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Abstract

We study a bilevel optimization framework for hyperparameter learning in vari-
ational models, with a focus on sparse regression and classification tasks. In
particular, we consider a weighted elastic-net regularizer, where feature-wise reg-
ularization parameters are learned through a bilevel formulation. A key novelty
of our approach is the use of a Forward-Backward (FB) reformulation of the non-
smooth lower-level problem while preserving its set of minimizers. This reformu-
lation yields a bilevel objective composed with a locally Lipschitz solution map,
allowing the application of generalized subdifferential techniques to derive calcu-
lus rules and enable efficient subgradient-based optimization methods. Crucially,
this coderivative-based construction provides nonzero subgradient information
at biactive coordinates, where standard implicit-differentiation methods suffer
from gradient starvation. Empirical results on synthetic, semi-synthetic and real
sparse classification datasets demonstrate that our approach improves support
recovery in degenerate sparse regimes while remaining competitive in predictive
performance.
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1 Introduction

In this work, we focus on a class of models formulated using a variational framework,
which balances data fidelity with prior knowledge through a regularization term. The
general model takes the form:

min  F(y;d) + G (y),
yey

where y € ) denotes the vector of unknown model parameters to be estimated,
F(y;d) is the data fidelity term, which enforces consistency with the observations
d € D, G,(y) is a regularization term encoding prior assumptions such as smooth-
ness, sparsity, or piecewise constancy. This regularization term is parametrized by the
so-called hyperparameter x € X that balances the trade-off between data fidelity and
regularization.

Furthermore, the choice of the regularization hyperparameter x is critical to the
success of the variational model. If x is too small, the solution may overfit the data,
leading to poor generalization or reconstructions that amplify noise. Conversely, if it
is too large, the regularization may dominate, resulting in oversmoothed or biased
solutions that fail to capture relevant features of the underlying signal or structure.

Traditionally, this selection is handled using methods such as cross-validation (CV)
or Bayesian optimization. In CV, one evaluates the out-of-sample performance across
a predefined grid of parameter values, typically using techniques like K-fold CV to
estimate the validation error. While effective in low-dimensional settings, this brute-
force strategy becomes computationally expensive as the number of hyperparameters
increases. Beyond two or three parameters, grid and random search become infeasible.

In such cases, Bayesian optimization offers a more adaptive alternative by modeling
performance as a probabilistic function of the hyperparameters [1, 2]. However, these
gradient-free methods also face scalability limits, typically struggling when the number
of tunable parameters exceeds 10 to 20, see e.g. [3].

A compelling alternative is to cast hyperparameter selection as a bilevel opti-
mization problem. In this framework, hyperparameters are treated as variables in
an outer (upper-level) optimization problem that minimizes validation error, while
an inner (lower-level) problem fits the model using those hyperparameters. This
nested formulation mirrors a Stackelberg game, where the leader (outer problem)
selects parameters to optimize a generalization estimator, and the follower (inner
problem) solves the task-specific model accordingly. This approach enables princi-
pled, scalable, and potentially gradient-based optimization of hyperparameters—even
in high-dimensional settings.



We consider the following Bilevel Hyperparameter Learning (BHL) framework:
min  L(z,y*(x
L (z,y"(2))

st. oy (z) € S(x) = argerrjliin {F(y) +G:(y)}.

Unlike gradient-free approaches, gradient-based hyperparameter optimization scales
more naturally to high-dimensional settings, enabling the tuning of dozens or even hun-
dreds of hyperparameters simultaneously. The numerical solution methods typically
fall into two broad categories, depending on how the gradient of the upper-level objec-
tive is computed. In the smooth setting, this quantity is commonly referred to as the
hypergradient; in the nonsmooth framework developed here, the analogous object is a
subgradient of the upper-level objective, and we will use this terminology throughout.

The first category, known as implicit gradient methods, treats the lower-level opti-
mization problem as defining an implicit mapping from hyperparameters to model
parameters. By applying the implicit function theorem to the optimality conditions of
the lower-level problem, one can derive the hypergradient analytically. This typically
requires solving a linear adjoint system [4] or, in large-scale settings, approximat-
ing the inverse Hessian-vector product through iterative schemes such as Neumann
series expansions [5, 6]. Applications include validation-based model selection for sup-
port vector machines and kernel classifiers, where regularization or kernel parameters
are selected by differentiating the KKT system of the training problem [7, 8]. More
recently, implicit differentiation has been used to optimize very high-dimensional
hyperparameter vectors [9] and to compute meta-gradients without backpropagating
through long inner optimization trajectories [10]. However, these approaches typically
rely on smoothness and suitable nonsingularity or strong-regularity assumptions for
the lower-level optimality system.

In contrast, explicit gradient methods approximate the solution to the lower-level
problem using a fixed number of iterative updates (e.g., gradient descent steps). The
hypergradient is then computed by differentiating through this iterative process, using
either forward-mode or reverse-mode automatic differentiation [11, 12]. While more
flexible and easier to implement, explicit methods often require more memory and
computational effort, especially when the number of inner iterations is large.

1.1 On the sparse regularization of machine learning models

Sparse regularization has become a cornerstone in modern machine learning, where
high dimensionality and ill-posedness are common challenges. The central idea is to
promote solutions that rely on a small subset of relevant features or components,
enhancing both interpretability and generalization.

In machine learning, sparsity-inducing regularizers are widely used to perform
implicit feature selection. By penalizing the number of non-zero coefficients, sparse reg-
ularization encourages models that are simpler and more robust, often outperforming
dense alternatives in high-dimensional regimes.

A wide range of regularizers have been proposed to achieve this sparsity effect.
The most direct approach is the ¢y pseudo-norm, which counts the number of nonzero



entries in a vector but leads to combinatorial NP-hard problems. To address this,
the convex £1-norm is widely adopted as a tractable surrogate that promotes sparsity
and enables efficient optimization [13]. The elastic-net regularizer combines ¢; and f2
penalties to enhance stability in the presence of correlated features, balancing spar-
sity and shrinkage. Beyond convex methods, nonconvex penalties such as MCP [14],
SCAD [15], and ¢,-quasi-norms (with 0 < p < 1) provide closer approximations to the
£o norm and mitigate bias on large coefficients, though at the cost of increased opti-
mization complexity. In settings where structure matters, group sparsity and variants
like the group Lasso [16] and fused Lasso [17] regularization are used to enforce zero
patterns aligned with known feature groupings or spatial arrangements.

When it comes to sparsity-regularized lower-level problems, applying the bilevel
optimization framework becomes significantly more challenging. This is because both
implicit and explicit gradient methods typically rely on two key assumptions: strong
convexity and smoothness of the lower-level problem. However, these assumptions
break down in the context of sparsity-inducing regularizers, which are inherently non-
smooth by design. As a result, standard bilevel techniques cannot be directly applied,
and more careful theoretical and algorithmic treatment is required to handle these
nonsmooth settings effectively.

The numerical solution of bilevel problems with nonsmooth lower-level objec-
tives has attracted growing attention in recent years, leading to a range of strategies
across different applications. A common approach, particularly in inverse problems,
is to approximate the nonsmooth regularization with smooth surrogates. This idea
is explored in the seminal works [18, 19], where bilevel formulations are solved using
smoothed versions of nonsmooth terms like total variation. More recent developments
have extended this line of research to nonsmooth formulations without smoothing,
as seen in [20, 21], specifically addressing total variation regularization via tailored
optimality conditions.

A distinct line of research focuses on leveraging the structural properties of bilevel
problems to manage nonsmoothness more effectively. For example, [22] reformulates
the bilevel problem as a difference-of-convex (DC) program and addresses it through a
value function approach. This direction is further developed in [23], where the Moreau
envelope is applied to the value function to obtain a smooth approximation. Mean-
while, [24] addresses a nonsmooth support vector machine by exploiting the duality
of the lower-level problem, resulting in a mathematical program with equilibrium
constraints (MPEC)—an approach that builds on foundational work from [25, 26].

Another line of work embraces the unrolled optimization paradigm, as in [27], where
the lower-level problem is replaced by a fixed number of iterations of a primal-dual
algorithm and differentiated through. Finally, bundle methods, traditionally used in
nonsmooth optimization, have also been adapted to bilevel settings, as demonstrated
in [28].

The closest prior work is the Sparse-H0 framework of [29], which applies implicit
differentiation to sparse bilevel learning by restricting the adjoint system to the pri-
mal support—an approach that is exact under strict complementarity but assigns
zero subgradient to biactive coordinates where the optimality gap also vanishes. The
present paper addresses this limitation through an implicit-gradient framework for



bilevel hyperparameter optimization with sparse lower-level regularization. Rather
than smoothing the lower-level problem, we use a Forward-Backward (FB) reformula-
tion that preserves the original solution set and yields a structured residual mapping.
This reformulation allows us to bring tools from variational analysis into the sparse
lower-level setting and to derive computable subgradients for the upper-level problem,
including degenerate biactive regimes beyond strict complementarity. The structure
of the paper is outlined as follows:

® Section 2 presents the key concepts and results from convex and variational anal-
ysis that underpin the developments in this work. These tools form the theoretical
foundation for the analysis and algorithms introduced later.

® Section 3 contains the theoretical core. Subsection 3.1 introduces the FB refor-
mulation of the lower-level problem, establishing that it preserves the original
minimizers and yields a single-valued, locally Lipschitz solution map S. Sub-
section 3.2 recasts the bilevel problem as the single-level composition ®(x) =
L(z,S(x)) and reduces the computation to a coderivative problem for S. The
section concludes with a full coderivative calculus for the weighted ¢; case, treat-
ing the soft-thresholding operator 7 and the FB residual R”, and delivering a
computable subgradient formula valid at biactive coordinates.

® Section 4 addresses the computational realization of the framework. It introduces
the self-consistent biactive selection policy (Definition 2) and a support-reduced
subgradient oracle (Algorithm 1) that restricts the adjoint system to the active
working set S, compressing the linear solve from O(p*) to O(|S|?). Two outer-
level solvers embed this oracle: Algorithm 2 (NBA-w/;), a projected normalized
subgradient method, and Algorithm 3 (NTRBA-w/{7), a trust-region variant whose
radius is adapted via a predicted-versus-actual reduction ratio.

® In Section 5, we evaluate the proposed framework on an illustrative exactness-
and-gradient-starvation example, synthetic sparse-regression studies, a controlled
oracle-optimizer ablation, comparisons against scalar tuning and Sparse-H0, and
high-dimensional classification benchmarks.

2 Preliminaries from Convex and Variational Analysis

We collect here the definitions and results from convex and variational analysis used
throughout the paper. For a comprehensive treatment of these topics, we refer the
reader to the following monographs [30-32].

In what follows X and ) represent two finite dimensional Hilbert spaces. To

simplify the notation, we denote the usual Euclidean norm by | - || with the corre-
sponding standard inner product as (-, -) in all the spaces. We use R™ to represent the
n-dimensional Euclidean space, and the extended real line R := [—o0, 00].

2.1 Elements of Convex Analysis

Given a nonempty set C' C X, we denote the polar cone of C by

C°={veX|(v,w) <0, forallwe C}.



Let ¢ : X — R be a convex, proper, and lower semicontinuous function, and let v > 0
be a fixed parameter. We define the proximal operator as follows:

. 1 2
TOX, ) = argmin — | — .
prox., (z) %GX {w(y) + 27|| yll }

2.2 Generalized Differentiation

Given a closed set C C X, we begin by defining the tangent cone (also known as
contingent or Bouligand cone) to a set C' at a point T € C by

T(J;;C):{deX‘Htkio,ExkeC’s.t. T — T and Iktiz —>d}.
k

This cone captures the directions d in which the set C' can be locally approxi-
mated near Z. Furthermore, the Fréchet mormal cone to C at T € C is given by
N(z;C) = T(z;C)°, where T(z;C)° denotes the polar cone of T'(Z;C). Moreover,
the Mordukhovich (limiting) normal cone to C at T € C is defined as

N(z:C) = {z ex ‘ Jat € N(wp: C) such that (zx, z1) — (m*)} LW
Since it is defined as a limit of Fréchet normals, we always have the inclusion:
N(z,C) C N(z:C), forall Z € X.

Whenever C is convex, both constructions coincide with the normal cone of convex
analysis, that is,

N(#C)=N(@:C)={z": (a*, 2 —2) <0, forallz € C}, forall Z € X.

For a proper lower-semicontinuous function f : X — R, the Fréchet and Mordukhovich
subdifferentials at T are respectively defined as

0f(@) = {a* € X| (@, ~1) € N(@, f@)sepi )},

Of(x) :={a" € X[ (2", -1) € N((&, f(2));epi f)}.
Moreover, the normal cone constructions also enable the definition of generalized
derivatives for set-valued mappings. Specifically, for a multifunction F' : X = ), the

Mordukhovich coderivative of F at a point (z,y) € gph F = {(z,y) | y € F(x)} is
defined for each y* € ) as

D*F(z,y)(y*) = {z* € X|(«", —y") € N((2,y); gph F')} .

When F(zx) = {y} is a singleton, the point y is often omitted from the nota-
tion. Moreover, if F' is continuously differentiable at x, the coderivative simplifies to



D*F(x)(y*) = {JF(x)*y*}, where JF(z)* denotes the adjoint of the Jacobian of F
at x. Additionally, when F' is single-valued and locally Lipschitzian around z, the
coderivative can be expressed in terms of the Mordukhovich subdifferential of the
scalarization as follows (see, e.g., [31, Theorem 1.32]):

D*F(z)(y*) = 0(y", F)(z), where (y*, F) == (y", F(z)). (2)

Let us recall that a mapping F : X = Y is said to be lower-regular at (z,y) provided
that

D*F(a,y)(y") = {o € X | (@*,~y") € N((@,p);gph F) |, for all y* € .

As is standard in set-valued analysis, we identify single-valued set-valued mappings
with ordinary (single-valued) functions.

Similar to the coderivative, the Mordukhovich subdifferential of the scalarization
is equipped with a set of calculus rules. The specific rules relevant to our work are
summarized in the following lemma.

Lemma 1 Let X,Y and Z be finite dimensional Hilbert spaces. Let T € X, let F1 : X — ) be

continuously differentiable around T with VF1(Z) of full rank. Furthermore, let Fo : X — )

and F3 : Y — Z locally Lipschitz continuous around T and § = Fy(Z), respectively. Then, for
* *

any z© € Z and y*© € Y, we have:

(i) The coderivative of the sum Fy + F» at T for y* € Y reads:
D* (Fy+ F) ()(y") = VFL(®) 'y + D" Fa(2)(y")-
(i1) For §j = Fy(Z) the coderivative of the composition (F3 o Fy)(Z) at T for 2* € Z is:
D* (Fy o 1) (#)(z") = VF1(2) " o D*F3(5)(z").
(i1i) The coderivative of —Fy at T for y* € Y reads:
D™ (—=F2)(@)(y") = D" F2(z)(—y").

Proof Let us begin with item (i). The coderivative sum rule, as presented in [31, Theorem 3.9
(1)], offers a precise characterization for the coderivative of the sum of two multifunctions—
provided that the following qualification condition is satisfied:

D" F1(z)(0) N (D" F(z)(0)) = {0}.

This condition is automatically met when Fj is continuously differentiable and its Jacobian
matrix VF1(Z) has full rank. Moreover, since both F; and F» are single-valued mappings,
the conclusion follows directly.

Next, for item (ii), we apply the coderivative chain rule from [31, Theorem 3.11 (iii)],
which characterizes the coderivative of a composition. This result holds under the assumption
VF1(Z) is of full rank.

Finally, item (iii) follows directly from (2). O



3 Bilevel hyperparameter learning for sparse models

We define the Nonsmooth Bilevel Hyperparameter Learning problem (NBHL) as the
following bilevel optimization problem:

xrréir}x Lz, y* (2)) (3a)
st y'(z) € S(x) == argmin {p.(y) :== F(y) + G.(y)}, (3b)

yey

where L : X x Y - R, F: Y — R and G, : YV — R are convex but not necessarily
differentiable and parametrized for a given x € X. Moreover, to ensure that (3) is
well-defined, we will consider the following assumptions:

Assumption 1 The function F' is twice continuously differentiable and A p-smooth, that is,

Assumption 2 The function F' is strongly convex with constant upg, i.e.,
F(y) > F(2) +(VF(2), y = 2) + pplly — 2|° forall y,z € Y.

Assumption 3 The function Gz(y) = Y¥_; ¥(x;)gi(y) where each g;: Y — R is a finite-
valued convex function and ¥: R — R4 is a continuously differentiable function. Moreover,
' (t) > 0 for all t € R.

We refer to L as the upper-level objective function and ¢, as the lower-level objec-
tive function, parameterized by a given upper-level variable x € X. Solving (3) is
particularly challenging due to the implicit nature of the lower-level optimal solu-
tion mapping S: X = ), as defined in (3b). Nonetheless, Theorem 2 establishes that
under our assumptions, the solution set S is single-valued and a locally Lipschitz map-
ping. This property serves as a key starting point for analyzing the behavior of the
lower-level problem using techniques from generalized differentiation.

Theorem 2 Under assumptions 2 and 3, the set S(x) is single-valued for every x € X.
Moreover, the mapping S: X — Y is locally Lipschitz.

Proof First, we observe that the mapping (z,y) — ©«(y) is continuous. Indeed, F' is con-
tinuous by its strong convexity, each g¢; is finite-valued convex and therefore continuous
on the finite-dimensional space ), and 1 is continuously differentiable; hence (z,y) —
F(y) + Y7, ¥(xi)gi(y) is continuous. Furthermore, for any fixed # € X, the lower-level
objective function ¢z, as defined in (3b), is strongly convex. Consequently, the corresponding
problem admits a unique solution.

Next, we show that the solution mapping S is continuous. Consider a sequence xj — .
It follows that

n; = sup{Y((zr);) : k € N} < o0, foralli =1,...,p.



In particular, it implies that

P
vz, (y) < F(y) + Zm max{g;(y),0} for all y € Y, and all k € N. (4)
=1
Since each function g; is convex, there exist constants «;, 8; € R such that

gi(y) > ally|| + B; forallye Y, and for alli =1,...,p.

Moreover, the strong convexity of F' yields that there exist constants ¢ > 0 and b, ¢ € R such
that

w0z (y) = allyll® + bllyll + ¢, for all y € Y and all k € N. (5)

Therefore, by combining (4) and (5), we conclude that the sequence {S(zy)}ren is bounded
and thus admits at least one accumulation point. Moreover, by the definition of S(xy), we
have
Pai (S(zk)) < @ax(y) forally e .

By continuity of the function (x,y) — ¢z(y), any accumulation point of the sequence
{S(zk)}ken is a solution to the lower-level problem at z. Since this solution is unique, it
follows that S(zy) — S(z). This concludes the proof of the continuity of S.

Now, let us consider u,v € X. Using the strong convexity of the function ¢, we obtain

purl[S(w) — S@)II° <pu(S(®)) — pul(S(w))
<pu(S(v)) = 9o (S(v)) + u(S(w)) — pu(S(u))

(W (i) = ¥(vi)) (9:(S(v)) = gi(S(u)))

e

@
Il
-

|9 (ui) = (i) - 1gi(S(w)) — gi(S(v))]-

5

s
I
—

Now, fix an arbitrary point z € X, and let U be a compact neighborhood of Z. Since S
is continuous and U is compact, the image S(U) is compact; hence each finite-valued convex
gi admits a common Lipschitz constant x > 0 on S(U). Then, for every u,v € U, we have

p
prllS() = S@)I* < D 1(ui) = (v:)] - [9i(S(w) — gi(S(v))]
i=1

P
< w[IS(w) = S [b(ui) — (o),
i=1

which, by virtue of Assumption 3, implies that S is locally Lipschitz continuous. O

3.1 A Forward-Backward reformulation of the lower-level
problem

Using the single-valuedness and Lipschitz continuity of the solution mapping estab-
lished in the previous section, we now characterize the lower-level solution set through
an alternative implicit representation. To this end, we introduce a Forward-Backward
(FB) reformulation. Its role in our analysis is not to smooth the problem, but to pro-
vide an exact residual mapping that preserves the original solution set and is amenable
to coderivative analysis.



Indeed, for v > 0, let us introduce the Forward—Backward operator and residual,
respectively, as follows (see, e.g., [33]):

T (y) :== T7(2,y) := prox,q, (y — YVF(y)),, (6)
R)(y) :== R (z,y) :== 7" "y — T (1))-- (7)

Given these definitions, we can characterize the solutions of the original lower-level
problem (3b) for a fixed parameter x € X, as the zeros of the associated residual map-
ping. This well-established correspondence is formalized in the following proposition
(cf. [34, Cor. 27.3]). Since the proof follows standard arguments in convex optimization,
we omit it.

Proposition 3 Under Assumptions 2 and 3, and assuming F' is differentiable, let v > 0,
x € X, andy € Y. Then, the following statements are equivalent:

(i) RY(y) =0, (i) 0 € VF(y) +0Gz(y), and (iii) y € S(x).

Let us emphasize that the previous proposition establishes the following implicit
representation of the mapping S, that is, for a parameter v > 0, we have that

S(x) :={y € Y| Ri(y) =0} . (®)

3.2 A generalized composition reformulation of the NBHL
problem

The results presented in the previous section allow us to reformulate the NBHL prob-
lem using the solution set of the lower-level problem, defined in (3b). Furthermore,
the single-valuedness property established in Theorem 2 enables us to represent the
bilevel optimization problem as an unconstrained problem with a locally Lipschitz
continuous objective function via generalized composition, namely,

géig@(x) = L(z,S(x)). (9)

An important advantage of this single-level reformulation is that it allows us
to apply the chain rule for the generalized composition of functions to effectively
characterize the subdifferential of the upper-level function with respect to the param-
eter x. This characterization plays a pivotal role in the numerical solution of the
bilevel problem using subgradient-based schemes. Specifically, to determine the lim-
iting subdifferential, we rely on [31, Theorem 4.5], which provides the following
result:

Lemma 4 Under assumptions 2, 1 and 3, let L be strictly differentiable at (Z,7) with § :=
S(z), then we have the equality:

0®(z) = VzL(z,9) + D*S(z)(VyL(Z,79)).

10



A key component in characterizing the limiting subdifferential of the bilevel prob-
lem is the coderivative of the solution mapping S. This task is nontrivial, as the
mapping is given in an implicit form. However, we can use the results for coderivatives
of implicit multifunctions [35, Corollary 4.34] to obtain the following estimate for the
coderivative.

Lemma 5 Under assumptions 1, 2 and 3, let v > 0, z € X, g := S(z) € Y and R" :
X xY — Y. Then,
D*S(z)(y") C {1:* € X|(z", —y") € D*RY(z,5)(2"), for some 2" € y}, (10)
provided that
ker D*R"(z,y) = {0}. (11)

Moreover, the inclusion in (10) becomes an equality provided that R is lower-reqular at (T, 7).

Remark 1 It is important to mention that condition (11) is equivalent to metric regularity
of RY around (Z,7) (see, e.g., [36, Theorem 4C.2]).

Since the inclusion in Lemma 5 may be strict, it is convenient to name the right-
hand side set explicitly, as it will play a central role in the subsequent analysis.

Definition 1 (Residual-enlarged coderivative and subdifferential) We define the residual-
enlarged coderivative of S at T for y* € ) as the set:
Dr+S(@)(y*) = {z" € X|(z",—y") € D"R"(z,9)(z"), for some 2" € Y},
and its corresponding residual-enlarged subdifferential is defined as:
0%®(Z) := Vo L(Z,9) + Dp+S(2)(Vy L(Z,7)).
By Lemmas 4 and 5, 0®(z) C 8}4@(@), with equality when R” is lower-regular at (Z, 7).

Lemmas 4-5 and Definition 1 provide a tractable outer approximation 9},®(Z)
of the limiting subdifferential of the NBHL problem. Elements of this set can be
leveraged to design numerical algorithms for computing optimal solutions. Further
development of these computations—particularly the coderivative calculus for RY and
the verification of condition (11)—requires a more explicit representation of the NBHL
problem, which will be addressed for the weighted ¢; regularizer in the next section.

3.3 Subgradients for the NBHL problem with the weighted ¢,
regularizer at lower-level

In this section, we characterize the residual-enlarged subdifferential using the widely
adopted weighted ¢; regularizer. This regularizer is particularly important because
it promotes sparsity in solutions while allowing for flexibility in penalizing differ-
ent variables based on their importance or relevance. This makes it a powerful tool
in applications such as feature selection, compressed sensing, and robust regression.

11



Specifically, we consider the setting X = ) = RP. Then, the weighted ¢; regularizer
G,: RP — R, is defined as follows:

P

Galy) = Z?/J(l’iﬂyih (12)

i=1

where x € RP is the weight vector and ¢: R — Ry is a weight function, which is
assumed to be continuously differentiable. It is straightforward that the function G,
defined in (12) satisfies Assumption 3.

To simplify the notation, let us set the vector weight mapping ¥: R? — R’ by
U(x); := (x;). In this setting, the Forward-Backward (FB) operator and its associ-
ated residual-originally introduced in (6) and (7)-take on a concrete form tailored to
our regularizer:

T (y) =T"(z,y) = (T o H")(x,y), (13)
R)(y) = R (z,y) =7 ' (y — T (z,y)), (14)

where the mapping H7: R? x R? — RE x R? is defined by H(z,y) = (v¥(z),y —
YVF(y)),and T : RE x RP — RP corresponds to the component-wise soft-thresholding
operator, defined for (u,v) € R x R? as follows:

T(u,v) = (7(ui, v:))7—y = (max{]vi| — ui, 0} sign(vi))i_; - (15)

Here, we have adapted the notation to explicitly reflect the dependence on both the
parameter x and y, which will be crucial for analyzing their sensitivity in the remainder
of this section.

The expressions for the solution mapping in (8), as well as for the Forward-
Backward operator and residual in (13) and (14), respectively, allow for a precise
characterization of the solution mapping S associated with the weighted ¢; regularizer:

S(x) ={y eR” |y — (T o H")(2,y) = 0}

This formulation is the starting point for computing the limiting subdifferential of
the corresponding bilevel problem. As shown in Lemma 5, such analysis relies on
the coderivative of the residual operator RY, which, in the case of the weighted ¢
regularizer, further reduces to the coderivative of the component-wise soft-thresholding
operator 7.

3.3.1 Coderivative calculus for the component-wise
soft-thresholding operator 7T

In this section, we derive more precise representations of the tangent and normal cones
to the graph of the operator T introduced in (15). To that end, we introduce the sets of
positive/negative inactive, active, and positive/negative biactive indices, respectively,

12



defined by

IJr(uav) ={ie{l,...;p}|vi>u}, T (u,v) ={i € {1,...,p} [ v; < —u;},
Bt (u,v) ={ie{l,....,p} |vi=w;}, B (u,v) ={i € {1,...,p} | v; = —u;}, (16)
Au,v) ={i € {1,...,p} | |vi] < u;}.

Using this partition of the index set {1,...,p}, we first obtain the following repre-
sentation of the graph of 7 and the closedness of the graph of T, which is presented
formally in the following proposition.

Proposition 6 Considering the operator T, as defined in (15). Then, a vector (u,v,w) €
R;i x RP x RP belongs to gph T if and only if

vi—u; ifi €I (u,v),
w; = 7(ui,v;)) =40 if i € A(u,v) UBT (u,v) UB™ (u,v), (17)
vitu; ifi €L (u,v).

Furthermore, gphT is a closed set.

Proof Let Q := Rﬁ_ x RP x RP. First, a simple computation of the graph of T yields

v; —u;  if v; > uy,
gph 7T = {(u,v,w) € Q| w="T(u,v)} =< (u,v,w) €EQ|w; =40 if |v;] < uy,
v+ if v < —uy
Second, using the index sets defined in (16), we get that (17) holds. Figure 1 shows a graphical
representation of gph 7T, clearly showcasing the piecewise linear structure of the operator 7
and its distinct behavior across the different index sets.

Now, let us focus on the closedness of gph7. To prove this, let us examine the soft-
thresholding operator as a piecewise linear function. Specifically, the operator is defined as
follows:

vi —uy  if vy > uy,
T(uiv;) =<0 if ;| < uy,
v; +uy if v, < —uy.
Now, consider a sequence (ufwf,wf) — (ug,vi,w;). Using the continuity of 7 we observe
that w = 7(u¥, vF) = 7(us,v;), which implies wF — w;. Since each component of T satisfies
this property, the result follows directly. O

Using Proposition 6, we now focus on characterizing the limiting normal cone to
gph 7. To this end, we follow the constructive route suggested by the definitions:
we begin by deriving an explicit expression for the tangent cone to the graph of the
component-wise soft-thresholding operator 7. Next, we obtain the Fréchet normal
cone by applying the polar operation to the tangent cone. Finally, passing to the limit,
we compute the Mordukhovich normal cone.

We start by providing an explicit characterization of the tangent cone to the graph
of the mapping 7, as defined in (15). The complete proof is given in Appendix A.

13
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Fig. 1 Graphical description of gph T

The left plot shows the behavior of the soft-thresholding operator 7 for a single component ¢,
demonstrating its piecewise linear structure. The right plot extends this to a 3D view, highlighting
interactions between components, with red lines marking the biactive sets BT (u, v) U B~ (u,v).

Proposition 7 The tangent cone for gph T at (u,v,w) € gph T is given by:

T((u, v, w)v gph T) =

SY =Y — 8¢ ifi € IT (u,v),
8P =60 4+ 64 if i € 27 (u,v),

(3“,6°,6") e R* | { 6% =0 if i € Alu,v), (18)
6% = max{d} — 0;",0} ifi € BT (u,v), u; >0,

5 = min{s; + 67,0}  ifi € B (u,v), u; >0

Remark 2 The qualifier u; > 0 in the biactive cases of (18) excludes the vertex configuration
u; = v; = 0, at which 7 belongs simultaneously to Bt and B~. The tangent cone for that
configuration is derived in Remark 5 of Appendix A. In the algorithmic context of this paper,
u; = yU(x); > 0 for all ¢ by Assumption 3 and v > 0, so the vertex case does not arise.

Using the characterization for the tangent cone, we can now provide a characteriza-
tion for the limiting normal cone of the graph of the component-wise soft-thresholding
operator. The proof can be found in Appendix B.

Proposition 8 Let (u,v,w) € gphT, then the limiting normal cone of the graph of the
component-wise soft-thresholding operator at (u,v,w) € R3 is given by:

N((uv v, w)§ gph T) =
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(l/7w7 _C) € Rgp

vi = —(i, wi=¢;

vi= (i, wi=¢G

v; =0, w;=0

v; =0, w; =0,

v = —w;, 0 <w; <G,
vi = —(i, wi=¢;

v; =0, w; =0,

v = wi, G Sw; <0,

Gi, wi=¢;

Vi

Using Proposition 8, we obtain the coderivative of 7.

ifi € TT (u,v),
ifi €L (u,v),
if i € A(u,v),

ifi € Bt (u,v),

if i € B (u,v)

Corollary 9 Let (u,v) € Rﬁ xRP. Then, for z* € RP, the coderivative of the component-wise

soft-thresholding operator is given by:

D*T (u,v)(z") =

(u*,v") e RE x RP

e 2 g
STk Sox Sox

g g g8 g g g
STk STy STg STy Sy ooy

= —z, v = 2], if i € IT (u,v),
25, vl = 2], ifi €I (u,v),
=0 =0, if i € A(u,v),
=vf =0V
—vf, vy €0,z V if i € BT (u,v),
S
=vf =0V
=], v] € [z,0]V ifi € B (u,v).
S

Proof To start the proof, let us first consider the coderivative of T
D*T (u,v)(z") := {(u*,v") : (u*,v",—2") € N((u,v,w),gph T)},

where gph 7 := {(u,v,w) : w = T (u,v)} and N((u,v,w),gphT) is the limiting normal cone
to the gph 7 at (u, v, w) described in Proposition 8. Then, using the provided characterization
of the cone with (v,w, —¢) = (u*,v*, —2"), the result follows.

O

3.3.2 Coderivative calculus of the FB residual R” and the solution

mapping S

Next, we address the characterization of the subdifferential for the bilevel problem
formulated as a generalized composition, as described in (9) with the weighted ¢;
regularizer in lower-level. With this goal in mind, we first provide a characterization
for the residual operator coderivative in the following lemma.

15



Lemma 10 Let (z,y) € RP x RP and let Assumptions 2 and 1 hold. For ~ € (0, A;l). Then,
the coderivative of the residual operator RY defined for the weighted Lasso regularizer in (14)
18:

. o NI (z)u*
D*R™(z,y)(") = {(Z* + (JfWQF(y))v*)

(u*,v*) € D*T(%V(m,y))(z*)} . (20)

Proof Using the definition for the residual operator R” in (14), we can write the coderivative
of the residual operator as follows:

D*RY(z,y)(z") = D" (Iy = T o H) (w,y)(2") = (0,27) + D™ (T o H")(x,y)(=2"),
where we defined Iy(z,y) = y, and in the last equality we have Lemma 1 items (i) and (iii).
Under the assumption that v € (0, A;l), we can guarantee the matrix I — yV2F(y)
is strictly positive definite. Furthermore, the Jacobian of the vector-valued regularization
mapping ¥ (cf. (12)) is a diagonal matrix. Specifically, given the element-wise structure
W(z) = ((x1),...,¢(xp)) ", the Jacobian J¥(z) € RP*P is strictly diagonal, with its non-
zero entries given by [JW(z)];; = ¢’ (w;) for alli € {1,...,p}. As a result, the coderivative of
the composition is well-defined, and using item (ii) in Lemma 1, we obtain:

D*RY(z,y)(z") = (0,2") + JH" (z,y) " o D*T(H" (x,y))(—=")

-
_ " ~JU () 0 % ~ L
— 0+ (TN Sn) oD T @),
Now, taking (u*,v*) € D*T(H"(z,y))(—=z"), we can write the coderivative as:
D*RY(a,y)(z") = {(=",y")| 2" = 1T (@)u’,y" = 2" + (I =V F(y))v"},
finishing the proof. O

A critical requirement for applying Lemma 5 to this problem is the satisfaction of
the qualification condition (11) for the coderivative of the residual operator R?.

Lemma 11 Let (z,y) € RP XRP and the same assumptions required for Lemma 10. Then, the
kernel of the coderivative of the residual operator R” defined for the weighted Lasso regqularizer
in (14) is given by:

ker D*R" (z,y) = {0}. (21)

Proof To prove this result, let us first consider that condition (21) is equivalent to:
(0,0) € D*R"(z,y)(z") = 2" =0.
Using the explicit geometric characterization from eq. (20) in Lemma 10, the condition (0,0) €
D*RY(z,y)(z") implies there must exist a dual pair (u*,v*) € D*T(H" (z,y))(—2z") satisfying
the system:
JU(z)u" =0 A 2"+ (- 7V2F(y))v* =0.

By Assumption 3, JU(z) is a diagonal matrix with strictly positive entries, and therefore the
first condition directly enforces u* = 0. Subsequently, applying eq. (19) in Corollary 9 with
u* = 0, the structure of the soft-thresholding coderivative guarantees that v* = 0 across
all coordinate indices, regardless of their activity status (i.e., for both i € A(H”(z,y)) and
i ¢ A(H7(z,y))). Substituting v* = 0 into the second equality of our system yields:

2+ (I —yV2F(y)0=0 = 2" =0.
Hence z* = 0. We conclude that ker D* R (z,y) = {0}, which completes the proof. O
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On a computable selection from the residual-enlarged subdifferential

As a direct consequence of Lemma 11, we can employ Lemma 5 to obtain a structural
characterization of the residual-enlarged coderivative D7, .S (Definition 1) associated
with the weighted ¢; regularizer. In particular, we define a computable selection from
the residual-enlarged subdifferential. By introducing explicit selection masks to handle
the non-uniqueness at biactive points, we arrive at the following result which covers
both smooth and nonsmooth regimes.

Lemma 12 (Adjoint System for the Residual-Enlarged Coderivative) Let the assumptions
of Lemma 4 hold, §y = S(Z), and z* := VyL(Z,y). Since ker D*R"(z,y) = {0} by Lemma 11,
an element ©* € Dy S(Z)(2") is characterized by the existence of ¢ € RP and a dual pair
(u*,0%) € D*T(H(2,9))(—q) satisfying

—2* = q+ (I -V F(g)) 0", (22a)
¥ =y JU(z)u". (22b)

Proof To derive the adjoint component z* € Dp,S(Z)(2*), we rely on the coderivative
calculus for implicit mappings (see, e.g., [35, Corollary 4.34(ii)]). Because the qualification
condition holds by Lemma 11, the cited result guarantees the existence of an adjoint vector gq.
Note that while ¢ may not be strictly unique due to the set-valued nature of the nonsmooth
mapping at the biactive coordinates, its existence is unconditionally guaranteed.

We now evaluate the inclusion (z*,—2*) € D*R"(Z,%)(q) explicitly. Substituting the
geometric structure of the residual coderivative from eq. (20) in Lemma 10 and matching the
- and y- components of the coderivative output yields the decoupled inclusion system:

o* =4 JU(@)u* and - 2% =g+ (I —yVIF(G)",

where the dual multipliers must satisfy (u*,v*) € D*T(H"(Z,¥))(—q). This corresponds
exactly to the system defined in (22), completing the proof. O

Corollary 13 (Computable Element of the Residual-Enlarged Subdifferential) Under the
premises of Lemma 12, let (@, ?) := H(Z,y) and let Dsupp € RP*P be any diagonal signed
support selection matriz with entries (Dsupp)ii € {—1,0,+1} satisfying:

+1 i€ It (a,0),
-1 1 €1 (u,v),
(Dsupp)ii = 0 i€ A(a, D),

+10r0 i€ B (a,9),
—lor0 i€B (a,v).
Then, the reduced adjoint system

[I - Dgupp + ’YVQQJyF(g) D?upp:| q= —VyL(fy g) (23)
has a unique solution q € RP, and the vector
h = VaL(3,5) + 7 J9(@) Dsuppa (24)

is an element of 9P (z).
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Proof Set z* := VyL(z,y) and let S := {i : (Dsupp)ii # 0} denote the active support
of Dgupp. Since Dgsupp has entries in {—1,0,+1}, its square Dgupp is the diagonal {0,1}-
projection onto S.

Step 1 (Explicit selection). We construct a specific element of D*T(4,v)(—q) via
Corollary 9. For each index i we choose:

® If (Dsupp)is # 0 (inactive or selected biactive index): apply option (iii) for BT /Z* and
option (iii) for B~ /Z~. This gives, in every case,

uj = (Dsupp)ii 4> v; = —gj.
Concretely: for i € T (or BT with +1 selected), Corollary 9 gives uf = ¢; and v} = —g;;
fori € T~ (or B~ with —1 selected), it gives uj = —¢; and v} = —g;. Both are consistent
with uf = (Dsupp)ii¢i and v} = —(DZupp)iidi-

® If (Dsupp)i; = 0 (active or biactive with 0 selected): apply option (i), giving u] = v = 0.

In compact form, the selection satisfies:

u* = Dsupp q, vt = —Dsupp q. (25)
Step 2 (Deriving the linear system). Substituting v* = —Dszuppq into the adjoint

equation (22a) of Lemma 12:

—2" = q+ (I - VVZZ/yF(g))(stzupp (I) = [I - Dsgupp + 'Vvin(g) Dsgupp] q,
which is exactly (23).
Step 3 (Unique solvability). Let M :=1— Dgupp +'yV?2JyF(gj) Dgupp. The block structure
of M with respect to S and S€ is:

ri+y > (Ve F@)ijr; i€ S8°
€S
[Mr]; = S .
Y [V F@)ijr i€S.
JjES
Suppose Mr = 0. The equations for ¢ € S read 7V12/yF(??)|5xs rs = 0. Since Vin(gj) is
positive definite by Assumption 2, every principal submatrix is positive definite, so rg = 0.
Substituting rs = 0 into the equations for i € S¢ gives r; + Zjes[vgyF(gj)]ij -0=r; =0.
Hence » = 0, and M is invertible.
Step 4 (Membership in the residual-enlarged subdifferential). With «* = Dsuppg
as in (25), the equation (22b) of Lemma 12 yields z* = ~J¥(Z) Dsupp g. By Lemma 12,
z* € Dy S(2)(2%), and by Definition 1,
h =ViL(Z,§) +a" € Vo L(Z,9) + D+ S(z)(z") = 9,9(z).

This completes the proof. O

Corollary 13 characterizes admissible choices of the diagonal selector Dg,p, on
biactive coordinates, but does not prescribe which one to use. The element of 97, P(z)
takes the form (24) h = V,L(Z,9) + v JU(Z) Deupp ¢, where ¢ solves the reduced
adjoint system Hg gs = —[2z*]s. For strict active coordinates the sign o; := (Dsupp)is =
sign(g;) is fixed by the lower-level solution; for biactive coordinates o; € {—1,+1} is a
free design choice. Since J¥(Z) has strictly positive diagonal entries, the contribution
of biactive coordinate i € S N B to h is proportional to ; ¢;: the adjoint magnitude
is determined by the linear system, and only the sign is under our control. A natural
requirement is therefore o; g; > 0 for every selected biactive coordinate — the adjoint
corroborates the sign it was assigned. We call this the sign-consistency condition.
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The following procedure constructs a selection satisfying it by initializing from a seed
derived from z* and iteratively pruning any biactive coordinate whose sign the adjoint
contradicts.

Definition 2 (Sign-consistent biactive selection (SC)) Let (Z,7) satisfy § = S(Z), let
I%,27,B7,B~ be the coordinate partition, and set z* := VyL(Z, 7).

(i) Initialization. Set o\”) = +1 for i € TH U {i € BY : 2f < 0}, o!” := —1 for
i€eZ-U{ieB :z >0}, and 050) := 0 otherwise. Let S(©) := {i : O',EO) # 0}.
(ii) Pruning. For t =0, 1,..., solve the reduced adjoint system
Hgw ¢ = —[z"1s0,  Hs =7V F(@)s.s

and remove from S(*) every biactive index i € s nn satisfying o® qz(t) <0.

%

()

(iii) Termination. Stop when no removal occurs; output S := S® and (Dsupp)ii := 0;
The procedure terminates in at most |B| steps since only biactive coordinates are removed.
At termination, o; g; > 0 for every i € S N B, so the sign-consistency condition holds. When
y g Yy
V2, F(7) is diagonal, the initialization already satisfies sign-consistency and no pruning ste
yy 'Y g ) Yy g Yy p g p
is needed.

4 On the numerical solution of the NBHL problem

To solve the NBHL problem via any first-order scheme, the fundamental computa-
tional prerequisite is the evaluation of a residual-enlarged subgradient. The theoretical
framework established in Corollary 13, specifically in eq. (24), dictates that extracting
an element h € 9%, ®(z) requires solving a potentially dense p X p non-symmetric linear
system. However, this naive computation does not scale to high-dimensional datasets.

To make the residual-enlarged subgradient practically computable, we use a
support-reduced implementation of the coderivative formula. The key observation is
that the generalized Jacobian structure vanishes outside the active and selected biac-
tive coordinates, so the adjoint system can be restricted to a smaller working set.
Indeed, in Algorithm 1, the key compression is in Phase 3: the adjoint solve shrinks
from O(p?) to O(|S]?), since |S| < p in any well-regularized sparse model. The only
degree of freedom in the oracle is the biactive selection policy II.

Remark 3 (Contrast with Sparse-HO) Sparse-HO [29] restricts the adjoint system to the
primal support {i | ; # 0}, which coincides with our inactive index set Z¥ UZ~. Under their
non-degeneracy condition (Assumption 4 in [29]), the biactive sets BT and B~ are empty, so
the two adjoint systems are identical.

When BT UB™ # (), Sparse-HD assigns a zero subgradient component to every biactive
coordinate because y; = 0 there, regardless of upper-level relevance. Our working set S is
instead determined by the prox-argument pair (%,?) = H7(Z, 7): biactive coordinates enter
S whenever the selection masks Mg+ or Mg- are non-trivial, allowing the adjoint system to
capture non-zero generalized Jacobian contributions that a primal-support restriction would
miss.
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Algorithm 1 Support-Reduced Computation of a Residual-Enlarged Subgradient

Require: = € RP, step size v € (0, A;l), biactive selection policy II.

// Phase 1: Lower-Level Resolution & Support Identification
1: Compute a high-precision lower-level solution: § ~ S(Z).
2: Set (4,0) < (v¥(2), § —YVF(¥)).
3. Partition {1,...,p} based on (@,?) into Z*,Z~, A, BT, B~.

// Phase 2: Selection Policy, Sign Mask € Subsystem Restriction
Compute upper-level partial gradients: V,L(Z,7) and z* < V,L(Z, 7).
Apply policy II to compute binary selection masks Mg+, M- € {0,1}7.
Define the active working set: S < ZT UZ~ U supp(Mzp+) U supp(Mg-).
assert SN.A=10 > Ensure strict decoupling from active variables
Build the sign vector o € RISI:
o; < +1 for i € T Usupp(Mp+); o; < —1 for i € Z~ Usupp(Mp-).

S I A

// Phase 3: Reduced Adjoint System Solve
9: Extract the restricted dual vector: [2*]s € RISI.
10: Form the reduced Hessian block: Hgs < v[VZF(9)]s.s-
11: Solve the reduced adjoint system: Hs qs = —[2%]s.

// Phase 4: Subgradient Reconstruction
12: Initialize gimp < 0 € RP.
13: Apply sign correction and map onto the support: [gimpls < 7 [J¥(Z)]s,s (0 ©¢s).
14: Compute the subgradient: h <= Vi L(Z, %) + gimp-
15: return h.

With the residual-enlarged subgradient established in Algorithm 1, we now embed
this routine within an outer-level optimization scheme. Algorithm 2 presents an adap-
tation of the bilevel approximation framework introduced by [5]. Adapted to our
nonsmooth setting, this procedure utilizes a projected normalized subgradient method.
Because the upper-level objective ®(z) is generally non-convex and nonsmooth, we
employ a fixed outer step size n > 0 and project the updates onto the feasible
hyperparameter domain X to ensure model validity.

Alternatively, we propose a trust-region (TR) algorithm to govern the outer opti-
mization loop. While traditional line-search techniques often stagnate in the presence
of inexact oracles and non-smoothness, TR methods provide structural robustness by
constructing a sequence of simplified local surrogate models. At each iteration, the
hyperparameter update is strictly confined to a specified neighborhood—the trust
region—where the surrogate is considered reliable. After computing the provisional
step, the geometric fidelity of the model is evaluated by comparing the predicted
reduction against the actual reduction in the true upper-level objective. Based on this
agreement, the trust-region radius is dynamically expanded or contracted. This makes
it well-suited for nonsmooth and potentially ill-conditioned upper-level objectives.
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Algorithm 2 Nonsmooth Bilevel Approximation (NBA-w/;)

Require: Initial hyperparameter g € X C RP, tolerance tol > 0, v € (0, A;l), outer
step size n > 0, maximum iterations K.

1: for k=0,...,K—-1do

// Step 1: Residual-Enlarged Subdifferential Oracle

Call Algorithm 1 with (z,7) to obtain the subgradient hy € 0%®(xy).

// Step 2: Stationarity Check

if [|hi|| < tol then
break

end if

// Step 8: Projected Normalized Subgradient Update

9 @pg1 < Pr(zi — nhe/||hel)

10: end for

11: return xy

® N STk wN

Building upon the trust-region framework for nonsmooth optimization introduced
by [37], Algorithm 3 presents the Nonsmooth Trust-Region Bilevel Approxima-
tion (NTRBA-w/;) method. Designed for hyperparameter learning with a lower-level
weighted ¢; penalty, this approach embeds the residual-enlarged subdifferential oracle
(Algorithm 1) within the TR subproblem. NTRBA uses a projected Cauchy step rather
than a Hessian approximation, keeping the per-iteration cost low while enforcing the
non-negativity of the regularization weights.

5 Numerical Experiments

The objective of this section is twofold. First, we demonstrate that feature-wise
regularization provides strictly more expressive power than scalar regularization for
structured sparse regression, but only if the vector hyperparameter can actually be
optimized. Second, we show that the standard support-restricted adjoint (Sparse-HO;
[29]) cannot optimize it on degenerate instances due to an exact, permanent gradient-
starvation phenomenon at biactive coordinates—and that the self-consistent biactive
policy introduced in Definition 2 resolves it.

The experiments are organized to make these two claims visible independently,
in increasing order of realism and scale. Experiment 1 (Section 5.1) establishes both
motivations in the smallest possible illustrative instance: a two-panel proof showing
(i) that the forward-backward reformulation (FB) preserves the solution set while
classical smoothing techniques like Berkovier-Engelman (BE) do not, and (ii) that
primal-support implicit differentiation assigns an identically zero subgradient to a
validation-relevant biactive feature throughout the entire outer loop. Fxperiment 2
(Section 5.2) asks whether feature-wise regularization is empirically worth the effort
on synthetic overparameterized regression: we compare bilevel optimized per feature
penalties against the best scalar elastic net tuned by grid search, and show that feature
resolution rather than regularizer family is the binding constraint.

Ezperiment 3 (Section 5.3) isolates the two algorithmic contributions in a con-
trolled 2x2 ablation: crossing the self-consistent (SC) and null biactive oracles against
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Algorithm 3 Nonsmooth Trust-Region Bilevel Approximation (NTRBA-w/;)

Require: Initial hyperparameter g € X C R?

Require: Initial radius Ag > 0, radius bounds 0 < Apin < Ampax-

Require: Acceptance threshold 7,ccept > 0, expansion threshold Nexpand > Maccept-
Require: Shrink factor Bgec € (0,1), growth factor SBine > 1.

Require: Tolerance tol > 0, maximum iterations K.

1:
2
3
4:
5
6
7

© ®

10:
11:
12:

13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

for k=0,..., K—1do

// Step 1: Residual-Enlarged Subdifferential Oracle
Call Algorithm 1 with xj, to obtain hy, € 9%®(zy).
if ||hk|| < tol then break > Heuristic termination near stationarity
// Step 2: Projected Cauchy Step Formulation
Compute the scaled steepest descent step: di < — (Ag/||hkll) Pk
Compute the effective step after projecting onto the feasible domain X:
S — PX(-'L'k + dk) — Tk
if ||sg|| < € then break > Safeguard: Trajectory pinned by active constraints
// Step 3: Model Evaluation
Compute the predicted linear reduction: pred; + —(hg, Sx)
if pred;, < 0 then goto Step 4 (Reject) > Safeguard: Non-descent direction
Evaluate the actual outer objective reduction at the trial point:
aredy, + ®(z1) — P(ak + s)
Calculate the fidelity ratio: py  aredy/pred,
// Step 4: Step Acceptance and Radius Adaptation
if Pk < Naccept then

Thy1 < Tk > Reject the trial step
Agy1  max(Amin, BdecAk) > Contract the trust region
if A1 = Apin then break > Safeguard: Minimum radius reached
else
Th41 < Tk + Sk > Accept the trial step
if pr > Nexpanda and HSkH > 0.95A, then
Akt1 + min(Apax; BineAk) > Expand the trust region
else
Apy1 — A > Maintain current radius
end if
end if

27: end for
28: return xj

the normalized subgradient (NBA) and nonsmooth trust-region (NTRBA) outer optimiz-
ers on the same degenerate dataset. This distinguishes the effect of the oracle, which
determines where the outer loop converges, from the effect of the optimizer, which
determines how efficiently it reaches that point.

Ezxperiment 4 (Section 5.4) is the critical test of the paper’s central claim: it com-

pares NTRBA-w/; against scalar ¢; tuning and Sparse-HO on calibrated degenerate
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instances, using the ||0y,,, P|lk=0 column of Table 3 as a direct measurement of the
gradient-starvation effect.

Ezxperiment 5 (Section 5.5) studies high-dimensional binary classification bench-
marks to assess whether the gradient-starvation phenomenon observed in the syn-
thetic setting also appears in realistic correlated-feature regimes, and whether the
self-consistent oracle remains effective there.

Implementation and reproducibility. Unless stated otherwise, all experiments
were run with the same implementation principles. For bilevel runs, we store the
full validation trajectory and report the model associated with the best validation
objective visited during the run. The corresponding lower-level problem is then solved
once more at that selected hyperparameter to obtain the final coefficient vector used
for evaluation.

Lower-level solver. For all learning experiments, the inner problem is solved in the
primal by proximal coordinate descent. In the regression experiments (Experiments 2—
4) we use the weighted elastic-net model

p
ay
2{lyl13 + > exp(a;)ly;,

1
min —||b — Ay||3 + 5

yERP 2M

j=1
whereas in Experiment 5 we use the weighted sparse logistic model

1L Qg z
mnin - > log(1+exp(=bia y)) + 2 Iwll3 + > exp(;)ly;l-
i=1 J=1

Each coordinate update is a soft-thresholding/proximal step with feature-wise Lips-
chitz scaling. For quadratic loss this yields the usual elastic-net coordinate update with
precomputed L; = [|A;||3/n, while for logistic loss the update uses coordinate-wise
curvature bounds of the smooth part. Dense matrices are handled in Fortran layout
and sparse matrices in CSC format, so that the same solver can exploit efficient dense
and sparse kernels. We stop the inner iterations using KKT-based residual checks with

tolerance 10~® rather than a fixed number of passes. Code and experiment scripts are
available at https://github.com/dvillacis/sparse-ho-fb.

Remark 4 (The Role of the fp Stabilizer) In our framework, the inner penalty ay, > 0
is deliberately treated as a fixed Tikhonov stabilizer rather than a tunable hyperparame-
ter. Analytically, it guarantees that the lower-level objective satisfies the strong convexity
condition (Assumption 2) with modulus ur > ay,. This bounds the condition number of
the reduced adjoint system, ensuring that the residual-enlarged subgradient remains well-
posed and numerically stable even when the empirical design matrix is severely rank-deficient
(p > n). Optimization is thus intentionally restricted to the non-smooth feature-wise weights
xz, which govern the critical sparse structure.
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5.1 A minimal example of FB exactness and gradient
starvation

This experiment is a toy example designed to expose two issues in the simplest possible
setting: the exactness of the FB reformulation and the effect of the biactive oracle
selection. Figure 2 consists of two complementary panels.

Panel (a): lower-level geometry. We consider the two-dimensional weighted ¢;
problem

2
(@) € axgmin {2y — dlf + > expe)lysl
yeR2 2 =

with d = (0.8, 0.5) and exp(z) = (0.6, 0.6). Since the problem is diagonal, the lower-
level solution is available in closed form by componentwise soft-thresholding, i.e.,
y* = (0.2,0). This panel highlights the geometric effect of smoothing at a nonsmooth
minimizer. In this example, the true lower-level minimizer lies on the £; boundary. The
smoothing perturbs the landscape and shifts that minimizer into the interior, with a
bias that increases with the smoothing parameter. By contrast, the FB reformulation
preserves the exact minimizer for every v > 0, so the induced outer objective retains
the correct kink and minimizer.

Panel (b): outer-level trajectory. The second panel considers a three-dimensional
diagonal instance with train target di.im = (0.4, 1.2, 0) and validation target dya. =
(0, 1.2, 0). The bilevel problem is

. * 1 *
min - L(y*(z)) := 5lly () = dyal3
zeR

3

R
sty (x) €argmin § olly — duain3 + Y exp(;)y;|
yeR

j=1
The diagonal structure again makes the lower-level solution explicit. To isolate the
biactive mechanism, we update only the second hyperparameter.
a§t =af —nho(a¥),  m=1,

from the initialization exp(z®) = (0.35, 1.20, 2.00), so that the second coordinate
is biactive at the first outer iterate. We then compare the null and self-consistent
policies over ten outer iterations. The panel shows that, under the null policy, the biac-
tive coordinate receives an identically zero subgradient and the outer iteration stalls,

whereas the self-consistent policy assigns a nonzero descent direction and escapes this
gradient-starvation regime.

5.2 Feature-wise vs. scalar regularization

This experiment studies whether feature-wise regularization improves recovery in over-
parameterized linear regression. We compare a scalar elastic-net baseline, where a
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Fig. 2 Left: Berkovier-Engelman smoothing displaces the lower-level minimizer from the ¢; bound-
ary, whereas the forward-backward reformulation preserves it exactly; the same distortion is inherited
by the outer objective. Right: At a biactive coordinate, the null oracle yields a zero subgradient
and stalls the outer iteration, while the self-consistent oracle produces a nonzero descent signal and
reduces the objective.

single penalty is selected by validation search, with our weighted elastic-net formula-
tion, where each feature receives its own regularization parameter. The goal is to test
whether the bilevel procedure can exploit heterogeneous feature structure, in particular
in the presence of correlated nuisance variables.

We use synthetic three-group regression data with signal features, correlated noise
features, and pure-noise features, and generate independent train/validation/test splits
with proportions 60/20/20. The lower-level problem is the weighted elastic-net with
feature-wise penalties and fixed ridge parameter «y, = 1/nyain. For the scalar baseline,
a single penalty is selected on a grid of 100 values using the validation MSE. For the
weighted model, the upper-level objective is the validation MSE, the subgradient is
computed using Algorithm 1, and the outer problem is optimized with NTRBA-SC for
50 outer iterations.

Figure 3 highlights a simple but important limitation of scalar regularization: when
all features share the same penalty, the model cannot distinguish between informative
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Fig. 3 Learned weights profile: comparison between scalar and feature-wise regularization on
synthetic overparameterized regression. The weighted bilevel formulation yields clearer separation

between signal and nuisance features, improving support recovery.

Table 1 Support-recovery F1 and test MSE (mean + std over 10 seeds) for scalar
elastic-net CV vs. weighted elastic-net (ours) across all synthetic configurations.

Support Recovery F1 1 Test MSE |

p n/p nnz Scalar  Weighted (ours) Scalar Weighted (ours)
2%  0.282 £ 0.076 1.000 £+ 0.000 0.020 + 0.011 0.012 +£ 0.006

0.8 5% 0.408 £+ 0.077 1.000 £ 0.000 0.108 % 0.097 0.017 £ 0.006

100 10% 0.464 £ 0.027 0.966 £ 0.054 0.488 £ 0.242 0.355 £ 0.649
2% 0.291 £ 0.112 1.000 £+ 0.000 0.020 %+ 0.007 0.013 £ 0.004

1 5% 0.377 + 0.044 0.991 £ 0.027 0.053 £ 0.032 0.018 + 0.006

10% 0.452 £ 0.046 1.000 £ 0.000 0.133 + 0.046 0.025 £ 0.007

2% 0.337 + 0.108 1.000 £ 0.000 0.018 £ 0.005 0.012 + 0.003

0.8 5% 0.439 £+ 0.048 1.000 £ 0.000 0.053 + 0.021 0.019 +£ 0.007

200 10% 0.494 £ 0.038 0.942 £+ 0.071 0.545 £ 0.325 0.652 + 0.840
2%  0.285 £ 0.072 1.000 £ 0.000 0.017 £ 0.003 0.013 £ 0.002

1 5% 0.395 £ 0.045 1.000 £+ 0.000 0.030 + 0.011 0.014 + 0.004

10% 0.484 + 0.033 0.986 £+ 0.035 0.145 £ 0.068 0.181 + 0.429

variables and correlated nuisance variables. In the overparameterized regimes consid-
ered here, this creates a structural compromise. A penalty small enough to preserve
weak but relevant coordinates also tends to retain correlated noise, whereas a larger
penalty may suppress nuisance features only at the cost of shrinking part of the true
support.

By contrast, the weighted formulation resolves this tension by assigning each fea-
ture its own regularization level. The learned penalties discriminate between the three
groups: signal variables receive smaller values, while correlated and pure-noise features
are assigned stronger shrinkage, as illustrated in Figure 3.
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As shown in Table 1, this finer resolution yields consistently higher F; support
recovery across configurations and, at higher sparsity levels where the recovery prob-
lem is well-conditioned, also substantially reduces prediction error. At the lowest
sparsity fraction tested (nnz=10%), the number of signal and correlated-noise fea-
tures approaches the information-theoretic recovery threshold for the available training
samples; in this near-threshold regime both methods produce high-variance test MSE
estimates, and reliable prediction gains are not guaranteed even though the F; advan-
tage is maintained. The support-recovery benefit is most pronounced when the true
signal occupies a small fraction of the features, since it is precisely in these settings
that a uniform penalty most severely conflates signal variables with correlated noise.

Calibrated degenerate design.

Experiments 3 and 4 use a calibrated four-group synthetic regression design whose
purpose is to make gradient starvation visible at the initial hyperparameter. To avoid
overloading the hyperparameter notation x, we denote the experimental design matrix
by A. Its columns are partitioned as

A= [Aeasy7 Adist7 Ahid7 AnoiseL

where easy and hidden features have nonzero ground-truth coefficients, while distrac-
tor and noise features have zero ground-truth coefficients. The easy, distractor, and
noise columns are sampled independently from a standard Gaussian distribution. Each
hidden column is paired with a distractor column and generated as

Anid,j = pAdgist () + V1 — P2Ej,

with §; standard Gaussian and independent of the distractor columns. Thus p controls
the correlation between hidden relevant variables and their nuisance distractors. The
response is generated as

b= Ap" + oe,
where * denotes the data-generating coefficient vector, and is supported only on the
easy and hidden groups, with coefficients +q, and ¢ is standard Gaussian noise. In
all synthetic degenerate experiments we use SBstq = 1 and o = 0.05.

The group sizes are chosen as follows. In Experiments 3 and 4, easy features and
distractors each occupy 4% of the ambient dimension, with a minimum of five coordi-
nates per group, and the number of hidden features equals the number of distractors.
The remaining coordinates are background noise features. Thus

Neasy = max{ |_004PJ ) 5}) Ndist = max{ |_004PJ ’ 5}7 Nhid = Ndist,

and Tpoise = P — Neasy — Ndist — Mhid- We use a 60/20/20 train/validation/test split. If
Iy, Iyal, and Iies; denote the corresponding index sets, then

(Atrv btr) = (Altm bltr)7 (Avah bval) = (Alvap blval)’ (Atesta btest) = (AItest ’ bItest)-
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The lower-level weighted elastic-net is solved on (A, bt,) with fixed ridge parameter
@, = 1/Ngrain, while the upper-level objective is the validation MSE on (Ayal, byal)-

The initial feature-wise penalties are calibrated in two passes. First, hidden features
are assigned a large sentinel penalty and the lower-level problem is solved on (A, by ),
producing a coefficient vector 8 in which the hidden coordinates are inactive. The
easy, distractor, and noise penalties are initialized as

1—p?
Qeasy = 0.5 Bstda agist = 0.5 T Bstd; Onoise = 10 Bstd~
Second, for each hidden coordinate j we compute the smooth training gradient at Sg.
Since (Bs); = 0 on hidden coordinates, the ridge contribution vanishes there, and this
gradient is
1
Ghid,j = 7A*;E,hid,j (AweBs — by).

train

We then set the initial hidden penalty to

aﬂid’j = |gnia,j|(1 4 9), 6 = 0.05.

Without the factor (1 + 0) this places the hidden coordinate exactly at the weighted
{1 threshold for the lower-level optimality condition. The small slack makes the hid-
den coordinates strictly inactive for the lower-level coordinate-descent solution while
keeping them inside the relative biactive detection tolerance used by the variational
oracle. Consequently, the standard support-restricted subgradient assigns zero signal
to these hidden relevant coordinates at initialization, whereas the self-consistent oracle
can select them as biactive coordinates and recover a nonzero descent direction.

5.3 Oracle—Optimizer Ablation

This experiment is a mechanism study, not a performance benchmark: its purpose is to
show how gradient starvation arises and which components resolve it, under controlled
conditions where the failure mode is visible by construction. Indeed, it is designed
to isolate the two main ingredients of the proposed approach: the biactive selection
rule used in the residual-enlarged subgradient computation, and the outer optimiza-
tion scheme used to update the regularization parameters. To this end, we consider
a controlled synthetic setting in which both effects can be separated cleanly. The
experiment crosses two oracle choices, namely the null policy and the self-consistent
policy, with two outer solvers, namely projected normalized subgradient descent and
the trust-region method. This yields four variants and allows us to determine whether
the gains come from the oracle, from the optimizer, or from their combination.

The data are generated so that a subset of relevant features is strictly inactive
for the lower-level solver but lies within the biactive detection band at the initial
hyperparameter. This makes the failure mode of the standard support-restricted oracle
directly visible: under the null policy, these coordinates receive zero subgradient from
the first iteration onward, even though they are relevant for the outer objective. The
self-consistent policy is introduced precisely to recover useful descent information on
such coordinates.
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We use the calibrated degenerate synthetic generator introduced for this study,
with four feature groups: easy signals, distractors, hidden relevant features, and back-
ground noise. In particular, p € {250,500,1000}, n = |(2/3)p], p = 0.95, and average
over five seeds. The lower-level problem is the weighted elastic-net with feature-wise
penalties and fixed ridge parameter ay, = 1/nraim, and the upper-level objective is
the validation MSE.

The four methods are obtained by combining two subgradient oracles and two outer
solvers. The null oracle corresponds to the standard support-restricted rule, while the
self-consistent oracle augments the working set with selected biactive coordinates. For
the outer loop, we compare projected normalized subgradient updates with fixed step
size and the proposed trust-region method with adaptive radius. All methods are run
for the same outer-iteration budget, and the lower-level problems are solved by proxi-
mal coordinate descent with warm starts. We report validation loss, support-recovery
scores, recovery of the hidden relevant features, and runtime per outer iteration.

The results in Figure 4 and Table 2 show that the main difficulty in this experiment
is not merely slow convergence, but the loss of descent information caused by the null
oracle. When the standard support-restricted rule is used, the hidden but relevant
biactive coordinates receive zero subgradient at the initial point and therefore remain
essentially invisible to the outer optimization. This effect is reflected in the poorer
hidden-feature recovery and in the larger validation-loss gap observed for the null
variants.

By contrast, the self-consistent oracle restores nonzero descent directions on
selected biactive coordinates. As seen in Figure 4, this leads to a markedly improved
optimization trajectory, with faster and more stable reduction of the validation objec-
tive. Table 2 shows that this improvement is not only qualitative: it translates into
better support recovery and substantially higher recall on the hidden relevant features.

The comparison between outer solvers further indicates that the optimizer mat-
ters once informative subgradients are available. The trust-region scheme makes more
effective use of the corrected oracle than fixed-step normalized subgradient updates,
yielding the most favorable overall behavior in both the figure and the table. These
results support the intended interpretation of this experiment: the self-consistent ora-
cle addresses gradient starvation, and the trust-region method turns this additional
information into more reliable outer-level progress.

5.4 Gradient Starvation: Comparison with Baselines

Experiment 4 compares the proposed method with two natural baselines on the
calibrated degenerate instances introduced in Experiment 3, using the same cali-
brated degenerate synthetic generator with (n,p) € {(100, 150), (200, 300), (500, 750)},
p € {0.90,0.95,0.98}, and five seeds. The comparison is intended to separate two
questions: does feature-wise regularization by itself provide a sufficient advantage over
scalar tuning, and when biactive coordinates are present, is it necessary to modify
both the subgradient oracle and the outer solver? The scalar baseline selects a single
penalty by validation grid search. The weighted Sparse-H0 baseline uses feature-wise
penalties together with the standard support-restricted implicit subgradient and nor-
malized subgradient outer updates. The proposed method replaces the oracle by the
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Fig. 4 Optimization trajectories for the oracle and optimizer ablation on the degenerate
synthetic model: the self-consistent oracle improves the outer-level descent, and its combination
with the trust-region method produces the most stable and effective reduction of the validation
objective.

Table 2 Experiment 3 oraclexoptimizer ablation (mean + std over 5 seeds). Hidden
features are biactive at initialization, so the null oracle starves them of subgradient signal while
the self-consistent (SC) oracle restores that signal. The first two blocks show the gain from
replacing the null oracle with SC under NBA and NTRBA; the third block shows the additional gain
from replacing NBA with NTRBA once the oracle is fixed to SC. The final block anchors the
comparison with the absolute outcome of NTRBA-SC. Better directions are: negative A loss, positive
A recall, positive loss reduction, stationarity gain greater than 1, and positive recall gain.

Comparison Metric p =250 p = 500 p = 1000
SC eain under NBA A val. loss —1.047 £+ 1.048 —0.702 £+ 0.126 —1.892 + 0.680
& A recall 0.640 + 0.136 0.420 + 0.087 0.455 + 0.080
SC oai der NTRBA A val. loss —1.031 £ 1.000 —0.817 £+ 0.243 —1.413 + 0.279
ga under A recall 0.660 & 0.102  0.420 & 0.163  0.440 + 0.051
loss red. (%) 68.0 £ 3.4 70.0 + 18.8 86.9 + 3.3

NTRBA gain under SC stationarity gain (x) 4.2 £ 1.1 8.7 £ 8.7 7.0 &+ 2.8
recall gain 0.000 + 0.000 0.000 + 0.032 0.060 + 0.044

NTRBA-SC outcome best val. loss 0.016 + 0.004 0.064 + 0.034 0.130 + 0.029
v F1 0.890 + 0.028 0.889 + 0.020 0.894 + 0.018

self-consistent subgradient rule and updates the hyperparameters with the trust-region
method. All bilevel methods are run with the same outer-iteration budget; the lower-
level problems are solved by proximal coordinate descent with a weighted elastic-net
objective and fixed ridge parameter ay, = 1/Nrain-
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Table 3 shows that the proposed method achieves the best F} support-recovery
score in every configuration. Validation loss and test MSE show a more nuanced pat-
tern: at p = 0.9, the scalar baseline is competitive or superior on test MSE across
all three scale settings ((n,p) € {(100,150), (200, 300), (500,750)}), while the pro-
posed method achieves substantially stronger F; support recovery in every case. This
reflects that lower inter-feature correlation reduces the severity of biactive starva-
tion, so scalar tuning retains reasonable predictive performance even without correct
support identification.

=—e— SparseHO (w/1) == NTRBA-w/1 (ours) --++ Scalar /1
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Fig. 5 Optimization trajectories on a representative calibrated degenerate instance.
The panels compare scalar ¢; tuning, weighted Sparse-HO, and the proposed NTRBA-w¢; method for
(n,p) = (200,300), p = 0.98, and seed 0. The proposed method rapidly reduces the validation-loss
gap, decreases the penalties assigned to hidden relevant features, and improves support-recovery Fi.
In contrast, the support-restricted Sparse-HO subgradient provides little useful signal on the hidden
biactive coordinates, leading to slower progress and weaker recovery.
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Figure 5 illustrates why feature-wise regularization alone does not fully resolve the
difficulty of the problem. Although Sparse-HO uses individual penalties, its support-
restricted subgradient assigns no initial signal to the hidden biactive coordinates,
so these relevant variables remain weakly represented in the outer update. This
explains its generally intermediate performance between scalar tuning and the pro-
posed method. By restoring descent information on selected biactive coordinates, the
proposed oracle yields a more stable validation trajectory and stronger hidden-support
recovery.

The proposed method combines feature-wise regularization with self-consistent
biactive selection and trust-region outer updates. In Figure 5, this is reflected in a more
regular decrease of the validation objective on the representative instance. Table 3
shows that this behavior is accompanied by improved hidden-feature recovery and
stronger overall support-recovery scores. Overall, the main benefit comes from the
combination of weighted regularization with a subgradient oracle and outer solver that
remain effective in the presence of biactive coordinates.

5.5 High-Dimensional Sparse Classification Benchmarks

This experiment extends the study to sparse classification problems and is divided into
two complementary settings. The objective is to assess whether the behavior observed
on synthetic degenerate instances remains relevant in more realistic regimes, where
the feature geometry is induced by real data and the task is logistic classification
rather than quadratic regression. In both settings, we compare scalar and feature-wise
regularization strategies, with particular attention to the effect of biactive coordinates
on hyperparameter optimization.

Setting 1 is semi-synthetic: it uses real sparse feature matrices to provide a realis-
tic correlation structure, but injects a known sparse ground-truth signal. This makes
it possible to evaluate not only predictive performance but also support recovery and
recovery of hidden relevant features. Setting 2 uses binary classification datasets with-
out artificial signal injection, so the evaluation focuses on predictive accuracy, sparsity,
and optimization behavior. The datasets used in this experiment are summarized in
Table 4.

5.5.1 Semi-Synthetic Benchmarks

We start from real sparse text matrices (RCV1, REAL-sIM, W8A, NEWS20) and the
same calibration principle is adapted to sparse logistic regression. We use 10 injected
Gaussian easy features, 15 distractor/hidden pairs selected from the most highly cor-
related real features among the top-variance background coordinates, and up to 500
background features. Labels are generated from a sparse logistic model with coef-
ficients +1 on the easy and hidden groups and additive Gaussian logit noise with
standard deviation 0.20. The hidden penalties are calibrated by the same two-pass
rule, replacing the squared-loss gradient by the smooth logistic gradient.

The lower-level problem is weighted sparse logistic regression with feature-wise
penalties and fixed ridge parameter ay, = 1/n4raim. The upper-level objective is the
held-out logistic loss. The initialization is calibrated in two passes so that the hidden
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Table 3 Comparison on degenerate synthetic instances (mean =+ std over 5 seeds for each (p, (n,p))
setting). ||Og,,, P||k=0 is the hidden-feature subgradient norm at the first outer iteration (not defined
for the scalar baseline). Gray shading marks the best value in each (p, (n, p), metric) block.

P (n,p) Method |0z @llk=0 T Best val. loss | F11 Test MSE |
Scalar ¢; — 1.137 £ 1.099 0.468 £ 0.055 1.04 £ 1.26

(100,150) Sparse-HO (wf1) 0.00 + 0.00 1.612 + 1.936 0.628 £ 0.129 1.96 £ 1.40
NTRBA-w/; (ours) 1.69 + 0.52 1.456 + 2.835 0.772 £ 0.207 0.77 £ 1.36

0.9 Scalar ¢1 — 0.128 £ 0.047 0.510 £ 0.019 0.14 £+ 0.03
’ (200,300) Sparse-HO (wf1) 0.00 &£ 0.00 1.442 4+ 0.803 0.672 £ 0.068 3.15 + 0.76
NTRBA-w/; (ours) 277 £ 1.22 0.087 £ 0.034 0.883 £ 0.024 0.40 + 0.29

Scalar £ — 0.188 £ 0.107 0.513 + 0.022 0.20 £+ 0.11

(500, 750) Sparse-HO (w/f1) 0.00 &£ 0.00 5.109 £+ 1.741 0.677 £ 0.053 8.31 + 1.23
NTRBA-w{1 (ours) 5.12 + 0.61 0.320 + 0.073 0.893 £ 0.024 0.97 £ 0.38

Scalar £; —  1.312 + 1.542 0.458 £ 0.057 1.18 £ 1.62

(100,150) Sparse-HO (w/1) 0.00 £ 0.00 1.114 £ 1.649 0.670 £ 0.061 0.82 £ 0.57
NTRBA-w/; (ours) 0.83 £ 0.30 0.025 + 0.010 0.886 £ 0.055 0.04 £ 0.03

0.95 Scalar ¢ — 0.139 + 0.048 0.505 £ 0.028 0.16 £ 0.03
’ (200,300) Sparse-HO (w/1) 0.00 &£ 0.00 0.946 4+ 0.680 0.673 £ 0.047 1.88 + 0.82
NTRBA-w/; (ours) 1.33 £ 0.63 0.043 + 0.014 0.870 £ 0.027 0.19 £ 0.12

Scalar £ — 0.226 + 0.118 0.501 £ 0.019 0.23 £ 0.11

(500, 750) Sparse-HO (wf1) 0.00 &£ 0.00 3.196 £+ 1.237 0.669 £ 0.035 4.83 + 1.28
NTRBA-w/1 (ours) 277 £ 034 0.155 £ 0.031 0.896 £ 0.026 0.44 + 0.18

Scalar ¢ — 1.250 £ 1.649 0.437 &£ 0.056 1.13 + 1.71

(100,150) Sparse-HO (w/f1) 0.00 £ 0.00 0.138 £ 0.052 0.702 £ 0.061 0.21 £ 0.07
NTRBA-w{; (ours) 0.30 £+ 0.15 0.026 + 0.014 0.855 £ 0.080 0.05 £ 0.05

0.98 Scalar ¢1 — 0.138 + 0.045 0.480 £ 0.027 0.15 £ 0.02
’ (200,300) Sparse-HO (wf1) 0.00 + 0.00 0.784 + 0.723 0.650 £ 0.032 1.27 £+ 0.94
NTRBA-w/; (ours) 0.44 £ 0.18 0.020 £+ 0.007 0.855 £ 0.024 0.07 £ 0.03

Scalar ¢1 — 0.254 £ 0.111 0.493 £ 0.020 0.26 £+ 0.10

(500, 750) Sparse-HO (wf1) 0.00 &£ 0.00 2.220 £ 0.704 0.657 £ 0.025 3.23 + 1.08
NTRBA-w/; (ours) 1.31 + 0.13 0.100 + 0.055 0.869 £ 0.028 0.26 £ 0.15

relevant coordinates are inactive for the lower-level solution but lie within the biactive
detection tolerance at the starting point.

The three methods and outer-iteration budget are identical to the baseline com-
parison in Section 5.4; the lower-level problem switches to weighted sparse logistic
regression in Experiment 5.

The results in Table 5 show that the gradient-starvation phenomenon is not an
artifact of synthetic Gaussian designs: it persists when the feature correlation structure
comes from real text data and the loss function switches from quadratic to logistic.
Hidden-feature recovery under the proposed oracle remains the strongest across all
four datasets, while predictive loss stays competitive.
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Table 4 Dataset characteristics for Experiment 5. Density is the percentage of non-zero entries in
the feature matrix. Avg. nnz/sample denotes the average number of non-zero features per example.

Dataset Used in Samples Features Density (%) Avg. nnz/sample Pos. rate (%)
RCV1 S1+S2 20,242 47,236 0.157% 74.1 51.8%
REAL-SIM S1+S2 72,309 20,958 0.245% 51.3 30.8%
WS8A S1 49,749 300 3.88% 11.7 2.97%
NEws20 S1+S2 19,996 1,355,191 0.034% 455 50.0%
PHISHING S2 11,055 68 44.1% 30.0 55.7%
MNIST (0/1) S2 12,665 780 17.4% 135 53.2%

Table 5 Experiment 5 Setting 1: semi-synthetic sparse-text benchmark built from real sparse design matrices,
reported as mean + std over 5 train/val/test splits. Active features is the percentage of non-zero coeflicients in the
final inner solution; lower is better. Gray shading marks the best value within each dataset block.

Recovery Sparsity ~ Classification Predictive loss Efficiency

Dataset ~ Method Hidden recall T Act. feat. (%) | F1 Log-loss Runtime (s)
Scalar ¢; (grid) 0.133 £ 0.060 2.8 £ 0.2 0.609 + 0.037 0.054 4+ 0.001 92.7 + 1.7

RCV1 Sparse-HO (w¢1)  0.120 4+ 0.065 2.3 £ 0.2 0.640 £ 0.037 0.066 £+ 0.001 16.9 £ 0.2
NTRBA-wf; (ours)  0.387 + 0.129 3.7+ 0.9 0.717 £ 0.020 0.060 4+ 0.010 47.7 +£ 9.1

Scalar ¢1 (grid) 0.000 £ 0.000 2.0 £ 0.0 0.571 £ 0.000 0.053 4+ 0.002 279.4 + 3.2

REAL-SIM Sparse-HO (w¢1)  0.133 + 0.094 2.4 +£ 0.3 0.647 £+ 0.052 0.066 4+ 0.001 47.0 £+ 0.8
NTRBA-w{1 (ours)  0.453 + 0.204 3.8+ 1.0 0.754 +£ 0.076 0.056 + 0.009 181.1 + 28.1

Scalar ¢1 (grid) 0.640 £ 0.033 30.8 + 1.1 0.325 4+ 0.006 0.049 + 0.001 107.7 £ 1.0

WSA Sparse-HO (wf1)  0.013 £ 0.027 3.3+ 0.1 0.579 + 0.016 0.066 + 0.002 1.5 =& 0.2
NTRBA-w/; (ours)  0.667 + 0.000 84 + 1.6 0.792 £ 0.079 0.057 + 0.011 21.7 £ 6.0

Scalar 41 (grid) 0.107 £ 0.033 4.2 + 04 0.498 £+ 0.026 0.055 + 0.003 99.2 + 1.5

NEws20  Sparse-HO (w¢1)  0.160 + 0.080 24 £ 0.2 0.662 £ 0.043 0.068 £+ 0.003 15.8 £ 0.6
NTRBA-wf; (ours)  0.240 + 0.068 3.0 £ 0.5 0.673 £ 0.029 0.060 4+ 0.010 36.8 + 4.2

5.5.2 High-Dimensional Sparse Classification Benchmark

Setting 2 considers fully real binary classification tasks and removes the artificial signal
injection used in Setting 1. Its purpose is to evaluate the proposed method in a stan-
dard predictive setting, where no ground-truth support is available and the quality of
model selection must be assessed through predictive performance, sparsity, and opti-
mization cost. This setting therefore complements the semi-synthetic benchmark by
testing whether the weighted bilevel formulation remains useful when only observable
task-level metrics can be measured.
The datasets cover a range of sparse and high-dimensional regimes, from moderate-
scale classification problems to text-like representations with very large dimension.
Setting 2 therefore tests both computational cost and model quality on real data.
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Table 6 Experiment 5 Setting 2: real-world classification benchmarks (mean + std over
random splits). Active features is the fraction of features with non-zero weight at
convergence. t/iter is wall-clock time per outer iteration. Gray shading marks the best value
within each dataset block.

Dataset Method F11 Active features (%) | t/iter (s) |
Scalar ¢1 (CV) 0.998 + 0.001 34.530 £ 14.355 202.36 £+ 1.55
MNIST (0/1) Sparse-HO (wf1)  0.994 % 0.001 1.239 £ 0.060 1.91 + 0.01
NTRBA-w{1 (ours) 0.994 + 0.001 2.991 £ 0.160 8.20 £ 0.52
Scalar ¢1 (CV) 0.957 £ 0.000 0.500 £ 0.006 808.33 £+ 3.07
NEWsS20 Sparse-HO (wf1)  0.821 £ 0.005 0.013 £ 0.000 4.06 = 0.31
NTRBA-w/; (ours) 0.830 + 0.004 0.012 £ 0.000 15.18 £+ 0.95
Scalar 41 (CV) 0.947 £ 0.004 81.373 £ 10.895 50.40 + 0.24
PHISHING Sparse-HO (wf1) 0.933 £+ 0.003 14.706 + 0.000 0.23 + 0.00
NTRBA-w{; (ours) 0.935 + 0.002 14.706 £ 0.000 0.18 £ 0.04
Scalar ¢1 (CV) 0.969 +£ 0.002 6.390 £+ 0.116 254.20 £+ 3.62
RCV1 Sparse-HO (wf1)  0.917 £ 0.004 0.230 £ 0.005 0.10 £ 0.01
NTRBA-w{; (ours) 0.920 + 0.003 0.227 + 0.007 0.84 + 0.04
Scalar 41 (CV) 0.951 + 0.003 32.801 £+ 0.170 2335.41 £ 15.25
REAL-SIM Sparse-HO (wf1) 0.787 £ 0.005 0.286 + 0.004 1.03 £ 0.11
NTRBA-w{; (ours) 0.790 + 0.006 0.283 £ 0.004 2.15 £ 0.07

The lower-level problem is weighted sparse logistic regression with feature-wise
penalties and fixed ridge parameter oy, = 1/nain. The upper-level objective is
the held-out logistic loss computed on a 60/20/20 train/validation/test split. Dense
datasets are standardized using statistics computed on the training split only, while
sparse datasets are kept in sparse CSC format. The initial hyperparameter is chosen
as a uniform penalty equal to a fixed fraction of aax, which provides a moderately
sparse starting point.

The three methods and outer-iteration budget are identical to Setting 1. Since no
ground-truth support is available in this setting, we report test F1 score, sparsity of
the final model, and runtime per outer iteration.

The results in Table 6 indicate that the weighted bilevel methods remain com-
petitive in fully real sparse classification problems, while producing models that are
structurally different from those obtained by scalar tuning. The scalar baseline often
provides a reasonable predictive reference, but its single global penalty offers limited
control over how sparsity is distributed across features. This tends to restrict the range
of models that can be selected.

Setting 2 does not involve controlled biactive initialization, so no recovery advan-
tage is claimed. The question is whether the method degrades gracefully at scale.
Table 6 shows that it does. Across all five datasets, NTRBA-w{; matches or marginally
improves on Sparse-HO in F1. Sparsity is comparable on four of the five datasets;
the exception is MNIST, where NTRBA retains roughly 2.4x more active features
while achieving identical predictive performance. Per-iteration runtime overhead over
Sparse-HO ranges from faster on PHISHING to roughly 2-8x on the larger datasets,
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remaining well below scalar grid search in every case. This suggests that the self-
consistent oracle does not hurt in regimes where biactive starvation is not the binding
constraint.

From a computational viewpoint, Setting 2 also shows that the method remains
practically usable on high-dimensional sparse data. The combination of proximal coor-
dinate descent and trust-region outer updates makes it possible to handle large-scale
problems without changing the underlying bilevel formulation.

6 Conclusions and future work

In this work, we studied a bilevel framework for learning feature-wise regularization
parameters in sparse models. For the weighted ¢; regularizer, we introduced an exact
Forward—Backward reformulation of the lower-level problem that preserves the original
solution set and yields a locally Lipschitz solution mapping. This reformulation allowed
us to apply variational-analysis tools to characterize the coderivative of the solution
map and to derive a computable element of the residual-enlarged subdifferential for
the upper-level problem.

This analysis shows that biactive coordinates create a gradient-starvation phe-
nomenon. To address this issue, we proposed a self-consistent biactive selection
policy together with its support-reduced outer algorithms built with the resulting
residual-enlarged subdifferential oracle.

The numerical results support the practical value of this approach. On synthetic
regression problems, the proposed method shows that feature-wise regularization
can substantially improve support recovery when compared with scalar tuning. On
degenerate instances, the experiments illustrate that the proposed oracle resolves the
gradient-starvation effect that limits support-restricted methods. Finally, on high-
dimensional sparse classification benchmarks, the method remains effective in more
realistic correlated-feature settings.

A natural next step for future work is to apply the present framework to other
structured sparsity models, such as group penalties and related nonsmooth regular-
izers. Moreover, the derivation of convergence rate guarantees for NTRBA deserves a
more detailed analysis.
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Appendix A Proof of Proposition 7

To characterize the Bouligand tangent cone, we begin with its formal definition. Since
the entire proof operates at a fixed point (u,v,w) € gph7T (the cone is empty by
convention at points outside the graph), the tangent cone is given by:

T((u,v,w),gphT) = {(6u,5v75w) : 3tk \L 07 3{(ukavk7wk)} - gpth

s.t. (0%,0%,0%) = klim t;l[(uk,vk,wk) — (u,v,w)]}.
—00

This definition relies on sequences within the graph of 7; membership of the base
point (u,v,w) in the graph is the standing assumption, while the closedness of gph T
ensures that limits of convergent graph sequences remain in the graph.

Part 1: Necessary Condition

Let (6%,467,6™) be a vector that belongs to the tangent cone T'((u,v,w);gph 7). By
definition, this implies the existence of a sequence of scale parameters t; | 0 and
a sequence of directions (6},6},0}) converging to (6%,6",6") such that the graph
inclusion holds for every k (throughout, 5;7 1. denotes the i-th component of the direction
ar):

w; + tkéfk = T(ui + tkégfk,vi + tkéﬁk). (Al)
We will show that the limit vector (§“,407,0") satisfies conditions (18) by the
local geometry of 7. We analyze the behavior of the sequence according to their
corresponding index set.

Case 1: Strictly Active/Inactive Regions (i € A(u,v) ULV (u,v) UZ™ (u,v))
In these regimes, the base point (u;,v;) lies strictly inside a region where the
operator is linear (or zero). Since these sets are open, it holds that for a suffi-
ciently large k (i.e., small enough ¢ ), the perturbed point (u; + tkégfk, v; + tkéﬁk)
cannot escape the region.

e For i € T (u,v), (v; > u;) and k sufficiently large, the perturbation satisfies
Uik > U4k and the inclusion (Al) becomes:

wi + 161, = (v + 1407 ) — (s + 15E,).

Subtracting the base equation w; = v; —u; and dividing by ¢, we obtain the
exact relationship for the sequence: 6} = 6, — d;';. Passing to the limit as
k — o0, we recover §;¥ = §7 — 0}

e For i € T (u,v), (v; < —u;), the points stay in the negative inactive region.
The operator implies w; + 0", = v; + tx6; ), + u; + t0;";. Simplification
yields 0, = 7). + d;),, which converges to 6;" = 6} + J;".

® For i € A(u,v), (Jv;| < u;) the points remain in the zone where the operator
is identically zero. Thus, 0 + #46;", = 0, forcing 4" = 0 for all large k, and
implying 6;" = 0.

Case 2: Positive Boundary (i € BY (u,v)) Throughout Cases 2 and 3 we explic-
itly exclude the vertex u; = v; = 0, at which i belongs simultaneously to B (u,v)
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and B~ (u,v) and the domain constraint v € RE imposes the additional require-
ment 6;" > 0 on tangent directions; this configuration is addressed in Remark 5
below. Accordingly, the base point here satisfies v; = u; > 0 and w; = 0.
Since u; > 0, entering Z~ (u,v) along the approximating sequence would require
Vi < —U;k, that is, tk(éﬁk + él?fk) < —2u; < 0, which fails for all £ large
enough. Hence the perturbed points remain in Z (u, v)UB* (u, v)UA(u, v), where
T(Us 1, Vi) = max(v; p — Uik, 0), and (Al) becomes:

tk(s;i)k = Imax ((UZ + tk(s;u’k) - (uz + tké;‘;k), 0) = tk maX((gik — Zk’ 0),

where we used v; —u; = 0. Dividing by tx, we reveal that the sequence elements are
explicitly bound by the max function: 6}, = max(d;;, —d;;,,0). By the continuity
of the maximum function, taking the hmlt k— o0 ylelds 0¥ = max (oY — ¥, 0).

Case 3: Negative Boundary (i € B~ (u,v)) In this index set it holds v; = —u; <
0 and w; = 0. Since u; > 0, reaching the positive inactive region I (u,v) along
the approximating sequence would require v; ; > u;, that is, tk(ézk — 6;fk) >
2u; > 0, which fails for all k£ large enough. Hence, the perturbed points stay
in Z7 (u,v) U B~ (u,v) U A(u,v), where the operator is correctly represented by
T(ui, v;) = —max(—v; — u;,0). Then, (A1) becomes:

t;@(SEf’k = —max (—(vi + tkéﬁk) — (u; + tk5§fk), 0) .

Using the equality v; +u; = 0, the argument simplifies to —tj, (6fk + 5ﬁk). Again,
factoring out positive {5, it yields: 6} = —max(—(é}ik + 5gfk),0). Taking the
limit ¥ — oo and applying the identity — max(—a,0) = min(a,0) recovers the
condition stated in (18):

0" = min(o; + 47, 0).

Thus, any tangent vector must necessarily obey the conditions derived from the local
structure of 7.

Part 2: Sufficient Condition

To establish the reverse inclusion, we must demonstrate that any vector (§%,467,46")
satisfying the conditions (18) is indeed a valid tangent direction. By the definition of
the Bouligand tangent cone, it suffices to construct a specific path inside the graph of T
that originates from (u, v, w) with direction (§%,4",6"). Let us fix the input direction
sequences to be constant, i.e., i = ¢" and ¢} = 0¥ for all K € N. We then define the
required response ¢; via the exact difference quotient of the operator along this ray:

w 7(u; + 10, v + tkég’) — w;
ik T i

(A2)

By this construction, the point (u+¢50%, v+ 50", w + t50}’) lies exactly on gph T for
every step t;. The proof reduces to showing that this sequence J;’ converges to our
hypothesized direction §* as t; | 0. We analyze the convergence behavior index by
index, exploiting the geometry of the soft-thresholding operator:
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Case 1: Strictly Active/Inactive Regions (i € A(u,v) ULV (u,v) UZ™ (u,v))
In these regions, the point (u;,v;) lies in the interior of a linear piece of the
operator. Since these sets define open neighborhoods, for any sufficiently small
step size t;, > 0, the perturbed point (u; + 0¥, v; + 07 ) remains strictly within
the same region. Consequently:

e For i € IT%(u,v),(v; > u;), the operator evaluates the difference of its
arguments:

w (i F b)) — (us + t6) — (v; — uy)
ik — tr

=5y — 68 = .

® For i € T~ (u,v), (v; < —u;) the operator evaluates to the sum, and reads:

(v + t507) + (ui + tx0}) — (v; + w;)
ty

0 = =0; +0; =4;".
e For i € A(u,v),(Jv;] < w;) the operator returns zero locally. Then, the
quotient vanishes, i.e., 6} = 4; = 0.
Case 2: Positive Boundary (i € BY (u,v)) Here, the point satisfies v; = u; > 0
and w; = 0. Since the direction is fixed and v; = u; > 0, we have v; + 67 +
u; + te0) = 2u; 4+t (07 + 0F) — 2u; > 0, so the perturbed point remains outside
Z~ (u,v) for all small enough t;, and the operator evaluates as 7(u; + tx0%, v; +
t107) = max(v; + txd0Y — u; — t0%,0). Substituting into (A2):

w _ max((v; +tx67) — (u; +1x67),0) — 0
ik —
; th

= max(d; — 6;',0),

where we used the fact that v; —u; = 0. This perfectly reproduces the conditional
logic of (18): if 67 > 6%, the limit is 67 — 0¥; otherwise, it is 0.

Case 3: Negative Boundary (i € B~ (u,v)) Here, v; = —u; < 0 and w; = 0.
Since the direction is fixed and v; = —u,; < 0, we have v; + t0; — u; — 50}
—2u; + tp (6 — 0%) — —2u; < 0, so the perturbed point remains outside Z* (u, v
for all small enough t;, and the operator evaluates as 7(u; + tx0¥, v; + t07)
—max(—(v; +tx0?) — (u; + tx0¥), 0). The difference quotient (A2) then becomes:

~

_ —max(—(vi + 407) — (i + 45;'),0)
ik = '
, tr

w

Using v; +u; = 0, this simplifies to: 6"} = — max(—(d; +4;),0) = min(d7 +;*,0),
where we used the identity — max(—a,0) = min(a,0). Again, the t; factors cancel
out. This is precisely the last condition in (18): if ¥ 4 0¥ < 0, the value is 67 +d%;

otherwise, it is 0.
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In every regime, the difference quotient sequence 6;’ constructed from the graph
constraint converges (or is locally constant) to the specific values mandated by condi-
tions (18). Thus, the vector (6%, 67, ™) is the limit of valid secant directions, proving
that it belongs to the tangent cone T'((u,v,w);gph T). O

Remark 5 (Vertex case) At a vertex index ¢ with u; = v; = 0, both ¢ € BT (u,v) and i €
B~ (u,v) hold simultaneously, so the two biactive index sets are no longer disjoint. Moreover,
since u; = 0 lies on the boundary of the domain Ri, the domain constraint forces d;* > 0 for
any admissible tangent direction. A direct calculation combining the arguments of Cases 2
and 3 under this constraint shows that

6 = max(6; — d',0) +min(5; +6;',0), §;* >0,

which unifies both biactive contributions. Proposition 7 is therefore stated and proved under
the standing assumption u; > 0 for every i € BT (u,v) U B~ (u,v), which excludes this
degenerate configuration.

Appendix B Proof of Proposition 8

We proceed in two steps: first, by characterizing the Fréchet normal cone N (+), and
then by using the limiting process to obtain the limiting normal cone N (-).

Lemma 14 The Fréchet normal cone for the graph of the component-wise soft-thresholding
operator at (u,v,w) € R is given by:

N((u’ v, w); gph T) =

vp = =G, wi =G ifi € It (u,v),
vi= G, wi=G ifi €1 (u,v),
(v,w,—() € R3P vi=0, w;=0 if i € A(u,v),

vi=—w;, 0<w; <¢, ifieBT(u,v),
vi= wi G <w; <0, ifie B (u,v)

Proof Using the definition for the Fréchet normal cone at (u,v,w) we have that:

~

N((u,v,w);gph T) =
{n0,—0) € R |((r0,-0), (8,8, 6")) < 0,¥(8",8",6") € T((u,v,w);gph T) | .

Now, using the characterization for the tangent cone, we proceed to analyze the condi-
tions imposed by this inner product inequality across all index sets: active, positive/negative
inactive, and positive/negative biactive components.

Case 1: 4 € TT (u,v): In this regime, the tangent cone is characterized by the relation
0% = 67 — 4;'. For a normal vector (v;,w;, —(;) to belong to the Fréchet normal cone, it must
satisfy the following inequality:

Vbl 4 widd — GO = 10l 4+ widf — G(6Y — 61) <0, (8, 6Y) e R
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Rewriting, we obtain:
(vi + GO} + (wi — Gi)87 <0, V(5. 6) € R”.

Since this inequality must hold for both positive and negative directions of ;' and 4y,
the respective coefficients must necessarily vanish to avoid contradiction. This implies the
following equalities:

Vi+<i:07 wi—CiIO.
Thus, the Fréchet normal cone in this index set reduces to:

N((w,v,w)igph T) = {(w, —0) € By = —Gi, wi = G, Vi € T (w, )}

Case 2: 1 € Z™ (u,v): We use the same procedure applied to Case 1, but considering in this
index set the tangent cone is characterized as 6;° = 6; + d;".

Case 3: i € A(u,v): In this case, the tangent cone is given by ;" = 0. For the normal
vector (v, w;, —(;) to belong to the Fréchet normal cone, the following inequality must hold:

Vb 4 wid? — GOl = vt + wis? <0, V(5! 6Y) € R%

As in Case 1, this inequality must hold for both positive and negative directions of §;' and
Y. Then, the inequality can only be satisfied for all admissible directions if both coefficients
vanish, i.e., v; = w; = 0 and (; € R. Consequently, the Fréchet normal cone in this index set
is given by:

N((wv,w)igph T) = {nw, =¢) € Ry = wi = 0,G; € R, Vi € A(u,v) }.

Case 4: i € BT (u,v): This case is more nuanced, as the tangent cone is the union of two
convex cones, T' = Kj U K, the normal cone is the intersection of their respective polars:
N =K NKs.
(a) First representation: 6;" =0, 6 < &;'
Here, the inequality reduces to:
vidf 4+ widy <0, V(6,87 s.t. & <6,

which can be alternatively written as:

(65,09, (i, wi)) <0, V(85,67) s.t. ((65,67),(=1,1)) <O. (B3)
Defining ¢; = (—1,1) and the cone of variations generated by ¢; as:

I(g;) = { (64, 67) : (61, 67),a) < 0},

condition (B3) states that ((d7',d;7), (vi,w;)) < 0 for all (67, 67) € II(g;). By definition, this

7771 17
is equivalent to requiring that (v;,w;) belongs to the polar cone of II(g;). Since II(g;) is a

half-space, its polar is the ray generated by its normal; thus, the condition is equivalent to:
(vi,wi) € U°(q;) <= (v;,w;) = c1q; for some ¢1 > 0.

(b) Second representation: §;° = 6] — 6;', 6 < &7
In this regime, the inequality for the Fréchet normal cone becomes:

vibi + wib] — 66" = i + w6 — Gi(67 — ;') <0, V(6{,87) s.t. & <6
Rewriting:
<(5;L75;))7 (l/i + Ciawi - CZ)) < 07 V((S;L,(S;)) s.t. <(51u?61v)7 (lv 71)> <0 (B4)

Using the same argument as in the first representation, let ¢; := (1, —1) and II(g;) be its
corresponding cone of variations. Then, (B4) requires that the vector (v; + {;,w; — ¢;) has
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a non-positive inner product with all elements of II(g;). This is exactly the definition of the
polar cone, establishing the equivalence:

(Vi + Gihwi — G) € 1°(G;) <= (vi + i, wi — (i) = —caq; for some ¢z > 0,

where we used that §; = —g¢;.
Finally, a triplet (v;,w;, —(;) belongs to the Fréchet normal cone if and only if it satisfies
the conditions derived in both (a) and (b) simultaneously:

(Vi7wi) :Cl(_Ll) A (Vi+4i7wi_gi)262(17_1)‘
Solving this system yields the explicit characterization:

N((w,0,w);gph T) = { (., =€) € R|vy = —w;,0 S wi < G, Vi € BH(w,0) }

Case 5: i € B~ (u,v): Unlike Case 4, the tangent cone is §;° = min{d; + 4", 0}.
(a) First representation: 6;° =0, 6;* +; > 0.
Here, the inequality reduces to:

vi0f 4 widy <0, V(8 67)s.t. 8 +67 >0,
which, defining p; = (1,1), it can be written as:
((6¢,67), (viwi)) <0, V(5,67 s.t. ((6i,67),pi) > 0. (B5)

The admissible set {z € R? . (z,p;) > 0} has polar cone {—Ap; : A > 0}. Hence (v;,w;) €
{—=A1p; : A1 > 0}, that is:

(vi,w;) = —A1(1,1) for some A1 > 0.

(b) Second representation: §;° = 6 + 67, 6;" + 57 < 0.
In this regime, the inequality for the Fréchet normal cone becomes:

vidi' +widi — Gi6i’ = vidi + widi — Gi(8i' +7) <0, V(5i",87) s.t. 6 + 7 <O.
Rewriting:
((6i07), (Vi — Giywi — Gi)) <0, Y(&;,87) s.t. ((6¢,87),pi) < 0. (B6)

Defining ¥(p;) := {x € R? : (z,p;) < 0}, condition (B6) states that (v; — (;,w; — ;) belongs
to the polar cone X°(p;) = {A2p; : A2 > 0}; therefore:

(vi — Ciywi — ¢) = A2(1,1) for some Ao > 0.
Finally, a triplet (v;,w;, —(;) belongs to the Fréchet normal cone if and only if both conditions
hold simultaneously:
(vi,wi) == (1,1) A (v = Gywi —G) = A2(1,1), A1, A2 >0.
From the first, v; = w; = —\1. Substituting into the second gives —A\; — {; = A2 > 0, which
requires ¢; < —A1 = w; < 0. Hence:
N((u,v,w);gphT) ={(v,w,—() € R3P |vi=wi, ¢ <w; <0, VieB (u,v)}
O
Limiting normal cone: To obtain the limiting normal cone, we apply the limiting

process defined by the Mordukhovich normal cone construction. Indeed, this normal
cone is defined as:

-~

N((u,v,w);gphT) = limsup  N((u/,v",w’);gphT)

(v w) = (u,v,w)
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(Vkawkv _Ck) S N((Uk,’l}k7UIk),gphT),}

hT
(ukvv/wwk) L (’U,,’U,’UJ)

= { lim (vF, W, —¢)

k—o0

For indices ¢ in the strictly active or inactive sets, the Fréchet normal cone is locally
constant. Thus, the limit simply recovers the Fréchet cone derived in Lemma 14.

We focus on the biactive case i € BT (u,v), where u; = v; > 0 and w; = 0. By the
closedness of the graph, approximating sequences (ug, vg, wi) approaching the biactive
point must belong to either the strictly active regime (|vg| < ux), the strictly positive
inactive regime (v > uy), or staying on the biactive boundary (vg = ug). We analyze
the limit set generated by each path:

¢ Sequence from Active Region: Consider a sequence with |vgx| < wug. The
Fréchet normals satisfy vy = 0, wi, = 0. Passing to the limit, we obtain the subset
of normal vectors:

Sy ={(w,w, =) € R* | v; = 0,w; = 0}.

® Sequence from Inactive Region: Consider a sequence with vy > wug. The
Fréchet normals satisfy vy = —(i,wr = (. Passing to the limit yields:

Sy ={(r,w,—¢) e R¥? | v; = —Gi,w; = (;}

e Sequence on Biactive Boundary: Consider a sequence with vy = uy (always
biactive). In this case, (v, wk, —Cr) belongs to the biactive Fréchet cone derived
in Lemma 14. The limit of this constant set is the set itself:

Sz ={(r,w,—¢) ER¥? | 1; = —w;, 0 < w; < (G}

Consequently, the limiting normal cone is the set-theoretic union of these limits:

N((u,v,w);gph T); =
{(r,w, Q) ER¥? | (1; =0,w; = 0) V (v; = —Ci,w; = () V (v = —w;, 0 S w; < ()}

Geometrically, this set consists of two linear subspaces (S; and S3) connected by
a convex cone (S3) in the region where ¢; > 0. This union explicitly captures the
non-convex nature of the operator at the singularity.

We now turn to the biactive case i € B~ (u,v), where v; = —u; < 0 and w; = 0.
Approximating sequences (uy, vg, wy) approaching the biactive-negative point belong
to either the strictly active regime (vy > —uy), the strictly negative inactive regime
(v < —ug), or the biactive boundary (vr = —uy). The limit sets generated by each
path are:
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e Sequence from Active Region: |v;| < uj. The Fréchet normals satisfy v, = 0,

wi = 0. In the limit:

Sy = {(r,w,—C¢) ER*? | y; =0, w; = 0}.

® Sequence from Negative Inactive Region: v, < —uy. The Fréchet normals

satisfy v = (x, wp = (- In the limit:

Sy ={(r,w,—C) e R | v; = (;, w; = G}

e Sequence on Biactive Boundary: vy = —uy. At each such point the Fréchet

cone from Case 5 of Lemma 14 applies. In the limit:

Sz ={(v,w,—() € R | vi = w;, ¢ <w; <0}

Then, the limiting normal cone is the union S; U Se U S3, which agrees with the

characterization stated in Proposition 8. (]
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