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Abstract

In this paper we extend the well-known L-Shaped method to solve two-stage stochas-
tic programming problems with decision-dependent uncertainty. The method is based
on a novel, unifying, formulation and on distribution-specific optimality and feasibility
cuts for both linear and integer stochastic programs. Extensive tests on three produc-
tion planning problems illustrate that the method is extremely effective on large-scale
instances.

1 Introduction
A two-stage stochastic program can be concisely expressed as

min ¢’z + Ep[Q(x, &)] (1a)

zeX

where X is a subset of R" (potentially finite and countable), ¢ € R™ a known vector, and
€ : Q — RY arandom variable defined on a probability space (Q, 3, ) with distribution P
induced by . Furthermore, given z, Ep[Q(z,&)] = [Z Q(z,§) dP(£), where = is the support
of P, and

Q(w,&) = min{g" y|Wy = h—Tz}. (1b)

represents the cost of second stage decisions y from )} C R™ given a first stage decision z
and a realization ¢ of random variable & which collects the realizations of the random data
of the problem, namely ¢ € R"2, h € R"2, W € R"2*"2 and T' € R™**™ . For given z, Q(z, &)
is a measurable function from (2, %, 1) into the extended real line equipped with the Borel
o-algebra B. The extended real line carries the usual protocol that Q(z,£) = oo captures
infeasibility and Q(x,{) = —oo captures unboundedness.
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A fundamental assumption in problem is that the distribution P of &€ on RY is known
and independent of . This problem has been proven remarkably effective in modeling a vast
variety decision problems under uncertainty. Many, however, do not fall under this umbrella.

In this paper we allow the probability distribution to depend on the decision vector z.
Particularly, we consider a finite (but potentially large) collection (Xy)qep of subsets of X
that defines a partition. That is, Uycp Xy = X and Xy N Xy = 0 for all d,d’ € D,d # d'.
We assume that the membership of = to a subset X; determines a distribution P; on RV
for the uncertainties £&. In other words, the non-trivial relationship between x and the
resulting distribution is piecewise-constant, i.e., different sub-regions of the feasible space
induce different distributions. This implies a finite, but potentially very large, number of
distributions.

The choice of working with disjoint subsets of X" is driven by our conceptualization of the
optimization process. Namely, that the optimizer makes decisions that in turn completely
determine the relevant second stage distribution. If we allow the sets X to intersect, such a
determination can not be made and one is potentially left with the situation of modeling that
the optimizer explicitly chooses the relevant second stage distribution. We do not believe
such a process reflects the role optimization plays in real-world decision making. That said,
if one is able to uniquely determine the relevant distribution for each point in a non-empty
intersection, we believe our method applies with minor modifications. However, we do not
address this issue in this paper.

We define 1, : X — {0, 1} to be the characteristic function of X;. Namely, 1,(z) = 1 iff
x € Xy, 0 otherwise. Given this notation, in this paper we focus on the following stochastic
program with decision-dependent uncertainty

min ¢z + Y 14(2)Ep,[Q(z, )] (2)

TEX
deD

Observe that x — >, 14(x) = 1. This follows from the fact that the collection (Xy)aep
is a partition of X. That is, the problem can be viewed as a type of disjunctive program
[4]. Observe that in ([2)) infeasibility is tolerated (i.e., Q(z,§) = oo with probability larger
than zero) under distributions other than the one enforced by x. We assume the problem is
bounded from below.

Problem leaves sufficient freedom to model a large variety of configurations. For
example, the subsets X; may be convex polyhedra specifying, e.g., admissible ranges of values
on individual components of x. If X is a subset of the n;-dimensional integers, subsets X; may
represent subsets of discrete choices, specific combinations, arrangements, permutations, etc.
The resulting distributions P4 may in turn be parametrized by a function 6 : {0,1}/Pl — RP
where P is the number of parameters of P;, or even assume a different functional form
over the different subsets &X;. Furthermore, in situations where the distribution is explicitly
parameterized by the decision vector, e.g., 6 (x), this formulation allows approximating the
distribution using some reference set of parameters in each subset, e.g., 6 (z,) for some
Tgq € Xd, deD.

An example of an application that can be modeled as Problem ([2)) is a production planning
problem in which an organization seeks to determine expected profit-maximizing production
volumes in the presence of uncertainty in both supply and demand. Uncertainty in supply
is endogeneous and depends on choices regarding the combination of facilities that produce



and the respective production volumes. More generally, such a problem is similar to those
studied in the literature on lot sizing with random yields [33]. We will return to a similar
problem in Section [

The primary contribution of this paper is an extension of the classical L-Shaped and Inte-
ger L-Shaped methods to efficiently solve problem (2)). As the relevant second stage distribu-
tion depends on first stage decisions, underlying the method is the idea of distribution-specific
feasibility and optimality cuts, which we derive and prove. The overall method is general
but the form of such cuts depends on the nature of the second stage problem, Q(z,¢&). In
particular, we demonstrate how such cuts can be formulated depending on whether Q(z,§)
forms a linear or a mixed-integer linear program. Furthermore, we propose inequalities that
are distribution-independent and may speed up convergence. Beyond proving theoretical
convergence of the proposed method, we demonstrate computationally on three variants of a
production planning problem that it significantly outperforms a state-of-the-art benchmark.

The remainder of this article is organized as follows. We begin by summarizing the
relevant literature on stochastic programs with endogenous uncertainty in Section [2, We
then introduce the method in Section [3] In Section [4] we introduce three production plan-
ning problems we use in the computational study presented in Section [5} Finally, we draw
conclusions in Section [Gl

2 Literature and contribution

According to [9] there exist at least two ways in which decisions can determine the nature of
uncertainties. The first possibility is that decisions determine the time when the uncertainty
is resolved. A typical example is provided by [3]. An oil company has to decide which gas
reservoirs to explore and when. Exploration is performed by installing drilling equipment.
The size and quality of the reservoirs is uncertain. The uncertainty is resolved only after
the sites have been explored. Stochastic programs of this kind are studied in a number of
articles including [B, 27, 28], 6], 10, 23] 291 3].

The second possibility — which is of interest in this paper — is that decisions alter the
probability space underlying the random variables, hence their distributions. The method-
ological landscape for this type of problems is sparser. One of the first approaches dates back
to [26] who consider a Markovian random process whose transition probabilities depend on
the decision variables of the optimization problem. The author provides an algorithm that
converges with probability one. Later, [I8] consider the case where decisions influence both
the probability measure and the timing of the observation. Their framework includes both
two- and multi-stage problems. Nevertheless, the decisions that have an impact on the un-
certainty are entirely made at the first decision stage. As in the case described in this article,
the authors assume that the set of probability measures which can be enforced by decisions
is finite and countable. The authors show that the problem can be recast as choosing the
best among the stochastic programs determined by a choice of a distribution and propose an
implicit enumeration algorithm. In a similar framework, [24] considers multi-stage problems
and extends the model of [I8] by allowing decisions at all stages to determine the probability
measure for the later stages. The author provides a new scenario tree structure and mathe-
matical formulation that avoids explicit statement of non-anticipativity constraints which are



typically linked to model size growth, see e.g., [3, 15, [16]. Furthermore, the author provides
an exact solution method for a special case. Considering two-stage stochastic programs, [12]
and [I3] discuss several ways of modeling the interplay between the decision variables and the
parameters of the underlying probability distributions. Particularly, the authors formulate
two-stage models where prior probabilities are distorted through affine transformations, or
combined using convex combinations of several probability distributions. Furthermore, the
authors present models which incorporate the parameters of the probability distribution as
first stage decision variables. Practical applications of problems with endogenous uncertainty
can be found in [II, BT} [7, 25, 20} 1], B0, 8, 14, 2T]. We do not discuss these papers in detail
for sake of brevity.

In this article we focus on stochastic programs of the second kind. The contribution of
this article is twofold. First, we propose a general-purpose model for two-stage stochastic
programs with decision-dependent uncertainty. Particularly, we are interested in the case
where there exist finitely many distributions that can be enforced by the choice of x. Sec-
ond, we provide a general purpose exact algorithm which extends the well-known L-Shaped
method. Particularly, optimality and feasibility cuts are derived for problems which may
include integer variables at both stages.

This article extends the available literature in several ways. In [12] [13] given reference
discrete distributions are transformed by first stage decisions through affine transformations.
Hence, their approach can handle all the (infinitely many) discrete distributions that may
materialize as an affine transformation of the given reference distributions. We use a different
approach. On the one hand, we restrict ourselves to finitely (though potentially combinato-
rially) many distributions. On the other hand, each one of these distributions is arbitrarily
dependent on z. In particular, our model allows for arbitrary mappings of (subsets of) first
stage decisions to probability distributions. When the number of probability distributions
is naturally finite, our model is exact. This is the case, in particular, when the underlying
distribution depends only on specific finite features of the first stage solutions, x. When X
is countable and bounded, our model is always exact.

The problem we study is in line with the work of [18] and [24] in that the set of potential
probability distributions enforced by first stage decisions is finite and countable. In particu-
lar, in [I8] the authors propose an implicit enumeration algorithm which relies on computing
and storing bounds for each choice of a probability distribution. As the authors acknowledge,
this solution strategy is viable only when the set of probability distributions is small. As will
be more evident in Section [4.1] this may in general not be the case in large scale problems.
To overcome these methodological limitations, we extend the L-Shaped method by deriving
novel distribution-specific optimality and feasibility cuts. The method is generally applicable
to stochastic programs, possibly with integer variables at both stages.

3 The L-shaped method for problems with endogenous
uncertainty

In this section, we adapt the L-Shaped method to provide an exact algorithm for problem
. As part of that adaptation we derive new distribution-specific optimality and feasibility



cuts. We note that the operations of the proposed method are based on the assumption
that problem is feasible and bounded from below. We treat, separately, two important
cases. The first case, discussed in Section [3.1] is when ) C R™. In the second, discussed
in Section , Yy C Zn2 x R”g, nd +n2 = ny. For each case we show there are familes of
functions, 7 = {F,..., Fipi},O = {O1,...,Opp}, that induce constraints such that the
following is an equivalent reformulation of .

i%i;? c'r+p (3a)
fa(z) <0 Vfal-) € Fa
reX, = {Od(x) < 1 You() € O, Vd € D (3b)

Namely, given an optimal solution (z*, %) to (3)), z* is optimal for (2)) and p* = 3" ;. La(z*)Ep,[Q(z*, )]
We refer to the set Fy as a set of distribution-specific (to d) feasibility cuts and show that
Fq is finite. We show the same for the set of distribution-specific optimality cuts, O,.
Similar to the classical L-Shaped method, we consider subsets 74y C F4,Oq € Oq4,d € D
of each set of functions and formulate the following Relazed Master Problem (RMP).

{Eréié{} x4 p (4a)
Ja(z) <0 V() € Fa,
reXy; = {Od(x)SMVOd(')G&- (4b)

A high-level overview of the steps the method executes at an iteration is presented in
Algorithm . At iteration i, the method solves problem formulated with sets F?, 0%, to
obtain the solution (z%, ‘). We note that, at the initial iterations, without a valid lower
bound for u, it may be necessary to exclude p from optimization and set its value to oo to
prevent unboundedness. The method then identifies the distribution d* enforced by z*. Next,
the method checks whether 2% yields second stage feasible subproblems under distribution
d'. If it does not, the method identifies a feasibility cut from Fy \ Fi; and adds it to Fi '

If the feasibility check is passed, the method moves on to assess the accuracy of u’, the
estimate of expected second stage costs. To do so, it computes the expected second stage cost
Ep ,[Q(2",&)] under the distribution d* enforced by 2. If the approximation 4 is lower than
this expected value it identifies an optimality cut from Og \ O%, and adds it to Of;l. If the

optimality check is passed, the solution z* is provably optimal and the method terminates.

We note that the method described in Algorithm [I]is amenable to well-known enhance-
ments of the classical L-Shaped method. For example, as is defined over subsets of F and
O it is a relaxation of (and hence (2))). Hence, its objective value provides a lower bound
on the optimal objective value to . Also, we note that when z* passes the feasibility check,
c'zt + Ep , [Q(a%,€)] is an upper bound on the optimal objective value to ([2). The method
may then terminate when the gap between the two bounds falls below a pre-defined thresh-
old. Furthermore, the implications imply that is a MILP. Therefore, Algorithm
can be invoked at nodes in a branch-and-bound procedure that solves (d), see [19].

The following sections present appropriate familes of functions F, O for different classes
of second stage problems. For the sake of generality and ease of exposition, the constraints




Algorithm 1 L-Shaped Method for ([2))

1 < 0, solved«false
while not solved do
Solve (). Let (2", ") be its optimal solution
Identify d* € D such that z* € X
if 2’ is second stage infeasible then
Add a feasibility cut from F \ Fi; to .7-:’;1
else if u' < Ep ,[Q(z",§)] then
Add an optimality cut from Oy \ (’)_Z to %
else
solved<—true
end if
141+ 1
end while

based on those functions are expressed with indicator functions, 14(z). Note, however, that
a direct implementation of such indicator functions may require a large number of binary
variables (at least |D]) in (). At the end of the section we will show how, under rather
general conditions, the implications x € Xy = fy(x) <0 and z € Xy = o04(x) < p can
be modeled using fewer binary variables.

3.1 Continuous second stage

In this section, we consider the case in which the second stage problem can take the form of
a linear program. Namely

Q(z,§) = rynzig{quWy = h—Tux}. (5)

The validity of the proposed optimality and feasibility cuts require the following assump-
tion.

A1 For each d € D, the uncertainty & has discrete distribution Py = Zse Sy Tsalg, SUp-
ported by =5 = {&14,. - -,£sa} Wwhere Ay is the Dirac measure that assigns total mass to
realization &4 for s in the set of scenarios S; and 7,4 is the probability of realization
&sq under distribution d € D.

When £ has a continuous distribution, assumption A1l can be satisfied by means of
a discretization technique. In what follows, we begin by introducing distribution-specific
feasibility cuts for problems without complete recourse. We then continue by introducing
distribution-specific optimality cuts.

3.1.1 Distribution-specific feasibility cuts

When complete recourse is not present, the method must be augmented with a technique for
generating feasibility cuts to ensure convergence. We next define, for all d € D and s € &,



the set
Keq = {IL‘ € Rn1|3y >0: Wy = hgg — Tsdl'}.
In words, K4 contains values of x such that the corresponding subproblem for scenario s of
distribution d is feasible. Relatedly, we define for all d € D, K; = ﬂse Sy K.q. This allows us
to define relatively complete recourse more precisely as X' C (),cp K4 and complete recourse
as Kqg = R™ for all d € D. Observe, that we rule out the possibility that K; = () given that
we assume problem is feasible.
To define feasibility cuts, we make, in addition to Al, the following assumption.

A2 For all d € D and s € §,, there exists a constant Uy, < oo such that

Ugs > max  min 17wt + 1w Wy +w™ —w™ = hyge — Togex}
z€EX y€R+2,w+,w_€R+2

where 17 = (1,...,1) € R™,

The quantities Uy, enable the definition of feasibility cuts that are distribution-specific.
Namely, they are binding only for first stage solutions that induce the same distribution for
which they were generated and redundant otherwise.

Theorem 1. Let (z¥, u¥) be a solution to that induces distribution d* such that ¥ ¢ Keqv
for some s € Sgo. Then, solution z¥ violates inequality

(pv)—r(hsdv — Tsdvx) S Ud”s(l - 1dv(l’v)) (6)
where p is an optimal solution to the the dual of

W(z", Eeqv) = min {lTwJr + 1w Wepy +w" —w™ = hyge — Tygoa'} (7)

yGRj_2 awt w— GR:?2

Proof. We note that W(x" &) is a feasible problem and that z¥ ¢ Ky implies that
U(z? Esqv) > 0. Letting p¥ be an optimal solution to the dual of W(z", &qv), we have that
(Y, Eqr) = (0°) T (hsgr — Tuge®) > 0. In turn, given that 14 (2%) = 1 we have

(2", &av) = (p") " (hsar — Toavz”) > 0 = Ugos(1 — Lgo ("))
as required. N

The following theorem shows that the proposed feasibility cuts are safe, in the sense that
a cut generated for a solution x" to is satisfied by solutions (2!, u!) to , for which
x! # 27, and the subproblems are feasible in the distribution enforced by x'.

Theorem 2. Let (', ') be a solution to ([{A)) such that z* € Kg. Then, solution z' satisfies
inequality
(pv)T<hst — Tsdvl') < Ud“s<1 — 1d“ (gj))

where p¥ is an optimal solution to the dual of V(x",E&qv) for some solution x¥ to and
S 6 de.



Proof. We consider separately the cases in which d' # d¥ and in which d' = d°.
When d' # d*, we have 14 (z') = 0 and inequality (6] reduces to

(pv)T(hSd“ - Tsd”:p) S Ud”s

Consider the set Ry := {p € R™ !pTWsd <0,-1<p< 1} so that p¥ € argmax . _, {p" (hsgo—
Tsqrx”)}. Then we have

(pv)T(hSd” - Tsdel) S preana)d(U pT<h5dv — Tsdva:l)

-
<max max hegv — Tsgv®
~ 2€X pER v p (hs )

= max min {1Tw" + 1w : Wy +w™ —w™ = hyge — Togea}
z€X yeR"2 wt w—eR’'2
+5wT +
SUd“s

Hence, the inequality is satisfied.
When d' = d°, as 2! € K we have 2! € K, = Kyqv. Consequently,

\D(xl’ésd“) = min {1TU}+ + 1w™ : Wy + wt —w™ = hyg — Tsdvxl} =0

yeR 2wt w—eR’?
By strong duality of ¥(x!, £,40) we can write
0= \Ij(xlafsdv) = (pl)T(hsd“ - Tsd"xl)

where p! is an optimal solution to the dual of W(z!, &,q0). As p' is optimal for the dual while
p' is feasible we have, as required, that

Udvs(l — 1dv(ﬂfl)> =0= \I](Q:l7£sdv) = (pl)T(hsdv — Tsdvxl) Z (pU>T(hde — Tsdvxl>
[

The following proposition shows that the method will deliver second stage feasible solu-
tions within a finite number of iterations.

Lemma 3. There exist only finitely many cuts @

Proof. This follows immediately from the finite number of distributions D, finite number of
realizations Sy for all d € D, and finite number of extreme points p in the feasible region of

the dual to ¥(x, &) for all s € Sy and d € D. O

3.1.2 Distribution-specific optimality cut

The following proposition introduces a distribution-specific, duality-based, optimality cut.
The validity of this cut relies on the existence of a constant U that satisfies the following
inequalities.



A3 There exists a constant U such that co > U > maxyep Uy — mingep Lg where

Us > max D maQ(x, €a)
SESy

Ls < Q{Iell)g Z TsdQ(2, &)
s€Sy

We note that such a U exists when the second stage problem is bounded above and below,
when feasible.

Theorem 4. Let (z¥,u") be a solution to and d° € D such that x* € Xp. Assume
¥ € Kgo and that p* < Qgv(x¥) with

de(mv) = Z ﬂ-sdQ(Ivagsd”)

SESqv

Then, solution (x¥, u¥) violates inequality

p> Y e (p2) (haar — Tear) = U(1 = Lao(x)) (8)

SESv
where p? is an optimal solution to the dual of Q(x", Esqw).

Proof. Since p” < Qgv(x¥) we can write

/JJU < Qd“ (xv) - Z 71-sd“cg(xva’fsd“)

SES v
= Z T sdv ((pg)—r(hsdv — Tsdvx))
SES v
= Z T gdv ((pZ)T(hsdv — Tsdvx)) — U(l — 1dv (Iv))
SESv

where the second equality holds by strong duality of Q(x", &) (recall that ¥ € Kyv) and
the third equality holds since 14 (z") = 1. O

Theorem 4| introduces an optimality cut that renders infeasible in a pair (z%, u")
whenever ¥ does not hold the correct expected cost conditional on zv. It is well-know that,
given d, Qq(z) is convex and piece-wise linear, see e.g., [32]. Furthermore, > _ s, TsdPs(Nsa —
Tyqx) defines a supporting hyperplane to the epigraph of Q4(x) at V. The last term in the
optimality cut ensures that the cut is effective only when = enforces distribution d°.

Having established that the inequality renders the current solution (z¥, u¥) infeasible, we
next prove that the inequality is satisfied by solutions (!, '), 2! # %, such that p! does not
under-estimate expected second stage costs.



Theorem 5. Let (2!, ') be a solution to ([4]) such that 2' € Kgu and for which u* = Qu(z!).
Here d' € D is such that x* € Xy. Then, solution (!, u') satisfies inequality

12 S (0) T (haae = Do) = U(1 — 1n(a)) 9)
SES v

where p? is an optimal solution to the dual of Q(z",&sqv) and d¥ the distribution enforced by
some solution =V to (4.

Proof. There are two cases to consider. The first, d' # d, reflects when the distribution
enforced by solution z! is different from the distribution enforced by the solution ¥ for which
the inequality was generated. The second, d' = d’, is when the two distributions are the
same.

When d' # d° we have

/,(/l 2 Z T gdv ((pg)T<hsdv — Tsdvxl)) —-U

SESv
= Z T gdv ((pg)T(hsdv — Tsdvl'l)) — U(l — ld” (Q?l))
SESqv

where the inequality holds due to the definition of U, since

S <<pg>T<h3du - Tsdvx’>> <max 3 Qe Eur)

SES v SES v

and

p=Qu(x') > Ia'-%l)f(l Z Tsa QT Esar)

SGSdl

and the equality holds since the case implies that 14.(x!) = 0.
When d' = d” we have, given that p! is an optimal solution to the dual of Q(z',&,4),

Ml = Z 7T-sdl62<xl>£sdl) = Z 71-sd“Q(xlugsd“)

Sesdl sEde
—_ Z T sdv <<pi>—r<h5d” — Tsdvxl)>
SESv
> Y ((ﬁ;)T(hsdv —Tsdvx@)
SES v
= 5 it () (e = ) ) = U1 = L)
SES v

The second equality holds because the distributions d’, d¥ are the same. The third equality
holds due to strong duality of Q(z!,&,z). The inequality follows from dual optimality of p'
and dual feasibility of p. The last equality holds as 14 (2!) = 1 (') = 1. O

Lemma 6. There exist only finitely many optimality cuts (8)).

Proof. This follows immediately from the finite number of distributions D and from the finite
number of extreme points p in the feasible region of the dual to Q(x,&) for each &. O

10



3.1.3 Reformulation

In this section we present a reformulation of in terms of the feasibility and optimality
cuts just proposed. We also prove the validity of this reformulation. Namely, that an optimal
solution to this reformulation can be used to derive an optimal solution to with the same
objective function value.

The reformulation is as follows

T
min ¢ T+ p (10)

Usa(1 — 14(2)) > (09) " (hea — Tsgz) Yd € D, s € Sy, 0" € F3,
p> Y waalpl) (hea — Tugr) — U(1L = 14(x)) Vd € D, p" € Oy.

SESy

where F3 is the set of extreme points of the polyhedron {o : oW, < 0,-1 < ¢ < 1},
P’ = (pY)ses,, O3 is the set of extreme points of the polyhedron {p : pWes < gsa}, Og =
Ol x 02 x -+ x 0% "and U,y and U are defined as above. We note that, given Lemma
and Lemma [0, there are a finite number of feasibility and optimality cuts used to define this
formulation.

Proposition 7. An optimal solution (x*, u*), z* € Xy of induces an optimal solution
x* to of value ¢ x* + p* and p* = Ep . [Q(z*,&)].

Proof. The proof can be obtained by contradiction. First, assume that the solution z* to
is such that z* ¢ Kg. In other words, for the relevant distribution d*, xz* induces
an infeasible subproblem for some scenario s € Sy-. However, by Theorem (1| this implies
a feasibility cut of the form @ can be generated and added to , contradicting the
premise that is formulated with all such (finitely many) cuts @ Next, suppose pu* <
Y dep La(*)Ep, [Q(z*,&)] = Ep,. [Q(2",&)] = Qa-(2*). However, by Theorem W this implies
an optimality cut of the form can be generated and added to , contradicting the
premise that is formulated with all such (finitely many) cuts. O]

Theorem 8. Assume 1s feasible and bounded. Then the L-Shaped algorithm with distribution-
specific cuts converges to an optimal solution in a finite number of iterations.

Proof. The observation that there are a finite number of cuts of the form @ and , coupled
with Proposition[7], provides a sufficient condition for the convergence of an L-Shaped method
that iteratively adds, and does not remove, cuts of those forms to . O

3.2 Integer second stage

In this section, we consider the case where the expected second stage cost may take an
arbitrary form. That is, given z, the quantity Qq(x) = Ep,[Q(z,£)] can be computed. A
case of practical interest is when the second stage problem takes the form of a Mixed Integer
Linear Program (MILP), that is

Q(z,€) = lfnyin{qT yWy=h—Tz,y € Y} (11)

11



and ) imposes integrality restrictions on at least one second stage variable. As such, duality
theory is not available to generate the cuts presented above for the case of a continuous
second stage. The following assumption is required for both the optimality and feasibility
cuts proposed in this section.

A4 x ={0,1}m.

In other words, the first stage decision variables that have an impact on second stage costs
must take on binary values. Relatedly, both inequalities rely on identifying the set Z" =
{i € {1,...,n1}|z¥ = 1} for solutions z" to ().

3.2.1 Distribution-specific feasibility cut

The inequality we present in this section can render any solution infeasible in , including
those that induce an infeasible second stage subproblem of the relevant distribution. As for
the case of continuous second stage problems, we define for all d € D and s € S; the set

Ksqg = {x eERMIy e : Wy =h,— TSZL'}.

Similarly, for all d € D, we let Kq =)
solutions z¥ & Kgv.

Ksq. We then generate cuts of the form for

SESy

Theorem 9. Let z¥ be a solution to ({]). Then solution xV violates the following inequality.
oai= Y wm< T -1 (12)
iezv i¢Tv

Furthermore, the inequality is satisfied by any x* # x*.

Proof. As x} =1Vi€I" and z} = 0 Vi € Z", we have that

>l @ =T
€TV i¢Tv

Thus, x" violates the proposed inequality.
Next, consider a solution z! # z%. As either 3i € Z" such that ! = 0 or 3i € Z° such
that 2! = 1, we always have that

in - in <|Z°|.
i€z i¢Tv
[

Observe, however, that unlike cuts @, cuts of type (12) only render infeasible a single
solution.

12



3.2.2 Distribution-specific optimality cut

We next propose an optimality cut that renders infeasible a solution (z*, 1*) such that u* does
not correctly estimate expected second stage costs. To derive optimality cuts for this case
we extend the optimality cuts for integer stochastic programs [19], which rely on assumption
A4 and A5 introduced next.

A5 There exists a constant U such that oo > U > maxgep Lg — mingep Ly where Ly <
minxeX ZSESd ﬂ_sdQ(xv 55)

The optimality cut is as follows.

Theorem 10. Let (z¥, ") be a solution to for which p’ < Qg (x¥). Then, (z¥,u")
violates the following inequality.

> (Qqv(2%) — Lgv) (Z ri— ) x) (Qav(3") — Lav) (JZ°| = 1) + Lao — U (1 — 140())
1€LY 1¢IY

(13)
Proof. For x = z¥ we have 14 (") = 1 and the inequality reduces to
(Qdu Ldu (Z XT; — Z Z’Z> Qd” ) — Ldu) (lIv| — 1) -+ Ldv
€IV ¢TI

Following Proposition 2 in [19] for = z¥, the right-hand-side reduces to Qg (z"). Hence,
the inequality is violated given the premise that p” < Qgv(x?). O

The following proposition shows that the inequality is not violated by solutions (z!, u')
such that u! does not under-estimate expected second stage costs.

Theorem 11. Let (2!, i) be a solution to ({) for which u' = Qa(z'). Then, (2!, u!) satisfies
optimality cut generated for some V¥, x¥ # .

Proof. We again consider the cases d' # d* and d' = d° separately.
When d' # d° we have 14 (z!) = 0 and the inequality reduces to

p > (Qar(z”) = Lav) (Zx _Zx> (Qae (") = Lav) (I7°] = 1) + La» = U
1€LY €IV

Letting (Z°)° represent the complement of Z° to Z we have that

—@) <Y at- ) @i <IT -1

i€zv ¢ TV
Given this, the inequality reduces to u! > a + L4 — U wherein « is such that
—(Qu(a") = La)(|Z| = 1) S a <0
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By subtraction of U the inequality is always satisfied, even for a = 0.
When d! = d°, given that 2° # 2! we have 14 (2!) = 1 and the inequality reduces to

> (Qav (") = Lav) (Z Tp — Zl’ > (Qaw (") = Lav) (IZ°| = 1) + Lav

€LY 1¢Zv

Then, the inequality becomes i > a+ Lgo which, given the definition of Lgv, and that o < 0,
is always satisfied for distribution d". O]

3.2.3 Reformulation

In this section we present a reformulation of in terms of the feasibility and optimality
cuts just proposed for the case of second stage problems that take the form of MILPs. We
also prove that an optimal solution to this reformulation can be used to derive an optimal
solution to with the same objective function value. The reformulation is as follows.

ném c'r+p (14)
ZSBZ Z$Z<|I” Vd € D,z" € X; \ Ky,
1€LY 1¢TY
> (Qav(x¥) — Lgv) (Z T — Z xz>
1€LV ¢TIV
— (Qar (") — La») (IZ°] = 1)
+ Lgv —U(l—ldv(x)) VdGD,Jiv e X;NK,.

Given assumption A4 that X = {0,1}", the following result holds.
Lemma 12. There exists only finitely many cuts and .

Proof. We first observe that |X'| < 2™". We next note that there can only be one cut
for each solution in X that does not induce an infeasible second stage problem and one cut
for each solution in X that does. Thus, there can be at most 2™ cuts in total. O

The analog of Proposition [7| and Theorem [§ for the case of second stage subproblems
that are MILPs can be proven in a similar manner to those results. This in turn proves
that an L-Shaped method that iteratively adds cuts of the form and /or and does
not remove them will ultimately produce an optimal solution to (2)) as well as a proof of its
optimality.

3.3 Master problem formulations

An indicator function 1,(x) can be represented in by extending it to include binary
variables d4, Vd € D, as well as adding constraints that ensure z € X; <= §4 = 1.
This approach may be inconvenient in applications where the number of distributions |D] is
exponential in the size of the problem, as the ones we present in Section [l We will now show
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that, under two sets of general conditions, it is possible to formulate (4] and, consequently,
the cuts without indicator functions 14(z). The first set of conditions is when the x variables
can be continuous or integer. The second set of conditions is when the x variables are binary.

Consider the case in which X = {# € K™|I'! < a2 < b,i=1,...,m} with a; € R™,
I € R and K € {R,Z}. In addition, assume that for i = 1,...,m, there exist constants
1V and b9 for j = 1,...,J such that I** =" and 0"/ = b° and [I¥,6Y] N [1¥",09') = 0, 4,5 €
{1,...,J},7 # 5. That is, each product a; x may be in at most one out of J disjoint boxes.
Let variables v;; € {0,1},i=1,...,m, j = 1,...,J indicate in which box the product a; x
falls, that is

19 < aiT:L’ <P = vy =1

Relatedly, we let the function gGi,d) : {1,...,m} x D — {1,..., J} return the index j
such that X, = {{%0) < qlz < bW90D j =1 .. m}. Then, given the variables v;; and the
function j(i, d), the 1mphcat10n ‘v € Xd —> " can be enforced by rewriting, e.g., (§), as
follows

m
n = > Z 71-sdps sd sd:r Z 1,5 ( Zd

SESy =

Here, if all the bounds implied by distribution d apply, the last term becomes zero,
otherwise it reduces to an upper bound. This approach allows us to reformulate with
m.J binary variables v instead of the |D| = J™ binary variables d4. In a similar manner it is
possible to rewrite cuts @ and .

Consider now the case in which X = {0,1}". Then each X; C X is itself a finite
collection of points. Recall that the sets X; form a partition of X. Let 0 = n® < 1 <
n < n® < ... < @ = n; be integers that split the decision vector = into 7' > 1
segments (xn(o)—i-lv c. ,ZEnu)), (l’n(l)_H, C ,l’n(z)), ceey (:L’n(T_1)+1, c. ,:En(T)). Consider a set ICt
of exhaustive conditions that may verify in segment ¢ (see the example in Appendix . We
have |D| = I, |K;| and we let k(t,d) be the condition that must verify on segment ¢ for x
to be a member of X;. Then Xy = {z € {0,1}" |1 xpaq)(x) =1, =1,...,T} where 1;;(x)
is an indicator function that takes value one if condition k is verified on segment ¢, zero
otherwise. Then, let vy, € {0, 1} take value one if and only if condition k € K, on segment ¢
holds. We can rewrite (§)) as follows

,u>Z7rsdps sd — Tsa) ( Zﬂtktd>

SESy

In a similar manner it is possible to rewrite cuts (6]) and (L3)). Thus, we use O(T" x max; |K;|)
variables vy, instead of the |D| = IT, |K;| variables d4.

3.4 A numerical example

We next present a numerical example to illustrate the steps performed by the proposed
method. Consider the following two-stage stochastic program

min x—l—Zld x)Ep,Q(z,§)
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z>0

in which the random variable £ follows one of two discrete probability distributions, P; and
P>, depending on which of the sets X7, X5 contains the value of x. These distributions are
presented in Table 1| along with the definitions of the sets X, X5. Each distribution contains
exactly two realizations. Relatedly, we let 1,(z), 15(x) denote the characteristic functions
of X, Xy, respectively. (Observe, that this problem could be trivially solved by solving two
ordinary stochastic programs over X; and X, respectively. However, we believe its simplicity
is useful in an illustrative example).

Table 1: Probability distributions for &.

Pi:xe X = [05,3] Py:xe Xy = [35, 10]

517. T, ‘ 52’. ..
4 0.7 10 0.3
12 0.3 18 0.7

Regarding the recourse function, we have

Q(z,&) rgigo{y1+2y2|y1+y2 >2+x,y > & —a}
1,Y2-

Ty
In terms of the general notation used in wehave h =2 &7, T=[-1 1]T, W = E (1)}

and ¢ = [1 2]". One can observe that Q(x,€) is convex and piecewise linear. It also admits
closed form solution. Namely,

§—u, if 2 <(§£-2)/2

Q(xvf):{aj_|_27 if x> (£—2)/2

The recourse function Q(z) = Y.5_, 14(x)Ep,Q(x,£) is depicted in Figure .

One can also observe that Q(z,€) is a linear program and thus the proposed method will
generate valid inequalities of the form p > > ¢ 7 (0°) T (hage — Togvz) — U(1 — Lgo(x))
that were presented in Section[3.1] The data elements p! represent extreme points associated
with the feasible region of the dual of the second stage problem for scenario s of distribution
d’, which is as below.

Q(r,§) =max (2+z)p1 + (£ — 2)p2
p1+p2 <1
p2 <2

p1,p2 = 0.

The value U in these valid inequalities is an upper bound on the greatest difference between
the largest and smallest values of the recourse function across the potential distributions. In
our case U = 12.5 is a safe value.
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To formulate the RMP we let d; denote whether or not z € X;. We observe that the
implication of the domain of x implied by the §; variables can be modeled with the constraint
0.501 + 3.502 < x < 3071 + 1062. We can thus formulate the initial RMP as follows

min =+ p (15)
0.50, + 3.505 < = < 36, + 1065, (16)
01+ 00 =1, (17)
91,02 € {0, 1}, (18)
p > 0. (19)

Iteration 1 At this iteration, the solution to RMP is (x, i, d1,92) = (0.5,0,1,0). Asz € A},
the method solves subproblems associated with distribution P;. We observe that Q(.5,&,1)
and Q(.5, & 2) have the same optimal solution to their duals, which is (py, p2) = (0,1). The
cut generated is

0> 64—z —12.5(1 -0, (20)

which is depicted in Figure [TD]
Iteration 2: At this iteration the method solves the RMP — along with the constraint
to find the optimal solution (z, i, d1,d2) = (3.5,0,0,1). As z € Ay, the method solves
subproblems associated with distribution Py. We observe that (3.5,&1) and Q(3.5,&s2)
have the same optimal solution to their duals, which is (p1, p2) = (0,1). The optimality cut
generated is

1> 15.6 — 2 — 12.5(1 — 5y) (21)

which is depicted in Figure [Id
Iteration 3: At this iteration the method solves the RMP - along with to find
the optimal solution (z,p,d1,02) = (3,3.4,1,0). Given that z € AXj, the method solves
the subproblems Q(3,&11) and Q(3, &1 2) associated with distribution Py. The optimal dual
solutions are (p1, p2) = (1,0) for the first scenario and (pi, p2) = (0, 1) for the second. The
optimality cut is

p> 5+ dr—12.5(1—8y), (22)

which is depicted in Figure [1dl

Iteration 4: At this iteration the method solves the RMP — along with to find
the optimal solution (z, i, d1,d2) = (1,5.4,1,0). By evaluating the subproblems associated
with distribution P; the method can conclude that this solution is optimal.

In this example, the method converged having generated only one inequality to approxi-
mate Ep,Q(z,&). In other words, with only one optimality cut the method was able to rule
out the possibility of X containing the optimal solution. As we will see in Section [5], this
behavior is not unique to this example. Namely, we will see that the method often generates
fewer than two inequalities per distribution.

3.5 Distribution-independent valid inequalities

The proposed extension of the L-Shaped method requires adding to the master problem
distribution-specific inequalities. We next present a class of distribution-independent valid
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Figure 1: Recourse function and cuts added.
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inequalities. These are, in general, not tight and do not guarantee convergence when used
alone. However, they may provide non-trivial lower bounds that facilitate convergence.
Recall that the recourse function of is defined as

Qz) = Z 1a(2)Ep,Q(z, sa)-
deD
The following proposition paves the way to a set of distribution-independent valid inequali-

ties.

Proposition 13. For all x € X it holds that

Q(‘I) 2 Z Z ’/Tded(xa fsd)

deD seSy

where, for given d and s € Sy, Lz, £,q) is the linear programming relazation to the following
integer programming problem

d . T
e = min T
Q&) yeYV,r>0,6€{0,1} (s

Wy = hgg — Tsq
0=1 <= xz€ X,
T—y <0
T—Y6<0
T—y—Y§>-Y

where Y € R"™ is such that Y >y (element-wise) for all y € Y.

Proof. Under assumption Al we have
Q(r) = Z 1a(z) Z TsdQ(, §sa) = Z 1a(z) Z Tsd mei{)l{qudMWsdy = hsa — Tsaz}
deD €84 deD sesq !

Having 1,(x) > 0 for all z and d € D, by homogeneity we can move it inside the minimization
problem obtaining

Q) =Y 7w ryrleig{q;fiyld(w)ledy = hsg — Tsaz} (23)

deD seSy

Let us refer to the new minimization problem as Q4(z,&,). Inside each Q%(z, &sq) the 14(x)
can be implemented by a binary variable § such that 6 =1 < x € X;. We obtain

d . T
S - 5 S - hS - TS ,6 — ]. X 24
Q% (x,&a) yeyr’gg{loyl}{qsdy Wiy = hsa — Toax = rE X} (24)

Observe that ¢ is determined by x.
The bilinear terms in the objective can be replaced by their McCormick envelopes [22].

We obtain

d . T
) = 25
QY (w, &) ey 0 G (25)
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Wsay = hsqg — Toax (26)
§=1 < z€X (27)
F—y<0 (28)
T-Y6<0 (29)
T—y—Yd>-Y (30)

It follows that, for all z € X

Q) =) ) maQUw, &) 2> > maaLl (2, &)

deD seSy deD seSy
where the inequality holds because Q%(x, &,q) > Lé(x, £4q) for all z, d and s. ]

Next, let V¥, be a subgradient to L%(z,&,) at z¥. Proposition and convexity of
L(x,&4q) in 2 suggest adding cuts

1230wl ) + (Vi) (@ — o) (31)

deD seSy

generated from L%(-,-) upon visiting solutions z¥ to (4). These cuts support the recourse
function from below and create a convex lower envelop to Q(x).

Observe that cuts , while general, require solving one linear program for each d and
for each s. Under specific assumptions, we can generate distribution-independent inequalities
by solving one subproblem per distribution.

Proposition 14. Assume Q(z,&), hence Lz, &), are convex in £. Then, for all v € X

Qz) > Lz, Ep,[¢)

deD
Proof. The result follows immediately from Jensen’s inequality. n

This result allows us to solve only one subproblem per distribution instead of |S,|. Hence,
(31)) reduces to

pz Yy LYa" B [€]) + (Vi) (& — ") (32)

deD

where VY is a subgradient to L%(z,Ep,[£]) at x.
Another opportunity for generating distribution-independent cuts involves examining the
scenarios themselves to see if they meet certain criteria.

Proposition 15. Assume there ezists & = (4, W, T, iz) such that Q(x,é) < Ep,Q(z,&) for
all z € X and d € D, where Q(x,&) is a linear program. Let p¥ be an optimal dual solution

~

to Q(zv,&) for some z¥ € X. Then
Ep, [Q(2',€)] > (") (h — Ta')
for all 2 € X.
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Proof. Consider 2! € X which yields d'.

EP Z 7Tsdl ) gsdl )

s€S
>Q(a!,6) = (") " (h = Ta') > (p") " (h — Ta")
where p' and p¥ are, respectively, optimal and feasible to the dual of Q(z?, 5 ). n
Proposition [15] justifies adding valid inequality
p> (p")" (h—Tx) (33)

from z”, if the optimality test fails. Compared to Proposition [13] Proposition requires
solving only one additional linear program at every iteration. However, it requires the
existence and identification of a scenario f , which might not be trivial. Next, we describe a
special case where this task is simplified.

Definition 1. For all x € X the function Q(z,£) : RN — R is said to be monotone non-
decreasing/non-increasing if for all i =1,...,N, gwen and fized & =¢ €R forj €
{1,...,N}\ {i}, the functions Q(x, (&, ..., &7 & ¢+ .. &N)) : R — R are monotone

non-decreasing/non-increasing.

Proposition 16. Assume Q(z,€) is convex and monotone non-decreasing in & for allr € X.

szszder& = mingep Ep, [£] where the minimum is taken component-wise. Then § satisfies
the definition in Proposition [15,

Proof. Let x¥ € X be arbitrary and d" the corresponding distribution. Then

Ep,[Q(«",€)] 2 Q(2",Ep,[¢]) 2 Q(2",€)

Where the first inequality holds by by convexity and Jensen’s inequality and the second by
monotonicity and by definition of &. O]

4 Application of proposed method to production plan-
ning

To assess the computational effectiveness of the proposed method, we apply it to three vari-
ants of a production planning problem under both endogenous and exogeneous uncertainty.
While all three variants possess the properties required by the proposed framework, each
presents a different computational challenge with respect to the solution of the second stage
subproblem. We note that many of the concepts and notation are common across the three
variants. We introduce these when introducing the first variant. When presenting the second
and third variants we only discuss how they differ from the first.
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4.1 Production Planning Problem - Variant 1

A manufacturer can produce a product at one or more facilities /. When there is demand
for a unit, it can be sold at price P. When there is not, it can be sold at price O < P. The
manufacturer seeks to determine how much to make at each facility f € F, given a per unit
cost of production, C.

For each facility f, the manufacturer chooses a production level [, from a set Ly, that
defines a production volume range Ly, Ug]. We presume that the set £ includes a level
[ such that Ly = 0. Furthermore, we assume that for all f € F we have [Ly,;,,Us;,] N
[Lf,127 Uf,lQ] = () for all l,l5 € £f.

When planning production, the yield at each facility, and the cumulative demand of
finished goods for the product are uncertain. We let & = (Yy,,..., Y, ,D) denote an

RMI+1 random vector representing the uncertain yield at the different facilities, Yy, and the
cumulative demand, D. The yield at a given facility can also depend on the production
levels chosen.

We let D denote the set of joint distributions of yields and demand. However, as uncer-
tainty in demand is exogenous, its marginal distribution is identical for all distributions in
D. For each facility f, and distribution D, there is a map I(f,d) : F X D — UserLy that in-
dicates the production level at facility f required for distribution d € D. It is necessary that
the production level indicated by the map [(f,d) is chosen for each facility f for probability
distribution d € D to accurately represent uncertainty in yields. Observe that the resulting
number of distributions is |D| = e #|Ly|.

We further assume that each probability distribution is either discrete or can be ade-
quately represented by a finite number of scenarios. We let S; represent the set of scenarios
in distribution d € D. Associated with scenario s € S; for distribution d € D we let 7y
denote the probability that it occurs. Regarding yields at facilities, we let Y4 represent the
realization of the yield at facility f under scenario s € S, of distribution d € D. We let Dy
represent the realization of the demand under scenario s € S; of distribution d € D.

To model the problem under consideration, we let z; > 0 represent the amount of
raw materials, quoted in terms of finished goods, allocated to facility f € F. We let binary
variable y¢; equal 1 if production level I € Ly, is chosen at facility f € F and 0 otherwise. The
binary decision variable §; represents whether distribution d € D should be used to describe
yield uncertainties. Decision variables x := (7y)ser, ¥ := (Ys1)rericc, and § := (64)aep are
first stage decision variables.

min Z Cray — Z 04 [ Z TsaQ(, §5d)] (34a)

fer deD SES,

st Y yp=1 Vf e F, (34b)
lEﬁf

> Lyyp <z <Y Upyp VfeF, (34c)
leﬁf leﬁf

> yrara) = | Flda Vd € D, (34d)
feF
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zp =0 Vf e F, (34e)
yn €{0,1} Vfe Fle Ly, (34f)
6a € {0,1} Vd € D. (34g)

The objective seeks to maximize expected profit. Here, Q(x,&,q) represents the
revenue earned by selling inventory under realization £y of yield and demand. Constraints
@ ensure that a production level is chosen for each product at each facility. Constraints
34d) ensure that the amount allocated to a facility falls within the bounds defined by
the chosen production level. Constraints ensure that the choice of production levels
enforces the appropriate distribution.

Once yield and demand information have materialized through a scenario s € S; for the
distribution d € D indicated by d;4 = 1, the decision maker makes second stage decisions
concerning sales. The continuous variable w defines the amount of product that is sold at
“full” price P while the continuous variable o represents the amount of inventory that is sold
at the discounted price, O. For d € D and s € S; the second stage decision problem is as
follows.

Q(z, &) = max {Pw + Oo

w+0:ZYdexf,w §D3d} (35)
fer

The constraints limit the amount of inventory that is sold by how much is available given
the yields. Furthermore, the amount of inventory that is sold at full price is limited by by
the demand realization.

4.2 Production Planning Problem with Per-unit Transportation
Costs - Variant 2

This problem is like the one just discussed, except that demand for finished goods occurs
in different locations. Thus, for this variant, the first stage decisions are the same as in
problem . However, the second stage problem is different as we must determine to which
customer locations finished goods should be transported to meet demand.

We let Q denote the set of locations wherein demand can occur. Hence, £ is now an
RI1+1Ql random vector. We let Dsq represent the demand realization for finished goods in
location g € Q given distribution d € D and scenario s € S;. We also let Hyy, f € F,q € Q
represent the per-unit cost associated with transporting units from facility f to demand
location gq.

We let the continuous decision variable wy, denote the amount of finished goods trans-
ported from facility f € F to demand location ¢ € Q and of the amount of inventory left at
facility f. The second stage problem is as follows.

Q(x,&a) =max Y > (P — Hywsy+ Y Ooy (36a)
fEF q€Q JeF
waq+0f :stdl’f Vf e F, (36b)

qeQ
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waq < Dysa Vg e Q, (36¢)

feF
07 >0 VfeF, (36d)
wgy >0 VfeF,qe Q. (36e)

4.3 Production Planning Problem with Batches and Per-vehicle
Transportation Costs - Variant 3

Finally, we consider a variant of the problem that differs in two ways from those previously
presented. First, production decisions in the first stage are made in terms of batches as
opposed to continuous amounts. Second, while we again presume demand for finished goods
occurs in different locations, we now presume that transportation costs are paid on a per-
vehicle basis.

We presume a set of potential production amounts, By for facility f € F, at most one of
which must be chosen. Associated with batch b € By is a batch size Q)5y. We let the binary
variable zg, € {0,1} denote whether batch size b € By is chosen for facility f. As in the
previous variants, we assume probability distributions are determined by production levels.

min Z Z CbefZL’fb — Z 5d [ Z WsdQ(ZE, gsd)] (37&)

feF beBy deD sESy

sty ap <1 VfeF, (37b)
bGBf
doun= Vf e F, (37¢)
lEEf
Z Luyn < Z Qurx g, < Z Unyn VfieF (37d)
lEEf bEBf lE[:f
> 5,=1 (37e)
deD
> yricra) > | Floa Vd € D (37f)
fer
zp € {0,1} VfeF,be By (37g)
yp € 40,1} VfeF,lecL; (37h)
5q € {0,1} Vd e D (370)

Let K be the capacity of the vehicles and Gy, the cost of a vehicle traveling from facility
f € F to customer location ¢ € Q. Thus, we define integer decision variables v, that model
the number of vehicles that travel from facility f € F to location ¢ € Q. The second stage
problem is as follows.

Q(z,&sa) = max Z (Z(owq — Gyqvpg) + OOf) (38a)

feF \qeQ
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s.t. waq +o0r = std Z Qbfl'fb VfeF, (38b)

qeQ beBy

> wrq < Dyu Vg€ Q, (38¢)
feF

wee < Kvg, VfeF,qe Q, (38d)
or >0 VfeF, (38e)
wpy >0 VfeF,qeQ, (38f)
vy, €ZF VfeF,qe Q. (38g)

5 Computational study

To assess the effectiveness of the proposed, general, method we use it to solve instances of
each variant of the production planning problem presented in Section We compare the
performance of the method with an off-the-shelf optimization solver solving instances of the
extensive linearized form of the three variants of the problem. The linearized versions are
obtained by linearizing the bilinear terms in the objective functions using [22, 2]. In Appendix
we present the linearized extensive form of the first variant. Linearized extensive forms of
the other variants are similar.

We begin this section presenting the instances used in the experiments that form the basis
of our computational analyses and the computational environment in which the experiments
were run. We finish the section by discussing and analyzing the results of those experiments.

5.1 Instances

All instances underlying our computational study are randomly generated, albeit with a
process inspired by a motivating industrial application. Thus, we will next describe the
parameter values used when generating those instances. We note that the parameter values
defining an instance of the second or third variants include the parameter values required by
the first. We also note that all instances are available upon request.

We recall that there are two primary parameters, |F| and |L£y|, that (partially) define
a set of instances for all three variants. Regarding the first parameter, for the first variant
we consider instances that contain between two and seven facilities. For the second and
third variants we consider instances that contain between two and five facilities. Regarding
the second parameter, each facility has the same number of production levels, which ranges
from two to five. For the second and third variants there is another parameter, which is the
number of customer locations, |Q|. In all instances of variants two or three we considered five
such locations. Finally, for the third variant another parameter is the number of production
batches, |B|. In all instances of variant three we considered five batches.

Regarding the economics underlying the instances, the cost C'y of manufacturing in facility
f € F was randomly drawn from the range [60, 80]. The price P at which product is sold was
randomly drawn from the range [125, 185]. As such, the expected gross margin on products
sold is 54%. Finally, the revenue O recovered from left-over inventory was randomly drawn
from the range [15,40]. Note this ensures that in each instance there is a loss on products
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Table 2: Average sizes of the linearized extensive forms by variant for
the smallest and largest number of distributions.

# variables # int. variables # constraints
Variant | D| min max min max min max
V1 4 410 40,010 8 8 813 80,013
V1 78,125 78,90,667 781,328,167 78,160 78,160 15,703,154 1,562,578,154
V2 4 2,414 240,014 12 12 4,313 430,013
V2 3,125 4,703,155 468,765,655 15,650 15,650 7,815,646 781,253,146
V3 4 4,422 440,022 2,022 200,022 8,313 830,013

V3 3,125 8,609,425 859,390,675 3,921,925 390,640,675 15,628,146 1,562,503,146

manufactured but not sold at full price. Turning to transportation costs, we randomly
generated distances in miles between between each facility and each customer location based
on a uniform distribution over the interval [75,300]. Per-unit costs, Hys,, f € F,q € Q,
were computed based on those distances and a cost of $0.10 per mile. Per-vehicle costs,
Gyq, f € F,q € Q, were computed similarly albeit based on a per-mile cost of $1.55.

We next discuss the scenario generation process. We first recall that associated with each
instance of any of the three variants there are |D| = Iljc#|L| distributions. The number of
distributions in our instances for variant 1 ranged from 22 = 4 to 57 = 78,125. For variants 2
and 3, as those instances consist of at most five facilities, the number of distributions ranged
from 22 = 4 to 5° = 3,125.

For the uncertainty in production yields, we consider a single joint distribution for each
combination of production levels at different facilities. This joint distribution is composed
of marginal normal distributions truncated at 0.25 and 1.0, with different parameters at
different facilities as well as at different production levels within the same facility. Generally
speaking, we considered individual yield distributions such that for a given mean, the larger
the production level the smaller the standard deviation in production yield. Demands were
also presumed to follow a normal distribution. In the case of variants 2 and 3, in which
demands occur at customer locations, we presumed the demand distributions at different
customer locations were independent. However, the mean of the distribution varies across
customer locations.

Scenarios were generated by random sampling from the given joint distribution. We
considered S = 5, 10, 15, ..., 45, 50 scenarios per distribution. As a result, an instance
consists of STl;ex|L¢| scenarios. Table [2] reports statistics on the size of the extensive lin-
earized formulations of the three variants for the smallest and largest number of distributions
considered.

For all three variants we define a class of instances by the triplet (||, |£|,S), wherein
Ll = |L| Vf e F. We note that for each variant we generate five instances for each class.
In total, we consider 880 instances of the first variant, 800 instances of the second, and 800
instances of the third.
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5.2 Computational environment

All code supporting both the proposed method presented in Section (3| as well as solving the
extensive linearized versions is written in Java. All optimization models solved by that code
were done so using CPLEX 20.1 [I7]. The proposed method was implemented in a branch-
and-benders-cut-type fashion. Namely, the relaxed master problem is solved by a branch-
and-bound-based method and inequalities generated at nodes of the tree at which integer
solutions are found. We also note that when solving instances with integer second stage
problems (e.g. (11))) we also solve the linear programming relaxation of the subproblem in
order to generate duality-based cuts . We note that the three problem variants considered
have relatively complete recourse and thus feasibility cuts need not be generated.

All tests were performed on computing nodes equipped with 40 CPUs and 188 GB mem-
ory. However, no parallelization techniques were used when executing our L-Shaped algo-
rithm for any of the three variants. Each of those experiments was run using a single thread.
However, when solving extensive linerized forms, CPLEX was configured to use its default
deterministic parallel search strategy for the branch-and-bound method, which used up to
32 threads. In all experiments we used an optimality tolerance of 0.0001 and a time limit of
1,800 seconds.

5.3 Performance of the L-shaped method

We compare the performance of two methods. The first is the proposed extension of the
L-shaped method, which we label LS in the subsequent tables. We note that we initially
report results based on experiments in which the distribution-independent valid inequalities
presented in Section were not used. We end this section with a study of their impact.
The second method involves solving the extensive linearized forms with CPLEX, which we
label CPLEX in the subsequent tables. To compare the computational effectiveness of the
two methods we focus on four statistics. The first is the percentage of instances that method
could solve to the desired tolerance and within the given time limit. The second is the
average time, in seconds, that method required to solve those instances. The third is the
average optimality gap reported by the method at termination for the instances it could not
solve, but for which it completed without exceeding the memory limit. The fourth is the
percentage of instances for which the method terminated because it exceeded the memory
alotted. We report these statistics, by variant, in Table [3]

We see that while solving the deterministic equivalent with CPLEX was fairly effective
for the first variant, it solved less than half the instances of the second and third variants.
Further, CPLEX exceeded the alotted memory when solving many instances. Finally, when
CPLEX did not exceed the alotted memory, it reported optimality gaps over 30% for the
instances it did not solve.

The proposed method was able to solve all instances of variants 1 and 3 and 96.25% of
instances of variant 2. For the instances the method could solve, it required, on average,
less than six minutes to do so. We further note that all the instances of variant 2 that the
proposed method did not solve were instances involving 3,125 distributions. Unlike CPLEX,
the proposed method rarely required more than 1 megabyte of memory during its execution.
We conclude from these results that the proposed method is superior to the benchmark, at
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Table 3: Comparison of methods on three variants. Optimality gaps

are computed as 100 - (|best_primal — best_dual|)/|best_dual|.

% of instances | Average time | % unsolved | % unsolved | Avg. gap
Variant 1 solved to solve (sec.) | exceeded | did not exceed | unsolved
memory memory
LS 100.00% 0.04 N/A N/A N/A
CPLEX 90.57% 12.48 N/A N/A 9.43%
% of instances | Average time | % unsolved | % unsolved | Avg. gap
Variant 2 solved to solve (sec.) | exceeded | did not exceed | unsolved
memory memory
LS 96.25% 95.86 N/A 3.75% 95.62%
CPLEX 31.75% 462.56 33.00% 35.25% 98.59%
% of instances | Average time | % unsolved | % unsolved | Avg. gap
Variant 3 solved to solve (sec.) | exceeded | did not exceed | unsolved
memory memory
LS 100.00% 355.81 N/A N/A N/A
CPLEX 49.88% 332.67 21.50% 28.63% 30.69%

least for this class of problem. Thus, we next focus on analyzing the performance of the
proposed method.

We next analyze three more statistics regarding the performance of the method. The
first is the number of nodes in the branch-and-bound tree the method explored. The second
is the number of optimality cuts the method generated. The third is the time the method
spent generating cuts. We report averages of these statistics, by variant, in Table 4] We
note we only report these statistics for instances the method was able to solve to optimality.

Table 4: Performance statistics by variant.

Variant Branch and bound nodes Optimality cuts Time generating cuts (sec.)
1 0.12 6.22 0.02
2 446.38 254.91 95.49
3 3.66 4.17 355.79

Comparing Table [3] and Table [4] we observe that for all three variants the method spent
the vast majority of its time generating cuts. The method was often able to converge at the
root node, and generate few cuts, when solving instances of the first variant. However, the
more complicated second stage subproblem associated with the second variant required it to
perform a more in-depth search of the branch-and-bound tree as well as generate far more
cuts during that search. Comparing variants two and three we observe that the method
did not need to generate many optimality cuts to converge. However, the time required to
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generate that smaller set of cuts was much greater.

Given that the proposed method solved instances of the first variant nearly instanta-
neously, we next report on the time it required to solve the other two variants in more detail.
We first note that the method was able to solve the majority (73.12%) of instances of the
second variant within 50 seconds. While instances of the third variant took more time, the
method was able to solve 81.23% within ten minutes. On the other hand, the method needed
more than 1,000 seconds to solve 9.14% of the instances of the third variant.

We next seek to understand what instance parameters impact the solution time of the
proposed method when applied to instances of variant two or three. To that effect, we
first consider the average solve time, averaged over instances that share the same number
of distributions (|D], Table [5)). We see that while the solution time for instances of variant
two increases as the number of distributions increases, the same trend is not present for
instances of variant three. Given that few branch and bound nodes were explored when
solving instances of variant three (Table , this is likely due to few master problem solutions
needing to be evaluated before a provably optimal solution was found.

Table 5: Average time to solve by |D|.

(a) |D| =4 — 64.
D]
Variant | 4 8 9 16 25 27 32 64
2 245 | 4.02 | 411 | 721 | 971 | 1034 | 1543 | 2311
3| 267.24 | 342.81 | 507.83 | 410.81 | 540.42 | 325.39 | 370.93 | 340.16

(b) |D| = 81 — 3125.

D|
Variant 81 125 243 256 625 1024 3125
2 31.20 | 41.59 | 95.31 | 93.97 | 272.15 | 589.66 | 672.06

3 277.60 | 303.63 | 380.61 | 292.54 | 272.31 | 341.59 | 308.33

To further understand the behavior of the method when applied to variant two we present
in Table [6] the average number of optimality cuts generated when solving instances involving
the same number of distributions, |D|. We see that the method generates more cuts for
instances that involve more distributions. However, the method regularly generates less
than two optimality cuts per distribution. This suggests that the method is often able to
generate a single optimality cut that provides sufficient evidence that first stage variable
values from a given subset X; will lead to worse objective values.

This pattern appears to be broken for the instances with 3125 distributions. Recall that
the results in Table [6] are obtained using instances of variant two. In Table [3] it is evident
3.75% of these instances were not solved to optimality. These are precisely some of the
instances with 3125 distributions. For these instances the method did not manage to add
all the cuts necessary for convergence within the time limit.

Next, we report in Table [7] the performance of the method on instances with the same
number of scenarios per distribution (S). We see that for both variants the solution time
increases as the number of scenarios per distribution increases.

We next turn our attention to the impact of the distribution-independent inequalities
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Table 6: Average number of optimality cuts in variant two by |D].

(a) [D| = 4 — 64

D)
4| 8 9 | 16 | 25 | 27 | 32 | 64
6.74 | 11.52 | 11.82 | 20.98 | 30.40 | 32.00 | 41.16 | 72.44
(b) |D| = 81 — 3125
D
81 125 243 256 625 1024 3125
80.14 | 134.06 | 254.08 | 267.98 | 636.74 | 1039.58 | 2060.34

Table 7: Average time to solve by S.

S

Variant | 5 10 15 20 25 30 35 40 45 50
2 8.03 | 31.00 | 76.82 | 113.38 | 55.11 | 84.47 | 100.66 | 132.75 | 163.32 | 203.38
3 8.52 | 39.54 | 84.94 | 142.76 | 197.78 | 292.01 | 463.82 | 608.11 | 879.34 | 841.32

presented in Section [3.5 To do so, we executed the proposed L-Shaped method on variants
two and three again, albeit with the additional valid inequalities that are based on
Proposition [I6] We note that given that the subproblems are maximization problems, and
concave, the inequality was derived by replacing mingep Ep,[£] with maxsep Ep,[£]. We
further note that for variant three Proposition |[16| was applied to the LP relaxation of the
integer second stage problem. Also, for both variants, distribution-independent inequalities
were added only at the root node of the branch-and-bound tree.

We first note that the use of the distribution-independent inequalities did not lead to
a significant improvement in the performance of the method when applied to instances of
variant two. Considering variant three, we recall that the method executed without valid
inequalities solved every instance, see Table |3 We observe that the method exhibited
the same performance with the use of these additional inequalities. Further, we report
in Table |8 the average time the method required with and without these inequalities, for
instances with large numbers of distributions. We see that, for instances involving large
number of distributions, the use of these inequalities can significantly decrease the time
required by the method to converge to an optimal solution.

Table 8: Average time for LS to solve the largest instances of variant
three with and without valid inequality ([33)).

|D|  With Dist-ind. VI (sec.) Without Dist-ind. VI (sec.) A (%)

243 346.03 380.61  -9.99
256 255.06 292.53 -14.68
625 241.21 272.30 -12.89
1024 309.43 341.58 -10.39
3125 263.13 308.32  -17.17
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6 Conclusions and future work

In this paper, we considered two-stage stochastic programs in which uncertainty is endoge-
neous. Namely, the probablity distributions of the data of the second stage problem depend
on first stage decisions. We proposed an adaptation of the L-Shaped method for solving
two-stage stochastic programs to this class of problem. Critical to this adaptation is the
concept of distribution-specific cuts. We presented a mechanism for adding such cuts to a
master problem solved in the context of executing an L-Shaped method. We also demon-
strated how such cuts can be derived for two important classes of sub-problem. The first is
sub-problems that can be formulated as a linear program. The second is those that can be
formulated as a mixed integer linear program. We also proposed optimality cuts that are
distribution-independent. We adapted the general method to three variants of a production
planning problem under endogenous and exogenous uncertainty. With an extensive compu-
tational study involving over 2,000 instances we demonstrated the superior computational
performance of the proposed adaptation of the L-Shaped method.

We see multiple avenues for future work. First, we recall that the validity of the cuts
presented for the case of second stage subproblems that are mixed integer linear programs re-
quires an additional assumption regarding the domains of first stage decision variables. Thus,
deriving cuts that do not require this assumption would leave a method that is applicable to
a broad class of problems. The mechanism we provide for creating distribution-specific cuts
can be easily adapted to cuts applicable to different types of first stage variables. Second,
the method involves generating distribution-specific inequalities. While we also propose in-
equalities that are distribution-independent, one can envision enhancing the method with
techniques that adapt the inequalities generated for one distribution to be valid for another.
Third, there has been a tremendous amount of research recently on techniques for speeding
up the L-Shaped method when solving stochastic programs in which uncertainty is exoge-
nous. Adapting such techniques to the proposed method in this paper is a promising line of
research. One example of such a technique is a multi-cut version of the proposed method in
which cuts are generated for each distribution and/or each of its scenarios. Fourth, there are
many practical applications in which uncertainty is endogenous. Thus, another line of future
work is to adapt the proposed method to problems other than the production planning prob-
lem considered in this paper. Tailoring the method to specific problems may enable further
enhancements as problem structure may be exploited. Fifth, preprocessing techniques for
identifying when a partition of the feasible region can not contain an optimal solution will
likely enable the method to converge much more quickly. The avenues just outlined are pri-
marily methodological. We also believe there is value in extending the well-known concepts
of Value of the Stochastic Solution and FExpected Value of Perfect Information to problems
with decision-dependent uncertainty:.
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Appendix A Example reformulation with binary vari-
ables

Let X = {0,1}™ with n; = 5. Let n(V) = 2, n® =4 n® = 5 so that each x vector

is split into T = 3 segments. Assume there are exactly two exhaustive conditions say
. . n(®
ki and ko, on segment ¢ given by, respectively, > . 1@ < 1 and Z (t n+1 T > 1.

Hence, K; = {ki,ko} for t = 1,...,T. We obtain |D| = IT}_,|K;| = 8. Let the function

k(t,d) be specified as follows: k(1,dy) = ki, k(2,dy) = ki, k(3,d1) = k1, k(1,da) = k,
k(2,dy) = k1, k(3,d2) = ko, k(1,d3) = ki, k(2,d3) = ko, k(3,d3) = ki, k(1,ds) = ky,
k(2,dy) = ko, k(3,ds) = ko, k(1,d5) = ko, k(2,d5) = ki, k(3,d5) = ki, k(1,dg) = ko,
k(2,ds) = ki, k(3,ds) = ko, k(1,d7) = ko, k(2,d7) = ko, k(3,d7) = ki, k(1,dg) = ko,
k(2,ds) = ko, k(3,ds) = ko. The sets Xy are then specified as follows: X, = {(0,0,0,0,0)},
Xa, ={(0,0, 0,0, 1)}

0,0,0,1,0),(0,0,1,0,0),(0,0,1,1,0)}

1,0,0,0,0),(0,1,0,0,0), (1,1,0,0,0)}
1,0,0,0,1),(0,1,0,0,1),(1,1,0,0,1)}

{( ), ( ), ( )
{(0,0,0,1,1),(0,0,1,0,1),(0,0,1,1,1)}
{( ), ( ), ( )
{( )( ), ( )
:{xe{0,1}%2%21,2%21,%:0}

2 4
={z {0, 1}°]) 2, > 1) x> 1,25 =1}
=1 1=3
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The reformulation proposed in Section entails creating six binary variables vy, instead of
eight binary variables d,.

Appendix B Extensive linearized form of problem vari-
ant 1

The extensive linearized form of is as follows.

max — Z Crry+ Z Z Tod (Ppsd + Opsd) (39a)

fer deD se8y

st Y yp=1 VfeF (39h)
lec;
Z Lpyp <zy < Z Unyp VfeF (39c¢)
leL; leL;
> =1 , (39d)
deD
Z Yrird) > |F|oa Vd € D (39¢)
feF
Wsq + Osd = Z Yisaxy Vd € D, s € Sq, (39f)

fer

Wsg < Dgq Vd € D,s € 84 (39g)
xy 20 VfeF, (39h)
yn €40,1} Vf e Fle Ly, (39i)
5, € {0,1} Vd € D, (39))
Weqg > 0,04q >0 Vde D,s eS,. (39k)
Hsd < Wsd VdeD,s €Sy (391)
frsa < Dsada VdeD,s €Sy (39m)
fsq = Wsg — Dgg(1 — dg) VdeD,seS,; (39n)
Psd < Osd Vd e D,s €Sy (390)
psd < Nsada Vd e D,s €Sy (39p)
Psd = 0sq — Nsa(1 — 64q) Vde D,s eS,. (39q)

Here, variables psq and pgq linearize the products dsqwsq and 054044, respectively. Constants
M, and N4 represent upper bounds on sales and oversupply, respectively.
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