0.
We next focus on the eleventh and twelfth constraints:

ŷ g⊤ − M̂⊤
xy G

(62),(65)
= Ŝ g g⊤ − Ŝ G⊤x̂ g⊤ + û g⊤ − Ŝ g x̂⊤G+ Ŝ G⊤X̂G− û x̂⊤G

= û
(
g −G⊤x̂

)⊤
+ Ŝ

(
G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤

)
.

Using (44), the first constraint, (45), and the fourth constraint, we conclude

that ŷ g⊤ − M̂⊤
xy G ≥ 0. By (47) and (48), we obtain diag

(
ŷ g⊤ − M̂⊤

xy G
)
=

0.
Next, it follows from (62), (63), (44), the first constraint, (45), and the

fourth constraint that ŷ ≥ 0 and Ŷ ≥ 0. Considering the fifteenth constraint,
we arrive at

⟨Q, X̂⟩ (43)
= ⟨Ŝ, G⊤X̂G⟩+ ⟨B̂, X̂⟩,

c⊤x̂
(42)
= −û⊤G⊤x̂− g⊤Ŝ G⊤x̂+ b̂⊤x̂,

g⊤ŷ
(62)
= g⊤Ŝ g − g⊤Ŝ G⊤x̂+ g⊤û,

h⊤ẑ
(61)
= −h⊤(H⊤H)−1H⊤B̂ x̂− h⊤(H⊤H)−1H⊤b̂.
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Substituting H⊤x̂ = h in the fourth line, it follows that

⟨Q, X̂⟩+ c⊤x̂+ g⊤ŷ + h⊤ẑ = û⊤ (
g −G⊤x̂

)
+
〈
Ŝ, G⊤X̂G−G⊤x̂ g⊤ − g x̂⊤G+ g g⊤

〉
+⟨B̂, X̂⟩+ b̂⊤x̂

−x̂⊤H(H⊤H)−1H⊤
(
B̂ x̂+ b̂

)
(44),(45)
= ⟨B̂, X̂⟩+ b̂⊤x̂

−x̂⊤H(H⊤H)−1H⊤
(
B̂ x̂+ b̂

)
(51)
= ⟨B̂, X̂⟩+ b̂⊤x̂− x̂⊤B̂ x̂− b̂⊤x̂

=
〈
B̂, X̂ − x̂ x̂⊤

〉
(53)
= 0.

Finally, since X̂ − x̂x̂⊤ ⪰ 0, we have X Mxy Mxz

M⊤
xy Y Myz

M⊤
xz M⊤

yz Z

−

xy
z

xy
z

⊤

= A
(
X̂ − x̂ x̂⊤

)
A⊤ ⪰ 0,

where

A =

 I
−S G⊤

−(H⊤H)−1H⊤B

 ∈ R(n+m+p)×n.

We conclude that the semidefinite constraint is satisfied.
Therefore, (x̂, ŷ, ẑ, X̂, Ŷ , Ẑ, M̂xy, M̂xz, M̂yz) is (SR+)-feasible, which im-

plies that ν∗
SR+ ≤ ν∗

SR. We conclude that ν∗
SR+ = ν∗

SR.

Corollary 2. If F is nonempty and bounded, then ν∗
SR+ = ν∗

SR.

Proof. For any x̂ ∈ F, (x̂, x̂ x̂T ) is (SR)-feasible. Since the feasible region of
(SR) is a subset of the feasible region of (R), we conclude that it is bounded by
[22, Lemma 7], which implies that it is nonempty and compact. Therefore,
ν∗
SR is finite and the set of optimal solutions is nonempty. The assertion
follows from Theorem 2.
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Theorem 2 establishes the equivalence of the SDP-RLT relaxations (SR)
and (SR+) under the assumption that the optimal value is attained in (SR).
We close this section with a brief discussion of instances of (QP) that admit
an unbounded SDP-RLT relaxation.

Let us consider the same families of instances of (QP) in Examples 1–
4. It is well-known and easy to verify that the Shor relaxation is exact
whenever the objective function is convex. Therefore, in Examples 1 and 2,
we obtain ν∗

SR+(α) = ν∗
SR(α) = ν∗(α) for each α ∈ R by Theorem 2. In

Examples 3 and 4, we have ν∗
SR(α) = ν∗(α) = −∞ by (27). On the other

hand, recall that (QP) and (QP+) are no longer equivalent in these examples.
Since the RLT relaxation (R+) is already an exact relaxation of (QP+) (see
the discussion at the end of Section 3), it follows from (27) that −∞ =
ν∗(α) < ν∗

+(α) = ν∗
R+(α) = ν∗

SR+(α) for each α ∈ R. Therefore, similar to the
RLT relaxation (R+), the SDP-RLT relaxation (SR+) is no longer a valid
relaxation of (QP). Unless a quadratic program is known to have a finite
optimal value, we conclude that relaxations of optimality conditions should
be considered with some caveat.

5 Concluding Remarks

In this paper, we considered whether the RLT and SDP-RLT relaxations of
general quadratic programs can be strengthened by incorporating optimality
conditions. We established a negative answer under the assumption that the
RLT and SDP-RLT bounds are finite.

For instances of quadratic programs with unbounded RLT or SDP-RLT
relaxations, we presented several families of examples that illustrate different
scenarios. In particular, if the quadratic program does not have a finite opti-
mal value, our examples reveal that relaxations of the optimality conditions
may even yield misleading information about the original problem.

We considered the effect of relaxations of first-order optimality conditions.
By exploiting optimality conditions for box-constrained quadratic programs,
Burer and Chen [6] propose a novel semidefinite programming relaxation
that incorporates additional information from the second-order optimality
conditions. We intend to investigate whether such a construction could be
extended to general quadratic programs and whether the resulting relaxation
remains equivalent to the original semidefinite relaxation.
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