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Abstract. In this paper, we are concerned with a worst-case complexity analysis of a-
posteriori algorithms for unconstrained multiobjective optimization. Specifically, we propose
an algorithmic framework that generates sets of points by means of pth-order models regu-
larized with a power p + 1 of the norm of the step. Through a tailored search procedure,
several trial points are generated at each iteration and they can be added to the current
set if a decrease is obtained for at least one objective function. Building upon this idea, we
devise two algorithmic versions: at every iteration, the first tries to update all points in the
current set, while the second tries to update only one point. Under Lipschitz continuity of
the derivatives of the objective functions, we derive worst-case complexity bounds for both
versions. For the first one, we show that at most O(e™®+1)/P) iterations are needed to gener-
ate a set where all points are e-approximate Pareto-stationary, with m being the number of
objective functions, requiring at most O(|X (¢)|e™®+1)/P) function evaluations, where X (¢) is
the largest set of points computed by the algorithm. Additionally, at most O(e?+1)/P) iter-
ations are needed to generate at least one e-approximate Pareto-stationary point, requiring
at most O(| X (¢)|eP+1)/P) function evaluations. For the second version, we get O(e™®+1)/p)
worst-case complexity bounds on the number of iterations and function evaluations for gen-
erating at least one e-approximate Pareto-stationary point. Our results align with those for
single objective optimization and generalize those obtained for methods that produce a single
Pareto-stationary point.
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plexity.
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Complexity of Multiobjective High-Order Algorithms

1 Introduction

In this paper, we consider unconstrained multiobjective optimization problems of the follow-
ing form:

min F(z) := (fi(z),..., fm(@)T, (1)
zeR™
with (possibly non-convex) objective functions f;: R” - R, i =1,...,m and m > 2.

For the solution of Problem (1), where we want to simultaneously minimize a number of
conflicting objective functions, a common approach is represented by the so-called descent
methods. They are characterized by the use of suitable directions that allow all objective
functions to decrease when using an appropriate stepsize. Such a paradigm generates a
sequence of points converging, over appropriate subsequences, to a Pareto-stationary point.

In particular, for first-order descent methods, a steepest descent method was originally
proposed in [11], computing a descent direction by minimizing a first-order model with
second-order regularization. When the gradients of the objective functions are Lipschitz con-
tinuous, the stationarity violation was proved in [12, 13] to converge to zero at a O(k~1/?)
rate and provide a worst-case iteration complexity of O(e~2) to produce an approximate so-
lution with precision € > 0. Extending that approach to the use of higher order derivatives,
a descent algorithm was proposed in [3] where, at each iteration, a descent direction can be
computed by approximately minimizing a pth-order model regularized with a power p + 1
of the norm of the step. Assuming that the pth derivatives of the objective functions are
Holder continuous with parameter 8 € [0, 1], it was shown a worst-case iteration complex-
ity of (9(6_(p+5)/ (p+6_1)) for generating an approximate solution with precision € > 0, thus
yielding to a (9(6_(1’”“1)/ P) worst-case complexity when the pth derivatives of the objective
function are Lipschitz continuous (i.e., 5 = 1).

The above mentioned schemes are able to produce a single Pareto-stationary point. This
may be unsatisfactory when the goal is to approximate the entire Pareto set rather than
computing just a single point. For this reason, several algorithms that build sequences of
sets were recently proposed in the literature [5, 7, 6, 10, 9, 14, 15, 16, 18].

Following this trend, here we design and analyze an algorithmic approach that builds se-
quences of sets of points by means of high-order regularized models. In the proposed scheme,
we are given a set of points X} at every iteration k and, chosen any point in X} (possibly
all), we try to produce new points to be added to the set by minimizing an appropriate model
where the pth-order Taylor approximation is regularized by a power p+ 1 of the norm of the
step. Specifically, to select appropriate values for the regularization parameters, we gener-
ate several trial points using a search procedure that repeatedly increases the regularization
parameters until a dominating point is obtained, that is, such that all the objective values
are lower than the initial ones. A distinguishing feature of our approach is that not all the
trial points computed in that search phase are discarded. Instead, they can be added to the
current set of points if they make at least one objective function decrease.

For this paradigm, we consider two algorithmic versions: at every iteration k, the first
version tries to update all points at its disposal in the current set X}, while the second version
chooses only one point from Xj. Loosely speaking, the two versions meet two different needs:
the first one aims to produce a more accurate approximation of the Pareto front but requires
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a major computational effort in practice. Conversely, the second strategy is more efficient
from a computational standpoint.

Under Lipschitz continuity of the derivatives of the objective functions, for both versions
we derive worst-case iteration and function evaluation complexity bounds for generating a
set of approximate Pareto-stationary points. To the best of the authors’ knowledge, this
represents the first attempt to provide a worst-case analysis for algorithms that generate sets
of points and use high order derivatives.

1.1 Main Contributions

Let us summarize the main contributions of the paper.

1. We devise an algorithmic framework for Pareto front reconstruction in unconstrained
multiobjective optimization using high-order regularized models. Specifically, we give
two algorithmic versions which differ in how the current set of points is updated at
each iteration: while the first version tries to update each point of the set, the second
one—a lighter version—tries to update only one arbitrarily chosen point of the set. As
discussed earlier, these two versions are expected to achieve different levels of accuracy
in the Pareto front reconstruction and different efficiency.

2. For both algorithmic versions, we provide a worst-case iteration and function evalua-
tion complexity analysis for generating a set containing approximate Pareto-stationary
points. Our results show that, for the algorithm that updates all points at its dis-
posal at every iteration, we generate a set where all points are e-approximate Pareto-
stationary after at most O(e™P+1)/P) iterations, requiring at most O(|X (¢)|e™P+1/p)
function evaluations, where X (¢) is the largest set of points computed by the algorithm.
Moreover, to generate at least one e-approximate Pareto-stationary point, we have a
worst-case complexity of O(e®*+1/P) for the number of iterations and O(| X (e)[eP+1)/P)
for the number of function evaluations. For the light algorithm, which is much less ex-
pansive, only the latter type of complexity bounds can be established (i.e., to generate
at least one e-approximate Pareto-stationary point), which are O(e™P+1/P) for both
the number of iterations and the number of function evaluations.

Moreover, we investigate the use of approximate conditions to solve the (possibly non-
convex) high-order regularized models inexactly, thus mitigating the difficulty connected with
its practical solution. Our analysis shows that the complexity bounds remain the same (up
to the constant factors) when approximate minimizers are used.

1.2 Notation and contents

We denote by R the set of non-negative real numbers. Given a vector v € R", we denote by
v; the ith entry of v, while ||v|| denotes the Euclidean norm of v. Given two vectors u,v € R™,
then v < v (u < v) if and only if u; < v; (u; < v;) for all i = 1,...,m. Given two vectors
x,y € R™, we say that x dominates y, and we write z < y, if F(z) < F(y) and F(z) # F(y).
Given a set of points X C R", we define F'(X) := {z € R : z = F(z) for x € X}. The
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volume of a set X C R" is denoted by Vol X. By 1 we denote the vector of all ones of
appropriate dimensions, typically 1 € R™.

The rest of the paper is organized as follows. In Section 2, we recall some concepts on
multiobjective optimization problems and point out some results on quadratically regularized
models. In Section 3, we analyze high-order regularized models. In Section 4, we describe
the proposed algorithmic approach and carry out a worst-case complexity analysis, using
both exact and inexact minimizers of the regularized model. In Section 5, we describe a light
version of the algorithm and give worst-case complexity bounds. Finally, some conclusions
are drawn in Section 6.

2 Preliminaries

In this section we introduce some preliminary material. First, let us recall the definitions of
Pareto-optimality and -stationarity for Problem (1).

Definition 1 (Pareto optimality). A point x* € R™ is said to be Pareto optimum (or efficient)
for Problem (1) if there does not exist x € R™ such that v < x*, that is F(z) < F(x*), with

Proposition 1. Let z* € R™ be a Pareto optimum point for Problem (1). Then, for any
d € R", an index j € {1,...,m} exists such that

V£ (@) Td > 0.

Definition 2 (Pareto-stationary point). A point x* € R™ is Pareto-stationary for Prob-
lem (1) if, for any d € R™, an index j € {1,...,m} exists such that

Vfi(z*)Td > 0.

Now, starting from the above results, we can also give the definition and a characterization
of efficient sets.

Definition 3 (Efficient set). A set of points £ C R™ is said to be an efficient set if every
point x € £ is a Pareto optimum point of Problem (1).

Proposition 2. Let £ C R" be an efficient set for Problem (1). Then, for any x € £ and
d € R™, there exists an index i € {1,...,m} such that V f;(z)Td > 0.

Stronger conditions to characterize the efficient set £ were also given in [8]. Here, accord-
ing to Proposition 2, we give the following definition of a Pareto-stationary set.

Definition 4 (Pareto-stationary set). Let S C R™ be a non-empty set. We say that S is a
Pareto-stationary set for Problem (1) if, for any x € S and d € R™, there exists an index
i €{1,...,m} such that V fi(x)Td > 0.

To measure the quality of a set of points in the image space (i.e., R™) of a multiobjective
problem, it is common to use the hypervolume indicator. Before giving its definition, we
need the following assumption.
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Assumption 1. For alli=1,...,m, and given xog € R", it holds that
—00 < fMN.—inf{fi(x): x € R"},
+oo > fM = sup{fi(z): x € R" and xo £ x}.
Let us also denote fuax := (%, ..., fRaO)T ¢ R™ gnd fo i= (fP0,.. . foin)T ¢ Rm,

Definition 5 (Hypervolume indicator [10, Definition 3.1]). The hypervolume indicator for
some set A C R™ and a reference point p € R™ that is dominated by all the points in A is
defined as

HI(A):=Vol{beR™:b<p andaaeA:agb}:w(U[a,p}),
acA

where [a,p] ={y e R™: a; <y; < p;, i=1,...,m}.

A key result is expressed in the following lemma. It relates the increase of the hypervolume
in the image space when, given a set of points, a new point is added which is nondominated
with respect to all other points of the set.

Lemma 1 ([10, Lemma 3.1]). Lety € Y CR"™ and v > 0 such that
F(y) # F(x) —vl VzeY.
Let the reference point be p = fimax + @l (with a > 0 being sufficiently large). Then,
HI(F(Y U {y}) — HI(F(Y)) = v™,

Note that, under Assumption 1, given the efficient set & C R™ of Problem (1), HI € R
exists such that s
HI(F(£)) < HI < +o0. (2)

2.1 Quadratically regularized models

In this subsection, we give some results on quadratically regularized models applied to Prob-
lem (1), laying the groundwork for the proposed algorithmic framework, which extends those
concepts to higher order models dealing with set of points.

To begin with, given x € R", consider the following problem:

1
. (AT L2
min max Vfi(z) v+ gl (3)

We see that (3) consists of a first-order term with quadratic regularization. It is a strongly

convex problem and has a unique optimal solution, which will be denoted by v(x), that is,

1
v(z) € argmin max Vf;(z)Tv + §Hv||2 (4)

veRn =1,...m

From [11], we get the following result.
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Proposition 3 ([11]). Given x € R",the following holds:
(i) the optimal value of Problem (3) is non-positive,
(ii) x* is Pareto-stationary if and only if ||v(z*)|| =0,

(i1i) the mapping x — v(x) is continuous.

In view of the above proposition, we see that Problem (3) has a twofold role: it provides
an amount of Pareto-stationarity violation at a given point = and, if v(z) # 0, the latter can
be used as a descent direction.

We also note that, if m = 1, then v(z) = —V fi(z), thus reducing to the anti-gradient
direction for single-objective optimization.

Moreover, Problem (3) can be equivalently reformulated as
I?

1
min o+ —|v
(v,)eR7+1 2

st. Vi) lv<a, i=1,...,m.

()

It is straightforward to verify that v is an optimal solution of (3) if and only if there exists
a € R such that (v, «) is an optimal solution of (5). Moreover, for Problem (5), we can define
the Lagrangian function

o o2 ST (Y () T
L(v,a,)\)—a—i—ZHvH +;)\,(Vfl(x) v a)

and give the following KKT conditions:

v+ Y AVfi(z) =0, (6a)
i=1

doai=1, (6b)

i=1

N(Vii@)Tv—a)=0, i=1,...,m, (6¢)

Vi) v—a<0, i=1,...,m, (6d)

A>0, i=1,...,m. (6e)

Let us conclude this section by giving a key result which we will use for high-order models
to analyze the first-order stationarity, expressed in terms of ||v(z)|| in view of Proposition 3.

Lemma 2. Given z € R", let v(z) be defined as in (4). For allu € R™ such thaty ;- u; =1
and u > 0, we have that

[o()]| <

i=1

6
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Proof. Since v(z) is the unique optimal solution of Problem (3), then an optimal solution
of (5) is given by (v(z), a(v(x))), with a(v) := max;—1__, Vfi(z)Tv. Since (5) is a linearly
constrained problem, then the constraint qualification holds and (v(z), a(v(x))) satisfies the
KKT conditions (6a)-(6e) with a mulitplier vector A € R™ (see, e.g., [1]). In particular,
from (6a), (6b) and (6e), we can write

v() ==Y ANVfi(z), > A=1, A>0 (7)
=1 =1

Now, consider the dual of Problem (5), given by

1 2

max ——
AER™ 2

Z AV fi(x)
=1

From strong duality, it follows that ) is an optimal solution for the dual Problem (8). Hence,

2
Z_

2 m
Yu € R™ such that Zuz =1and u>0.
i=1

i=1

i=1

Recalling (7), the left-hand sided of the above inequality is equal to —|v(x)||?, yielding to

the desired result. O

3 High-order regularized models

From an algorithmic perspective, a solution of Problem (3) can be used to obtain a descent
direction for all objective functions (see Proposition 3). Building upon this idea, a steepest
descent method was defined in [11] by moving, at each iteration k, from the current point
xy, along a direction v(xy) computed as in (4) and using a stepsize obtained by a line search
procedure. Under the assumption that V f;, i = 1,...,m, are Lipschitz continuous, a conver-
gence rate of O(k:_l/ 2) for the first-order stationarity violation was proved for such a scheme
n [12], leading to a worst-case iteration complexity of O(e72) to drive the first-order sta-
tionarity violation below a given € > 0. The same convergence rate and worst-case iteration
complexity were then obtained in [13] for a broader class of first-order methods.

Since Problem (3) consists of a first-order term with quadratic regularization, it appears
natural to define a more general framework using models of order p > 1 with regularization
of order p + 1, extending ideas from single-objective optimization [2]. Such an approach
was investigated in [3] under Holder continuity of the derivatives (thus including Lipschitz
continuity as a special case). However, while the algorithm designed in [3] is able to produce
only a single Pareto-stationary point, here we want to define an algorithm able to approximate
the Pareto front.
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Let us assume that, for a given p > 1 and all ¢ = 1,..., m, the pth derivatives of f;,
denoted by VP f;, are Lipschitz continuous with constant L; > 0. Namely,

IV fi(e) = VP fi)llp) < Lille =yl Va,y € RY,

where, using a standard notation (see, e.g., [2, 4]), || - ||y is the tensor norm recursively
induced on the space of pth-order tensors, which is given by

1T = max |T[v1, ... ),
P o= =l l=1 g
with T'[v1,...,v;| indicating the tensor of order p — j > 0 resulting from the application of
the pth-order tensor T" to the vectors vy,...,v;.

Then, given a point x € R™ and a vector of regularization parameters o € R, we can
consider the following problem:

j s
min max Z SV fila Silsl (9)

whereV? f;(x)[s]? stands for V7 f;(z) applied j times to the vector s.
To simplify the notation, given z € R" and o € R?, let us define

mf(z,5) = Z VI fila H P i=1,...,m,
mP(z,s) := max mt(z, s),
i=1,....m

so that Problem (9) can be rewritten as

min mP(z, s).
seR™

We see that each m!(z,s) is obtained by computing the Taylor series T7(z,s) of the
function f;(z + s) at = truncated at order p, then subtracting f;(x) (which is constant with
respect to s) and adding a regularization term of order p + 1. Namely,

g; 3
ml(@.5) = T (,9) = fia) + s i =1m,

where

P
TP (z,s) :== fi(x) + Z jllvjfi(ac)[s]j, i=1,...,m.

Note that, when p = 1 in (9), we recover the strongly convex Problem (3) (up to a constant
in the regularization terms). However, when p > 1, Problem (9) is no longer convex. In the
next result, we highlight that the optimal value of mP(x,s) with respect to s cannot be
positive.
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Proposition 4. Given x € R", let § be an optimal solution of Problem (9). Then,
mf (z,5) < mP(z,0) =0,
that is, mf(z,s) < mf(x,0) =0 for alli=1,...,m.

Proof. 1t follows straightforwardly from the definition of Problem (9). O

Reasoning similarly as in Section 2.1, we can give an equivalent reformulation of Prob-
lem (9) as

min ¢
(S,t)ER""’l (10)

st. mb(z,s) <t, i=1,...,m.

For Problem (10), we define the Lagrangian function as
m
L(s,t,A) =t+ > Ai(ml(z,s) — 1),
i=1
so that the KKT conditions can be expressed as follows:

Z AVt (z,s) =0, (11a)

=1
d =1, (11b)
=1

Ai(mb(z,8)—t) =0, i=1,...,m, (11c)
ml(z,s)—t<0, i=1,...,m, (11d)
A >0, i=1,...,m, (11e)

where VymP (2, s) denotes the gradient of m?(x, s) with respect to s.
In the following result, we point out that a constraint qualification holds for Problem (10),
so that the KKT conditions (11a)—(11e) are indeed necessary for optimality.

Proposition 5. Given z € R"™, let (s,t) be an optimal solution of Problem (10). Then, there
exists A € R™ such that KKT conditions (11a)—(11e) are satisfied.

Proof. Since (s, t) is an optimal solution for Problem (10), using the Fritz-John conditions [1],
there exist Ag, A1,..., A\ € R such that

Z AiVsm; (z,5) =0, (12a)
=1

D X=X, (12b)
=1

)\z(mf(fn, s)—t)=0, i=1,...,m, (12¢)
mf(x,s) —-t<0, i=1,...,m, (12d)
AN >0, i=0,1,...,m, (126)
(Ao, ALy -y Am) #(0,0,...,0) (12f)
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To prove the result, we need to show that A\g > 0 (so that, by dividing each A\; by Ao, the
KKT conditions (11a)—(11e) hold). Reasoning by contradiction, assume that A\g = 0. In view
of (12b) and (12e), it follows that A\; = 0 for all = 0,1,...,m, thus contradicting (12f). [

Let us finally state useful properties of fi,..., fi coming from known results on functions
with Lipschitz continuous pth-order derivatives [2, 4]: for all i = 1,...,m, it holds that

L;
filz +5) =T (z,5)| < gl!sllp“, Vz,s € R, (13)
L, .
MHSHP, Vz,s € R". (14)

Moreover, in the remainder of the paper, we will denote the m-dimensional vector

IVfi(z +5) = VT (,5)] <

T
L= [Ll Lm]
and use the value L™?* defined as follows:
L™ .= max L;. (15)

i=1,....m

4 HOP: a High-Order algorithm for Pareto-front reconstruc-
tion

In this section, we describe the proposed High-Order algorithm for Pareto-front reconstruc-
tion, that is, Algorithm HOP. At each iteration k, we are given a set X}, of mutually nondom-
inated points and we try to update Xj by means of the Regularized Search (RS) procedure.
Specifically, for any non-Pareto-stationary point zp in X, the RS procedure generates sev-
eral trial points by computing (possibly approximate) minimizers of the regularized model
mP (g, s) with respect to s using different regularization parameters. More precisely, we
execute a while loop where we repeatedly increase the regularization parameters associated
with the objective functions that do not satisfy a sufficient decrease condition in the trial
points. The while loop stops only when all the objectives functions satisfy the sufficient
decrease condition, then returning s(xy) such that zy + s(x) < x. Notably, the trial points
produced in the while loop are not necessarily discarded. Instead, any trial point that makes
at least one objective function decrease is considered a candidate to be included in the set
X1 for the next iteration.

Observe that RS procedure initially chooses the vector of regularization parameters in
[01, 04, with o; and o, being vectors of finite positive real numbers. In the remainder of the
paper, we denote

o = max (0y)q,
i=1,....m

oM = min (0y);.
i=1,....m

10
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Algorithm 1 High-Order algorithm for Pareto-front reconstruction (HOP)

1: given Xg C R"

2: set k=0

3: while X} is not Pareto-stationary do
4: set Xk = Xy

5: for all z; € X, do

6: if xj, is not Pareto-stationary then

7: compute Y (xy), s(xg), o(xr) by Regularized Search(zy, Xi)
8: set Xk %XkUY@?k)

9: end if

10: end for

11: set Xp4+1 as the nondominated points in X k

12: set k+ k+1
13: end while

Algorithm 2 Regularized Search(z, X)

—_

: givenn € (0,1), 5 € (0,1) and 0 < (07); < (oy)i <00, i=1,...,m
set j =0, Y/ = X and choose ¢’ € [0y, 0]

N

3: compute a (possibly approximate) minimizer s of m?(z, s) with vector of regularization
parameters ol
: : 7P,
4: while F(z + s/) £ F(z) —n o’ do
. ~ il »
5: if F(z+s') # F(y) —n——0’ for all y € Y/(z) then
4 . b
6: set YItl =Y7i U {x + s/}
7 else
8: set Y+ =Yy
9: end if
10: set 071 such that, foralli=1,...,m,
(O-j)./5 if f.($+8j) > filx) — W(JJ‘).
(Uj+1)i _ i i i n p! i
(07); otherwise
11: compute a (possibly approximate) minimizer s/*! of mP(x, s) with vector of

regularization parameters o7 t!
12: set j<—7+1
13: end while
14: set Y/t =YI U {z + 57}
15 return Y =Y7, s = s/ and 0 = o/

11
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4.1 Using exact minimizers of the regularized model

First, we assume for simplicity that each s/ computed in the RS procedure is a global min-
imizer of the regularized model mP(x, s) with respect to s with vector of regularization pa-
rameters o7, that is,
s’ € argminm®(z, s). (16)
seR™
We now show how to relate the norm of an optimal solution s of mingern m?(zx,s) to
|lv(x + s)||, the latter measuring the amount of first-order stationarity violation at = + s
according to Proposition 3.

Proposition 6. Given any x € R", let 5 € argming pn mP(z, s) with vector of reqularization
parameter o € R''. Then,

_ (p+1)maxj=1,  mo; L™ >
vix+3)|| < . +
lote+9) < ( - e

where v(-) is defined as in (4).

Proof. Let t := mP(x,5). Since § € argmin cpn mP(z, s), it follows that (5,¢) is an optimal
solution of Problem (10). Using Proposition 5, there exists a KKT multiplier vector A € R™
satisfying (11a)—(1le) at (8,t). Using Lemma 2 and the triangle inequality, we have that

lo(@+ 9 < ||> MV iz +5)

i=1

:=§?wmﬁW£HVm@+9VJﬂ%WH a7
’ .

To upper bound the first norm in the last term of (17), using the triangle inequality we can
write

> Xi(Viilx +5) — VTP (x,5))

=1

< Do AVTE(2,5)

> NV TP (x,5)
=1

m

1)o; 1)o;
Z)\i<vsﬂp($,§) MH 5|P~1s MH 5|P~! ) <
i=1 P P!
S (vt + DT st | S A LD - )
=1 ' i=1 ’

N (p+ oy
]+2Apnw<

=1

> Xi(Vemk(z, 5))
=1

(p + 1) maxi;=1,..,m 0;
p!

1517,

12
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where we have used (11e) in the first inequality, while the last inequality follows from (11a)
and (11b). To upper bound the second norm in the last term of (17), using the triangle
inequality we can write

m

> Xi(Vfilx +5) = VTP( H Z)\
=1
<Z/\ H P (19)

(z+38)— VTP (x, E)H

L _

< 2 pap,
(p—1)!

where, in the first two inequalities, we have used (11e) and (14), respectively, while the third

inequality follows from (11b) and the definition of L™ given in (15). Combining (17), (18)

and (19), the desired result follows. O

Remark 1. Proposition 6 guarantees that © € R™ is Pareto-stationary for Problem (1) if
0 € argmin,cg. mP(x, 5) (see item (i) of Proposition 3).

The following Propositions 7-8 show that the while loop in the RS procedure ends after
solving a finite number of regularized models. In particular, for each non-Pareto-stationary
point xp € X, we get s(x) such that z; + s(zp) < xk.

Proposition 7. Given any x € R", assume that o; > (1 —n)"'Li, i = 1,...,m, with
€ (0,1), and 5 € argmin cpn mP(x;s) with vector of reqularization parameters o € R

Then
’ Is[i7+

F(zx+5) < F(x) — '
p!

Proof. Without loss of generality, assume that § # 0 (otherwise,  would be Pareto-stationary

for Problem (1), according to Remark 1, and the result would trivially follow). Consider any

objective index i € {1,...,m}. Define

fi@) = Stz +3)
T7(2,0) — T7(z,5)’ (20)

pi =

Observe that
T7(x,0) = fi(z)
and

_ _ _ L2F - 05—
77 (2,0) = T} (2, 5) = fi(x) = T} (z,5) = —mg(z,5) + p%HSHp“ > jHSH”ﬂ (21)

where the last inequality follows from Proposition 4. Hence, we get

fi(x—kg)—j_'lp(x,g) < fi('x""g)_sz(x?g)

1—pi= — — < —
" —ml(x,8) + (0:/p))||5]PH (oi/p))| 5][PH1

13
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In the last term, the numerator can be upper bounded by (L;/p!)||5/|P*! using (13), leading

to
L;

)

Since, by hypothesis, we have o; > L;/(1 —n), with 1 —n > 0, it follows that 1 — p; <1 —n,
that is, p; > 1. Namely, recalling (20) and (21), we have that

_ (oF .
filz) = fi(z +5) = np%llﬂlpﬂ,
where the last inequality follows from Proposition 4 and the fact that n > 0. O

Proposition 8. Assume that each s’ in the RS procedure satisfies (16). Given a non-
Pareto-stationary point x, € Xy generated at iteration k of Algorithm HOP, the RS procedure
computes o(xy) < max{(6(1 —n))"'L,0.}} such that

Fan + o)) < Far) —n PO o2y
Proof. 1t follows from Proposition 7 and the instructions of the RS procedure. O

Remark 2. For any iteration k and non-Pareto-stationary point xp € X, it follows from
Proposition 8 and the instructions of the RS procedure that

o(zy) < o™ := max{(§(1 — n)) "L L™, gmax}, (22)

Remark 3. The mazimum number of function evaluations ng required by the RS procedure
at every iteration is upper bounded by 1 plus the mazximum number of times we increase the
reqularization parameter for each objective function f;, i =1,...,m. Hence, if each s/ in the
RS procedure satisfies (16), by Proposition 8 we have

R A R Crr e men) | R )

Now we show that, at every iteration k, there is no point = € Xj, such that x < xp+s(xy),
so that new meaningful points can be added to the current set Xj.

Proposition 9. Assume that each s7 in the RS procedure satisfies (16). Given a non-Pareto-
stationary point x), € Xy generated at iteration k of Algorithm HOP, we have that

Is () [P+

F(zy + s(zr)) # F(y) —n »)

U($k), Vy € Xj.

Proof. Since x € X} is non-Pareto-stationary for Problem (1), by Proposition 8 we can

write

s () [[P*

filzg + s(zx)) < filzr) —n o

(o(z)), Vi=1,...,m. (24)

14
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Since, by the instructions of the algorithm, there is no point in Xy \ {z} that dominates xzy,
then, for any given y € Xj \ {x}, an index i € {1,...,m} exists such that

fily) > fi(wy),
which, by (24), leads to

[[s(zp) P+
filzy + s(zx)) < fily) — UT(U(%))%, Vy € Xi \ {zx} (25)
The desired result is thus obtained by combining (24) and (25). O

Using Propositions 6 and 8, we now show that, whenever a new point is added to the set
Y7 (x;,) during the while loop in the RS procedure, the Pareto-stationarity violation can be
related to the decrease obtained in one objective function. Furthermore, by Proposition 1,
this decrease corresponds to an increase in the hypervolume of the set F(Y7(x)). This is
formalized in the following result.

Proposition 10. Assume that each s’ in the RS procedure satisfies (16). Given a non-
Pareto-stationary point xp € Xy generated at iteration k of Algorithm HOP, consider the
jth iteration of the RS procedure invoked with x = x3, and X = Xy. Let o/ (xy) := o7,
§9(zg) == 87 and Y7 (xy,) = YI. If YItY (2y) # Y7 (xy), using v(-) defined as in (4), then

(i) an index i € {1,...,m} exists such that

Filzn) — fi(xp + 7 (z1) > cljo(zy, + &7 (z3)) ]| PTV/P,

(ii) HIF (Y7 () = HICE(Y (20)) > ™ol + 7 o) "0,

min max mazx —(p+1)/p
ci= (ngl )((p+1)a 4 ) (26)

p! (p—1)!

where

and o™ is defined as in (22).

Proof. Since Y71 (x)) # Y7 (xy), from line 5 of the RS procedure (using y = ), we have
that 7 € {1,...,m} exists such that

) 7 p+1 O.min )
i) — flon+ s3(o) 2 0 g 2 Loy, g2n)

Moreover, from Proposition 6 and Remark 2, we can write

R e e R e [ LI

B (CEL R e T
< <(p+ Do L™

p! (p—1)

i@,

15
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that is,

max max —(p+1)/p .
(p+1)0 n L ) "U($k+8j($k))‘|(p+1)/p'

! (p—1)!

Hence, item (i) follows by combining the above inequality with (27), while item (ii) follows
from item (i) and the fact that, from Proposition 1, we have

7 ()| D > (

HI(F(Y* (2y))) = HI(F (Y (21))) > (filar) = folz + 57 (21)))"
O

Remark 4. For any k > 0 and any non-Pareto-stationary point xi € Xy, from Proposi-
tions 9-10 the following holds:

(i) fi(xi) — filzn + s(2z)) > cllo(zy + s(@p)|PHP for alli =1,...,m,
(i) HI(F(Xp1)) = HI(F(X3)) 2 " (o(y + () )7,

In particular, x + s(xy) ensures a decrease for all objective functions since it is the point
produced in the last iteration of the RS procedure invoked with x = xp and X = X.

We are now ready to derive worst-case complexity bounds for Algorithm HOP in two
different scenarios. Namely, we are interested in upper bounding the number of iterations
and function evaluations needed to generate a set X, satisfying one of the following two
properties:

e all points in X} are e-approximate Pareto-stationary, as shown in Theorem 1;

e at least one point zj, € X is such that x;+ s(xy) is an e-approximate Pareto-stationary
point, as shown in Theorem 2.

Theorem 1. Assume that each s/ in the RS procedure satisfies (16). Let e > 0 and, for
Algorithm HOP, define

K! = {k: ||v(zk + s(zx))|| > € for at least one zp, € Xy}

Let NF! be the number of functions evaluations performed by Algorithm HOP up to the first
iteration k ¢ K!. If Assumption 1 holds, then

K| < {HI — HIy __mp+41) /pJ 7

Cm
NF! < np|X(e)| {HI—HIOEm(pH)/pJ ’

Cm

where HI, np and ¢ are given in (2), (23) and (26), respectively, while | X (¢)| := max;_q 7 | Xl
and HIy := HI(F(X)y)).

16
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Proof. Let us consider an iteration r and write

HI(F(X,11)) = HIp = Y (HI(F(Xg11)) — HI(F(X3)))-
k=0

Taking the limit for r — oo and using item (ii) in Remark 4, for any non-Pareto-stationary
x, € X} we can write

HI - HIy > Y (HI(F(Xp11)) — HI(F(X,))
k=0

> vy + s(a)) PP
k=0

> 3 Mok + s(ay) P
keK!

> Z cmemp+1)/p
keK!

- ‘Ké|Cm6m(p+1)/p7

which proves the upper bound on |K/|.

To upper bound N F!, first note that k < |K!|. Furthermore, as pointed out in Remark 3,
the maximum number of function evaluations np required by the RS procedure at each
iteration is given as in (23). Then, the desired result follows by observing that, at any
iteration k, the RS procedure is called at most | X}| times. O

Theorem 2. Assume that each s/ in the RS procedure satisfies (16). Let € > 0 and, for
Algorithm HOP, define

K! :={k: ||[v(zg + s(xy))|| > € for all x), € Xy}

Let NF! be the number of functions evaluations performed by Algorithm HOP up to the first
iteration k ¢ K. If Assumption 1 holds, then

‘K”| < \\(mini_l,n-,m(fi(mo) — fz’mm)>€—(p+1)/pJ

c

mini=1,..m(fi(zo0) — fz‘mm))e(P+l)/PJ

Cc

Ve <o) |

where ng and c are given in (23) and (26), respectively, while X (¢) is defined as in Theorem 1.

Proof. Using item (i) of Remark 4 and the instructions for computing the set X1 at every
iteration k, we can define a sequence {z;} C R"™ such that, starting from any z¢ € Xy, we
have that F(zgy1) < F(zg + s(zg)) and zpy1 € Xgyq for all & > 0. Moreover, still using
item (i) of Remark 4, we have

filwr) = filznrn) = filwr) = filzn + s(ar)) = clo(@r) PP i=1,.m,

17
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where v(+) is defined as in (4). Now, let 2 € {1,...,m} be such that
filzo) = ™™ = min (fi(zo) — f™™).

i=1,....m
Note that f;(z9) — f™ < oo by Assumption 1. Then, for any k& > 0, summing up all the
objective decreases until iteration k, we can write

k k

filwo) = f"™™ > filwo) — filwnrn) = D (filwe) = filwern)) = €D [lo(aern)[PH/P. (28)

(=0 /=0

Letting £ — oo in (28), we obtain

filwo) = "™ = ey Jul@er)|PFVP = ¢ Y (o) [PV > o K|/,
(=0 (eKY

hence proving the upper bound on |K/|.
The upper bound on NF!” can be obtained by the same reasoning as in the proof of
Theorem 1, noting that k£ < |K/|. O

Remark 5. Assumption 1 can be weakened in Theorem 2. Namely, Theorem 2 still holds if
we assume that j € {1,...,m} exists such that f]mm > —00.

From Theorem 1 we see that, to produce a set X; where all points are e-approximate
Pareto-stationary, the maximum number of iterations and function evaluations required by
Algorithm HOP are O(e™®P*t1)/P) and O(|X (¢)|e™P+1D/P), respectively, thus depending on
both the number of objective functions m and the model order p. Interestingly, the depen-
dency on m does not appear in the worst-case complexity bounds to generate at least one
e-approximate Pareto-stationary point, which are O(e®+1/P) for the number of iterations
and O(| X (€)|e®T1/P) for the number of functions evaluations, as stated in Theorem 2. Note
the latter result aligns with the worst-case complexity bounds given in [3] for algorithms that
generate a single point.

4.2 Using inexact minimizers

In this section, we analyze Algorithm HOP assuming, for every iteration k, that sg ap-
proximately minimizes my(xg, s) with respect to s. We will show that, even using inexact
minimizers, we maintain the same worst-case complexity as in the above subsection (up to
constant factors).

Here, given z € R" and a vector of regularization parameters o € R'[", we just require s
to satisfy the following conditions:

mP(z,s) < mP(x,0) =0, (292)

>l <o, (29D)
i=1

[> 2wt @, s)|| < lsl, (20¢)
i=1

18
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with given ¢ € [1,00) and 7 € [0, c0).

We see that (29a) imposes a decrease for m?(z, s), while (29b)—(29c) express approximate
KKT conditions (cf. the original KKT conditions given in (11a)—(11e)). In practice, to obtain
s satisfying (29a)—(29c), we can perform an inexact minimization of mP(z, s) with respect to
s, thus avoiding the issues connected with global optimization.

Then, Propositions 6 and 7 can be reformulated according to the new approximate con-
ditions, leading to the same worst-case complexity bounds (up to constant factors) by the
same arguments used in the previous subsection.

Proposition 11. Given any x € R"™, let § satisfying (29) with vector of regularization
parameter o € R'. Then, for each iteration k, we have that

(p+ 1) max;=1,.m 0 Lmax _
oty g
p! (p—1)!

Jv(z +8)| < [wa(

where v(-) is defined as in (4).

Proof. We can reason as in the proof of Proposition 6, with the only difference being in the
fact that the last term in (18) must be multiplied by 0, in view of (29b), and added to 7||3|?,
in view of (29c¢), while the last term in (19) should be multiplied by ¢, in view of (29b). [

Proposition 12. Given a non-Pareto-stationary point x € R", assume that o; > (1—n)~'L,
i=1,...,m, withn € (0,1), and 5 satisfying (29) with vector of reqularization parameters
o € R, Then,

_ Is|P+t
F(zx+35) < F(z) — '
p!
Proof. Tt is identical to the proof of Proposition 7 (just observing that (29a) is now a condition
on s rather than coming from Proposition 4). O

Remark 6. Replacing Propositions 6-7 by Propositions 11-12, respectively, has only the
effect to generate, instead of the constant ¢ defined in (26), the following new constant:

B O.Zmin (p + 1)0.max [, mazT >:| —(p+1)/p
= + 6 + . 30
‘ (77 p! )P ( p! (p—1)! (30)

Namely, if each s’ in the RS procedure satisfies (29), then the results of Theorems 1-2 hold
with ¢ replaced by c.

5 LHOP: a light version of HOP

Each iteration of Algorithm HOP may be computationally expensive as the RS procedure
needs to be applied to every point in Xj. In this section, we propose a variant called Light
HOP (LHOP) where, at each iteration, the RS search is applied to a single point in the set
X}, rather than to all of them. Note that, in the proposed version, we do not specify any rule
to choose such a point, allowing any user-specified criterion to be applied.

The worst-case complexity bounds for Algorithm LHOP are summarized in the next
result.
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Algorithm 3 Light High-Order algorithm for Pareto-front reconstruction (LHOP)

given Xy C R"
set k=0
while all x; € X} are non-Pareto-stationary do
choose zj, € X},
compute Y (zy), s(x), o(zr) by Regularized Search(xy, Xy)
set Xx4+1 as the nondominated points in X UY (z)
set k< k+1
end while

Theorem 3. Given € > 0, define K and NF! as in Theorem 2. If Assumption 1 holds,
then

ém

K| < {HI — HIy _mp+1) /pJ ’

NFE// <ng {HIA_HIOGm(erl)/pJ 7

Cm

with

é:

c if each s7 in the RS procedure satisfies (16),
¢ if each s7 in the RS procedure satisfies (29),

where np, ¢ and ¢ are given in (23), (26) and (30), respectively.

Proof. If each s/ in the RS procedure satisfies (16), then the proof is identical to the one of
Theorem 1 with K! replaced with K since Algorithm LHOP picks one point zj € X}, at
every iteration k, allowing us to state that

HI(F (X, U {zy + s(a)}) — HIF(Xp)) = ¢(o(ex + s(zp)) )" TP > ementor/e

holds for all k € K” (but note that this is not true for all k € K’). If each s/ in the RS
procedure satisfies (29), then the reasoning is the same as before by taking into account
Remark 6. O

For Algorithm LHOP, we can only provide worst-case complexity bounds for generating
at least one e-approximate Pareto-stationary point. In particular, according to Theorem 3,
the worst-case complexity is O(e™P+1/P) for both the number of iterations and the number
of function evaluations. Hence, compared to the results given for HOP in Theorem 2, the
maximum number of iterations for LHOP is worse since it depends on m, while the maximum
number of function evaluations, although also dependent on m, does not depend on | X (¢)|.
However, recall that LHOP performs a less exhaustive analysis of the points in the current
set X} at each iteration k.
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6 Conclusions

In this paper, we have presented an algorithmic framework for Pareto front reconstruction in
unconstrained multiobjective optimization, which generates a set of points using high-order
regularized models. At every iteration, the proposed scheme uses a search procedure where
several trial points are computed starting from those included in the current set and, if some
conditions are satisfied, the trial points can be added to the current set. We have analyzed
both the cases where the regularized models are solved exactly and inexactly, giving worst-
case complexity bounds. Then, a lighter version of the method has also been investigated
where, at each iteration, the search procedure is applied only to one point of the current set
rather than to all of them.

As a final remark, we would like to emphasize that our analysis does not rely on linked
sequences, which are commonly used when dealing with a-posteriori algorithms for multiob-
jective problems (see, e.g., [6, 10, 17, 18]). Instead, our analysis uses the fact that, whenever a
point is added to the current set, we can relate the Pareto-stationary violation to the increase
in the hypervolume of the set in the image space. This extends a common technique used in
the analysis of algorithms for single-objective optimization and algorithms for multiobjective
optimization that generate a single Pareto-stationary point, where the stationary violation
is typically related to the decrease in the objective function(s).
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