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Abstract This paper investigates a quadratic regularization method for mul-
tiobjective optimization problems where gradient information is not directly
available and must be approximated via finite-difference schemes. We propose
an approach that combines a quadratic model with finite-difference gradi-
ent approximations to efficiently handle expensive-to-evaluate multiobjective
optimization problems. It is shown that the method based on forward finite-
difference gradients requires at most O(mnϵ−2) function evaluations to achieve
an ε-approximate first-order critical point. Numerical experiments comparing
the proposed method with the standard steepest descent method for multiob-
jective optimization demonstrate that the proposed approach requires fewer
iterations on average while achieving comparable or improved computational
efficiency.
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E-mail: jurandir@ufpi.edu.br
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1 Introduction

In the classical optimization problem that consists of minimizing a continu-
ously differentiable function f : Rn → R, the theoretical stopping condition
is typically given by the first-order optimality condition, which requires the
gradient of f at x to be equal to zero. Nevertheless, in practice, this is com-
monly replaced by the relaxed criterion ∥∇f(x)∥ ≤ ε. Within this practical
framework, derivative-free optimization methods gain importance, especially
when analyzing their worst-case evaluation complexity. A detailed analysis for
the scalar case is available in references such as [8,9,14,13].

In the present study, we analyze the worst-case complexity of a quadratic
regularization method (QRM) with finite-difference gradient approximations
for multiobjective optimization. The motivation for studying such method with
finite-difference comes from the fact, the gradient of some functions involved
in practical optimization problems is not readily available or it is expensive
to compute, as is the case in aerodynamic shape optimization [12], model
calibration [18], tuning of algorithmic parameters [1], and optimization of car-
diovascular geometries [16,19].

Recently, there has been a growing interest in the extension and analysis
of classical optimization algorithms for solving multiobjective optimization
problems:

min
x∈Rn

F (x), (1)

where F : Rn → Rm is a vector-valued function and the partial order is given
by the cone Rm

+ . In this setting, a point x∗ is a called a weakly Pareto or weakly
efficient solution for problem (1) if there is no x ∈ Rn such that fi(x) < fi(x

∗)
for all i ∈ I := {1, . . . ,m}, where fi is the i-th scalar component of F .

Many methods have been proposed for solving problem (1). Most of them
are inspired by the well-known methods for solving scalar optimization prob-
lems, i.e., problem (1) with m = 1 and the order given by the cone K = R+. In
this particular case, QRM is a globally convergent variant of Newton’s method
for the unconstrained minimization of continuously differentiable functions [2,
4,7,8]. The classical steepest descent method was proposed in [6] for solv-
ing continuously differentiable multiobjective optimization problems, i.e., each
scalar component of F is continuously differentiable on Rn. This method was
extended to the vectorial setting whose the partial order is given by a pointed,
convex and closed cone K ⊂ Rm in [5]. Basically, it consists of generating
a sequence {xk} given by xk+1 = xk + tkv

k, where vk ∈ Rn is a direction
computed as

vk := arg min
v∈Rn

max
i∈I

{
⟨∇fi(xk), v⟩+

1

2
∥v∥2

}
, (2)

or alternatively,

vk := arg min
v∈Rn

max
i∈I

{(
JF (x

k)v
)
i
+

1

2
∥v∥2

}
, (3)
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where JF denotes the Jacobian matrix of F , and the stepsize tk is chosen by
an Armijo type rule. It is immediate to see that (2)-(3) constitute a strongly
convex optimization problem, and hence vk is uniquely determined. Note that
in the scalar case the direction vk corresponds to the steepest descent direction
−∇f(xk) and the classical stopping criterion in the multiobjective setting
becomes verifying whether v(x) is equal to zero. Similarly to the scalar case,
this scheme with an appropriate line-search generates a decreasing sequence in
the partial order given by cone Rm

+ , i.e., fi(x
k+1) ≤ fi(x

k), and its convergence
properties are similar to its scalar version. In particular, it was shown in [5,
6] that, under some basic assumptions, the whole sequence generated by this
scheme converges to a weakly efficient solution for problem (1).

A recent publication on multiobjective optimization is [3], which addresses
a high-order regularization method for finding weakly stationary points of
problem (1) with constraints under the assumption that the derivatives of the
objective functions are Hölder continuous, and hence derivatives of order p ≥ 1
need to be calculated. Moreover, the algorithm proposed in [3] enforces the
sufficient decrease property in the objective function.

Initially, the present work proposes an alternative way to compute (2)-(3)
using a derivative-free method. More specifically, we propose approximating
the Jacobian matrix JF with an appropriate finite-difference matrix. The con-
cept of derivative-free gradient methods was recently analyzed, for example, in
[7,8]. Thus, we propose to develop versions of [6] using finite-difference based
on [7], which proposed and analyzed finite-difference quadratic regularization
methods (scalar case). The main goal is based on the fact that first-order
multiobjective methods using the Jacobian matrix can be computationally
expensive in some applications.

This work is organized as follows. Section 2 presents some preliminaries and
notations. In Section 3, we present important auxiliary results used throughout
the work. In Section 4, we introduce the proposed method based on a finite-
difference approach and state its main result. Section 5 is devoted to the
presentation of the numerical experiments.

2 Preliminaries and Notations

In this section, we present some notations and definitions that will be used
throughout the paper.

Given a point q ∈ Rn and a closed convex set C ⊂ Rn, we denote by PCq the
orthogonal projection of q onto C. Let I := {1, . . . ,m} be an index set, and let
A ∈ Rm×n be a real matrix. We denote by Ai the i-th row of A, for all i ∈ I.
The matrix norm adopted here is defined as the map ∥ · ∥2,∞ : Rm×n → R
given by

∥A∥2,∞ := max
i∈I

∥Ai∥. (4)

It is straightforward to verify that ∥ · ∥2,∞ is indeed a norm.
Let f : Rn → R be a real-valued function. For a given step size h > 0,

the symbol dhf(x) denotes a finite-difference approximation of the gradient of
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f at a point x ∈ Rn. Now, if F : Rn → Rm is a vector-valued function, we
denote by JF (x) ∈ Rm×n the Jacobian matrix of F at point x, defined as

JF (x) =

∇f1(x)T
...

∇fm(x)T

 .
and by DhF (x) ∈ Rm×n its finite-difference Jacobian approximation with step
size h > 0.

Let A ∈ Rm×n be a matrix. We denote by conv{A1, . . . , Am} the convex
hull of its rows {A1, . . . , Am} ⊂ Rn. In other words, the convex hull operator
can be defined as

conv{A1, . . . , Am} =

{
m∑
i=1

λiAi

∣∣∣∣∣ λ ∈ ∆m

}
,

where ∆m ⊂ Rm represents the standard m-simplex, defined as

∆m =

{
λ ∈ Rm

∣∣∣∣∣ λi ≥ 0 ∀i ∈ I,
m∑
i=1

λi = 1

}
.

Now we define the matrix-to-vector operator ⋌, which enables us to de-
scribe the minimizer in geometric terms, as the projection of the origin onto
the convex hull of the rows of A. This leads to an equivalent formulation
to a quadratic programming problem, providing a computationally efficient
approach to obtaining the steepest descent direction. The matrix-to-vector
operator ⋌ : Rm×n → Rn is defined as

⋌A := PC 0; C := conv{A1, . . . , Am}. (5)

In vector and matrix operations, vectors are treated as column vectors by
default, but gradient vectors and rows of matrices are treated as row vectors.
This is explored to express dot products compactly. For example, expression
Aiv, where A ∈ Rm×n, v ∈ Rn and Ai is the i-th row of matrix A, results in
the dot product between Ai and v, and is used in this work instead of notation
⟨Ai, v⟩. Expression ∇fv, where f : Rn → R is a real function and v ∈ Rn, is
also a dot product, since by convention ∇f is a row vector and v is a column
vector.

Let ψ : Rm×n × Rn → R with

ψ(A, v) := max
i
Aiv +

1

2
∥v∥2, (6)

where Ai is the i-th row of A (and thus Aiv is the dot product between Ai

and v).
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We recall that the multiobjective gradient method [6] seeks Pareto-critical
points by iteratively updating the current point x in the steepest descent
direction, which is defined by

v(x) := argmin
u∈Rn

ψ(JF (x), u).

The step length of the update is specified by an Armijo-like rule. It is shown
in [6] that v(x) = 0 if and only if x is Pareto-critical. It is also shown that,
if the sequence (xk) produced by the algorithm has some accumation point,
then such accumulation point is Pareto-critical. In a certain sense, this result
still holds when the subproblem above is solved inexactly.

3 Auxiliary results

In this paper, the problems under consideration are characterized by the fol-
lowing assumptions regarding F .

A1. The gradient of fi is Li-Lipschitz continuous, i.e.,

∥∇fi(y)−∇fi(x)∥ ≤ Li∥y − x∥, ∀x, y ∈ Rn, ∀i ∈ I.

For convenience, we denote L := maxi Li.

A2. There exists li ∈ R such that li ≤ Fi(x) for some i ∈ I and for all x ∈ Rn.

The analysis in this section focuses on characterizing and approximating
the steepest descent direction associated with the mapping u 7→ ψ(A, u) de-
fined in (6). This direction plays a central role in multiobjective optimization
methods, and understanding its properties is essential for designing practical
algorithms.

We begin by presenting a result that gives an explicit expression for the
minimum value of ψ(A, u) in terms of its minimizer. This result will be im-
portant for designing an inexact update direction.

Lemma 1 Let A ∈ Rm×n and

v := argmin
u∈Rn

ψ(A, u),

Then, the minimum value α := ψ(A, v) satisfies α = −∥v∥2/2.

Proof The proof of this result proceeds as in [20], with the Jacobian matrix
replaced by a general m× n matrix A.

The next result gives an alternative characterization for the minimizer of
the mapping u 7→ ψ(A, u).
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Lemma 2 Let A ∈ Rm×n and

v := argmin
u

ψ(A, u),

where ψ(A, u) is defined in (6). Then, v = −⋌A. Equivalently, v = −ATλ,
where

λ = argmin
y∈∆m

∥AT y∥. (7)

Proof See Proposition 2.2 and Colorary 2.3 in [20].

Somme comments about Lemma 2 are in order. First, if A = JF (x),
Lemma 2 states that the steepest descent direction v(x) of the multiobjective
gradient method is −⋌JF (x), the vector opposite to the orthogonal projec-
tion of the origin on the convex hull of the gradients ∇fi(x), i ∈ I. Second, it
provides a convenient way of computing v(x): (i) initiate by computing λ as
in (7); (ii) then, get v(x) = −ATλ. This approach is convenient because (7)
is a quadratic programming (QP) problem (minimization of a quadratic func-
tion under linear constraints), and thus can be solved by efficient QP solvers,
widely available. It also makes the opposite vector to the approximation of
v(x) be in the convex hull of the gradients ∇fi(x), i ∈ I, which will be useful
in this work. Third, in addition to QP solvers, other methods in the literature
can be used to solve problem (7), such as the ones in [10] and [15]. Finally,
since the multiobjective steepest direction is −⋌JF (x), we can see ⋌JF (x)
as a generalization of the gradient for vector-valued functions.

The next result establishes a simple yet useful bound on the norm of the
operator output ⋌A. It shows that the projection of the origin onto the convex
hull of the matrix rows cannot exceed the smallest norm among those rows.

Lemma 3 Let A ∈ Rm×n. Then we have

∥⋌A∥ ≤ min
i∈I

∥Ai∥.

Proof Let w := ⋌A. Then, it follows from the definition of ⋌ in (5) that,

∥w∥ ≤ ∥z∥, ∀z ∈ conv{A1, . . . , Am}.

Since Ai ∈ conv{A1, . . . , Am} for all i ∈ I, we conclude that

∥w∥ ≤ ∥Ai∥, ∀i ∈ I.

Hence, the conclusion now follows from the previous inequality.

The following lemma is a generalization for the triangle inequality for the
operator ⋌. Its proof is based on the proof of Theorem 3.1 from [20].

Lemma 4 For any A,B ∈ Rm×n there holds:

∥⋌A∥ ≤ ∥⋌B∥+ ∥A−B∥2,∞. (8)
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Proof Let vA := argmin
u

ψ(A, u) and vB := argmin
u

ψ(B, u), with αA and αB

being the respective minimum values. Take jB ∈ argmax
i

Biu and using (6),

the fact that maxiAiu ≥ AjBu, and (4), we have

ψ(B, u)− ψ(A, u)
(6)
=

(
max

i
Biu+

1

2
∥u∥2

)
−

(
max

i
Aiu+

1

2
∥u∥2

)
= max

i
Biu−max

i
Aiu = BjBu−max

i
Aiu

≤ BjBu−AjBu ≤ ∥BjB −AjB∥∥u∥

≤ max
i

∥Ai −Bi∥∥u∥
(4)
= ∥A−B∥2,∞∥u∥. (9)

As ψ(B, u) is the sum of maxiBiu, which is convex in u, with (1/2)∥u∥2, in
view of (6), we can conclude that ψ(B, u) is 1-strongly convex with respect to
u. Hence,

ψ(B, u) ≥ αB +
1

2
∥u− vB∥2. (10)

Using (9) and (10), we obtain that

∥A−B∥2,∞∥u∥
(9)

≥ ψ(B, u)− ψ(A, u)
(10)

≥ αB +
1

2
∥u− vB∥2 − ψ(A, u). (11)

Replacing u with vA in (11) and using the facts that, by Lemma 1, αA =
−(1/2)∥vA∥2 and αB = −(1/2)∥vB∥2, we have

∥A−B∥2,∞∥vA∥
(11)

≥ −1

2
∥vB∥2 +

1

2
∥vA − vB∥2 +

1

2
∥vA∥2

= −1

2
∥vB∥2 +

1

2
(∥vA∥2 − 2vTAvB + ∥vB∥2) +

1

2
∥vA∥2

= ∥vA∥2 − vTAvB ≥ ∥vA∥2 − ∥vA∥∥vB∥,

where the last inequality above is due to the Cauchy-Schwarz inequality. Di-
viding both sides of the previous inequality by ∥vA∥ > 0 (the case ∥vA∥ = 0
is immediate), we have

∥vA∥ ≤ ∥vB∥+ ∥A−B∥2,∞.

Finally, by Lemma 2, vA = −⋌A and vB = −⋌B, and thus the last inequality
is equivalent to (8), which concludes the proof.

A natural choice for an inexact solution of problem argmin
u

ψ(A, u) is v̂ ∈
Rn such that

ψ(A, v̂) ≤ θ min
u∈Rn

ψ(A, u) = −θ
2
∥vA∥2, (12)

where θ ∈ (0, 1] and vA is the exact solution, i.e., vA := argmin
u

ψ(A, u).

However, unless the exact solution vA is already known (which will not be
the case if we are seeking an inexact solution), (12) can not be directly tested
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when computing an inexact solution for the problem in question. The following
lemma provides a choice for an inexact solution whose defining relation can
be tested without knowing the norm of the exact solution.

Lemma 5 Let A ∈ Rm×n and

vA := argmin
u

ψ(A, u) and A := conv{A1, . . . , Am}. (13)

Let θ ∈ (0, 1] and

S :=

{
v+ ∈ Rn : v+ ∈ A, ψ(A, v+) ≤ −θ

2
∥v+∥2

}
. (14)

Then, the following statements hold:

(a) S is non-empty. Moreover, if θ ∈ (0, 1), then S has the same covering
dimension as A.

(b) If v+ ∈ S, then
ψ(A, v+) ≤ −θ

2
∥vA∥2.

(c) For θ = 1, the only v+ ∈ S is v+ = vA.
(d) For θ < 1, if vA (defined in (13)) is an accumulation point of some sequence

(vk) ⊂ A, then there exists N ∈ N such that vN ∈ S.

Proof (a) We first prove that S is non-empty. It follows from Lemma 2 , (5) and
the definition of A as in (13), that −vA = ⋌A ∈ A, for any A ∈ Rm×n. Also,
Lemma 1 and the assumption on θ imply that ψ(A,−vA) = −(1/2)∥vA∥2 ≤
−(θ/2)∥vA∥2. These two conclusions guarantee that −vA ∈ S, and hence that
S is non-empty (the existence of vA is assured by the fact that vA is the
minimizer of a strictly convex function). We now show the second statement
in (a). Assume that θ ∈ (0, 1) and let ζ : Rn → R de defined as

ζ(u) := ψ(A, u) +
θ

2
∥u∥2.

First observe that the relation ζ(v+) ≤ 0 is equivalent to the inequality in
(14). Thus, v+ = vA ∈ S, the previous observation implies that ζ(vA) ≤ 0.
Using that function ζ is continuous on its domain, then there exists δ > 0 such
that ζ(u) ≤ 0 for any u ∈ vA + Bδ, where Bδ is the closed ball centered at the
origin with radius δ, defined as

Bδ := {z ∈ Rn | ∥z∥ ≤ δ} .

We now use the facts that 0 ∈ A + vA (due to −vA ∈ A) and that A+ vA is
convex, to conclude that, if w ∈ A−vA and t ∈ [0, 1], then tw = tw+(1−t)0 ∈
A− vA. Hence, t(A− vA) ⊂ A− vA, for any t ∈ [0, 1]. Moreover, since A− vA
is bounded, there exists C > 0 such that t(A − vA) ⊂ Bδ for any t ∈ [0, C].
Thus we conclude that

C ′(A− vA) ⊂ (A− vA) ∩ Bδ,
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where C ′ := min{1, C}, which is equivalent to

R := C ′(A− vA) + vA ⊂ A ∩ (vA + Bδ).

The above set inclusion and the definition of δ imply that, if u ∈ R, then we
have both u ∈ A and ζ(u) ≤ 0, and thus u ∈ S. Hence, R ⊂ S. As R is related
to A by a translation and a nonzero scaling factor, it has the same covering
dimension as A; from this and from the fact that R ⊂ S ⊂ A, we conclude
that the covering dimension of S is equal to the covering dimension of A.

(b) Since −vA = ⋌A (due to Lemma 2), it follows from (5) that −vA is
the point with the least norm in A. Therefore, since v+ ∈ A,

∥v+∥2 ≥ ∥vA∥2,

and thus

ψ(A, v+) ≤ −θ
2
∥v+∥2 ≤ −θ

2
∥vA∥2.

(c) Replacing ψ(A, vA) = −(1/2)∥vA∥2 (derived from Lemma 1) in the
inequality in (14), we obtain that

ψ(A, v+) ≤ θψ(A, v).

The first identity in (13) implies that

ψ(A, v+) ≥ ψ(A, vA).

The assumption that θ = 1 and the last two inequalities allow us to conclude
that ψ(A, v+) = ψ(A, vA). Since the function η : Rn → R, defined by η(u) =
ψ(A, u), is strictly convex (and consequently has a unique minimizer), we can
conclude that v+ = vA.

(d) Take a subsequence (vnk
) with vnk

→ vA. Then, for any ϵ > 0, there
exists K ∈ N such that ∥vnk

− vA∥ < ϵ for all k ≥ K. Using ϵ = δ as
in statement (a), we conclude that ∥vN − vA∥ ≤ δ for N := nK . From the
definition of (vk), vN ∈ A, and thus vN ∈ S.

Remark 1 By Lemma 5, we conclude that it makes sense to take v+ ∈ S as
an inexact solution for the problem argmin

u
ψ(A, u), where S is defined as in

(14). Statement (a) shows the existence and inexactness (for θ < 1) of this
choice. Statement (b) shows that this choice is an approximated solution for
the problem. Statement (c) shows that this choice degenerates to the exact
solution if θ = 1.

Statement (d) shows that, for θ < 1, if an iterative algorithm produces
a sequence in A that has vA as one of its accumulation points, then such
algorithm finds an inexact solution v+ ∈ S in a finite number of iterations.
When using such algorithm, we can test if a valid v+ was found in a given
iteration simply by checking if (14) is true for the iteration point, stopping if
that is the case. When finding v+ in this way, if we stop at the first iteration
in which (14) is satisfied (which is not necessary, as we can instead run for a
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number of iterations and only them test), the larger θ is, the smaller ψ(A, v+)
will be, but the more iterations will be required to find such v+. As will be
discussed later, a quadratic programming solver can be used to efficiently find
inexact solution in this way. In some cases it may be more advantageous to
use closed-form methods; They can provide an exact or approximate solution
in just one step; the comparison of different methods for finding v+ ∈ S is
beyond the scope of this work.

3.1 Finite-Difference and Inexactness Bounds

In this subsection, we establish key properties of finite-difference approxima-
tions and related quantities that are central to the analysis of the proposed
method. We begin by recalling the definition of the forward finite-difference
operator and presenting a classical bound on its approximation error with re-
spect to the gradient of a smooth function. This is followed by a sequence of
technical lemmas that play an essential role in the subsequent section.

Let Fn be the set of the real-valued functions of Rn. Let dh : Fn → R1×n

be the forward finite-difference operator with step h > 0, defined by

(dhf(x))i =
f(x+ hei)− f(x)

h
, i ∈ In := {1, . . . , n}, (15)

(ei)j :=

{
1, if i = j,

0, if i ̸= j
. (16)

Note that the image of dh is in R1×n, so that it is a row vector in calculations.
The next lemma gives an upper bound for the distance between the gradient

of a function and its finite-difference approximation. It is a well-known result
and is presented in Section 8.1 of [17].

Lemma 6 Let f : Rn → R be a differentiable function with L̃-Lipschitz con-
tinuous gradient and dh satisfying conditions (15) and (16) with step h > 0.
Then,

∥∇f(x)− dhf(x)∥ ≤
√
nL̃

2
h.

The next result plays an important role in the algorithm presented in the
next section. It establishes that if x, x− and an approximation for the gradient
of F are given, then a key inequality is always guaranteed.

Lemma 7 Suppose that θ ∈ (0, 1) and that assumption A1 holds. Let x, x− ∈
Rn and G ∈ Rm×n with

∥JF (x)−G∥2,∞ ≤ K∥x− x−∥, (17)

where K > 0. Let σ > 0 be such that

x+ = x+
1

σ
v+, (18)
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where v+ ∈ Rn is such that

ψ(G, v+) ≤ −θ
2
∥⋌G∥2. (19)

If

σ ≥ 2(L+K),

then

fi(x)− fi(x
+) ≥ σ

4
∥x+ − x∥2 − K

2
∥x− x−∥2 ∀i ∈ I.

Proof Let gi being the i-th row of G. It follows from (19) and (6) that

max
i
giv

+ +
1

2
∥v+∥2 ≤ −θ

2
∥⋌G∥2 ≤ 0.

Hence,

giv
+ +

1

2
∥v+∥2 ≤ 0, ∀i ∈ I.

Using (18), the last inequality and the assumption that σ > 0, we obtain that

gi(x
+ − x) +

σ

2
∥x+ − x∥2 ≤ 0, ∀i ∈ I. (20)

On the other hand, the definition of ∥ · ∥2,∞ in (4) and (17) imply that

∥∇fi(x)− gi∥ ≤ K∥x− x−∥, ∀i ∈ I. (21)

The previous inequality combined with assumption A1, (20), the Cauchy-
Shwartz inequality, (17), (4) and (21), imply that for every i ∈ I and x, x− ∈
Rn, there holds

fi(x
+)− fi(x) ≤ ⟨gi, x+ − x⟩+ σ

2
∥x+ − x∥2 + ⟨∇fi(x)− gi, x

+ − x⟩+ L− σ

2
∥x+ − x∥2

(20)

≤ ⟨∇fi(x)− gi, x
+ − x⟩+ L− σ

2
∥x+ − x∥2

≤ ∥∇fi(x)− gi∥∥x+ − x∥+ L− σ

2
∥x+ − x∥2

(4),(21)

≤ ∥JF (x)−G∥2,∞∥x+ − x∥+ L− σ

2
∥x+ − x∥2

(17)

≤ K∥x− x−∥∥x+ − x∥+ L− σ

2
∥x+ − x∥2

≤ K

2
∥x+ − x−∥2 + K

2
∥x+ − x∥2 + L− σ

2
∥x+ − x∥2

=
K

2
∥x+ − x−∥2 − σ − L−K

2
∥x+ − x∥2.

The conclusion follows from the previous inequality and from the fact that
σ ≥ 2(L+K).
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The next lemma gives an upper bound for ∥⋌JF (x+)∥ in terms of (x+ −
x) and (x − x−), when (x+ − x) is proportional to an inexact solution of
argmin

u
ψ(G, u) and G is an approximation for JF (x) expressed in terms of

(x− − x).

Lemma 8 Suppose that assumption A1, (17) and (18) hold. Let x, x−, G and
x+ be as in Lemma 7. Let v+ ∈ Rn be such that

−v+ ∈ conv{g1, . . . , gm}, (22)

where gi is the i-th row of G. Then,

∥⋌JF (x+)∥ ≤ (σ + L+K)max{∥x+ − x∥, ∥x− x−∥}.

Proof It follows from Lemma 4 and the Cauchy-Shwartz inequality for norms
that

∥⋌JF (x+)∥ ≤ ∥⋌G∥+ ∥JF (x+)−G∥2,∞
= ∥⋌G∥+ ∥JF (x+)− JF (x) + JF (x)−G∥2,∞
≤ ∥⋌G∥+ ∥JF (x+)− JF (x)∥2,∞ + ∥JF (x)−G∥2,∞. (23)

Using (22), the fact that ⋌G is the point with least norm in conv{g1, . . . , gm}
and (18), we have

∥⋌G∥ ≤ ∥v+∥ = σ∥x+ − x∥. (24)

Assumption A1 and the definition of ∥ · ∥2,∞ in (4) imply that

∥JF (x+)−JF (x)∥2,∞ = max
i

{∥∇fi(x+)−∇fi(x)∥} ≤ max
i

{L∥x+−x∥} = L∥x+−x∥.

Using (17), (24) and the last inequality in (23), we get

∥⋌JF (x+)∥ ≤ σ∥x+ − x∥+ L∥x+ − x∥+K∥x− x−∥
≤ (σ + L+K)max{∥x+ − x∥, ∥x− x−∥},

which concludes the proof.

The following lemma gives an upper bound for a term related to a certain
sequence.

Lemma 9 Given τ, ρ ≥ 0 and a set {zj}kj=1 of nonnegative real numbers, with
k ≥ 2, let

m(k) := argmin
j∈{1,...,k−1}

(zτj + zτj+1).

If
∑k

j=1 z
τ
j ≤ ρ, then

max
{
zm(k), zm(k)+1

}
≤

(
2ρ

k − 1

) 1
τ

.

Proof See Lemma 4 in [9].



Title Suppressed Due to Excessive Length 13

4 Proposed forward finite-difference method

In this section, the proposed forward finite-difference method is described as
well as its complexity analysis.

Consider the finite-difference matrix operator Dh, defined as

DhF (x) =

dhf1(x)...
dhfm(x)

 (25)

(see (15),(16)). In the proposed method, the update direction is calculated
similarly as in the original multiobjective gradient method [6], with the dif-
ference that the Jacobian JF (xk) is approximated with the finite-difference
matrix DhF (xk). The finite difference step length h and the update length are
computed in a manner inspired by the finite-difference algorithm proposed in
[7].

Algorithm 1 Finite-difference multiobjective steepest descent
Step 0: x0, x1 ∈ Rn, x0 ̸= x1, σ1 > 0, θ ∈ (0, 1], β > 0 and set k := 1.
Step 1 If σk < 2σ1, set j := 1; otherwise, set j := 0.
Step 1.1 Set

hk =
βσ1∥xk − xk−1∥√

n2jσk
.

Step 1.2 Find v+ such that

−v+ ∈ conv{dhf1(xk), . . . , dhfm(xk)} (26)

ψ(DhF (xk), v
+) ≤ −

θ

2
∥v+∥2 (27)

and set

x+k,j = xk +
1

2jσk
v+.

Step 1.3 If

fi(xk)− fi(x
+
k,j) ≥

2jσk

4
∥x+k,j − xk∥2 −

σ1

4
∥xk − xk−1∥2, ∀i ∈ I, (28)

set jk = j and go to Step 2. Otherwise, set j := j + 1 and go to Step 1.1.
Step 2 Set xk+1 = x+k,j , σk+1 = 2jk−1σk, k := k + 1 and go to Step 1.

Remark 2 It follows from Lemma 5 (with θ = 1) that the only v+ satisfying
(27) is

v+ = argmin
v

ψ(DhF (xk), v) = −⋌DhF (xk),

where DhF (·) is as in (25). Thus, by Lemma 2, the calculation of v+ in Step
1.2 of Algorithm 1 can be made by solving the problem

λ = argmin
y∈∆m

∥(DhF (xk))
T y∥, (29)
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and setting v+ = (DhF (xk))
Tλ. As discussed before, this can be made with a

QP solver. In practice, however, a QP solver only gets an approximated solu-
tion, and thus such approach is not implementable for θ = 1. If the subproblem
is solved using an exact, non-iterative method (such as the recursive approach
proposed in [10]) rather than a QP solver, the resulting approximate solution
may be very close to the true one. However, due to unavoidable numerical
errors, some level of inexactness is still expected, which results in the effective
value of θ being strictly less than 1.

For θ < 1, an inexact minimization of ψ(DhF (xk), u) in u is sufficient to
obtain a v+ satisfying (26) and (27). Indeed, by Lemma 5(d), any iterative
method that produces a sequence that has the exact solution −⋌DhF (xk) as
an accumulation point finds such v+ in a finite number of iterations. Thus, we
can proceed as follows. Use some algorithm to get an approximated solution
λ′ ∈ ∆m for (29); set v+ = (DhF (x))

Tλ′. Such approximation λ′ can be
obtained with a finite number of iterations of QP. Given an approximated
solution v+ obtained this way, the condition (26) will be satisfied automatically
by the fact that λ ∈ ∆m. The condition (27) can be directly verified, since
all terms are known. If the condition (27) is not satisfied, then the algorithm
that calculated the approximated solution λ′ for (29) continues to get more
refined approximation λ′′, and v+ is updated with v+ = (DhF (x))

Tλ′′. If still
v+ do not satisfy the condition (27), then this procedure continues. By Lemma
5.5, this procedure is guaranteed to produce a valid v+ in a finite number of
iterations. This way, for θ < 1, v+ satisfying the conditions is guaranteed to
be obtained with a finite number of iterations of QP.

In practice, if the QP solver used for approximating λ is set to a typically
used tolerance, it is plausible to expect that there will be some θ ∈ (0, 1) such
that (27) is always satisfied for this given tolerance. Therefore, we can expect
the Algorithm 1 to work without testing (27). If we want to ensure that (27)
is satisfied for a manually set value of θ, we use the procedure described in the
previous paragraph.

The following lemma shows that, under Assumption A1, the sequence {σk}
generated by Algorithm 1 remains uniformly bounded above and below. This
property will be useful in the convergence and complexity analysis.

Lemma 10 Suppose that A1 holds. Then, the sequence of inverse step lenghts
σk in Algorithm 1 satisfies

σ1 ≤ σk ≤ 2
(
L+

σ1
2

)
=: σmax,

for all k ≥ 1.

Proof To prove this, we can proceed exactly as in [7].

The following theorem provides a worst-case complexity bound for Algo-
rithm 1. Under standard assumptions, it guarantees that the number of iter-
ations required to reduce the optimality measure ∥⋌JF (xk)∥ below a given
threshold ϵ > 0 grows at most like O(ϵ−2).
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Theorem 1 Suppose that assumptions A1 and A2 hold and let (xk)k≥0 be the
sequence generated by Algorithm 1. Suppose that for any given tolerance ϵ > 0
and T ∈ N, there holds

∥⋌JF (xk)∥ > ϵ, k = 1, . . . , T. (30)

Then,
T ≤ 3 + 2RS2ϵ−2, (31)

where

S := σ + L+
βL

2
, R :=

4
(
maxi{fi(x1)− li}

)
σ1

+ ∥x1 − x0∥2. (32)

Proof It follows from assumption A2 that there exists i′ ∈ I such that

fi′(x1)− li′ ≥ fi′(x1)− fi′(xT ).

As a consequence,

max
i

{fi(x1)− li} ≥ fi′(x1)− li′ ≥ fi′(x1)− fi′(xT ). (33)

Since 2jkσk = 2σk+1 and xk+1 = x+k,j (due to Step 2 of Algorithm 1), and
σk ≥ σ1 for every k ≥ 1 (due to Lemma 10), it follows from the acceptance
condition (28) that for every i ∈ I, there holds

fi(xk)− fi(xk+1) ≥
σk+1

2
∥xk+1 − xk∥2 −

σk
4
∥xk − xk−1∥2, k = 1, . . . , T − 1.

(34)
Let i∗ ∈ argmin

i
{fi(x1) − fi(xT )}. Inequalities (33) and (34), together with

the fact that σk ≥ σ1, imply that

max
i

{fi(x1)− li} ≥ fi∗(x1)− fi∗(xT ) =

T−1∑
k=1

(
fi∗(xk)− fi∗(xk+1)

)
(34)

≥
T−1∑
k=1

(σk+1

2
∥xk+1 − xk∥2 −

σk
4
∥xk − xk−1∥2

)
=

T−1∑
k=1

σk+1

2
∥xk+1 − xk∥2 −

T−1∑
k=1

σk
4
∥xk − xk−1∥2

=

T∑
k=2

σk
2
∥xk − xk−1∥2 −

T−1∑
k=2

σk
4
∥xk − xk−1∥2 −

σ1
4
∥x1 − x0∥2

≥
T∑

k=2

σk
2
∥xk − xk−1∥2 −

T∑
k=2

σk
4
∥xk − xk−1∥2 −

σ1
4
∥x1 − x0∥2

=

T∑
k=2

σk
4
∥xk − xk−1∥2 −

σ1
4
∥x1 − x0∥2

≥ σ1
4

T−1∑
k=1

∥xk+1 − xk∥2 −
σ1
4
∥x1 − x0∥2.
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Therefore,

T−1∑
k=1

∥sk∥2 ≤ 4
(
maxi{fi(x1)− li}

)
σ1

+ ∥s0∥2 = R,

where sk := xk+1 − xk, for k = 1, . . . , T − 1, and R is as in (32).

Observe that if T < 3, (31) is automatically satisfied. Thus, assume that
T ≥ 3 and let

t = argmin
j∈{1,...,T−2}

(
∥sj∥2 + ∥sj−1∥2

)
.

Then, by Lemma 9 with zj = ∥sj∥, k = T − 1, τ = 2 and ρ = R, it follows
that

max{∥st∥, ∥st+1∥} ≤
(

2R

T − 2

) 1
2

. (35)

The condition in Step 1.1, Lemma 6, and the fact that σt+1 ≥ σ1 (due to
Lemma 10), imply that

∥∇fi(xt+1)− dhk
fi(xt+1)∥ ≤

√
nL

2

βσ1∥xt+1 − xt∥√
n2jt+1σt+1

≤ βL

2
∥xt+1 − xt∥.

By (30), Lemma 8 with K = βL/2 and G = Dht+1F (xt+1), and by (35),

ϵ < ∥⋌JF (xt+2)∥

≤
(
σ + L+

βL

2

)
max{∥xt+2 − xt+1∥, ∥xt+1 − xt∥}

= Smax{∥st∥, ∥st+1∥}

≤ S

(
2R

T − 2

) 1
2

.

Therefore, T ≤ 3 + 2RS2ϵ−2.

The next result gives an upper bound for the total number of function eval-
uations that Algorithm 1 performs until it finds an ϵ-approximate stationary
point of the objective function. Its proof is similar to the proof of Corollary 1
in [7].

Corollary 1 Assume that assumptions A1 and A2 hold. Let I(ϵ) be the first
iteration index such that ∥⋌JF (xI(ϵ))∥ ≤ ϵ and FE(ϵ) be the total number of
function evaluations performed by Algorithm 1 up to the (I(ϵ)−1)-th iteration.
Then,

FE(ϵ) ≤ 1 +m(n+ 1)[2I(ϵ) + log2(σmax)− log2(σ0)],

where σmax is defined as in Lemma 10. As a consequence FE(ϵ) = O(mnϵ−2).
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Proof We first observe that the number of function evaluations performed at
the k-th iteration of Algorithm 1 is bounded from above by 1+m(n+1)(jk+1).
On the other hand, the fact that σk+1 = 2jk−1σk implies that

m(n+ 1)(jk + 1) = m(n+ 1)[2 + log2(σk+1)− log2(σk)].

As a consequence, we have

FE(ϵ) ≤ 1 +m(n+ 1)

I(ϵ)−1∑
k=0

(jk + 1)

= 1 +m(n+ 1)[2I(ϵ) + log2(σI(ϵ))− log2(σ0)]

≤ 1 +m(n+ 1)[2I(ϵ) + log2(σmax)− log2(σ0)],

where the last inequality is due to Lemma 10. The conclusion of the last part
of this result follows immediately from the first part combined with (31).

5 Numerical experiments

In this section, we investigate the practical performance of the proposed finite-
difference steepest descent method (referred to as FD-SD in this section) by
comparing it to the performance of the original multiobjective steepest descent
method (referred to as SD in this section) in finding Pareto-critical points (PC)
points of the test function F : R2 → R2 defined by

F (x) :=

[
cos(a(x))b(x)
sin(a(x))b(x)

]
,

with

a(x) := ac + a1 sin(x1) + a2 sin(x2)

b(x) := 1 + d cos(x1).

This function is equivalent to the one defined in Example 4.1 of [11], except
for scaling changes. The choices for the coefficients were

ac = 0.785, a1 = 0.698, a2 = 0.436, d = 0.5.

It is possible to show that, if the coefficients satisfy a few simple relations
(which are out of the scope of this document), then the set of Pareto-critical
points are the lines

x = kπ, k ∈ Z; y =

(
1

2
+ k

)
π, k ∈ Z.

Such relations are satisfied in special by the combination of coefficients adopted.
Figure 1 shows the functional values for a grid of lines and for the Pareto-
critical points.
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Fig. 1 Functional values of the test function used in the experiment.

A total of 100 points were generated to be used as starting points. The
same set of points was used for both algorithms and in all parts of the ex-
periment. The test function is periodic with period 2π in both x1 and x2;
therefore, to cover all regions of the functions, except those equivalent due to
the periodicity, both coordinates of the initial points were generated using the
uniform distribution with support [0, 2π].

The parameter choices for FD-SD were

∥x0 − x1∥ = σ1 = 0.1

throughout the experiment.
The first part of the experiment determined the number of iterations re-

quired for SD and FD-SD to find an ϵ-stationary point, which here means
finding a point x such that ∥⋌JF (x)∥ ≤ ϵ, where the values chosen for ϵ were
10−3 and 10−6. In this part of the experiment, the ϵ-stationary condition had
to be tested at each iteration for both algorithms. Hence, the exact steepest
decent direction ⋌JF (x) had to be calculated even for FD-SD. It is worth
to mentioned, that the vector ⋌JF (x) was used in the FD-SD routine just
in order to determine the number of iterations taken to reach the selected
tolerances for each initial point; the result of ⋌JF (x) was not used by FD-
SD in any calculation except to check if the tolerances were reached, and the
calculation of ⋌JF (x) is not required in FD-SD.

The second part of the experiment measured the time interval taken to run
the amount of iterations obtained in the first part. For each initial point, the
time elapsed until each algorithm reached the required number of iterations for
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each tolerance was measured 10 times. Since the required number of iterations
for each combination of initial point, algorithm and tolerance was already
obtained in the first part, in this part there was no testing inside the algorithm
routines to check if the ϵ-stationary condition was met. Thus, in this part FD-
SD routine did not compute ⋌JF (x), allowing a fair comparison between the
time performance of SD and FD-SD.

Note that, if the time intervals were measured in the first part instead,
then the comparison would be unfair, as in the first part there was the calcu-
lation of ⋌JF (x) in each iteration of the FD-SD routine, which increased the
computational cost of the routine. This was the reason for first determining
the required iterations and then measuring the time intervals.

The figures 2 and 3 show the sequences produced by each algorithm for
the first 35 points and their images (functional values), respectively, for tol-
erance 10−6. Note that, for a same initial point, the trajectories produced by
both algorithms may be quite different. This is the expected behavior; for a
same point, each algorithm produces a update that has different direction and
length; at the first iteration, the finite difference step hk is not small, and a
large difference between the update directions is expected; thus, the points
of the algorithms for the next iteration are not expected to be close; in the
subsequent iterations, hk reduces, but as the second points of the trajectories
are not necessarily close, the remaining parts of the trajectories are expected
to be very different. This behavior makes it essential to use multiple iteration
points to compare the performance of the algorithms reliably.

The table 1 shows the mean and standard deviation of the required number
of iterations and the time interval for each tolerance and algorithm. The mean
and standard deviation are calculated with respect to the 100 initial points for
the number of iterations and with respect to the 1000 trials (100 initial points
times 10 trials for each initial point) for the time intervals. The results show
that, for this specific experiment, on average, the proposed FD-SD takes about
50% and 40% as many iterations as SD to reach the tolerances 10−3 and 10−6,
respectively. On the other hand, on average, the CPU times were similar for
both algorithms, with FD-SD requiring more time than SD for tolerance 10−3

and the opposite occurring for tolerance 10−6. The fact that the CPU times
were not approximately proportional to the iteration times is explained by the
fact that, in a single iteration of FD-SD, Steps 1.1 to 1.3 are repeated until
the acceptance condition is met, essentially multiplying the computational
cost of some iterations. This indicates that a large gain in performance can
be achieved with modifications that avoid the recalculation of hk in a given
iteration, which would also avoid the recalculation of v+. There is a large
variability in the averaged results, indicated by the high standard deviations;
this occurs because the number of iterations required by an algorithm to reach
a given tolerance depends highly on the initial point.

It was further observed that, for a few initial points, SD required much more
iterations to reach the tolerances than for most initial points. This indicates
a slow convergence of SD when the limit point is in specific areas of the set
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Table 1 Mean and standard deviation of the required number of iterations and the CPU
time

Tolerance Algorithm
Num. iterations CPU time

Mean Std Mean Std

10−3 SD 14.62 10.05 0.01020 0.00814
FD-SD 8.17 6.00 0.01267 0.00827

10−6 SD 99.15 212.78 0.06572 0.13754
FD-SD 40.20 96.02 0.05535 0.12453

of Pareto-critical points. Further investigation will be conducted to determine
the cause of this behavior. This behavior was not observed for FD-SD.

6 Conclusion

We proposed a quadratic regularization approach employing finite-difference
gradient approximations for solving unconstrained multiobjective optimiza-
tion problems. The algorithm proposed features an adaptive finite-difference
step and a backtracking strategy inspired by recent developments in single-
objective optimization. A key advantage of the method is that it does not
require explicit computation of gradients, making it particularly suitable for
problems where only function values are available. We have shown that the
inverse step sizes remain uniformly bounded and provided a worst-case com-
plexity bound for the number of iterations needed to achieve a desired level of
optimality. Specifically, the iteration complexity is of order O(ϵ−2), matching
the known bounds for first-order methods in nonconvex multiobjective op-
timization. These results establish the method as a viable and theoretically
grounded approach for derivative-free multiobjective optimization.

Future work includes extending the proposed finite-difference method to
constrained multiobjective problems, particularly those with equality and in-
equality constraints. Incorporating proximal or augmented Lagrangian tech-
niques may help preserve convergence guarantees in such settings. Second,
it is of interest to adapt the method for composite optimization problems
of the form F + G, where F : Rn → Rm is a vector-valued function, and
G : Rn → Rm ∪ {+∞} is a proper convex lower semicontinuous function. De-
veloping proximal-type extensions of Algorithm 1 that can handle such com-
posite terms without requiring exact gradients would significantly broaden its
applicability, especially in high-dimensional and structured settings.
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