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Abstract

We focus on multi-agent, multi-objective problems, particularly on those where
the objectives admit a potential structure. We show that the solution to the
potential multi-objective problem is always a noncooperative optimum for the
multi-agent setting. Furthermore, we identify a class of problems for which every
noncooperative solution can be computed via the potential problem. We also
establish a class of problems in which the solution to the potential problem yields
a solution to the cooperative multi-agent problem, and a further subclass where
the solution to the potential problem simultaneously represents both a cooper-
ative and a noncooperative solution, under aligned player objective preferences.
We apply this framework to multi-portfolio problems and demonstrate that Port-
folio Return, Portfolio Variance, Transaction Costs, and Sustainability Score can
be handled in different ways to obtain models fitting all the problem classes we
identify.

Keywords: Multi-agent multi-objective optimization, Potential games, Cooperative
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1 Introduction

We investigate the interplay between cooperative and noncooperative strategies in
multi-agent, multi-objective optimization frameworks, with a special focus on potential
games and their applications to portfolio selection. A theoretical treatment of Multi-
objective Games (MG) (whose solution is Pareto Equilibrium (PE)) is presented and
the concept of potential Multi-objective Problems (pMP) (whose solution is potential
Pareto Optimum (pPO)) is relied on as a powerful tool for simplifying the search for
equilibria in this noncooperative setting.

We focus on multi-objective potential games where each player’s objective admits a
shared potential function. This is formalized through Definition 1, where we introduce
weighted potential functions, and is supported by Propositions 1 and 2, establishing
sufficient and necessary conditions for the existence and uniqueness of such functions.
The connection between pMP and MG is further explored in Theorem 1, showing
that solving the potential problem through specific scalarization leads to a PE that
is obtained having each player assign a corresponding specific weight to each of their
objectives. However, this correspondence is not always reciprocal. Example 1 illustrates
the existence of PEs that are not pPOs, motivating the introduction of structural
conditions under which equivalence can be recovered (see Theorem 2).

We further consider the cooperative setting, where we deal with the Pareto Effi-
cient Multi-Objective Problem (PEMOP), where all players come together as a single
decisor to minimize all their objectives simultaneously. In Theorem 3, we identify a
class of problems for which any pPO is also a cooperative solution, which we term
PEMO, for some preferences regarding players’ objectives. In Theorem 4, we identify
a class of problems (included in the one defined in Theorem 3) for which any pPO is a
solution for both the noncooperative (MG) and the cooperative (PEMOP) scenarios
with the same players’ preferences.

The theoretical insights are then applied to a practical scenario in the multi-
portfolio selection problem. We model investor behavior through four distinct
functions: portfolio expected return, portfolio return variance, transaction costs and
sustainability score. These functions fit our theoretical framework, and the resulting
problem is a multi-objective multi-agent potential problem. We further define four
different multi-objective models (MOD I-IV) involving all the functions, each fit-
ting within the theoretical problem classes identified in the theorems. These models
demonstrate how real-world financial decisions can be framed as potential games, and
how equilibrium strategies can be interpreted through cooperative or noncooperative
lenses. In Proposition 4, we provide confirmation that solutions to these models remain
efficient when the four functions (portfolio expected return, portfolio return variance,
transaction costs and sustainability score) are directly used as objectives. In Figure 3,
we provide a visual representation of the different problem classes as identified by the
Theorems 1-4, and how the models I-IV fit within this framework.

2 Multi-Agent multi-objective Problems

We consider N agents/players, each one aiming at optimizing multiple objectives that
possibly depend on the choices of the other agents. In the classical framework of



complete information, simultaneity and rationality, we deal with both cooperative and
noncooperative interplays among agents.

Let ¥ € R™ represent the decision variables controlled by player v € {1,..., N}.
Each player v is associated with m objective functions (67,...,0;,), where 6% : R™ —
R denotes the j-th objective of player v. Players are assumed to consider the same
number of objectives m.

Each objective 07 may depend not only on z”, but also on the decision variables

of the other players, which are collected in vector z~":

As is customary in the relevant literature, we denote by x € R™, with n =Y n,, the

vector formed by all the decision variables and, to emphasize the agent v’s ones within

x, we write (¥, 27") instead of x, still indicating the vector z = (x!,...,z",...,zV).
Finally, decision variables ¥ are required to belong to the set X,, C R"~.

2.1 Noncooperative scenario

Each agent v tackles the following multi-objective problem composed of m parametric
(with respect to other agents’ decisions ") objectives:

minimize (0% (z",27")..., 0, (z", 7)) 1)
s.t. ¥ e X,.

The collection of all agents’ multi-objective programs (1) form the Multi-objective

Game (MG), that is the problem to

N
findze X =[[X,:v=1,...,N,Va¥ € X,,,
v=1
Fjur € {1,...,m} 2 07 (3, 777) .
Vie{l,...,m}: 07", 27") <07 (a¥,77Y).
(MG)
We term Pareto Equilibrium (PE) any solution to (MG).

A PE is a stable state where each player’s strategy is Pareto efficient relative to the
others, meaning no agent can unilaterally improve one objective without worsening
another.

We study a class of multi-objective games where each objective admits a com-
mon potential function across players. The following definition of (weighted) potential



function is standard in Nash Equilibrium Problems (for general results concerning
potential functions, see [1-5] and, related to the multi-objective games context, [6-9]).

Definition 1 A potential function for objective j is a function P; : R™ — R such that some
weights w’ € R_IL_ exist so that for all v = 1,..., N and for all (z¥,z7"), (y",27") € X:

Gg(xy,:vﬂ') — Qg(y”,mf'/) = w,{Pj (", 27") — wZPj(yu, x V).

Informally, a potential function aligns players’ goals through a common scalar: any
unilateral deviation produces a proportional change in the potential.

Assumption A: We assume (MG) to be a weighted potential game, that is, for
every j, a weighted potential function exists according to Definition 1.

Following the characterization results in [10, Theorem 2.1] and [6], we set, for all
v=1,....Nand j=1,...,m,

0% (z",27") = w,{qu(x”,af”) + 75 (=), wl >0, (2)

where ¢; : R" — R is a shared coupling term and ~7 : R™ — R is player-specific.
Thus, each objective combines a common component, weighted positively by each
player, and an individual component. The coupling term depends on all players’ strate-
gies, while the proprietary term depends only on the individual variables. We next
introduce assumptions that support the theoretical results of the paper.
Assumptions B: forallv =1,... ;N and for all j =1,...,m,

B1 ¢; and ~; are continuously differentiable;
B2 ¢;(e,z7") is convex on X,, for every x7% € HM&V X and 77 is convex on X,;
B3 X, is nonempty compact and convex.

In the rest of the paper, we assume the conditions in A and B to hold.

We remark that under assumption B3, the common feasible set X £ HJVV=1 X, is
also nonempty, compact and convex.

The existence of PEs is a well researched issue in the literature see, e.g. [11, 12]. Due
to Assumptions B, existence of PEs is guaranteed thanks to [13, Theorem 4.1, part
2], which refers to multi-objective optimality for each single agent, and [14, Corollary
2.2.5], for what concerns the noncooperative Nash equilibrium.

Under our standing assumptions, we can provide the following uniqueness result
for the potential function.

Proposition 1 For all j, the weights w’ and

N
Pi(2) = 65(2) + 3 ﬁ’y;(xl’) Yo, ¢ ER, 3)
v=1 "V

are, respectively, the unique weights and family of potential functions for objective j.



Proof We first show that wZ and P; satisfies Definition 1: for all v = 1,..., N and for all
(¥, z7"), (y",z7") € X:

05 (=", 27") = 05 (v, 2™")

i _ 1 1 i _ 1 1
wh (05”0 + Lap @)+ 30 ey | - (050t + Lt + 3 Lt | =
Wy pnF# v Wi Wy nF# YV Wi

win (", 27") — wZPj(y”7 z V).

To show uniqueness, Definition 1 implies for all v = 1,...,N and for all
(@, 27"), (¥, 27") e X

Py(o) = S0 )+ B - Lopr )]

Wy Wy
1 _
= ¢j(z) + —5 75 (@) + dj (=),
wy
where d¥(z7") = [Pj(y”,x_”) - ﬁ@?(y”,:r_”)] is constant w.r.t. y” as a consequence of

Definition 1.
Therefore, we obtain for all v # p

1 _ 1 _
@) (@) = @)+ d ),
w] ’UJ] J J

v W

that is
_ 1 _ 1
Bi(a™) = LA @)+ a7 - Lta?)
v

14

Since [d?(x_“) - #fy]”(ac”)] does not depend on z* and must be constant w.r.t. =¥, we

obtain 1
&)=Y Lt 4o,
ptv Wi
implying (3). O

In the next result, which is a straightforward consequence of Proposition 1, we
consider the simpler cases where in some objective j’s expression either the coupling
term or the proprietary one appear.

Proposition 2 Let for some j either
(a) _ _
Gf(x”,xﬂ’) =wle;j(z",z7"), wl >0, (4)
for all v. Then
Pi(z) = ¢j(x) +¢j, ¢ €R, (5)

is the unique family of potential functions for objective j;



(b)

for allv. Then,

Mz
‘)—‘
=

=75 (@) + ¢, w eRY,, ¢ €R,
V:lw”

1s the unique family of potential functions for objective j.
Having provided sufficient conditions for the existence and uniqueness of a potential
function for every objective, and mimicking the single objective case, it makes sense

to introduce the potential Multi-objective Problem (pMP), that can be viewed as a
centralized program for the whole noncooperative system,

minigﬂmize (Pi(z),..., Pn(2))

st. zelX.
That is, the problem to
findz € X :
Ve e X, 3j, € {1,...,m} : P;,(Z) < Pj,(x), or (pMP)

Vj € {1,,m} : Pj(.’/E\) SP](LU)

We term potential Pareto Optimum (pPO) any solution to (pMP). We remark that
(pMP) is a multi-objective problem, and can therefore be addressed by many solution
methods, see [13]. Under Assumptions A and B, the existence of pPOs is guaran-
teed thanks to [13, Theorem 4.1, part 2] and the Weierstrass Theorem. Although the
definition of pPO is essentially a restatement of classical Pareto efficiency among the
potential functions, it serves as a tool for identifying PEs. In fact, by the next theorem,
we show that pPOs, which can be computed addressing a multi-objective single opti-
mization problem, satisfy the more complex PE conditions that involve a collection
of (parametric) multi-objective problems. Even more, we show that a pPO that is
obtained relying on a specific weighted-sum scalarization corresponds to a PE that
is obtained having each player assign a corresponding specific weight to each of their
objectives.

Theorem 1 Let T be a pPO such that
Vz € X, > mPi(E) <Y wiPi(w)
J J

with m € R, . Then, it is a PE such that, for everyv =1,..., N,

m
vz € Xy, Zr”e” ,87Y) <Y 0", E7Y),



where

m
0 < Zﬂ'jpj(l‘y,/f_”) — Zﬂ'jpj(i‘\y,i’\_u)
— =

J;@l
= Yo et a) - P E )]

j=1
~—V A~V ~—
= Z—? [95(30”@ ) — 05 (", z V)] .
j=1 v
The claim is a consequence of [13, Theorem 4.1, part 1]. O

The previous result reveals that PEs can be found by solving (pMP), that is
structurally simpler with respect to (MG).

This leads to the following natural question: can every PE be found as a solution
to the corresponding (pMP), i.e., as a pPO? The answer is negative. While all pPOs
are indeed PEs, the converse does not hold. In fact, there may exist PEs that do
not correspond to any pPO, and thus cannot be retrieved by addressing (pMP). The
following example illustrates this gap.

Ezample 1 Consider the 2-player (MG), where ny = ny = 1 and m = 2. Player one considers
01 (z!,2%) = 2! + %(1’2 —2t+1)2 0}z, 2?) = -z + %(:cQ — 2t 4+1)% over X1 = [0,1], and
player 2 considers 6% (z!,2?) = 22 + %(x2 —zt +1)2, 032t 2?) = —2% + %(mQ — b +1)?
over X9 = [0,1]. Assumptions A and B are easily seen to be satisfied.

Since 07 (e, 2?) is strongly convex for every z2 € Xo and 63(z, e) is strongly convex for
every o e X1, and we have

1,1 2 1, 9 1 ‘
Vibi(z ,z°) = 2(36 T+ )(071)70,

1
Vg@%(ml,x2):71+§(x27x1+1)‘ 0,

01
then = (0,1) is a PE.
By Theorem 1, the unique family of potential functions and weights are

1
w%zw%zl, Plzz(mQ—x1+1)2+x1+a:2+cl, c1 € R,

and )
w%:w§:1, PQZZ(ZE271'1+1)27{L'17$2+C2, c2 €R.

Thanks to [13, Theorem 4.1, part 1], we can compute all pPOs z} by addressing

r(x;illgxgiez% AP (z!,2%) 4+ (1 = N Py(at, 2%), (9)

for all A € (0,1). Since problem (9) turns out to have a single solution for all As, we have the
following cases identifying the set of all pPOs:



e Xe (0,3] =} =(1,1);
e de(f,3) 2 ay=(1,2—-4));
e A=1—12"=(1,0)

o \¢c (%,i) — z} = (3 —4X,0);

e M€ [3.1) = a} =(0,0),

and thus z} # T for every A € (0,1), that is, the PE 7 is not a pPO. In Figure 1, we show
the feasible set X, as well as T (shown as an empty circle), and all pPOs computed through
different values of A (shown as the thick lines).

In Figure 2a, we depict the potential functions’ space P = (P, P2). We show P(X) in
light gray, all P(z}) (corresponding to the solid line) and P(Z) (corresponding to the star).
As expected, P(Z) is not an efficient solution for (pMP), and therefore cannot be computed
as a solution to problem (9) for any A. We also highlight the specific P(z}), with A = %7 %, %
and the corresponding optimal contour lines of the linearly scalarized function 7y Py + o Pa,
where 11 = XA and o =1 — A,

In Figures 2b and 2c, we depict the players’ objectives’ function spaces. We report 91(X)
and %(X) in light gray, all #'(z}) and 6(z%) (corresponding to the solid line), and ' (%)
and 6%(Z) (corresponding to the star). We also show the corresponding optimal contour lines
of the linearly scalarized functions 71 6} +74 603 and 7267 + 7363, where, according to Theorem
Lr=m/wi=XNand 73 =m/w? =1—Xand 7 = m /ws = X and 75 = mp /w3 =1 — \.

In order to visualize the interplay between the potential functions and the two players’
objectives, we highlight Hl(cc;) and 62 (x}) for A = %, %, %. In the potential functions’ space
P, )\ weights the preferences between the two potential functions: ranging from A = 1/4 to
A = 3/4, the focus is shifted from P> to P;. In particular, by varying A € [0, 1], we recover the
solid line consisting of all and only the non dominated points. This classical multi-objective
phenomenon is not fully inherited by the players’ objectives. In fact, focusing on player one
(Figure 2b), varying A € [1/2,3/4] one obtains non dominated points, while for A € [1/4,1/2),
worse values for both objectives are obtained compared to ones A = 1/2 yields. This behavior
is mirrored in player two’s objectives (Figure 2c). The values of A € [1/4,1/2] yield non
dominated points, while the values of A € (1/2,3/4] result in worse values for both objectives
compared to the values corresponding to A = 1/2.

In Figures 2b and 2c, the dotted lines depict 01 (X1,Z?) and 6%(z', X3) considering 7' =
0,0.25,0.5,0.75 and > = 0.25,0.5,0.75, 1. Focusing on player one (Figure 2b), :cik/4 =(1,1)
is a PE since 2! = 0 is the minimum of 1/4 6} (z!,1) +3/4 63 (2!, 1) over [0, 1]. Fixing 2% = 1,
the latter feasible set corresponds in o' objectives’ space to the dotted line 01(X1, 1), which
connects 01(Z) to Hl(x’{/él). The same reasoning can be applied to player 2 (Figure 2¢) for

the PE point m§/4 = (0,0). In fact, 22 = 0 is the minimum of 3/46%(0,z%) + 1/463(0, z?)
over [0,1]. This corresponds to the point 62 (x§/4) being the optimum w.r.t. the contour line

3/46% 4+ 1/463 over the dotted line 62(0, X3), which connects 6%(%) to 92(503/4).
]

Example 1 illustrates that not all PEs can be obtained as solutions to (pMP). This
naturally raises the question: are there structural conditions on the players’ payoffs
that ensure the sets of PEs and pPOs coincide? In the following theorem, we show
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Fig. 1: Visual representation of Example 1. The empty point 7 is a PE, while all the
pPOs x* lie on the thick lines and filled points as lambda ranges from 0 to 1.

that when each player has a single coupling objective, while all other objectives are
proprietary, the answer is affirmitive.

Theorem 2 Let, for every v, 07 be defined according to (2) with ¢1 convezx, and 9;’, j=
2,...,m, be defined according to (6). Let T be a PE such that for every v,

V.TV c Xy, ZTJ AV,A_ < ZTJ V V7A_ )7

with 77 € Ry, Then it is a pPO for Py defined by (3) and P; defined by (7), with wl =

Tl’ll)

v >0 for allzl and j =2,...,m, such that

Vr € X, ZW] Z

J

with m = e. Moreover, every potential functwn Py,..., Py is conver.
Proof For every v, ¥ is a minimum of ZJ 17705 (x",27") over X,. By Assumptions B,
we obtain
v /\V 1%
Tt [wyvym( )+ VAL (& ] ZT G )>0, Vi¥e€ X,

Dividing by 7w}, we get

o, 1 e
Vup1(Z) + — VA1 (37) + Z 1 35 ( ) >0, Vz¥eX,.
wy j:2 wy
Then summing over v, we get
T
~ 1 & ~ BN
Vi1 () + V@) + Z vyJ (@) (x—2)>0, VreX. (10)
v=1,...,N
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(b) Player 1’s objectives’ space (c) Player 2’s objectives’ space

Fig. 2: Visualization of pPOs (solid line) and the PE Z = (0, 1) (star) in the potential
function space (Figure 2a) and in the objective spaces (in grey) of the two players
(Figures 2b and 2c). We also show the optimal contour lines for %, z% and z% in

4 2 4
orange, blue and green, respectively, in the potential objectives’ space, and in the two
players’ objective spaces.

Therefore Py satisfies Assumption A by Theorem 1. For j = 2,...,m, P; with

v, 1

i T{ W

wi, = 1VV>O
7

satisfies Assumption A by Theorem 2 (b). The variational inequality (10) is therefore
equivalent to
T

m
Y VP@E) | (-3 >0, VzeX.
j=1

By Assumptions B, for every j and v, ’y;’ is convex and X, is convex, and thanks to the
convexity of ¢1, P;s are convex on X. Therefore, the latter relation is equivalent to having
b]e a minimum of Z;n:1 Pj(x) over X, which means Z is a pPO (see [13, Theorem 4.1, part
1]). O

10



The last result is particularly relevant, in that it allows one to identify a class of
problems for which the full set of PEs can be computed via (pMP).

2.2 Cooperative scenario

We present the cooperative scenario: all players come together as a single decisor that
wants to minimize all N xm objectives simultaneously. We term the resulting problem
the Pareto Efficient Multi-Objective Problem (PEMOP):

minicﬂmize ((9% (2),...,00()),..., (0 (2),..., 9%(3:))) (PEMOP)
s.t. z € X,

and the related solution concept, according to the following definition.

Definition 2 A Pareto Efficient Multi-Objective (PEMO) is a point satisfying
N
geXx=]]x:

u':1 N v (11)
Ve e X, Jjz €{1,...,m}and vz € {1,...,N} : 072 (T ;(x), or

(@) <
Vie{l,...,m}andv e {1,...,N}: 07(z) < 67(z)

Any PEMO can be computed as a solution to the linearly scalarized problem

minimize E a,,g 7”9”
X

TE

where the weights 77 € R, capture each player’s preferences, and the weights o €
Rf . are related to the agreement players come to.

Theorem 3 Let, for every v, 8}’, with j € {1,...,m}, be defined according to (4), and 0;-’,
je{m+1,...,m}, be defined according to (6). The point T is a pPO for P, ..., Pm defined
by (5) and Pryy1, ..., Pm defined by (7) for some w™ L, ... w™ € Ry such that

VeeX, Y mPi@) <> miPi()
J J

with m € R, if and only if it is a PEMO such that

m

N m
Vo € X, Z HOCHI Z g B ;ﬂ ;(x”)7

where a € R_IL_ and

?;:L?forje{l,..,,m}(md T = awj jforje{m+17..,,m}. (12)
wy, ¥

el =¥

11



Proof The proof is due to

m N m - N m -
J _ J v
IRTIBED SETYEES I ol SEED o0 v 1
j=1 =1 v=1 =1 1% =1 =t lledlwy
and
m m .
2 ™ Zav S e Zav > Lo
j=m+1 v=1 j= =m+1 % wV j=m+1 QrWy
holding for all # € X. The fact that Z is a pPO and a PEMO is due to (see [13, Theorem
4.1, part 1, part 2]). O

We remark that, if m > m and if N > 1, the weights 7”s in the linear scalariza-
tion corresponding to the PE according to Theorem 1, do not match, for any «, the
weights 7s in the linear scalarization corresponding to the PEMO under the assump-
tions in Theorem 3. Hence, a pPO is an noncooperative solution for some preferences
regarding players’ objectives, while, under the conditions in Theorem 3, it is a coop-
erative solution for different preferences regarding players’ objectives. We term this
discrepancy the cooperation gap.

2.3 Bridging the cooperation gap

We define the potential-aware objectives as follows:
@(m”,af”) £ wl Pj(z”,27").
Correspondingly, the potential-aware objectives version of (1) reads as follows:

I 3 ~V v —V ~V 1% -V
minimize (6% (z”,27Y), ..., 0% (z", 7)) (13)
s.t. v e X,,
and we term the collection of problems (13) potential-aware objectives MG. Likewise,
we introduce the potential-aware objectives PEMOP:

minimize ((5%(:0),...,5}"(:0)),...,(5{\7@),...,5%@)))

s.t. z e X.

The definitions of PEs and PEMOs can be recast in the context of potential-aware
objectives MG by substituting 67 with 6%, and the definition of pPOs is obtained by
considering the potential functions Py, ..., Pp,.

In the potential-aware objectives noncooperative and cooperative cases, each player
explicitly optimizes the potential functions, which are made known and assigned to all
players from the outset. While in potential MGs players are unknowingly minimizing
the same potential functions, in potential-aware objectives MGs, the players are aware
of the potential structure of the game and consider the potential functions explicitly.

Proposition 3 The following statements hold:

12



(a) the set of PEs for (MG) coincides with the set of PEs for any potential-aware
objectives MG;

(b) any potential-aware objectives MG satisfies Assumptions A with potential functions
Pl, ey Pm 5

(¢) T being a pPO such that

VeeX, > mPiE) <Y mPix),
J J

with = € R, ,

(i) is sufficient for it to be a PE for the potential-aware objectives MG such that, for
everyv=1,...,N,

m

m
Vol e XV’ ZTDGV l/ v S Z ju ;/ u’/\—y),

where all T} are defined in (8);
(i) 1is necessary and sufficient for it to be a PEMO for the potential-aware objectives
PEMOP such that for every g € RL,

m

N
ek leﬂlhzTe ;Hﬂnljﬁef %

where all T} are defined in (8).

Proof (a) The claim is a consequence of Assumptions A for (MG).

(b) The claim is a consequence of applying Proposition 2 (a) to (13), being ¢; = P; for
j=1...,m. _

(¢) Consider % = 0. Point (i) follows directly from Theorem 1, while the proof of point

(i) follows from Theorem 3, considering m = m and o = ﬁ, implying [|a|1 = 1. O

In the light of the considerations above, the pPOs are the PEs that are also PEMOs
for the potential-aware objectives PEMOP.

Ezample 2 Consider the potential-aware objectives version of Example 1. This means that
player one considers 61 (z', %) = 10(z' + 2% + %(azQ —z' +1)?), 03z, 2?) = —2' — 2% +
%(12 xt41)2 With X1 =10, 1] and player 2 considers 67 (z', %) = 2! + 2% + i(wg —zl4+1)2,
03(z',2%) = 10(—z' — 2 T ( — 2t +1)?) with Xy = [0, 1].

This implies P, = 2! + 2% + i(az2 — ' 4+ 1)? with weights wi = 10, w} = 1 and
Py=—at — 2?4 i(m2 — 2! +1)% with weights w? = 1, w3 = 10.

Thanks to Proposition 3, we know that the set of PEs and pPOs of the original problem
(Example 1) and its potential-aware version (Example 2) coincide.

13



Notice that the set of PEs is the whole feasible set of the game, i.e. X = [0,1] x [0, 1].
Consider the set of PEs that are not pPOs, i.e. D £ {(acl7 mg) caxt=1-—¢el 2?2 =¢e2el 2 ¢
(0,1]}. For any = = (1—¢',e%) € D, consider = (1—e! +min{e!, 2}, 2 —min{e!, £2}) € X.
We have

1 2 1 2
Pi(z) = 1 (51 +52) +1-el+e% < P (%) = 1 (61 +e2— 2min{51,52}) +1-—el 4%
and
2

1 2 1 2
PQ(x):Z(al—&—EQ) —1+51—52<P2(E):Z(sl+s2—2min{517a2}) —14et =&

This shows that the potential problem selects a subset of the PEs. In the light of the con-
siderations above, thanks to Theorem 3, we know that the potential problem selects the PEs
that are also PEMOs for the potential-aware objectives version of the problem.

Thanks to Theorem 3, a pPO Z such that

Vr € X, T P1(Z) + 72 Pa(Z) < m1 Pi(x) + maPa(z),
with 71,72 > 0, is a PE such that,
velexy,  pOIENE) + mbi @ 7)< [0l 20) + mbi(al B,
and
vl e Xy, mOrEh,EY) + ﬂégr1 22) < mb3(a',2%) + @ég(x ,22).

Moreover, T is a PEMO for the potentlal aware objectives version such that for every
¢elo,1],

V(z!,2?) € X1 x Xo,
¢ (TGN + 3@, 7)) + (1 - ) (mBE" ) + RBHE"TY) <
¢ (B0 +mB3a" a?) + (1= Q) (M, 2%) + (" ).

If the original problem is such that the all the players’ objectives are potential-
aware ones, pPOs correspond to noncooperative and cooperative solutions with the
same preferences regarding players’ objectives. In this case, the cooperation gap is
closed.

Theorem 4 Let, for every v, 9 , with j € {1,...,m}, be defined according to (4). The point
Z being a pPO for P1,...,Pn deﬁned by (5) such that

VeeX, Y mPi@) <) miPi()
J J
(i) is sufficient for it to be a PE such that, for everyv =1,... N,

m m
Vot € X,, D> TreNE,EY) <> 70yt i),
j=1 j=1

where all 77 are defined in (8);
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(ii) is necessary and sufficient for it to be a PEMO such that for every € RL,

v m

N m N
R B
Ve € X, T /0% (%) < V0¥ (2¥),
2 T 270 @) < 2y O )

where all 7} are defined in (8).

Proof The proof is a consequence of Proposition 3, by noticing that all 09’ = 5;’ . O

3 The Multi-portfolio selection model

We consider the multi-portfolio selection (see, e.g. [15-17]) and frame it as a multi-
agent multi-objective problem. We identify different frameworks covering the main
theoretical (cooperative and noncooperative) scenarios that are described in Section 2.

N investors consider K different financial assets for the construction of their port-
folio. Each account owner v € {1,..., N} aims to choose the fractions ¥ € X, C A £
{y € Rf : ZZK:1 y; = 1} of their budget b € Ry to invest in the different assets,
where X, is a nonempty, compact and convex set of all feasible portfolios. Each asset
i has its own return, relative to a single-period investment, that is denoted by the
random variable R;.

We next introduce the four different loss functions that each decision maker v aims
at minimizing when choosing how to invest:

e Expected Loss, that is the negative of expected portfolio return (measured in units
of currency):

)

ELD(J:U) L b ¥ T Y
N~ ~—~
quantities expected
unitary
returns

where ¥ € R¥ are account v owner’s estimation of the expected assets’ returns
E(R). This proprietary function is associated with the highest degree of uncertainty.
In fact, each investor has a private expectation of future pay-offs, and mitigates
the associated risk by considering the Return Variance measure, described in the
following.

® Return Variance (measured in units of currency squared):

Rvu(xu) 4L bumyT‘/ubuagu7

where V¥ € RE*K is a symmetric and positive semidefinite matrix modeling
investor v’s estimation of the assets’ returns covariance matrix E((R—r")(R—7")T),
where ¥ is investor v’s estimate of R. As with expected returns, each player forms
a personal estimate of risk. Minimizing this proprietary term mitigates the risk of
making a poor estimate of the portfolio return;
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e Transaction Cost (measured in units of currency):

v, Vv —v b” wal
TCY(2%,27") £ I TC(z),
~—~—

investor’s total
fraction TC

where the total Transaction Cost term reads as follows:

N N 1 N T N
TC(x)éZ( bP P TQZHbez) :W <prxp> Qprxp,
=1 =1 1P 1 p=1

p=1
~—~—

quantities unitary costs

and € REXK is the symmetric (common to all accounts) and positive definite
matrix modeling the expected market impact, whose entry at position (i,j) gives
an estimate of the impact of the liquidity of asset ¢ on the liquidity of asset j. This
coupling function is associated with a lower degree of uncertainty. In fact, all players
concur on the same estimate of the market impact matrix. The total transaction cost
sustained by all investor collectively is then distributed among them proportionally
to each player’s invested budget.

® Sustainability Cost, that is the negative of the sustainability-related incentives given
out by the firm (measured in units of currency):

[/ —
SC¥(2”,27") & —— SC(x),
1612
~——
investor’s total
fraction
where the total Sustainability Cost is given by
N
_ ESG
SC@) =37 war T
p=1 \/_1/

quantities unitary
incentives

and ESG € R¥ is the vector collecting the monetary incentives associated with the
Environmental Social and Governance (ESG) scores of the K assets. The incen-
tives described by this coupling term are deterministic since the firm defines clear
guidelines concerning the economic bonus associated with the construction of sus-
tainable portfolios. The total incentives earned by all investor collectively and are
then allocated proportionally to the budget invested by each player.

The loss functions described above are continuous and convex. In particular, the con-
vexity of the TC term w.r.t  can be shown by rewriting it as TC(z) = Hl}”leHx,
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where H € RNVEXNK jg

Lot bI?Q - BN
N b2 b26%Q RUREY)
H =

BNBIQ VB2 - BNV Q)

that is, 0 < H = bb' @ Q, since bb' > 0 and Q > 0 and the Kroneker product
of positive semidefinite matrices is positive semidefinite. Moreover, the TC" term
is strongly convex w.r.t. x¥, since (2 is positive definite. We consider the following
different versions of the multi-portfolio model, where we combine the four loss functions
described above in a multi-objective setting: either by considering them as terms of a
sum in an objective 67, or by considering them as constraints in X, . For all models
proposed, we have m = 2, and Assumptions A and B satisfied. For every investor v,
we consider:

MOD I general version fitting within the Theorem 1 framework:

174

07 (z”,x™") =TC"(x",27") + EL"(z") = oL TC(x) +EL"(2")
N N——
wy,  ¢1() vy (zv)
and "
05(a* a) = SC (a2 ~") = 1T §O(a),

10111
w2 ¢a(x)

with

X, =AnN{yeRX :RV”(y) <7}, where 7 € RV’(A).
In this model, the investors distinguish aleatory cost terms (i.e. based on estimates)
and deterministic one in two corresponding different objectives, namely 6% and 62.
Moreover, Return Variance is constrained not to exceed a target threshold. The
Potential functions are as follows:

Pi(e) = TCw) + Y 1 Bir(ar),  Py(e) =SC(a),

and the potential-aware objectives are

~l/ v -V bu v v l/
07 (z",27") = ol TC(x)+ELY( ;/ EL” aP) = 67( +p;£zy ELP x?P),
~ B

B (a”,a~) = ——SC
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MOD II

MOD III

version fitting within the Theorem 2 (and also the Theorem 1) framework:

0% (z¥,x7v) = TCY(a¥,2~") + SC”(z¥,z~") + EL"(z")

[/ g— —
= N (TC(Q:) + SC(JJ)) + EL"(z")
\.v}/ ———
w} #1(x) VY (zv)
and
eg(xu’xfu) = Rvy(xy)a
——
v (z¥)
with
X, =A.

In this model, the investors include in the first objective 67 all the monetary terms,
and the second objective and 62 accounts for the Return Variance risk measure.
The Potential functions are as follows:

N
Py(x) = TC(x) + SC(x) + > ”%ELPW), Py(x) =) iRVP(zP), weRY,

and the potential-aware objectives are

0% (x¥,27") = Hb” (TC(z) + SC(x)) + EL” (z¥) + 3,4, 5 EL(27)

~V v -V v v ’U_}V v v et %4 wv
0% (z”,27") = RV”(x )+ZERVP(Q:P) =0y (¥, x )+ZERVP(33P);
pFV pFV
version fitting within the Theorem 3 (and also the Theorems 1 and 2) framework:

0! (a”,2) = EL" (a")

——
1 (@¥)

and

vV —v v/ v —v v/ v v bY P __

0y (z¥,x™") = TC"(x",27") + SC" (2", x ):w TC(z) + SC(z) |,

1
w), ¢1(x)

with

X, =An {ycRE :RV”(y) <7}, where T € RV”(A).
In the third model we propose, the investors consider the term with the highest
degree of uncertainty in the first objective 6%, and the other two monetary terms
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MOD IV

in the second objective 85. The Return Variance term is used by the investors as a
constraint to manage their portfolio risk. The Potential functions are as follows:

N
Pi(z) = Z iELP(:EP), weRY,, Py(z)=TC(z)+SC(z)

w
p=1 P

and the potential-aware objectives are

0 (a¥,2™") = EL" (") + 3 %ELP(;UP) NACEZEDY %ELT’(#’),

pFV pFV
wiv o~V b” el I<Tal V(i 2V .~V
0y (z¥,27") = N (TC(z) + SC(z)) = 04 (2", z™");
version fitting within the Theorem 4 (and also the Theorems 1 and 3) framework:
v,V —v v,V —v by el
07 (z”,2™") = TC" (¥, 27") = T TC(x)
NI
w),  ¢1(2)
and "
0y (¥, x7") =SC” (z",z™") = W@(m),
Nig.L
w2 ¢a(x)
with

X, =An{yeRX . EL"(y) <1",RV(y) <7} # 0,
where I” € ELY(A),7” € RVY(A). In this model, the investors consider the two
coupling functions as objectives, namely, 67 is investor v’s share of the total trans-
action costs and 6% is their share of the total sustainability cost. Moreover, the
proprietary functions (income loss and return variance) are used by the investors
as constraints to achieve a target portfolio income and limit the portfolio risk. The
potential functions are as follows:

Py(z) = TC(z), Py(x)=SC(z)

and the potential-aware objectives are

Nl/ v —UV bV v v —V
91($ » L ): ||b||1TC(JJ):01(.I‘ » T )a
~V v —V bu v 17 —V
0y (z", x ):—”leSC(x):%(x ,x V).

Figure 3 provides a visual representation of the different problem classes as identified
by the Theorems 1-4, and how the models I-IV fit within this framework. With the
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following proposition, we show that a PE for the models I-IV| is also a PE when consid-
ering the functions expected loss, return variance, transaction cost and sustainability
cost as objectives.

Proposition 4 Consider any model 1-1V. Let T be a PE, then

ge[[Aa:v=1,... N V2" €A,
ELY(z") < ELY ("), or
RV¥ (") < RVY(2"), or
TCY (@, 277) < TCY(z”,27Y), or
SCY(z”,z77) < SC¥(z",z7"), or

ELY(3") < EL"(2¥), RV¥ (") < RV”(:J:”)
TCI/(’\V —~—V )<TCI/( l/ /\— ) SCI/( IJ )< SCI/( v ’\—IJ).

Proof For all models, Z being a PE implies for every investor v = 1,..., N,

vz¥ € X, 01,27+ 053, 777) <m0l (z",77Y) + 505 (2, T 7),
for some 77 € R?H_, due to [13, Theorem 4.1, part 2]. Due to the strong convexity of
TCY (e, "), we have that Z is the unique point satisfying the following conditions for the
different models:

MODI 3 eAn {yeR:RV/(y) <7},
T TCY(,37") + TVELY (3%) + r§SCY (3%, 37Y) <
T TCY(2”,27") + r{EL(2") + 5'SC" (2", 27");
MOD II €A,
T TCY (2", 27") + r{'SCY(8",27") + 7/ EL"(3") + RV (3") <
T TCY(«”,277) + 7{SC" (2", 27") + { EL"(2") + 7 RV” (z");

MOD TII e An {yeRE RV'(y) <7}
TV ELY (Z) + ¥ TCY (3", 7~ V) THSCY (¥, 77Y) <
TVELY (2¥) + 7§ TCY (2", 27Y) + 15SC¥ (2,77 ");

MOD IV ¥ e AN {yeRE:ELY(y) <1",RV”(y) < 7"},
TfTCY(Z¥,277) + 5 SCY (&7, 27") < 7/ TCY (=", 2 ") + 75 SC¥ (=¥, z7").
The claim follows from [13, Theorem 4.3]; O
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pPO — PE

pPO — PEMO
T

pPO — PEMO

MOD IV
MOD III

Fig. 3: Graphical representation of the problem classes identified by the assumptions
of Theorem 1 (white rectangle), Theorem 2 (red rectangle), Theorem 3 (blue rectangle)
and Theorem 4 (yellow rectangle), and the placement of Models I-IV within these

classes
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