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Abstract

This paper is devoted to the Lipschitz analysis of the solution sets and optimal values for a
class of parametric optimization problems involving a polyhedral feasible set mapping and
a quadratic objective function with parametric linear part. Recall that a multifunction is
said to be polyhedral if its graph is the union of finitely many polyhedral convex sets. While
this kind of model under a graph-convex polyhedral feasible set mapping F' has been well-
studied in the literature, we intent to extend these studies to the case of a general polyhedral
F. In the general case we show that if the optimal value function is upper semicontinuous,
then the optimal set mapping is upper (outer) Lipschitz continuous on its domain, and the
optimal value function is Lipschitz continuous on each bounded convex subset of its do-
main. Moreover, we revisit classical results needed in the proofs and discuss special classes
of problems which fit into the model.

Keywords Polyhedral multifunction - Lipschitz stability - Optimal set mapping - Optimal
value function - Upper Lipschitz solution sets - Calmness of optimal values

1 Introduction

In this paper, we shall study the Lipschitz behavior of the optimal set mapping and the
optimal value function of the parametric optimization problem

P(p,q): f(x,p) :==x"Cx+p'x — min, subjectto x € F(q), (1.1)

where C is a symmetric matrix in R"*", the feasible set mapping F is a polyhedral multi-
function from R™ to R”, and (p,q) in R" x R™ is regarded as a parameter vector. Special
realizations of this basic model will be of interest, too. Given the parametric program (1.1),

(p,q) €R" xR" = ¢(p,q) :=inf{f(x,p) | x € F(q)} € RU{—o0, o0} (1.2)

denotes its infimum value function (or optimal value function when the inf is finite), while
its optimal set mapping (or argmin mapping) is defined by

(P.q) ER"xR" —=¥(p,q) :={x€F(q) | f(x,p) = @(p.q)}. (1.3)
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As usual, we put @(p,q) =+ if F(q) = 0.
Let I': R® = R? be a multifunction. Recall that I is said to be polyhedral if its graph,

gphT:= {(1,y) € R xR’ |y e (1)},

is a union of finitely many polyhedral convex sets. I is called convex-valued (or closed-
valued) if the images I'(z) are convex (closed) sets. We say that I" is graph-convex (or
closed) if gphI is a convex (or closed) set. Obviously, I" is closed provided that I" is poly-
hedral. The domain of T is defined by domI" = {r € R* | I'(¢) # 0}.

The notion of a polyhedral multifunction was introduced by S.M. Robinson in the late
1970ies, see (Robinson 1976, 1979, 1981). A simple example in the setting (1.1) is given
by F(q) :={x € R" | Ax < ¢} (with (m,n)-matrix A), or, more general, if gph F is a polyhe-
dral convex set. Other examples of polyhedral multifunctions are, for example, the solution
set mappings of (appropriately perturbed) linear or convex quadratic programs, linear com-
plementarity problems or affine variational inequalities. In several standard monographs,
polyhedral mutlifunctions and their Lipschitz stability properties are handled in detail, see
e.g. (Luo et al. 97, Bonnans and Shapiro 2000, Facchinei and Pang 2003, Dontchev and
Rockafellar 2014), where in (Bonnans and Shapiro 2000) also an extension of this concept
to infinite dimensional settings is introduced and studied.

(Robinson 1981, Prop. 1) has shown that each polyhedral multifunction is upper Lip-
schitz continuous (also called outer Lipschitz continuous (Robinson 2007, Dontchev and
Rockafellar 2014) on its domain; for the definition we refer to Section 2. This applies
immediately to parametric linear and quadratic programs with polyhedral optimal set map-
ping, which can be guaranteed if in (1.1) the matrix C is positive semidefinite and F is
a graph-convex polyhedral multifunction. In this setting, the optimal value function ¢ is
Lipschitzian on each bounded subset of dom¥ (Robinson 1981, Prop. 4), and this do-
main is a polyhedral convex set (Bank et al. 1982, Eaves 1971). The mentioned Lipschitz
properties of ¥ and ¢ carry over to the model (1.1) for any symmetric matrix C and graph-
convex polyhedral F, though in this setting the optimal set mapping is not polyhedral, in
general, see the author’s paper (Klatte 1985). For more Lipschitz properties of polyhedral
multifunctions, including also conditions for their Lipschitz continuity with respect to the
Pompeiu-Hausdorff distance, we refer e.g. to (Dontchev and Rockafellar 2014, Klatte and
Thiere 1995, Robinson 2007).

Stability results of this type have been applied to numerous subjects in stochastic opti-
mization, bilevel programming, machine learning, probability theory, optimal control, and
more. In (Romisch and Schultz 1996), an application to stochastic programs with com-
plete recourse is given. (Henrion and Rémisch 1999) utilize the Lipschitz continuity re-
sult of (Klatte and Thiere 1995, Thm. 4.2) for deriving a quadratic growth condition and a
Holder continuity property for a specific chance-constrained program, see also (Henrion and
Romisch 1994). A comprehensive survey on stability of stochastic programs can be found
in (Romisch 2003). For recent applications of Lipschitz stability of quadratic programs,
we refer exemplarily to an article on risk-averse models in bilevel linear programming by
(Burtscheidt et al. 2020), to a study on iterative learning predictive control for uncertain sys-
tems (Zuliani et al. 2025) and to a paper on limit laws for Gromov-Wasserstein alignment
(Rioux et al. 2024).

The intention of our paper is to extend the Lipschitz analysis known for the parametric
program (1.1) under a graph-convex polyhedral feasible set mapping F to the case of a



general polyhedral F (i.e, gph F is possibly not convex). We continue the author’s (Klatte
1985, 1987) approach developed for model (1.1) when setting C = 0, thereby presenting a
fresh look at a subject which had started in the 1970-1980ies and gained increasing interest
in the subsequent decades. Moreover, we will revisit classical results needed in the proofs
and discuss Lipschitz behavior of optimal solutions and optimal values for special classes
of problems which fit into the model (1.1).

The paper is organized as follows. In Section 2 we present some notation and prerequi-
sites, including basic lemmas known from the literature. Section 3 contains the main results
of the paper. In three propositions we establish central tools for proving the theorems of this
section. In Theorem 3.1 we extend the author’s former studies of model (1.1) under the as-
sumption C = 0 (see (Klatte 1985)) to the setting of C being a positive semidefinite matrix.
This is applied in the proof of Theorem 3.2 which is devoted to parametric quadratic pro-
grams. Theorem 3.3 considers the most general case. Under the strong assumption of upper
semicontinuity of the optimal value function ¢, we prove that the optimal set mapping ¥
is upper Lipschitz continuous, while ¢ is Lipschitz on bounded convex subsets of dom¥.
To have a self-contained presentation in that section, we will prove also some results which
are known from the literature. In Section 4 we discuss interesting consequences for vari-
ous settings of model (1.1), where the focus is on conditions for lower semicontinuity and
Lipschitz continuity of W. Illustrative examples are presented, too.

2 Terminology and preliminaries

We start with some notation. The space of real [-vectors R/ is considered to be equipped
with the Euclidean norm || - ||, B is the closed unit ball in this norm, and we put B(x, €) :=
{yeR'||ly—x| <&} and B°(x,e) := {y € R' | ||y —x|| < &} for € > 0. Further, write
dist(z,X) := infyex ||z — x|| (with dist(z,0) := +oo) for the distance of z € R/ to X C R/, and
let X + pZ be the Minkowski sum {x+ pz|x € X,z € Z} for X,Z C R/ and p € R. Let
X+Z:=0if X =0 or Z= 0. Moreover, x 1.y means xy = 0 for x,y € R. Denote by
and 7, the canonical projections from R/t x R to R"* and R", respectively. As usual, we
set Ry :=[0,4+), R_ = —R, and R := RU{—o0, +oo}. For the terminology of convex
analysis, we follow the standard monograph (Rockafellar 1970).

Now we are going to introduce the semicontinuity and Lipschitz stability concepts for
set-valued mappings, which are used in our paper. In the literature, one finds different names
for the same concept. To maintain consistency with the author’s previous publications on the
subject of the present paper, we will essentially follow the terminology in (Bank et al. 1982,
Klatte 1985, Klatte and Kummer 2002). Adopting the way of speaking in the monographs
(Rockafellar and Wets 1998, Dontchev and Rockafellar 2014), we will use the term relative
to D (similarly, on D) if the domain of the mapping under consideration is restricted to a set
D.

For the next definitions, let T': R* = R? be a given multifunction, and let D be a
nonempty subset of R®.

Let 7 be an element of D. I' is called (Hausdorff) upper semicontinuous at t relative
to D if for each € > 0 there is some 0 > 0 such that I'(r) C I'(f) + €B for all t € DN
B(7,6). In (Dontchev and Rockafellar 2014) the concept is called outer semicontinuous in
the Pompeiu-Hausdorff sense.



Given7 € D and x € I'(7), I is said to be lower semicontinuous at (f,X) relative to D if
dist(x,T'(t*)) — 0 holds for each sequence {t*} C D converging to 7. Note that this implies
for each € > 0 that I'(r) N B(X, €) is nonempty if r € D is sufficiently close to 7.

I' is called (Berge) lower semicontinuous (or inner semicontinuous (Rockafellar and
Wets 1998, Robinson 2007, Dontchev and Rockafellar 2014)) at f relative to D if for each
open set Q satisfying QNI'(7) # 0 there is a neighborhood U of 7 such that QNT'(z) # 0
for eachr € DNU. Equivalently the latter means that I is lower semicontinuous at all (7,x),
x € I'(f), relative to D.

We say that I is upper (lower) semicontinuous on D if T" is upper (lower) semicontinu-
ous relative to D at each point 7 € D.

I" is called upper Lipschitz continuous (or outer Lipschitz continuous (Dontchev and
Rockafellar 2014, Robinson 2007)) at t relative to D with constant L (L > 0) if there exists
some neighborhood U of  such that

I'(t) cT'(f)+L|t—17||B forallt e DNU. (2.1)

I' is said to be upper Lipschitz continuous on D with uniform constant if there exists L > 0
such that (2.1) holds at each point 7 € D for some neighborhood U of 7. When D is not
explicitely mentioned we take it to be D = R®. Note the name “upper Lipschitz continuous”
was introduced by (Robinson 1979, 1981) and adjusted to ”outer Lipschitz continuous” by
him in (Robinson 2007). Obviously, upper Lipschitz continuity implies upper semicontinu-
ity.

I is said to be Lipschitz (or Lipschitz continuous) on D if D C domTI’, and there exists a
Lipschitz constant L > 0 such that

['(t)cT(t)+L||t' —t||B forallt,t € D. (2.2)

We finish the introduction of stability notions by carrying over to extended-real-valued
functions. Consider a function g : R - R, let D C Rl and 7 € D.

As usual, g is said to be upper semicontinuous (u.s.c.) at t relative to D if for each
sequence {t*} C D converging to 7, one has limsup, g(t*) < g(7), while g is lower semicon-
tinuous (Ls.c.) at T relative to D if g(f) < liminf; g(¢*) holds for each sequence {t*} C D
converging to 7. When g(7) € R and g is u.s.c. and Ls.c. at 7 relative to D, then g is called
continuous at f relative to D. Each of these properties for the function g is said to hold on
D if it is satisfied relative to D at each 7 € D.

Let D C {t € R'| g(t) € R} in this paragraph. We say that g is calm at T relative to D if
there is some neighborhood U of 7 such that

lg(t) — g(f)| < pl|t —7]| holds for some p >0andallt € DNU. (2.3)

The function g is called calm on D if g is calm at every point € D relative to D. Obviously,
if g is calm on D, then g is continuous on D. Any constant p satisfying (2.3) with some
neighborhood U of 7 is called a calmness constant. Asusual, g is called Lipschitz continuous
(or Lipschitz) on D if there exists a Lipschitz constant p > 0 such that |g(') —g(¢)| < p||t' —
t|| for all ¢,# € D. Note that we use the concept of calmness according to the definitions in
(Rockafellar and Wets 1998, Dontchev and Rockafellar 2014), while in (Klatte 1984, 1985)
the author used the term Lipschitz* instead.

In what follows we present some basic auxiliary results which are well-known from the
literature and will be applied in the next sections.
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Lemma 2.1. (Walkup and Wets 1969) If I is a graph-convex polyhedral multifunction
from RS to R?, then T is Lipschitz on domT.

The proof in (Walkup and Wets 1969) is based on arguments from convex analysis.
Using a representation of gphI” by a system of linear inequalities, Lemma 2.1 is also a direct
consequence of Hoffman’s Lemma (Hoffman 1952), see e.g. (Klatte 1984, Mangasarian and
Shiau 1987, Bonnans and Shapiro 2000, Dontchev and Rockafellar 2014). The next lemma
18 classic, too.

Lemma 2.2. (Robinson 1981, Prop. 1) IfT is a polyhedral multifunction from R* to R,
then there is some L > 0 such that I is upper Lipschitz continuous at each point of R® with
constant L.

The preceding lemma could be stated in a formally weaker form, saying that a poly-
hedral multifunction is upper Lipschitz continuous on domI” with uniform constant. Since
domI is a closed set, this is in fact equivalent to Lemma 2.2. For optimization problems
with polyhedral optimal set mapping, one has the following consequence for the optimal
value function.

Lemma 2.3. (Robinson 1981, Prop. 4) Let g : RY x R* — R, and let T be a multifunction
from RS to RY. Suppose that g is Lipschitz on bounded subsets of R¢ x R® and that the
multifunction N

t € R = W(t) := argmin, {g(y,7) | y € [(¢)} C R4

is polyhedral. Then for each bounded set D C dom¥ there is a constant p = 0 such that
if T € D then for each t € dom¥ near i, the function ¢(t) := minycr(,) g(y,t), t € dom'¥,
satisfies |Q(t) — @(f)| < pl|t —7||. In this case { is Lipschitz on each bounded convex subset
of domW.

In our terminology, the first statement of Lemma 2.3 particularly says that the opti-
mal value function @ is calm on each nonempty bounded subset of dom¥ with a uniform
calmness constant.

Finally, we recall known results from parametric quadratic programming, i.e., for the
model (1.1) with a graph-convex polyhedral feasible set mapping F'. In the literature, their
proofs are usually based on a representation of gphF via linear inequality systems. By
definition, gphF is a polyhedral convex set iff there exist a positive integer r, matrices
AeR™ BeR™ and a vector b € R" such that

gphF = {(g,x) e R" xR" | Ax+Bq < b}. (2.4)

Lemma 2.4. Let WV be the optimal set mapping (1.3) of the basic model (1.1), and suppose
that the feasible set mapping F is a graph-convex polyhedral multifunction. Then domWY is
a union of finitely many polyhedral convex sets. Furthermore, if we assume that C is positive
semidefinite, then domWY is a polyhedral convex set.

For the first statement, we refer to the author’s result (Klatte 1985, Thm. 2). The proof
is based on a characterization of the property (p,q) € dom¥ by (Eaves 1971). Note that in
this setting, the mapping W is not a polyhedral one (Klatte 1985, Sect. 3). If C is positive
semidefinite (i.e., f(-, p) is convex for each p), then domF is convex, which is a classical
result (Eaves 1971). For direct proofs of the second statement, see e.g. (Bank et al. 1982,
Sect. 5.5) or (Robinson 1981, Sect. 3).



Lemma 2.5. Suppose in (1.1) that F is a graph-convex polyhedral multifunction. Then
one has dom¥ = {(p,q) € R" x domF | ¢(p,q) > —oo}, and the optimal value function ¢
(relative to dom¥) is continuous on dom .

The first statement is the famous Frank-Wolfe Theorem (Frank and Wolfe 1956), while
the continuity of ¢ was proved e.g. in (Eaves 1971, Kummer 1977), see also (Bank et al.
1982, Thm. 4.5.1) for a generalization to the mixed-integer setting. In fact, ¢ satisfies
even some calmness property, see (Klatte 1985), we will present the details in Theorem 3.2
below.

Lemma 2.6. (Klatte and Thiere 1995, Thm. 4.2) Suppose in (1.1) that p is fixed, C is
positive semidefinite and F is a graph-convex polyhedral multifunction. Then the optimal
set mapping ¥ ,(q) := argmin, {x"Cx+ pTx | x € F(q)} is Lipschitz continuous on dom¥,,.

Obiously, the mapping ¥, just defined is a polyhedral multifunction. The proof in
(Klatte and Thiere 1995) combines the upper Lipschitz continuity according to Lemma 2.2
and the Lipschitz continuity of some auxiliary map. Another possibility to prove it will be
discussed in Section 4.

3 Upper Lipschitz stability

Throughout this section we consider the basic model (1.1) parameterized by (p,q) € R" x
R™. Recall it has the form

P(p,q): min f(x,p) =x"Cx+p'x st xeF(q),
X

with symmetric matrix C € R"*" and polyhedral multifunction F from R” to R". As above,
Y and ¢ denote its optimal set mapping and infimum value function, respectively. The
concern of the present section is to study the upper Lipschitz continuity of ¥ and the closely
related property of calmness of ¢. We extend the author’s approach developed for special
cases of model (1.1). In this section, we aim at a self-contained presentation based only on
the classical lemmas given in Section 2. For that purpose, we will prove also some results
which were known before.

Section 3 is organized as follows. After some preparations we state Proposition 3.1
that constitutes a key tool to extend the Lipschitz analysis for models with graph-convex
polyhedral mapping F to the setting in which gphF is the union of finitely many convex
polyhedra. A first application, in the context of calmness of ¢, is given in Proposition
3.2, while Proposition 3.3 recalls a condition for upper semicontinuity of ¢, which is a
crucial assumption in this section. Theorem 3.3 will establish the main original result of
our paper, it handles the upper Lipschitz continuity of ¥ and calmness of ¢ for the general
setting of the basic model (1.1). Before proving Theorem 3.3, we will study two particular
cases of that model. First, Theorem 3.1 is the counterpart of Theorem 3.3 in the case of a
positive semidefinite matrix C. Second, in Theorem 3.2 we assume that gph F' is a convex
polyhedron, i.e., we are in the framework of parametric quadratic programs. The result is
known, see Theorem 3 in the author’s paper (Klatte 1985). Finally, Theorem 3.3 is stated,
our proof uses the Propositions 3.1, 3.2 and combines them with Theorem 3.2.



One of the referees asked why we establish Theorem 3.1 separately, instead of includ-
ing suitable additional arguments in the proof of Theorem 3.2. We see some advantages
of choosing this intermediate step. Theorem 3.1 is new. It generalizes (Klatte 1985, Thm.
1, Cor. 1), which was given for the special setting C = 0. In comparison with that spe-
cial case, the proof of Theorem 3.1 requires more subtle tools, in particular, those from the
Propositions 3.1 and 3.2. Further, we get a clear proof structure of Theorem 3.2, which
is derived by applying Theorem 3.1 to an auxiliary problem with a linear objective func-
tion. Moreover, Theorem 3.1 is of interest by itself. The model studied there constitutes
an important subclass of (1.1), which includes, for example, mathematical programs with
convex quadratic objective function and linear complementarity or affine equilibrium con-
straints, cf. e.g. (Luo et al. 1997) for source problems, optimality conditions and solution
techniques.

Now we start with some preparations for the stability studies of this section. By defini-

tion, there are a positive integer N and polyhedral convex sets G1, ..., Gy such that
N
gphF = | J G;. (3.1)
j=1

According to (2.4), there exist representations of the sets G;, j =1,...,N,
Gj={(q,x) ER"xR" | Alx+B/qg < b’} (3.2)
with suitable matrices A/, B/ and vectors b/. Each of the N component mappings
geER™"—~ Fi(q) = {xeR" |A/x < b/ — B/q} (3.3)

is a graph-convex polyhedral multifunction with gphF; = G;.
This leads for each j € {1,...,N} to the parametric optimization problem

Pi(p,q): min f(x,p) = xTCx+pTx st. x€Fj(q), (3.4)

which is, for fixed (p,q), a standard quadratic program.
For j € {1,...,N}, denote by ¥; and ¢; the optimal set mapping and the infimum value
function, respectively, of the parametric program (3.4). Obviously, for any (p,q) € dom'¥,

one has
¥Y(p,g)= U Y¥ip,9),
J€l(p.q) 3.5)

where I(p,q) :={j € {1,...,N} | ¥(p,q) "¥;(p,q) # 0}.
For any nonempty subset D of dom¥, we define

I(D):={je{l,...,N} | DNdom¥; # 0}.

Given some j € {1,...,N} and some (p,q) € dom¥;,

Si(p,q) = {(x,u) eR"xR" (3.6)

2Cx+ATu+p=0,
0<ul (Alx—b/+B/q) <0
defines the solution set of the (Karush-Kuhn-Tucker) KKT system of necessary optimality

conditions for the problem (3.4). Obviously, the multifunction (p,q) € R" x R" — S;(p,q)
is polyhedral.



Our standing assumption of this section is
Assumption (A1). In the basic model (1.1), gph F has the representation (3.1)—(3.2).

In what follows, the symbols Fj, ¥, ¢; and I(p,q) are used according to (3.3)—(3.5). For
brevity, we will often write r = (p,q), ¥(t), ¥;(t), ¢(¢), I(t), and so on.

Now we present propositions which establish characteristic properties of the optimal set
mapping ¥ and the optimal value function ¢ of model (1.1). These results will be essential
for the proofs of our stability theorems.

Proposition 3.1. Consider the basic model (1.1) and assume (Al). Let D C domY¥ be a
nonempty set, and let t = (p,q) € D. Assume that the optimal value function @ is upper
semicontinuous at t relative to D. Then there exists a neighborhood U of f such that

N
vy c | J¥Y;0\ | Yi()c | W) forall teDNU. (3.7)
j=1 J#I(7) jel(@)

Proof. Assume, on the contrary, that there is some sequence {t*} C D converging to 7 such
that W(¢5) N Uiy W, (%) # 0 for all k. With no loss of generality we can suppose that
there exists an index j ¢ I(F) with P(t*) "W ;(t*) # 0 and hence ¢ (t*) = @;(t*) for all k,
otherwise one could pass to a subsequence of {¢*}. The quadratic program (3.4) satisfies
the assumptions of both Lemma 2.4 and Lemma 2.5, thus dom'¥; is a closed set and @; is
continuous on dom¥;. This implies 7 € dom¥; and ¢@(7) < @;(7) by j ¢ I(). Therefore,
by using that ¢ is upper semicontinuous relative to D C dom ¥,

o(7) < 9;() = lim ¢;(i") = lim (") < ¢ (1),

k—roo

a contradiction. This completes the proof. 0

Note that in the inclusion (3.7), ¥;(f) may be empty for some j € I(f) and some ¢ €
DNU. Consider the trivial example min, 7xs.t. 0 <x <1latf=0.

Proposition 3.2. Consider the basic model (1.1) under the assumption (Al), and let D be a
nonempty subset of dom¥. The following statements are valid:

(a) Givent = (p,q) € D, let ¢ be upper semicontinuous at t relative to D, and suppose
that for each j € I(f), the optimal value function @; of the parametric quadratic
program (3.4) is calm at t relative to D(Ydom¥;. Then @ is calm at t relative to D.

(b) Let @ be upper semicontinuous on D, and suppose that for each j € (D) the optimal
value function @; of the parametric program (3.4) is calm on D Ndom¥; with a
uniform constant. Then ¢ is calm on D with a uniform constant. Moreover, @ is
Lipschitz on D when D is a bounded convex set.

Proof. (a) According to (A1) we deal with parametric programs P;(t) of the form (3.4) with
optimal solution set mappings ¥; and optimal value functions ¢;. Let 7 = (p,g) € D, and
recall I(f) = {j € {1,...,N} | ¥(f) N¥;(f) # 0}. From the assumptions we then know that
for each j € I(7), there is a constant p; > 0 and a neighborhood V; of the given point 7 € D
such that

loj(t) — @;(7)| < pjllt —1]| < p|lt — 7| holds for all j € I(r) and allz € D;NV;,  (3.8)



where p := max ;7 p; and D;j := DNdom'¥;. Since the assumptions of Proposition 3.1
are satisfied, we obtain from this proposition that ¥(¢) C ;¢ GRS, (t) holds for some neigh-
borhood U C ¢/ Vj of  and each t = (p,q) € DNU. Hence, given any pointt € DNU,
there is some index i € I(7) such that ¢(r) = @;(r), and so |@(t) — @(7)| = |@i(t) — @i(7)].
Thus, by using (3.8) and the inclusion DNU C D;NV;, we conclude that

lo(t) —@(7)| <pl|lt—17|| forall t€DNU. (3.9)

So we have proved that ¢ is calm at 7 relative to D.

(b) For showing calmness of ¢ on D with a uniform constant, we only note that all
arguments for (a) apply. However, now p has to be defined by p := max ;c;p) p;, utilize
that I(f) C I(D) holds for all 7 € D.

Given a bounded convex subset D of dom ¥, the proof of the Lipschitz continuity of ¢
on D is a standard one, see e.g. (Klatte 1984, Jongen et al. 1990). For completeness, we
give the arguments. Choose any two points #1,#; € D and consider the segment

6:={t(A)=(1-A)+An | A €[0,1]} C D.

From the first statement of (b) we have that ¢ is calm on D with a uniform constant p.
By using this fact and the compactness of [0, 1], we know that there are finitely many (say
M+ 1) points A; € [0, 1] and open neighborhoods Q; of 4;, j € {1,...,M,M + 1}, as well
as points Uy, ..., Uy such that

0=l <y <h<..<Ay<uy<yn=1, wexnNQy (i=1,...,.M),
t1 =t(A1), t =t(Ay+1), and for each i € {1,...,M} we have

@(t(4:) — p(r(pi))] plle(A) —t(w)ll,
o(t() — @A)l < plle(u) =t

Hence, as all points #(A;) and #(1;) belong to the segment o, we conclude from

IN

[\’]E

ol 0(1(11)) + 90 () — 9t (i) )
that
o)~ 9(0)] < i(\«p(r(%))—w(r(u»)+|<p<r<ui>>—<p<r<xi+l>>>
< pi I4A) — 1l + e () — 1))
= ) — Gl = ol .
Since t1,1; € D were arbitrarily chosen, this finishes the proof. O

The upper semicontinuity of ¢ is a crucial assumption in the previous propositions. Let
us recall at this place a standard sufficient condition for this property. The statement is a
version of Theorem 4.2.2 in (Bank et al. 1982). For completeness we prove it.



Proposition 3.3. Consider the basic model (1.1), however, F can be any multifunction and
(x,p) — f(x,p) can be any continuous function. Let O # D C domF, and let ((p,G),X) €
gph¥ with g € D. If F is lower semicontinuous at (§,X) relative to D, then the infimum
value function @ is upper semicontinuous at (p,q) relative to R" x D.

Note. In (Bank et al. 1982, Thm. 4.2.2), the stronger assumption of F' being lower semicon-
tinuous at g relative to D is imposed, which means that F' is lower semicontinuous relative
to D at every point (g,x) in {g} x F(g).

Proof. Let {(p*,¢")} € R" x D be any sequence converging to (7,4). By assumption,
there are points x* € F(g¥) such that the sequence {x*} converges to . Hence, ¢(p*,¢*) €
R U {—eo}, and the upper semicontinuity of ¢ follows from

1imksup o(p*,q) < limksupf (. p) = F(%P) = 0(7,4),
since f is continuous. This completes the proof. O

Proposition 3.3 immediately applies to the special case of a problem with fixed feasible
set, i.e., if the optimal sets are defined by ¥(p) = argmin { f(x,p) | x € X}, where 0 # X C
R".

Next we establish a theorem which extends (Klatte 1985, Thm. 1, Cor. 1). Again, the
parametric quadratic programs P;(p,q) defined in (3.4) will play an essential role in the
proof.

Theorem 3.1. Consider the basic model (1.1), assume (Al), let C be positive semidefinite,
and let D be a nonempty subset of dom"W.

(a) Givent= (p,q) € D, suppose that the optimal value function @ is upper semicontin-
uous at t relative to D. Then the optimal set mapping ¥ is upper Lipschitz continuous
at t relative to D, and @ is calm at t relative to D.

(b) If @ is upper semicontinuous on D, then there is some L > 0 such that ¥ is upper
Lipschitz continuous on D with constant L. Moreover, when D is bounded, then @
is calm on D with a uniform constant. Furthermore, @ is Lipschitz on D when D is
bounded and convex.

Proof. We prove the statement (b), thereby including the proof of (a).

For given j € {1,...,N}, the problem (3.4) is, by assumption, a convex quadratic pro-
gram when (p,q) is fixed. From optimization theory we know that dom¥; = domS; and
Y;i(p,q) = mS;(p,q) for (p,q) € dom¥;, where ¥; and S; are defined according to (3.4)—
(3.6), and m; is the canonical projection from R" x R™ to R”".

To prove the upper Lipschitz continuity of ¥ on D C dom'¥, choose any 7 = (p,G) € D.
From Proposition 3.1 we conclude that for some neighborhood U of 7, one has

Y()c |J () forallt = (p,q) € DNU, (3.10)
JEI()
where I(f) ={j e {l,...,N} | ¥(f)NW¥;(7) #0}. Forall j € {1,...,N}, the KKT mappings
S; (3.6) are polyhedral, hence the mappings ¥'; resulting from canonical projection are
polyhedral, too. So, the multifunction

t=(p,q)—~ U ()
el
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is also polyhedral. From Lemma 2.2 we therefore know that (U ;¢ ;) (+) is upper Lip-
schitz continuous on its domain with a uniform constant ;. Hence, by using (3.10), there
exists some neighborhood V C U of 7,

Y(i)c |J W) @O+ Ll —7|B  forallz e DNV,
JEI@)

where W(7) = (Uje;) W) ) (F) according to (3.5) was applied. Thus, ¥ is upper Lipschitz
continuous at 7 with constant L;7), as stated in (a). Since 7 € D was arbitrarily chosen, and
since only finitely many index sets /() may occur, ¥ is upper Lipschitz continuous on D
with some uniform constant, as asserted in (b).

To show the claims on calmness of ¢, we observe that for each index j € {1,...,N},
the program (3.4) fits in the assumptions of Lemma 2.3: The objective function f(x, p) =
xTCx + pTx is Lipschitz on bounded subsets of R” x R™, and the optimal set mapping
Y=y ; 1s polyhedral. From Lemma 2.3 we deduce that for each

jeID):={je{l,...,N} | dom¥;ND # 0},

there is some p; > 0 such that ¢; is calm on the bounded set D; := dom¥; N D with the
uniform calmness constant p;. Moreover, as supposed in (a), ¢ is upper semicontinuous at
the given point 7 € D relative to D.

Hence, we have shown that all assumptions of Proposition 3.2 (a) are fulfilled, therefore
¢ is calm at 7 relative to D. If ¢ is upper semicontinuous on D and D is bounded, then the
assumptions of Proposition 3.2 (b) are satisfied. This implies that ¢ is calm on D with a
uniform constant, and @ is Lipschitz continuous on D when D is bounded and convex. So
the proof of the theorem is completed. O

In the proofs of Proposition 3.2 and of Theorem 3.1, the inclusion (3.7) was an essential
tool. In Proposition 3.1 we assumed the upper semicontinuity of ¢ to get (3.7). The fol-
lowing simple example will show that one cannot avoid this assumption even in the case of
C = 0: note that all the other assumptions of Proposition 3.1, Proposition 3.2 and Theorem
3.1 are satisfied.

Example 3.1. Consider the parametric optimization problem
P(q), g €R: minx s.t. x € F(q) :=argmin g {gy| —1 <y <1},

denote by ¥(q) the optimal solution set of P(q). We discuss this example for D := dom¥ =
R at the reference point § = 0.

Obviously, ¥(g) = {—1} and ¢(g) = —1 if ¢ > 0, but ¥(g) = {1} and @(q) = 1 if
g < 0. Hence, ¢ is not upper semicontinuous (let alone calm) at § = 0, and ¥ is not upper
semicontinuous (let alone upper Lipschitz continuous) at ¢ = 0. The objective function is
linear without a parameter. The feasible set mapping F' is a polyhedral multifunction with

gphF =U}_, G;,
Gi=R_x{1}, Ga={0}x[-1,1], G3=R,x{—1}.

Therefore, 1(0) = {2,3}, but I(q) = {1} if ¢ < 0, so (3.7) does not hold. O
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Let us apply Theorem 3.1 and some basic lemmas of Section 2 to convex quadratic
programs. This gives known classical results, cf. e.g. (Robinson 1981). Note that in this
setting the upper semicontinuity of ¢ is automatically fulfilled.

Corollary 3.1. Consider the model (1.1), let C be positive semidefinite, and suppose that
F is a graph-convex polyhedral multifunction. Then ¥ is a polyhedral multifunction and
hence upper Lipschitz continuous on domY¥. Moreover, domY¥ is a polyhedral convex set,
and @ is Lipschitz on bounded subsets of domP.

Proof. Because gph F' is a polyhedral convex set, we have N = 1 in the representation (3.1),
and, by Lemma 2.5, ¢ is continuous on dom¥. So, the assumptions of Theorem 3.1 are
satisfied. Inspecting the proof of this theorem, we see that ¥ is a polyhedral multifunction
in our special case, hence upper Lipschitz continuous on dom Y. Further, from Theorem 3.1
we know that ¢ is Lipschitz on bounded convex subsets of domW. According to Lemma
2.4, domY is a polyhedral convex set. So, ¢ is then Lipschitz on every bounded subset of
domW. O

Though the next theorem is a direct consequence of Theorem 3 in (Klatte 1985) (given
there for the special setting F(q) := {x|Ax < ¢}), we include here the proof for complete-
ness.

Theorem 3.2. Consider the basic model (1.1), and let (Al) be satisfied. Suppose that F
is a graph-convex polyhedral multifunction. Then there exists some L > 0 such that ¥ is
upper Lipschitz continuous on domW with constant L. Moreover, when D is a nonempty
bounded subset of dom¥, then ¢ is calm on D with a uniform constant. When supposing,
in addition, that D is convex, then @ is Lipschitz on D.

Proof. We will follow the line of proof in (Klatte 1985). By assumption, gphF has the
representation (2.4). So our model (1.1) becomes a perturbed quadratic program (QP) with
parameter vector (p,q) € R" x R™,

min, f(x,p) =x"Cx+p'x st. Ax+Bg<b, (3.11)

where C =CT € R, A ¢ R"™", B€ R™™ and b € R" are fixed. If x € ¥(p, q), then there
is some u € R” such that (¥,u) belongs to

S(p,q) = {(x,u) | 20x+ATu+p=0,0<u L (Ax+Bg—b) <0},
i.e., S(p,q) denotes the KKT set of (3.11). Then (x,u) € S(p,q) implies
2f(x,p) =2x"Ox+2p "x = —u"Ax+p'x=p'x—u"(b—Bg).
This leads to an auxiliary parametric program which is closely related to (3.11),
min, ) Y(p"x—(b—Bq)Tu) st. (x,u) € S(p,q). (3.12)

Let Wkkr and @gkxr denote the optimal set mapping and the infimum value function of
(3.12), respectively. It is easy to see (cf. e.g. (Lee et al 2005a, Lemma 16.1)) that

¢(p,q) = ¢kxr(p,q) and ¥(p,q) = m¥kxr (P, q)

(3.13)
for all (p,q) € dom¥ (C dom¥gkr).
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Now we are ready to prove the claims of the present theorem. First note that the KKT
multifunction S is polyhedral, and that, by Lemma 2.5, the optimal value function ¢ (relative
to dom V) of the parametric QP (3.11) is continuous on dom¥. Therefore, the model (3.12)
fits into the setting of Theorem 3.1 (put there C = 0). So, by taking (3.13) into account, the
calmness properties of ¢ immediately follow from Theorem 3.1.

To prove the upper Lipschitz continuity of ¥ suppose domW¥ # @, otherwise there is
nothing to show. Recall that domW¥ C domWkg7. From Theorem 3.1 we then know that
there is some L > 0 such that for each 7 = (p,g) € domW¥ and some neighborhood U of 7,

Wikt (t) C Wkir(f)+L|jt —1||B holds forall t = (p,q) € dom¥NU. (3.14)

Choose any t € dom¥ NU and any x € ¥(r). Then there is some u such that (x,u) €
Wik (t). Since Wkkr(7) is a closed set, we deduce from (3.14) that there is some (X,%) €
Wikr(f) such that dist((x,u), Ygxr (7)) = ||(x,u) — (x,u)|| < L|jt —7||. Because x € ¥(7)
according to (3.13), this implies

dist(x, (7)) < x| < || (v.u) - (&) < L]t ~7]],

where we used that || - || is a monotonic norm. Therefore, W is upper Lipschitz continuous
on domY¥ with a uniform constant. This completes the proof of the theorem. O

Remark 3.1. Let us mention two interesting facts for the setting of Theorem 3.2. First we
refer to an example in (Klatte 1985, Sect. 3) (see also Example 4.2 below) which shows that
the optimal set mapping W of the model (3.11) is not polyhedral. Secondly, one can even
prove that the optimal value function ¢ is Lipschitz on each bounded subset of domW, see
(Klatte 1985, Thm. 3). The proof utilizes that dom ¥ is a union of finitely many polyhedral
convex sets, see Lemma 2.4 above.

Now we are going to establish the main theorem of this paper.

Theorem 3.3. Consider the basic model (1.1), and let (Al) be satisfied. Let D be a
nonempty subset of dom¥, and let the optimal value function @ be upper semicontinu-
ous on D. Then there exists some L > 0 such that ¥ is upper Lipschitz continuous on D with
constant L. Moreover, when D is a nonempty bounded subset of domY¥, then ¢ is calm on
D with a uniform constant. Furthermore, ¢ is Lipschitz on D provided that D is bounded
and convex.

Proof. For given j € {1,...,N}, the parametric quadratic program (3.4) satisfies all as-
sumptions of Theorem 3.2 (put there F := F;). Recall that ¥'; denotes the optimal solution
set mapping of this problem, while ¢; is its optimal value function. Note that each set ¥, (t),
t=(p,q) € dom¥}, is closed.

We start by proving the upper Lipschitz continuity of ¥ on D C dom Y, i.e., we have to
show the existence of some constant L > 0 such that for every point 7 = (p,q) € D there is
a neighborhood V of 7, so that W(r) C W(7) + L||r —7||B holds for allt € DNV.

To prove this, choose any 7 = (p,g) € D. From Proposition 3.1 we deduce that for some
neighborhood U of 7, one has

P(r)c |J () forallt = (p,q) €DNU, (3.15)
jel (@)
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where I(f) = {j € {1,...,N} | ¥(r) "W¥;(7) # 0}. From Theorem 3.2 we know that for
each index j € I(f), the multifunction ¥; is upper Lipschitz continuous on dom'¥; with a
uniform constant L; > 0. Hence, there exists some neighborhood U; of 7 such that

W;(t) C¥;(f)+Lj|t—7||B forall jeI(f)andallt € D;NU;, (3.16)

where D; := DNdom¥; C dom¥Ndom¥;. Now letr € DNV, where V is a neighborhood
of 7 satisfying V C (ﬂjel(t—) U,-) NU, and choose any x € ¥(¢). From (3.15) and (3.16) we
conclude that there is some j € I() such that x € () and

dist(x, W(7)) < dist(x, ¥;(7)) < Lt 7] < Ly 1~ 7],
where L7 = max je;7) L;. Since t € DNV was arbitrarily chosen, we have
Y(t) C‘P(t_)—i—L,(,—)Ht—t_H forallr e DNV. (3.17)

This can be done for all 7 € D. Taking I(D) = Urepl () C {1,...,N} into account, we obtain
that V' is upper Lipschitz continuous on D with a uniform constant L, put L := maxzep Ly 7)-

The statements on ¢ immediately follow from Theorem 3.2 and Proposition 3.2. Indeed,
by Theorem 3.2, each function @;, j € / (D), is calm on D i =DNdomY¥; with a uniform
constant, provided that D C domW is bounded. By Proposition 3.2, this implies that ¢ is
calm on D with uniform constant, and, moreover, that ¢ is Lipschitz on D when D is a
bounded convex set. This completes the proof of the theorem. O

4 Lipschitz continuity of optimal solutions in special cases

In this section, we discuss some conditions for the Lipschitz continuity of optimal solu-
tions with a focus on parametric quadratic programs. This is closely related to the study
of Lipschitz continuity in the context of linear complementarity problems or variational in-
equalities. Further, this applies to the setting of Section 3 when the feasible set mapping F
of the model (1.1) is itself an optimal solution set mapping.

We start with a well-known proposition which establishes a characterization of Lipschitz
continuity for closed-valued multifunctions. It was originally given in (Robinson 2007) and
is a slight sharpening of a result of (Li 1994) where lower semicontinuity in the sense of
Hausdorff was assumed.

Proposition 4.1. (Robinson 2007, Thm. 1.6, Dontchev and Rockafellar 2014, Thm. 3D.3)
Let T": R®* = R" be a multifunction having closed values, and let D be a convex subset of
domTI'. Then I is Lipschitz continuous on D with constant L if and only if I is both lower
semicontinuous on D and upper Lipschitz continuous on D with uniform constant L.

Remark 4.1. Let us discuss some applications of Proposition 4.1 to special settings, in
particular, to special forms of F and ¥ in the basic model (1.1).

(1) If F is a graph-convex polyhedral multifunction, then F is Lipschitz continuous
(hence lower semicontinuous) on dom F', by Lemma 2.1. This was used several times
in Section 3, in particular for guaranteeing that the optimal value function ¢ is upper
semicontinuous.
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(ii)

(ii1)

(iv)

v)

Consider the basic model (1.1) and suppose that p is fixed, C is positive semidefinite
and F is a graph-convex polyhedral multifunction. From Corollary 3.1 we know that
the optimal set mapping ¥,(¢) := argmin, {x"Cx+ pTx | x € F(q)} is a polyhedral
multifunction, hence upper Lipschitz continuous on dom'¥,, with a uniform constant,
while dom'¥), is a polyhedral convex set. On the other hand, ¥, is lower semicon-
tinuous on dom ¥, according to (Bank et al., Thm. 4.3.5). Applying Proposition 4.1,
we then conclude that ¥, is Lipschitz continuous on dom'¥,,. In this way, we have
proved Lemma 2.6. The original proof of this lemma was given in (Klatte and Thiere
1995) by using arguments from quadratic optimization theory.

Results which are related to (ii) were established for variational inequalities in (Robin-
son 2007). Consider the solution sets of a parametric generalized equation,

[(q) :={xeR"|0€ Kx+a+Npy(x)} g €R",

where K is an (n,n)-matrix, F : R™ = R" is a graph-convex polyhedral multifunction
of the form (2.4), and Nx (x) is the normal cone of a convex subset X of R”" at x (with
the convention Nx(x) = 0 if x ¢ X). Then I is polyhedral (Robinson 2007, Prop.
2.4), hence upper Lipschitz continuous on domI’, and so the lower semicontinuity of
I' implies the Lipschitz continuity by Proposition 4.1. Using this, Robinson showed
that the so-called cocoercivity is the weakest assumption that can be imposed on K
to ensure Lipschitz continuity, for the details we refer to (Robinson 2007). Note
that the cocoercive matrices belong to a subclass of the class of positive semidefinite
(not necessarily symmetric) matrices, see (Facchinei and Pang 2003, Chapt. 2.3) or
(Robinson 2007) for their definition and properties.

Consider the solution set mapping of a parametric linear complementarity problem,
beR"—Sb):={(x,y) eR"XR"| —Kx+y=>b,0<x_Ly>0},

and suppose that K € R"*" is a positive semidefinite (not necessarily symmetric)
matrix. Then S is polyhedral and hence upper Lipschitz continuous on domS. If S(b)
is given by

S(b)={(x,y) eRL xR, | —Kx+y=0b, x;,=0,ic(b), yj=0,j€J(b)},

this defines for b € domS the so-called characteristic index set pair ((I(b),J(b)) of
S(b). Let D={b e domS | I(b) =1, J(b) = J} # 0 for some fixed pair (/,J). In
the terminology of (Bank et al. 1982, Chapt. 5.4), D is called a local stability set.
Theorem 5.4.3 in (Bank et al. 1982) particularly gives that S is lower semicontinuous
on D, hence S is Lipschitz continuous on D, by Proposition 4.1.

The approach of (iv) was used in (Bank et al. 1982) to construct local stability sets
for optimal solutions of convex quadratic programs of the form

min f(x,p) =x Cx+p'x st. Ax>¢q, x>0,
X

with C = CT being positive semidefinite; this fits in the setting of model (1.1). Then
Y is lower semicontinuous and @ is a quadratic function on each local stability set.
Moreover, the closure of such a subset of dom¥ is a polyhedral convex set. For
details we refer to (Bank et al. 1982, Chapt. 5.5), while the corresponding results for
the case C = 0 can be found in (Nozicka et al. 1974).
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(vi) It is easy to verify that the results of (v) imply that @ is a piecewise linear-quadratic
(plq) function for the model considered there, cf. e.g. (Lee et al. 2005b). By defi-
nition (Rockafellar and Wets 1998), this means that the set dom¥ (which coincides
with {t = (p,q) | ¢(¢r) € R} and is a polyhedral convex set in the setting of (v)) can
be represented as the union of finitely many polyhedral convex sets, relative to each
of which ¢(t) is given by 3¢ Kt +c "t + & for some o € R, some matrix K = K" and
some vector ¢ of suitable order.

The next proposition presents some interesting (and well-known) properties of a single-
valued multifunction I', provided that I" is upper semicontinuous or upper Lipschitz contin-
uous, respectively.

Proposition 4.2. Let T : R* = R? be a closed-valued multifunction, and let ® # D C domT.
If T is upper semicontinuous at t € D relative to D such that T'(f) is a singleton, say
['(f) = {x}, then T is lower semicontinuous at (f,X) relative to D. Moreover, T is lower
semicontinuous on D when T is upper semicontinuous and single-valued on D. Further-
more, if D is convex and I is single-valued on D, then I is Lipschitz continuous on D if and
only if I is upper Lipschitz continuous on D with uniform constant.

Proof. The first two claims are direct consequences of the semicontinuity definitions. If
I" is upper Lipschitz continuous with uniform constant and single-valued on D C domT,
then I is lower semicontinuous on D by the second statement. Further, D is assumed to be
convex. Therefore, Proposition 4.1 implies that I" is Lipschitz continuous on D. The latter
entails the upper Lipschitz property, so the equivalence is shown. O

Remark 4.2. Here we recall some known facts on single-valued solution set mappings of
optimization or variational problems, which are of interest in our framework.

(1) The Lipschitz continuity result in Proposition 4.2 was first established by Robinson in
(Robinson 2007) and was applied there to the variational inequality setting of Remark
4.1 (iii), see (Robinson 2007, Lemma 2.2., Prop. 2.4).

(i1) A direct consequence of Proposition 4.2 is the Lipschitz continuity of the optimal set
mapping W for positive definite quadratic programs, i.e., when in model (1.1), F is a
graph-convex polyhedral multifunction and C is a symmetric positive definite matrix.
Indeed, Corollary 3.1 says that ¥ is a polyhedral multifunction (hence upper Lipschitz
continuous on dom¥ with uniform constant), and dom¥ is a convex set. Since ¥
is single-valued, we conclude from Proposition 4.2 that W is Lipschitz continuous on
domWY. The result is well-known, see e.g. (Cottle et al. 1992, Thm. 2.1).

(iii) A special situation occurs if one studies lower semicontinuity of the optimal set map-
ping relative to the whole parameter space. The following result was given in (Klatte
and Kummer 2002, Lemma 4.6), its proof essentially uses that the parameter vector
p € R" is allowed to vary arbitrarily in an n-dimensional neighborhood of p € dom¥:

Let h: X C R" — R be any function, and let g be given by g(x,p) := h(x) —tpTx.
Consider the argmin mapping ¥(p) := argmin,{g(x, p) | x € X}, let p € dom"¥ and
X €Y(p). Then¥ is lower semicontinuous at (p,X) relative to R" only if ¥(p) = {X}.

This applies to our basic model (1.1): Its objective function f(-,-) is of the form of
g(x,p) above. If the optimal set mapping ¥ of {P(p,q), (p,q) € T :=R" x R"}

16



in (1.1) is lower semicontinuous at some ((p,gG),x) € dom¥ (relative to T), then it
has this property also when ¢ is fixed, so ¥(p,g) = {x} according to the result from
(Klatte and Kummer 2002). For linearly perturbed quadratic programs this was also
proved in (Lee et al. 2005a, Chapt. 15.2) under the assumption that ¥ is lower
semicontinuous at (p,q) relative to T. In contrast, if ¥ is lower semicontinuous
relative to a subset D of dom¥ at some (p,g) € D, then the set ¥(p,g) can contain
more than one element, see Example 4.1.

Example 4.1. Consider the simple example
Il’lin(xlm) p1x1 + pax> subject to (X] ,XQ) X,

where X := {x = (x1,x2) € R? | x; +x > 0}. Then dom¥ = {(7,7) | T > 0}, ¥(0,0) =
X and ¥(p) = {x | x1 +x» = 0} for all p = (p1,p2) € D :=domW¥\ {(0,0)}. Further,
Y(t,74+¢€) =0 for all T >0 and € > 0. This implies that for each p € dom¥ and each
X € ¥(p), ¥ is not lower semicontinuous at (p,X) relative to the whole parameter space R?,
but W is lower semicontinuous on D - in accordance with Remark 4.2 (ii1). ]

We finish the section by discussing two examples which illustrate several aspects of the
theoretical studies presented in our paper. The first example is borrowed from (Klatte 1985,
Sect. 3), it was constructed there to show that the optimal set mapping in the setting of (3.11)
is not polyhedral, in general. Later it was used in (Lee et al. 2005b, Nouiehed et al. 2019)
to argue that the optimal value function of the QP (3.11) is not piecewise linear-quadratic.

Example 4.2. Consider the parametric quadratic optimization problem

P(q),q=(q1,92) € R2: f(x):=x1x — min s.t. x= (x1,x2) € F(q),

q1 >0, —1<x; <gqi, } (4.1)

._ 2., B2
where gphF := {(q,x) eR*xR B <0 gy <y <1

which fits in the setting of Theorem 3.2: one searches the minimum of a (non-convex)
quadratic function, and the feasible set mapping F' is a graph-convex polyhedral multifunc-
tion. Let W(q) and ¢(g) denote the set of minimizers and the optimal value of P(g).

Upper Lipschitz stability. By Theorem 3.2, W is upper Lipschitz continuous on dom'¥
with uniform constant L > 0, and ¢ is Lipschitz continuous on bounded convex subsets of
domWY (see Remark 3.1 for the possibility to omit "convex” in the latter statement). Let us
check these properties for the problem (4.1).

Obviously, domF = domW¥ =R, x R_ and

(¢:x) € gphF = f(x) > min{q1q2, —1},
which implies for (¢1,¢2) € domW¥ that

{(=1,1)} if gig2 > —1,
¥(gq1,92) = ¢ {(=1,1),(q1,92)} if q1q2=—1, (4.2)
{(q1,92)} if g1qp < —1.

Hence, ¥ is upper Lipschitz continuous on dom¥ with the uniform constant L = 1. Since

¢(q1,92) = min{q1q2, —1} forall (g1,q2) €ERy xR_,
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¢ is Lipschitz continuous on any bounded subset D of R, x R_.

Is ¥ polyhedral? 1t is easy to see that the multifunction ¥ given by (4.2) is not poly-
hedral. Indeed, assume on the contrary that gph¥ is a union of finitely many polyhedral
convex sets, then the set

G:={(¢,x) €gph¥ |x; =—1, x, =1}
has this property, too. However from (4.2) we deduce that

G={(q1,92,—1,1) | q1 >0, g2 <0, q1g2 > —1},

which cannot be represented as a union of a finite collection of polyhedral convex sets - a
contradiction. So, W is not polyhedral.

Is @ piecewise linear-quadratic (plg)? Cf. Remark 4.1 for the definition. By using
the representation (4.2), it is easy to verify that the answer is no” for our model (4.1), see
also (Lee et al 2005b) or (Nouiehed et al. 2019, Correction). Indeed, for any family of
polyhedral convex sets {X; | j € I}, I finite, satisfying dom¥ = (J;; X, there are some
index i € I and points ¢,q' € X; such that ¢(q) = qi1q2 < —1 = @(¢) < ¢/ ¢,. Hence, @
is non-smooth on the segment {Ag+ (1—21)¢' | A € [0,1]} C X; and cannot be plg. So,
in contrast to linear and convex quadratic programs (cf. Remark 4.1(v)), the optimal value
function for general quadratic programs under linear perturbations is not plq.

Lipschitz continuity. Now we discuss the lower semicontinuity and the Lipschitz conti-
nuity of ¥, in particular we verify the statements of Proposition 4.2. As shown above, ¥ is
closed-valued and upper Lipschitz continuous (hence upper semicontinuous) on dom¥. Let
D:={qge€dom¥ | q1q2 # —1}. Due to (4.2), one has for any g € D that ¥(g) is a singleton,
say ¥(g) = {x}, and W is lower semicontinuous at (g, x) relative to dom'¥. Moreover, again
by (4.2), W is lower semicontinuous on D and Lipschitz continuous on convex subsets of D,
in accordance with Proposition 4.2.

Our example also shows that the stability properties under consideration depend on the
way of restricting the domain of W. For the set D := {g = (¢1,¢2) € domW¥ | g2 = —1},
there is no point g € D such that ¥ is lower semicontinuous at q relative to dom¥. Indeed,
by (4.2), ¥(q) = {(—1,1),(q1,42)} for g € D. We consider two cases.

Case I. Let g€ D andx = (—1,1), then X € ¥(7), g1 > 0, > < 0 and §,G» = —1 imply for
each € > 0 that

(G1+¢€)-gp=—14+¢€G < —1,
hence ¥ (g1 + €,32) = {(g1 + €,32)}, by using (4.2). Since g; + € > 0, §» < 0, the points
Xe := (g1 +€,G2) donot convergetox = (—1, 1) for € | 0, i.e., ¥ is not lower semicontinuous
at (g,x) relative to dom .
Case 2. Let £ = (§1,42) with §; > 0, g2 < 0 and §;4, = —1. Then there is some & > 0 such
that for all € € (0, &) one has §; — & > 0 and

(Gi—€)-gp=—1—¢€q> —1,

which implies {(—1,1)} = ¥(§; — €,42). Observing | —1—4;| > 1,
that ¥ is also not lower semicontinuous at (41,42) relative to dom'¥.
On the other hand, if ¢,q’ € D, then ¥(q) = {(—1,1),(q1,92)} and

Y(q) ={(-1,1),(4),92)} C¥(q) +llg' — 4l B,

i.e., W is Lipschitz continuous on D with Lipschitz constant 1. O

1 —go| > 1, we see
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Finally let us discuss an example of a parametric program which has a non-convex
polyhedral feasible set mapping, it modifies the model (4.1) in Example 4.2.

Example 4.3. Consider the parametric optimization problem

O(p,q): f(x,p) :=x1x2 + px3 — Irgcin s.t. x = (x1,x2,x3) € F(q), 4.3)

where p € R and ¢ = (q1,42,¢3) € R? are parameters, and

gphF = {(q,x)€R3><R3

q1 >0, -1 <x; <gq1,xx3=0, }
@2 <0, 2<x<1, x3<q3 ’

This model fits in the setting of Theorem 3.3; in particular, F' is a polyhedral multifunction
with a non-convex graph. Indeed, gph F = G| U G, with

G = {(g.x)]9120,92<0,x=0,—-1<x; <q1,x3 < g3},
G = {(Q:x)|Q120,4230743207x3:0,—1§?€1SQI;Qzﬁxzﬁl}-

Let ¥(p,q) and ¢@(p,q) denote the set of minimizers and the optimal value of I1(p,q),
respectively, and put

A:=R. xR_xR and D:=domW¥W =R_XxA.
So, given any (p,q) € D, the program I1(p,q) is solvable, and one has

(x1707x3) € F(CI) = f<X1,0,X3,p) = px3 > P4q3,

. 4.4
(x1,22,0) € F(q) = f(x1,x2,0,p) =x1x2 > min{q1q2,—1}, @4

which implies

Q.(p’q) = lP(p7Q) N {(0,0,CB), (_17 170)7 (q17q270)} 7é 0.

One can show that for each of the points x € Q(p,q), (p,q) € D, the mapping F is lower
semicontinuous at (g, x) relative to A, the easy proof is left to the reader. Then our theoretical
arguments apply. By Proposition 3.3, ¢ is upper semicontinuous on D. Hence, Theorem 3.3
implies that ¥ is upper Lipschitz continuous on D with uniform constant, and ¢ is Lipschitz
continuous on bounded convex subsets of D.

Now let us check these properties for the model (4.3) in detail. For (p,q) € D we can
distinguish five cases in accordance with (4.4).

Case 1: Let Dy :={(p,q) € D | pgz > min{q1g2,—1}}. From Example 4.2 we deduce

{(—1,1,0)} if qqu>—1,
¥(p,q) =4 {(—1,1,0),(q1,92,0)} if q1g2=—1,
{(q1,92,0)} if gigr < —1,

and @(p,q) = min{q1q»,—1} for all (p,q) € D;. Taking the discussion in Example 4.2 into
account, we particularly conclude that the multifunction ¥ is also not polyhedral for the
model (4.3). So, Robinson’s classical results (Robinson 1981) on Lipschitz stability of ¥
and @ (recalled in Lemma 2.2 and Lemma 2.3 above) cannot be applied.
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Case 2: Let Dy :={(p,q) € D | pgz = min{q192,—1} < q1¢q2}. Then ¢(p,q) = —1 and
lp(p7Q) = {(x1707q3) |x1 € [_laql]}u{(_lv 1’0)} for all (paq) € Ds.

Case 3: Let D3 :={(p,q) € D | pqg3 = q1q2 = —1}. Then ¢(p,q) = —1 and
¥(p,q) ={(x1,0,q3)|x1 € [- 1,1 ]} U{(=1,1,0)} U{(q1,42,0)} forall (p,q) € Ds.

Case 4: Let Dy :={(p,q) € D | pg3 = min{q192,—1} < —1}. Then ¢(p,q) = q192 = pq3
and

lP(p>q) = {(X],O,Q3) |X1 € [_lvql]}u{(qlaqzao)} for all (p7q> € Dy.
Case 5: Let Ds := {(p,q) € D | pgq3 < min{q1q2,—1}}. Then ¢(p,q) = pgs and

¥(p,q) = {(x1,0,93) |x1 € [-1,q1]} forall (p,q) € Ds.

By a careful inspection of all cases it is easy to verify that W is upper Lipschitz continuous
on D with uniform constant L = 1, while ¢(p,q) = min{q142, pq3,—1} is Lipschitz contin-
uous on bounded subsets of D. O
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