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Abstract

Optimization problems that involve multiple, conflicting criteria lead to a set
of efficient solutions, and when there are discrete decisions, some solutions
may be unsupported. Applications where it is difficult to estimate the pa-
rameters for criteria motivate inverse optimization techniques. We provide
a theoretical analysis of the set of (unknown) objective parameters which
lead to a (known) efficient subset of feasible solutions, known as the inverse-
feasible region, of a multiobjective integer program. We provide insights into
its structure by means of two well-structured outer approximations that help
to capture its odd form. The first approximation is based on supportedness
(where some solutions should be optimal for a weighted sum scalarization),
and the second is based on incomparability (where no solution should dom-
inate another). We include visualizations for the two-variable-two-objective
case which help establish geometric intuition for the structure of these sets.
As part of the theoretical contributions, several convexity-related subprob-
lems are introduced, including convex cores and half-space coverings. Con-
cluding remarks outline the remaining gaps in giving an exact representation.

Keywords: multiobjective optimization, inverse optimization, integer
programs
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Disclaimer: The views expressed in this article are those of the author(s) and
do not reflect the official policy or position of the U.S. Naval Academy, De-
partment of the Navy, the Department of Defense, or the U.S. Government.

1. Introduction

“Forward” optimization methods, such as linear programs (LPs) and inte-
ger programs (IPs), compute an optimal solution given an objective function
and constraints when the parameter data are known a priori. In contexts
where the parameter data are uncertain or difficult to estimate, inverse op-
timization seeks the model parameters under which a given solution (which
is available a priori) becomes optimal. Examples of using solutions to infer
parameters include: plans for intensity-modulated radiation therapy (IMRT)
used to estimate model parameters (Boutilier et al., 2015; |(Chan et al., [2014;
Hamacher and Kiifer, 2002; |Lee et al. [2013); seismic wave data used with
inverse shortest path problems to predict movement of earthquakes (Burton
and Toint| 1992a)); historic behavior used to estimate difficult-to-determine
costs in production planning (Troutt et all 2006)); known outcomes of an
energy market used to infer a competitor’s prices (Ruiz et al., 2013)); and
outcomes in an electricity market to recover its structure (Birge et al., 2017)).

The consideration of multiple, conflicting criteria in an optimization prob-

lem is necessary for many applications across the healthcare industry (Chakraporty

et al., 2023; Ehrgott et al| 2010]), engineering disciplines (Andersson, [2000;
Marler and Aroraj,2004)), and beyond (Ehrgott, 2005, Ehrgott and Gandibleux)
2002; White|, [1990). Whereas the goal of single-objective optimization is to
return one optimal solution, in general no “ideal” solution exists for practical
applications where all objectives are optimized simultaneously. Therefore,
the common goal of multiobjective optimization is to compute all efficient
solutions, the set of which is the efficient frontier. Multiobjective linear
programs (MOLPs) are the simplest to study since the feasible set and its
image are convex polyhedra, and the efficient frontier is contained within the
boundary of the feasible set polyhedron (Ehrgott, 2005).

The focus of this work is to infer objective parameters through inverse op-
timization for multiobjective integer linear programs (MOIPs). Prior work on
inverse MOIP has focused on applications, which have developed algorithms
to produce one objective matrix for a given solution or set of solutions, e.g.,
Roland et al| (2012)), [Roland et al. (2013), and Roland et al. (2016]). The

present work aims to instead capture all such objective matrices, referred
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to as the inverse-feasible region. Comparable analyses for inverse single-
objective LPs (Ahuja and Orlin, 2001) and IPs (Schaefer, |2009) employed
LP duality and superadditive duality, respectively. To date, there are only
nascent concepts available for a superadditive dual of a MOIP (Dunbar et al.,
2024)). The present work establishes foundations for an outer description of
the inverse-feasible region of a MOIP, in particular by intersecting approxi-
mations of the set using non-dual methods.

This inverse problem is fundamentally shaped by integrality. In particu-
lar, efficient solutions that are unsupported—i.e., they exist in the interior
of the convex hull of feasible images—arise solely due to the discrete nature
of the feasible set and have no analogue in the continuous case. Unlike the
case of MOLPs, convexity is not available in this discrete setting, and the
unsupported solutions lead to nonconvex inverse-feasible regions. In order
to compute the unsupported solutions, special techniques are required which
result in convex-like properties. Our research identifies convex-adjacent sub-
problems, including convex cores and half-space covering.

Our main contributions can be summarized as:

e presenting novel visualization strategies to observe the structure of the
inverse-feasible region of a MOIP with two variables and two objectives;

e analysis of two outer approximations of the inverse-feasible region;
e examples and structural properties of each approximation; and
e identifying open directions for future research.

Hic sunt dracones, meaning “here be dragons”, is a Latin phrase used by
ancient cartographers to indicate what is beyond the boundary of a current-
known map; this titular phrase is appropriate for this work as it explores
the boundaries of inverse optimization, multicriteria decision making, and
integer programming, simultaneously. See Table [I] for a comparison of key
features. We make progress into this new territory, though many aspects
remain unsolved.

The outline of the manuscript is as follows. Section [2f summarizes related
literature, including applications of inverse optimization. Section |3| provides
preliminary definitions, and Section []introduces the two major outer approx-
imations studied. Sections [ and [6] present analyses of these approximation
sets. Section [7] concludes with observations about the gap between the outer
approximations and the inverse-feasible set.
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Table 1: Characteristics of related problems. The counterparts of inverse, multiobjective,
and discrete are forward, single-objective, and continuous, respectively.

Inverse  Multiobjective  Discrete | Unique characteristics

X X o Inverse-feasible region structure understood via
convexity and weighted sum scalarization
X X o Inverse-feasible region structure understood via
superadditive duality
X X o Many algorithms exist for forward optimization

with fixed objective matrix

o Nonconvex inverse-feasible sets have yet to be
represented exactly

X X X o No available duality framework

o Computing inverse-feasible objective matrices
for unsupported efficient solutions is nontrivial

2. Literature and Applications

Among the first applications to motivate the study of (single-objective)
inverse optimization were those requiring parameter estimation. Collected
data (i.e., observable parameters) may be used to infer the other model pa-
rameters of a physical system that are difficult or impossible to measure. In
geophysics, for example, seismic wave data can be used with inverse short-
est path problems to predict movement of earthquakes (Burton and Toint,
1992a); see Neumann-Denzau and Behrens| (1984) and [Tarantola (2005) for
others. Equilibrium models are another rich area of study necessitating pa-
rameter estimation. Observed traffic data have been used to estimate conges-
tion function parameters via inverse variational inequality problems (Bertsi-
mas et al., 2015)). Other traffic models have estimated user cost functions and
traffic predictions (Burton and Toint} 1994 Zhang et al. 2016| 2018). In-
verse multiobjective optimization has been motivated to compromise among
a group of experts, where the nearest inverse-feasible objective matrix is
sought to satisfy differing experts’ evaluations (Roland et al., |2016).

Another broad area of applications for inverse optimization is the design
of mechanisms within cooperative games which incentivize players to act ac-
cording to the collaboratively optimal solution (Agarwal and Ergun| 2008;
Houghtalen et all 2011; Zheng et all 2015)). Building on the transporta-
tion modeling applications mentioned above, toll design problems seek to
incentivize individuals to make decisions according to the network flow equi-
librium, generally using cost estimations based on solving inverse optimiza-
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tion problems (Dial, |1999; [Marcotte et al., 2009)). Applications in portfolio
optimization include studies of the inverse newsvendor problem (Carr and
Lovejoyl, 2000), where given a set of installed capacities, the goal is to find
an optimal demand distribution. In energy markets, Ruiz et al| (2013) infer
a competitor’s prices using known outcomes, and Birge et al. (2017) recover
market structure based on observed outcomes.

The theory for inverse single-objective LPs is well established. Shortest
path problems were the earliest models studied (Burton and Toint), [1992b)),
followed by network flow models (Ahuja and Orlin| 2001) and other combi-
natorial problems (Heuberger, 2004). LP duality enables an inverse LP to
be formulated as a new LP (Ahuja and Orlin, 2001). Moreover, the survey
by [Heuberger| (2004)) shows that many polynomially-solvable combinatorial
problems have inverse problems that are also polynomially-solvable. Some
studies, like Ahuja and Orlin| (2001)), use a target criteria vector and seek to
find the minimum perturbation from the vector that would render a given
feasible solution (or set of solutions) optimal. Others focus on recovering
constraints for a LP (Chan and Kaw| [2020; Ghobadi and Mahmoudzadeh,
. Studies of inverse optimization beyond LPs include conic and con-
vex models (Iyengar and Kang), [2005; Keshavarz et all |2011; Zhang and Xul,
2010} |Zhang and Zhang], 2010]), Markov decision processes (Erkin et al.| [2010;
Ghatrani and Ghatel 2023), and (mixed) integer programs (Duan and Wang],

011} Lamperski and Schaefer] [2015} |Schaefer] |2009; Wang, 2009). See Chan|
et al| (2023) for a recent and comprehensive review of the state of research,
including applications, in single-objective inverse optimization.

This paper extends the work of Tavashoglu et al| (2018), who in the
context of inverse single-objective LP characterized the inverse-feasible region
with respect to a (face of a) polyhedron, including dimensionality conditions.
Their methodology first characterized a high-dimensional set in the space of
criteria vectors and dual variables, which was then projected to the inverse-
feasible region in the space of criteria vectors. Their paper illustrates inverse-
feasible regions geometrically in the space of objective vectors, which was
influential to this study. A common perspective for inverse optimization of
MOLPs is to minimize modification of a criteria matrix (with respect to a
norm) to make one feasible solution weakly efficient (Naghavi et al.| 2019).
Using the fact that a weakly efficient solution is optimal to the weighted sum
scalarization, they establish the convex cone created by active constraints on
the solution and form a nonconvex optimization problem. A series of results
indicates how a set of convex optimization problems can be solved to find
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the optimal criteria matrix; however, it is limited to a single feasible solution
and does not provide a deeper geometric understanding of the set of inverse-
feasible criteria matrices. We extend Lemma 2 of Naghavi et al. (2019) in
order to achieve this understanding. Some related studies consider interior
solutions and try to achieve near-efficiency (Chan et all [2014). Our study
aims to achieve efficiency for a set of feasible solutions.

We summarize three algorithmic papers for inverse MOIP and their re-
lationship to our geometric study. First, the so-called stability radius of a
given efficient solution is the maximal adjustment to an objective matrix
(or other parameter) that maintains efficiency (Emelichev and Podkopaev,
2010; |[Roland et al., [2012). This work can be understood geometrically as
starting with an inverse-feasible objective matrix and measuring the maxi-
mum size of a unit ball centered at that matrix which maintains feasibility
(size measured by a norm, in this case, the Tchebychev norm). As our vi-
sualizations will show, the standard norms for a unit ball cannot capture
the complex structure of the inverse-feasible region. Second, Roland et al.
(2013)) presented algorithms to compute an inverse-feasible matrix for a fea-
sible solution and an arbitrary initial objective matrix. That is—again for
a single feasible solution—how does one find the nearest inverse-feasible ob-
jective matrix to an initial infeasible one? Geometrically, this is a natural
converse study, which can be understood as measuring the minimum size of
a unit ball in the complement of the inverse-feasible set, given that the ball is
centered at an infeasible point and intersects the feasible set. Lastly, Roland
et al| (2016) presents algorithms for the problem when the MOIP yields a
feasible ideal solution (an efficient set of cardinality one), which is motivated
as compromising between multiple expert opinions for portfolio selection.

In the multiobjective literature, inverse optimization is closely related to
the so-called weight space decomposition (WSD) methods (Alves and Costa,
2016} [Helfrich et al., 2023} [Koksalan and Karakaya), 2021} [Przybylski et al.|
2010). However, WSD is a more narrow analysis since it studies a single
weighted scalarization (typically weighted sum) and assumes fixed objectives
(usually three); as a result, only the few scalar weights vary. Applications
which primarily optimize the weighted sum of multiple criteria, e.g., IMRT
treatment plan optimization (Boutilier et al., 2015} Chan et al., 2014; |Lee
et al., [2013)), might benefit from these methods. Weighted sum scalarization
is known to only capture supported solutions, whereas our analysis allows
for unsupported efficient solutions.
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3. Preliminaries

We begin by introducing standard definitions for multiobjective optimiza-
tion before introducing notions for the inverse. For p > 1, let y,2z € RP.
Isolated vectors are assumed to be column vectors, and for readability, we
often omit transpose unless the dimension is not clear from context. Define
the following (partial) vector orderings:

e y < z if 2 — y has all positive components;

e y < z if z — y has all nonnegative components, where we say z weakly
dominates y; and

o y<czify=<zandy# 2z where we say z dominates y.

Let Y C RP. A vector y € Y is nondominated (ND) with respect to Y if
it is not dominated by a vector in Y. If y does not dominate z and vice
versa, they are called incomparable, denoted by y ~ z. If all vectors in Y are
pairwise incomparable, then Y is said to be stable. Note that the ND subset
of any set is stable.

Consider a program with n integer decision variables, m constraints, and
p objectives. We assume that constraints and objectives are defined by affine
inequalities and linear functions, respectively, and henceforth we assume that
the formulation is linear. For objective matrix C' € RP*™ and 1 <1 < p, the
ith row is denoted ¢’ and represents the vector for the ith objective. Vector
Cx € RP is called the image of solution x € R™. We consider MOIPs of the
form

MOIP(C) :== Max{Cx | Az = b, x€Z},

where the “Max” operator returns the ND subset of images, the constraint
matrix is A € R™*" and the right-hand side vector is b € R™.

The (forward) feasible region, X = {x € Z% | Az = b}, exists within
the decision space, R". Throughout this work, we assume that A and b are
fixed, and that X is nonempty and bounded. Let C' € RP*™ be an objective
matrix, and denote the image set by Y .= CX = {Cz |x € X}, which exists
in the image space, RP. Let * € X be a feasible solution and y .= Cz € Y
be its associated image. Image 7 is (weakly) nondominated (ND) if no other
feasible image y € Y (strictly) dominates it; in this case, T is called a (weakly)
efficient solution. The set of efficient solutions is called the efficient frontier,
denoted Xg(C), and the set of ND images is called the ND frontier.
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In the analysis of the ND set of a MOIP, the concept of the convex hull is
critical to classifying solutions and images. A scalarization replaces a vector-
valued objective function with a scalar-valued objective function. The most
common scalarization, called the weighted sum scalarization, uses a weight
vector A € RP and is defined as:

max{\'Cr |z € X}. (1)

If z* is optimal for with A € RY (RZ), then z* is (weakly) efficient.
Moreover, its image lies on the (weakly) ND boundary of conv())). Hence,
for x* € Xp(C), if there exists A € R such that 2* is optimal to the weighted
sum scalarization, then the solution and its image are said to be supported.
When an efficient solution cannot be optimal to weighted sum scalarization,
as can only be seen in the discrete setting, the solution and its image are called
unsupported. Let Xsp(C') denote the set of supported efficient solutions to
MOIP(C). The relationship between convexity and this scalarization illus-
trates why analysis by this scalarization faces the same limitations as convex
analysis. The challenge arises with the search for unsupported ND images
that lie in the interior of conv(})); this is especially important when the ratio
of unsupported images in a ND set is nontrivial.

The (typical) forward MOIP is to solve for the efficient frontier given
complete information, i.e., fixed A, b, and C. However, the inverse problem
we analyze here is: given A, b, and a target subset of feasible solutions,
determine an explicit description for the set of objective matrices such that
the target subset coincides with the efficient frontier. For instance, let 2° €
X. We say an objective matrix C' € RP*" is inverse-feasible for solution
20 if 2° € Xp(C). More generally, we consider a set of solutions X =
{z',... 2°} C X, where s > 1.

Definition 1. An objective matriz C' € RP*" is said to be inverse-feasible
for set X if X = Xg(C). We define the inverse-feasible region as the set of
objective matrices such that X is the efficient frontier of MOIP(C'), denoted

by
Di(X) = {C e R | X = Xp(C)}.

A more strict representation of the inverse-feasible region, which will be more
amenable to our analysis, is additionally conditioned on the target supported
solutions, X¢p C X:

Di(X, Xgp) = {C € R | X = Xp(C) and Xgp = Xsp(C)}.

8
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We introduce new labels for the space of (multi)objective matrices, RP*",
as the inverse-matriz space, and the space of (single-)objective vectors, R", as
the inverse-vector space. While inverse-vector space coincides in dimension
with decision space, they intuitively relate to very different concepts, and so
the distinct labels will facilitate our presentation.

3.1. Inverse-Feasible Regions for Single-Objective IPs
Consider analyzing a single-objective IP (fixed p = 1). We denote the
objective vector by ¢ € R", and the (scalar) optimal value by

IP(c) = max{cr | Av <b, x€Zi}.

Two continuous relaxations of this discrete problem are important. First, the
LP relaxation removes integrality constraints (replaces « € Z% with z € RZ),
which in general does not yield a tight relaxation. Second, the convex hull
relaxation replaces the constraint set with € conv{Az < b |z € Z2} and is
the tightest possible relaxation for single-objective IPs. -

Definition 2. Let & € X. The inverse-feasible region for the single-objective
problem s denoted by

D*(z) = {c e R" | cz = IP(c)}.

Note that the notation is without subscript and with a single solution as
input. For any 7 € X', D*(Z) is always a polyhedral, pointed cone, including
the case that D*(z) = {0}.

Remark 1. The role of integrality is crucial to distinguishing this work from
that of inverse MOLPs. First, integrality of X means that the D* cones are
dependent upon the ideal formulation for conv(X); in the simpler LP case,
the constraints inscribing X are sufficient. Second, an efficient solution may
only be unsupported in the discrete case. All the complex phenomena of this
paper—nonconvexity and gaps between approximation sets—disappear in the
continuous case.

The boundaries of the D*(x) cones relate to the isoprofit objective vectors,
which are central to our study.

Definition 3. Nonzero ¢* € R™ is an isoprofit objective vector for z!, 22 €
X C R" if 2! and 2* are simultaneously optimal solutions to IP(c*). As the
name suggests, an isoprofit objective vector equally values two given solutions,
and there exists d € R such that c*z' = c*2® = d.
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(a) Forward feasible set illustrated in decision (b) Single-objective inverse-feasible sets illus-
space. trated in inverse-vector space.

Figure 1: Example 1@ with isoprofit objective vectors.

3.2. Running Examples and Visualizations

The following running example is used to demonstrate concepts through-
out the manuscript, beginning with the single-objective definitions intro-
duced thus far.

Example 1.0. Let a discrete (forward) feasible set X C Z* be defined by the
following linear constraints:

X={xecZ |z +2x <12, 3ay 4222 <16, 221+ x5 < 10}

See Figure . The extreme points of the convex hull are labeled as: x° =
(0,0), z' = (0,6), x* = (2,5), 23 = (4,2), and z* = (5,0). Isoprofit objective
vectors for adjacent extreme points are as follows: &® = [—1,0], ¢! = [1,2],
= [3,2], ¢ =1[2,1], and ¢* = [0, —1]. Solution z° = (3,3) is noteworthy to
distinguish between single-objective optimality and multiobjective efficiency:
As it is not on the boundary of conv(X), it is not optimal for any single
objective including weighted sum scalarization. However, it still may be (un-
supported) efficient for certain objectives (see Example 1 @

We use Example 1[0] to demonstrate the three visual representations re-
curring throughout the manuscript.

Decision space. Figure[lalis a traditional visualization technique representing
the (forward) feasible set, X, in decision space, R?.

10
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Inverse-vector space. Figure[1b|is a second visualization technique that rep-
resents inverse-feasible objective vectors in inverse-vector space (also R?),
where individual objectives can be shown. For simplicity, we choose to de-
pict the inverse-feasible region as restricted to the unit disk, i.e., vectors have
a maximum Euclidean length of one.

Example 1.1. In Figure the cones emanating from the origin, labeled
by D*(x%), denote the set of objective vectors for which x* is optimal for the
single-objective IP. In fact, the rays defined by isoprofit vectors °,ct,c?,c?,
and ¢* form the boundaries of the inverse-feasible sets D*(x°), ..., D*(z%).
Note that D*(z%) = {0} (not labeled) since it is only optimal for the zero

objective vector.

Visualization of decision space and inverse-vector space is limited to n <
3, but for demonstration purposes, we only include an example for n = 2.
The inverse-vector space is useful for visualizing just one objective matrix
comprised of multiple objective vectors, but it becomes limited when trying
to visualize multiple objective matrices. Since the inverse-feasible region will
contain many matrices, this visualization is inadequate, which motivated the
following tool to overcome this challenge.

0-space. For the particular case of two variables and two objectives (n = p =
2) and objective matrices with nonzero rows, we may use polar coordinate
representation of each objective vector to achieve a 2-dimensional represen-
tation of all objective matrices. For a nonzero objective vector ¢! € R? repre-
sented as (r*,0"), the magnitude r* is immaterial and therefore omitted; only
the angle #° matters. (The nonuniqueness of ¢' is addressed later.) Hence,
this visualization technique, which we call §-space, uses R? to illustrate the
(6%, 67) pairs representing the objective vectors for a set of biobjective matri-
ces of the form C' = [c!; ¢/].

Remark 2. It is possible to use spherical coordinates to represent the case of
three variables, but this would suffer from the challenges of a 3-dimensional
visualization. We only recommend this technique for two variables.

Remark 3. For a zero objective vector, every feasible solution is optimal.
A solution in the interior of conv(X) is only optimal for the zero objective
vector. As a result, there are no empty D* cones. We exclude cases where
all feasible solutions are efficient, so zero objective vectors are excluded from
our claims. The polar representation of zero vectors are undefined.

11
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Example 1.2. Consider the running example as a biobjective IP with the
identity objective matrix:

o (1 ) etoe )

Note that the solution set, X, is equivalent to the image set, Y, and that
x° is an efficient solution (ND image) here because no other integer fea-
sible solution (image) dominates it. Therefore, the efficient set is Xp =
{z', 22 23 2% 2°}. Denote the objective vectors by ¢! = (1,0) and ¢* = (0,1),
whose polar representations are (1,0) and (1,%), respectively. Therefore,
the identity objective matriz C' = [c';c?] is represented by coordinate pair
(0',0%) = (0,%). Similarly, the permuted objective matriz C = [c¢*;c'] is rep-
resented by coordinate pair (0%,0") = (3,0). Each matriz is represented as a
single point in Figure and note the symmetry across the 6y = 6y line.
The objective vectors from Example 1[0 have the following polar represen-
tations, (r',0"): (1,7), (V5,arctan2), (v/13,arctan 2), (v/5,arctan ), and
(1,28). Hercon the radii are omitted. Recall that a (nonzero) vector with
polar angle 0 is also equivalently represented by 6 + 2wk for all k € Z. In
our 0-space visualizations, this is observable as a continuation across the
right-most edge and the left-most edge of the graph, and continuation across

the top-most edge and the bottom-most edge (in “Pacman’-like fashion, see
Figure @)

Figure is a stylistic representation of our research questions for the
inverse MOIP problem: What other objective matrices lead to the same effi-
cient frontier? What are the shape and size of the inverse-feasible regions? As
a preview, Figures|2¢| and [2d| demonstrate some of the inverse-feasible regions
for Example 1[0] computed by brute force grid search. First, Figure 2d shows
the inverse-feasible regions when X is a singleton, i.e., D% ({2'}). In #-space,
each of these regions appears as a convex square along the diagonal. (The
singleton case is the bridge between the single-objective perspective and our
new multiobjective understanding.) Second, Figure [2d|shows the more com-

plex inverse-feasible regions when X contains a second solution.
displays the remaining inverse-feasible regions. Section [4| characterizes these
structures by intersecting approximations.

12
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when the efficient set is a singleton. for efficient sets comprised of two solutions.

Figure 2: Tllustrating the biobjective inverse optimization problem in f-space. Note that
f-space visuals continue from the right edge to the left edge (and from the bottom edge
to the top edge) due to the periodicity of polar angles.

4. Outer Approximations for the Inverse-Feasible Region

Recall that X C X is a given target set of solutions that should be
efficient, and our aim is to approximate the inverse-feasible region, D (X).
Two relaxations for D% (X) are presented which are understood to be nontight
but are amenable to analysis. The first outer approximation is referred to
as the inverse supported set, which is only conditioned on a target subset

that should be supported, denoted Xgr C X. The inverse supported set is
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defined as B B
Dip(Xsp) = {C € R”" | Xsp = Xsp(C)}, (2)

which is analogous to D}, except that Xp(C) is replaced by the supported
counterpart Xsg(C). Importantly, set D% will always be simpler to analyze
since a supported efficient solution is optimal to a single-objective problem,
and hence we may rely on analytical tools from single-objective optimization.
The second outer approximation, referred to as the inverse incomparable set,
is defined as

D(X) = {C € RP" | CX is stable}. (3)

This second approximation allows to incorporate features of the efficient set
that are unique to MOIPs, in particular, the existence of unsupported effi-
cient solutions. Sections [5 and [6] analyze these approximations, respectively.

Property [1] and Figure |3| summarize the subset relationship between the
sets. What follows is more in-depth discussion of the more nuanced relation-
ships between these approximations.

Property 1. Let X C X such that D(X) is nonempty. For some C €
D3 (X)), let Xsp = X5p(C). Then

Di(X, Xsp) C Dip(Xsp) N D(X).

Proof. Suppose that C € D3(X), and let Y = CX. Then every image in
CX is ND with respect to ), which implies image set C X is stable. Thus,
Ce D(X) By assumption, there exists C' such that C Xgg is the supported
efficient subset of V. Since C' € D3(X) and Xgp = Xip(CO), we trivially
have C € Dip(Xsg). O

Consider the following observations about the assumptions of Property [I]
The given target set is X, from which we assume the inverse problem is
feasible and choose one inverse-feasible objective matrix, C, to act as the
“ground truth.” Set Xgp is the supported efficient set for this ground truth
objective matrix. It is understood that the supported subset depends on the
choice of C'; however, this nuance is inconsequential to this study since we
expect that Xgp will be given. Said another way, there is no uniqueness claim
made in Property . For instance, given X, neither C is the unique objective
matrix for which X is the efficient set, nor Xgg is the unique supported set
when X is efficient. In doing so, the property generalizes appropriately to
all inverse-feasible matrices, C'. Additionally, when all efficient solutions are
supported (Xsg = X), the following two sets coincide: D% (X) = Diy(X).
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(b) The image set for biobjective
matrix C' = [1,3;3, —4]. Here, C' €
D(XEg) \ D§p(XE) since all tar-
get solutions are mutually incom-
parable, however the supported so-
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Ca!
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(¢) The image set for biobjective
matrix C' = [1,2;4, —5]. Here, C €
D% p(Xsge) \ D(Xg) since all tar-
get solutions are supported, how-
ever z! is dominated, so Xg is not

fixed sets Xsp C Xg C

X. lutions do not match the target set stable.

XsE-

Figure 3: Representations of the outer approximation sets, including objective matrices
not contained in Dj,. For (b) and (c), the solution set is given in Example 1[0} the target
efficient set is Xp = {z!, 2%, 2,2}, and the target supported set Xsp = {22, 23, 24}
ND images are darkened, and the supported images are outlined.

Note that there is not a generalizable containment relationship between
the sets D%4(Xsg) and D(X) (in either direction); there are typically over-
lapping and disjoint portions, as demonstrated by Figures [3[(b) and (c).
Assume Xgp C Xp C X. It may often be the case that there exists
C € Dip(Xse) \ D(X), which yields a dominated image in CX \ CXgp.
Similarly, there may often exist ¢ € D(X) \ D%p(Xsg), which yields a
stable ND set but not the appropriate (un)supported images.

Example 1.3. From the running ezample, let X = Xgp = {z',2%} =
{(0,6),(2,5)}. Figure || illustrates the important sets we study. Observe
both subset relationships D(X) C Dip(Xsp) and Diy(X) € D(X). For
this instance, we coincidentally have that D%g(Xsk) C D(X), and so one
approximation is tighter. (This does not generalize.)

The following subsections address matrices of special structure and what
role they play (or do not play) in our analysis.

4.1. Symmetry by Permutation

The definitions of dominance and incomparability are symmetric under
permutation of objective indices. For instance, when image set C'X is stable
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Figure 4: The target inverse-feasible set, D*(X), is illustrated in #-space, superimposed,
as two dark gray, L-shaped regions. The outer approximation based on supportedness,

D% (XsE), are two boxes in red. The outer approximation based on stability, D(X) is
illustrated in blue as a union of boxes.

for objective matrix C' = [c!;...;cP], then the image set will remain stable for
any permutation (relabelingl of these objectives. Hence, Property [2| states
that the sets Dy, D¢y, and D are all closed under permutation.

Property 2. Let ) € Xgp C X C X and c',...,c? € R". Objective matriz
[c's.. ;] € Dy(X, Xsg) if and only if [, ..., P € DL(X, Xsg) for
all permutations o : {1,...,p} = {1,...,p}. The same is true for D5p(Xsg)
and D(X).

Symmetry facilitates computation because certifying one element does (not)
belong to a set implies certification of more elements by permutation. The
symmetry of Property [2| can be observed in #-space visuals as symmetry over

the line 92 = 91.

4.2. Trivial Objective Matrices

In the multiobjective setting, the zero objective matrix maps every feasi-
ble solution to the origin, so trivially the image set is stable, and all feasible
solutions are efficient and supported.

Property 3. For any ) ¢ X C X, the zero objective matriz is feasible to
the inverse incomparable set, i.e., 0 € D(X). The zero objective matriz is
inverse-feasible, i.e., 0 € Dy(X, Xsg), if and only if Xsp = X = X.

By Property [3, the MOIP inverse-feasible region may be empty, which is
unlike the single-objective case. This is in part due to the strictness of the
definition of D3 (X, Xsg).
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4.3. Self-Conflicting Objective Matrices

A broader class of objective matrices is always feasible to the inverse
incomparable set, D(X).

Definition 4. We say objectives c¢' and ¢ perfectly conflict (or are perfectly
conflicting) if ¢ = —ac! for some scalar @ > 0. An objective matriz C' is
said to be self-collinear if for every row j > 1 there exists nonzero of such
that ¢ = alc' with at least one negative o’ .

This property is stronger than having row rank of one. For example, let
¢ € R" be nonzero and fixed. Then C' = [¢; 2¢; 3¢; 4¢] is not self-collinear
by our definition (even though every row vector belongs to one line), but
C" = [e; —2¢; 3c; 4c] satisfies our definition due to the negative second row.
Self-collinear objective matrices are not inherently practical or insightful for
most applications. However, Property [4] shows that they are always feasible
to the outer approximation D. We include a proof for the biobjective case
which generalizes to p > 2.

Property 4. For any X C X and self-collinear objective matriz C, CX is
stable.

Proof. The cases |X| = 0 and |X| = 1 are trivial. We prove the claim for
|X| > 1 and p = 2. Let the self-collinear objective matrix be C' = [¢!, —ac!]
for a > 0, and let ', 22 € X be distinct. We denote the associated images
as y! = (clzt, —aclz!) and y? = (c'2?, —ac'z?). We have 3 cases: (i) If

clz' = c'2?, then the second components also coincide, —actz! = —acta?,

and therefore y' = y? and so y' ~ 9. (ii) If c'z! < c'2?, then —aclz! >

—ac'z?. They are again incomparable. The remaining case (iii) follows
from the reverse argument for (ii). Since z' and z? are chosen arbitrarily,
we can conclude that all elements of X are pair-wise incomparable, and
hence it is a stable set. Furthermore, the image set belongs to a line, i.e.,
CX C {y € R?|y, = —ay, }, such that every image is efficient and supported.

These arguments generalize to p > 2. [

5. Properties of Inverse Supported Set

We have defined the inverse-feasible set, Dj,(X, Xsg), as a function of
two input sets: X is the target set of efficient solutions and Xgp is the target
set of supported solutions. In the special case that Xgp = X (i.e., there

17



436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

Figure 5: Inverse-vector space for Example 1@ Objective vectors are illustrated by points.
For a biobjective matrix with two objective vectors, the line segment indicates the objec-
tives possible via weighted sum scalarization.

are no unsupported solutions as is the case in MOLP), then we have that
D% (Xsp, Xsr) reduces equivalently to the inverse supported set D% (Xsg).
This special case can be almost entirely understood through means of single-
objective methods, in particular, weighted sum scalarization. This natural
starting point was leveraged for MOLPs by Naghavi et al| (2019). However,
it is most practical to assume that ) C Xgr C X C X, with all subsets
being strict. We develop geometric intuition for the inverse supported set in
an incremental way.

Consider the biobjective case with two variables (n = p = 2). Suppose an
objective matrix D € R?*? is inverse-feasible. Then both objectives d* and d?
can be illustrated in inverse-vector space as individual points. The challenge
for visualization becomes how to indicate that these two points should be
treated as a single matrix. In Figure [5, we choose to link the two points
by a line segment. For instance, D = [d';d?] is the first objective matrix,
D' = [d3;d"] is a second, and D” = [d°;d®] is a third. This strategy is only
sufficient for visualizing a few objective matrices, since the figure becomes
increasingly dense as the number of matrices increases.

This visualization provides an additional interpretation: For D = [d'; d?],
the line segment linking d' and d? is the set of convex combinations of these
two objective vectors. Hence, it equivalently represents all possible weighted
sum scalarization objectives (with respect to d', d?, and nonnegative weights
that sum to one). We can use this intuition to identify which solutions are
then supported for a fixed pair of objectives: every cone D*(x") intersected
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by the line segment is a supported solution in the efficient frontier.

Example 1.4. Let D = [d';d?. The line segment in Figure @ depicts the
convez hull, conv{d", d*}, and has nonempty intersection with D*(x%) fori =
1,2,3,4. Hence, for objective matrix D, Xgg = {x', 2% 2 x*}. Similarly,
for objective matriz D' = [d*;d*Y], Xsp = {22, 23,21} Finally, for objective
matriz D" = [d°;d%), Xsp = {2?, 23}. O

In the same way, an objective matrix for p > 3 could be represented
by the convex hull of p objective vectors. The following result states the
general equivalence between convex combinations of objective vectors and
the inverse feasibility of D§,. The key link is that supportedness is defined
by the weighted sum scalarization, and the convex hull in inverse vector space
captures all possible nonnegative weights. The following extends Lemma 2
(Naghavi et al., [2019)) from the case of MOLPs and one solution to the case
of MOIPs and a set of solutions. Excluded proofs are in the Supplementary
Materials.

Lemma 1. Let X and C = |[c';...;cP] be given such that c',... cP €
R™ are nonzero and C' is not self-collinear. The supported efficient set
Xsr(C) is the collection of solutions whose D* cone intersects the interior
of conv(cl,... cP). That is,

Xsp(C) = {z € X | D*(x) Nint(conv(c,..., ")) # 0}

Proof of Lemma(ll Let X and C € RP*™ be given. First, suppose = €
Xsg(C). Then for some A € (0,1)? with unit sum, x is optimal for ATC.
Hence \'C' € D*(z). Because A\'C € int(conv(cl,...,cP)), we have the
forward subset relation. Second, let x € X such that there exists C' €
D*(x) Nint(conv(ct,...,c?)). Since C is a convex combination of ¢!, there
exists at least one vector of convex multipliers A € (0, 1)? with unit sum such
that C' = ATC. Then x is optimal to a weighted sum scalarization, and hence
it is a supported efficient solution for C'. This concludes the backward subset
relation. O

The interior of the convex hull excludes boundary cases that would lead
to weakly efficient solutions, which are dominated. Lemma [1| implies some
intuitive corollaries. First, if the zero objective vector is a convex combination
of objectives, then every solution is supported.
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Corollary 1. If 0 € int(conv(c',...,c?)), then Xgp(C) = X. Ifx € Xsg
and D*(x) = {0}, then either Xgp = X or Dip(X, Xsg) = 0.

Corollary[I]is naturally limited in scope, especially with respect to binary pro-
grams where every feasible solution is an extreme point of conv(X). There-
fore, D*(z) is nonsingleton for every feasible z € X, and so Corollary
is never applicable. Although, a certificate of infeasibility is useful, since
certifying an outer approximation, D¢, as infeasible guarantees the inverse-
feasible set, D7y, is infeasible.

A second corollary relates to the ideal point, which is the image de-
fined component-wise as the optimal value for every objective, i.e., y! =
max{c'z |z € X} for i = 1,...,p. When the ideal point is a feasible image,
the ND frontier is just the singleton {y’}. It is commonplace in multiobjec-
tive contexts to assume that the ideal point is infeasible. In our context, a
similar case is associated with having a singleton target set, i.e., | X| = 1. The
following claim identifies that this case leads to the multiobjective inverse-
feasible set reducing to the single-objective inverse-feasible set.

Corollary 2. If X = Xgp = {z}, then C is inverse-feasible if and only if
¢ € D*(z) for all 1 < i < p. Equivalently, D3(X, Xgg) = D*(Z) X --+ X
D*(z) = [D*(z)]P.

The hypercube structure can be observed in two dimensions via Figure
where the inverse-feasible regions for singleton sets are squares.

Next, we consider more complex cases. We are interested in whether the
union of cones U,cx,, D*(r) remains convex or not. Since each individual
cone is convex, there are two cases of nonconvexity. First is the case of non-
pointed cones, i.e., those that contain a line. (The second case is addressed
in the subsequent section.) For example, in Figure [ D*(z°) U D*(2!) U
D*(x%) is nonconvex. This case is reasonable to address by an assumption,
which is motivated by applications where we assume that the target set of
supported solutions is possible to achieve. We interpret this to mean that
the target supported set coexists on one region of the feasible set’s boundary.
Assumption [I] geometrically translates this to the inverse vector space.

Assumption 1. For given Xgp, there exists a pointed cone P in inverse-
vector space such that D*(z) C P for all x € Xgp.

Proposition [1| provides a sufficient condition to prove an objective matrix
belongs to this approximation. Omitted proofs for Propositions are included
in Supplementary Materials.
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Figure 6: Example 1 illustrating Proposition

Proposition 1. Let Xgg C Xp C X, p > 2 be fivred, and c*,...,cP €
R™ be nonzero such that C = [c;...;cP] is not self-collinear. If D*(x) N
int(conv(cl,...,cP)) is nonempty for all z € Xsp and empty for allx & Xsg,
then C € DE’E(XSE>

The following example illustrates Proposition [I}

Example 1.5. Given X' = {22, 2%} and p = 2, set D*(2?) U D*(2?) is
nonconvez; refer to Figure[ll There does not exist an objective matriz which
makes x> and x* supported without x3 also being supported. Given X? =
{22, 2%, 2%}, set D*(x%) U D*(23) U D*(2*) is convex (Figure[6d). For p =2,
matriz D = [d*;d*] € D%,(X?). For p = 3, we may also choose d® so that
the convex hull of the vectors intersect only the desired cones (Figure @);
hence, matriz D' == [d*; d* d*] € D%(X?).

The following are intuitive corollaries of Proposition [1} First is an exis-
tence result for the nice case of a convex union of cones.

Corollary 3. Let Xgp C Xp C X, and suppose Usexgp D (2) is a pointed,
convex cone. Then for some finite p > 2, D&p(Xgg) contains an objective
matrix that is not self-collinear.

For one construction of an inverse-feasible objective matrix, consider inter-
secting the union of cones with an affine hyperplane to represent normalizing,
e.g., {ceR"| >  ¢; = 1}. Then extreme points of the resulting polytope
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generate an objective matrix feasible to the inverse supported set. By this
construction, p is the number of extreme points, which may be quite large.

The second corollary provides that increasing the value of p will maintain
feasibility.

Corollary 4. If D5y(Xsg) is nonempty for p > 2, then Dip(Xsg) is
nonempty for all p > p.

Intuitively, since p objective vectors construct a sufficiently large convex hull,
then choosing additional objective vectors (e.g., within the convex hull) will
obviously satisfy the conditions of Proposition[I] as well. Corollary [f]suggests
that there is some minimal number of objectives, p*, for which D*(Xgg) is
nonempty.

5.1. Convex Core

The introduction of convexr cores permits a more accurate description
of D§p. For our study, we are interested in the family of pointed cones
F = {D*(x)},exs, With a nonconvex union, denoted II. We would like
to inscribe D%, (Xsk) as a convex set confined within this nonconvex set.
Therefore, as an alternative to the commonplace convex hull (i.e., the small-
est convex superset ), we are interested in a maximal convex subset contained
Withinﬂ As the following definition details, we additionally require the subset
to intersect all component sets of the union.

Definition 5 (Convex core). Let F be a family of n-dimensional polyhedra
i R™, and let Il = UperP denote their union. Convex set S is a convex
core of Il if it is a subset of 11 which intersects the interior of every P € F
and is maximal with respect to subset inclusion. That is, there does not exist
a convex set S C 11 such that S intersects every int(P) and S C S’. The
set of all convex cores is denoted by core(I1).

See Figure [7] to illustrate a simple family of two-dimensional polyhedra
with a nonconvex union and two distinct convex cores. If II = UperP
happens to be convex on its own, then it is trivial that it has a wunique
convex core (II, itself). Unfortunately, in our setting, there is no guarantee

IThis concept is natural in the context of nonconvex, self-intersecting polytopes. For
instance, the convex core of a small stellated dodecahedron is a dodecahedron.
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Figure 7: (Left) A family of convex polytopes, F, whose union IT is nonconvex. (Middle)
One convex core (in gray) which is representable by a subset of the constraints (in blue).
(Right) A second convex core (in gray) which is representable by a subset of the constraints
(in blue). Both convex cores have five extreme points and four extreme polyhedra.

that II has a single, unique convex core. Thus, we more broadly define the
set of convex cores.

We are unaware of a practical representation or computational method
for the convex cores of a general family of polytopes in the literature. For
now, we present a rough outline by means of eliminating constraints from
the outer descriptions of the polyhedra.

Proposition 2 (Constraint Subset). For F = {P', P?,... P*} and 1 <i <
k, let TI == U< P'. Assume each polytope is n-dimensional and has an
inequality description in the form of P' == {x € R" | A’z < b'}.

1. If Q € core(Il) is a convex core of I, then Q = {x € R" | A% < b¥}
where each constraint from A%x < b9 belongs to (at least) one of the
systems Alx < b for 1 <i<k.

2. If a"z < b is a constraint for P* and a'x > b is a constraint for P?
where i # j, then neither constraint are in an outer description for any
convex core.

3. If a'x < b is a constraint for P' and is valid for every polyhedron in
the family, then a™x < b is a valid (possibly redundant) constraint for
every convex core of 11.

In short, Proposition [2| states that every convex core of II may be repre-
sented as a subset of all the constraints used to represent P!, ..., P*.

In the application of inverse MOIP, we have a family of unbounded D*
cones emanating from the origin. It is equivalent but simpler to analyze the
family as bounded polytopes, so we introduce a “flattening” affine hyperplane
H which can be chosen without loss of generality as long as it has nonempty
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intersection with the family of cones. For example, it may be appropriate to
choose objectives with unit sum, represented by H := {c € R"| >_"  ¢; = 1}.
Once flattened, the extreme points of a convex core are informative, and
we link the number of them to the inverse MOIP problem. Consider one
convex core for II. We can offer an interpretation of the extreme points:
The set of them guarantees one selection of objective vectors that sufficiently
covers the necessary D* cones. This offers a guarantee of feasibility for that
number of objective vectors. One would expect that as the number of extreme
points increases, then the number of objective vectors required to cover the
necessary D* cones also increases.

Proposition 3 (Covering Extreme Points). Let F represent the family of
polyhedra for the intersections of D*(x) N H for every v € Xgp and some
affine hyperplane H. Denote Il = UpcxP. For each convex core S € core(1l),
and let ks be the number of extreme points of S. Then D%p(X) is nonempty

forp > Kg.

Determining the minimal number of objectives p* for nonempty D%, (X)
remains an open research question.

5.2. Special Properties for Unit Lattice

In this section, we focus on the following example which is commonly
encountered when working with binary decision variables. It is useful for
generalizing to higher-dimensions while maintaining a simple structure.

Example 2.0. Consider for n > 2 the n-dimensional lattice of unit vectors
and the origin, denoted by

A" = {x e {0,1}"

<1, 4 >0 Vz’zl,...,n}.

i=1
The following facts will be relevant: every x € A™ is an extreme point of

conv(A™). Therefore, D*(x) is a nonsingleton for every x € A™. The cones
may be represented in closed form as

D*(0)={deR"|d; <0 Vj=1,...,n} and
where 1 < i < n and €; is the ith unit vector. Furthermore, every pair

of feasible solutions of conv(A™) are adjacent by an edge. Hence, D*(z') N
D*(x?) is nonempty for every distinct x',2? € A",
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Recall that Corollary {4] implies a minimum value of p exists such that
D%(Xsp) is nonempty. Specifically for A", Lemma [2 shows that any subset
of the lattice is possible to be supported efficient for even the most restrictive
case of p = 2. We denote {Xgp, Xy} C A" as a nonempty partition of A",
where Xy denotes the set of solutions to be either unsupported efficient or
non-efficient.

Lemma 2. Let {Xsg, Xu} C A" be a nonempty partition of A™. Then for
p =2, Dtp(Xsg) is nonempty.

The proof applies the observation that for objective matrix C' € RP*"™,
the image set C'A™ trivially yields n images equal to the columns of C' and
additionally the origin. Therefore, any desired image set with n images is
attainable by constructing C'. We view this simplified optimization problem
as an tmage selection problem.

Proof. Let p > 2, n >3, and A" = {2% 2 ... 2"} C {0,1}", where 2° de-
notes the origin, and for 1 < i < n, 2* denotes the feasible lattice point whose
ith coordinate is 1 (remaining coordinates are 0). To simplify this proof, we
assume 2° € Xgp, which may be handled with uninteresting modifications.
without loss of generality, we assume Xgg = {z!,...,2°} for 1 < s <n (any
other solution set follows by permutation). We omit the trivial case where
s =1 (see Corollary . Recall that both objectives are maximized.

Note that for fixed n, p, s, there exists many frontiers which contain s sup-
ported ND images, which may either be constructed randomly or recursively.
For such a ND image set, Y, let {y',%2,...,5°} be the subset of supported
ND images. Use these images to construct the objective coefficients, where
all components after the sth are zero, i.e., define

1

= y? .y 0) and &

= (y%7y§7 AR 7y§76)
Let C = [c5c?. If 2° ¢ Xgp for 1 < i < n, then C maps z° to the
origin. Thus we have CA™ has image set {y', 4>, ...,y% 0}. Hence, solutions

xb, ..., x° are supported efficient, as desired. O

6. Properties of Inverse Incomparable Set

Whereas supportedness translates directly from single-objective optimiza-
tion (via weighted sum scalarization), stability is a property unique to mul-
tiobjective optimization. Every efficient set is stable, but not vice versa.
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(a) Inverse incomparable sets for X! with 3 so- "
lutions (in blue) and X2 with 4 solutions (in (b) Inverse incomparable sets for {z!,.. ., 2100}
red). uniformly drawn from z* € [0,1] x [0, 1].

Figure 8: Inverse incomparable sets (D) in #-space for various solution sets X. Note that
the A;-axis has been shifted to the range [—m, +7] (as opposed to [0, 27| in other figures)
to highlight the antiparallel symmetry.

Figure [§| illustrates inverse incomparable sets in #-space; note that the limits
on the f;-axis are shifted (compared to other figures) for reasons discussed
in Section [6.11

The first property is that increasing the number of solutions in X de-
creases the region D(X), which is formalized in Property .

Property 5. If X' ¢ X? C X, then D(X?) C D(X").

Example 1.6. For X' = {z!, 22, 2%} and X? = {2, 2%, 2%, 2%}, D(X") and
D()_( %) are shown in Figure colored blue and red, respectively. Observe
that D(X?) C D(XV), i.e., the inverse incomparable region shrinks when
introducing an additional solution. ([l

6.1. Anti-Parallel Symmetry

Recall that Property {4| provides that D(X ) is nonempty for any X C X
since all self-collinear objective matrices are elements. By definition of self-
collinear, the objective vectors satisfy ¢> = —ac! for positive a, so the vectors
are anti-parallel with 7m-radians between. Hence, in #-space, the self-collinear
objective matrices appear along the diagonal 5 = 6+ (or 65 = 6; —7) line.

This line can be observed for the running example in Figure[A.9]

for the case of all solutions being efficient. As X grows in size, and D(X)
reduces in size to just this diagonal line.
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Example 1.7. Figure |80 shows the inverse incomparable region for 100
points randomly selected from the unit square [0,1] x [0,1]. Note that X
need not be well-defined here for D(X) to be simulated by brute force. The

region D(X) has been reduced to the diagonal line 0y = 01 £ m, e.g., where
the corresponding objective vectors satisfy ¢y = —acy for some a > 0.

Recall the line of symmetry by permutation, 6, = 6, discussed in Sec-
tion [L.1] The line of self-collinear matrices provides an additional type of
symmetry for D which does not appear for D%y or Dy. Property @ states
this new symmetry, and it may be observed in Figure [8 as the 6, = 6 + 7
line appearing in the set D and the 6, = 6, line occurring in white space out-
side of the set. This anti-parallel symmetry may be interpreted as symmetry
across the “nearest” self-collinear objective matrix.

Property 6. Let n = p = 2. When viewed from 6-space, [)()_() 18 symmetric
across line 0o = 01 and across lines 05 = 0, = 7.

6.2. Projection to 6-space

For every set X C X, region D()_( ) is a union of polyhedral cones in
inverse-matrix space emanating from the origin. For n = p = 2, this
conic structure is amenable to the #-space representation, wherein a two-
dimensional rectangular region in #-space denotes a cone with four facets
in inverse-matrix space. In this biobjective setting, we work with pairs of
objective vectors. Property [7] clarifies the structure of the Cartesian product
of inverse-feasible regions and its projection to f-space.

Property 7. Let P!, P? C R? be pointed cones in inverse-vector space em-
anating from the origin defined by

P i={cecR*|c=(rcosf,rsinf), o; <6<p; r>0}

for some a1, g, B1, B2 € R such that a; < B; fori =1,2. Now Q = P'xP? C
R2*2 s a set of matrices in inverse-matriz space. The projection of Q to 0-
space is [ay, f1] X [ag, B2] C R?, which is rectangular with sides parallel to
both axes and nonempty interior.

Example 1.8. In Figure D(X?1) is the union of 6 pointed cones, in-
dicated by siz blue boxes, where one box continues across the both axes of
0-space. Similarly, D(Xz) is the union of cones strictly contained within
D(XY), represented by the red bozes.

Supplementary Materials includes the exhaustive method of computing the
precise f-space representation of D, which may offer further intuition.
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6.3. Half-Space Covering

Proposition [ provides a general result for a structural description of

D(X). We use the notation sign(A) = — sign(B) to indicate that A > 0 and
B < 0 or vice versa.

Proposition 4. Let X = {z!,...,2°} C X C R" and C = [¢};... ;] for
ct, ..., P € R™. Suppose for every distinct pair of solutions x*, 27 € X there
exists ¢, € {1,...,p} such that sign(c?(2’ —a’)) = —sign(c’ (2" —27)). Then

CX is stable and C € D(X).

Proof. Assume n > 2,5 > 2, and p > 2. Let X and C be as given, and
suppose for contradiction that CX is not stable. Then there exists z, 2’ € X
such that Cx dominates Cz’, i.e., Cx = Cx’. So for i € {1,...,p}, dx >
c'z' with at least one inequality strict. Equivalently, ¢!(x — 2’) > 0 for all
i € {1,...,p}, which contradicts the assumption that there exists ¢ and r
such that ¢?(z — 2’) > 0 and ¢ (x — 2’) < 0 (or vice versa). O

Supplementary Materials includes many useful examples of Proposition [
for the reader to build intuition from small values of n, s, and p. In short,
Proposition [4] expresses a half-space covering condition which, when satis-
fied, achieves stability for the target set. Finite n represents the dimension
of inverse-vector space (and decision space). The number of solutions, s,
determines the number of hyperplanes/half-spaces in the subdivision of the
inverse-vector space. Finally, p determines the number of objective vectors
to be selected to achieve the covering.

7. Conclusions

This paper presents two outer approximations for D},. Although not an
exact representation, we believe together they form a close approximation.
We denote the characterization gap of this approximation by

F(X,XSE) = DEE(XSE) N D(X) — D*E(X,XSE)

The gap may be nonempty when Xgp C X C X (both subsets strict) and
depends on the dominated solutions and unsupported efficient solutions. Sup-
plementary Materials include a proof that the gap is nonempty with an ex-
ample.
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This work has established fundamental structures for inverse optimiza-
tion of MOIP by extending ideas from single-objective optimization and aug-
menting with concepts unique to multiobjective optimization. Two outer ap-
proximations were developed for the target inverse-feasible set, Dj,. First,
supported images, characterized via single-objective optimization and viewed
through the lens of convex combinations, led to the inverse supported set,
D%y Second, the multiobjective notion of incomparable solutions led to the
inverse incomparable set, D. We demonstrated examples of each outer ap-
proximation and important structural properties, including convex-adjacent
properties, which would be pertinent to computational approaches. Lastly,
we describe the known characterization gap between the target set and in-
tersection of two outer approximations. Much remains to be explored in
future research for reducing this gap with novel outer approximations, delv-
ing into the convex-adjacent properties, and implementing these insights into
computational algorithms.

8. Acknowledgments

This research was supported by Office of Naval Research (N00014-21-1-
2262). The views expressed in this article are those of the author(s) and do
not reflect the official policy or position of the U.S. Naval Academy, Depart-
ment of the Navy, the Department of Defense, or the U.S. Government.

29



ns Appendix A. Inverse-Feasible Regions for Running Example
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Figure A.9: Inverse-feasible regions for the running example, separated by cardinality of

the efficient set.
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