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1 Introduction

Fractional optimal tracking control as a combination of fractional optimal con-
trol and tracking control [1, 2], aims at finding the optimal control law to make
the fractional system tracks the desired reference in an optimal way. The track-
ing system is widely used in aerospace and mechanical systems. For example,
consider an antenna control system to track an aircraft. In a huge system,
the complexity of optimization problems increases exponentially [3] and the
traditional methods are not applicable. In [4], we used a new idea together
with orthogonal functions to find the closed loop solutions of fractional lin-
ear quadratic regulator problems. Orthogonal functions are fundamental in
solving a wide variety of engineering and mathematical problems, including
differential and integral equations, approximation theory, and dynamical sys-
tems [5]. In this paper, a feedback optimal control for the fractional optimal
control problem that involves a quadratic Bolza tracking performance index
and a fractional linear state equation is proposed.

Fractional models describe the behavior of some systems better than the
integer systems [6]. Fractional model is now a well-established tool in engi-
neering science [7]. Fractional differential equations are applied in Engineering,
science, finance and bioengineering [8]. In engineering systems, we are dealing
with tracking problems, for example, see [9, 10].
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There are two different perspectives in designing the feedback controls of the
fractional systems. In the first, we design the controller, then by adjusting some
parameters we find the elements of this controller. The first perspective has
been studied in many papers. In the second perspective, we are dealing with
fractional optimal control of a specified performance index based on objectives
in which the feedback controller must satisfy some conditions and equations;
it should be noted that only few works have studied the closed-loop solutions
of the fractional optimal control problems as the second perspective. There are
also too many texts in the fractional optimal control that have only researched
open-loop solutions. For more details, see [11].

Many significant real world challenges arise as optimization problems on
different classes of control systems [12]. For example, computational models to
uncover the physiological mechanisms underlying the disease-related neural
circuits receiving Parkinson’s disease was developed in [13]. The closed loop
controller for fractional tracking linear quadratic was presented in a few texts.

In [6], the explicit formula of the optimal tracking control-state pair of
tracking control problem for fractional order descriptor systems was presented.
An application of the fractional tracking optimal control, in controlling the
glucose levels in the blood for diabetics was presented in [14]. Here, we are
going to use the results given in [4, 15, 16] for finding the closed-loop optimal
controllers of fractional linear tracking quadratic optimal control problems.
By using the results of [11, 17], we can expand our idea to nonlinear tracking
systems.

In recent texts, the solutions of the fractional optimal control problems were
investigated. In [18], the Pontryagin maximum principle was obtained for the
fractional optimal control problem with terminal and running state constraints
and the necessary optimality conditions for the problem were derived. In [19],
singular linear Volterra integral control system with quadratic cost functional
over the infinite time horizon was studied and existence of the optimal control
was discussed.

Fractional optimal control problems are generally defined by changing the
integer derivative to a fractional derivative of desired senses [20–22]. Different
classes of the fractional optimal control problems were studied in [23–25]. We
saw in defining new fractional systems that there may be inconsistencies, for
instance, see Sec 4.2.1 in [24]. Solving fractional optimal control problems is cer-
tainly more complicated than the old integer-order problems; in this research,
we implement the method on fractional problems despite this complexity.

There are theoretical works that only study optimal control problems theo-
retically without solving even a simple example; but in reality, one can see the
fact that it is impossible to find the optimal control law for fractional systems
by using any of those methods. In the optimal control theory, each solution
method should be tested and executed on real optimal control problems, for
example, see [1] and [2]. Our method is presented theoretically and practically.
There are many texts that only deal with solutions of integer optimal control
problems theoretically in which anyone can see the fact that even a simple
first-order optimization problem has not been solved to verify their methods.
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It is practically useless to present pure theory without application because op-
timal control problems as models of the real-world systems need practical and
efficient solution methods. Such works only study optimal control problems
theoretically and give many formulas without solving a simple optimization
problem, for example, see [26], but, in practice, their methods do not even have
the ability to solve the integer order (the old version) of a typical optimal control
problem like Example 6 in [27], let alone difficult problems like those in [24].

2 Problems statements

Definition 1. The left Caputo derivative of order α for a function f (t) “C
0 Dα

t f (t)” is
defined as

C
0 Dα

t f (t) B

 1
Γ(n−α)

∫ t

0 (t − ρ)n−α−1 f (n)(ρ) dρ, n − 1 < α < n
dn

dtn f (t), α = n,

where n ∈N.

Remark 1. The left Caputo derivative of order α ∈ (0, 1[ takes the form

C
0 Dα

t f (t) B
1

Γ(1 − α)

∫ t

0
(t − ρ)−α ˙f (ρ) dρ.

Obviously, one can see that the term (t − ρ)−α exists inherently in the integral.

2.1 Fractional quadratic linear tracking problem

The fractional linear tracking problem consists of the plant described by
C
0 Dα

t x(t) = A(t)x(t) + B(t)u(t), 0 ≤ t ≤ t f (1)

the real-valued performance index

J = 1
2 [x(t f )−r(t f )]>T[x(t f )−r(t f )]+ 1

2

∫ t f

0

{
[x(t) − r(t)]>Q[x(t) − r(t)] + u>(t)Ru(t)

}
dt,

(2)
and the initial condition as x(0) = x0, where the final time t f is fixed, and
x(t f ) is free. Here, C

0 Dα
t is the left Caputo derivative of order α, and α ∈ (0, 1],

x : [0, t f ]→ Rq and u : [0, t f ]→ Rr are the state and control vectors, A(t) ∈ Rq×q,
B(t) ∈ Rq×r, z : R ×Rq

×Rr
→ R is a real-valued function, r : [0, t f ]→ Rq is the

desired or reference state vector and is continuous on its interval, T,Q(t) ∈ Rq×q

are symmetric, positive semi-definite matrices, and R(t) ∈ Rr×r a is symmetric,
positive definite matrix. A(t), B(t), Q(t), and R(t) can be either time-varying
or time-invariant. Our objective is to control this system in such a way that
the state x(t) tracks the desired state r(t) as close as possible during the time
interval [0, t f ] with minimum expenditure of control effort. In other words, the
optimal tracking problem is to find the closed-loop optimal control u∗(t) for the
fractional system (1) such that the performance index in (2) is minimized.
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Remark 2. In tracking optimal control problems, we are interested to minimize the
error between the actual state and the reference or the desired state, hence we consider
the square term ‘(x(t)− r(t))2’ in the performance index to minimize the tracking error.
Although we wish to the optimal state be equal to the desired reference, but in reality
we see that

x∗(t) , r(t).

For achieving the goal, we design the values of the weighting matrices, for example,
see [9]. In addition, if one takes x∗(t) − r(t) ≡ 0, considering 0 in the integrand of the
performance index (2) does not provide any realistic sense.

2.2 Fractional quadratic nonlinear tracking problem

The fractional nonlinear tracking problem consists of the plant described by

C
0 Dα

t x(t) = f(x(t),u(t), t), (3)

and the performance index or the cost functional is presented in (2).

2.3 Pure fractional quadratic linear/nonlinear tracking prob-
lem: open problem

In some works, the performance index of a fractional optimal control problem is
also defined with a fractional order, for example, [23–25]. As an open problem,
we may consider the following performance index for the fractional linear or
nonlinear quadratic tracking optimal control problem (1) and (3)

J(u(t), α1) = 1
2 [x(t f ) − r(t f )]>T[x(t f ) − r(t f )] (4)

+ 1
2

RL
0Iα1

t f

{
[x(t) − r(t)]>Q[x(t) − r(t)] + u>(t)Ru(t)

}
,

where, the constant Riemann–Liouville integral of order α for a function f (t)
denoted by “RL

t0
Iαt f

f (t)” in (4) is defined for t0 ≤ t ≤ t f as [24]

RL
t0

Iαt f
f (t) =

1
Γ(α)

∫ t f

t0

(t f − t)α−1 f (t) dt. (5)

We start with the results presented in [4] for the fractional regulator systems.
Then, by using the transformation and the procedure given in [16], and using
the results presented in [15], we obtain the optimality conditions for the first
problem. After that, by using the results presented in [11] and the mentioned
transformation, we can solve the second fractional optimal control problem.

Remark 3. In the optimal control theory, we describe a plant by a set of linear
differential equations as a linear regulator problem. The system can be a liquid-level
control system, a mass-spring-damper system, an automobile suspension system, an
n-plate gas absorber system, a stirred tank chemical reactor, a system of treatment
for a disease and etc. Hence, one can see the fact that (1) is the state equation of
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the control systems and its state or control may represent the temperature, pressure,
density, deviation from concentration of a system, weight fractions of species and inlet
feed rate of components of a tank reactor, the drug concentration of a disease model and
so on.

3 Closed-loop optimal controls and optimality con-
ditions for the fractional tracking problems

Lemma 1. If functions f (t) and g(t) are in C[0, t f ], then for α ∈ (0.9, 1]∫ t f

0
f (t) C

0 Dα
t g(t) dt ' ∆0 f −

∫ t f

0
(C
0 Dα

t f (t))g(t) dt, (6)

where ∆0 f denotes constant terms.

Proof. Taking ∆0 f = ∆0
0 f + ∆1

0 f + ∆2
0 f , the proof was presented in [4]. �

The following points are worth noting:

• For α = 1, the proof is easy and we did not present it. Also, since for α = 1,
we have ‘=’ in (6) and for α ∈ (0.9, 1), we used ‘≈’ in the approximation
after ninth equality in the proof of Lemma 3.1 in [4], we utilized ‘'’ in (6).

• We used the calculus of the variations to find the optimality conditions
in [4] as a common approach to find these conditions in the optimal control
theory. There are constant terms in the given lemma, but they are used for
boundary conditions and we do not need them in our method. One can
refer to Pages 230–233 in [1] and Pages 61–65 in [2] as perfect sources in the
optimal control theory, to see how boundary conditions are derived, for
example, see Eq. (2.7.32) on Page 65 of [2]. The method in [4] is a hybrid
method (combination of two methods, one for K and for l, and one for
removing boundary conditions) and boundary conditions are not derived
because, by using another method and combining the approaches, we do
not need them. The terms have no impact on the optimality conditions,
we did not discuss them in our approach.

• For the term f (t) 1
Γ(1−α)

[
(t − ρ)−αg(ρ)

] ∣∣∣ρ=t
, by using the expansions given

in [4] for α ∈ (0.9, 1), we can write

1
Γ(1 − α)

f (t)
[
(t − ρ)−αg(ρ)

] ∣∣∣ρ=t
≈

1
Γ(1 − α)

f (t)
[
(t − ρ)1−αg(ρ)

∑
m=0

ρm

tm+1

]∣∣∣ρ=t

or
≈

1
Γ(1 − α)

[ ∑
m1=0

∑
m2=0

∑
m3=0

(t − ρ)1−α fm1 gm2 tm1−m3−1ρm2+m3
]∣∣∣ρ=t

and since the term is constant and is used for finding boundary conditions,
we did not analyze it. In other relations, it is obvious from Remark 1 that
the term (t − ρ)−α for ρ→ t exists inherently in the integrals.

5



• In the analysis of δJa(u∗(t)) = 0 given in [4], the constants in the integrals
are definite for 0 and t f , they are constant values and have no effect on the
optimality conditions, regardless of whether they depend on the functions
f and g. The definite integrals are constants and we have not discussed
them because they have no effect on the optimality conditions given in [4]
as Eq. (17). One can easily see in our method that there is no need to
derive the boundary conditions for the state and costate variables.

• Such conditions (initial and final conditions) are used in the traditional
method to find the optimal state and costate from their differential equa-
tions (for example, see Table 2.1, Step 4 in [2]), which are unnecessary in
the method of [4]. Hence, we did not discuss the constant terms in [4].

3.1 Optimality conditions for fractional quadratic linear track-
ing problem

Theorem 1. The optimality conditions for fractional quadratic linear tracking problem
given in (1) and (2), and for α ∈ (0.9, 1] are

Q(t)(x∗(t) − r(t)) + A>(t)λ∗(t) + C
0 Dα

t λ
∗(t) ' 0, (7)

R(t)u∗(t) + B>(t)λ∗(t) = 0 (8)

and
A(t)x∗(t) + B(t)u∗(t) − C

0 Dα
t x∗(t) = 0, (9)

where for the Riccati matrix P(t) and a vector z(t), we take λ∗(t) = P(t)x∗(t)−P(t)r(t)+
z(t). P(t) is the solution of the Riccati fractional order differential matrix equation as

C
0 D1

t (P(t))x∗(t) =C
0 D1−α

t [−Q(t)x∗(t) −A>(t)P(t)x∗(t)]

− P(t)C
0 D1−α

t [A(t)x∗(t) − B(t)R−1(t)B>(t)P(t)x∗(t)], (10)

and for co-reference v(t), z(t) is the solution of the vector fractional differential equation
C
0 D1

t z(t) = −C
0 D1−α

t [A>(t)z(t)] + P(t)C
0 D1−α

t [B(t)R−1(t)B>(t)z(t) − v(t)]. (11)

Since for α = 1, we have ‘=’ in (7) and for α ∈ (0.9, 1), we have ‘≈’, we use ‘'’ in (7).

Proof. First, we use the transformation given in [16]. Then, by applying it,
we remodel the system (1). Now we define the co-reference vector v(t) where
A(t)r(t) is known and by using a series approximation we can find C

0 Dα
t r(t) from

Mittag–Leffler function, for example, see [19]. Thus, the new system is
C
0 Dα

t x̄(t) = A(t)x̄(t) + B(t)u(t) + v(t). (12)

By using the discussions in [4] and [15], we can reach the optimality conditions
and the fractional differential equations given in (7)–(9) and (10), (11). �

Lemma 2. Assume that in (12) for constants µ1, µ2, µ3 > 0, ‖A(t)‖ ≤ µ1, ‖v(t)‖ ≤ µ3
and by C(t) B −B(t)R−1(t)B>(t)P(t), ‖C(x̄(t), t) − C(x̂(t), t)‖ ≤ µ2‖x̄ − x̂(t)‖, where
x̄, x̂ ∈ Rq. Then (12) has a unique solution.

Proof. The proof is similar to that presented for Lemma 3.5 in [4]. �
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3.2 Closed-loop optimal control for fractional quadratic linear
tracking problem

The optimal control law for fractional quadratic linear tracking problem is given
by

u∗(t) = −K(t)x∗(t) + l(t), (13)

where
K(t) = R−1(t)B>(t)P(t),

K(t) is the Kalman gain and the Riccati matrix P(t) is the solution of the matrix
fractional differential Riccati equation given in (10). In traditional methods, the
term l(t) in (13) should be derived from the given fractional differential equation
(11). But, we use the hybrid method presented in [15] to find this term without
solving the mentioned equation and in addition, we present it in a new form.

4 Simulation studies

In this section, we apply the proposed method for finding the closed-loop
optimal control of the fractional tracking optimal control problem.

4.1 Example 1

Consider the fractional tracking Van der Pol oscillator problem, which is con-
structed from Van der Pol oscillator equation [28]. The system is given by

C
0 Dα

t x1(t) = x2(t),
C
0 Dα

t x2(t) = −x1(t) + (1 − x2
1(t))x2(t) + u(t),

where x1(0) = 1 and x2(0) = 0. The performance index for tracking problem is

J = 1
2

∫ 5

0

{
(x1(t) − r(t))2 + x2

2(t) + u2(t)
}

dt,

where r(t) = (1 − 0.4t)cos(t). The problem is finding the optimal control law.

Remark 4. This problem was not originally for tracking purposes, but we modify it to
implement the proposed method. One should note that for better tracking, we have to
increase the values of the weighting matrix Q, for example, see Examples 1–3 in [16],
and Q in the examples given in [29].

We define the optimal control law by

u∗(t) = −[k11(t), k12(t)]x∗(t) + [kr
11(t), 0][1 + (1 − 0.4t)cos(t); 0]

and the optimal states, the optimal control and the feedback gains are shown
in Figure 1 for α = 0.9. Considering Remark 4, we change the value q11 of the
state weighting matrix and set 10(x1(t)− r(t))2 in the performance index, that is,

J = 1
2

∫ 5

0

{
10(x1(t) − r(t))2 + x2

2(t) + u2(t)
}

dt.

7



The results are shown in Figure 2 and, as can be seen, by this new value of the
state weighting matrix, the system can better track the desired reference r(t).

4.2 Example 2

This problem is a fractional tracking version of the example was studied in
[4, 30]. The fractional state equation is

C
0 Dα

t x(t) =

[
0 I

−M−1κ 0

]
x(t) +

[
0 0 · · · 0 1/mL

]>
u(t),

The performance index is given as

J =

∫ 10

0

(
[x(t) − r(t)]>

[
κ 0
0 M

]
[x − r(t)] + u2(t)

)
dt,

where
r(t) = [0; 0; 0;− 13

450 t2 + 163
450 t − 1

3 ; 0; 0; 0; 0; 0; 0],

M =


m1 0 · · · 0
0 m2 · · · 0
...

...
. . .

...
0 0 · · · mL

 ,

κ =



κ1 + κ2 −κ2 0 0 · · · 0 0 0
−κ2 κ2 + κ3 −κ3 0 · · · 0 0 0

0 −κ3 κ3 + κ4 −κ4 · · · 0 0 0
...

...
...

... . . . κL−2 + κL−1 −κL−1 0
0 0 0 0 · · · −κL−1 κL−1 + κL −κL
0 0 0 0 · · · 0 −κL κL


.

The initial conditions are

xL(0) = 1, xl(0) = 0, l = 1, 2, . . . ,L − 1,L + 1, . . . , 2L.

The problem is to find the optimal control law for the fractional tracking system.
We take α = 0.95, L = 5, ml = 10 kg, and κl = 1 N/m for l = 1, 2, . . . ,L. Hence,
x(0) = [0; 0; 0; 0; 1; 0; 0; 0; 0; 0] m.

Remark 5. This system was not originally for tracking purposes. One should note
that for better tracking of any tracking optimal control problem, we have to try various
values of its weighting matrices, for example, see the values of weighting matrices given
in the numerical experiments of [16] and [29].

For this fractional tracking system, by taking the optimal control law as

u∗(t) = −K(t)x∗(t) + Kr(t)[0; 0; 0;− 13
450 t2 + 163

450 t − 4
3 ; 0; 0; 0; 0; 0; 0],

the optimal states and control, and the feedback gains are shown in Figure 3.
The closed-loop solutions of these problems cannot be obtained by many of

available theoretical methods.
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Figure 1: Optimal solutions for Example 1, q11 = 1 and α = 0.9
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Figure 2: Optimal solutions for Example 1, q11 = 10 and α = 0.9
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