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Abstract

Recent advances in convex optimization have leveraged computer-assisted proofs to develop optimized
first-order methods that improve over classical algorithms. However, each optimized method is specially
tailored for a particular problem setting, and it is a well-documented challenge to extend optimized
methods to other settings due to their highly bespoke design and analysis. We provide a general frame-
work that derives optimized methods for composite optimization directly from those for unconstrained
smooth optimization. The derived methods naturally extend the original methods, generalizing how
proximal gradient descent extends gradient descent. The key to our result is certain algebraic identities
that provide a unified and straightforward way of extending convergence analyses from unconstrained
to composite settings. As concrete examples, we apply our framework to establish (1) the phenomenon
of stepsize acceleration for proximal gradient descent; (2) a convergence rate for the proximal optimized
gradient method [47] which is faster than FISTA [8]; (3) a new method that improves the state-of-the-art
rate for minimizing gradient norm in the composite setting.

A preliminary version [9] of this paper was accepted at the 38th Conference on Learning Theory (COLT 2025). This paper
develops a general framework that recovers the results of [9] as a special case. Email: {jinhobok, alts}@upenn.edu.
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1 Introduction

First-order methods such as gradient descent (GD) and Nesterov’s accelerated gradient descent (AGD)
[38] are widely popular in modern large-scale optimization. Recently, the optimization community has
devoted significant effort to developing optimized methods which have faster convergence rates than classical
algorithms such as GD or AGD for fundamental settings such as unconstrained smooth convex optimization
(i.e., minx f(x) where f is convex and smooth). A celebrated example is the optimized gradient method
(OGM) [31]: in terms of worst-case convergence rate, this method is not only faster than AGD (by a
constant factor), but moreover exactly achieves the best possible rate among all black-box first-order methods
[15]. Another notable example is stepsize-accelerated GD, which incorporates time-varying stepsizes (but no
momentum) and attains a provably faster rate than the traditional constant-stepsize GD [1, 2, 3, 23, 25].

However, it remains largely open whether optimized methods can be extended beyond the settings they
were originally designed for. A central challenge is that the design and analysis of optimized methods are
heavily tailored to their particular settings and, as a result, often lack flexible structures or properties that
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are applicable to other settings. A related challenge is that the design and analysis of optimized methods
are based on computer-assisted proofs which are typically difficult to interpret, let alone adapt to other
settings. In contrast, simpler algorithms such as GD and AGD have been successfully extended to many
settings [4, 12, 20, 21, 28, 29] due to versatile components of their design and analysis, for example the
descent lemma [39] and momentum [8, 18, 44, 52]. These challenges raise a fundamental question:

Is there a unified way to extend optimized methods to other settings?

1.1 Contribution

We answer this question in the affirmative for the fundamental setting of composite convex optimization,
i.e., minx f(x) + h(x) where f is convex and smooth, and h is convex (but potentially nonsmooth) and can
be accessed via its proximal operator proxαh(x) = argminz{αh(z) + 1

2∥z − x∥2}. The composite setting is
a strict generalization of unconstrained optimization (by letting h = 0) and constrained optimization (by
letting h = ιK be the indicator of a constraint set K), and captures regularization-based problems prevalent
in machine learning, signal processing, and statistics [11].

Conceptually, we develop a reduction-style argument which shows that optimized methods in the uncon-
strained setting are also optimized in the composite setting. This allows us to establish results of the following
type: if an algorithm A for unconstrained convex optimization has convergence rate

f(xn) − f(x∗) ⩽ τn∥x0 − x∗∥2 ,

then there is a composite extension T (A) of this algorithm for composite optimization that has convergence
rate

f(xn) + h(xn) − f(x∗) − h(x∗) ⩽ O(τn)∥x0 − x∗∥2 .

This reduction similarly applies to the alternative performance metric of gradient norm. The new algorithm
T (A) extends the original algorithm A in a simple and natural way that generalizes how proximal gradient
descent extends gradient descent; see the technical overview section below.

We believe that this unified framework provides a useful viewpoint for studying optimized first-order
methods, since it reduces the design and analysis of methods for one setting (composite) to another setting
(unconstrained). This is in contrast to prior approaches, where the design and analysis of each optimized
method are typically done in a case-by-case fashion for each particular setting; see the discussion of prior
work in Section 1.3.

Our unified framework leads to convergence rates that are competitive with highly optimized algorithms
and, in some cases, yields state-of-the-art complexity guarantees and answers open problems. As concrete
examples, we apply our framework to establish the following:

• Stepsize-based acceleration of proximal GD. We answer the open questions of [3, 23] by showing
that stepsize-based acceleration is possible for proximal GD. That is, we show that proximal GD can
achieve accelerated rates with a judicious choice of stepsizes—without any other modifications to the
algorithm (e.g., momentum). Previous results for stepsize-based acceleration were limited to the setting
of GD for unconstrained smooth convex optimization, and it was unknown whether this phenomenon
was possible in constrained or composite settings. See [9, Section 1] for a comprehensive discussion

of this open problem and the challenges. We show a rate of O(1/nlog2(1+
√
2)) ≈ O(1/n1.2716), which

improves over the classical O(1/n) guarantee that is tight for proximal GD with constant stepsizes
[50]. This asymptotic rate is conjecturally optimal even for the simpler setting of vanilla GD for
unconstrained optimization [2, 3, 24, 25]; hence, our rate is also conjecturally optimal. Appealingly,
our framework enables us to use the same stepsizes that were developed for accelerating vanilla GD—an
approach that is natural, yet was previously unclear how to analyze beyond the original setting.

• Proximal OGM. Applying our framework to OGM yields an accelerated rate of O(1/n2) with nearly-
optimal constant factor. This rate is faster than all prior methods except OptISTA, an exactly optimal
method with a computer-assisted design that was recently developed specifically for this setting [27].
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Unconstrained setting

Algorithm \ Performance Metric Objective function Gradient norm

Stepsize-accelerated GD O(1/nlog2(1+
√
2)) [2] O(1/nlog2(1+

√
2)) [25]

OGM(-G) O(1/n2) [31] O(1/n2) [33]

⇓ Composite extension (Definition 2.2)

Composite setting

Algorithm \ Performance Metric Objective function Gradient norm

Stepsize-accelerated proximal GD O(1/nlog2(1+
√
2)) (Theorem 4.2) O(1/nlog2(1+

√
2)) (Theorem 5.3)

Proximal OGM(-G) O(1/n2) (Theorem 4.7) O(1/n2) (Theorem 5.5)

Table 1: Summary of applications. We develop a unified approach for extending optimized methods from unconstrained to
composite settings, extending the asymptotic rate for each combination of algorithm and peformance metric.

• Proximal OGM-G. Applying our framework to OGM-G, a “gradient norm” version of OGM [33],
yields the state-of-the-art convergence rate for minimizing gradient norm in the composite setting.
This rate improves over the previous best guarantee [34] by a factor of nearly 10.

See Table 1 for a summary, and see Sections 4 and 5 for formal statements and further details.

1.2 Overview of framework

Here we overview our reduction-style approach for extending first-order methods from unconstrained to
composite settings. We focus on the main conceptual ideas here; see Section 2 for formal statements.

Design of composite extension. Let A be a first-order method for the unconstrained setting. We propose
a simple, unified way of designing an algorithm T (A) for the composite setting. The derived algorithm T (A)
extends A in a way that generalizes how proximal GD extends GD. To explain this, recall that proximal GD
updates as xt+1 = proxαth(xt − αt∇f(xt)). By definition of the proximal operator, this is equivalent to

xt+1 = xt − αt(∇f(xt) + st+1), where st+1 ∈ ∂h(xt+1) .

One can view this proximal GD update as GD, except with ∇f(xt) replaced by ∇f(xt)+st+1. Our proposed
extension T (A) generalizes this: whenever a gradient iterate ∇f(xt) appears in the original method A, we
replace it with ∇f(xt) + st+1 for the composite setting.

Analysis of composite extension. While the design of these composite algorithms is simple and natural,
its analysis is nontrivial. This is the main content of the paper. Our starting point is existing analyses for
optimized methods in the unconstrained setting. These have been driven by a powerful technique known as
the performance estimation problem (PEP) [16]; in this framework, a dual solution of a certain semidefinite
program provides a proof of a given algorithm’s convergence rate. Specifically, in order to establish a
convergence rate of the form f(xn) − f(x∗) ⩽ τn∥x0 − x∗∥2 for an algorithm A, a dual solution to the
semidefinite program provides multipliers λij ⩾ 0 and a sum-of-squares (SOS) quadratic polynomial P ⩾ 0
such that the following identity holds:

τn∥x0 − x∗∥2 − (f(xn) − f(x∗)) =
∑
i,j

λijQij + P , (1.1)

where Qij ⩾ 0 is a quadratic polynomial in the iterates xi, xj and the first-order information of f at these
points. This identity certifies the desired convergence rate since the right hand side is nonnnegative.

Our analysis is based on a crucial observation in this template (1.1): optimized methods have simple
solutions. In particular, for unconstrained optimized algorithms, the sum-of-squares term is often just a
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single square—rather than the sum of multiple squares that cannot be collapsed into a single square. In
other words, the corresponding quadratic form is of rank 1. This core property was observed in [45, Chapter
5] for many different types of optimized methods, and it is an interesting open question in itself to understand
if this phenomenon hints at an underlying general theory for optimized methods; see also the discussion of
future work in Section 6.

Surprisingly, this common structure alone is informative enough for us to characterize a (candidate)
dual solution in the composite setting. In this setting, a PEP-based approach tries to find multipliers
λij ⩾ 0, µij ⩾ 0 and an SOS quadratic polynomial P ⩾ 0 such that the following identity holds:

τn∥x0 − x∗∥2 − (f(xn) + h(xn) − f(x∗) − h(x∗)) =
∑
i,j

λijQ
f
ij +

∑
i,j

µijQ
h
ij + P , (1.2)

where now we have pairs of valid inequalities Qf
ij ⩾ 0 and Qh

ij ⩾ 0 for the first-order information at f and h,
respectively. The key difficulty in this extended template (1.2) is identifying the solutions, i.e., the quantities
λij , µij , and P . This is in large part because of the additional complexity from h, which appears in (1.2)
but not in (1.1). Finding such PEP solutions is a well-documented challenge; for example, the pioneering
work on PEP for the composite setting [47] writes:

“... algorithmic analyses using [PEP] are intrinsically limited by our ability to solve semidefinite problems,
both numerically ... or analytically .... Therefore, any idea leading to (convex) programs that are easier to

solve while maintaining reasonable guarantees would be very advantageous.”

We overcome this challenge by providing closed-form expressions for the quantities in the composite
identity (1.2) in terms of the quantities in the unconstrained identity (1.1). This lets us avoid solving (1.2)
from scratch, and instead we borrow solutions from (1.1). In particular, an important starting point is that
we use the same λij from the unconstrained setting. While this approach is seemingly straightforward, the

corresponding analysis is rather subtle since the corresponding terms—namely, λijQij in (1.1) and λijQ
f
ij in

(1.2)—are not equal. Indeed, Qf
ij has additional terms involving h in the composite setting (see Definition 2.4

for details). Our analysis establishes that these differences can be offset with a careful construction of the
multipliers µij and the sum-of-squares term, both of which are new and different from the multipliers λij

and the sum-of-squares term in the unconstrained setting.

Candidate solution. Altogether, this provides a general reduction-style approach of obtaining conver-
gence guarantees, since the resulting formulae for λij , µij , P are explicit, satisfy the identity (1.2), and can
be applied to any method with the aforementioned rank-1 property.

We refer to this as a “reduction-style approach” since it is not an end-to-end reduction. In particular, one
still needs to check the feasibility constraints1 that µij ⩾ 0 and that P is actually SOS. Verifying these two
conditions must be done in an algorithm-specific manner but is conceptually simple because of the closed-
form expressions. See Sections 4 and 5 for multiple examples. We emphasize that this is much simpler
than solving (1.2) from scratch—since that requires solving for λij , µij , P ; verifying the identity (1.2); and
checking the feasibility constraints λij ⩾ 0, µij ⩾ 0, and that P is SOS.

Sum-of-squares structure. We comment in particular on the SOS verification of P , since our framework
provides a conceptually new approach for accomplishing this. Given λij and µij , P is defined as the residual in
the identity (1.2). Verifying that P is SOS is in general a key challenge for PEP-based analyses [16, 27, 47],
especially in the composite setting since then P is typically of high rank, i.e., any decomposition as a
sum of squares (if one exists) requires Ω(n) squares. Finding such a decomposition is challenging, as that
amounts to verifying positive semidefiniteness of the corresponding coefficient matrix, the entries of which
have complicated algebraic expressions.

We provide a new approach for this verification: we combine certain aspects of the analysis for the
unconstrained setting (1.1) and the proximal point method [47]. In the former, as mentioned, the matrix
is rank-1. In the latter, while the matrix has high rank, it has a simple Laplacian structure which implies
positive semidefiniteness. We show that modulo a Schur complement, the matrix in our analysis is a sum of

1Feasibility of λij ⩾ 0 is automatically guaranteed from the re-use of λij in our approach.
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a rank-1 matrix and a Laplacian matrix. Ultimately, this reduces checking positive semidefiniteness of P to
checking that an explicit rank-1 perturbation of a Laplacian matrix remains Laplacian; in our applications,
this amounts to simply comparing only a couple entries. We remark that more generally, such a combination
of structures from different base algorithms may be useful for PEP-type analyses.

Performance metrics. So far, we have focused on convergence rates that are measured in terms of subop-
timality of the objective function. Our approach applies in a nearly identical manner when convergence rates
are instead measured in terms of approximate stationarity, i.e., making the (sub)gradient norm small. We
show results of the following type: if an algorithm A′ for unconstrained convex optimization has convergence
rate

∥∇f(xn)∥2 ⩽ τ ′n(f(x0) − f(x∗)) ,

then the composite extension T (A′) has convergence rate

∥∇f(xn) + sn∥2 ⩽ O(τ ′n)(f(x0) + h(x0) − f(x∗) − h(x∗))

for sn ∈ ∂h(xn). Note that we use the same composite extension T for these results. For this setting of
gradient norm minimization, the two building blocks we use for the SOS verification have slightly different
forms: for the unconstrained setting, the residual term is zero rather than a single square; and for the
proximal point method, the corresponding matrix is diagonally dominant rather than Laplacian [26]. The
rest of the analysis is conceptually identical.

1.3 Prior work

Performance estimation problem (PEP). The PEP framework, pioneered by [16], formulates the
worst-case performance (i.e., convergence rate) of a given algorithm A as a semidefinite program. In this
auxiliary optimization problem, the objective function corresponds to the performance metric for A, and
the constraints are on the function class and the iterates being updated by A. The primal searches over
worst-case problem instances, while the dual searches over proofs of the convergence rate as described in
the previous section. In many settings of convex optimization, this formulation as a semidefinite program is
tight in that any proof for convergence rate can be expressed as a solution of the dual [48].

Among numerous applications of PEP (see e.g., [18, 47]), there have been two main streams of work. One
line of work establishes tight rates for existing algorithms, such as gradient descent [5, 16, 36, 42], proximal
point/gradient method [47, 49], splitting methods [43], ADMM [56], and Chambolle-Pock [10], among others.
Another line of work develops new optimized methods that are either asymptotically or exactly optimal in
each setting, including: smooth (strongly) convex optimization [31, 33, 46], nonsmooth convex optimization
[17, 22, 57], composite optimization [27], fixed-point iteration [41], minimax optimization [53], and monotone
inclusion [30]. Our framework is situated at the interface of these two directions: it yields nearly tight rates
by extending existing optimized methods and their proofs to a new setting. In particular, we provide explicit
formulae for the PEP-based proofs (a challenge for the first line of work) and show how optimized methods
can be naturally extended to a more general setting (a challenge for the second line of work).

An emerging area of study which uses PEP is stepsize-accelerated GD [1, 2, 3, 13, 19, 23, 24, 25, 51, 58, 59],
which seeks to improve the rate of GD by only changing the stepsizes. Classically, this was only known to
be possible for minimizing convex quadratics [55]. The recent line of work extends this improvement beyond
the quadratic setting by using time-varying stepsize schedules that are nonmonotone and use exceedingly

large steps. In particular, [2] showed the “silver convergence rate” O(1/nlog2(1+
√
2)) which is conjectured to

be asymptotically optimal among all possible stepsize schedules. See [9, Section 1.3] for a recent overview of
this very active literature on stepsize-based acceleration.

Composite optimization. Composite optimization arises in many applications due to the flexibility
afforded by the non-smooth component h—in particular as a regularization penalty. For example, in the
common setting where h is the ℓ1 norm, proximal GD is known as ISTA [14]. The seminal work of [8]
introduced FISTA, a widely popular algorithm with O(1/n2) rate. Since then, different variants of FISTA
have been proposed [7, 32]; see also [6, Chapter 10] for an overview. Notably, the recent paper [27] presented
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an optimized method OptISTA whose convergence rate is faster than FISTA and moreover exactly matches
the lower bound for black-box first-order methods. Several works have also made progress in the task of
gradient norm minimization in the composite setting [34, 37], achieving O(1/n2) rate; however, the optimal
constant factor is unknown.

Our framework provides a general way to design and analyze methods in this setting. This leads to new
algorithms as well as new rates for existing algorithms. Here, we further contextualize the applications of
our framework. Our composite extension of OGM recovers POGM, a method that appeared in the original
paper on PEP for composite optimization [47]. However, that paper only presents numerical bounds from
PEP; we provide rigorous convergence analyses here. We remark that while the design and analysis are
simpler for POGM than OptISTA, it does not achieve the exactly optimal rate. This is not just an artefact
of our technique and it was numerically observed that the POGM is suboptimal, though only by a small
multiplicative factor of roughly 1.12 [47]. Our theoretical result achieves a rate for POGM with a mild
multiplicative factor of roughly 1.29 compared to the exactly optimal rate. Furthermore, our composite
extension of OGM-G achieves the state-of-the-art rate, improving over the result of [34, Section D.4] by a
factor of roughly 9.30. For stepsize-based acceleration, previous results were known only for GD (in the
unconstrained setting), and it was an open problem if this phenomenon extends to projected GD (in the
constrained setting) or proximal GD (in the composite setting). This was posed as an open problem in
[3, 23]; see [9, Section 1] for a detailed discussion of the challenges. We resolve this question by showing that
the silver stepsizes for vanilla GD enable the same asymptotic rates for proximal GD.2

Connections between algorithms. A recent line of PEP-related work has investigated relations between
different algorithms. For example, [37] identified a common geometric structure in accelerated algorithms,
and [54] identified a common property in accelerated minimax algorithms. [40] established a connection
between AGD and OGM, along with certain extensions of OGM. [34, 35] developed the notions of H-duality
and mirror duality, which are one-to-one correspondences between certain algorithms, one of which is designed
for minimizing the objective function and the other for minimizing the gradient norm.

This paper shares some similarities with H-duality (and mirror duality) [34, 35], in that they also reduce
the design and analysis of one method to another method. However, the details are quite different. Most
importantly, our results are orthogonal—in fact complementary—to theirs as we relate algorithms for differ-
ent problem settings with the same performance metric, whereas H-duality relates algorithms for the same
problem setting with different performance metrics. There are also other differences. H-duality provides
a fully-fledged reduction whereas our framework is not fully black-box; however, our framework is general
enough to apply to both stepsize-accelerated GD and OGM, which have markedly different proof structures
(in terms of the multipliers {λij}), while H-duality only applies to methods with specific proof structures.3

2 Main results

2.1 Composite extension and preliminaries

Throughout, we consider first-order methods with iterates x0, x1, . . . , xn, where n is the total number of
iterations. We let x∗ denote an optimal point for the relevant optimization problem. For a smooth convex
function f and convex function h, we use the shorthands F := f + h, fi := f(xi), gi := ∇f(xi), hi := h(xi),
Fi := F (xi), and we let si denote a subgradient of h at xi, for i ∈ {0, 1, . . . , n, ∗}.4 Without loss of generality
(by normalization), the smoothness parameter of f is assumed to be 1 throughout. Vectors are always
vertical, and we denote the sum of the entries of a vector v by

∑
v.

Our result is stated for a general class of first-order methods. In the literature, this class is known as
fixed-step first-order methods.

2Part of these results appeared in the preliminary conference version [9] of the present paper. The proofs and rates in [9]
are mathematically equivalent to Theorem 4.2 here, but our proof here is much simpler and based on the general framework
developed in this paper. This framework also lets us extend these results both to minimizing gradient norm (Theorem 5.3), as
well to analyzing momentum-based methods (Theorems 4.7 and 5.5).

3A certain analog of H-duality for stepsize-accelerated GD recently appeared in a different work [24, Section 3.1]. However,
it only applies to specific choices of stepsizes.

4Unless otherwise specified, ∗ is always included when referring to the set of “all indices”. ∗ is never included when indices
are compared by their values (e.g., i ⩾ 0, i ⩽ n), and indices ∗ − 1, ∗+ 1 are defined to be equal to ∗.
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Definition 2.1 (Stepsize matrix and first-order methods). An n-stepsize matrix H is an upper triangular
matrix indexed as

H :=

α1,0 . . . αn,0

. . .
...

αn,n−1

 ,

where αk,k−1 ̸= 0 for all 1 ⩽ k ⩽ n. The (n-step) first-order method with H is defined as

x1 = x0 − α1,0g0,

x2 = x1 − α2,0g0 − α2,1g1,

...

xn = xn−1 − αn,0g0 − · · · − αn,n−1gn−1.

The condition αk,k−1 ̸= 0 ensures that the iterates are not redundant (i.e., not a linear combination of
previous iterates) and H is invertible.

Given a first-order method for the unconstrained setting (i.e., a stepsize matrix H), we define its composite
extension by replacing gt with gt + st+1.

Definition 2.2 (Composite extension). Consider a first-order method with n-stepsize matrix H. Its com-
posite extension is

x1 = x0 − α1,0(g0 + s1),

x2 = x1 − α2,0(g0 + s1) − α2,1(g1 + s2),

...

xn = xn−1 − αn,0(g0 + s1) − · · · − αn,n−1(gn−1 + sn).

Remark 2.3 (Implementation). An equivalent, implementable form of the composite extension (Definition
2.2) that only involves gradient and proximal oracles is

x1 = proxα1,0h(x0 − α1,0g0),

s1 =
1

α1,0
(x0 − x1) − g0,

x2 = proxα2,1h(x1 − α2,0(g0 + s1) − α2,1g1),

s2 =
1

α2,1
(x1 − x2 − α2,0(g0 + s1)) − g1,

...

xn = proxαn,n−1h(xn−1 − αn,0(g0 + s1) − · · · − αn,n−1gn−1).

An issue for practical implementation is efficiency: as written, this algorithm requires storing all previous
(sub)gradients. Notably, this issue is not specific to our approach and already exists in the unconstrained
setting. All of the algorithms in our results can be implemented efficiently; see Sections 4 and 5.

Following PEP-based analyses, we make use of co-coercivities, which form a complete set of inequalities
for certifying convergence rates [48]. In the unconstrained setting, we only have a single set of co-coercivities

{Qij}, whereas in the composite setting we have two sets of co-coercivities {Qf
ij} and {Qh

ij}, respectively
corresponding to the first-order information of f and h.

Definition 2.4 (Co-coercivities). Let H be a stepsize matrix and let {xi} be the iterates of the first-order
method with H. Then define

Qij := fi − fj − ⟨gj , xi − xj⟩ −
1

2
∥gi − gj∥2 .
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For the iterates {xi} of the composite extension with H, define

Qf
ij := fi − fj − ⟨gj , xi − xj⟩ −

1

2
∥gi − gj∥2,

Qh
ij := hi − hj − ⟨sj , xi − xj⟩ .

Note here that the iterates {xi} in Qij and Qf
ij are different, since they are generated by the algorithms in

Definition 2.1 (unconstrained) and Definition 2.2 (composite), respectively.

These co-coercivities are sometimes called “valid inequalities” since they are positive for any f and h.

Lemma 2.5 ([48, Theorem 4]). Let f be convex and 1-smooth, and let h be convex. Then Qij ⩾ 0, Qf
ij ⩾ 0

and Qh
ij ⩾ 0 for all i, j.

2.2 Algebraic recipes for composite extension

We state our main technical result, starting with objective function as the performance metric for the
convergence rates. As overviewed in Section 1.2, our result begins with a certificate (i.e., a dual PEP
solution) for the unconstrained setting (2.1), which has a single square residual. From this, we establish a
structured algebraic identity (2.2) which provides a candidate solution for the dual PEP in the composite
setting. Once it is checked that this candidate is indeed a valid solution via its explicit formulae (see the
remark below), we directly obtain a formal proof for the convergence rate.

Theorem 2.6 (Composite extension for objective function minimization). For a first-order method with H
and its corresponding cocoercivities {Qij}, assume that there exist λ = {λij ⩾ 0 : i ∈ {0, 1, . . . , n, ∗}, j ∈
{0, 1, . . . , n}} and γ = [γ0, γ1, . . . , γn] such that

∑
i,j

λijQij +
1

2
∥x0 − x∗ −

n∑
i=0

γigi∥2 = Rn(f∗ − fn) +
1

2
∥x0 − x∗∥2 . (2.1)

Then for the composite extension with H and its corresponding cocoercivities {Qf
ij} and {Qh

ij}, there exist
µ = {µij : i ∈ {1, . . . , n, ∗}, j ∈ {1, . . . , n}}, σ, S (explicitly stated in Definition 3.3) such that∑

i,j

λijQ
f
ij +

∑
i,j

µijQ
h
ij +

1

2
∥x0 − x∗ − u∥2 +

1

2
Tr(V SV T ) = Rn(F∗ − Fn) +

1

2
(1 + ξ)∥x0 − x∗∥2 , (2.2)

where V :=
[
x0 − x∗|s1| . . . |sn|s∗

]
is the columnwise-concatenated matrix, u :=

∑n
i=0 γi(gi+si+1)−γnsn+1+∑

i∈{1,...,n,∗} σisi, and S :=

[
ξ vT

v L

]
with

∑
v = 0 and L being Laplacian.5 In particular, if

(i) µij ⩾ 0 for all i, j

(ii) S is positive semidefinite (e.g., implied if ξ = vTL†v)

then the composite extension with H has the following convergence guarantee:

Fn − F∗ ⩽
1 + ξ

2Rn
∥x0 − x∗∥2 .

The main technical challenge in establishing this theorem is the formulae for the multipliers and sum-of-
squares term. For ease of exposition, these formulae are provided later in Definition 3.3, since this requires
additional notation. Given these expressions, the proof is based on matching the coefficients (for linear forms
of {fi}, {hi} and quadratic forms of x0 − x∗, {gi}, {si}) in (2.1) and (2.2). See Appendix A for details.

5A symmetric matrix is Laplacian if all nondiagonal entries are nonpositive and all row (column) sums are 0. Laplacian
matrices are positive semidefinite, since xTLx =

∑
i<j(−Lij)(xi − xj)

2 ⩾ 0.
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Remark 2.7 (Interpretation and instantiation). As overviewed in Section 1.2, Theorem 2.6 implies that
only two statements—items (i) and (ii)—need to be checked in order to obtain a convergence guarantee for
the composite extension. This verification is tractable because µ, S are given in closed form.

The expression for ξ in Theorem 2.6, while providing the tightest possible rate using our framework,
requires computing the pseudoinverse of L. In our applications, we bypass this by instead choosing ξ > 0 as
a small constant which only inflates the rate slightly.

For checking (i), we can often use structural properties of λ and H from (2.1). For checking (ii), the
key point is that “most of S” is already positive semidefinite; note that S is of dimension (n + 2) × (n + 2),
and L is a positive semidefinite submatrix of dimension (n + 1) × (n + 1). In this sense, it suffices to show
that the Schur complement L − 1

ξ vv
T (i.e., a small perturbation of L) is positive semidefinite. A tractable

approach for this is to show that it is Laplacian, as we already know that the row and column sums are 0
from

∑
v = 0. See the applications in Section 4 for details and concrete examples of checking (i) and (ii).

We also show an analogous result when the performance metric is the (sub)gradient norm. Here the
algebraic structure is simpler, as we begin with the sum-of-squares term being 0 in the unconstrained setting.

Theorem 2.8 (Composite extension for gradient norm minimization). For a first-order method with H and
its corresponding cocoercivities {Qij}, assume that there exists λ′ = {λ′

ij ⩾ 0 : i, j ∈ {0, 1, . . . , n}} such that

∑
i,j

λ′
ijQij = −R′

n

2
∥gn∥2 + f0 − fn . (2.3)

Then for the composite extension with H and its corresponding cocoercivities {Qf
ij} and {Qh

ij}, there exist
µ′ = {µ′

ij : i ∈ {0, . . . , n}, j ∈ {1, . . . , n}}, S′ (explicitly stated in Definition 3.4) such that

∑
i,j

λ′
ijQ

f
ij +

∑
i,j

µ′
ijQ

h
ij +

1

2
Tr(V ′S′(V ′)T ) = −R′

n(1 − ξ′)

2
∥gn + sn∥2 + F0 − Fn , (2.4)

where V ′ :=
[
gn|s1| . . . |sn

]
. Furthermore, if

(i) µ′
ij ⩾ 0 for all i, j

(ii) S′ is positive semidefinite (e.g., implied if ξ′ = 1 − λ′
n−1,n+λ′

n,n−1

R′
n

)

then the composite extension with H has the following convergence guarantee:

∥gn + sn∥2 ⩽
2

R′
n(1 − ξ′)

(F0 − Fn) .

The proof is similar to that of Theorem 2.6 and is provided in Appendix B. Note that whereas the positive
semidefinite matrix S in Theorem 2.6 has Laplacian structure, the matrix S′ in Theorem 2.8 has diagonally
dominant structure.6

Remark 2.9 (Performance metric for gradient norm minimization). In the literature on gradient norm
minimization, results are often stated with respect to f0 − f∗ instead of f0 − fn (or in the composite setting,
F0−F∗ rather than F0−Fn). It is easy to see that bounds with respect to the latter imply corresponding bounds
with respect to the former. Furthermore, often the converse is also true, meaning that these performance
metrics are essentially equivalent.7 We state our results with respect to f0 − fn and F0 − Fn because this
yields slightly simpler formulations and also applies to settings where no finite minimizer exists.

6A symmetric matrix is diagonally dominant if for each row/column, the absolute value of the diagonal entry is at least the
sum of the absolute values of the nondiagonal entries. For example, Laplacian matrices are diagonally dominant. Diagonally
dominant matrices are positive semidefinite by the Gershgorin circle theorem.

7Details: combining (2.3) with the inequality Qn∗ = fn − f∗ − 1
2
∥gn∥2 ⩾ 0 yields −R′

n+1

2
∥gn∥2 + f0 − f∗ ⩾ 0; combining

(2.4) with the inequality Qf
n∗ +Qh

n∗ = Fn −F∗ − 1
2
∥gn + s∗∥2 ⩾ 0 yields −R′

n(1−ξ′)
2

∥gn + sn∥2 +F0 −F∗ ⩾ 0. In many cases,
the bounds with respect to f0 − f∗ (or F0 − F∗) are obtained precisely in this way. See also, for example, [34, equation 3].
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Remark 2.10 (Corollary for related performance metric). A standard trick is that by running methods
for minimizing objective function and minimizing gradient norm, each for n/2 iterations, one obtains a
final convergence rate for n steps—comparing gradient norm to initial distance (both squared)—which is the
product of the two constituent rates, see e.g., [37]. For example, by using the composite extensions of OGM
and OGM-G,

∥gn + sn∥2 ⩽ O

(
1

(n/2)2

)
(f(xn/2) + h(xn/2) − f(x∗) − h(x∗))

⩽ O

(
1

(n/2)2

)
×O

(
1

(n/2)2

)
∥x0 − x∗∥2 = O

(
1

n4

)
∥x0 − x∗∥2 .

Similarly, for stepsize-accelerated proximal GD, our results yield a rate of O(1/n(log2(1+
√
2))2) ≈ O(1/n1.6168)

for the final gradient norm compared to the initial distance.

2.3 Notation

To express convergence rates in a simpler form, we often use the standard notation an ∼ bn if limn(an/bn) = 1.
We write [A]i,j to denote the (i, j) entry of the matrix A.

It is also convenient to introduce some notation for triangular matrices corresponding to stepsize param-
eters. We define U(a1, . . . , an) to be the n× n upper triangular matrix whose (i, j) entry is ai if i = j and 1
if i < j. We denote U(1n) as Un; this is the n×n upper triangular matrix with 1 in every entry on or above

the diagonal. For a n-stepsize matrix H, we define H̃ := HUn, i.e.,

H̃ =

α̃1,0 . . . α̃n,0

. . .
...

α̃n,n−1

 ,

where α̃i,j :=
∑i

k=j+1 αk,j . Then it can be observed that the iterates x0, . . . , xn of the first-order method
with H satisfy

x1 = x0 − α̃1,0g0,

x2 = x0 − α̃2,0g0 − α̃2,1g1,

...

xn = x0 − α̃n,0g0 − · · · − α̃n,n−1gn−1.

3 Formulae for multipliers

In this section, we formally define the multipliers in Theorems 2.6 and 2.8. We begin by introducing notation
for certain simple linear transformations of the coefficients λ and µ that frequently appear in our analysis.
These definitions are stated for λ and µ, and apply analogously to λ′ and µ′.

Definition 3.1 (Multipliers). For λ = {λi,j : i ∈ {0, 1, . . . , n, ∗}, j ∈ {0, 1, . . . , n}} and µ = {µi,j : i ∈
{1, . . . , n, ∗}, j ∈ {1, . . . , n}}, define

λi,• :=
∑
j

λi,j , λ•,j :=
∑
i

λi,j , µ•,j :=
∑
i

µi,j ,

11



and

λ̂ :=


−(λ•,0 + λ0,•) . . . λ0,n−2 + λn−2,0 λ0,n−1 + λn−1,0

...
. . .

...
...

λn−2,0 + λ0,n−2 . . . −(λ•,n−2 + λn−2,•) λn−2,n−1 + λn−1,n−2

λn−1,0 + λ0,n−1 . . . λn−1,n−2 + λn−2,n−1 −(λ•,n−1 + λn−1,•)

 ∈ Rn×n,

λ̃ :=


λ1,0 −λ•,1 λ1,2 . . . λ1,n−1

λ2,0 λ2,1 −λ•,2 . . . λ2,n−1

...
...

. . .
. . .

...
λn−1,0 λn−1,1 . . . λn−1,n−2 −λ•,n−1

λn,0 λn,1 . . . λn,n−2 λn,n−1

 ∈ Rn×n,

µ̃ :=

−µ•,1 . . . µ1,n

...
. . .

...
µn,1 . . . −µ•,n

 ∈ Rn×n.

Similar notations are also defined with respect to λ′ = {λ′
i,j : i, j ∈ {0, 1, . . . , n}} and µ′ = {µ′

i,j : i ∈
{0, . . . , n}, j ∈ {1, . . . , n}}.

Remark 3.2 (Reparameterization). Below, it is convenient to define µ̃ and µ̃′ respectively instead of µ and
µ′ (which are the actual multipliers in Theorems 2.6 and 2.8). This is equivalent due to the one-to-one
correspondence: given µ̃, µi,j = eTi µ̃ej · 1{i̸=j} uniquely defines µ; similarly, given µ̃′, µ′

i,j = eTi µ̃
′ej · 1{i ̸=j}

uniquely defines µ′, where we use the shorthand e0 := −1n and e∗ := −1n.

3.1 Objective function minimization

In the setting of objective function minimization (Theorem 2.6), the new coefficients σ, µ, S for the composite
setting are formally defined as follows.

Definition 3.3. In the setting of Theorem 2.6, define σ as

σ := [σ1, . . . , σn, σ∗], σi :=
λi−1,n + λn,i−1

γn
. (3.1)

For notational convenience, we also define γ̃ := [γ0, . . . , γn−1], σ̃ := [σ1, . . . , σn]. Then µ, S are defined as

µ̃ := −H̃−1((H̃λ̃)T + γ̃(γ̃ + σ̃)T ) = H̃−1(λ̂− γ̃σ̃T ) + λ̃, (3.2)

S :=

[
ξ vT

v L

]
, v := [v1, . . . , vn, v∗], vi := σi + λ∗,i−1 − µ∗,i, L := −

[
λ̂ γ̃
γ̃T −λ∗,•

]
− σσT . (3.3)

Note that the equality in (3.2) is due to (2.1); for details, see (A.2).

3.2 Gradient norm minimization

In the setting of gradient norm minimization (Theorem 2.8), the new coefficients µ′, S′ for the composite
setting are formally defined as follows.

Definition 3.4. In the setting of Theorem 2.8, define µ′, S′ as

µ̃′ := −H̃−1(H̃λ̃′)T , (3.4)

S′ :=

[
R′

n (v′)T

v′ −λ̂′

]
−R′

n(1 − ξ′)(e1 + en+1)(e1 + en+1)T , v′ := [v′1, . . . , v
′
n], v′i := λ′

i−1,n + λ′
n,i−1. (3.5)
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Figure 1: First 31 stepsizes of the silver stepsize schedule. The stepsizes
are time-varying and fractal-like.

4 Applications to objective function minimization

Here we apply our main theorem for objective function minimization (Theorem 2.6) to the composite exten-
sions of stepsize-accelerated gradient descent and optimized gradient method. For each result, we only need
to verify items (i) and (ii) of the theorem. The following subsections do this by using the formulae for the
multipliers in Definition 3.3.

4.1 Stepsize-accelerated proximal GD

Gradient descent (GD) is a first-order method with diagonal stepsize matrix H. Its composite extension is
proximal GD with the same stepsizes.

For k ∈ N and n = 2k − 1, the silver stepsize schedule π(k) (of length n) is defined as

π
(k)
i := 1 + ρν(i)−1 for 1 ⩽ i ⩽ n ,

where ρ := 1 +
√

2 is the silver ratio and ν(i) is the largest integer j such that 2j divides i. This can be
equivalently defined in a recursive way as π(1) := [

√
2] and π(k+1) := [π(k), ρk−1 +1, π(k)]. The silver stepsize

schedule deviates qualitatively from mainstream stepsize schedules: it is time-varying, nonmonotone, fractal-
like, and uses arbitrarily large stepsizes that are in particular larger than 2 (the threshold at which constant
stepsize schedules make GD divergent). See Figure 1 for an illustration.

[2] introduced the silver stepsizes and proved the (partially) accelerated rate of O(1/nlog2 ρ). The
following choice of λ and γ from [51, Theorem 5.2] certifies this asymptotic rate with tight constant factor.
The recursive definition of λ, in essence, combines the proofs for the constitutent stepsize schedules in the
recursive definition of π—a technique known as recursive gluing [2, 3].

Proposition 4.1 (Multipliers for unconstrained GD; [51, Theorem 5.2]). For k ∈ N and n = 2k − 1, GD
with the silver stepsizes satisfies (2.1) with

λ = λ(k),

γ = [π(k), ρk],

Rn = 2ρk − 1.

Here, λ(k) is recursively defined as

λ
(k)
i,j := λ̄

(k)
i,j 1{i̸=∗} + λ

(k)
j 1{i=∗} ,

with λ(k) := [π(k), ρk] and

λ̄(1) :=

[0 1
0 0 ρ
1 1 0

]
,

λ̄(k+1) := λ̄(k+1),rec︸ ︷︷ ︸
recursion

+ λ̄(k+1),sp︸ ︷︷ ︸
sparse correction

+ λ̄(k+1),lr︸ ︷︷ ︸
low-rank correction

,
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where λ̄(k+1),rec, λ̄(k+1),sp, λ̄(k+1),lr are defined as

λ̄
(k+1),rec
i,j := λ̄

(k)
i,j 1{0⩽i,j⩽n} + ρ2λ̄

(k)
i−n−1,j−n−11{n+1⩽i,j⩽2n+1},

λ̄
(k+1),sp
i,j := ρ1{(i,j)=(n,2n+1)} + ρk1{(i,j)=(2n+1,n)},

λ̄
(k+1),lr
i,j := ρπ

(k)
j−n1{i=n,n+1⩽j⩽2n} + ρπ

(k)
j−n1{i=2n+1,n+1⩽j⩽2n}.

Based on this, we show that proximal GD with the silver stepsizes also has an O(1/nlog2 ρ) rate. This
improves over the O(1/n) classical rate of proximal GD [50, Theorem 7] and establishes that the phenomenon
of stepsize-based acceleration extends to the composite setting.

Theorem 4.2 (Convergence rate of proximal GD). For k ∈ N and n = 2k − 1, proximal GD with the silver
stepsizes satisfies

F (xn) − F (x∗) ⩽
ρ√

2(4ρk − 2)
∥x0 − x∗∥2 ∼ ρ

4
√

2nlog2 ρ
∥x0 − x∗∥2 .

Proof. The result follows from an application of Theorem 2.6 once we verify items (i) and (ii) there. For
item (i), from H = diag(γ̃) = diag(γ0, . . . , γn−1) we have

µ̃ = −H̃−1λ̃T H̃T −
[
0(n−1)×n

(γ̃ + σ̃)T

]
.

The main technical portion is to calculate the first summand. In general, the individual entry of such matrix
(in the form −H̃−1AT H̃T ) can be expressed as a scaled partial sum as follows.

Lemma 4.3. Let H = diag(α1, . . . , αn) where αi ̸= 0 for all 1 ⩽ i ⩽ n. Then

[−H̃−1AT H̃T ]i,j =

αj

(∑
l⩾j [A]l,i+1

αi+1
−

∑
l⩾j [A]l,i

αi

)
i ⩽ n− 1

−αj

∑
l⩾j [A]l,n

αn
i = n .

Proof. From −H̃−1AT H̃T = −U−1
n diag(1/α1, . . . , 1/αn)ATUT

n diag(α1, . . . , αn) and [U−1
n ]i,j =


1 i = j

−1 j = i + 1

0 else

,

[−U−1
n diag(1/α1, . . . , 1/αn)AT ]i,j =

{
[A]j,i+1

αi+1
− [A]j,i

αi
i ⩽ n− 1

− [A]j,n
αn

i = n .

Thus (post)multiplying UT
n diag(α1, . . . , αn) to this matrix yields the result.

In this sense, to establish nonnegativity we need to compare partial sums in adjacent columns of λ̃. The
key lemma here is that, fortunately, we can compare the individual entries and sum the differences. Below,
recall that [γ0, . . . , γn−1] = π(k) from Proposition 4.1, and γn = ρk.

Lemma 4.4. Let λ = λ(k). Then

λi,j−1

γj−1
− λi,j

γj

{
⩾ 0 0 ⩽ i ⩽ j − 2

⩽ 0 i ⩾ j + 1

for all 1 ⩽ j ⩽ n− 1. In particular, for j = n the inequality is valid for γn = 1.8

8For j = n, this immediately implies a corresponding inequality for γn = ρk. This result is only needed for the induction
argument.
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Proof. We use induction on k. For k = 1, no such entry exists; for k = 2, most of the comparisons are

trivial from either λi,j−1 = 0 or λi,j = 0, and the nontrivial ones are:
λ3,1

γ1
− λ3,2

γ2
= ρ

2 − ρ2+ρ+1√
2

⩽ 0,
λ1,2

γ2
− λ1,3

γ3
= ρ+1√

2
− ρ = 0 (letting γ3 = 1).

Now assume that the result holds for k, and consider k + 1 with λ = λ(k+1) and corresponding γ.
Then for 1 ⩽ j ⩽ n, the inequalities hold from the recursive definition of λ and induction hypothesis, with
λ2n+1,n−1

γn−1
− λ2n+1,n

γn
= 0 − λ

(k+1),sp
2n+1,n

γn
⩽ 0. For j = n + 1, note that λi,n = 0 for all n + 1 ⩽ i ⩽ 2n and

λi,n+1 = 0 for all 0 ⩽ i ⩽ n − 1; thus it only suffices to consider i = 2n + 1, where
λ2n+1,n

γn
− λ2n+1,n+1

γn+1
=

ρk

ρk−1+1
−

√
2ρ√
2

⩽ 0. For n+ 2 ⩽ j ⩽ 2n+ 1 the inequality readily follows from the induction hypothesis, with
λn,2n

γ2n
− λn,2n+1

γ2n+1
= ρ2

ρ − ρ = 0 (letting γ2n+1 = 1).

Establishing these, now we return to item (i), i.e., the nonnegativity of µ. First we consider the first
n− 1 rows of µ̃. For 2 ⩽ i ⩽ n− 1, we have

µi,1 = γ0

(
−λ∗,i

γi
+

λ∗,i−1

γi−1

)
= 0 ,

since λ∗,j = γj for all 0 ⩽ j ⩽ n− 1. Thus for 1 ⩽ j < i ⩽ n− 1, by Lemma 4.4,

µi,j = γj−1

(
−
∑j−1

l=1 λl,i

γi
+

∑j−1
l=1 λl,i−1

γi−1

)
⩾ 0 ,

and similarly for 1 ⩽ i ⩽ n− 1 and j > i,

µi,j = γj−1

(∑n
l=j λj,i

γi
−
∑n

l=j λj,i−1

γi−1

)
⩾ 0 .

For the nth row of µ̃, for 1 ⩽ j ⩽ n− 1,

µn,j =
γj−1

γn−1
(λ∗,n−1 +

j−1∑
l=1

λl,n−1) − (γj−1 + σj)

=
γj−1

γn−1

j−1∑
l=1

λl,n−1 −
λj−1,n + λn,j−1

γn

⩾
1

γn
(γj−1

j−1∑
l=1

λl,n − λj−1,n − λn,j−1) ⩾ 0 ,

where the second equality is from λ∗,n−1 = γn−1 and the definition of σ, and the final inequality is from the
following lemma.

Lemma 4.5. For k ⩾ 2 and n = 2k − 1, t
(k)
j := π

(k)
j

∑j−1
l=1 λ

(k)
l,n − λ

(k)
j−1,n − λ

(k)
n,j−1 ⩾ 0 for all 1 ⩽ j ⩽ n− 1.

Proof. For k = 2, t
(2)
1 = 0 and t

(2)
2 = 2λ

(2)
1,3 − λ

(2)
1,3 − λ

(2)
3,1 = ρ− ρ = 0.

Assume that the result holds for k, and consider 2n + 1 = 2k+1 − 1. Then clearly t
(k+1)
j = 0 for all

1 ⩽ j ⩽ n, and t
(k+1)
n+1 = (1 + ρk−1)ρ− ρ− ρk = 0. For n + 2 ⩽ j ⩽ 2n,

t
(k+1)
j = π

(k+1)
j

j−1∑
l=1

λ
(k+1)
l,2n+1 − λ

(k+1)
j−1,2n+1 − λ

(k+1)
2n+1,j−1

= π
(k)
j−n−1

ρ +

(j−n−1)−1∑
l=1

ρ2λ
(k)
l,n

− ρ2λ
(k)
(j−n−1)−1,2n+1 − (ρ2λ

(k)
n,(j−n−1)−1 + ρπ

(k)
j−n−1)

= ρ2t
(k)
j−n−1 ⩾ 0 .
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Furthermore, from λ1,0 = 1 and λ2,0 = · · · = λn,0 = 0,
[
µ∗,1 . . . µ∗,n

]
= −1T

n µ̃ = e1 + γ̃ + σ̃ which

proves item (i) with vi =


−1 i = 1

1 i = ∗
0 else

.

For item (ii), it suffices to choose ξ > 0 such that L− 1
ξ vv

T is Laplacian. Since v = −e1 + en+1, we only

need to check that the (1, n + 1) entry of this matrix −
√

2 − σ1σ∗ + 1
ξ is nonpositive. For this we can take

ξ = 1√
2
, (note that for k ⩾ 2, σ1 = 0 and thus the entry becomes 0), proving item (ii).

4.2 Proximal OGM

Optimized gradient method (OGM) [31] is a (n-step) first-order method with stepsize matrix H, whose entry
is recursively defined as

αi+1,j =


θi−1
θi+1

αi,j 0 ⩽ j ⩽ i− 2
θi−1
θi+1

(αi,i−1 − 1) j = i− 1

1 + 2θi−1
θi+1

j = i .

(4.1)

Here, for each n ∈ N the sequence {θi : 0 ⩽ i ⩽ n} is defined as

θi =


1 i = 0
1+

√
1+4θ2

i−1

2 1 ⩽ i ⩽ n− 1
1+

√
1+8θ2

i−1

2 i = n .

(4.2)

It is straightforward to check that θ2i+1 − θi+1 − θ2i = 0 for 0 ⩽ i ⩽ n− 2, θ2n − θn − 2θ2n−1 = 0 and θ2n ∼ n2/2
(see e.g., [40]). The certificate for the convergence rate of OGM is rather simple, as presented in the following
proposition.

Proposition 4.6 (Multipliers for OGM; [31, Theorem 2]). OGM satisfies (2.1) with

λi,j =


2θ2i j = i + 1, 0 ⩽ i ⩽ n− 1

2θj i = ∗, 0 ⩽ j ⩽ n− 1

θj i = ∗, j = n

0 else ,

γ = [2θ0, . . . , 2θn−1, θn] ,

Rn = θ2n .

We establish a comparable rate for its composite extension as follows. Notably, this convergence rate is
faster than that of FISTA and only differs by a small constant factor from the exactly optimal rate.

Theorem 4.7 (Convergence rate of proximal OGM). For n ⩾ 2, the composite extension of OGM satisfies9

F (xn) − F (x∗) ⩽
3 +

√
5

8θ2n
∥x0 − x∗∥2 ∼ 3 +

√
5

4n2
∥x0 − x∗∥2 .

Proof. As before, we show items (i) and (ii) of Theorem 2.6. For item (i), first we use the following formulation
of the stepsize matrix for OGM.

Lemma 4.8 (Factorization of H for OGM). Let H be the n-stepsize matrix for OGM. Then

H = diag(2θ0, . . . , 2θn−1)U(φ1, . . . , φn)U(θ1, . . . , θn)−1 ,

where φi :=

{
1 + θi−1

2θi
i < n

1 + θn−1

θn
i = n .

9For n = 1, F (xn) − F (x∗) ⩽ 2
3θ2n

∥x0 − x∗∥2 = 1
6
∥x0 − x∗∥2 holds, which is tight. For n ⩾ 3, the constant factor in the

convergence rate in Theorem 4.7 can be slightly improved; see the proof and Footnote 10 for details.
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Proof. Consider an equivalent equality (note that each matrix is upper triangular)

HU(θ1, . . . , θn) = diag(2θ0, . . . , 2θn−1)U(φ1, . . . , φn) . (4.3)

From [31, Lemma 4], we have
∑i

j=k+1 αj,k + θi+1αi+1,k = 2θk for all 0 ⩽ k < i ⩽ n − 1, which is precisely
the equality corresponding to the (k + 1, i + 1) entry of (4.3). Similarly, from the same lemma we have
θi+1αi+1,i = θi+1 + 2θi − 1 for all 0 ⩽ i ⩽ n − 1, which is precisely the equality corresponding to the
(i + 1, i + 1) entry of (4.3), from 2θiφi+1 = θi+1 + 2θi − 1 which follows from the recursive definition of
{θi}.

Now we calculate the term (H̃λ̃)T in (3.2). From

[λ̃]i,j =


−2θ2i j = i + 1

2θ2i j = i + 2

0 else ,

thus [Unλ̃]i,j =


−2θ2i j = i + 1

−2θj−1 j ⩾ i + 2

0 else ,

it can be observed that

Unλ̃ = U(θ1, . . . , θn)

[
0n−1 diag(−2θ1, . . . ,−2θn−1)

0 0T
n−1

]
,

which implies

H̃λ̃ = diag(2θ0, . . . , 2θn−1)U(φ1, . . . , φn)

[
0n−1 diag(−2θ1, . . . ,−2θn−1)

0 0T
n−1

]

= diag(2θ0, . . . , 2θn−1)


[
0n−1 diag(−θ0, . . . ,−θn−2)

0 0T
n−1

]
+


−2θ1 −2θ2 . . . −2θn−1

−2θ2 . . . −2θn−1

0n−1
. . .

...
−2θn−1

0 0T
n−1



 .

Also, from (3.1) we obtain σ = [0n−1, θn − 1, 1], which implies that

[(H̃λ̃)T + γ̃(γ̃ + σ̃)T ]i,j =


4θi−1θj−1 i ⩽ j ⩽ n− 1

−2θ2j−1 i = j + 1, j ⩽ n− 1

2(2θn−1 + θn − 1)θi−1 j = n

0 else .

Thus

µ̃ = −H̃−1((H̃λ̃)T + γ̃(γ̃ + σ̃)T )

= −U−1
n U(θ1, . . . , θn)U(φ1, . . . , φn)−1diag(2θ0, . . . , 2θn−1)−1((H̃λ̃)T + γ̃(γ̃ + σ̃)T ) ,

where

[diag(2θ0, . . . , 2θn−1)−1((H̃λ̃)T + γ̃(γ̃ + σ̃)T )]i,j =


2θj−1 i ⩽ j ⩽ n− 1

−(θj − 1) i = j + 1, j ⩽ n− 1

2θn−1 + θn − 1 j = n

0 else .

Now we consider each column of µ̃, which boils down to solving the following equation. The proof is
straightforward by solving the equation in the order of xn, xn−1, . . . , x1.
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Lemma 4.9 (Solving linear system for jth column). For 1 ⩽ j ⩽ n, define x(j) to be the unique solution
x = [x1, . . . , xn] of

U(φ1, . . . , φn)x = 2θj−1

[
1j

0n−j

]
− (θj − 1)ej+1 ,

where for here, en+1 := 0n. Then

xn = · · · = xj+2 = 0,

xj+1 = −θj − 1

φj+1
< 0,

xj =
1

φj
(2θj−1 − xj+1) > 0,

xi =
φi+1 − 1

φi
xi+1 =

θi+1 − 1

θi−1 + 2θi
xi+1 > 0, 1 ⩽ i ⩽ j − 1.

Now fix 1 ⩽ j ⩽ n− 1. Then for x = x(j), by Lemma 4.9 we have xj+1 < 0 and xi > 0 for all 1 ⩽ i ⩽ j.

Thus with [U−1
n U(θ1, . . . , θn)]i,j =


θi i = j

1 − θj j = i + 1

0 else ,

we have



µ1,j

...
µj−1,j

−µ•,j
µj+1,j

...
µn,j


= −


θ1 1 − θ2

θ2 1 − θ3
. . .

. . .

θn−1 1 − θn
θn


x1

...
xn

 ,

or equivalently,

µn,j = · · · = µj+2,j = 0,

µj+1,j = −θj+1xj+1 > 0,

µi,j = −(θixi + (1 − θi+1)xi+1) = −θixi + (θi−1 + 2θi)xi = (θi−1 + θi)xi > 0, 1 ⩽ i ⩽ j − 1,

and

µ∗,j = µ•,j −
∑

i/∈{j,∗}

µi,j = θ1x1 + x2 + · · · + xn = (θ1 − φ1)x1 + 2θj−1 = (θ1 − φ1)x1 + σj + λ∗,j−1 ,

which proves that µ∗,j > 0 and vj < 0. It can be analogously shown that µ1,n, . . . , µn−1,n > 0 and
vn = σn +λ∗,n−1−µ∗,n < 0, where the only difference is that the factor 2θj−1 in the linear system in Lemma
4.9 is replaced by 2θn−1 + θn − 1, proving item (i).

For item (ii), first note that L is a symmetric matrix such that

[L]i,j =



4θ2i−1 i = j ⩽ n− 1

θ2n − 1 i = j ∈ {n, n + 1}
−2θ2i−1 j = i + 1 ⩽ n

−2θn−1 − θn + 1 j = i + 1 = n + 1

−2θi−1 i ⩽ n− 1, j = n + 1

0 else .
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Also, for all n ⩾ 2, from

v1 = −2θ0(θ1 − φ1)
1

φ1

(
1 +

θ1 − 1

2θ0φ2

)
= −2

(
1 +

√
5

2
− 3 +

√
5

4

)
(3 −

√
5)

(
1 +

√
5 − 1

4φ2

)

= −2(
√

5 − 2)

(
1 +

√
5 − 1

4φ2

) (4.4)

and 1 ⩽ φ2 < 2 we have −
√
5−1
2 ⩽ v1 < − 1

2 . Thus choosing ξ =
√
5−1
4 , L − 1

ξ vv
T is Laplacian: it only

suffices to check whether the nondiagonal entries on the (n + 1)th column are still nonpositive, which is

true because the (1, n + 1) entry is −2θ0 − v1
ξ ⩽ −2 +

√
5−1
2ξ = 0 and the (i, n + 1) entry for 2 ⩽ i ⩽ n is

−2θi−1 − vi
ξ ⩽ −2 + 1

2ξ < 0 from − 1
2 < vi ⩽ 0. Thus S is positive semidefinite, proving item (ii).10

As noted in Section 1.3, the composite extension of OGM is equal to the proximal OGM (POGM)
introduced in [47], by the following proposition. POGM updates as11 (with y0 = z0 = x0)

yk+1 = xk −∇f(xk),

zk+1 = yk+1 +
θk − 1

θk+1

(
yk+1 − yk +

zk − xk

αk,k−1

)
+

θk
θk+1

(yk+1 − xk),

xk+1 = proxαk+1,kh
(zk+1),

for 0 ⩽ k ⩽ n − 1 (recall that αk,k−1 = 1 + 2θk−1−1
θk

; for k = 0, αk,k−1 is not used as zk − xk = 0), and
outputs the final iterate xn.

We note that the equivalence between POGM and the composite extension of OGM is natural, as they
share common principles. As explained in [47, Section 4.3], POGM is constructed based on two principles:
the algorithm being equivalent to OGM when h ≡ 0, and the algorithm staying at the optimum point (i.e.,
xk−1 = xk = x∗ implies xk+1 = x∗). One can deduce that both of these are satisfied by composite extension.

Proposition 4.10 (Efficient form as POGM). Fix n ∈ N, and let {(x̃k, ỹk, z̃k) : 0 ⩽ k ⩽ n} be the iterates
of POGM and {xk : 0 ⩽ k ⩽ n} be the iterates of the composite extension of OGM, with x̃0 = x0. Then
x̃k = xk for all 1 ⩽ k ⩽ n.

Proof. Define x−
0 := x0 and x−

k := xk + αk,k−1sk for 1 ⩽ k ⩽ n. We use (strong) induction on k to show
that

x̃k = xk, z̃k = x−
k

for all k (the case k = 0 holds by definition).
For k = 1, we have

z̃1 = ỹ1 +
θ0
θ1

(ỹ1 − x̃0) = x̃0 −
(

1 +
θ0
θ1

)
∇f(x̃0) = x0 − α1,0g0 = x−

1 ,

10For n = 1, from L =

[
3 −3
−3 3

]
and v1 = −1 we can choose ξ = 1

3
. For n ⩾ 3, the smallest value of ξ that our approach

can take is ξ = − v1
2

= 15
√
5−17−

√
1942−862

√
5

44
≈ 0.2894 from (4.4), slightly smaller than

√
5−1
4

≈ 0.3090.
11In [47], an additional notation of γk is introduced there instead of αk+1,k; by (4.1), they are identical.
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and thus x̃1 = proxα1,0h(x−
1 ) = x1. Assume that the result hold for 1, . . . , k. Then

z̃k+1 = ỹk+1 +
θk − 1

θk+1

(
ỹk+1 − ỹk +

z̃k − x̃k

αk,k−1

)
+

θk
θk+1

(ỹk+1 − x̃k)

= xk − gk +
θk − 1

θk+1
(xk − xk−1 − (gk − gk−1) + sk) − θk

θk+1
gk

= xk +
θk − 1

θk+1
(gk−1 + sk) −

(
1 +

2θk − 1

θk+1

)
gk − θk − 1

θk+1

k−1∑
j=0

αk,j(gj + sj+1)

= xk −
k−2∑
j=0

θk − 1

θk+1
αk,j(gj + sj+1) − θk − 1

θk+1
(αk,k−1 − 1)(gk−1 + sk) −

(
1 +

2θk − 1

θk+1

)
gk

= x−
k+1 ,

where the first equality is from the induction hypothesis and the last equality is from the definition of αk+1,j .
Thus, x̃k+1 = xk+1.

5 Applications to gradient norm minimization

We now consider the performance metric of gradient norm rather than objective function. As in Section 4,
we consider composite extensions of both stepsize-accelerated GD and OGM-G (i.e., a gradient norm version
of OGM). For each result, it only suffices to prove item (i) of Theorem 2.8, as item (ii) is guaranteed by a
certain choice of ξ′ (see the details therein). As the arguments are fairly similar to that in Section 4, we only
present the main conceptual steps and defer the details to Appendix C.

5.1 Stepsize-accelerated proximal GD

To the best of our knowledge, the silver stepsize schedule does not admit coefficients λ′ satisfying (2.3).
However, a slightly modified stepsize presented in [25] satisfies the condition. Compared to the silver stepsizes,
this stepsize schedule has larger values in its first half.

Definition 5.1. For k ∈ N, define τ1 := 4 and (recall ρ = 1 +
√

2)

τk+1 :=
1

2

(
τk + 4ρk +

√
τ2k + 8ρkτk

)
.

Also, define ηk := 1 +

√
τ2
k+8ρkτk−τk

4 . Finally, define the stepsize w(k) (of length n = 2k − 1) as w(1) = [3/2],

w(k+1) := [w(k), ηk, π
(k)] .

The multipliers λ′ = λ′(k) for stepsize w(k) are similar to those for silver stepsizes in terms of their
recursive definition.

Proposition 5.2 (Multipliers for unconstrained GD; [25, Proposition 1]). For k ∈ N and n = 2k − 1, GD
with stepsize w(k) satisfies (2.3) with

λ′ = λ′(k),

R′
n = τk − 1.

Here, λ′(k) is recursively defined as

λ′(1) :=

[0 1
0 0 2
1 1 0

]
,

λ′(k+1) := λ′(k+1),rec︸ ︷︷ ︸
recursion

+ λ′(k+1),sp︸ ︷︷ ︸
sparse correction

+ λ′(k+1),lr︸ ︷︷ ︸
low-rank correction

,

20



where λ′(k+1),rec, λ′(k+1),sp, λ′(k+1),lr are defined as (with λ̄(k) as previously defined in Proposition 4.1)

λ
′(k+1),rec
i,j := λ

′(k)
i,j 1{0⩽i,j⩽n} +

τk+1

ρ2k
λ̄
(k)
i−n−1,j−n−11{n+1⩽i,j⩽2n+1},

λ
′(k+1),sp
i,j :=

τk+1

2ρ2k
1{(i,j)=(n,2n+1)} +

(
τk+1

2ρk
− 1

)
1{(i,j)=(2n+1,n)},

λ̄
′(k+1),lr
i,j :=

τk+1

2ρ2k
π
(k)
j−n1{i=n,n+1⩽j⩽2n} +

τk+1

2ρ2k
π
(k)
j−n1{i=2n+1,n+1⩽j⩽2n}.

Using these multipliers, we obtain an O(1/nlog2 ρ) rate for proximal GD with the same stepsizes. This
establishes the phenomenon of stepsize acceleration for the composite setting, when measured in gradient
norm—previously only known for the unconstrained setting [25].

Theorem 5.3 (Convergence rate of proximal GD). For k ∈ N and n = 2k − 1, proximal GD with stepsize
w(k) satisfies

∥∇f(xn) + sn∥2 ⩽
2
√

2

τk
(F0 − Fn) ∼

√
2(ρ−√

ρ)

nlog2 ρ
(F0 − Fn) ,

where sn ∈ ∂h(xn).

Proof sketch. The proof is similar to that of Theorem 4.2. A key to that result was a structured inequality
in λ(k) (Lemma 4.4), which also holds for λ′(k) from its recursive definition. See Appendix C.1 for details.

5.2 Proximal OGM-G

OGM-G [33] is a (n-step) first-order method with stepsize matrix H, whose entry is recursively defined as
(recall the definition of {θi : 0 ⩽ i ⩽ n} from (4.2))

αi+1,j =


θn−j−1−1

θn−j
αi+1,j+1 0 ⩽ j ⩽ i− 2

θn−j−1−1
θn−j

(αi+1,i − 1) j = i− 1

1 + 2θn−i−1−1
θn−i

j = i .

As in the case of OGM, the multipliers λ′ for OGM-G are simple. Indeed, these can be considered as
certain transformation of the multipliers λ for OGM in an appropriate sense [34].

Proposition 5.4 (Multipliers for OGM-G; [33, Theorem 6.1]). OGM-G satisfies (2.3) with

(1/θ2n)λ′
i,j =



1
2θ2

n−j
j = i + 1, 0 ⩽ i ⩽ n− 1

1
2θ2

n−j−1
− 1

2θ2
n−j

i = n, 1 ⩽ j ⩽ n− 1

1
2θ2

n−1
− 1

θ2
n

i = n, j = 0

0 else,

R′
n = θ2n − 1.

Using these multipliers, we establish the following convergence guarantee for the composite extension of
OGM-G. This bound is almost 1/10 of the previously known best result in [34].

Theorem 5.5 (Convergence rate of proximal OGM-G). For n ⩾ 2, the composite extension of OGM-G
satisfies12

∥∇f(xn) + sn∥2 ⩽
2(
√

5 − 1)

θ2n
(F0 − Fn) ∼ 4(

√
5 − 1)

n2
(F0 − Fn) ,

where sn ∈ ∂h(xn).

12For n = 1, ∥∇f(xn) + sn∥2 ⩽ 8
3θ2n

(F0 − Fn) =
2
3
(F0 − Fn) holds. See the proof for details.
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Proof sketch. The overall proof structure is similar to that of proximal OGM (Theorem 4.7). The proof

is more technical here (although straightforward) due to each component in the formula µ′ = λ̃′ + H̃−1λ̂′

(Definition 3.4) being complicated. In particular, for the nonnegativity of µ′, some entries are nonnegative

only through the sum of λ̃′ and H̃−1λ̂′: for each j, the (j − 1, j) entry of λ̃′ is negative and (j − 2, j) entry

of H̃−1λ̂′ is negative. For details, see Appendix C.2.

We also derive the following efficient representation of the composite extension of OGM-G, which we call
P-OGM-G (proximal OGM-G). The derivation and analysis of this representation closely resemble those of
POGM (Proposition 4.10). P-OGM-G updates as (with y0 = z0 = x0)

yk+1 = xk −∇f(xk),

zk+1 = yk+1 +
(θn−k − 1)(2θn−k−1 − 1)

θn−k(2θn−k − 1)

(
yk+1 − yk +

zk − xk

αk,k−1

)
+

2θn−k−1 − 1

2θn−k − 1
(yk+1 − xk),

xk+1 = proxαk+1,kh
(zk+1),

for 0 ⩽ k ⩽ n − 1 (recall that αk,k−1 = 1 + 2θn−k−1
θn−k+1

; for k = 0, αk,k−1 is not used as zk − xk = 0), and

outputs the final iterate xn.

Proposition 5.6 (Efficient form as P-OGM-G). Fix n ∈ N, and let {(x̃k, ỹk, z̃k) : 0 ⩽ k ⩽ n} be the iterates
of P-OGM-G and {xk : 0 ⩽ k ⩽ n} be the iterates of the composite extension of OGM-G, with x̃0 = x0.
Then x̃k = xk for all 1 ⩽ k ⩽ n.

Proof. As in the proof of Proposition 4.10, by defining x−
0 := x0 and x−

k := xk + αk,k−1sk for 1 ⩽ k ⩽ n, we
inductively show that x̃k = xk and z̃k = x−

k . For k = 0 this holds by definition. For k = 1, we have

z̃1 = ỹ1+
(θn − 1)(2θn−1 − 1)

θn(2θn − 1)
(ỹ1−ỹ0)+

2θn−1 − 1

2θn − 1
(ỹ1−x̃0) = x̃0−

(
1 +

2θn−1 − 1

θn

)
∇f(x̃0) = x0−α1,0g0 = x−

1 ,

and thus x̃1 = x1. Assume that the result holds for 1, . . . , k. Then

z̃k+1 = ỹk+1 +
(θn−k − 1)(2θn−k−1 − 1)

θn−k(2θn−k − 1)

(
ỹk+1 − ỹk +

z̃k − x̃k

αk,k−1

)
+

2θn−k−1 − 1

2θn−k − 1
(ỹk+1 − x̃k)

= xk − gk +
(θn−k − 1)(2θn−k−1 − 1)

θn−k(2θn−k − 1)
(xk − xk−1 − (gk − gk−1) + sk) − 2θn−k−1 − 1

2θn−k − 1
gk

= xk +
(θn−k − 1)(2θn−k−1 − 1)

θn−k(2θn−k − 1)
(gk−1 + sk) −

(
1 +

2θn−k−1 − 1

θn−k

)
gk

− (θn−k − 1)(2θn−k−1 − 1)

θn−k(2θn−k − 1)

k−1∑
j=0

αk,j(gj + sj+1)

= xk −
k−2∑
j=0

(θn−k − 1)(2θn−k−1 − 1)

θn−k(2θn−k − 1)
αk,j(gj + sj+1)

− (θn−k − 1)(2θn−k−1 − 1)

θn−k(2θn−k − 1)
(αk,k−1 − 1)(gk−1 + sk) −

(
1 +

2θn−k−1 − 1

θn−k

)
gk

= x−
k+1,

where the first equality is from the induction hypothesis and the last equality is from [33, equation 32]. Thus,
x̃k+1 = xk+1.

6 Discussion

In this paper, we developed a general-purpose result for extending optimized first-order methods from the
unconstrained setting to the composite setting, and we applied this to different combinations of algorithms
and performance metrics. Our work suggests several directions for further inquiry, such as the following.
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Different classes of methods. Our result connects methods in unconstrained and composite settings; can
more general connections can be made? These can be, for example, between different problem settings (as
in this paper), between different performance metrics (as in H-duality), or between more general algorithms
(e.g., that use line search or adaptive updates). Developing these connections is a fundamental question in
its own right and could help unify the design and analysis of algorithms.

Further understanding of optimized methods. The starting point for this work is the observation
that optimized methods admit simple proof structures, namely the sum-of-squares term is of rank 0 or 1 (see
the technical overview in Section 1.2). This phenomenon holds beyond the optimized methods we covered
here [45, Chapter 5], and for specific choices of stepsizes for GD it admits an equivalent characterization
in terms of worst-case functions [24, Proposition 4]. On the other hand, it is unclear whether proofs for
“non-optimized” methods such as constant-stepsize GD or AGD admit such structures (see e.g., [16, 31]). It
is an interesting open question to understand the generality of this phenomenon and whether it hints at an
underlying unified theory for optimized methods.

A full reduction. While our main results (Theorems 2.6 and 2.8) provide reduction-style approaches that
are much simpler to invoke than proving convergence rates from scratch, these reductions are not fully black-
box as one needs to verify items (i) and (ii). It would be helpful for the design and analysis of algorithms if
these reductions could be made fully black-box, or more generally if there are other unified approaches for
solving the semidefinite programs arising from PEP-type analyses.
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A Proof of Theorem 2.6

A.1 Implications of (2.1)

In order to establish (2.2), we first parse out (2.1) by comparing the coefficients on its each side.

Linear form. By comparing the coefficients of the linear form in {fi}, we obtain

λi,• − λ•,i = 0, 0 ⩽ i ⩽ n− 1,

λn,• − λ•,n = −Rn,

λ∗,• = Rn.

(A.1)

Quadratic form. Here, we compare the coefficients of the quadratic form in x0−x∗, {gi}. The coefficient
of ⟨gi, gj⟩ for 0 ⩽ i < j ⩽ n on the left hand side of (2.1) is

n∑
k=i+1

α̃k,iλk,j − α̃j,iλ•,j +

n∑
k=j+1

α̃k,jλk,i + λi,j + λj,i + γiγj = 0 ,

and for 0 ⩽ i = j ⩽ n the coefficient is
∑n

k=i+1 α̃k,iλk,i − 1
2 (λ•,i + λi,•) + 1

2γ
2
i = 0. This is equivalent to

λ̂ + H̃λ̃ + (H̃λ̃)T = −γ̃γ̃T , (A.2) λ0,n + λn,0

...
λn−1,n + λn,n−1

+ H̃


λ1,n

...
λn−1,n

−λ•,n

 = −γnγ̃, (A.3)

λ•,n + λn,• = γ2
n. (A.4)

Also, by comparing the coefficient of ⟨x0 − x∗, gi⟩ for 0 ⩽ i ⩽ n, we obtain

λ∗,i = γi, 0 ⩽ i ⩽ n . (A.5)

A.2 Verification of (2.2)

Assuming (2.1) is true, we show that (2.2) is true by matching coefficients. It is clear that both sides of (2.2)
are linear in {fi}, {hi} and quadratic in x0 − x∗, {gi}, {si}.

Linear form. The coefficients of {fi} are from (2.1). For the coefficients of {hi}, it suffices to show that

µ̃1n = −Rnen .

From µ̃ = λ̃ + H̃−1(λ̂− γ̃σ̃T ) and λ̃1n =


−λ1,n

...
−λn−1,n

λ•,n −Rn

 from (A.1), it suffices to show that

H̃−1(λ̂− γ̃σ̃T )1n =


λ1,n

...
λn−1,n

−λ•,n

⇔ (λ̂− γ̃σ̃T )1n = H̃


λ1,n

...
λn−1,n

−λ•,n

 .
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The right hand side is equal to the left hand side because

−

 λ0,n + λn,0

...
λn−1,n + λn,n−1

− γnγ̃ = −

 λ0,n + λn,0

...
λn−1,n + λn,n−1

− γ̃ − (
∑

σ̃)γ̃

= −

 λ0,n + λn,0 + λ∗,0
...

λn−1,n + λn,n−1 + λ∗,n−1

− (
∑

σ̃)γ̃

= (λ̂− γ̃σ̃T )1n ,

where the first equality is from∑
σ =

∑
σ̃ + σ∗ =

λ•,n + λn,•

γn
=

γ2
n

γn
= γn , (A.6)

by (A.4) and the second equality is from (A.5).

Quadratic form. Now, we compare the coefficients of the quadratic forms (in x0 − x∗, {gi}, {si}). The
analysis is more technically involved than that for the linear form, because Qij (in unconstrained setting) is

not equal to Qf
ij (in composite setting). Thus, we define and analyze an intermediate quantity that connects

these quantities. After this, the comparison is conceptually straightforward yet algebraically tedious.

Setup. It is convenient to first characterize
∑

i,j λi,jQ
f
ij , from (2.1) (which is written in Qij , for uncon-

strained setting). For this, define the pseudo-co-coercivities Q̃f
ij obtained by replacing (x0−x∗, g0, g1, . . . , gn)

from Qij with (x0 − x∗, g0 + s1, g1 + s2, . . . , gn−1 + sn, gn + sn+1), with sn+1 := 0. Then (2.1) implies∑
i,j

λi,jQ̃
f
ij +

1

2
∥x0 − x∗ −

[
g0 + s1|g1 + s2| . . . |gn + sn+1

]
γ∥2 = Rn(f∗ − fn) +

1

2
∥x0 − x∗∥2 . (A.7)

The difference between the actual co-coercivities Qf
ij and pseudo-co-coercivities Q̃f

ij satisfies

Qf
ij − Q̃f

ij = ⟨sj+1, xi − xj⟩ −
1

2
∥gi − gj∥2 +

1

2
∥gi + si+1 − gj − sj+1∥2

= ⟨sj+1, xi − xj⟩ +
1

2
∥si+1 − sj+1∥2 + ⟨gi − gj , si+1 − sj+1⟩ ,

(A.8)

with s∗+1 := s∗. Therefore, by adding
∑

i,j λi,j(Q
f
ij − Q̃f

ij) on both sides of (A.7) using (A.8),

∑
i,j

λi,jQ
f
ij +

1

2
∥x0 − x∗ −

[
g0 + s1|g1 + s2| . . . |gn + sn+1

]
γ∥2

= Rn(f∗ − fn) +
1

2
∥x0 − x∗∥2 +

∑
i ̸=∗,j

λi,j

(
⟨sj+1, xi − xj⟩ +

1

2
∥si+1 − sj+1∥2 + ⟨gi − gj , si+1 − sj+1⟩

)

+
∑
j

λ∗j

(
⟨sj+1, x∗ − xj⟩ +

1

2
∥sj+1∥2 −

1

2
∥s∗∥2 + ⟨gj , sj+1 − s∗⟩

)
,
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where we split the sum
∑

i,j λi,j(Qij − Q̃f
ij) based on i ̸= ∗ and i = ∗. Thus, (2.2) is equivalent to∑

i,j

µi,jQ
h
ij = Rn(h∗ − hn) +

1

2
ξ∥x0 − x∗∥2

+
〈
x0 − x∗ −

[
g0 + s1|g1 + s2| . . . |gn + sn+1

]
γ,
[
s1|s2| . . . |sn|s∗

]
σ
〉
− 1

2
∥
[
s1|s2| . . . |sn|s∗

]
σ∥2

−
∑
i ̸=∗,j

λi,j

(
⟨sj+1, xi − xj⟩ +

1

2
∥si+1 − sj+1∥2 + ⟨gi − gj , si+1 − sj+1⟩

)

−
∑
j

λ∗j

(
⟨sj+1, x∗ − xj⟩ +

1

2
∥sj+1∥2 −

1

2
∥s∗∥2 + ⟨gj , sj+1 − s∗⟩

)
− 1

2
Tr(V SV T ) .

(A.9)

Category of vectors. For convenience, we categorize the vectors (that constitute the quadratic form)
into different types as follows:

g : g0, . . . , gn (gradients),

s : s1, . . . , sn (subgradients),

i : x0 − x∗ (initial distance),

o : s∗ = −g∗ (optimum).

(A.10)

In our subsequent analysis, we divide into different cases based on the combination of these types.

Coefficients of (g, g). These are directly from (2.1).

Coefficients of (g, s). The coefficient of ⟨gi, sj⟩ on the left hand side of (A.9) for 0 ⩽ i ⩽ n− 1, 1 ⩽ j ⩽ n
is

n∑
k=i+1

α̃k,iµk,j − α̃j,iµ•,j1{i ⩽ j − 1} ,

whereas the corresponding coefficient on the right hand side of (A.9) is

−γiσj +

n∑
k=i+1

α̃k,iλk,j−1 − α̃j−1,iλ•,j−11{i ⩽ j − 2} + λi,j−1 + λj−1,i − (λ•,j−1 + λj−1,•)1{i = j − 1} .

Thus, the coefficients being matched is equivalent to (with a correspondence of entry (i, j) ⇔ ⟨gi−1, sj⟩)

H̃µ̃ = −γ̃σ̃T + H̃λ̃ + λ̂ ,

which is true from (3.2). Note that the alternative form in (3.2) is obtained from (A.2).
The coefficient of ⟨gn, sj⟩ for 1 ⩽ j ⩽ n on the left hand side of (A.9) is 0. For the right hand side it is

−γnσj + λj−1,n + λn,j−1 = 0 from (3.1).

Coefficients of (s, s). The coefficient of ⟨si, sj⟩ for 1 ⩽ i ⩽ j ⩽ n on the left hand side of (A.9) is{∑n
k=i α̃k,i−1µk,j − α̃j,i−1µ•,j +

∑n
k=j α̃k,j−1µk,i j > i∑n

k=i α̃k,i−1µk,i − α̃i,i−1µ•,i j = i ,

and the corresponding coefficient on the right hand side is

− γi−1σj − γj−1σi − σiσj +

n∑
k=i

α̃k,i−1λk,j−1 − α̃j−1,i−1λ•,j−1 +

n∑
k=j

α̃k,j−1λk,i−1 + λi−1,j−1 + λj−1,i−1

+ λi−1,j−1 + λj−1,i−1 + σiσj

= −γi−1σj − γj−1σi +

n∑
k=i

α̃k,i−1λk,j−1 − α̃j−1,i−1λ•,j−1 +

n∑
k=j

α̃k,j−1λk,i−1 + 2(λi−1,j−1 + λj−1,i−1)
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if i < j and

− γi−1σi −
1

2
σ2
i +

n∑
k=i

α̃k,i−1λk,i−1 − µ•,iα̃i,i−1 −
1

2
(λi−1,• + λ•,i−1) − 1

2
(λi−1,• + λ•,i−1) +

1

2
σ2
i

= −γi−1σi +

n∑
k=i

α̃k,i−1λk,i−1 − µ•,iα̃i,i−1 − (λi−1,• + λ•,i−1)

if i = j. Thus the coefficients matching is equivalent to

H̃µ̃ + (H̃µ̃)T = −(γ̃σ̃T + σ̃γ̃T ) + H̃λ̃ + (H̃λ̃)T + 2λ̂ ,

which holds from (3.2) as H̃µ̃ = H̃λ̃ + λ̂− γ̃σ̃T .

Coefficients of remaining combinations. The rest of the combinations for inner products involves
x0 − x∗ or s∗ = −g∗, which only appears in a few entries of (A.9).

• (g, o), (s, o), (o, o): In (A.9), the left hand side has coefficients 0, and the right hand side has coefficients
(respectively for ⟨gi, s∗⟩ , ⟨sj , s∗⟩ , ∥s∗∥2) −γiσ∗ +λ∗,i = 0,−γj−1σ∗−σjσ∗ +γj−1σ∗ +σjσ∗ = 0,− 1

2σ
2
∗ +

1
2σ

2
∗ = 0.

• (i, i), (g, i): Straightforward from (2.1).

• (s, i), (o, i): In (A.9), for ⟨sj , x0 − x∗⟩ the left hand side has coefficients µ∗,j and the right hand side
has coefficients σj + λ∗,j−1 − vj = µ∗,j .

A.3 Other properties

In this section, we conclude the proof of Theorem 2.6 by providing the remaining details.∑∑∑
v = 0. From the definition of v in (3.3),

∑
v =

n∑
k=1

(σk + λ∗,k−1 − µ∗,k) + σ∗

=
∑

σ + (λ∗,• − λ∗,n) − µ∗,• ,

where
∑

σ = λ∗,n = γn from (A.5) and (A.6). Thus
∑

v = Rn − µ∗,•. The term µ∗,• can be calculated as
follows:

µ∗,• = −1T
n µ̃1n

= −1T
n H̃

−1

−

 λn,0 + λ∗,0 + λ0,n

...
λn,n−1 + λ∗,n−1 + λn−1,n

−
(∑

σ̃
)
γ̃

− 1T
n


λ1,• − λ1,n − λ•,1

...
λn−1,• − λn−1,n − λ•,n−1

λn,•


= 1T

n H̃
−1(γ̃ + σ̃)γn + λ•,n − λ∗,n − λn,•

= −1T
n

 λ1,n

...
−λ•,n

− λ∗,n + Rn

= λ∗,n − λ∗,n + Rn = Rn ,

where the second equality is from the definition of µ̃ (3.2), the third equality is from (A.1) and (A.6), and
the fourth equality is from (A.3). Thus,

∑
v = 0.
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L is Laplacian. Recall from (3.3) that L = −
[
λ̂ γ̃
γ̃T −λ∗,•

]
− σσT . Here, the nondiagonal entries are

clearly nonpositive. The jth row sum for 1 ⩽ j ⩽ n is

λj−1,n + λn,j−1 + λ∗,j−1 − γj−1 −
(∑

σ
)
σj = σj

(
γn −

∑
σ
)

= 0 ,

where the first equality is from the definition of σ (3.1), λ∗,j−1 = γj−1 from (A.5) and the last equality is
from (A.6). The (n + 1)th row sum is −

∑
γ̃ + λ∗,• − (

∑
σ)σ∗ = λ∗,• −

∑
γ = 0 from (A.5).

B Proof of Theorem 2.8

As in Appendix A, we show that (2.4) is true by matching coefficients (whose both sides are linear in
{fi}, {hi} and quadratic in x0 − x∗, {gi}, {si}), assuming (2.3) is true.

B.1 Implications of (2.3)

We record properties of λ′ by comparing the coefficients in (2.3).

Linear form. The coefficients of the linear form in {fi} yield

λ′
0,• − λ′

•,0 = 1,

λ′
i,• − λ′

•,i = 0 , i ∈ {1, . . . , n− 1, ∗},
λ′
n,• − λ′

•,n = −1.

(B.1)

Quadratic form. The coefficients of the quadratic form in x0 − x∗, {gi} yield

λ̂′ + H̃λ̃′ + (H̃λ̃′)T = 0n×n, (B.2) λ′
0,n + λ′

n,0
...

λ′
n−1,n + λ′

n,n−1

+ H̃

 λ′
1,n
...

−λ′
•,n

 = 0n, (B.3)

λ′
•,n + λ′

n,• = R′
n. (B.4)

B.2 Verification of (2.4) and positive semidefiniteness

Now, we compare the coefficients in (2.4). The derivation for each case is very similar to that in Appendix
A.2 and thus we focus on the equivalent forms presented in matrix.

Linear form. The coefficients for {fi} are from (2.3). For the coefficients for {hi}, it suffices to show that

µ̃′1n = −en .

From µ̃′ = λ̃′ + H̃−1λ̂′ and λ̃′1 =


−λ′

1,n
...

−λ′
n−1,n

λ′
•,n − 1

 (from (B.1)), it suffices to show that

H̃−1λ̂′1n =


λ′
1,n
...

λ′
n−1,n

−λ′
•,n

⇔ λ̂′1n = H̃


λ′
1,n
...

λ′
n−1,n

−λ′
•,n

 ,

which holds from (B.3).
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Quadratic form. By using the pseudo-co-coercivities defined in Appendix A.2, (2.4) given (2.3) is equiv-
alent to ∑

i,j

µ′
i,jQ

h
ij =

R′
n

2
∥gn∥2 −

R′
n

2
(1 − ξ′)∥gn + sn∥2 + h0 − h∗

−
∑
i,j

λ′
i,j

(
⟨sj+1, xi − xj⟩ +

1

2
∥si+1 − sj+1∥2 + ⟨gi − gj , si+1 − sj+1⟩

)
− 1

2
Tr(V ′S′(V ′)T ) .

(B.5)

Note that the term −R′
n

2 (1 − ξ′)∥gn + sn∥2 in (B.5) is cancelled by the summand −R′
n(1 − ξ′)(e1 +

en+1)(e1 + en+1)T in S′ from (3.5). Also, for the types of vectors defined in (A.10), we only need to consider
type g and s as we do not use the index ∗.

Coefficients of (g, g). These are directly from (2.3).

Coefficients of (g, s). The coefficients of ⟨gi, sj⟩ for 0 ⩽ i ⩽ n− 1, 1 ⩽ j ⩽ n being matched is equivalent
to

H̃µ̃′ = H̃λ̃′ + λ̂′ ,

which holds from (B.3) and H̃µ̃′ = −(H̃λ̃)T from (3.4).
The coefficient of ⟨gn, sj⟩ for 1 ⩽ j ⩽ n on the left hand side of (B.5) is 0; for the right hand side it is

λj−1,n + λn,j−1 − v′j = 0 from (3.5).

Coefficients of (s, s). By considering the coefficients of ⟨si, sj⟩ for 1 ⩽ i ⩽ j ⩽ n, it suffices to show

H̃µ̃′ + (H̃µ̃′)T = H̃λ̃′ + (H̃λ̃′)T + 2λ̂′ ,

which follows from the corresponding result for the coefficients of (g, s).

Structure of S′ and diagonal dominance. Recall the definition of S′ from (3.5):

S′ =

[
R′

n (v′)T

v′ −λ̂′

]
−R′

n(1 − ξ′)(e1 + en+1)(e1 + en+1)T ,

where v′ = [v′1, . . . , v
′
n] with v′i = λ′

i−1,n + λ′
n,i−1.

The first summand

[
R′

n (v′)T

v′ −λ̂′

]
is diagonally dominant: in the first row, v′i ⩾ 0 with R′

n = λ′
•,n +λ′

n,• =∑
v′ from (B.4); in the ith row for 2 ⩽ i ⩽ n+ 1, the diagonal entry is λ′

•,i−1 +λ′
i−1,•, and the absolute sum

of the remaining entries is v′i−1 +
∑

k/∈{i−1,n}(λ′
k,i−1 + λ′

i−1,k) = λ′
•,i−1 + λ′

i−1,•.

Thus, if we choose ξ′ ∈ [0, 1) such that the (1, n + 1) entry of S′ is nonnegative, i.e., λ′
n−1,n + λ′

n,n−1 −
R′

n(1 − ξ′) ⩾ 0, S′ is diagonally dominant. In particular, we can choose ξ′ = 1 − λ′
n−1,n+λ′

n,n−1

R′
n

(which is

always in [0, 1] from (B.4)).

C Deferred details for Section 5

C.1 Stepsize-accelerated proximal GD

Proof of Theorem 5.3. As in the case of objective function minimization, we first show that the following
key lemma holds.
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Lemma C.1. For k ∈ N and n = 2k − 1, let λ′ = λ′(k). Then

λ′
i,j−1

γ′
j−1

−
λ′
i,j

γ′
j

{
⩾ 0 0 ⩽ i ⩽ j − 2

⩽ 0 i ⩾ j + 1
(C.1)

for all 1 ⩽ j ⩽ n, where [γ′
0, . . . , γ

′
n−1] := w(k) and γ′

n := 1.

Proof. For k = 2 (note that no such entries are included for k = 1), all inequalities are straightforward (as

either λ′
i,j−1 or λ′

i,j is 0) except
λ′
3,1

γ′
1

− λ′
3,2

γ′
2

=
√
2

1+
√
2
− 2+

√
2√

2
⩽ 0 and

λ′
1,2

γ′
2

− λ′
1,3

γ′
3

=
√
2√
2
− 1 = 0.

Assume that the result hold for k, and consider k + 1. For 1 ⩽ j ⩽ n, (C.1) holds by the induction
hypothesis with w(k+1) = [w(k), ηk, π

(k)].
For j = n + 1, we have λ′

i,j−1 = 0 for all n + 1 ⩽ i ⩽ 2n and λ′
i,j = 0 for all 0 ⩽ i ⩽ n− 1. Thus, it only

suffices to consider i = 2n + 1 where

λ′
2n+1,n

γ′
n

−
λ′
2n+1,n+1

γ′
n+1

=
1

ηk

(
τk+1

2ρk
− 1

)
− 1√

2

τk+1

2ρ2k

√
2 ⩽ 0 ⇔ ηk ⩾ ρk

(
1 − 2ρk

τk+1

)
,

which holds from ηk = 1 +

√
τk(τk+8ρk)−τk

4 = 1 + ρk − 4ρk√
τk(τk+8ρk)+τk+4ρk

= 1 + ρk
(

1 − 2ρk

τk+1

)
.

For n + 2 ⩽ j ⩽ 2n + 1, (C.1) holds from Lemma 4.4.

By Lemma C.1, for 1 ⩽ j < i ⩽ n− 1,

µ′
i,j = γ′

j−1

(∑j−1
l=0 λ′

l,i−1

γ′
i−1

−
∑j−1

l=0 λ′
l,i

γ′
i

)
⩾ 0 ,

and for 1 ⩽ i < j ⩽ n,

µ′
i,j = γ′

j−1

(∑n
l=j λ

′
l,i

γ′
i

−
∑n

l=j λ
′
l,i−1

γ′
i−1

)
⩾ 0 .

For i = n and 1 ⩽ j ⩽ n− 1,

µ′
n,j =

γ′
j−1

γ′
n−1

j−1∑
l=0

λ′
l,n−1 ⩾ 0 ,

and for i = 0 and 1 ⩽ j ⩽ n,
[
µ′
0,1 . . . µ′

0,n

]
= −1T

n µ̃ = e1.

For item (ii), as in Theorem 2.8 we take ξ′ = 1 − λ′
n,n−1+λ′

n−1,n

R′
n

. For k = 1 (recall n = 2k − 1) we have

λ′
n,n−1 + λ′

n−1,n = 3; for k ⩾ 2,

λ′
n,n−1 + λ′

n−1,n =
τk

ρ2(k−1)
(λ̄

′(k−1)
(n−1)/2,(n−3)/2 + λ̄

′(k−1)
(n−3)/2,(n−1)/2) +

τk
2ρ2(k−1)

√
2

=
τk

ρ2(k−1)

(
1√
2

(ρ2k−3 − 1) + ρ2k−3

)
+

τk
2ρ2(k−1)

√
2

=
τk√

2
,

where the formula for ak := λ̄
′(k−1)
(n−1)/2,(n−3)/2, bk := λ̄

′(k−1)
(n−3)/2,(n−1)/2(k ⩾ 2) are obtained from respectively

solving a2 = 1, al+1 = ρ2al + ρ
√

2 and b2 = ρ, bl+1 = ρ2bl from the recursive definition in Proposition 5.2.

Finally, from [25, Lemma 4], 1
τk

∼ 1
(ρ−1)(1+1/

√
ρ)ρk ∼ ρ−√

ρ

2nlog2 ρ .
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C.2 Proximal OGM-G

Before the proof of Theorem 5.5, we present the following lemma that will be used throughout our analysis.
This quantitatively characterizes the sequences {θi} and {φi}.

Lemma C.2. (a) (Difference of {θi}). θi+1 − θi > 1
2 for all 0 ⩽ i ⩽ n − 1 and θi+1 − θi < 3

4 for all
0 ⩽ i ⩽ n− 2.

(b) (Concentration of {φi}). φi+1 ⩾ 4
3 , φi+2 ⩾ 15

11 , φi+3 ⩾ 7
5 for all i ⩾ 1 and φi ⩽ 3

2 , φi+1 ⩽ 1 + 1√
2
for

all 1 ⩽ i ⩽ n− 1.

Proof. (a) For 0 ⩽ i ⩽ n− 2, θi + 1
2 < θi+1 =

1+
√

1+4θ2
i

2 <
1+

√
4θ2

i+2θi+
1
4

2 = θi + 3
4 . θn − θn−1 > 1

2 directly
follows.

(b) The upper bounds hold from θi−1 ⩽ θi ⇒ φi = 1 + θi−1

2θi
⩽ 3

2 for all 1 ⩽ i ⩽ n− 1 and
√

2θn−1 ⩽ θn ⇒
φn = 1 + θn−1

θn
⩽ 1 + 1√

2
. For the lower bounds, it is straightforward to see that φi is increasing in i

and φn ⩾ 3
2 . Thus, it suffices to show that φ2 ⩾ 4

3 , φ3 ⩾ 15
11 , φ4 ⩾ 7

5 (for n ⩾ 5).

These are respectively equivalent to

θ2 ⩽
3

2
θ1, θ3 ⩽

11

8
θ2, θ4 ⩽

5

4
θ3 .

From (a), we know that θi ⩾ i
2 + 1 and in particular θ1 ⩾ 3

2 , θ2 ⩾ 2. Thus from (a), θ2 ⩽ θ1 + 3
4 ⩽ 3

2θ1
and θ3 ⩽ θ2 + 3

4 ⩽ 11
8 θ2, proving the first two inequalities. The last inequality holds from θ4 =

1+
√

1+4θ2
3

2 ⩽
1+ 5

2 θ3−1

2 = 5
4θ3, from θ3 ⩾ 5

2 .

Proof of Theorem 5.5. For item (i), we calculate µ̃′ = λ̃′ +H̃−1λ̂′ and show the corresponding nonnegativity.
For notational convenience, we will mainly consider these matrices scaled by 1/θ2n.

First, note that from

[(1/θ2n)λ̃′]i,j =



− 1
2θ2

n−i−1
j = i + 1

1
2θ2

n−i−1
j = i + 2

1
2θ2

n−1
− 1

θ2
n

i = n, j = 1

1
2θ2

n−j
− 1

2θ2
n−j+1

i = n, 2 ⩽ j ⩽ n

0 else ,

its (j − 1, j) entries are negative, whereas the rest are nonnegative.

The main technical part is to calculate H̃−1λ̂′. First, note that the stepsize matrix H of OGM-G satisfies
the following (the proof is analogous to that of Lemma 4.8 and hence is omitted):

H = U(θn, . . . , θ1)−1U(φn, . . . , φ1)diag(2θn−1, . . . , 2θ0)

⇒ H̃−1 = U−1
n diag(1/(2θn−1), . . . , 1/(2θ0))U(φn, . . . , φ1)−1U(θn, . . . , θ1) .
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Thus with [(1/θ2n)λ̂′]i,j =



1
2θ2

n−i
i = j − 1

1
2θ2

n−j
j = i− 1

1
θ2
n
− 1

θ2
n−1

i = j = 1

− 1
θ2
n−i

i = j ⩾ 2 ,

we have

[(1/θ2n)U(θn, . . . , θ1)λ̂′]i,j =



1
2θ2

n−j+1
− 1

2θ2
n−j

i + 2 ⩽ j ⩽ n− 1

1
2θ2

1
− 1

θ2
0

i + 2 ⩽ j = n
θn−i+1

2θ2
n−i

− 1
2θ2

n−i−1
i + 1 = j ⩽ n− 1

θ2
2θ2

1
− 1

θ2
0

i + 1 = j = n

− θn
2θ2

n−1
i = j = 1

− 2θn−i+1−1
2θ2

n−i
2 ⩽ i = j ⩽ n− 1

− θ1
θ2
0

i = j = n
1

2θn−i+1
i = j + 1

0 else .

Similarly as before, we fix j and solve an equation with respect to the jth column. We divide this step into
two cases.

Typical columns (2 ⩽ j ⩽ n−1). Here we consider a jth column of (1/θ2n)U(θn, . . . , θ1)λ̂′, which is given
as 

(
1

2θ2
n−j+1

− 1
2θ2

n−j

)
1j−2

θn−j+2

2θ2
n−j+1

− 1
2θ2

n−j

− 2θn−j+1−1

2θ2
n−j
1

2θn−j

0n−j−1


.

This column, after premultiplying U(φn, . . . , φ1)−1, satisfies the following properties. The proof for the
following lemma is similar to that of Lemma 4.9 and is deferred until later.

Lemma C.3 (Linear system for typical columns). For 2 ⩽ j ⩽ n − 1, let x′(j) be the unique solution
x′ = [x′

1, . . . , x
′
n] of

U(φn, . . . , φ1)x′ = 2θn−j+1θ
2
n−j



(
1

2θ2
n−j+1

− 1
2θ2

n−j

)
1j−2

θn−j+2

2θ2
n−j+1

− 1
2θ2

n−j

− 2θn−j+1−1

2θ2
n−j
1

2θn−j

0n−j−1


=


−1j−2

θn−j+2θn−j+1 − θn−j+2 − θn−j+1

−(2θn−j+1 − 1)θn−j+1

θn−j+1θn−j

0n−j−1

 .

Then the following hold.

(a) x′
n = · · · = x′

j+2 = 0, x′
j+1 > 0, x′

j < 0 and x′
j−1 > 0.

(b) For j ⩾ 3, x′
j−2 < 0 and x′

k = φn−k−1
φn−k+1

x′
k+1 for all 1 ⩽ k ⩽ j − 3.

(c) −θ2n−j+1 + 1
2x

′
j−1 −

θn−j+1

2θn−j
x′
j ⩾ 0.

(d) For j ⩾ 3, θ2n−j +
θn−j+1

2θn−j+2
x′
j−2 − 1

2x
′
j−1 ⩾ 0.
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Note that [U−1
n diag(1/(2θn−1), . . . , 1/(2θ0))]i,j =


1

2θn−i
i = j

− 1
2θn−j

j = i + 1

0 else

holds. Thus with Lemma C.3 and

x′ = x′(j), the (i, j) entry of (1/θ2n)H̃−1λ̂′ = (1/θ2n)U−1
n diag(1/(2θn−1), . . . , 1/(2θ0))Un(φn, . . . , φ1)−1U(θn, . . . , θ1)λ̂′

is given as 
1

2θn−j+1θ2
n−j

(
1

2θn−i
x′
i − 1

2θn−i−1
x′
i+1

)
1 ⩽ i ⩽ n− 1

1
2θn−j+1θ2

n−j

(
1

2θ0
x′
n

)
⩾ 0 i = n .

In particular, except for i ∈ {j − 2, j}, the (i, j) entry of (1/θ2n)H̃−1λ̂′ is nonnegative as

1

2θn−i
x′
i −

1

2θn−i−1
x′
i+1 ⩾

(
1

2θn−i
− 1

2θn−i−1

)
x′
i+1 ⩾ 0, 1 ⩽ i ⩽ j − 3,

1

2θn−j+1
x′
j−1 −

1

2θn−j
x′
j ⩾ 0,

1

2θn−j−1
x′
j+1 ⩾ 0.

by Lemma C.3 (a) and (b).

Summing up what we have shown so far, for (1/θ2n)(λ̃ + H̃−1λ̂) it suffices to show that the (i, j) entry is
nonnegative for i ∈ {j − 2, j − 1}. For i = j − 2, this entry is given as (from Lemma C.3 (c))

1

2θ2n−j+1

+
1

2θn−j+1θ2n−j

(
1

2θn−j+2
x′
j−2 −

1

2θn−j+1
x′
j−1

)
=

1

2θ2n−j+1θ
2
n−j

(
θ2n−j +

θn−j+1

2θn−j+2
x′
j−2 −

1

2
x′
j−1

)
⩾ 0 ,

and for i = j − 1 this entry is given as (from Lemma C.3 (d))

− 1

2θ2n−j

+
1

2θn−j+1θ2n−j

(
1

2θn−j+1
x′
j−1 −

1

2θn−j
x′
j

)
=

1

2θ2n−j+1θ
2
n−j

(
−θ2n−j+1 +

1

2
x′
j−1 −

θn−j+1

2θn−j
x′
j

)
⩾ 0 .

Special columns (j ∈ {1, n}). The first column of (1/θ2n)U(θn, . . . , θ1)λ̂′ is given as−
θn

2θ2
n−1
1

2θn−1

0n−2

 ,

from which it is trivial to check that the (i, 1) entry of (1/θ2n)H̃−1λ̂ is nonnegative for all 2 ⩽ i ⩽ n (in
particular, is equal to 0 for all 3 ⩽ i ⩽ n).

The nth column of (1/θ2n)U(θn, . . . , θ1)λ̂′ is given as( 1
2θ2

1
− 1

θ2
0
)1n−2

θ2
2θ2

1
− 1

θ2
0

− θ1
θ0

 .

As in the case of typical columns, we solve the corresponding linear system as follows.

Lemma C.4 (Linear system for nth column). Let y′ = [y′1, . . . , y
′
n] be the unique solution of

U(φn, . . . , φ1)y′ = 2θ21

( 1
2θ2

1
− 1

θ2
0
)1n−2

θ2
2θ2

1
− 1

θ2
0

− θ1
θ0

 =

−(2θ21 − 1)1n−2

θ2 − 2θ21
−2θ31

 .

Then the following hold.
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(a) y′n = −4θ1 < 0, y′n−1 = 1
φ2

(θ2 + 2θ1 − 2) > 0, y′n−2 = − 1
φ3

(θ2 − 1 − (φ2 − 1)y′n−1) < 0.

(b) y′k = φn−k−1
φn−k+1

y′k+1 for all 1 ⩽ k ⩽ n− 3.

For 1 ⩽ i ⩽ n − 3, the (i, n) entry of (1/θ2n)H̃−1λ̂′ is nonnegative from 1
2θn−i

y′i − 1
2θn−i−1

y′i+1 ⩾(
1

2θn−i
− 1

2θn−i−1

)
y′i+1 ⩾ 0.

The (n− 2, n) entry of (1/θ2n)(λ̃+ H̃−1λ̂) is 1
2θ2

1

(
1

2θ2
y′n−2 − 1

2θ1
y′n−1

)
+ 1

2θ2
1
⩾ 1

2θ3
1

(
θ1 − 1

2y
′
n−1 + 1

2y
′
n−2

)
where

θ1 −
1

2
y′n−1 +

1

2
y′n−2 = θ1 −

1

2
y′n−1 −

1

2φ3
(θ2 − 1 − (φ2 − 1)y′n−1)

⩾ θ1 −
1

2
y′n−1 −

3

8
(θ2 − 1 − (φ2 − 1)y′n−1)

= θ1 −
3

8
(θ2 − 1) +

3φ2 − 7

8
y′n−1

= θ1 −
3

8
(θ2 − 1) +

(
3

8
− 7

8φ2

)
(θ2 + 2θ1 − 2)

⩾ θ1 −
3

8
(θ2 − 1) − 9

32
(θ2 + 2θ1 − 2)

=
7

16
θ1 −

21

32
θ2 +

15

16

⩾
7

16
θ1 −

21

32

(
θ1 +

3

4

)
+

15

16

⩾
7(2 − θ1)

32
⩾ 0 ,

and the (n−1, n) entry of (1/θ2n)(λ̃+H̃−1λ̂) is 1
2θ2

1

(
1

2θ1
y′n−1 − 1

2θ0
y′n

)
− 1

2θ2
0
⩾ 1

2θ3
1

(
1
2y

′
n−1 − 3

4y
′
n − θ31

)
where

−θ31 +
1

2
y′n−1 −

3

4
y′n = −θ31 +

1

2φ2
(θ2 + 2θ1 − 2) + 3θ1

= θ1 − 1 +
1

2φ2
(θ2 + 2θ1 − 2) ⩾ 0 .

Nonnegativity of µ0,j. Finally, for
[
µ0,1 . . . µ0,n

]
= −1T

n (λ̃′ + H̃−1λ̂′), we have

−(1/θ2n)1T
n λ̃

′ =
[

1
θ2
n
− 1

2θ2
n−1

1
2θ2

n−1
0T
n−2

]
and

−(1/θ2n)1T
n (H̃−1λ̂′) = −1T

nU
−1
n diag(1/(2θn−1), . . . , 1/(2θ0))(1/θ2n)U(φn, . . . , φ1)−1U(θn, . . . , θ1)λ̂′

= − 1

2θn−1
eT1 (1/θ2n)U(φn, . . . , φ1)−1U(θn, . . . , θ1)λ̂′ .

We know that (1, j) entry of −(1/θ2n)U(φn, . . . , φ1)−1U(θn, . . . , θ1)λ̂′ is nonnegative for all j ̸= 2. Thus it

suffices to verify the nonnegativity of the first two entries of −(1/θ2n)1T
n (λ̃′ + H̃−1λ̂′). The first entry is

1
θ2
n
− 1

2θ2
n−1

+ 4
θ3
n−1φn

(
θn + θn−1

φn−1

)
= 1

2θ3
n−1

(
1

2φn

(
θn + θn−1

φn−1

)
− θn−1 +

2θ3
n−1

θ2
n

)
where from Lemma C.2,

1

2φn

(
θn +

θn−1

φn−1

)
− θn−1 +

2θ3n−1

θ2n
⩾

1

2 +
√

2

(
θn +

θn−1

φn−1

)
− θn−1 +

(θn − 1)θn−1

θn

⩾
1

2 +
√

2

(√
2θn−1 +

2

3
θn−1

)
− θn−1 +

1

2
θn−1 ⩾ 0 .
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The second entry, for n ⩾ 3, is (letting x′ = x′(2)) − 1
4θ2

n−1θ
2
n−2

x′
1 + 1

2θ2
n−1

= 1
2θ2

n−1θ
2
n−2

(− 1
2x

′
1 + θ2n−2) where

−1

2
x′
1 + θ2n−2 = − 1

2φn
(θn(θn−1 − 1) + 2θ2n−2 + (φn−1 − 1)x′

2) + θ2n−2

⩾ − 5

16

(
θn(θn−1 − 1) + 2(θ2n−1 − θn−1) − φn−1 − 1

φn−1
(2θ2n−1 − θn−1 + x′

3)

)
+ (θ2n−1 − θn−1)

⩾ − 5

16

(
10

7
(θ2n−1 − 1) + 2(θ2n−1 − θn−1) − 1

4
(2θ2n−1 − θn−1) − 1

4
x′
3

)
+ (θ2n−1 − θn−1)

⩾ − 5

16

(
10

7
(θ2n−1 − 1) + 2(θ2n−1 − θn−1) − 1

4
(2θ2n−1 − θn−1) − 1

4
θn−1

)
+ (θ2n−1 − θn−1)

=
1

112
(9θ2n−1 − 42θn−1 + 50) ⩾ 0 .

Finally, the second entry for n = 2 is − 1
4θ3

1
y′1 + 1

2θ2
1

= 1
2θ3

1

(
− 1

2y
′
1 + θ1

)
where

−1

2
y′1 + θ1 = − 1

2φ2
(θ2 + 2θ1 − 2) + θ1

⩾ −1

3
(θ2 + 2θ1 − 2) + θ1

=
1

3
(θ1 − θ2 + 2)

⩾
1

3

(
θ1 −

3

2
θ1 −

1

2
+ 2

)
⩾ 0 ,

where in the second inequality we used θ2 =
1+

√
1+8θ2

1

2 ⩽ 1+3θ1
2 .

For item (ii), we can take ξ′ = 1− λ′
n−1,n+λ′

n,n−1

R′
n

where λ′
n−1,n+λ′

n,n−1 = θ2n

(
1

2θ2
0

+ 1
2θ2

0
− 1

2θ2
1

)
=

√
5+1
4 θ2n

for n ⩾ 2. For n = 1, λ′
n−1,n + λ′

n,n−1 = 1
θ2
0
− 1

θ2
1

= 3
4 .

We present the proofs of the technical lemmas within the previous parts as follows.

Proof of Lemma C.3. For notational convenience, let i := n− j (which implies 1 ⩽ i ⩽ n− 2).

(a) Since U(φn, . . . , φ1) is upper triangular, we can solve the equation iteratively starting from x′
n, which

yields x′
n = · · · = x′

j+2 = 0. Also,

x′
j+1 =

θi+1θi
φi

> 0,

x′
j = − 1

φi+1
(2θ2i+1 − θi+1 + x′

j+1) < 0,

x′
j−1 =

1

φi+2
(θi+2θi+1 − θi+2 − θi+1 − x′

j − x′
j+1)

=
1

φi+2
(θi+2θi+1 − θi+2 − θi+1 + (2θ2i+1 − θi+1) + (φi+1 − 1)x′

j)

=
1

φi+2
(θi+2(θi+1 − 1) + 2θ2i + (φi+1 − 1)x′

j),

where from (φi+1−1)x′
j = −φi+1−1

φi+1
(2θ2i+1−θi+1+xj+1) > − 1

2 (2θ2i+1−θi+1+x′
j+1) > − 1

2 (3θ2i+1−θi+1),

x′
j−1 > 1

φi+2

((
θi+1 + 1

2

)
(θi+1 − 1) + 2(θ2i+1 − θi+1) − 1

2 (3θ2i+1 − θi+1)
)

= 1
2φi+2

(3θ2i+1−4θi+1−1) > 0.

(b) Solving the equation yields

x′
k =

1

φn+1−k

(
−1 −

j+1∑
l=k+1

x′
l

)
, k = j − 2, . . . , 1 ,
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which implies x′
k = 1

φn+1−k
(−x′

k+1 + φn−kx
′
k+1) = φn−k−1

φn+1−k
x′
k+1 for all 1 ⩽ k ⩽ j − 3. From x′

j−2 =
1

φi+3
(−1 − x′

j−1 − x′
j − x′

j+1), it suffices to show that x′
j−1 + x′

j + x′
j+1 > −1, which is equivalent to

1

φi+2
(θi+2θi+1−θi+2−θi+1)−

(
1 − 1

φi+2

)
1

φi+1
(2θ2i+1−θi+1)+

(
1 − 1

φi+2

)(
1 − 1

φi+1

)
1

φi
θi+1θi > −1 .

By Lemma C.2, 1
φi

⩾ 2
3 and 2

3 ⩽ 1
φi+1

, 1
φi+2

⩽ 3
4 (note that here, i + 2 < n as j ⩾ 3). Thus the left

hand side is lower bounded by

2

3
(θi+2θi+1 − θi+2 − θi+1) −

(
1 − 2

3

)
3

4
(2θ2i+1 − θi+1) +

(
1 − 3

4

)2
2

3
θi+1θi

=
1

24
(16θi+2(θi+1 − 1) − 12θ2i+1 − 10θi+1 + θi+1θi)

⩾
1

24
((16θi+1 + 8)(θi+1 − 1) − 12θ2i+1 − 10θi+1 + θ2i )

=
1

24
(4θ2i+1 − 18θi+1 + (θ2i+1 − θi+1))

=
1

24
(5θ2i+1 − 19θi+1) > −1 ,

as desired.

(c) First, note that x′
j−1 > 0 and x′

j < 0 from (a). Thus

−θ2i+1 +
1

2
x′
j−1 −

θi+1

2θi
x′
j ⩾ −θ2i+1 +

1

2
(x′

j−1 − x′
j)

= −θ2i+1 +
1

2

1

φi+2
(θi+2(θi+1 − 1) + 2θ2i + (φi+1 − 1)x′

j) −
1

2
x′
j .

Consider first the case where i ̸= n− 2. Then 1
φi+2

⩾ 2
3 , implying

− θ2i+1 +
1

2

1

φi+2
(θi+2(θi+1 − 1) + 2θ2i + (φi+1 − 1)x′

j) −
1

2
x′
j

⩾ −θ2i+1 +
1

3

((
θi+1 +

1

2

)
(θi+1 − 1) + 2(θ2i+1 − θi+1) +

1

2
x′
j

)
− 1

2
x′
j

= −5

6
θi+1 −

1

6
− 1

3
x′
j .

Since −x′
j ⩾ 2

3 (2θ2i+1 − θi+1 + x′
j+1) ⩾ 2

3

(
2θ2i+1 − θi+1 + 2

3θi+1θi
)
⩾ 4

3θ
2
i+1 (from θi ⩾ θ1 ⩾ 3

2 ), the

final term is lower bounded by 4
9θ

2
i+1 − 5

6θi+1 − 1
6 ⩾ 0 (from θi+1 ⩾ θ2 ⩾ 1 +

√
5
2 ).

If i = n− 2, then 1
φi+2

⩾ 2 −
√

2 and θi+2 ⩾
√

2θi+1, implying

− θ2i+1 +
1

2

1

φi+2
(θi+2(θi+1 − 1) + 2θ2i + (φi+1 − 1)x′

j) −
1

2
x′
j

⩾ −θ2i+1 +
1

2 +
√

2

(√
2θi+1(θi+1 − 1) + 2(θ2i+1 − θi+1) +

1

2
x′
j

)
− 1

2
x′
j

= −θi+1 −
1

2
√

2
x′
j

⩾

√
2

3
θ2i+1 − θi+1 ⩾ 0 ,

where the last inequality is from θi+1 ⩾ θ2 = 1+
√

7+2
√
5

2 .
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(d) First, note that x′
j−2 < 0 and x′

j−1 > 0 from (a) and (b). Thus

θ2i +
θi+1

2θi+2
x′
j−2 −

1

2
x′
j−1 ⩾ θ2i +

1

2
(x′

j−2 − x′
j−1)

= θ2i +
1

2φi+3
(−1 − x′

j−1 − x′
j − x′

j+1) − 1

2
x′
j−1 .

From Lemma C.2, this is lower bounded by

θ2i +
5

14
(−1 − x′

j−1 − x′
j − x′

j+1) − 1

2
x′
j−1

= θ2i −
5

14
− 6

7
x′
j−1 −

5

14
(θi+2θi+1 − θi+2 − θi+1 − φi+2x

′
j−1)

= θ2i −
5

14
(θi+2 − 1)(θi+1 − 1) +

5φi+2 − 12

14
x′
j−1

⩾ θ2i −
5

14
(θi+2 − 1)(θi+1 − 1) − 19

70
(θi+2(θi+1 − 1) + 2θ2i + (φi+1 − 1)x′

j)

=
16

35
θ2i −

5

14
(θi+2 − 1)(θi+1 − 1) − 19

70
θi+2(θi+1 − 1) +

19

70

φi+1 − 1

φi+1
(2θ2i+1 − θi+1 + x′

j+1)

⩾
16

35
θ2i −

5

14
(θi+2 − 1)(θi+1 − 1) − 19

70
θi+2(θi+1 − 1) +

19

280

(
2θ2i+1 − θi+1 +

2

3
θ2i

)
⩾

16

35
θ2i −

5

14
(θi+1 −

1

4
)(θi+1 − 1) − 19

70
(θi+1 +

3

4
)(θi+1 − 1) +

19

280

(
2θ2i+1 − θi+1 +

2

3
(θ2i+1 − θi+1)

)
⩾

1

105
(θ2i+1 − 6θi+1 + 12) ⩾ 0 .

Proof of Lemma C.4. (a) The formulae for y′n, y
′
n−1, y

′
n−2 can be derived straightforwardly by solving the

equation, with θ21 = θ1+1 and φ1 = 3+
√
5

4 =
θ2
1

2 . The only nontrivial inequality is y′n−2 < 0, which holds

from θ2−1−(φ2−1)y′n−1 = θ2−1−
(

1 − 1
φ2

)
(θ2+2θ1−2) ⩾ θ2−1− 1

3 (θ2+2θ1−2) = 2
3

(
θ2 − θ1 − 1

2

)
> 0.

(b) The proof follows as in Lemma C.3 (b).
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