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Abstract

Cubic regularized Newton (CRN) methods have attracted significant research interest because
they offer stronger solution guarantees and lower iteration complexity. With the rise of the big-data
era, there is growing interest in developing stochastic cubic regularized Newton (SCRN) methods
that do not require exact gradient and Hessian evaluations. In this paper, we propose faster SCRN
methods that incorporate gradient estimation with small, controlled errors and Hessian estimation
with momentum-based variance reduction. These methods are particularly effective for problems
where the gradient can be estimated accurately and at low cost, whereas accurate estimation of the
Hessian is expensive. Under mild assumptions, we establish the iteration complexity of our SCRN
methods by analyzing the descent of a novel potential sequence. Finally, numerical experiments show
that our SCRN methods can achieve comparable performance to deterministic CRN methods and
vastly outperform first-order methods in terms of both iteration counts and solution quality.
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1 Introduction
In this paper, we consider the smooth unconstrained optimization problem

min f(z), (1)
TeR"
where f : R” — R is twice continuously differentiable. We assume that problem (1) has at least one
optimal solution. Over the past few years, second-order methods have gained popularity for handling
problem (1) due to their ability to converge in fewer iterations than first-order methods and to deliver
higher solution quality. However, the computational overhead incurred per evaluation of the Hessian
matrix hinders the scalability of second-order methods in modern large-scale settings. To better leverage
second-order information in these settings, this paper aims to propose practical second-order methods—
particularly variants of the cubic regularized Newton (CRN) method—to solve problem (1) and analyze
their iteration complexity for finding an approximate second-order stationary point (SOSP) of (1).
Second-order methods have recently received considerable attention for their strong solution guarantees
and rapid convergence, with substantial progress made in designing new second-order methods with
complexity guarantees for solving problem (1). In particular, CRN methods [1, 6, 8, 28], trust-region
methods [11, 12, 27], second-order line-search method [31], inexact regularized Newton method [13],
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quadratic regularization method [5], and Newton-CG methods [20, 21, 30] were developed for finding an
(€,/€)-SOSP x of problem (1) satisfying

Vi@ <e Amin(V2f(2)) 2 —Ve,

where € € (0,1) is a tolerance parameter and Apin(-) denotes the minimum eigenvalue of the associated
matrix. Under suitable assumptions, it was shown that these methods achieve an iteration complexity of
O(e~3/?) for finding an (e, \/e)-SOSP, which has been proven to be optimal in [7, 9]. Besides, several
gradient-based methods with random perturbations (e.g., [2, 24, 37]) have also been developed to find
an (e,/€)-SOSP with high probability.

Despite the significant advantages of second-order methods, their high per-iteration cost limits their
use in large-scale problems. To address this limitation, many research works have focused on developing
inexact and stochastic variants of second-order methods. In particular, inexact and stochastic versions
of CRN methods [3, 8, 16, 19, 25, 32, 33, 36|, trust-region method [36], Newton-CG method [38], and
subsampling line-search method [4], have been developed to seek an approximate SOSP of problem (1).
These methods achieve a similar order of complexity bounds as their exact variants. Yet, in each iteration,
these methods require a fairly accurate approximation of the gradient and Hessian with small errors
depending on the desired tolerance e (potentially after a certain number of iterations), which remains
quite restrictive in practice.

Furthermore, several recent works [10, 23, 34, 39, 40] have developed stochastic second-order methods
leveraging variance reduction techniques. These methods apply variance reduction to iteratively correct
estimation errors using stochastic derivative information from previous iterations, thereby avoiding
the need to construct accurate derivative estimates at each step. Such desirable features enable these
methods to maintain low per-iteration costs, making them more practical for large-scale problems. Among
these works, [10] is the only one that do not assuming a finite-sum structure for the objective function.
This work proposed two methods that achieve iteration complexity bounds of (’)(6*7/ 2) and (’)(6*10/ 3,
respectively, for finding an approximate stochastic stationary point x satisfying E[|V f(z)||] < e. However,
these complexity bounds leave a significant gap compared to the bound of O(e~3/2) achieved by the
deterministic CRN method; moreover, they are worse than the iteration complexity of O(e~3) achieved
by stochastic first-order methods (e.g., [15, 17, 26]).

Motivated by the aforementioned discussions, we aim to rethink the design of stochastic second-order
methods and identify the types of stochastic optimization problems for which they are preferable. In this
paper, we focus on a class of problems where the gradient can be estimated relatively easily with small
errors (see Assumption 1(c)), but estimating the Hessian is more expensive; therefore, only unbiased
stochastic Hessian estimators with bounded moments (see Assumption 1(d)) are available at each step.
Specifically, we propose two new variants of SCRN methods for solving such problems. Under mild
assumptions, we establish their iteration complexity for finding an (€4, i )-stochastic second-order
stationary point (SSOSP) of problem (1) (see Definition 1), based on an analysis of the descent of a novel
potential sequence (see (17)). For ease of comparison, we summarize the iteration complexity, the number
of samples per iteration, smoothness conditions, and stationary measures for vanilla gradient descent,
stochastic first-order methods, CRN, variants of SCRN, and our methods for nonconvex optimization in
Table 1.

The main contributions of this paper are highlighted below.

e We propose two new SCRN methods (Algorithms 1 and 2), which adopt stochastic gradients with
small errors and incorporate momentum-based variance reduction for estimating Hessian. Under
mild assumptions, we establish their iteration complexity based on an analysis of the descent of a



Table 1: Comparison of vanilla gradient descent (GD), stochastic gradient methods with momentum
(SGD-M), CRN, SCRN, and SCRN with momentm (SCRN-M) in terms of iteration complexity, the

number of samples per iteration, smoothness conditions, and stationary measures.

First-order methods

. . . gradient samples . .
iteration complexity smoothness condition stationary measure
per iteration
GD O(e7?) — V f Lipschitz IVf(z)| <
SGD [18] O(e™) 1 Vf Lipschitz E[IVf(z)|? ] <e
SGD-M [14, 22] O(e=Brt1)/p) 1 DPf Lipschitz E[|Vf(@)|] < e
SGD-M [15] O(e™?) 1 G average Lipschitz E[|Vf(z)|?] <
Second-order methods
. . . Hessian samples . .
iteration complexity . . smoothness condition stationary measure
per iteration
CRN [28] O(max{ey" 2, 73}) — V2f Lipschitz V(@) < €9y Amin(VEf(7)) > —€nr
SCRN [32] O(e73/2) O(e™h) Vf,V2f Lipschitz V(@) < & Amin(V2f(x)) > —/e w.hp.
SCRN-M [10] O(e/?) 1 V2 f Lipschitz E[||Vf(z)]]3?] < €/?
Algorithm 1 (ours) (’)(ma.x{e,g T/ FH ™ 1 V2 f Lipschitz E[||Vf(2)|>?] < 63/2, Emin(V2f(2))%] > —€%
Algorithm 2 (ours) O(max{e; HE}) 1 H average Lipschitz | E[|Vf(z)]|*/?] < 6;/2, Emin(V2f(2))%] > —€%

novel potential sequence. To the best of our knowledge, the obtained complexity bounds are new
to the literature.

e We conduct numerical experiments (Section 5) to compare our SCRN methods with deterministic
CRN, other SCRN variants, and first-order methods. The numerical results show that our methods
achieve performance comparable to deterministic CRN methods and significantly outperform other
SCRN variants and first-order methods.

The remainder of this paper is organized as follows. In Section 2, we introduce the notation and
assumptions used throughout the paper. Sections 3 and 4 present two new variants of SCRN and
establish their iteration complexity. Section 5 reports preliminary numerical results. Finally, Section 6

provides the proofs of the main results.

2 Notation and assumptions

Throughout this paper, we use R" to denote the n-dimensional Euclidean space endowed with the
standard inner product (-,-). We let | - || denote the Euclidean norm for vectors and the spectral norm
for matrices, and use || - || to denote the Frobenius norm for matrices. For a given matrix H € R™*" we
use Amin(H) to denote its minimum eigenvalue, and use Tr(H) to denote the trace of H. We let I be the
n X n identity matrix. In addition, we use (5() to represent O(-) with polylogarithmic terms omitted.

We now make the following assumptions throughout this paper.
Assumption 1. (a) There exists a finite fioy such that f(x) > flow for all x € R™.

(b) There exist L > 0 and L > 0 such that |V?f(y) — V?
Lr|ly — || hold for all z,y € R™.

F@II < Llly =] and V2 f(y) = V*f(2)|lr <

1@ and DPf represent the stochastic gradient and the pth-order derivative of f, respectively.



(¢) For any 6 € (0,1), we have access to a stochastic gradient estimator Gs : R™ x Z — R™ satisfying

E¢(lGs(2:¢) = VI(@)|P?) < 6% Wa e R™ (2)

(d) We have access to a stochastic Hessian estimator H : R™ x = — R™ ™ satisfying
Ee[H(w;€)] = V2f(2), EellH(z:6) - V2f(2)[}] <o  VoeR" (3)
for some o > 0.

Remark 1. (i) Assumptions 1(a) and 1(b) are common in the literature on CRN methods (e.g., see
[28, 39]). It follows from Assumption 1(b) that

IVf(y) = V() = Vfa)(y — )| < £||y —z|* v,y €R", (4)
f) < f@)+ Vi) (y—a)+ %(y —2) V2 f(z)(y — z) + %Hy —a|® Va,y €R™ (5)

In addition, Assumption 1(c) states that Gs(-; &) approximates the true gradient V f(-) to any desired
accuracy in expectation, while Assumption 1(d) states that the stochastic Hessian H(-;§) is an unbiased
estimator of V2f(-) and has a bounded third-order central moment.

(ii) We made two Lipschitz continuity assumptions on V2f in Assumption 1(b). In particaulr, the
Lipschitz continuity with respect to the spectral norm is used to estimate the reduction of function values
at each iteration of our SCRN methods (see Lemma 3 below and the classical analysis in [28]). In
comparison, the Lipschitz continuity with respect to the Frobenius norm is used to derive a recursive
relation for the decreasing estimation error given by the momentum update (see Lemmas 4 and 6). In
our complexity analysis, we found that within the Schatten family of matriz norms, only the Frobenius
norm seems effective for analyzing Hessian estimation error with momentum updates, while other norms,
such as the spectral and nuclear norms, do not appear to be useful. Our explanation is that for any
Schatten-p norm || - ||s,, our analysis requires the norm | - ||s, to be continuously differentiable. However,
this condition is satisfied only when p = 2, which corresponds to the Frobenius norm.

We next introduce the definition of an approximate SSOSP, which our methods aim to achieve.

Definition 1. For any €4, ey € (0,1), we say that € R™ is an (g4, €7)-stochastic second-order stationary
point (SSOSP) of problem (1) if it satisfies E[|V f(z)[|/2] < e2/? and E[Amin(V2f(2))?] > —€3,.

3 SCRN with Polyak momentum

In this section, we propose an SCRN method with Polyak momentum, and then establish its iteration
complexity under Assumption 1.

Specifically, our SCRN method with Polyak momentum generate three sequences, {g*}, {M;}, and
{z¥}. At the kth iteration, this method first computes g* as a stochastic gradient of f at z* with error
%, and then computes M), as a weighted average of the stochastic Hessians evaluated at 2V, ..., 2*. The

k+1 is obtained by solving a cubic regularized Newton subproblem. Details of this method

next iterate x
are described in Algorithm 1, with a specific choice of input parameters given in Theorem 1.
The following theorem establishes the iteration complexity of Algorithm 1 for computing an (ey, €fr)-

SSOSP of problem (1). Its proof is provided in Section 6.2.



Algorithm 1 SCRN with Polyak momentum

Input: starting point 2° € R™, regularization parameters {n;} C (0, 00), error parameters {5} C (0,1),
momentum parameters {0} C (0,1).

Initialize: M_; =0 and 6_; = 1.

for k=0,1,2,... do

Construct the gradient and Hessian estimators:
9" =G, (" ("), My = (1= 1) My—y + 1 H (2" €5). (6)
Update the next iterate:

1 1
oFH e Argmin{(gk)T(x —zF) + 5(95 — ") My(x — ) + —||lo — 95k||3}-

zER™ 671
end for
Theorem 1. Suppose that Assumption 1 holds. Define
My = 54(f(2%) = fiow + 0* L% + L3 20% +1), (7)

where fiow, Lr, and o be given in Assumption 1. Let {x*} be all iterates generated by Algorithm 1 with
input parameters {(ng, Ok, dk)} given by

1 7|

Then, for any eg,eq € (0,1), 'K is an (eg, €g)-SSOSP of problem (1) for all K satisfying

vk > 0. (8)

(3Mpm)2/3\7/4 (108 Mpm ) /3\T (2L\T/2 (TLEp\7/2
> 2wy ATTPm) o= il
1z { (O ) (B2, (B2 (T55) ), ©
where v is uniformly drawn from {1,...  K}.

Remark 2. From Theorem 1, we see that Algorithm 1 with input parameters given by (8) achieves an
iteration complexity of O(max{e;7/4, e;;}) for finding an (eg, €gr)-SSOSP of problem (1).

4 SCRN with recursive momentum

In this section, we propose an SCRN method with recursive momentum, and then establish its iteration
complexity.

Specifically, our SCRN method with recursive momentum generate three sequences, {g*}, {My},
and {z¥}. At the kth iteration, this method first compute ¢g* as a stochastic gradient of f at z* with

k

error &y, and compute M), as a weighted average of the stochastic Hessian evaluated at 20, ..., 2" using

k41 is obtained by solving a cubic

the recursive momentum scheme proposed in [15]. The next iterate x
regularized Newton subproblem. Details of this method are provided in Algorithm 2, with a specific
choice of input parameters given in Theorem 2.

Before analyzing Algorithm 2, we make the following assumption regarding the mean-cubed smoothness

of the stochastic Hessian estimator H(-;&).

Assumption 2. There exists Ly > 0 such that E¢[||H (y; €) — H(x; &)%) < L3 ||y — =3 holds for all
z,y € R™.



Algorithm 2 SCRN with recursive momentum

Input: starting point 2 € R”, regularization parameters {n;} C (0,0), error control parameters
{6r} € (0,1), momentum parameters {0} C (0,1).

Initialize: M_1 =0 and 6_1 = 1.

for k=0,1,2,... do

Construct the gradient and Hessian estimators:
g =G5, (2% ¢F), My = (1= 0p—1) My + H(z"6F) — (1= 0p_1)H(a" 1 €5). (10)
Update the next iterate:

1 1
A Argmin{(gk)T(x — ") + S (z — 2P My(2 — %) + — ||z — ﬂkag}-

end for

The following theorem establishes an iteration complexity bound of Algorithm 2 for computing an
(€g, €r)-SSOSP of problem (1). Its proof is relegated to Section 6.3.

Theorem 2. Suppose that Assumptions 1 and 2 hold. Define
My, = 75(f(l‘0) - flow + JS(L%‘ + L?}I)_Q/g + (L%‘ + L%J)O-g + 1)) (11)

where fiow, Lr, and o are given in Assumption 1, and Ly is given in Assumption 2. Let {x*} be all
iterates generated by Algorithm 2 with input parameters {(ng, Ok, o)} given by

1 625(L% + L3)%3 1
T Ky R T 989K2/5 ' R T 17K3/5

Tk Vk > 0. (12)

Then, for any €4, e € (0,1), 5 is an (eg,€q)-SSOSP of problem (1) for all K satisfying

(3Mrm)2/3)5/37 <(281Mrm)1/3)5, <2L

szax{( 17

5
)T+ L), (13)

€g €x

where v is uniformly drawn from {1,..., K}.

Remark 3. From Theorem 2, we observe that Algorithm 2 with input parameters given by (12) achieves
an iteration complexity of O(max{e;5/3, 6;{5}) for finding an (eg, €m)-SSOSP of problem (1). This bound
improves upon the one for Algorithm 1 established in Theorem 1.

5 Numerical experiments

In this section, we conduct numerical experiments to evaluate the performance of Algorithms 1 and 2,
abbreviated as SCRN-PM and SCRN-RM, respectively. We compare these methods with the adaptive
cubic regularized Newton method [8] (A-CRN), stochastic cubic regularized Newton method with
momentum [10] (SCRN-M), and SpaRSA [35]. The experiments are conducted on three nonconvex
statistical learning problems using datasets from LIBSVM?2. All the algorithms are coded in Python,
and all computations are performed on a laptop with an Intel Core i7 processor and 10 GB of RAM.

*https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/



5.1 Regularized logistic regression problems

In this subsection, we consider the regularized logistic regression problem:

i - '7%)2
min 2 (biIn(p(z"a;)) + (1 — b)) In(1 — ¢p(z"a;)) + )\Z W (14)
where ¢(t) = €' /(1 + €') denotes the sigmoid function, {(a;, b;) }1<i<m C R™ X R is the given data, and
(A\,v) = (0.001,10). We consider three datasets ‘a9a’, ‘phishing’, and ‘w8a’ from LIBSVM.

We apply SCRN-PM, SCRN-RM, A-CRN, SCRN-M, and SpaRSA to solve problem (14). All methods
are initialized at [0.5,...,0.5]7. For SCRN-M, we choose 50% of the elements from the gradient and
Hessian, respectively, to construct unbiased estimators of Vf and V2f. For SCRN-PM and SCRN-RM,
we choose set g* as full gradients V f(2*) for all £ > 0, and choose 50% of the elements from the Hessian
to construct unbiased Hessian estimators. For CRN and all SCRN methods, we adopt the Lanczos
method used in [8] to solve the cubic regularized subproblems. We compare these methods in terms of
the function value gap defined by f(z*) — f*, where f* is the minimum objective value found during the
first 2000 iterations across all methods. The algorithmic parameters are selected to suit each method
well in terms of computational performance.

For each dataset, we plot the function value gap in Figure 1 to illustrate the convergence behavior of
all competing methods. From Figure 1, we observe that SCRN-PM and SCRN-RM vastly outperform
SCRN-M and SpaRSA. In addition, SCRN-PM and SCRN-RM achieve a comparable performance
to CRN in terms the number of iterations, while outperforming CRN in terms of CPU time. These
observations indicate that full gradients significantly improve the performance of the SCRN algorithm,
bringing it close to that of the deterministic CRN while reducing computation time. However, when
SCRN uses stochastic gradients, its convergence becomes much slower and may offer little to no advantage
over first-order methods. Furthermore, we observe that SCRN-RM slightly outperforms SCRN-PM,
which corroborates our theoretical results.

5.2 Regularized nonlinear least-squares problems

In this subsection, we consider the regularized nonlinear least-squares problem:

m

1 (yzxj)
— > (bi—¢ )\E — 1
:gﬁ%r}bmi:l( o 1+ (vz4) (15)

where ¢(t) = €' /(1 + €') denotes the sigmoid function, {(a;, b;) }1<i<m C R™ x R is the given data, and
(A7) = (0.001,1). We consider three datasets ‘a9a’, ‘phishing’, and ‘w8a’ from LIBSVM.

We apply SCRN-PM, SCRN-RM, A-CRN, SCRN-M, and SpaRSA to solve problem (14). All methods
are initialized at [0.5,...,0.5]7. For SCRN-M, SCRN-PM, and SCRN-RM, we construct gradient and
Hessian estimators using the same strategy as described in Section 5.1. For CRN and all SCRN methods,
we adopt the Lanczos method used in [8] to solve the cubic regularized subproblems. We compare these
methods in terms of the function value gap defined by f(2*) — f*, where f* is the minimum objective
value found during the first 2000 iterations across all methods. The algorithmic parameters are selected
to suit each method well in terms of computational performance.

For each dataset, we plot the function value gap in Figure 2 to illustrate the convergence behavior of
all competing methods. As shown in Figure 2, SCRN-PM and SCRN-RM significantly outperform both
SCRN-M and SpaRSA. In addition, SCRN-PM and SCRN-RM achieve performance comparable to that
of CRN in terms of iteration counts, while outperforming CRN in CPU time. This suggests that using
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Figure 1: Convergence behavior of objective value gap for problem (14). Correspond to the results on
the 'a9a’(left), 'phishing’(middle), and 'w8a’(right) datasets, respectively.
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full gradients greatly improves the convergence speed of SCRN, bringing it close to the deterministic
CRN while reducing the computational time per iteration. In contrast, when stochastic gradients are
used, SCRN converges much more slowly and may offer little to no advantage over first-order methods.
In addition, SCRN-RM slightly outperforms SCRN-PM, which is consistent with our theoretical results.

5.3 Robust linear regression

In this subsection, we consider the robust linear regression problem:
min — % ¢(b; — a ), (16)

where ¢(t) =1In (?/2 + 1) is a nonconvex loss function, {(a;, b;)}1<i<n C R™ x R is the given data, and
(A7) = (0.001,1). We consider three datasets ‘ijennl’, ‘phishing’, and ‘w8a’ from LIBSVM.

We apply SCRN-PM, SCRN-RM, A-CRN, SCRN-M, and SpaRSA to solve problem (16). All methods
are initialized at [0.5,...,0.5]7. For SCRN-M, SCRN-PM, and SCRN-RM, we construct gradient and
Hessian estimators using the same strategy as described in Section 5.1. For CRN and all SCRN methods,
we adopt the Lanczos method used in [8] to solve the cubic regularized subproblems. We compare these
methods in terms of the function value gap defined by f(2*) — f*, where f* is the minimum objective
value found during the first 2000 iterations across all methods. The algorithmic parameters are selected
to suit each method well in terms of computational performance.

For each dataset, we plot the function value gap in Figure 3 to demonstrate the convergence behavior
of all competing methods. As illustrated, SCRN-PM and SCRN-RM substantially outperform SCRN-M
and SpaRSA. In addition, our SCRN-PM and SCRN-RM achieve a comparable performance to CRN
in terms of the number of iterations, while outperforming CRN in CPU time. This indicates that
incorporating full gradients significantly accelerates the convergence of SCRN, bringing its performance
close to that of the deterministic CRN while reducing the computational time per iteration. Conversely,
when stochastic gradients are employed, SCRN converges much more slowly and may provide little to no
advantage over first-order methods. In addition, SCRN-RM slightly outperforms SCRN-PM, aligning
with our theoretical results.

6 Proof of the main results

In this section, we provide proofs of Theorems 1 and 2.
For notational convenience, we define a sequence of potentials for Algorithms 1 and 2 as

Pr = f(a¥) + pull My — V2FH)[E - Wk >0, (17)

where the sequence {(z*, M)} is generated by each respective algorithm, and {p.} is a sequence of
positive scalars that will be specified separately for each case. We also define the following quantity for
measuring the approximate first- and second-order stationarity of problem (1):

3/2
pa) = max { LIV (@) P2, T A (V2 ()} (18)

for some n > 0.

The following lemma provides expansions for the cubed Frobenius norm, generalizing the well-known
identity |[U+V||% = |U||%+2Tr(UTV) +||V]|% and inequality ||[U+V||% < (1+¢)|U]|%+(1+1/c) ||V ||%
for all U,V € R™ ™ and ¢ > 0.
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Figure 3: Convergence behavior of objective value gap for problem (16). Correspond to the results on
the ‘ijennl’(left), ‘phishing’(middle), and ‘w8a’(right) datasets, respectively.
Lemma 1. For any U,V € R™" it holds that

U+ V|5 <A+ o)|UI%+3|U|pTe(UTV) +2(1 + VA V|E Ve >0, (19)
U+ V%< @A+20|U[5 + 201+ 2 + 27 V][E Ve > 0. (20)

Proof. Fix any U,V € R"*". For convenience, we vectorize U and V by letting u = vec(U) € R™ and
v =vec(V) € R". Let ¢p(w) := lwl|]® for all w € R"™. Tt follows from [29, Theorem 6.3] that

IV2p(w) — V2o(w')| < 9w — w'|| Vw,w' € R™.
By this and (5), one has that
N G 303
8(u+v) < 6(u) + Vo) + STV o(u) + ool
This together with ¢(u) = ||ul|®, Vé(u) = 3|julju, and V2é(u) = 3(uu® /||u| + ||u||I) implies that

lu + ol < [lull® + 3llulluv + 30T (wu /|full + [[ull D)v/2 + 2|0l
< Jall® + 3llullu”o + 3llullo]? +2lol* < (1+ e)lful® + 3[lulu"v +2(1 + ¢ V2)ol* ve>0, (21)

where the last inequality is due to the Young’s inequality. Using again the Young’s inequality and (21),
we obtain that

lu+ )| < (1+20)[Jul)® +2(1 + ¢ 2 + 27 2) v Ve > 0. (22)

In view of (21), (22), u = vec(U), and v = vec(V'), we see that (19) and (20) hold as desired. O

10



6.1 Some properties of cubic subproblems

In this subsection, we present some properties of the cubic regularized subproblem:

1 1
T € Argmin{gT(x’ —z)+ (2’ — )T Mz — ) + —|]2’ — :E||3} (23)
z’/eR" 2 677

for given z € R", M € R™"™ and n > 0. The first- and second-order optimality condition of (23) yield

1 1
g+ M@zt —x)+ %Hafr —z||(at —2) =0, M+ %Hm+ —z||I = 0. (24)

The next lemma provides an upper bound for the first- and second-order stationary measure at x ™,
which can be seen as an inexact variant of [28, Lemma 5].

Lemma 2. Suppose that Assumption 1 holds. Assume that n € (0,(2L)~') holds, where L is given in
Assumption 1(b). Let x € R™ and M € R™ ™ be given, and let xT be a solution to (23). Then,

VAN < Sl ol + S - V@I + g - VI@IPE (5

1" Ain (V2 f (7)) < nfmllf —a|® + 4| V2 f (x) - M} (26)
Consequently, one has

pn(a ) <072t —al® + 0P IM = V2 f@) ] + llg = V()72 (27)

where py, is defined in (18).

Proof. Using (4) with y = 2™, we obtain that
L
IVf@™) =g =M@ —2)+ 9= Vf@@)+(M=Vf(z) (" —2)| < Slla" -2l
This along with the first relation in (24) implies that

VAN < Tllat — 2l + llg + M(z* — )] +llg — V@) + (M ~ P F@) " — )]

L
(5 + 30 )l =2l + g = VI@I + 1M = VF@) " = o)l
< gollet = al + llg = VS @) + 137 - V@)l ~a
< Dl =l + 216 = @) + llg - V()]
n

where the second inequality is due to the spectral norm inequality and L < 1/(27), and the third
inequality follows from the Young’s inequality. This inequality further implies that

2o (2
IVFHIY? < (4

< V() = ol + (1) 16 = @I + g - T1)172)

3/2
o =2l + 21— V2 f (@) 2+ g — V()]

3773/2
|zt — z)|* + Z— || M — V2 f ()| + 3]lg — Vf(x)|*,

< —
= B2 1

11



where the second inequality is due to (a 4 b+ ¢)3/? < v/3(a®? 4 b%/2 + ¢3/2) for all a,b,c > 0. This
together with the fact that the spectral norm of a matrix is bounded above by the Frobenius norm
proves (25) as desired.

We next prove (26). Using the Lipschitz continuity of V2f and (24), we obtain that

V2f(x") = V2f(2) - Ll —alll = M — M = V2f(2)|I - Llla* — a||1

(24)
= (@) D)l =L~ M = V(@)L =~ e — 2|l —[|M -V f ()|,

where the last relation is due to L < (2n)~!. It then follows that
“Amin(V2F(2))° < (7 Ha® =l + M = V2f(@)])? < 4n7%|la™ — ]’ + 4| M - V2f ()%,

where the second inequality is due to (a + b)3 < 4a3 +4b? for all a,b > 0. In view of the above inequality
and the fact that the spectral norm of a matrix is bounded above by the Frobenius norm, we obtain
that (26) holds.

Combining (25) and (26) with the definition of 1, in (18), we obtain that (27) holds, which completes
the proof of this lemma. ]

We next show that solving a cubic regularized subproblem yields a descent property of f.

Lemma 3. Suppose that Assumption 1 holds. Assume that n € (0,(2L)~!) holds, where L is given in
Assumption 1(b). Let x € R™ and M € R™" be given, and let z be a solution to (23). Then,

F@) < fla) = ot — ol + 2472 V2 (@) — M + 30" /2|V () — gl (28)

m
Proof. Tt follows from (24) that

1
2t —2)=—(a" —2)TM(z" —2) - %Hﬁ —z|%, (29)

1
—(zT —2)TM(zT —x) < %H:z:Jr —z|3. (30)

Using these and (5) with y = 2™, we obtain that

Fa™) € 1)+ VI @ — 1)+ T — )@ o) + e -l

(VI =)@ =)+ 5t — o) (T2 ) — M) — )
D ja) - Lt Mt )~ (5 - D)t —af?

(30)
< 1) - (55 - )t —alP + (V1@) — 9)" (@ )+ 3o — ) (VS (a) - M) — )
< flz) - Glnuf — ol +lla* 2l IV () gl + lla™ a2V F @) ~ M)

1
< flz) - %Hf —z|® + 240%| V2 f (x) = M| + 30"V f () — 9P/,

12



where the third inequality is due to L < (21)~! and the spectral norm inequality, and the last inequality
is due to Young’s inequality in two forms: ab < a®/(36n) +2v/12n/26%/2 /3 and ab < a®/%/(18n) + 48n°b°
for all a,b > 0. In view of the above inequality and the fact that the spectral norm of a matrix is
bounded above by the Frobenius norm, we obtain that this lemma holds as desired. O

6.2 Proof of the main results in Section 3

In this subsection, we present some technical lemmas and then use them to prove Theorem 1. The
following lemma gives the recurrence for the estimation error of the Hessian estimators { My} generated
by Algorithm 1.

Lemma 4. Suppose that Assumption 1 holds. Let {(wk, My)} be the sequence generated by Algorithm 1
with momentum parameters {6y}. Then, it holds that for all k > 0,

Ern [[Misr — V2F@FF) < (1= 00)[ My = V2 F @b+ 2015624 — o8P + 50%67%, (31)
where Ly and o are given in Assumption 1.

Proof. Fix any k > 0. It follows from (6) that

My = V2 (@) € (1= 0) My + 0H (251 €51) - V2 f(a++)
(1 ) (Mg — T2 () + (1 — 0 (V2F(a) — T2 £(H)) + B (H (A5 6541) — 92 (aH4)). (32)
Observe from Assumption 1 that ||[V2f(z*+1) — V2f(2F)||p < Lp|2**t! — 2k, Egr1 [H (zF+1; ¢ht1] =

V2f(zF+h) and Egr [|| H (% €41 — V2 f(2FH1)[|3] < 0®. Using these, (19), (20), and (32), we obtain
that for all ¢ > 0,

Egrt [||My11 — V2f(xk+1)H%]
(32) E§k+1 [H(l _ ek)(Mk . sz( )) + (1 B Hk)(VQf(mk) _ VQf($k+1)) + Qk(H(xk’-‘rl; §k+1> ( k+1))H ]

I - 0 (M — VP FM) (L 0V F() — TR

+2(1+ ¢ V) Bk [[|0k(H ("5 €541 — V2 £ (a8 H)[13]
L 1+ )1+ 20)(1 = 00 M — V(b

2(1+c)(1+c 2 +2c72)(1 = 0)*| V2 f (2P — V2 £ (aF)|[%

+2(1+ ¢ V) B [[|H (2" 674 = V2 F (M) |1

< (1 +0)(1+20)(1 = 0,)3| My, — V2F@)|% + 201+ o) (1 + Y2 +2¢72)(1 = 6,)3 L3 ||la* T — 2|3
21+ ¢ 20363, (33)

where the first inequality is due to (19) and Egri [H (7T €8] = V2 f (21, the second inequality
follows from (20), and the last inequality follows from | V2 f(z**1) — V2f(2*)||F < Lp|2*+! — 2¥|| and
Egrs [ H(a*1 €M1 = V2 f (M7 < 0.
Letting ¢ = 0),/(2(1 — 6)) in (33) and using ), € (0,1), we obtain that ¢=%/2 = (2(1 — ;) /0x)"/? <

\/5«9,;1/2 and ¢ = 4(1 — 0;)?/6? < 46,%. Combining these with (33), we obtain that

Egrsi [| M1 — VAF (") [5] < (1= 0/2)(1 = 00) || My — V2 f(25) |1

+2(1 = 05/2)(1 — 6)2 (1 + V20, % + 86, ) L |21 — 2% + 2(1 + V26, /%) 036}
< (1= 0| My — V2F(N)[E + 211305 2|+ — o3 + 50%67/2,

where the second inequality is due to € (0, 1). Hence, the conclusion of this lemma holds as desired. [J
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The following lemma establishes a descent property for the potential sequence {Py} defined below.

Lemma 5. Suppose that Assumption 1 holds. Let {(z*, My)} be the sequence generated by Algorithm 1
with input parameters {(ng, Ox)}. Assume that {nx} C (0,(2L)~1) and {0} C (0,1), where L is given in
Assumption 1(b). Let {Py} be defined in (17) for {(x*, My,)} and any positive sequence {py} satisfying

02 433n?
378L3n" 18

DPkt1 = + (1 = Op)pr+1 <pr Vk >0, (34)

where L is given in Assumption 1(b). Then, it holds that

Egrir [Pri1] < P — 1y 2t (251 /18 + 550 % || gF — V£ (%) |2 /18 + 5662 *pyyr Yk >0, (35)

where o is giwen in Assumption 1(c), and p, is defined in (18).

Proof. Fix any k > 0. Notice that 1 € (0, (2L)~1). Tt follows from (27) and (28) with (z ¥, 2, M,n) =
(xk+17 wkv My, 77k) that

o () <2 + 02| My, = V2 F M)+ (lgF — VNP2, (36)

F@hy < F@®) = (9m) M| — 28 )P 4 2402 | V2 (2F) — M| b+ 30V () — gF1P2 (37)

k+1 .TkH3

Combining these with (17) and (31) , we obtain that

17
Eerr1 [Pept] 2 Egens [ (") + poa [ Miss — VA 3]
(31)(37)
< F@ERY = ()Y = 21030, 2pg ) |2 — R
+ (2472 + (1= O)prs)[|My, — V2 (@)% + 30 %Nl g" — V£ ()P + 56°6, *pria

D k) () — L0 i ()
+ (p((9m) ™" = 21130, *pry1) + 2403 + (1 — O)prs1) | My — V2 £ () |1
+ 32 02 (9m) 7Y = 21836, 2pis)) g — V()P + 50°6) prsa
= f(&) = 0 (251 /18 + (43302 /18 + (1 — 0)pisn) | M — V2 ()13
+ 550" — VI (@) P/2/18 + 50°67 *pr 1

(17)
< P — 0y g, (2T /18 4 550 || gF — V£ (2%)[¥/2 /18 + 56°60) *pr1,

where the second equality is due to py1 = 62 /(378 L%ny), and the last inequality follows from (17) and
43302 /18 + (1 — 0x)pr+1 < pr. The conclusion (35) then follows from the above inequality. O

We are now ready to prove Theorem 1.

Proof of Theorem 1. For convenience, let 7 = 1/(9K%/7). Then, we have n, = 1, 6, = 21Lpn, and
8 = 9n? for all K > 0. Also, we define p;, = Tn/(6LF) for all k > 0. Then, one can verify that
(34) holds for {(n,0%,0r)} defined in (8) and {pi} defined above. In addition, by (8), one has that
{m} € (0,(2L)~") and {6} C (0,1) holds for all K > max{(2L/9)7/2,(7Lr/3)7/2,1}, Thus, Lemma 5
holds for {(nk, Ok, 6)} defined in (8) and {py} defined above. By the definition of {py}, My = H(z;¢),
(2) and (3), one has

E[Po] = f(2°) + poE[[| Mo — V2 f(a")[[] < f(a°) + poo® = f(a°) + o’/ (6Lr), (38)
E[Px] = E[f(z™) + px || Mk — V2f (™) 2] 2 fiow- (39)
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Notice that Eglv[Hg —VfEM|P? < 52/2. Taking expectation of both sides of (35) with respect to
{§l}k+1 and {¢*}F_, and substituting n, = n, 0y = 21Lpn, & = 9n* and py = Tn/(6LF), we obtain that
for all £ > 0,

3/2

E[Pi11] < E[Py] — 0 *Eluy («*1)]/18 + (117890° Ly + 83)n"/2.

Summing up this inequality over & = 0,..., K — 1, and using (38) and (39), we can see that for all
K >max{(2L/9)7/? (7Lr/3)7/? 1},

fiow < E[Pk] < E[Po] — (n"/?/18) ZE 2F ) 4 (1178003 L2 + 83) Kp'/?
k=0

(39) K-1
< f(a%) + 0% /(6Lr) — (n2/18) Y Eluy (" 1)) + (117890° L}/? + 83) Kn"/2.
k=0

Rearranging the terms of this inequality and using 7 = 1/(9K2/7), we obtain the following holds for all
K > max{(2L/9)"/?, (TLr/3)7/? 1},

K-
1 2] f(@°) = fiow + o3/ (6LF) 373/2 3
E[u ] <18( yrenTE + (1178907 L3/ + 83)n°)

,_.

k=0

)

< 54(f(2°) = fiow + 03/ (LE) + L3260 + 1) K~/T 2 ppy K67,

Recall that ¢k is uniformly drawn from {1,..., K'}. This along with the above inequality implies that
for all K > max{(2L/9)"/? (7TLr/3)7/? 1},

1 K-1
E |, Epy (zF1)] < My K7,
k:O

which along with the definition of sz, in (18) and the fact that n = 1/(9K2/7) implies the following holds
for all K > max{(2L/9)7/2,(TLr/3)7/2,1},

E[|[V £ (2)|1*?] < 3MpmK ™7, EAuin(V f(2%))%] > =AMy K6/ Tp ™32 = 108 M K /7.
In view of this, we can see that z'X is an (eg4, € )-SSOSP of (1) for all K satisfying (9). Hence, the
conclusion of this theorem holds as desired. O
6.3 Proof of the main results in Section 4

In this subsection, we present some technical lemmas and then use them to prove Theorem 2. The
following lemma gives the recurrence for the estimation error of the Hessian estimators { My} generated
by Algorithm 2.

Lemma 6. Suppose that Assumptions 1 and 2 hold. Let {(x*, M)} be the sequence generated by
Algorithm 2 with momentum parameters {0 }. Then, it holds that for all k > 0,

Egrnr [[|MF1 = W2 f(@F D13 < (1= 00) 1My — V2£() |5+ 36(LE + L3602+t — 2*|1® + 366, 0%,
(10)

where Lp and o are given in Assumption 1, and Ly is given in Assumption 2.
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Proof. Fix any k > 0. It follows from (10) that

Mk+1 . vZf(l,k+1) (2) (1 o Hk)(Mk . V2f(xk)) + H($k+1;€k+l) o v2f(xk+l)
+ (L= 0p) (V2 f(2*) — H(a";¢Mh) (41)

Observe from Assumptions 1 and 2 that ||V2f (") =V2f(2F)||p < Lp| 2"t —2F|], Egr+1 [H (zh+1; ¢b+1)] =
V2 F(@h ), B [ H (1 €541) — V2F(aHH) 3] < 0%, and Bgen [| H(2* 5 €61) = H (b €641 3] <
L%H:/UkJrl — :UkH% Using these, (19), and (41), we obtain that
Egen ([ M1 — V7S (@) 3]

41
W Bt [I1(1 = 04) (M — V2 () + H(@M56541) = 2 F(H) 4 (1= 0,) (V2 () — H(ak; )12

(19)
< (14 )1 = 0,) (Mg — V2 £(z))|[3

+2(1+ YA Egpi | H (2" €0 — V2 £(aF ) + (1= 0,) (V2 f(2¥) — H(2F €)1
= (14 0)(1 = 0| Mg — V£ (@)} + 201 + ¢ V) B | H(2F 5 €5 — H (a5 ¢5H)
+ V2 (k) = V2F (@) — 0u(V2f(a¥) — H(ab; €)%
< (14 0)(1 = 06)3| My, — V2F (@) |15+ 18(1 + ¢ /) Egrsa [||H (2% €571 — H(aF; €471 |13
+18(1+ V)| V2 f(aF) = V2 F(@F ) E + 18(1 + ¢ V203 Bensa [| V2 £ (2*) — H (" 5|3
< (1+) (1= 0p)* | My — V2 (@)% + 18(1 + ¢ V) (L + L) [aF — 1P + 1803 (1 + 71726,
(42)

where the first inequality follows from (19) and Egrs1 [H (27T ¢¥1)] = V2 f (1), the second inequality
is due to [[A + B+ C||% < 9(|AI% + |B]|% + ||C||3.) for all A, B,C € R™™, and the last inequality
follows from [[72f(**1) = V2f(z8)]|p < Lpllakt! — 2], Eguon [|H (@1 €541) — 92 f (A 3] < o,
and B | H(2A1 €541 — B (ks €43 < 13 o441 — 253

Letting ¢ = 0),/(1 — 6;) in (42), and using 6 € (0,1), we obtain ¢~ /2 = (1 — Hk)1/29;1/2 < 6,:1/2.
Combining this with (42), we obtain that

Ecen [[|My1 — V2@ )[F] < (1= 60)% (1 My — V2 £ ()3
+I8(LE + L) (1+ 6, /) a1 — %) + 1803 (1 + 6, /)63,
which along with 6, € (0, 1) implies that (40) holds as desired. O
The following lemma establishes a descent property for the potential sequence {Py} defined below.

Lemma 7. Suppose that Assumptions 1 and 2 hold. Let {(x*, My)} be the sequence generated by
Algorithm 2 with input parameters {(ny,0)}. Assume that {nx} C (0,(2L)~1) and {6} C (0,1), where
L is given in Assumption 1(b). Let {Py} be defined in (17) for {(x*, M)} and any positive sequence
{pr} satisfying

1/2
6,/ 43302
648(L% + L3)me” 18

Pyl = + (1= 6k)pr+1 <pr Yk >0, (43)

where L is given in Assumption 1(b) and Ly is given in Assumption 2. Then, it holds that
Bt [Pria] < Pr— my i, (25 71) /18 + 550, % | g* — V f(a¥)|[*/2 /18 + 366 *pra0® vk >0, (44)

where o is giwen in Assumption 1, and p,(x) is defined in (18).
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Proof. Fix any k > 0. Notice that 1 € (0, (2L)~1). Tt follows from (27) and (28) with (z*, 2, M,n) =
(xk+1a$k7Mkvnk) that
i (FH1) < + 02| My, = V2 F M)+ (lgF — VNP2, (45)
F@) < f(a) = Om) M — 2FP 4 24|V £ (2) — M| %+ 30 2|V () — ¢RI (46)

Combining these with (17) and (40), we obtain that

ka-ﬁ-l _ xk‘ H3

17
Berst [Prr] 2 Benra [F (@) + prga | My — V2F(H1)[13]
(40)(46) _
< (@) = (9m) 7 = 36(LE + L), Pppia) |2 — 2
+ (2472 + (1= Op)prr 1) [|My, — V2F(@) 1% + 302Nl g" — V()72 + 3606, *pri1
(45) _
< @R — 2 (0m) Y = 36(L + L3)0; 2 prir ), (28

+ (R (Om) ™t = 36(L% + L3)0; i) + 2407 + (1 = 0p)psr) | My, — V2 £ (25)|[%

+ 302+ 022 (9m) Y = 36(L3 + L6, Ppri1))llg" — V()P + 360367 *prs
= f(2") = 0t p (2711 /18 + (43302 /18 + (1 — O )ppst) | My, — V2 F(2F) |3

+55m,||g" — V(22218 + 360°65 *prya
(17)
< P — P g (251 /18 4 550 2| gF — V£ (F) |72 /18 + 360°6) *pi 1,

where the second equality is due to pyy1 = 9;/ 2/ (648(L3, + L3,)nx), and the last inequality follows from
(17) and 43317 /18 4+ (1 — 0x)pr+1 < pr. The conclusion (44) then follows from the above inequality. [

We now provide a proof of Theorem 2.

Proof of Theorem 2. For convenience, let n = 1/(17K'/5). Then, we have n, = 7, 6, = 625(L3, +
L3)?3n? and &), = 289> for all k > 0. In addition, we define py = 625'/2/(648(L% + L3;)%/3) for
all £ > 0. Then, one can verify that (43) holds for {(n,0,0r)} defined in (12) and {py} defined
above. In addition, by (12), one has that {nz} C (0,(2L)"!) and {6} C (0,1) holds for all K >
max{(2L/17)°, 7(L3. + L3,)°/3,1}, Thus, Lemma 7 holds for {(ng,0,dx)} defined in (12) and {py}
defined above. By the definition of {py}, Mo = H(z%;¢°), and (3), one has

E[Po] = f(2°) + poE[| Mo — V*f(@")|[F] < f(a°) + poo® < f(a°) + 0 /(L + LH)*?,  (47)

E[Px] = E[f(z") + px | MK — V2 f(z")[3] = fiow- (48)
Notice that E .« [|g" =V f(=F)|?/?] < 52/2. Taking expectation of both sides of (44) with respect to {£'}F]
and {¢*}F_, and substituting ny, = 1, O = 625(L% + L3,)*/3n?, and py = 625'/2/(648(L3. + L3,)%/3), we
obtain that for all £ > 0,

55

1/2 k+1 3 36 - 625° 373 3 5
E[Pir1] < E[Py] =0/ 2Elpuy (a51))/18 4 (32 - 17 + =20 (L) + L) ).

Summing this inequality over k = 0,..., K — 1, and using (47) and (48), it follows that for all K >
max{(2L/17)%, 7(L% + L3)%/3,1},

=

-1

(48) 55 36 - 625
fiow < E[Px] <E[Po] — (n"/?/18) Y Eluy(z*1)] + (E 17 WUS(L?F + L?{))Kn‘%
k=0
(47) 0 3 3 312/3 1/2 = k+1 95 3 36 - 6253 3713 3 5
< fa®) + 0% /(L + L) = (n'2/18) 3 Elpy(ah )] + (5 170+ Zo 20 (L + Lip) ) K.

B
Il

0
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Rearranging the terms of this inequality and using the definition of n = 1/(17K 1/ %), we obtain that for
all K > max{(2L/17)7, 7(L} + L)%, 1},

1 K-1
7 2 Bl )] < 18(

F(2°) = fiow + 03 /(L3 + L3,)2/3 /55 36 - 625°
Knl//2 e <E 17+ 648 (L +L§f)>779/2)

)

< T5(£(2°) — fiow + 03 /(L3 + L3)%/3 + (L3, + L3))o3 + 1)K ~9/10 W)y g-9/10,

Recall that ¢x is uniformly drawn from {1,..., K'}. This along with the above inequality implies that
for all K > max{(2L/17)577([1213p + L?;{)S/:s7 1},

=

1 -1

—_ ? ]E[,Uf’q(xk+l)] < MrmKig/loy

Efpin (%))

e
Il
o

which along with the definition of 1, in (18) and n = 1/(17K'/?) implies that for all K > max{(2L/17)°, 7(L3.+
Ly)*%,1},

E[|Vf(2)]3?) < 3Mem K™ EAmin(Vf(25))3] > =AMy K=9/10773/2 = _981 M, K3/,

In view of these, we can see that z'X is an (g, €)-SSOSP of (1) for all K satisfying (13). Hence, the
conclusion of this theorem holds as desired. O
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