DUAL CERTIFICATES OF PRIMAL CONE MEMBERSHIP*
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Abstract. We discuss easily verifiable cone membership certificates, that is, certificates proving relations
of the form b € K for convex cones K, that consist of vectors in the dual cone £*. In the standard theory
of duality, vectors in K* are associated with separating hyperplanes and interpreted as certificates of non-
membership in K. Complementing this, we present constructive certification schemes through which members
of the dual cone can be interpreted as primal membership certificates. Every vector in the interior of K is
assigned a full-dimensional cone of certificates, making the numerical computation of rigorous certificates
easy, provided that the dual cone has an efficiently computable logarithmically homogeneous self-concordant
barrier. Of particular interest are cones that are low-dimensional linear images of much higher dimensional
cones. In the context of optimization (as opposed to feasibility) problems, these certificates can be used
to easily compute, using a closed-form formula, exact primal feasible solutions from suitable dual feasible
solutions, with the guarantee that the closer the dual solutions are to optimality, the closer to optimality
are the computed primal solutions, too. We demonstrate that the new certification scheme is applicable to
virtually every tractable subcone of nonnegative polynomials commonly used in polynomial optimization
(such as SOS, SONC, SAGE and SDSOS polynomials, among others), facilitating the computation of rigorous
nonnegativity certificates using numerical algorithms.
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1. Introduction. Consider a closed, convex, full-dimensional, pointed cone I C R™
and a vector b € R™. If b ¢ K, then there is a hyperplane strongly separating b from K:
there exists a vector y € R™ (the normal vector of this hyperplane) satisfying

yTb<0<y'z

for every z € K\ {0} [13, Chapter 6]. This vector y can be interpreted as a non-membership
certificate, that is, a proof that b does not belong to K. By definition, y is an element of the
interior of the dual cone of IC,

K*={yeR"|VzeK:zTy>0};

this gives rise to the standard duality theory of convex (conic) programming. In this paper we
show that with the help of self-concordance theory, membership (rather than non-membership)
in the primal cone can be similarly certified by simply exhibiting suitable vectors from the
dual cone. These certificates are not unique. On the contrary, elements of the interior of K
have a full-dimensional cone of membership certificates; this facilitates their computation
using numerical methods and has important theoretical consequences.

Our first main contribution is that whenever £* is a hyperbolicity cone, membership
in I can be certified in a manner similar to the dual sums-of-squares certificates of [8] (we
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call these H-certificates in Definition 2.3), but the generalization does not go any further
(Example 2.2). Then we present a new certification scheme (termed B-certificates) that is
equally efficient for the same cones as H-certificates, but can also be applied to all cones
K as long as K* is the domain of an efficiently computable logarithmically homogeneous
self-concordant barrier function (Theorem 2.5).

We also present a unified algorithmic framework to efficiently compute these dual mem-
bership certificates. In Sections 4 and 5, we argue that short-step interior-point algorithms
relying on small neighborhoods are the natural approach to find such certificates.

Of particular interest are cones K4 that are the linear images of a “simpler” but much
higher dimensional cone K. Suppose that

(1.1) Ka % {Az |z € K},

where A € R"™*" with m < n is a matrix with linearly independent rows. On the surface,
solving an optimization problem over IC 4, or even checking whether a given vector b belongs
to K4, requires the solution of an optimization problem over I, and in order to certify
b € K4, we must present an z € K satisfying b = Az. This raises two issues: first, this
“primal” membership certificate x is n-dimensional, potentially much larger than the vector
whose membership is being certified, which may be prohibitive even when m = dim(K4)
is small. Second, if a numerical method is used to compute x, the computed certificate is
likely only an approximate certificate: ||b — Az|| is small but nonzero. If we need an exact
certificate (e.g., a rational vector x € K N Q" with b = Ax), additional post-processing is
required to “round” or project the inexact numerical certificate to an exact one, taking care
that this additional step does not result in the certificate leaving the cone K, which is a highly
non-trivial task in general, especially if A is ill-conditioned or the numerically computed
x is close to the boundary of K. For example, in the context of semidefinite programming
representations of sums-of-squares cones, this problem was studied in detail in [31, 16].

In Section 3 we demonstrate that our dual membership certificates overcome both of
these issues. First, because the cone of certificates for every vector is full-dimensional,
numerically computed certificates are automatically exact, rigorous certificates; and since
they are just elements of K%, they are not higher dimensional than the certified vector.
Second, the certification schemes come with a reconstruction formula for cones of the form
(1.1) that allows the efficient computation of a primal membership certificate « € K that by
definition satisfies b = Az exactly. (Theorem 3.2.) For most cones K that commonly arise in
conic optimization problems, the formula automatically yields rational primal certificates x
(as long as A is a rational matrix), which can also be verified efficiently in rational arithmetic.

In Section 6, we show how dual certificates can be used to compute, with a closed-form
formula, exact primal feasible solutions of conic optimization problems in standard form
from suitable dual feasible solutions, with a guarantee that the closer the dual solutions are
to optimality, the closer the computed primal feasible solutions will be to optimality. With
this formula, most short-step, path-following IPAs (including dual-only methods) can be
“retrofitted” to compute primal-dual feasible pairs with a guaranteed low duality gap with
minimal additional computational cost in each iteration.

In Section 7, we outline the application of these ideas in polynomial optimization. The
most commonly used inner approximations of the cones of nonnegative polynomials (including
sums-of-squares (SOS) polynomials, sums of nonnegative circuit (SONC) polynomials, sums
of AM-GM exponentials (aka. SAGE functions), SDSOS polynomials and others) are all
cones of the form (1.1) with an easily computable matrix A € Q™*", usually with m < n,
and a (possibly non-symmetric) cone K for which £* admits a well-known logarithmically
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homogeneous self-concordant barrier function. Therefore, the problem of rigorously certifying
the nonnegativity of a polynomial using either of these cones amounts to the exact solution of
a feasibility problem in IC4, as discussed above. When I is any of the aforementioned cones
of polynomials, the dual certificates introduced in this paper can be interpreted as easily
verifiable rigorous polynomial nonnegativity certificates that can be computed numerically
without constructing an explicit “primal” representation (such as an explicit representation
of an SOS polynomial as a sum of squared polynomials). Should such a representation be
necessary, the reconstruction formula can be used to compute an exact representation in
closed form using a numerically computed dual certificate.

Relation to prior work. The results in this paper are broad generalizations of prior
work of Davis and Papp [8] on weighted sums-of-squares (WSOS) cones, which are convex
cones instrumental in global polynomial optimization. Membership in these cones can be
cast as a (feasibility) semidefinite program (SDP) [30]; every feasible solution to this SDP
is an obvious membership certificate. However, the number of variables in this SDP is at
least an order of magnitude larger than the dimension of the cone (and in the presence of a
large number of weights, the ratio of the dimensions of these two cones can be arbitrarily
large). Instead, the certificates introduced in [8] (simply termed there as dual certificates) are
elements of the dual WSOS cone, and are thus low-dimensional, and can be more efficiently
computed using non-symmetric cone programming methods than solving the conventional
SDP. The theory presented in the present paper is a generalization of these earlier results,
and the algorithms discussed here are simultaneously more general and more efficient (owing
to their lower iteration complexity) than the algorithms presented in the earlier work.

In particular, the new certification scheme is applicable to virtually every tractable
subcone of nonnegative polynomials commonly used in polynomial optimization besides
WSOS polynomials; we outline some of these applications in Section 7.

Background: convex cones and self-concordant barriers. Central to the paper
are the notions of self-concordant barrier functions and logarithmic homogeneity. The reader
may find a comprehensive treatment of this subject in the monographs [25, 24, 34]; for easier
referencing of key results, we recall a few fundamental definitions and properties below.

DEFINITION 1.1. Let C C R™ be a convex cone with a non-empty interior C°. A function
f:C° = R is called a strongly nondegenerate, self-concordant barrier (SCB) for C if f is
strictly convex, at least three times differentiable, and has the following three properties (with
bd(C) denoting the boundary of C):

1. f(x) = o0 as x — bd(C) and

2. [D* (@)l b h]| < 2 (D*f (), h]) §

3. Denoting the gradient and Hessian of f by g and H, respectively, we have v =
sup,eco g(x)" H(z) " 1g(z) < oo.
We refer to the parameter v above as the barrier parameter of f.
We say that f is a logarithmically homogeneous self concordant barrier (LHSCB) with
barrier parameter v, or a v-LHSCB for short if, in addition to the properties above, it is
also true that for every x € C° and t > 0, f(tz) = f(x) — vin(t).

3/2

Given a positive definite, real, symmetric matrix M of order n, we denote by (-,-)as the
inner product (z,y) — 2T My; the induced norm is || - ||a7. If M = H(x) is the Hessian of an
LHSCB at x € C°, we may use the shorthands || - ||, in place of || - || () and [ - | in place of
|l - lz1(z)-1- These are commonly referred to as the primal and dual local norms associated
with the barrier function.
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Proposition 1.2 below summarizes a few properties of self-concordant barrier functions
used throughout the paper. The proofs of these statements can be found, for example, in
[34, Chapters 2-3] and [24, Chapter 5].

PROPOSITION 1.2. Suppose f : C° — R is an SCB for some convex cone C C R", and
let g(z) and H(x) denote its gradient and Hessian at x € C°. Then the following hold:
1. The gradient map g : C° — R™ is a bijection between C° and —(C*)°. That is, for
every b € (C*)° there exists a unique y, € C° that satisfies —g(yp) = b.
2. For every x,y € C°,

(1.2) —9(@)Ty > ||yl

If, in addition, f is a v-LHSCB, then the following also hold:
3. The gradient and Hessian satisfy

g(tz) =t g(x) and H(tx) =t 2H(z) for every t > 0,
and
(1.3) H(z)z = —g(z) and |lg@)|; = llzlle =/ —g(x)Tz = 1.
4. If A: R™ — R™ is an injective linear operator and A def {r e R™| A(z) € C°} is

non-empty, then x — f(A(x)) is a v-LHSCB for A.

2. Membership certificates from the dual cone. Throughout this section, we shall
use the following assumptions and notational shortcuts: we assume that C is a proper convex
cone whose dual cone K* admits a »-LHSCB f, and we denote the gradient and Hessian of
fatye (K*)° by g(y) and H(y), respectively. Finally, we define

B(y) = H(y) +9)gly)".

The membership certification schemes introduced in this section are based on the
following facts.

THEOREM 2.1. Let K be a proper cone whose dual cone K* is the domain of an SCB,
and let g and H denote the gradient and Hessian of this barrier, respectively. Then for every
y € (K*)° and z € K*,

(2.1) B(y)z € K.

If K* is the hyperbolicity cone of the hyperbolic polynomial p and f is the logarithmic barrier
—1In(p(+)), then we also have

(2.2) H(y)z € K.

Proof. Using properties of the SCBs and the Cauchy—Schwarz inequality, we have that
every y € (K*)°, z € K*, and w € K* satisfy the following chain of inequalities:

() ™0) (90)™2) > el llzlly = 1w, 2by] = W H(y)z] > —w"H(y)=.
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Rearranging the left- and right-hand sides, we get

0<w'H(y)z+ (9(y)"w) (9(v)"2) =w" (H(y) +9()g(y)") z = w" B(y)z.

Since w € K* can be chosen arbitrarily, this yields (2.1), proving our first assertion.
The second claim is Giiler’s result from [12, Thm. 6.2]. O

The assumption of hyperbolicity in the second half of Theorem 2.1 is necessary; the
relation (2.2) does not hold for every cone.

EXAMPLE 2.2 (Relation (2.2) does not hold for every cone). Consider the exponential
cone &€ defined by

et ({($1,x2,x3) € Ri X R|xg > 0,21 > :cge“/“}) ,

where cl(-) denotes (topological) closure. A well-known 3-LHSCB for £ is

fe(xy,x0,23) = —Inzy — Inxg — In(zg In(zq /22) — x3);

see, e.g., [23, Eq. (4.5)]. Now, it can be verified by direct computation that the following
vectors all belong to £°:

y= (6727_3)7 = (274a _3)7 w = (416,176)
With some more tedious arithmetic, we can also compute that

In(3)(3211 + 9041n(3)) — 4637

wiH(y)z = 9(3 + In(9))2

< —0.075,

whose negativity proves that, althoughy € € and z € £, H(y)z & £*. Therefore, K = £* does
not satisfy the relation (2.2).
For another counterexample, consider the power cone P(z/3,1/3) defined by

ef
P2/3,1/3) E {(5101,3327963) ERE x R|(afz)'/? > |$3|}-

A well-known 3-LHSCB for this cone is

1 2
Fajansm @1,w2,33) = = In ((2fe2)?* = 23) = 2 In(a) — S In(e);

see, e.g., [35]. Now, it can be verified by direct computation that the following vectors all

belong to P(°2/3,1/3) :

y=(10,1,1), z=(1,20,2), w = (355,1,50),
however,

12871 — 443620v/10 + 195500+/100
60 (1 — 10¢/10)°

wl H(y)z < —1.399,

proving that (2.2) is not satisfied.
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Also note that the matrices B(y) and H(y) are automatically invertible for every
y € (K*)°, since H(y) is positive definite. We are now ready for our key definitions.

DEFINITION 2.3 (dual membership certificates). Let b € span(K) be given. A wvector
y € (K*)° is a B-certificate of b if, using the notation of Theorem 2.1, B(y)~'b € K*. It is
an H-certificate of b if H(y)~'b € K*. If the cone and the implied type of certificate are clear
from the context, we may refer to these as dual certificates.

Theorem 2.1 justifies the terminology: if a vector b € span(K) has a B-certificate, then it
is guaranteed to be in K, and the same holds for H-certificates if * is a hyperbolicity cone.

In both cases, the certificate y is easy to verify as long as the first two derivatives of
the barrier function are easily computable (which in turn implies that membership in *
is easily verifiable): one needs to first verify y € K* and compute the matrix B or H at y;
the rest of the verification process amounts to simple linear algebra and verification of the
membership of another vector in K*. In particular, many known LHSCBs have efficiently
computable gradients and Hessians that are also rational at every rational point. In this
case, the computed rational dual membership certificates can even be rigorously verified in
rational arithmetic.

EXAMPLE 2.4. Sums-of-squares (and weighted sums-of-squares) cones are subcones of
polynomials that are non-negative over basic, closed semi-algebraic sets; they are well-known
for their instrumental role in polynomial optimization [20]. Their dual cones are spectrahedral
and thus hyperbolic, and this means that H-certificates are valid membership certificates for
sums-of-squares polynomials. In fact, H-certificates generalize the concept of “dual certificates”
introduced in the recent work [8] for cones of (weighted) sums-of-squares polynomials.

When polynomials are represented in many of the commonly used bases (e.g., the monomial
basis or the Chebyshev basis of the first or second kind), the duals of the corresponding sums-
of-squares cones admit an LHSCB of the form y — —Indet A(y) with an injective linear
map A that maps rational vectors to rational symmetric matrices. As a result, g(y) is a
rational vector and H(y) is a rational matriz for every rational vector y. This yields a simple,
independent proof of a theorem of Powers [32] on the existence of rational SOS certificates
[8], and also means that rational H-certificates of SOS polynomials with rational coefficients
can be efficiently verified in rational arithmetic [9]. We shall expound on this example in
Section 7.1.

We now show that the converse also holds: every vector in K° has a B-certificate, and if
the employed SCB is an LHSCB, then K* contains a full-dimensional subcone of vectors that
certify a given b € KC°. The fact that these cones of certificates are full-dimensional is critical,
as they allow us to compute them easily with numerical methods such those discussed in
Section 5.

THEOREM 2.5. Let b € K°, and consider its set of B- and H-certificates with respect to
an LHSCB of (K*)°:

(2.3) Bb) ¥ {y e (K*)° | Bly) b e k)
and
(2.4) H(b) Y {y e (K)° |H(y) beK}.

Additionally, let yp be the unique vector in (K*)° that satisfies —g(yp) = b. (Recall Proposi-
tion 1.2.) Then B(b) and H(b) are full-dimensional subcones of (K*)° containing yp.
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Proof. From the definitions in (2.3) and (2.4) and Proposition 1.2 it immediately follows
that both B(b) and H(b) are subsets of (K*)° and that they are cones; all we have left to
show is that they both contain every vector y in some neighborhood of y.

Recall from Eq. (1.3) that H(y) tg(y) = —y for every y € (K*)°. Thus, we have

H(y) "o =—H(y) "g(m) = v € (K*)°,

proving that y, € H(b). And because the function y — H(y) b is continuous in some
neighborhood of yy, it is immediate that y € H(b) for every y in some neighborhood of yy,
proving the second claim.

The proof of the first claim is similar, but we need to use, in addition, the Sherman—
Morrison formula and the second identity of Eq. (1.3) to compute

(2.5a) B(y)™' = (H(y) +9)aw)™) " =Hy) ' - Hl(?ﬁ_g(z(;é)}q{((y;)fg((y;)_
(2.5b) S HE) - . Jlr —yy's

after which we can see that

yo (v 9(w))

Blys)"'b = =B(w) g(w) = —H(y) "g(ws) + = Y

1.3 1% *\0
3 (1—)yb€(lC .
12

That is, y, € B(b), moreover, every y in a neighborhood of y; is also contained in B(b). 0O

We close this section by showing that a B-certificate is always an H-certificate, but not
vice versa. That is, the cone of H-certificates for a given vector is generally larger than the
cone of B-certificates (but, unlike B-certificates, they only certify membership when K* is
the hyperbolicity cone).

LEMMA 2.6. If a vector y € K* is a B-certificate for b, then y is also an H-certificate
for b. The converse, in general, does not hold.

Proof. Assume B(y)~'b € K*. From our formula (2.5) for B(y)~!, we see that

yTb

1+1/y'

H(y)"'b=B(y) b+

By assumption, the first term, B(y)~!b, belongs to K*. So does the second term, %y, since
y € K* by assumption and b € K, therefore yTb > 0. We conclude that H(y)~'b € K*, that
is, y is an H-certificate of b, as claimed.

Example 2.2 shows that the converse in general does not hold. For some cones that are
not hyperbolicity cones, H-certificates exist even for some vectors b ¢ K (that is, they are
not membership certificates in general cones), while we have seen that B-certificates only

exist for vectors in K. 0

3. A reconstruction formula for linear images of cones. We now turn our attention
to our primary motivating examples, which are surjective linear images of high-dimensional
cones. Suppose that

(3.1) Ka = {Az|z € K}, and therefore K% = {y| A%y € K*},
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the rows of A are linearly independent, and assume that C* has a non-empty interior that
is the domain of a known, easily computable LHSCB. Even if I has a known LHSCB, its
linear image K4 does not “inherit” an obvious barrier function; this is the main reason
why it is difficult to optimize over K4, and why deciding feasibility in 4 is non-trivial
even if deciding feasibility in K is easy. However, because the AT map is injective, if K% is
full-dimensional, it inherits an easily computable LHSCB from K*: if f is an LHSCB for K£*,
then

def

(3.2) fa= y— f(ATy)
is automatically an LHSCB with domain (K% )°. (Recall Proposition 1.2.) The gradient and
Hessian of f4 can be expressed in closed form.

LEMMA 3.1. Let g and H denote the gradient and Hessian of f. Then the gradient ga
and Hessian H, of the function fa defined in (3.2) can be calculated as follows
(3.3) 9a(y) = Ag(ATy)  Ha(y) = AH(ATy)A™.
In the same vein,

(3.4) Ba(y) = AB(ATy)A™.

THEOREM 3.2 (Reconstruction Theorem). Suppose b € K9, and let y € B(b) be one of
its dual membership certificates. Then the vector

(3.5) z = B(ATy) AT (AB(ATy)A") b

satisfies Az =b and x € K.
The same statement holds for H-certificates if in (3.5) we replace every instance of the
matriz B with H.

Proof. We detail the proof for B-certificates only; it can be translated to H-certificates
word-for-word by, as suggested in the statement, substituting the Hessian H in place of B
throughout the proof.

We first note that x is well-defined: B is well-defined and invertible, since y € (K% )° and
ATy € (K*)°; additionally, A is of full row-rank, which ensures that the matrix (AB(ATy)AT)
inverted in the formula is indeed invertible.

The first of our two claims, Az = b, is immediate from basic arithmetic.

To show that = € K, first note that we can apply Egs. (3.3)—(3.4) and Theorem 2.1 to
the cone K% and its LHSCB f4 to see that

Ba(y)~'b = (AB(ATy)AT)"'b € K.
Then, by definition, we have
AT(AB(ATy)AT) " € K¥,
and using Theorem 2.1 again, we obtain the desired relation

B(ATy)AT(AB(ATy)AT)"1b € K.
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This theorem gives a closed-form formula with which we can compute a suitable pre-
image of b € K4 that automatically belongs to I to make the verification of b € K4 even
simpler (as long as membership in I can be easily verified). In other words, the formula (3.5)
converts the dual certificate y into a conventional, “primal” certificate of b’s membership in
K 4. We note, however, that the relation b € K 4 is already rigorously certified by the relation
Ba(y)~'b € K%, and the computation of the primal certificate z is not necessary to produce
or verify a dual certificate. On the contrary, dual certificates allow us to optimize directly
over K 4 and verify the feasibility of the computed (near-)optimal solutions without resorting
to computing and verifying the membership of any vector in K, which is useful whenever
dim(K4) < dim (). We detail the algorithmic aspects of these questions in Section 5.

Primal reconstruction and weighted least-squares. The formula (3.5) can be inter-
preted as the optimal solution of the equality-constrained (weighted) least-squares problem

(3.6) m:gn{Hfg(ATy) — xHB(ATy)_l Az = b} ,

where y € (K*)° is a given vector. Straightforward arithmetic involving (3.3)—(3.4) (without
any reliance on Proposition 1.2) shows that if A denotes the Lagrange multipliers associated
with the equality constraints, then the optimality conditions of (3.6) yield the optimal
multipliers

N = Ba(y) " (—galy) —b)

and the optimal (primal) solution
(3.7) " = B(ATy)ATBa(y)"'b— (I - B(ATy)AT Ba(y) ' A) g(ATy).

Using (1.3), the second term simplifies to 0, after which the equation (3.7) reduces to (3.5).
The interpretation of (3.6) is fairly clear. The range of —g is the primal cone K°, in
which we wish z to belong (recall the first claim of Proposition 1.2); thus, this problem seeks
to find an x satisfying Az = b that is close (in a suitable, y-dependent norm) to a given
vector that is already in K°.
For further insight, note that the optimal value of (3.6) is

[=9(A"y) = 2| g aryy-r = 1=94() = bll s ()1 »

and analogously, for H-certificates we may replace every occurrence of B with H in the
previous calculations to obtain the optimal objective value ||—ga(y) — b||;: . We can use these
observations to paint a more geometric picture, and to derive easy-to-use sufficient conditions
for dual certification. For this, we briefly recall the notion of Dikin ellipsoids.

DEFINITION 3.3. Given a proper conver cone C C R™ whose interior is the domain of an

LHSCB, we define the local (open) ball centered at x € C° with radius r as B(x,r) def {ve

R™||lv —z||x < r}. These balls are called Dikin ellipsoids. In the same vein, for a y € (C*)°

we have the dual Dikin ellipsoid of radius r defined as B*(y,r) Lef {veR"||lv—ylly <r}.

It is well-known that Dikin ellipsoids of radius 1 stay entirely within their respective
cones [34, Chapter 2]. Applying this to 4 and K, we see that if

(3.8) min { [ =g(ATy) = 2|y e+ | Az =} = lI=ga) — bll; < 1,
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then b € 4, moreover, if IC* is a hyperbolicity cone, this is also proven by the fact that its
preimage x given by the reconstruction formula belongs to K. That is, the condition (3.8) is
a sufficient (but not necessary!) condition for a dual vector to be an H-certificate of b.

We can state this result more generally, for arbitrary convex cones instead of cones of
the form IC4. In the next section, we explore this connection between Dikin ellipsoids and H-
and B-certificates further.

4. Dikin ellipsoids and dual certificates. Throughout this section, we consider again
a general proper convex cone K, assuming only that (X*)° is the domain of a »-LHSCB. As
before, the gradient and Hessian of this barrier function are denoted by g and H, respectively.

THEOREM 4.1. Supposey € (K*)° satisfies the relation || —g(y)—bl[;, < 1 or (equivalently,
using the primal local norm) ||y — H(y)~'b|l, < 1. Then y is an H-certificate for b € K.

Proof. Identical to the last argument of the previous section. 0

The converse is not true in general, that is, the cone generated by Dikin ellipsoids may
be a proper subcone of the cone of H-certificates. We can also use Dikin ellipsoids to derive
analogous sufficient conditions for a vector to be a B-certificate:

THEOREM 4.2. Let K* be the domain of a v-LHSCB, and suppose that b € K and
y € (K*)° satisfy the relation b € B*(—g(dy),r) for some § >0 and r = Then y is
a B-certificate of b.

_1
2(r+1)

Proof. 1t suffices to prove our theorem for 6 = 1, since B(b) is a cone. We will show our
claim by arguing that in this case,

\— 14+v
1+v—yTh
is a positive scalar for which ||y - )\B(y)fley < 1, therefore y is a B-certificate for Ab.
To lighten the notation, we shall use the shorthands g, H, and B for g(y), H(y), and
B(y), respectively.
Note that
0< |ly—H "]} =y Hy+b"H 'b—2y0.

By the definition of the dual local norm and the fact that y* Hy (L3) v, we get

1 «
(4.1) y"b < ST Hy + 6 H ') = S+ [oll;)-

|~

Also by the assumption b € B*(—g(y),r) and the fact that ||gHZ =VgTH g = /v we
obtain
1blly < l=glly + 16— (=9)ll,
* -1
= lI=glly +[ly = E"8]],
<V

Therefore, (4.1) implies

(y—&-(ﬁ—i-r)Q):u—l—ﬁr—&—lrQ,

T
b<
yo= 2

N | =

*2
(v +loll,") <

N | =



DUAL MEMBERSHIP CERTIFICATES 11

and we get

1 N 1 23
1+v—yTo>1- ——rf=1- - > = >0.
Froybz 1= — o S+ sa+v2=3 "

Thus we can conclude that A is positive; indeed
32
0<A<—(1 .
<A<y 3( +v)
From this, using (2.5) and the definition of A, we also obtain

_ n-1 _ _ —1 A T
ly— B )\bHyHy HN+ o™

y
A
= H (1 + yTb> y—H 1\
14+v Y
=AMy—H],
32 1+v <1
~232(1+v) ’
completing the proof. 0

We underscore that Theorem 4.2 is only a sufficient, but not necessary, condition for a vector
to be a B-certificate.

5. Computing dual membership certificates. We now turn to the question of
efficiently deciding whether b € K° holds and computing an H- or B-certificate if it does. In
addition to assuming that (K*)° is the domain of an efficiently computable LHSCB and that
we have a known y € (K*)°, we also assume that a vector w € K° is given. (The latter is
essentially without loss of generality; e.g., we can always choose w = —g(y) € K°.) Given
such a w, the vector b — aw also belongs to K° for every sufficiently negative a.. Furthermore,
b € K holds if and only if there exists a nonnegative v such that b — aw € K. Based on this
observation, we can consider the following optimization problem and its dual:

max « min by
zZ,x Yy
(5.1) st. aw4+z=5> st. wly=1
zeK, aeR yeK”

It is clear from our assumptions that strong duality holds with attainment on both
the primal and dual side, since both problems have a Slater point. The optimal objective
function value of (5.1) is positive if and only if b € K°. However, standard duality theory
and an approximately optimal numerical solution of either problem cannot rigorously certify
this fact: a strictly feasible dual solution y can be scaled to exactly satisfy the only linear
constraint wTy = 1, and thus we can obtain a true, verifiable dual feasible solution, however,
the corresponding objective value is an upper bound on the exact optimal value, therefore,
a nonnegative dual value implies nothing. On the primal side we get a lower bound, and
so an exact primal feasible (z, &) with o > 0 would be a rigorous certificate, but numerical
methods for problems of this form (IPAs in particular) tend to yield only approximately
feasible primal solutions, meaning that only a vector close to b is certified to be in the cone.
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In contrast, any y € B(b) (or y € H(b) if £* is a hyperbolicity cone) does rigorously certify
b € K. Our goal is to compute such a dual certificate y.

The problem (5.1) is a nonsymmetric convex conic optimization problem, with the
particular difficulty that no assumptions are made about the cone K. There are only a
handful of primal-dual interior-point algorithms (IPAs) developed for this general class of
problems, which require only one LHSCB but simultaneously compute near-optimal primal
and dual solutions; see, for example, [37, 29, 27, 6]).> All of these are suitable tools for
numerically addressing the decision problem of whether b € K. However, if we also aim
to obtain dual certificates, it appears that short-step IPAs that operate within a close
neighborhood of the central path are the most appropriate methods. This is due to the
relationship between the definition of this neighborhood and the sufficient conditions we
derived for dual certificates in Theorems 4.1 and 4.2.

To make this more precise, consider for a moment a general conic optimization problem
in standard form

inf Tz sup bTy
x )
(5.2) st. Ar=0b st. ATy4+s=c
zek seK*

whose strict feasible set is
e {(z,y,s) € K° x R™ x (K*)° | Aw = b, Aly+s=c}.

In our recent paper [27], we proposed IPAs for solving (5.2) that requires only an LHSCB
for the primal cone K and operates in the neighborhood

(5.3) N,7)=A{(z,y,s) € F° [ [ls + rg(@)I; <n7},

where 1 € (0,1) is the neighborhood radius (a fixed parameter throughout the algorithm,
chosen by the user) and 7 is the central path parameter (which tends geometrically to 0 as
we approach optimality). Similar definitions appear, for example, in [24, 36, 37].

When specialized to (5.1) (keeping in mind that K* plays the role of K!), the strict
feasible region and neighborhood defined above simplify to

Fo={(z,,y) € K° xR x (K*)° | aw + z = b,w"y = 1} and
N(n,7) ={(z,0,9) € F° | ly = H(y) " (z/7)lly <n} -

Recall that in Section 4, we derived the following sufficient conditions for B- and
H-certificates, which are nearly identical to the formula defining N

ly = H(y)~ /7], <1 — y e H(b) and
lv - H@) " 0/7)], <

In these works it is assumed that the primal cone K is the domain of a tractable LHSCB, with no
assumptions on the dual cone K*. We made the opposite assumption for (5.1) to maintain consistency with
the rest of this paper. Since these methods solve the primal and dual problems simultaneously, this is only a
notational difference.
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for any 7 > 0. Therefore, if we have a strictly feasible solution (z,a,y) € F° to the
optimization problem (5.1) with (2, a,y) € N(n,7) for any 7 > 0 and n < 1, then the dual
feasible solution y is an H-certificate for b — aw. If n < 1/(2(1 + v)) holds, then y is a
B-certificate for b — aw. Together with a > 0, this certifies b € K in both cases.

In conclusion, if b € K£° and we use the IPAs proposed in [27] (or any other polynomial
IPA operating in a similar Dikin-ellipsoid based neighborhood of the central path) to solve
(5.1), we can efficiently compute a dual membership certificate.

Another desirable property of this approach is that even dual feasible solutions to (5.1)
that are far from optimal (but are near the central path) can be meaningful, interpreting «
as the distance from the boundary of the cone in the direction w, since every iterate (z, o, y)
of a feasible IPA that operates within the neighborhood defined above is a rigorously certified
bound « on the optimal value, with a dual certificate y. For instance, in the polynomial
optimization problems considered in Section 7, we can choose the constant 1 polynomial as
w and compute a sequence of rigorously certified lower bounds on a given polynomial. (We
elaborate on this application in Section 7.)

6. Near-optimal primal feasible solutions. We now turn our attention from cer-
tifying membership (and the associated optimization problem (5.1)) to general convex
optimization problems in standard conic form (5.2).

The main result of this section is that as long as we employ short-step dual or primal-dual
IPAs to solve these problems (an even broader class of algorithms than those considered in
the previous section), an ezact feasible solution x to the primal problem can be computed in
closed form from any dual feasible solution y near the central path, with a guarantee that the
closer y is to optimality, the closer the computed x is to optimality.

To see how this can be algorithmically useful, besides being of independent theoretical
interest, let us reformulate (5.2) using the notation

T € IC}

T
Ko = {50
inf ~ sup bTy

and an auxiliary variable ~y, as follows:

(6.1)
s.t. (jb> € Ke,a s.t. @) €K a

The problems (5.2) and (6.1) are almost equivalent: they have the same optimal values,
and their dual feasible regions are also clearly the same; however, (6.1) eliminates the
variables x and s, at the cost that the new primal optimization problem is now over a cone
K, a, for which we may not have an efficiently computable LHSCB even if K has one. The
dual problem also involves a new cone, K7 4. If A has many more columns than rows, then
the formulation (6.1) involves cones of much lower dimension, and may be solved more
efficiently, than the original problem (5.2).

In addition to our previous assumption that (X*)° is the domain of a known v-LHSCB
fic+, let us make the common regularity assumptions that (1) both the primal and dual

T

problems are feasible (therefore we have finite optimal values); (2) (C A) has linearly

independent rows; and (3) K7 4 has a nonempty interior. The last two assumptions ensure
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that (K} 4)° is also the domain of a known v-LHSCB (Proposition 1.2, Ttem 4.), namely

(6.2) Frer o, y)  fre(eyo — ATy).

Now, suppose that we have an algorithm that we can apply to (6.1) and compute,
using only the dual barrier fK::‘A’ the (approximately) optimal primal and dual values
of the problems (5.2) and (6.1), and a (near-)optimal dual feasible solution y for these
problems without computing any primal feasible solutions of (5.2). When A has many more
columns than rows, circumventing the iterative optimization of z in this manner can save
computational time and memory [28, 27], but many applications call for the actual primal
solution to (5.2), not just the optimal value. As we shall see, we can still apply the same
methods, and a primal feasible and (near-)optimal solution to the original problem (5.2)
can be computed in post-processing using our reconstruction formula, at little additional
cost. In fact, throughout the algorithms, primal feasible solutions that serve as easily
verifiable certificates of our progress towards optimality can be computed in each iteration
at a negligible additional cost.

Mirroring our discussion in the Introduction on feasbility certificates, one could argue
that these reconstructed feasible solutions are preferable to the numerically computed ones,
since they are theoretically guaranteed to be exact if computed (as post-processing) in exact
arithmetic. Alternatively, one may use this throughout the algorithm as a guarantee that
the numerical method did not veer too far from optimality due to numerical problems (or
more reliably detect numerical problems), without resorting to a method that runs entirely
in exact or high-precision arithmetic.

In the remainder of this section, we cover primal-dual and dual-only methods separately,
as they rely on slightly different neighborhood definitions.

6.1. Exact primal reconstruction in primal-dual IPAs. In this section, we discuss
how exact primal feasible solutions can be reconstructed from dual feasible solutions in
the context of the authors’ primal-dual path-following IPA in [27] and other methods that
operate in the neighborhood (5.3).

The arguments for this case are essentially identical to the ones used in Section 5, after
noting that (6.1) can also be equivalently written in the form of (5.1), with v playing the
role of «, the vector eg = (1,0,...,0) playing the role of w, and (0, —b) playing the role of A.
(The only difference is that ey does not necessarily belong to (K¢, 4)°, but this is irrelevant
now.)

With this change in notation, the summary of the previous section is that the application
of TPAs using the neighborhood (5.3) to the optimization problem (6.1) yields a sequence of
iterates (7y,y), each of which has the property that (1,y) certifies the relation (v, —b) € K¢ 4,
that is, it certifies the existence of an x € K satisfying Az = b and c¢'x = v without ever
computing such an z in the interim. We may compute such a primal vector x using our
reconstruction theorem (Theorem 3.2), with fi» , in place of f, (1,y) in place of y and
(v, —b) in place of b. And since these IPAs require the computation of the gradient and
the factorization of the Hessian of the barrier in each iteration, the additional computation
represented by the reconstruction formula (3.5) does not add a substantial computational
cost. The bulk of the additional cost is due to matrix-vector multiplications that are cheaper
than a single iteration of the IPA.

6.2. Exact primal reconstruction in dual IPAs. It may appear unsurprising that a
primal feasible solution z of (5.2) can be reconstructed from a suitable corresponding primal
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feasible solution of (6.1), but we emphasize that this is only made possible with a suitable
dual certificate y. To further underscore this point, and to make our results more generally
applicable, in this section we show that dual-only methods applied to (6.1) that make no
reference to the primal cone K 4 can also be “retrofitted” to compute exact primal feasible
solutions from suitable dual feasible solutions. Our approach is applicable to all short-step,
path-following, dual IPAs (or primal IPAs applied to our dual problem).

When applied to (6.1), such methods generate a sequence of dual vectors y in a neighbor-
hood of the dual central path {y. |7 > 0}, where y, is the unique minimizer of the problem

(6.3) min {7 fic: , (90, 3) = by |30 = 1, (40,9) € (K4)°}

and the neighborhood is defined in terms the local norm associated with the dual barrier.
Often, the central path parameter 7 in (6.3) is equal to or bounded from below by the scaled
duality gap u = (cTz — bTy) /v at each iteration, and, crucially, bTy, is within v7 of the
optimal objective function value — this is what guarantees linear convergence of the methods
in the objective function. See [24, Theorem 5.3.10] for a classic example. We have the
following general scheme for primal reconstruction in dual methods that follow the above
principle.

THEOREM 6.1. Assume that (1,y) € (K} 4)° (equivalently, that (y, s) is a dual feasible
solution to (5.2) for some s € K°), and let v € R be an arbitrary desired primal objective
function value. Denote the gradient and Hessian of the v-LHSCB fic« by g~ and Hix, and
let Bicx = Hie+ + gK*g%*. Then the vector

(6.4) 2y € B () AT (A B (0)AT) b,

A, = <_CA> , by = <—7b> , and v= AE (;)

satisfies Az, = b and ¢V, = . If, in addition, y is sufficiently close to the unique minimizer
yr of (6.3) and we choose v = b y+vT, then x, € K, that is, z., is a primal feasible solution
of (5.2) whose objective value is no more than vr away from optimal.

As in the rest of this paper, if KC* is hyperbolic and fic~ is the corresponding logarithmic
barrier, then every instance of By~ in (6.4) can be replaced by Hyc~.

where

Proof. The optimality conditions of (6.3) yield the following partial characterization of
Yr: the last m components of the the gradient g(-) of fi-  are

of

% KZZ’A(L?J)‘ =b/T.

Y=yr

To determine the missing zeroth component of the gradient, gy = 36—?;:) Jx: ,» we once again
rely on Eq. (1.3) from Proposition 1.2. We have

o\ (1
_ 0 _ _ -1, T
v = (b/T) (y)_ 60— 75y,

therefore, the barrier gradient satisfies

(6.5) —79(1,yr) = (bTyT;; TV) :
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Recall from the proof of Theorem 2.5 that Eq. (6.5) implies that (1,y;) is both an H- and

B-certificate of the membership of the right-hand side vector in K7 ,, certifying the existence

of a feasible solution z in (5.2) whose attained value is ¢cTx = by, + 7v. From the same

theorem, every vector y sufficiently close to y, has the same property; that is, (1,y) certifies
the existence of a primal feasible solution 2 whose objective function value is b*y + 7v.2
We may construct such a primal vector explicitly using our reconstruction theorem
(Theorem 3.2), with A, in place of A, v in place of y, and the vector b, in place of b. The
resulting formula is precisely Eq. (6.4). ]

We note that because the reconstructed . only depends on 7 through the term b, the
vector z is an affine function of « that can be computed as easily as if v was a known scalar.
(See Example 6.2 for an illustration.) Thus, we can apply Theorem 6.1 “parametrically” to
certify, using the current dual iterate (1,y) as the dual certificate, a generic primal pair
(7, —b), where v is an unknown scalar parameter.

We can then proceed in one of two ways: for some cones, such as the nonnegative orthant
and the positive semidefinite cone, it is possible to find the best certifiable v directly from
this affine expression. (For linear programming, this is simple arithmetic, for semidefinite
programming it leads to a generalized eigenvalue problem.)

If this is not possible or efficient, we may invoke the sufficient conditions found in Section
4. Comparing Eq. (6.5) to those results, we see that every vector (yo,y) in a suitable Dikin
ellipsoid centered at (1,y,) is a dual certificate of the relation (bTy,+7v, —b) € K. 4, certifying
that there exists a feasible solution z in (5.2) whose attained value is ¢tz = bTy, + Tv.
Conversely, (1,y) is a dual certificate of —g(1, y) and also of every vector in the Dikin ellipsoid
of radius 7 around this center. (Here, r = 1 for H-certificates and r = (2(v + 1))~! for
B-certificates, based on Theorems 4.1 and 4.2.) Thus, for every y sufficiently close to y,, we
have that

(6.6) (v, —b) € Z*(—g(1,9),7)

for some v. With y and the radius r fixed, the set of values « for which (6.6) holds is an
interval that can be easily computed by solving a scalar quadratic equation. (To set up
this equation, we need a factorization or the inverse of the Hessian of fi» , at y, but this is
already necessary to run the IPAs. The cost of solving this equation is therefore negligible.)
What our arguments above show is that in a (known) neighborhood of the central path, the
smallest v value in this interval is no greater than bTy, + 7v, and therefore the current dual
solution and the reconstructed primal solution will have a small duality gap.

EXAMPLE 6.2. Consider a standard form linear program and its dual, Eq. (5.2) with

Rt T (1 2 3 4 (19
et @oanin a=(0 230 e- ().

The optimal objective function value is 5.5, attained at x = (0,1.5,0,4)T. A crudely calculated
near-optimal dual solution near yo.1, the point corresponding to T = 0.1 on the central path,
18

y=(6/23,-2/29)F with bTy = 3536/667 ~ 5.30135.

)

21t is possible to make this statement and the remaining “for sufficiently close...” statements of this
section more precise and quantitative using Theorem 4.1 and Theorem 4.2, but we omit the details, as some
path-following methods may use different neighborhoods anyway.
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We can plug this dual solution (with yo = 1) and our barrier (6.2) into the reconstruction
formula with the target primal objective function value v. The resulting primal solution

candidate is

104598687 —57626369
13715262

21391355—2022605~
6857631

31571864y—173276291
13715262

—4045210y+31353325
2285877

Ty = ,

and it can be directly verified that c*x, =y and Az, = b independent of v, as desired. In
this simple example, rather than using the sufficient condition (6.6), we can directly compute
the smallest v for which ., > 0. The best attainable primal objective value thus certified is

v = 57626369/10459868 ~ 5.50928.

Note that, perhaps surprisingly, the certified primal objective is considerably closer to optimal
than the value attained by the dual feasible solution used to certify it.

7. Application to polynomial optimization. In this section, we explore the ap-
plication of H- and B-certificates in the context of certificates proving the nonnegativity
of polynomials. As it will be apparent, our tools developed in this paper can be directly
applied to all the tractable nonnegativity certificates popular in the polynomial optimization
literature.

Recall that a polynomial optimization problem (POP) is a problem of the form

(7.1) inf {p(z) | gi(z) >0 (i=1,....,m)},

where p and q1, ..., ¢, are n-variate polynomials. This, generally intractable, non-convex
optimization problem is often approached as a (convex) optimization problem over the cone
of nonnegative polynomials:

sup{a €R|p—a € Pr},

where £ is the cone of polynomials that are nonnegative over the set
(7.2) AY(zeR [ gi(z)>0(G=1,...,m)}.

The strategy then is to replace Za with a convex subcone ¥ C £ whose membership
problem is tractable, such as a (weighted) sums-of-squares (SOS) or sums of nonnegative
circuit (SONC) polynomial cone:

(7.3) sup{a R |p—a € F}.

Every feasible solution of (7.3) yields a lower bound on the optimal value of (7.1). This can
be computed as a heuristic (with no expectation that the resulting lower bound is close to
the infimum of the original problem), or as part of a scheme (theoretically supported by a
Positivstellensatz, i.e., a characterization of positive polynomials, such as [14, 33, 10, 19]),
where a sequence of increasingly good approximations in the form of nested cones

61 C 6 C ... satisfying cl(U2,%;) = Pa
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is available, leading to a sequence of lower bounds converging to the infimum of (7.1).

In the presence of strong duality, if we are only concerned about the approximate
numerical value of this lower bound, we may opt to solve the dual problem of (7.3) instead;
for example, if C is a suitable SOS cone, (7.3) is known as the SOS relazation of the POP
(7.1), and the dual of (7.3) is known as Lasserre’s moment relazation [20].

The theoretical conundrum is now similar to the issue we have encountered in the
Introduction and Section 6: every cone C that is typically used in this context to approximate
Pa, including each of those examined later in this section, is represented as a linear image
Ka of a “nice” cone K (recall Eq. (3.1)), which means that a typical numerical method
solving (7.3) will result only in an approximate certificate, rigorously proving that some
polynomial close to, but not identical to p — « is nonnegative over A [21]. On the dual side,
a near-optimal feasible solution certifiably in (C*)° can be found, but this only yields an
upper bound on the optimal value of (7.3), that is, an upper bound on a lower bound on the
optimal value of (7.1). In summary, both (7.3) and its dual may be solvable approximately
using numerical methods, but neither numerical solutions provide a theoretically satisfactory,
rigorously certified lower bound (with a nonnegativity certificate that is verifiable in rational
arithmetic) on the optimal value of (7.1). Instead, additional post-processing, in the form
of some rounding procedure, is required to turn the numerical bounds and certificates into
rigorous ones, which (in addition to being additional work) puts additional constraints on
the quality of the numerical solution. See, e.g., [31, 16, 21] for examples in the context of
SOS certification.

The dual certificates described in this paper, and the reconstruction formula (3.5) resolve
this problem in a simple, unifying framework, by allowing us to compute explicit, exact SOS,
SONC, etc. representations, that is, near-optimal (exactly) feasible solutions to (7.3), from
suitable near-optimal solutions of the dual problem for various cones %. As an additional
theoretical benefit, dual certificates provide “parsimonious” characterizations of polynomials
in C, in contrast with the usual representations of these cones as images of much higher
dimensional cones. (Although, if necessary, those representations can also be constructed in
closed form using the reconstruction formula.)

In the following subsections, we discuss these characterizations for the most commonly
used tractable subcones of nonnegative polynomials. For ease of presentation, we focus on
nonnegativity over A = R"; the extension to the general case is straightforward as long
as an appropriate Positivstellensatz is available. For instance, when A is compact, the
results of the recent work [19] cover at least one appropriate Positivstellensatz using every
technique considered in this section: SOS, SONC, DSOS, SDSOS and SAGE polynomials,
and nonnegative AG functions. Throughout, we shall represent polynomials in the monomial

. . def . .
basis, using the common shorthand z® = []!"_; 2" to represent monomials.

7.1. Sums-of-squares certificates. We return to Example 2.4 to develop some addi-
tional detail regarding H-certificates in sums-of-squares cones.

DEFINITION 7.1. An n-variate polynomial of degree 2d is sums-of-squares (SOS) if it
can be written as a sum of squares of degree-d polynomials. The set of such polynomials is
denoted by Xy, 4.

The set ¥,, 4 C RY with N = ("ZQd) is a proper convex cone with a well-known semidefinite
representation, briefly recalled for completeness in Proposition 7.2 below. We need the
following notation: SM denotes the set of real, symmetric matrices of order M, and Sf
denotes the cone of positive semidefinite matrices within S™. If A(-) is a linear map between
finite dimensional real linear spaces, A*(-) denotes its adjoint.
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PROPOSITION 7.2. Given positive integers d and n, denote by mg(x) the wvector of

monomials of degree up to d in the variables x = (z1,...,2,), let M = ("Zd) and N = (";2‘1).

A polynomial p : x — Zﬁilpaim“i is SOS if and only if
(7.4) p(x) = ma(x)" Xma(z)

identically for some X € Sf. In other words, there exists a linear map A : SM — RN such
that

PE T, 3IX St :p=AX).

The dual-SOS cone, often called the pseudo-moment cone, in turn, also has a semidefinite
representation:
y € E:;d — A*(y) € Sf.

Thus, 3, 4 is clearly of the form K4 in (3.1), with Sf playing the role of /. Note that in
general, N > M, that is, this representation characterizes the SOS cone as the linear image
of a much higher-dimensional semidefinite cone. The linear map A in Proposition 7.2 can be
easily constructed; in matrix form it is a zero-one matrix that encodes which monomials can
be obtained as a product of pairs of monomials.

Analogous statements can be formulated for polynomials represented in other bases,
such as the Chebyshev basis of the first or second kind, which helps numerical conditioning,
and also for weighted SOS polynomials nonnegative over semialgebraic sets A; this requires
no changes other than replacing A* with another suitable, easy-to-construct, linear map A
that depends on the bases and the polynomials representing A in Eq. (7.2); see, e.g., [22].

It is well-known that Sf is the hyperbolicity cone associated with the determinant
function (a hyperbolic polynomial), and as a result, the function f : X — —logdet(X)
is an M-LHSCB for this cone [12]. Consequently, 2, 4 1s also a hyperbolicity cone with
the corresponding M-LHSCB fZ:L,d :y — —logdet A(y), and H-certificates defined using
the Hessian of this function are rigorous nonnegativity certificates. Often, the operator A
corresponding to the bases and weights used to represent the cone maps rational vectors to
rational matrices. This means that numerically computed H-certificates are automatically
rational nonnegativity certificates that can be verified in polynomial time (in the bit model)
in rational arithmetic [9].

7.2. SONC certificates.

DEFINITION 7.3. We say that an n-variate polynomial p is a circuit polynomial if its
support can be written as supp(p) = {a1,...,ar, 8} C N, where the set {aq,...,q} is
affinely independent and § = Z:Zl Aicy; with some \; > 0 satisfying 22:1 Ai = 1. In other
words, (3 lies in the convex hull of the o, and the scalars A\; are the corresponding (uniquely
defined, strictly positive) barycentric coordinates of 5. The support set of a circuit polynomial
18 called a circuit.

The cone of nonnegative circuit polynomials is closely related to the notion of power
cones. The literature has conflicting notation and terminology; we shall use the following
definitions, compatible with our earlier Example 2.2:

DEFINITION 7.4. The (generalized) power cone with signature A = (A1,...,\.) is the
convez cone defined as

Px dﬁf{(v,z) ERL xR||z| <v*}.
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Its dual cone is the (generalized) dual power cone:

<1 (3)

i=1

« def

Py = {(v,z) eR} xR

It can be shown that Py and P} are proper convex cones for every signature A € (0,1)"
[4, 11]. With this notation, it is easy to characterize the subset of circuit polynomials
nonnegative on R™:

PROPOSITION 7.5 ([15, 26]). Let p be an n-variate circuit polynomial satisfying p(x) =
Yo Py x +p5x5 for some real coefficients pa, and pg, and suppose that B =I_, Ny
with some \; > 0 satisfying Y., A\; = 1. Then p is nonnegative if and only if o;; € (2N)"
and pa, > 0 for each i, and at least one of the following two alternatives holds:

1. € (2N)" and pg > 0, or
2. ((pala s 7par)7pﬁ) € ,P;

Proposition 7.5 has a simple interpretation: a circuit polynomial is nonnegative if and only
if it is either a sum of nonnegative monomials, also known as monomial squares, or if its
nonnegativity can be directly proven by applying the weighted AM/GM inequality to its
monomials, with weights .

DEFINITION 7.6. We say that a polynomial is a sum of nonnegative circuit polynomials,
or SONC for short, if it can be written as a sum of monomial squares and nonnegative
circuit polynomials. An explicit representation of a polynomial in this form is called a SONC
decomposition.

We are ready to state the key representation theorem of SONC polynomials.

PROPOSITION 7.7 ([26, Theorem 5]). FEwvery SONC polynomial p has a SONC' decompo-
sition in which every nonnegative circuit polynomial and monomial square is supported on a
subset of supp(p).

Thus, in the notation of Section 3, the cone of SONC polynomials of degree deg(p)
supported on supp(p) is a cone of the form K4 C RIswpp(®)l where the high-dimensional cone
K is the Cartesian product of dual power cones (one for each circuit supported on supp(p))
and nonnegative half-lines (one for each monomial square). The matrix A of the linear
transformation is a matrix of zeros and ones that tallies the coefficients of each monomial
from the different circuits and monomial squares they appear in.

Since the dual cone K* is the Cartesian product of a nonnegative orthant and power
cones of the form P, with different signatures A, in order to apply the techniques of Section
3, we only need an LHSCB for P,. Such barriers have already been found by a number of
authors [4, 35]. For example,

fra(v,2) = —=In(v™ = 2%) = > (1= X\;) In(v;)

i=1

is an (n 4 1)-LHSCB for this cone [35]. Note, however, that Py is not a hyperbolicity cone
for every A, and we have already shown in Example 2.2 that H-certificates do not work for,
e.g., A =(2/3,1/3). Therefore, at least for general A\, B-certificates are needed for rigorous
nonnegativity certification.
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7.3. Signomial functions and S-cones. The concept of SONC polynomials can be
straightforwardly generalized to nonnegative n-variate functions of the form

(7.5) p(z) = Z Cal|* + Z dga”

acd BeAB

with exponents & C R™ and £ C N™ \ (2N)", using |z| to denote component-wise absolute
value. The exponents in & need not be integers, so this set encapsulates not only polynomials
of z and |z|, but also signomial functions [3]. Analogously to circuit polynomials in the
SONC setting, we define “atomic” functions in this set, called AG functions, for which
nonnegativity holds if and only if it can be proven via a single application of the weighted
AM/GM inequality:

DEFINITION 7.8. Let p be a function of the form (7.5). We say that
1. p is an even AG function with support (&7, %) if at most one ¢, is negative and all
dg are zero; and
2. p is an odd AG function with support (o7, %) if all ¢, are nonnegative and at most
one dg is nonzero.
In addition, p is called an AG function with support (&7, %) if p is an even AG function
or an odd AG function with the same support. Finally, the S-cone S,y ¢ is the set of AG
functions nonnegative on R™.

Katthén, Naumann and Theobald have shown that, analogously to the SONC results,
functions in Sz g can be written as sums of AG functions with support (7, %) [17]. They
have also characterized both even and odd AG functions in terms of at most two relative
entropy cone inequalities [17, Theorem 2.8]. This representation is compatible with the
concept of dual certificates. For example, an n-variate odd AG function given by (7.5) with
support (,{8}) is nonnegative on R™ if and only if there exists a v € ]R'f such that

Z Voot = ( Z z/a)ﬁ, (d,v,ec) € Ry, and (—d,v,ec) € Ry,
acd acs

and where e = exp(1) and Ry represents the (vector) relative entropy cone

N
vi
>3y .
u—i:1v n<wz)}

A similar characterization can be given for nonnegative even AG functions. As a result,
membership in Sy  can be B-certified using any known LHSCB for the dual of the relative
entropy cone, Rj. This cone is also already well-studied, and it also has a suitable barrier
function:

(7.6) RNﬁfcl{(u,u,w)eRxRLxRL

PROPOSITION 7.9 ([5]). The dual of the cone Ry given in Eq. (7.6) is the cone

w; zu(ln (“) 1) (i = 1,...,N)}.
v;
The function

frs (0, w) 2 — im (wi —uln (;‘) + u) — Nin(u) — iln(vi)

(2

Ry < Cl{(u,v,w) € Ry x RY, xRY

is a (3N)-LHSCB for Ry .
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Once again, B-certificates are required, because (similarly to the closely related exponential
cone and its dual), relative entropy cones and their duals do not satisfy the relation (2.2).

7.4. Nonnegative bases, LP- and SOCP-representable subcones of SOS poly-
nomials. In an attempt to get around the high complexity of solving large-scaled SDPs
associated with SOS certificates (Proposition 7.2), various authors have suggested using
polyhedral or second-order cone representable subcones of SOS polynomials [14, 18, 19].
These include the following, in increasing order of complexity:

1. Polynomials with nonnegative coefficients in a fixed basis chosen to be trivially
nonnegative on A;

2. Polynomials of the form (7.4) with a diagonally dominant X whose diagonal is
componentwise nonnegative (sometimes referred to as DSOS polynomials);

3. Polynomials of the form (7.4), where X is a matrix with factor-width no greater
then k; i.e., X is a sum of PSD matrices that are non-zero only in a single principal
submatrix of order & [2]. (In the k = 2 case, these are sometimes called SDSOS
polynomials.)

It is clear that each of these cones are of the form K4 where I is either the nonnegative
orthant or a Cartesian product of PSD matrices of order at most k. In Cases (1) and (3)
this is immediate from the definition. (Also recall that the cone of 2 x 2 PSD matrices
is linearly isomorphic to a three-dimensional second-order cone, making the SDSOS cone
SOCP-representable.) In Case (2) we refer to the fact that diagonally dominant positive
semidefinite matrices of order n have n? explicitly known extreme rays, and every matrix
in the cone can be written as a conic combination of these extreme vectors; see, e.g., [1,
Theorem 2] or [7, Proposition 1]. Therefore, H-certificates obtained from the standard
logarithmic barrier of K% can be used to rigorously certify membership in this cone.

As with SOS polynomials, dim(K) > dim(KC4) (particularly in Cases (1) and (3) above),
and the matrix A is an easily computable matrix with rational entries in the case of DSOS
and SDSOS polynomials. It is usually a rational matrix in Case (1), too, unless the chosen
basis polynomials have irrational coefficients. Thus, numerically computed H-certificates (see
Section 5) are automatically rational vectors whose correctness can be verified in rational
arithmetic if the certified polynomial p — « has rational coefficients.

8. Discussion. We presented a theoretical framework of cone membership certificates
that allows us to interpret vectors in the dual cone as certificates of membership in the
primal cone. The new certification scheme builds on the classic self-concordance theory of
Nesterov and Nemirovski [25], but it goes beyond the well-known result that the gradient
map associated with an SCB defines a bijection between the interior of a cone and the interior
of its dual. The key difference is that H(b) and B(b) are full-dimensional cones, which means
that we can use numerical methods to identify any of the certificates, and still establish
rigorous certification of membership. Similarly, in the case of a low-dimensional projection
K 4 of the high-dimensional cone IC, an exact preimage = € IC of a vector b € K4 can be
computed from any (numerically computed) dual certificate. The same infrastructure also
allowed us to compute exact primal feasible solutions of general convex conic optimization
problems from suitable dual feasible solutions, with duality gaps that approach zero as the
dual feasible solution approaches optimality.

We have also established that for many cones, some already existing optimization methods
(specifically, feasible dual and primal-dual IPAs operating in appropriate neighborhoods of the
central path), can be used to compute dual certificates. For certain cones (e.g., linear images
of symmetric cones), the existing dual methods automatically compute dual certificates, and
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these can now be extended to compute exact primal feasible solutions that converge to a
primal optimal solution, complementing the dual feasible iterates of the method. For the
most general case of nonsymmetric conic optimization, the IPA recently proposed by the
authors [27] can be applied.

In the future, we expect that this theory will lead to more efficient optimization methods
for certain structured optimization problems. As outlined in the paper, optimization over a
cone K4 can now circumvent the conventional “lifting” to optimization over K (also known
as the “extended formulation”) for a potential reduction in the solution time and especially
in the required working memory. As long as K* admits an LHSCB, we can directly optimize
over K% with the inherited barrier and reconstruct the desired primal solution in K4 after
the fact.

Looking beyond optimization, the exactness of the reconstruction formula may be used
to establish rigorous computer-generated proofs based on numerical optimization methods
via rigorous nonnegativity certificates of polynomials. (E.g., exact SOS certificates of global
lower bounds of a POP can be constructed from suitable feasible solutions of the Lasserre
moment relaxation.) The last section of our paper lays the necessary theoretical groundwork
for this; a more detailed study is the subject of a forthcoming paper.
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