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Abstract
This paper introduces a novel algorithm for Mixed-Integer Nonlinear Programming
(MINLP) problems with multilinear interpolations of look-up tables. These prob-
lems arise when objectives or constraints contain black-box functions only known
at a finite set of evaluations on a predefined grid. We derive a piecewise-linear
relaxation for the multilinear interpolants, which require an MINLP formula-
tion. Supported by the fact that our proposed relaxation is as tight as possible,
we propose a novel algorithm that iteratively solves the MILP relaxation and
refines the solution space through variable fixing and exclusion strategies. This
approach ensures convergence to an optimal solution, which we demonstrate,
while maintaining computational efficiency. We apply the proposed algorithm
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(Relax-Fix-and-Exclude, RFE) to a real-world offshore oil production optimiza-
tion problem. Compared to the Gurobi solver, RFE was able to solve to optimality
20% more instances within one hour. Furthermore, on medium and large instances
that both RFE and Gurobi solved to optimality, our algorithm took, on average,
52% less time than Gurobi to converge, while on all instances that neither solved,
RFE always achieved a lower primal-dual gap, on average 91% smaller.

Keywords: Multilinear Interpolation, Relax-Fix-and-Exclude Algorithm, Mixed-Integer
Nonlinear Programming (MINLP)

1 Introduction
We consider mixed-integer programming problems where the cost and constraints
involve black-box functions—functions known only at a finite number of evaluation
points in their domain. Such functions appear in many practical optimization tasks
where the underlying models are complex simulations, result from empirical processes,
or simply lack a tractable closed-form expression [1–4]. We restrict our attention to the
cases where the evaluations of the black-box functions are organized on a rectangular,
axis-aligned grid, resulting in the so-called look-up tables [5, 6]. Consequently, to
enable optimization over the continuous domain, an interpolation of the look-up table
is required1 to generate a continuous function.

A particularly popular interpolation method in this context is multilinear interpo-
lation [7–14]. Unlike piecewise-linear approaches, the resulting interpolant preserves
smoothness almost everywhere2, does not require arbitrary subdivisions (triangulations)
of the domain, and scales efficiently with dimensionality. The downside is that embed-
ding the interpolant in an optimization model introduces multilinear (i.e., non-convex)
constraints, making the problem a challenging instance of mixed-integer nonlinear
programming.

This paper introduces a novel algorithm for mixed-integer nonlinear programming
(MINLP) problems with functions modeled via multilinear interpolation. We explore
polyhedral tools for multilinear terms and show that they can be used to derive the
convex hull of the nonlinearities arising from the interpolation method. This convex-
hull forms the basis of our Relax-Fix-and-Exclude algorithm, exploiting it not only to
compute tight bounds, but also to guide a depth-first search through variable fixing
and generalized no-good cuts.

We demonstrate the performance of the proposed algorithm in an offshore oil
production optimization problem. The oil and gas industry is a classical domain appli-
cation of MINLP over black-box functions, since optimization problems involve complex
nonlinear functions representing processes such as reservoir pressure dynamics and
multi-phase flow [15]. These functions are often derived from simulations or empirical

1To cover the entire domain properly, we would need to extrapolate the information on the look-up table.
However, it is usual to assume that the optimal is within the boundaries of the table and thus interpolation
suffices.

2The interpolant is continuous but not differentiable at the evaluation points, which are finitely many.
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data, making them difficult to incorporate directly into optimization problems. Further-
more, the proposed approach is well-suited for these applications, where computational
efficiency and accuracy are critical.

The key contribution of this work is the development of a piecewise-linear relaxation
for the nonlinear interpolated functions. This relaxation leads to an efficient mixed-
integer linear programming (MILP) approximation, which provides both a tractable
formulation and a reliable lower bound for the original problem. By incorporating
Special Ordered Sets of type 2 (SOS2), the method ensures that adjacent grid points are
selected during interpolation, preserving the convexity and efficiency of the optimization
process. Furthermore, the algorithm leverages fix-and-exclude strategies to refine the
solution space progressively and converge to an optimal solution.

1.1 Related Work
Many real-world optimization problems involve functions with high evaluation costs,
which are usually only known at finitely many points of their domain. These problems
have been known for a long time [1] and have appeared in a wide range of application
areas, such as machine learning [2], chemistry [3], and engineering [4].

A well-studied approach for solving such problems is to perform a piecewise-linear
interpolation over the look-up tables of the black-box function [16–18]. In a grid-like
partitioning of the domain, the piecewise-linear interpolation requires additional cuts to
reduce the partitioning to simplices, such that the model becomes an injective mapping.
Although theoretically possible for any number of dimensions, this partitioning has only
been proposed for domains of up to three dimension [19]. On top of that, the number of
simplices grows exponentially with the domain dimension, requiring exponentially many
more integer variables. Finally, the choice of simplices (within the hyperrectangular
partition) is not an evident design choice, and it may have a significant impact on the
approximation quality, e.g., by overestimating or underestimating the true function.

Multilinear interpolations of look-up tables are a common practice to deal with
black-box functions or complex non-linear functions, with applications in physics
simulation [7, 8], automotive software [9–11], and even machine learning [12]. For
example, Furlan et al. [13] and Martins et al. [14] replace phenomenological models of a
chemical process with a look-up table that is interpolated during the simulation, which
yielded improved efficiency at minor accuracy loss. In contrast to the piecewise-linear
method, the multilinear interpolation is smooth everywhere on the domain except at a
finite number of points. Furthermore, it naturally scales to arbitrary domain dimensions
and requires no design choice during implementation.

Optimizing with multilinearly interpolated look-up tables, in contrast to piecewise-
linear interpolations, introduces multilinear terms, making the problem, at least, a
mixed-integer quadratically constrained programming (MIQCP) problem. Optimization
with multilinear constraints has been well-studied [20–22] and continues to be an active
area of research [23, 24]. In fact, many solvers support multilinear constraints out-
of-the-box [25, 26]. However, to the best of our knowledge, our work is the first to
study the optimization problem with multilinear interpolations of look-up tables and
to propose an exact algorithm for it.
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1.2 Contributions
This work brings the following contributions to the technical literature:

• An MINLP approximation for a class of real-world problems involving black-box
functions using multilinear interpolation with data from sensitivity analysis, which
can be solved efficiently.

• A tight MILP relaxation of multilinear interpolation functions arising from piecewise-
linear formulations.

• A Relax-Fix-and-Exclude algorithm with convergence guarantee for solving opti-
mization problems with multilinear interpolation functions, which iteratively solves
piecewise-linear based relaxations (Relax ), optimizes over a reduced domain resulting
from variable fixing (Fix ), and removes this domain from the search space (Exclude).

• A computational demonstration of the efficiency of the relax-fix-and-exclude algo-
rithm and comparison with state-of-the-art MINLP solvers (Gurobi, SCIP, and
BARON) in an application to oil production in offshore platforms.

1.3 Organization
Section 2 introduces the baseline problem, which consists of a mixed-integer nonlinear
program with black-box functions approximated through multilinear interpolation of
look-up tables, resulting in an MINLP formulation. Section 3 presents the relax, fix,
and exclude steps, which are then combined into the proposed algorithm. Section 5
reports computational results from applying the relax-fix-and-exclude algorithm for oil
production optimization in offshore platforms (Section 4), and a comparison with state-
of-the-art MINLP solvers Gurobi, SCIP and BARON. Section 6 draws final conclusions
and suggests future research directions.

2 Problem Statement
This work is concerned with the following mixed-integer program

C = min
x,y

f̃0(x) + aT
0 y

s.t. f̃i(x) + aT
i y ≤ bi, i = 1, . . . ,m

x ∈ X ⊆ Rn,y ∈ {0, 1}p
(1)

where each

f̃i : X −→ R

x 7−→ f̃i(x)
(2)

is a multilinear interpolation of a black-box function fi : X → R, for i = 0, . . . ,m.
It is assumed that a look-up table is available with evaluations of the black-box

functions at a finite set of breakpoints B ⊆ X. In other words, for each x̂ ∈ B, we know
the value of fi(x̂) for all i = 0, . . . ,m.
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We assume the breakpoints form a rectangular grid B = B1 × · · · × Bn, such that
each Bj =

{
x̂0
j , x̂

1
j , x̂

2
j , . . .

}
is a finite set. Let the breakpoints be indexed in increasing

order x̂0
j < x̂1

j < x̂2
j < · · · , for j = 1, . . . , n. Further, let Ij denote the set of indices of

the breakpoints for the j-th variable, such that we can write Bj = {x̂k
j }k∈Ij . Then, we

will let I = I1 × · · · × In denote the set of multi-indices of the breakpoints, such that
∀k = (k1, . . . , kn) ∈ I, we can write x̂k = (x̂k1

1 , . . . , x̂kn
n ) ∈ B.

2.1 Multilinear Interpolation
To develop an understanding of such an interpolation method, let us consider a single
black-box function f : X ⊆ Rn → R. If n = 1, we write x1 = x, and we have
a traditional linear interpolation over B =

{
x̂0, x̂1, x̂2, . . .

}
⊂ R. Without loss of

generality, take x ∈ conv(B) such that x̂0 ≤ x ≤ x̂1. Then, we can write the linear
interpolation of f(x) as

f̃(x) = f(x̂0) +
x− x̂0

x̂1 − x̂0
(f(x̂1)− f(x̂0))

=

(
x̂1 − x

x̂1 − x̂0

)
︸ ︷︷ ︸

ξ0

f(x̂0) +

(
x− x̂0

x̂1 − x̂0

)
︸ ︷︷ ︸

ξ1

f(x̂1).
(3)

Note that the coefficients ξ0 and ξ1 of the linear interpolation are such that
ξ0 + ξ1 = 1, and

x = ξ0x̂
0 + ξ1x̂

1, (4)
that is, they match the weights that express x as a convex combination (CC) of two
consecutive breakpoints. One way to formulate such a convex combination for the
one-dimensional case is through the use of an SOS2 variable

x =
∑
k∈I

ξkx̂
k

1 =
∑
k∈I

ξk

ξ ∈ SOS2(I), ξ ≥ 0,

(5)

which ensures that only two consecutive breakpoints will have the respective coefficients
assuming non-zero values. We use the notation SOS2(I) to convey that the SOS2
constraint is applied over the ordering defined by I. Then, we can write the linear
interpolation as

λk = ξk, ∀k ∈ I,

f̃ =
∑
k∈I

λkf(x̂
k). (6)

Note that we introduce the redundant λ variables to differentiate ξk, the weight of the
k-th breakpoint, from λk, the weight of the function evaluation at the k-th breakpoint,
which happen to coincide in the onedimensional case. in which we introduce the
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λ variables to differentiate the weights of the breakpoints from the weights of the
evaluations of f .

x̂0

x̂1

ŷ0

ŷ1

f(x̂1, ŷ1)

f̃

(a) Bilinear interpolation.

x̂0

x̂1

ŷ0

ŷ1

f̃

(b) Piecewise linear relaxation.

Fig. 1: Example of multilinear interpolation and the respective piecewise-linear relax-
ation for a black-box function on a two-dimensional domain. The interpolation is
illustrated on a single rectangle of the sensitivity analysis grid, namely [x̂0, x̂1]× [ŷ0, ŷ1].

For n > 1, the multilinear interpolation over grids can be defined recursively [27].
A bidimensional example is illustrated in Figure 1a. We get into details for the
case n = 3. To ease the notation, let x1 = x, x2 = y, and x3 = z. Then, for
(x, y, z) ∈ conv(Bx × By × Bz), assume, without loss of generality, that x̂0, x̂1 ∈ Bx,
ŷ0, ŷ1 ∈ By, and ẑ0, ẑ1 ∈ Bz are the vertices of the rectangular prism that contains
(x, y, z), i.e., x̂0 ≤ x ≤ x̂1, ŷ0 ≤ y ≤ ŷ1, and ẑ0 ≤ z ≤ ẑ1. By interpolating each
dimension recursively, the approximation can be written

f̃ =
ẑ1 − z

ẑ1 − ẑ0
f̃x,y

(
ẑ0
)
+

z − ẑ0

ẑ1 − ẑ0
f̃x,y

(
ẑ1
)

f̃x,y

(
ẑ0|1

)
=

ŷ1 − y

ŷ1 − ŷ0
f̃x

(
ŷ0, ẑ0|1

)
+

y − ŷ0

ŷ1 − ŷ0
f̃x

(
ŷ1, ẑ0|1

)
f̃x

(
ŷ0|1, ẑ0|1

)
=

x̂1 − x

x̂1 − x̂0
f
(
x̂0, ŷ0|1, ẑ0|1

)
+

x− x̂0

x̂1 − x̂0
f̃
(
x̂1, ŷ0|1, ẑ0|1

)
,

(7)

where ẑ0|1 denotes either ẑ0 or ẑ1, and ŷ0|1 likewise. Expanding the approximation f̃
above in terms of products, we can rewrite the interpolated function f̃ as a summation
over products of the basis functions for each variable x, y, and z,

f̃ =
∑

(k,j,i)∈{0,1}3

ξxkξ
y
j ξ

z
i f(x̂

k, ŷj , ẑi) (8)
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where

ξxk =

{
x̂1−x
x̂1−x̂0 , if k = 0,
x−x̂0

x̂1−x̂0 , if k = 1,

ξyj =

{
ŷ1−y
ŷ1−ŷ0 , if j = 0,
y−ŷ0

ŷ1−ŷ0 , if j = 1,

ξzi =

{
ẑ1−z
ẑ1−ẑ0 , if i = 0,
z−ẑ0

ẑ1−ẑ0 , if i = 1,

(9)

and ξxk serves as the basis function for variable x, with k iterating over 0 and 1, and
similarly for the other two variables.

Like in the one-dimensional case, each ξ is a coefficient of the CC of breakpoints
that results in (x, y, z), i.e.,

x = ξx0 x̂
0 + ξx1 x̂

1,

y = ξy0 ŷ
0 + ξy1 ŷ

1,

z = ξz0 ẑ
0 + ξz1 ẑ

1,

1 = ξx0 + ξx1 ,

1 = ξy0 + ξy1 ,

1 = ξz0 + ξz1 ,

0 ≤ ξx0 , ξ
x
1 , ξ

y
0 , ξ

y
1 , ξ

z
0 , ξ

z
1 .

(10)

Thus, f̃ is a weighted sum where each term is the product of basis functions for each
variable, multiplied by the corresponding function value at that grid point, f(x̂k, ŷj , ẑi).
We can rewrite the interpolation (7) as

f̃ =
∑

(k,j,i)∈{0,1}3

λk,j,if(x̂
k, ŷj , ẑi), (11)

where λk,j,i = ξxkξ
y
j ξ

z
i , for all (k, j, i) ∈ I.

More generally, we can express the multilinear interpolation of a function of n
variables by using SOS2 vectors ξj as coefficients of the CC of the breakpoints Bj into
xj , for j = 1, . . . , n. Precisely, we impose

xj =
∑
k∈Ij

ξjkx̂
k
j ,

1 =
∑
k∈Ij

ξjk,

ξj ∈ SOS2(Ij),

(12)

for each j = 1, . . . , n. Note that, in the above formulation, an SOS2 constraint is
imposed at each vector variable ξj ∈ R|Ij | individually. The interpolation weights are

7



then

λk =

n∏
j=1

ξjkj
, ∀k ∈ I. (13)

Finally, the formulation of f̃ as a multilinear interpolation becomes

f̃ =
∑
k∈I

λkf(x̂
k). (14)

2.2 MINLP Formulation
By considering the formulation of the multilinear interpolant in (14), we can write
problem (1) as an MINLP

C = min
ξ,y

f̃0 + cTy

s.t. f̃i + aT
i y ≤ bi, i = 1, . . . ,m,

f̃i =
∑
k∈I

λkfi(x̂
k), i = 0, . . . ,m,

λk =

n∏
j=1

ξjkj
, ∀k ∈ I,

xj =
∑
k∈Ij

ξjkx̂
k
j , j = 1, . . . , n,

1 =
∑
k∈Ij

ξjk, j = 1, . . . , n,

ξj ∈ SOS2(Ij), ξj ≥ 0 j = 1, . . . , n,

x ∈ X, y ∈ {0, 1}p ,

(P)

where each fi(x̂
k) is obtained from the look-up table. Variables x, λ, and f̃ are

functionally dependent on ξ and are introduced solely for notational convenience. In
other words, P is effectively a problem over the (ξ,y) extended space. Furthermore, we
have as many ξjk variables as breakpoints along each j-th dimension, that is, ξj ∈ R|Bj |,
for j = 1, . . . , n.

Note that the addition of constraints (12) implies x ∈ conv(B) ∩ X. So it is an
implicit assumption that the optimal solution to the problem can be expressed as a
convex combination of the breakpoints.

3 The Relax-Fix-and-Exclude Algorithm
Problem P is a nonconvex Mixed-Integer Quadratically-Constrained Quadratic Pro-
gramming (MIQCQP) problem, which, despite being supported by modern solvers
like Gurobi [25], BARON [28, 29], and SCIP [30, 31], is a notoriously hard class of
problems. Classical methods for this class of problems are based on sequentially solving

8



MILP relaxations and NLP subproblems [32]. Our solution approach for P is based on
a tight MILP relaxation, which we derive in Section 3.1. However, beyond just using
the relaxation to compute tighter bounds, or refining it with cutting planes in an outer
approximation fashion, we opt for an enumeration approach, using the relaxation to
guide our exploration of the solution space, similar to a diving heuristic.

The intuition behind our approach is that for smooth functions and a sufficiently
dense set of breakpoints, the solution to the MILP relaxation will lie on the same
hyperrectangle of the domain as the optimal solution to the original MINLP. Thus, we
use a solution of the MILP relaxation to determine which NLP subproblem to solve by
fixing the discrete decisions of MINLP problem, restricting it to a hyperrectangle of
the domain (Section 3.2). Then, we exclude said hyperrectangle from the solution space
of the MILP relaxation, such that re-optimizing it will result in either a tighter bound
or a certificate of optimality. Furthermore, the new solution to the MILP relaxation
will lie in a different hyperrectangle, focusing on a new NLP subproblem.

3.1 MILP Relaxation
The only nonlinear terms in P are the non-convex constraints (13) over the ξ-space,
which come from the multilinear interpolation of the black-box functions. The tightest
possible linear relaxation for each constraint3 in (13) is precisely its convex hull. This
is because the set defined by each (13) is the graph of a multilinear constraint, and the
convex envelope of a multilinear function is polyhedral [20, 23]. We derive the desired
MILP relaxation of P by exploiting the traditional SOS2 formulation for piecewise-
linear functions [21, 33], and we show that a simple modification yields precisely the
desired convex envelopes. In other words, we show that the resulting MILP relaxation
is as tight as possible, as fixing the discrete variables always results in the convex hull
of the MINLP problem (under the same fixing values).

Recall that our breakpoints B are distributed in a rectangular grid, such that the
domain variables x always lie in a hyperrectangle of consecutive breakpoints. In a
piecewise-linear interpolation over B, the SOS2 constraints over ξ are used to express
x as a CC of the hyperrectangle’s vertices, exactly as in our MINLP formulation (P)
of the multilinear interpolants f̃ . However, in the piecewise-linear case, x is further
constrained to be a CC of at most n vertices of any given hyperrectangle of the domain,
effectively further partitioning the domain into simplexes [19]. Figure 2 illustrates the
piecewise-linear interpolation for the case of a function over two variables. Note that
the domain is naturally partitioned in rectangles by the breakpoints, then it is further
subdivided into triangles (2D simplexes) whose vertices are the n breakpoints used in
the CC.

We derive a piecewise-linear relaxation by removing the constraint that the domain
variable must be a CC of at most n consecutive breakpoints, i.e., allowing it to be
expressed as a convex combination of all 2n consecutive breakpoints. This allows the
interpolant variable f̃ to assume any value between all possible piecewise-linear inter-
polations, thus, the convex envelope. Fig. 1b illustrates the piecewise-linear relaxation

3By “linear relaxation” of a constraint, we mean a polyhedron that contains the set defined by the
constraint.
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x̂0

x̂1

ŷ0

ŷ1

f̃

(a)

x̂0

x̂1

ŷ0

ŷ1

f̃

(b)

Fig. 2: Example of piecewise-linear interpolation with the same look-up table but
different triangulations of the domain.

of the function illustrated in Fig. 2. Note how the facets of the convex envelope in
Fig. 1b match exactly the graphs of the interpolants in Fig. 2a and 2b.

Since our multilinear interpolation is already formulated through SOS2 constraints,
we need only to replace constraints (13) by

ξj
k̂j

=
∑
k∈I:
kj=k̂j

λk, ∀k̂j ∈ Ij , j = 1, . . . , n. (15)
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Then, our MILP relaxation of P is

C = min
ξ,λ,y

f̃0 + cTy

s.t. f̃i + aT
i y ≤ bi, i = 1, . . . ,m

f̃i =
∑
k∈I

λkfi(x̂
k), i = 0, . . . ,m,

ξj
k̂j

=
∑
k∈I:
kj=k̂j

λk, ∀k̂j ∈ Ij , j = 1, . . . , n,

xj =
∑
k∈Ij

ξjkx̂
k
j , j = 1, . . . , n,

1 =
∑
k∈Ij

ξjk, j = 1, . . . , n,

ξj ∈ SOS2(Ij), j = 1, . . . , n,

λ ∈ [0, 1]|I|,

x ∈ X, y ∈ {0, 1}p .

(P)

Differently from problem P, λ is not functionally dependent on ξ in P , that is, P
is effectively a problem over the (ξ,λ,y) extended space. Furthermore, the number
of λ variables grows exponentially with n, as there must be one λ variable for each
element in B = B1× · · ·×Bn. However, at most 2n of them are non-null in any feasible
solution, once the SOS2 constraints over the ξ variables force every λ variable that is
not a vertex of the selected hyperrectangle to be 0.

Problem P contains the tightest possible relaxation of the multilinear constraints
of P , given that each λk variable must be a convex combination of the product of the
ξ1k1

, . . . , ξnkn
variables at their extremes [20, 23]. For completeness, we demonstrate

through Proposition 1 that the solution space of P is indeed a relaxation of the
solution space of P, which is a necessary condition for the correctness of Algorithm 1.
Proposition 1. Problem P is a relaxation of P.

Proof. Because the only change from P to P is the removal of constraint (13) and
the addition of constraint (15), it suffices to show that any solution of P satisfies (15).
Thus, let (x̃, ỹ, ξ̃, λ̃) be a feasible solution of P . Consider first the case j = 1 and take
any k̂1 ∈ I1. Because λ̃k respects (13) for any k ∈ I, we have

∑
k∈I:
k1=k̂1

λ̃k =
∑
k∈I:
k1=k̂1

n∏
j=1

ξ̃jkj

= ξ̃1
k̂1

∑
k2∈I2

ξ̃2k2

∑
k3∈I3

ξ̃3k3
· · ·

∑
kn∈In

ξ̃nkn

= ξ̃1
k̂1
,

(16)
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where the last equality comes from ξ̃ satisfying∑
kj∈Ij

ξ̃jkj
= 1, j = 1, . . . , n (17)

as it is feasible for P . Therefore, the first constraint of (15) is satisfied, given that the
choice for k̂1 was arbitrary. Mutatis mutandis, the same can be shown for j = 2, . . . , n,
implying that all constraints in (15) are satisfied by a feasible solution of P.

One interesting characteristic of the proposed piecewise relaxation is that it can
also be used to relax multilinear constraints. For example, suppose that function fm in
problem (1) is not a black-box function, but rather a known function of the form

fm(x) =
∑
(i,j)

aijxixj . (18)

Then, its multilinear interpolation is exact and the relaxation of fm in P will match
precisely the piecewise McCormick envelopes [34] at the partitioning induced by the
breakpoints of the look-up table, since that also characterizes the convex hull in such
cases [35].

3.2 Fixing
In our algorithm, we find candidate solutions by solving NLP subproblems that
stem from fixing all discrete decisions of P. This is a usual step in mixed-integer
programming which consists of fixing the assignment of the integer variables. In P , the
SOS2 constraints make this process more involved, since the discrete decisions are not
explicit.

We begin by observing that the SOS2 constraints ξj ∈ SOS2(Ij) can be equivalently
formulated as

ξj ≤ ζj and ζj ∈ SOS2(Ij), (19)
for ζj ∈ {0, 1}|Bj | and j = 1, . . . , n. Each ζj can be understood as the discrete decisions
associated with the SOS2 constraint over ξj , that is, the selection of the pair of
consecutive breakpoints along the j-th axis.

Now, take y ∈ {0, 1}p and ζ
j ∈ SOS2(Ij) ∩ {0, 1}|Bj |, for every j = 1, . . . , n. Then,

it is easy to see that fixing y = y and ξj ≤ ζj , j = 1, . . . , n, reduces P to an NLP.
More formally, let P denote the feasible region of P, and define

P (ζ,y) ≜
{
(ξ,y) ∈ P : y = y, ξj ≤ ζ

j
, j = 1, . . . , n

}
(20)

If each ζ
j ∈ SOS2(Ij), then at most two dimensions of ξj are not fixed to 0 in P (ζ,y),

i.e., the dimensions over which ξj can assume positive value. Further, by projecting
P (ζ,y) back onto the x-space through xj =

∑
k∈Ij

ξjkx̂
k
j , we see that xj ∈ [x̂k

j , x̂
k+1
j ],

where k is the index of the first positive value of ζ
j
. In other words, our fixing strategy
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is equivalent to restricting each xj to lie between two consecutive breakpoints in Bj ,
thus, restricting x to lie in a single hyperrectangle of the partitioning induced by the
breakpoints in B of the functions’ domain.

Now let (ξ̃, ỹ) ∈ P be a feasible solution for P . We can define an NLP subproblem
for which (ξ̃, ỹ) is feasible by selecting a binary vector ζ̃j ∈ SOS2(Ij) such that ξ̃j ≤ ζ̃j ,
j = 1, . . . , n. However, ζ̃ = ⌈ξ̃⌉ satisfies this condition. Thus,

(ξ̃, ỹ) ∈ P (⌈ξ̃⌉, ỹ), ∀(ξ̃, ỹ) ∈ P. (21)

Further, let P be the feasible region of our MILP relaxation P , and take a feasible
solution (ξ,λ,y) ∈ P . Then, a consequence of (21) is that

(ξ,y) ∈ P ⇐⇒ (ξ,y) ∈ P (⌈ξ⌉,y). (22)

Recall that our goal is to fix all discrete decisions of our MINLP subproblem. The
rounding procedure in (21) provides a way to fix the discrete decisions in the SOS2
constraints without formulating them as binary variables. In other words, we do not
need additional binary variables (e.g., ζ) to formulate the NLP subproblems. The fixing
operation is illustrated in Figure 3b, with P , the feasible regions of P , and P (⌈ ξ ⌉,y),
the feasible region of one of the NLP subproblems.

3.3 Excluding
Suppose we solve our MILP relaxation P and find an optimal solution (ξ,λ,y) ∈ P
with cost C. We then use fixing and solve the associated NLP subproblem, finding an
optimum (ξ̃, ỹ) ∈ P (⌈ ξ ⌉,y) ⊆ P , with cost C. If C = C, then we have a certificate
of optimality for our candidate solution (ξ̃, ỹ). On the other hand, if C < C, better
solutions for P might only exist in P \ P (⌈ ξ̃ ⌉, ỹ), since our candidate is optimal for
the NLP subproblem. Therefore, a tighter dual bound than C can be computed by
excluding P (⌈ ξ̃ ⌉, ỹ) from the feasible region of our MILP relaxation.

Let P (⌈ ξ ⌉,y) be defined with respect to P akin to how P (⌈ ξ ⌉,y) is defined with
respect to P in (20), that is, through the imposition of the same fixing constraints.
Then, we have

P \ P (⌈ ξ ⌉,y) ⊆ P \ P (⌈ ξ ⌉,y). (23)
So instead of excluding P (⌈ ξ̃ ⌉, ỹ) from our MILP relaxation P, we can exclude
P (⌈ ξ ⌉,y).

A common way of excluding a given discrete decision from the solution space
is through a no-good cut [36, 37]. Extending such a combinatorial cut to the SOS2
variables results in the strict inequality

n∑
j=1

∑
k∈Ij

(
1−

⌈
ξ
j

k

⌉)
ξjk +

p∑
l=1

{
yl(1− yl) + (1− yl)yl

}
> 0, (24)

which indeed implies precisely the desired result. However, imposing a strict inequality
may lead to unreachable optima and numerical instabilities.
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We propose a weaker cut based on the extended formulation of the SOS2 constraints
using additional binary variables. Consider the extended formulation of the SOS2
constraints in (19). Then, the no-good cut

n∑
j=1

∑
k∈Ij

(
1− ⌈ ξjk ⌉

)
ζjk +

p∑
l=1

{
yl(1− yl) + (1− yl)yl

}
≥ 1 (25)

excludes at least the interior of P (⌈ ξ ⌉,y) from our MILP relaxation. Note that, due to
the SOS2 constraints over each ζj , we restrict the cut to the indices k ∈ Ij for which
ζ
j

k = 0. Nevertheless, differently from the fixing step, the addition of cut (25) to our
MILP relaxation requires the extended formulation of the SOS2 constraints, that is,
the addition of the ζ binary variables to P .

To see the effect of adding cut (25) to the MILP relaxation P , note that its feasible
region can be expressed as

P =
⋃

y∈{0,1}p,

ζj∈SOS2(Ij),j=1,...,n

P (ζ,y), (26)

which is in line with the classic understanding of the feasible region of MILP problems
as the union of finitely many polyhedra. Thus, the no-good cut excludes P (⌈ ξ ⌉,y)
from the union. Because there might be other polyhedra that intersect P (⌈ ξ ⌉,y) at
its border, the cut is only guaranteed to exclude the interior from the feasible region.
However, iteratively solving the relaxation and adding such cuts is guaranteed to
eventually exclude the entire solution space.

Finally, we note that most formulations for the SOS2 constraints found in the
literature [16, 17] can be used with only minor modifications to cut (25).

3.4 The Algorithm
The proposed relax-fix-and-exclude approach is formalized in Algorithm 1. Our algo-
rithm progressively explores the solution space of the MINLP problem P guided by
the solutions of its MILP relaxation P . An optimal solution to P gives a dual bound,
which we use as a stopping criterion. If the criterion has not been met, we construct
the NLP subproblem by fixing the binary and SOS2 variables. An optimal solution
to the NLP subproblem yields a candidate solution and, possibly, a tighter primal
bound. Then, the hyperrectangle containing the feasible region of the NLP subprob-
lem is excluded from the MILP relaxation. An optimal solution to the updated MILP
relaxation yields a tighter dual bound and a new hyperrectangle to explore. Figure 3
illustrates the main steps of the algorithm. A proof of the algorithm’s convergence is
established through Theorem 1.

The algorithm’s guarantees rely on the availability of a global solver for the NLP
subproblem. The fact that the solution found at Line 4 is a global optimum of the
subproblem is what allows us to exclude P (⌈ ξ ⌉,y) from our MILP relaxation and,
thus, guide our exploration of the search space and generate tighter dual bounds.
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We note, however, that this is not such a strong assumption, as although the NLP
subproblem may be nonconvex, it is smooth and bounded. In fact, many contemporary
solvers (e.g., Gurobi [25], BARON [28, 29], and SCIP [30, 31]) already provide global
optimality guarantees for these types of problems, exploiting spatial branch-and-bound
and domain reduction techniques [38].
Theorem 1. Algorithm 1 terminates in a finite number of steps and returns either
(i) ∞, if the problem is infeasible, (ii) −∞ if the problem is unbounded, or (iii) an
optimal solution to P.

Proof. First, we note that the feasible region of the NLP subproblems define an exact
cover for the feasible region of P. More precisely, by the definition of P (ζ,y) in (20),
we have, as already presented in Section 3.3,

P =
⋃

y∈{0,1}p,

ζj∈SOS2(Ij),j=1,...,n

P (ζ,y), (27)

which is a direct consequence of the partitioning induced in the x-space from the
breakpoints B1, . . . ,Bn. To see this, recall that fixing ζ is equivalent to restraining
x to lie in a particular hyperrectangle of Rn defined by consecutive breakpoints (see
Section 3.2). Similarly, the family of sets P (ζ,y) also defines an exact cover for P .

The finite termination of the algorithm is a direct consequence of the exclude step
at Line 9, which guarantees that the same subproblem will never be visited twice.
Putting it into terms, we have that, for any (ξ,λ,y) ∈ P ,

(ξ,λ,y) ∈ P \ P (⌈ ξ ⌉,y) =⇒ ⌈ ξ ⌉ ≠ ⌈ ξ ⌉. (28)

Thus, once the multilinear interpolation implies that our feasible region is bounded,
we will eventually run out of subproblems (or hyperrectangles) to explore, resulting in
P = ∅ and inducing C =∞ at Line 10, which meets the termination condition.

Consider now the case in which the algorithm terminates and no candidate solution
is found, i.e., the algorithm returns C =∞. This implies that the termination condition
of the while loop was met through C = ∞. But for any (ξ,λ,y) ∈ P , we have
P (ξ,y) ⊆ Projξy(P (ξ,y)) and

P \ P (ξ,y) ⊆ Projξy(P \ P (ξ,y)), (29)

where Projξy(·) denotes the projection in the (ξ,y)-space. So, once no feasible solution
was found during the iterations of the while loop, we have a guarantee that P = ∅.

Suppose now the algorithm terminates with a candidate solution that is not optimal.
Thus, there must exist a solution (ξ′,y′) ∈ P with an associated cost C ′ < C. However,
once we assume the NLP solver used in the fix step (at Line 4) has global optimality
guarantees, (ξ′,y′) must not be feasible for any of the NLP subproblems visited. In
other words, it must be true that (ξ′,y′) ∈ Projξy(P (ξ,y)), where P is the feasible
region of the MILP at the termination, i.e., after all exclusions. But then we reach a
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contradiction, as the termination condition implies C ′ ≥ C ≥ C. Thus, the candidate
solution returned by the algorithm must be optimal.
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P P P (⌈ ξ ⌉,y) ⋆ (ξ,λ,y) ⋆̃ (ξ̃, ỹ)

⋆

(a) Before the first iteration, a solution ⋆ for
the MILP relaxation P is computed (Line 2)

⋆
⋆̃

(b) In the loop, at Line 4, the NLP subproblem
over P (⌈ ξ ⌉,y) is constructed by fixing the
integer variables of P with the values of P .
The subproblem is solved to optimality (x̃),
which we note results in a feasible solution for
P.

⋆
⋆̃

(c) The exclude step (Line 9) adds a cut to P
that removes the interior of the hyperrectan-
gle containing P (⌈ ξ⋆ ⌉,y⋆). Note that P is
now an MILP relaxation over the “unexplored”
region of P.

⋆

⋆̃

(d) Finally, a new optimal is computed for P
which is a lower bound of the unexplored

region, and, thus, induces a stopping criteria.

Fig. 3: Illustration of fixing and excluding in Algorithm 1. The orange and blue
regions represent, respectively, the feasible regions of P and P , and the dashed
lines represent the partitioning induced by the look-up table. Points (x,y, ξ,λ) and
(x̃, ỹ, ξ̃, λ̃) represent optimal solutions for P and the subproblem P(⌈ ξ̃ ⌉, ỹ).
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Algorithm 1 The Relax-Fix-and-Exclude algorithm. We assume the availability of
global solvers both for MILP and NLP that return −∞ as cost if the problem is
unbounded and ∞ if the problem is infeasible.

Require: Breakpoints Bj = {x̂k
j }k∈Ij for j = 1, . . . , n, and look-up tables {(x̂, fi(x̂)) :

x̂ ∈ B1 × · · · × Bn} for i = 0, . . . , n.
1: C ←∞ (infeasible)
2: Solve the MILP relaxation: find an optimal solution (ξ,λ,y) ∈ P with cost C
3: while C < C do
4: (Fix) Solve the NLP subproblem: find an optimal solution (ξ̃, ỹ) ∈ P (⌈ ξ ⌉,y)

with cost C̃
5: if C̃ < C then
6: C ← C̃
7: (ξ⋆,y⋆)← (ξ̃, ỹ)
8: end if
9: (Exclude) Add cut (25) to P using ⌈ ξ ⌉ and y

10: Solve the restricted MILP relaxation: update the optimal solution (ξ,λ,y) ∈ P
and the cost C

11: end while
12: if |C| <∞ then return (ξ⋆,y⋆)
13: else return C
14: end if

In Algorithm 1, the relax-fix-and-exclude approach for the MINLP problem has
three potential outcomes:

1. Infeasibility (∞): The algorithm outputs ∞ if either the MILP relaxation is infea-
sible4, or all NLP subproblems are infeasible. Because the union of the feasible
regions of the NLP subproblems are precisely the feasible region of P , the algorithm
returns ∞ if, and only if, the original MINLP is infeasible.

2. Optimal Solution: An optimal solution is reached when the lower bound C from the
MILP relaxation converges to (or surpasses) the cost C of the best-known feasible
solution (the incumbent). This convergence implies that no further improvement is
possible, confirming the incumbent as the global optimum of the problem.

3. Unbounded Solution (−∞): If, at any point, the NLP solution within a fixed region
reveals an unbounded solution (where C = −∞), the algorithm returns −∞,
signifying that the original MINLP problem is unbounded. This outcome occurs
when certain regions yield solutions that are unbounded in the objective due to
either the problem structure or insufficient constraints.

4Assuming that C < C evaluates to false when both variables take ∞.
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4 Oil Production Optimization
Oil Production Optimization (OPO) [39] is essential for maximizing economic gains in
the petroleum industry while adhering to operational and regulatory constraints. Short-
term production optimization focuses on control decisions with a planning horizon from
hours to days, manipulating the production system to achieve an optimal steady-state
operation [40]. Such optimization problems involve the complexities of fluid flow physics
and the subtleties of various artificial-lifting technologies (such as gas-lift systems and
electrical submersible pumps) while addressing the discrete decisions of having multiple
sources [41].

4.1 Problem Statement
The problem’s objective rests on maximizing the oil production of a subsea system
consisting of sources (oil wells), connections (flowlines, pipelines, and manifolds), and a
single sink (offshore platform). Sources and sink establish pressure references: reservoir
pressure, in the case of wells, and separator pressure at the platform on the topside.
Choke valves and lift-gas injection5 increase and decrease (resp.) the pressure at specific
network points. The operators aim to maximize oil production by determining which
wells will be open and which will be closed, the optimal opening of the valves, and the
rate of lift-gas injected into the oil wells, while honoring flow assurance constraints
and maintaining network balance [41]. We refer the reader to Müller et al.[40] for a
recent work on short-term production optimization of complex production systems,
considering flow assurance constraints, flow routing decisions, and multiple artificial
lifting techniques, among other features.

Figure 4 depicts an offshore platform that produces from satellite wells (connected
directly to the platform) and wells connected to a subsea manifold, from which the
mixed flow is transferred by risers to the platform. At the topside, the production is
processed by separators that split the flow into streams of i) water treated before being
reinjected or discarded, ii) oil transferred to onshore terminals by tankers, and iii) gas
which is exported by subsea pipelines, used for artificial lifting or consumed by turbo
generators.

4.2 Vertical Lift Performance (VLP) curve
The Vertical Lift Performance (VLP) curve is a fundamental tool used to model the
pressure drop across various components in an oil production system. It describes the
relationship between the flow rate of fluids and the pressure required to transport them
through these components. The VLP curve encapsulates the complex interactions of
multiphase fluid flow, accounting for factors like fluid properties, gas-oil ratio (GOR),
water cut (WCT), component geometry, and operational conditions. For this reason,
it is often impractical to model VLP curves analytically in optimization problems;
instead, high-fidelity simulations are employed to approximate the complex nonlinear
relationships inherent in multiphase fluid flow within the network. In other words,

5In this work, lift-gas injection is the only artificial lifting method modeled.
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Oil Well
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Fig. 4: Platform diagram based on Müller et al.[40]. The platform coordinates the
production from satellite wells, which flow directly to the platform, and wells connected
to a subsea manifold, which collects the production and then sends it to the platform
through riser pipelines. At the platform, the mixed production is processed by separators
that split the production flow into water, oil, and gas streams.

practical considerations deem the VLP curve a black-box function accessible only
through expensive, single-point evaluations.

In this work, we employ the VLP curve to compute the upstream pressure of a
component as a function of its downstream pressure, the liquid flow rate, the mixture
components (shares of water, oil, and gas), and the rate of lift-gas injected. For a
component c of the system, we formulate the VLP curve as a function:

f c
us : R+ × R+ × R+ × R+ × [0, 1] −→ R+

qcliq, p
c
ds, iglrc, gorc,wctc 7−→ pcus,

(30)

in which qcliq is the liquid flow rate at that component, pcds is its downstream pressure,
iglrc is the injected-gas to liquid ratio, and gorc and wctc are, respectively, the gas-oil
ratio and the water-cut ratio of the flowing mixture. Note that, for every component,
pcds and iglrc are directly controlled. The former is done by opening and closing choke
valves, and the latter by lift-gas injection.

VLP curves are computed for each oil well in the system, taking as reference the
reservoir pressure (pcus) and the pressure at the choke valve just upstream of the nearest
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connection (pcds). Therefore, for satellite wells, which are connected directly to the
production platform, pcds is the pressure at the separator inlet to which the well is
connected, whereas for manifold wells, which are connected to subsea manifolds, pcds is
the pressure at its manifold valve. VLP is also computed for the manifolds to account
for the pressure drop along the riser pipeline, such that the upstream pressure is the
pressure after the wells’ valves, and the downstream pressure is the pressure at the
valve connected to the separator.

4.3 Network Modeling
Let W be the set of all oil wells and M, the set of all subsea manifolds. Further
specializing, let Wsat be the set of all satellite wells (i.e., those that are connected
directly to the production platform) and Wman =

⋃
m∈MWm

man be the set of manifold
wells, where Wm

man are the wells connected to manifold m. Then, the oil production
optimization problem is formulated as

max
∑
w∈W

qwoil

s.t.

wctc = qcwater/q
c
liq

qcoil = qcliq − qcwater

gorc = qcgas/q
c
oil

iglrc = qcinj/q
c
liq

 ∀c ∈ W ∪M (31a)

qmoil =
∑

w∈Wm
man

qwoil

qmwater =
∑

w∈Wm
man

qwwater

qmgas =
∑

w∈Wm
man

qwgas

qminj =
∑

w∈Wm
man

qwinj


∀m ∈M (31b)

pcus = f c
us(q

c
liq, p

c
ds, iglrc, gorc,wctc) ∀c ∈ W ∪M (31c)

qwliq = PIw · (pwres · yw − pwus) ∀w ∈ W (31d)

ym ≤
∑

w∈Wm
man

yw ∀m ∈M (31e)

yw ≤ ym ∀w ∈ Wm
man, ∀m ∈M (31f)
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∑
w∈W

qwliq ≤ qmax
liq (31g)∑

w∈W
qwinj ≤ qmax

inj (31h)

∆pwchoke = pwds − psep ∀w ∈ Wsat (31i)

∆pwchoke = pwds − pmus ∀w ∈ Wm
man, ∀m ∈M (31j)

∆pmchoke = pmds − psep ∀m ∈M (31k)

pcus − pcds ≥ −M · (1− yc)

yc ∈ {0, 1}

}
∀c ∈ W ∪M (31l)

twGL · qwinj,min ≤ qwinj ≤ twGL · qwinj,max

twGL ∈ {0, 1}

}
∀w ∈ W. (31m)

where PIw is the productivity index (PI) of well w, pwres is the reservoir pressure, qmax
liq

and qmax
inj establish the platform’s processing capacity, psep is the separator pressure,

qwinj,min and qwinj,max gas-injection bounds on wells when operating, and M is a sufficiently
large constant. These terms are parameters of the model, which are differentiated from
variables by a monospaced typography.

The objective aims to maximize the total oil production, which promotes economic
gain. All variables are restricted to be non-negative, which is omitted for simplicity.
Effectively, the only decision variables are the lift-gas injection rates qwinj and the
pressure drops ∆pcchoke across choke valves, as all the others are uniquely determined by
assignments of those. Exceptions are the yc binary variables, which determine whether
component c is active (open) or not (closed), and the binary variables twGL that impose
limits on lift-gas injection when a well is operating.

A brief description of each constraint follows:

• (31a) ensures that the mixture fractions correspond to the flow rates in each com-
ponent of the network. However, the relations are modeled with bilinear terms
to avoid numerical problems involving the division operation, e.g., the relation
wctw = qwwater/q

w
liq is modeled as wctw · qwliq = qwwater.

• (31b) models the mixture of the production streaming into a manifold from its
connected wells without flow splitting, which is allowed in very peculiar conditions
[42].

• (31c) defines the VLP curve for each component of the network.
• (31d) is the Inflow Performance Relationship (IPR), modeled here as a linear con-

straint, but could be treated as another black-box function for increased precision
(see, for example, [43]).6

6Considering the approximation of the black-box function pw
us as a multilinear interpolation model, notice

that pw
us = 0 when well w is inactive because the convex combination of well w’s variables add up to yw.
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• (31e-31f) ensure that the manifold is active if, and only if, at least one of the connected
wells is active.

• (31g-31h) implement the platform constraints limiting the liquid production
(separator capacity) and the total lift-gas injected (compressor capacity).

• (31i-31k) establish the pressure relations between the components through choke
valves, ensuring pressure balance.

• (31l) controls the activation (yc = 1) and deactivation (yc = 0) of each component,
ensuring feasibility of the model when the choke valves are completely closed.

• (31m) ensures that, if well w is operating with lift-gas injection (tGL = 1), the
operational limits are respected.

Note that problem (31) can be reformulated to fit the format of problem (1),
enabling the use of our relax-fix-and-exclude algorithm to compute a global optimum.
The black-box functions are the VLP curves pcus(·) that model the pressure drop through
the components, which we approximate using multilinear interpolation. Although (31)
contains linear and bilinear constraints not explicitly present in (1), the former are
trivially handled by the algorithm, and the latter can relaxed in the same way as the
multilinear interpolants, as discussed in Section 3.1.

5 Computational Experiments
For our computational experiments, we consider an oil production optimization problem
on offshore production platforms based on real-world cases from Petróleo Brasileiro S.A.
(Petrobras). We compare our proposed algorithm, Relax-Fix-and-Exclude, with the
Gurobi optimization software [25], the BARON solver [44], and the SCIP optimization
suite [45].

5.1 Problem Instances
We consider nine scenarios (S1-S9) for the oil production optimization problem, each
with a different arrangement of wells and manifolds. For each scenario, we generate
eight random instances by uniformly sampling the problem parameters from realistic
intervals. In all instances of all scenarios, the oil wells have the same geometry. However,
because the each well is drilled at different location of the reservoir, each has a unique
VLP curve.

The VLP curves are computed through a simulation software, which produces the
look-up tables. We consider the GOR and WCT of each well as fixed parameters.
Therefore, the resulting VLP curve for each well w ∈ W has breakpoints sampled
from three dimensions: qwliq, p

w
ds, and iglrw. Each manifold also requires a VLP curve to

model the pressure drop in the pipeline that connects the manifold to the oil platform
(riser), as can be seen in Figure 4. Because the oil-water-gas ratios of the mixture
flowing out of the manifold is a function of the production from the connected wells,
the VLP curve of the manifold must account for changes in the GOR and WCT inputs.
However, we consider that the choke valve downstream of each manifold is always

Consequently, when well w is closed =⇒ yw = 0 =⇒ pw
us = qwliq = qwoil = qwwater = qwgas = 0. Therefore,

constraint (31d) is satisfied with qwliq = 0.
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completely open, such that pmds = psep for every manifold m. In other words, the VLP
curve for each manifold m ∈M has breakpoints sampled from four dimensions: qmliq,
iglrm, gorm, and wctm.

The scenarios are ordered from S1 to S9 by complexity and expected difficulty of the
instances, as can be seen in Table 1. The complexity increase comes from adding more
components (oil wells and manifolds) to the model, which are equivalent to adding
new multilinearly-interpolated black-box functions. In particular, the addition of a
manifold significantly increases the difficulty of the instance, even when compared to
the addition of an oil well, as the manifold functions have an extra domain dimension.

Table 1: Overview of the MINLP problem sizes in our experiments. For
each scenario, eight instances were randomly generated by uniformly
sampling the problem parameters. “Nonzeros” is the number of nonzero
elements in the constraint matrix, indicating the problem sparsity.

Scenario |W| |M| |ξ| |λ| |y| Rows Columns Nonzeros

S1 1 0 50 4000 2 1889 4267 33505
S2 2 0 100 8000 4 3777 8529 67011
S3 3 0 150 12000 6 5690 12791 100542
S4 4 1 255 46000 9 7549 47520 428042
S5 5 1 305 50000 11 9391 51782 461510
S6 6 1 355 54000 13 11149 56044 494886
S7 7 2 460 88000 16 13296 90773 822666
S8 8 2 510 92000 18 14857 95035 855861
S9 9 2 560 96000 20 16681 99297 889303

5.2 Relax-Fix-and-Exclude Implementation
Our algorithm was implemented in Julia [46], using the JuMP library [47] to manipulate
the mathematical programming models. We used Gurobi as the NLPSolver and the
MILPSolver. Note that Gurobi provides global optimality guarantees (up to specified
tolerance) for non-convex quadratic problems, thus fulfilling our algorithm requirements.

We implement the exclusion cut through a custom SOS2 emulation using auxiliary
binary variables, as discussed in Section 3.3. In particular, we emulate the SOS2
constraints using the lambda model [48], also known as convex combination method [16].
This approach has the advantage of not being invasive in the solver’s branching rules,
although it results in larger MILP problems.

5.3 Results and Discussion
In our computational experiments, we measure the performance of the solution methods
in terms of the best solution found within a 1-hour budget. We compare Relax-Fix-
and-Exclude with three widely-used solvers for mixed-integer nonconvex problems:
Gurobi v11.0.3 [25], SCIP v9.0.0 [45], and BARON v24.5.8 [44]. Recall that RFE
requires the MILP relaxation to be formulated with the SOS2 constraints emulated
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through binary variables. Furthermore, Gurobi and SCIP have their own implementation
(native support) of SOS2 constraints, while BARON does not. Thus, to make a fair
evaluation, we consider Gurobi and SCIP with the MINLP problem formulated with
both the SOS2 constraints and the emulation using binary variables. In our experiments
“Gurobi (SOS2)” and “SCIP (SOS2)” indicate the use of the MINLP formulation with
the solver’s native implementation of the SOS2 constraints, while “Gurobi (Bin.)” and
“SCIP (Bin.)” indicate that the formulation of the SOS2 with binary variables was
used. All experiments reported below were performed on a workstation equipped with
a 12th Gen Intel(R) Core(TM) i7-12700 processor (20 cores, 40 threads), 64 GB of
RAM, and running Ubuntu 24.10 64-bit.

The overall performance of the solution methods in terms of instances solved to
optimality within the time limit is illustrated in Figure 5. We notice a significant
performance gap between Gurobi (with either formulation) and RFE, in comparison
to BARON and SCIP. Furthermore, RFE was the solution method capable of solving
most instances within the time limit.
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Fig. 5: Total number of instances solved to optimality by each solution method within
the time limit.

Table 2 shows further details of the number of instances solved within each scenario.
We see that RFE and Gurobi were the only solution methods able to find feasible
solutions to all instances in our experiments. In contrast, BARON and SCIP were deeply
impacted by the addition of a manifold in scenarios 4 to 9, indicating poor scalability
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with the input dimension of the multilinear interpolants, or, equivalently, with the
number of variables in the nonlinear constraints. Furthermore, RFE outperforms Gurobi
in total number of instances solved to optimality mostly due to its better performance
on the most difficult instances (scenarios 7 to 9).

Table 2: Number of instances solved to optimality in each scenario of the oil production
optimization problem, within 1 hour. The value in parenthesis indicates the number of
instances for which the solution methods found at least one non-trivial feasible solution.
All scenarios have the same number of instances (8).

Solver S1 S2 S3 S4 S5 S6 S7 S8 S9 Total

RFE 8 (8) 8 (8) 8 (8) 8 (8) 8 (8) 8 (8) 6 (8) 3 (8) 2 (8) 59 (72)
Gurobi (SOS2) 8 (8) 8 (8) 8 (8) 8 (8) 6 (8) 8 (8) 2 (8) 1 (8) 0 (8) 49 (72)
Gurobi (Bin.) 8 (8) 8 (8) 8 (8) 7 (8) 6 (8) 5 (8) 1 (8) 0 (8) 1 (8) 44 (72)
SCIP 8 (8) 8 (8) 8 (8) 0 (1) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 24 (25)
BARON 8 (8) 7 (7) 2 (3) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 17 (18)

Suppose we restrict ourselves to the easy instances (without manifolds) from
scenarios 1 to 3. In that case, we see mixed results, with Gurobi outperforming RFE
most of the time, while SCIP and BARON are significantly worse than either. Table 3
summarizes these results in columns S1 to S3. Notice that the easier the instance,
the higher the margin that Gurobi has over RFE, particularly through the problem
formulation that uses binary variables. This explains the better performance of Gurobi
indicated by Figure 5 for small time budgets (under 5 seconds). However, the conclusion
is reversed for the larger instances, as shown in Table 3, columns S4 to S6. In fact, if
we take into consideration all instances that both RFE and Gurobi (SOS2) solved to
optimality in scenarios 3 to 9, RFE was on average 52% faster than Gurobi (SOS2).

Table 3: Average time to solve the instances to optimality in scenarios
1 to 6. The result is absent for SCIP and BARON in columns S4 to S6
because those solvers did not find optimal solutions to any instances in
those scenarios. An asterisk (*) indicates that the solver did not find an
optimal solution for some instances of the respective scenario, and the total
time budget was considered for the average in those cases.

Solver S1 S2 S3 S4 S5 S6

RFE 3.13 3.85 7.86 353.30 335.38 313.21
Gurobi (SOS2) 0.83 3.63 17.51 924.85 1571.51* 835.97
Gurobi (Bin.) 0.49 2.14 15.91 1769.34* 2035.02* 2030.69*
SCIP 21.91 241.43 2409.12 – – –
BARON 37.38 1271.03* 3271.66* – – –

In scenarios 7 to 9, for which none of the methods solves all instances to optimality,
we evaluate performance in terms of the average primal-dual gap. Because SCIP and
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BARON did not find feasible solutions to the instances in those scenarios, they are
excluded from the analysis. The results summarized in Table 4 indicate that even when
RFE does not find an optimal solution, the returned candidate solution is still of high
quality. In fact, in all instances of scenarios 7 to 9, RFE terminated with a gap below
1%, significantly better than Gurobi with both formulations. Furthermore, analyzing
all instances in which neither RFE nor Gurobi proved optimality, RFE resulted in a
gap at least 35% smaller, and on average 91% smaller.

Table 4: Percentual gap of the different solution methods in
scenarios 7 to 9. The value shown is the average (maxium)
over all instances.

Solver S7 S8 S9

RFE 0.01 (0.03) 0.12 (0.33) 0.13 (0.57)
Gurobi (SOS2) 3.57 (24.65) 19.27 (49.31) 32.17 (109.65)
Gurobi (Bin.) 9.04 (30.61) 63.28 (229.00) 85.75 (356.28)

We further illustrate this aspect of RFE through two instances from scenarios 7
and 9, for which the performance of RFE and Gurobi is illustrated in Figure 6. In both
examples, RFE takes longer than Gurobi to find a non-trivial feasible solution, but the
solution it finds is already of very high quality (low gap). Indeed, this behavior was
observed in all of our experiments, that is, over all instances, the largest gap observed
for the first feasible solution found by RFE was 1.2%.
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Fig. 6: Lower bound (objective value) progression during the time limit on two large
instances of the oil production optimization problem. Dashed lines indicate upper (dual)
bounds. Markers indicate the first feasible solution found and the optimal (if found).
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6 Conclusions
This paper introduced a novel algorithm for Mixed-Integer Nonlinear Programming
(MINLP) problems involving multilinear interpolations of look-up tables. The algorithm
leverages a piecewise-linear relaxation that defines the convex envelope of the multilinear
constraints, enabling efficient exploration of the solution space through variable fixing
and exclusion strategies. We have provided proof of convergence for the algorithm,
demonstrating that it always returns the optimal solution or a valid statement of
infeasibility or unboundedness.

Our computational experiments on oil production optimization problems demon-
strated the effectiveness of the proposed method, which consistently outperformed
all state-of-the-art solvers. The results show that our algorithm, RFE, not only was
able to provide optimal solutions faster, but also that it is a better heuristic approach
(i.e., when used with a limited time budget) by providing better feasible solutions. On
the instances with one manifold, RFE was able to find an optimum for all of them,
including those that the alternative solvers could not solve to optimality within the
time budget. Further, for the instances with two manifolds, the average gap of RFE
was orders of magnitude smaller than the others. We highlight that these results cor-
roborate our initial intuition that the proposed MILP relaxation is of high quality and
results in a better enumeration of the combinatorial solution space.

While the results are promising, several avenues for future research could further
enhance the performance and applicability of the algorithm. First, the proposed
relaxation can be applied to a broader range of nonlinearities, as it is not inherently
tailored to multilinear constraints. Second, solving the MILP relaxations remains the
primary computational bottleneck, consuming, on average, 85% of the total runtime.
To mitigate this, future implementations could explore methods for reusing solver
information across iterations. For instance, generating warm-starts using incumbent
solutions or recycling parts of the branch-and-bound tree unaffected by exclusion cuts
could significantly reduce computational overhead.

Additionally, we expect the runtime to be considerably reduced by a more effi-
cient implementation of the exclusion cuts over the SOS2 constraints. For example,
implementing the cuts through modifications of the branching rules, exploiting the
classical approach of Beale [49], could result in a more efficient formulation of the
MILP relaxation, as it would have a significantly reduced number of integer variables.

Another approach would be to explore the formulations for SOS2 constraints. The
literature presents multiple alternatives [16, 17] that might suit combinatorial cuts
better than the convex combination, used in our experiments. Furthermore, the entire
problem could admit different formulations based on the choice of representation
of the SOS2 constraints using binary variables. Even using the convex combination,
as in our experiments, additional choice constraints could be used to significantly
reduce the number of continuous variables in our MILP relaxation. More precisely, one
could formulate the problem using only n continuous ξ variables, and 2n continuous λ
variables. That would introduce products between those and the SOS2 binary variables,
which could be handled through McCormick linearization in an extended formulation.
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