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Abstract

This work investigates global convergence properties of a safeguarded augmented Lagrangian method applied
to nonlinear programming problems, with an emphasis on the role of constraint qualifications in ensuring
boundedness of the Lagrange multiplier estimates, also known as dual sequences. When functions with
locally Lipschitz continuous derivatives define the constraint set, we prove that the Error Bound Constraint
Qualification is the weakest constraint qualification that guarantees boundedness of the dual sequences gen-
erated by the method. The condition is also known as the local error bound property, metric subregularity,
or calmness constraint qualification. We further show its equivalence to a Polyak-Łojasiewicz inequality for
the quadratic infeasibility measure, which in turn is equivalent to the recently introduced relaxed quasinor-
mality constraint qualification. Moreover, we prove the feasibility of accumulation points of primal sequences
generated by the augmented Lagrangian method under a Polyak-Łojasiewicz inequality for the quadratic
infeasibility measure. Our results provide a sound primal-dual global convergence result under a weak
and well-known condition, reinforcing the effectiveness of safeguarded augmented Lagrangian methods over
non-safeguarded approaches.
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tions
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1 Introduction
Augmented Lagrangian methods (ALMs) are one of the cornerstones of modern nonlinear programming meth-
ods, alongside interior point and sequential quadratic programming methods. At each augmented Lagrangian
iteration, a penalized subproblem is solved where one uses estimates of the Lagrange multipliers as displace-
ments of constraint violations. Using bounded Lagrange multiplier estimates is a fundamental idea of so-called
safeguarded augmented Lagrangian methods, which allows obtaining primal global convergence for degenerate
problems without hindering their overall performance. A key question related to algorithmic performance and
stability is whether the dual sequences generated by this algorithm remain bounded or not. The primary ob-
jective of this paper is to propose a necessary and sufficient condition for the boundedness of dual sequences.
The condition is well known and essential for infeasible algorithms: one should be able to estimate distances to
the feasible set by evaluating the constraints, avoiding the computational costs of measuring distances from the
constraint set. This attribute, commonly known as the error bound property (see Definition 2.2), we demon-
strate to be equivalent to dual boundedness, and this connection sheds some light on the practical efficacy of
ALMs.
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Historically, achieving bounded dual sequences demanded strong constraint qualifications (CQs). Sequential
quadratic programming methods classically invoke Mangasarian–Fromovitz Constraint Qualification (MFCQ) or
Linear Independence Constraint Qualification (LICQ); even regularized variants rely on a second-order condition
to bound multipliers, as discussed in [33, §2]. However, second-order conditions may fail at local minimizers
when MFCQ breaks down [15, Sec. 2.4]. Interior point schemes ensure primal convergence under mild conditions
[58, 9]. However, only recent enhancements achieve bounded duals without MFCQ, and only under still fairly
stringent assumptions [36, Thm. 5]. Likewise, inexact restoration methods converge to KKT points under weak
CQs [49, 34], yet their primal-dual versions still hinge on MFCQ for dual boundedness; we refer the reader to
[12, §1] for background and context.

The augmented Lagrangian method introduced by Hestenes [37], demonstrated significant practical potential.
Although Hestenes did not provide a formal convergence theory, it was evident that the algorithm converged to
KKT points if the dual sequences remained bounded (see Proposition 2.1). Rockafellar [60, 61] and Bertsekas
[19] established the first rigorous convergence proofs for the convex case, incorporating Powell’s treatment of
inequality constraints [57]. For the non-convex case, Conn, Gould, and Toint [29, 28] later proved convergence,
but under restrictive assumptions such as the linear independence of active or violated constraint gradients at
infeasible points.

A breakthrough came with safeguarded augmented Lagrangian methods, epitomized by the Algencan
solver [21]: by projecting multipliers onto a fixed compact set, they achieve KKT convergence under the much
weaker Constant Positive Linear Dependence (CPLD) condition. The new method motivated the development
of a unified theory and a hierarchy of ever-weaker CQs – Constant Positive Generators (CPG) [9, Theorem 3.3],
Approximate Karush-Kuhn-Tucker regularity (AKKT-regularity) [10], and beyond; see [11] for a detailed and
recent review. However, these frameworks aimed only at primal convergence to KKT points, leaving dual
convergence unexplored.

Subsequent analyses revealed that quasinormality (QN) [20, pp. 337] is sufficient to ensure that the dual
iterates of the safeguarded ALM remain bounded. Recently, the result was generalized by utilizing a relaxed
variant, relaxed quasinormality (RQN) [6, Thm. 2], which encompasses all constant rank-type constraint qual-
ifications, such as Constant Rank of the Subspace Component (CRSC) [9, Definition 1.3]. Interestingly, except
for RQN, all CQs known to guarantee dual boundedness, including QN and CRSC, also imply the classical
error bound (EB) constraint qualification; see Definition 2.2 ahead. In contrast, weaker CQs or those that do
not imply EB fail to guarantee dual boundedness [9]. This observation has led us to hypothesize that the error
bound condition may be necessary and sufficient for ensuring boundedness of the dual sequences associated
with the safeguarded ALM. The error bound condition is well-recognized across various contexts under several
equivalent terms, including metric subregularity, calmness, or simply as the error bound property [17].

To investigate the conjecture, our primary objective is to identify the weakest possible CQ that ensures
boundedness of dual sequences generated by the method. The first of our contributions establishes that EB is
sufficient for this (Theorem 3.1). Specifically, we prove that every primal convergent subsequence generated by
the safeguarded ALM has corresponding dual subsequences bounded under the EB property. As a direct result,
safeguarded ALM has KKT accumulation points under this condition.

Complementarily, we show that failure of the EB condition implies the existence of a nonlinear programming
problem where the safeguarded ALM produces unbounded dual sequences associated with a convergent primal
sequence (Theorem 3.3). Taken together, these two results yield a tight characterization: the EB condition is
the weakest possible CQ, ensuring that the safeguarded ALM generates bounded dual sequences whenever the
associated primal sequence converges. It is worth pointing out that the EB property ensures boundedness of
the dual sequences generated by the algorithm, not the entire set of Lagrange multipliers associated with the
problem. This feature, which also applies to all CQs weaker than MFCQ, implies that the problem itself may
admit an unbounded set of KKT multipliers, even though the algorithm yields bounded dual iterates.

To establish this fundamental characterization, we develop and connect auxiliary concepts. First, we intro-
duce the Polyak–Łojasiewicz Constraint Qualification (PŁCQ, as in Definition 2.3). This condition arises from
applying the PŁ inequality to the quadratic infeasibility measure associated with the problem. We prove that
PŁCQ is equivalent to the EB condition (Theorem 3.2; see also Section 4.1), thus confirming that PŁCQ consti-
tutes a genuine CQ. This equivalence provides a new and purely functional characterization of the EB property,
expressed solely in terms of the function that defines the constraint set. The relevance of this reformulation
is underscored by the central role of PŁ inequality across a broad spectrum of optimization settings, making
PŁCQ a condition of independent interest [23, 26, 41, 44, 46, 59]. Second, we revisit the EB condition in light of
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another CQ, the RQN condition (Definition 2.1). RQN weakens the traditional QN condition, with additional
assumptions reflecting sensitivity properties of the violated constraints around the target point, which is enough
to ensure boundedness of dual sequences generated by the safeguarded ALM [6]. Using PŁCQ, we prove that
EB and RQN are equivalent (Theorem 4.1). Thus, considering that there are several studies in the literature
concerning different quasinormality conditions as sufficient conditions for the error bound property in many
contexts [16, 63, 18], our result shows that RQN is the ultimate quasinormality-type necessary and sufficient
condition for EB, at least in the context of nonlinear programming.

Finally, we extend all previous results from this paper to include not only feasible but also infeasible points
by introducing the Extended-PŁCQ condition, which generalizes recent advancements based on the Extended-
RQN framework [6]. Collectively, the findings presented here complete the convergence theory of the safeguarded
augmented Lagrangian method under the weakest known assumptions regarding both primal feasibility and dual
boundedness.

Notation Vectors and vector-valued functions are denoted by boldface letters, where vi denotes the i-th
component (or component function) of a vector (or vector-valued function) v. The set of non-negative (positive)
real numbers is denoted by R+ (respectively R++). For ℓ ∈ N, Iℓ := {k ∈ N | 1 ≤ k ≤ ℓ} and for v ∈ Rn,
v+ := (max{0, v1}, . . . ,max{0, vn})T . We use ∥ · ∥ to denote the Euclidean norm and B[x, ϵ] to denote the
closed Euclidean ball centered at x ∈ Rn with radius ϵ > 0. For a set S ⊂ Rn, co S and c̄o S denote its
convex hull and closed convex hull, respectively. The Euclidean distance from x ∈ Rn to S ⊂ Rn is denoted by
dist(x, S) and PS(x) := {z ∈ S : ∥z − x∥ ≤ dist(x, S)} is the set of points in S closest to x. For a given set
J ⊂ Rn, we use PS(J ) := ∪x∈J PS(x).

2 Preliminaries
The nonlinear programming problems we are interested in are formulated as

min
x∈Rn

f(x) s.t. g(x) ≤ 0, h(x) = 0, (1)

where f : Rn → R, g : Rn → Rp and h : Rn → Rq are functions with locally Lipschitz continuous first derivatives.
For simplicity, we define the feasible set as Ω := {x ∈ Rn | g(x) ≤ 0, h(x) = 0}, which we assume to be non-
empty.

To solve (1), we consider algorithms based on penalty methods, where the goal is to replace a complex
constrained optimization problem with a sequence of simpler unconstrained problems. The quadratic penalty
method addresses the original constrained problem by successively solving the unconstrained minimization
problem

min
x∈Rn

f(x) + ρkΦ(x),

where {ρk}k∈N is a sequence of positive penalty parameters such that ρk → +∞ as k → ∞ and Φ represents
the quadratic measure of constraint violation (infeasibility),

Φ(x) :=
1

2

(
∥g(x)+∥2 + ∥h(x)∥2

)
∀x ∈ Rn. (2)

Safeguarded augmented Lagrangian methods, in turn, refine this approach by incorporating estimates of
the Lagrange multipliers into the measure of constraint violation. This technique often mitigates the need
for the penalty parameter to become excessively large, which can lead to numerical ill-conditioning of the
subproblems. A central function utilized within this framework is the Powell-Hestenes-Rockafellar (PHR)
augmented Lagrangian function

Lρ(x,λ,µ) := f(x) +
ρ

2

∥∥∥∥∥
(
g(x) +

µ

ρ

)
+

∥∥∥∥∥
2

+

∥∥∥∥ h(x) +
λ

ρ

∥∥∥∥2
 ,

for all x ∈ Rn, µ ∈ Rp
+ and λ ∈ Rq. The standard Lagrangian is given by L(x,λ,µ) := f(x)+µTg(x)+λTh(x).
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Essentially, the strategy of the safeguarded augmented Lagrangian method is to replace the constrained
optimization problem (1) with the task of solving (approximately) a sequence of unconstrained subproblems

min
x∈Rn

Lρk
(x, λ̄

k
, µ̄k). (3)

Here, {ρk}k∈N represents a non-decreasing sequence of positive penalty parameters which, unlike in pure penalty
methods, does not necessarily need to satisfy ρk → ∞. Concurrently, {λ̄k}k∈N ⊂ Rq and {µ̄k}k∈N ⊂ Rp

+

are sequences of estimates for the Lagrange multipliers corresponding to equality and inequality constraints,
respectively, of problem (1). These multiplier estimate sequences are required to remain bounded.

To avoid the global minimization (3), for a given k ∈ N, we seek a point xk ∈ Rn satisfying the approximate
first-order stationarity condition

∥∇xLρk
(xk, λ̄

k
, µ̄k)∥ ≤ θk, (4)

where the gradient is taken with respect to x and {θk}k∈N is a sequence of positive tolerance parameters con-
verging to zero. A point xk satisfying (4) can be computed using standard iterative methods for unconstrained
optimization applied to (3). This inexact minimization approach renders the overall method computationally
feasible under mild assumptions. The framework of the method is presented next.

Algorithm 1 Algorithmic scheme for the safeguarded augmented Lagrangian method (safeguarded ALM).

Step 1 (Choose input parameters) λmin < λmax, 0 < µmax, γ > 1, 0 < r < 1, and a sequence {θk}k∈N with
θk ↓ 0. Initialize µ̄1 ∈ [0, µmax]p, λ̄1 ∈ [λmin, λmax]q, and ρ1 > 0. Set k ← 1.

Step 2 (Solve subproblem) Apply an unconstrained optimization algorithm to solve (3), obtaining a candidate
solution xk ∈ Rn satisfying (4).

Step 3 (Compute multipliers) Calculate:

µk :=
(
µ̄k + ρkg(x

k)
)
+

and λk := λ̄
k
+ ρkh(x

k). (5)

Step 4 (Update penalty parameters) Define

V k
i := min

{
−gi(xk),

µ̄k
i

ρk

}
for each i ∈ Ip. If k = 1 or

max
{
∥V k∥, ∥h(xk)∥

}
≤ rmax

{
∥V k−1∥, ∥h(xk−1)∥

}
, (6)

set ρk+1 = ρk. Otherwise, choose ρk+1 ≥ γρk.

Step 5 (Update projected multipliers) Choose µ̄k+1 ∈ [0, µmax]p and λ̄
k+1 ∈ [λmin, λmax]q. Set k ← k + 1 and

return to Step 2.

Indeed, one of the most well-known properties proven at accumulation points of primal sequences generated
by optimization methods for constrained optimization is the KKT conditions. It is well known that to ensure
the validity of these properties at local minimizers, constraint qualifications are imposed. Clearly, optimization
algorithms whose convergence is guaranteed under weaker CQs exhibit greater generality and can be applied to
a broader class of problems.

The following result shows that boundedness of the generated sequence of Lagrange multiplier estimates
(the dual sequence) from the safeguarded ALM is sufficient for obtaining feasible KKT points.

Proposition 2.1. Let K ⊂ N be an infinite subset of natural numbers. Assume boundedness of the dual
subsequences {λk}k∈K and {µk}k∈K, as described in (5). Then, every accumulation point of {xk}k∈K is a KKT
point.
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Proof. Let x∗ be an accumulation point of {xk}k∈K, let us say, limk∈L x
k = x∗, L ⊂ K. Without loss of

generality, we assume also limk∈L λ
k = λ ∈ Rq and limk∈L µ

k = µ ∈ Rp
+. From the boundedness of {λk}k∈L

and {µk}k∈L, using (5), there exists M > 0 such that

ρkgi(x
k)+ ≤M and ρk|hj(x

k)| ≤M ∀i ∈ Ip, j ∈ Iq, and k ∈ L. (7)

If limk∈L ρk = ∞, immediately follows that x∗ is feasible. If otherwise, being increasing and containing a
bounded subsequence, the entire sequence {ρk}k∈N must be bounded. Thus, (6) cannot fail infinitely often, and
so we have limk→∞ V k

i = 0 and limk→∞ ∥h(xk)∥ = 0. In particular, h(x∗) = 0. If gi(x∗) > 0 for some i ∈ Ip
then V k

i ≤ −gi(xk) ≤ −gi(x∗)/2 for sufficiently large k ∈ L, which is impossible. Hence, gi(x∗) ≤ 0, for all
i ∈ Ip, proving x∗ is feasible for (1). Let us show that x∗ fulfills the KKT conditions. From Step 2, we have

∥∇xL(xk,µk,λk)∥ = ∥∇xLρ(x
k, µ̄k, λ̄

k
)∥ ≤ θk.

Taking the limit over L yields ∇xL(x∗,µ,λ) = 0. Also, µigi(x
∗) = 0 for all i. In fact, if limk∈L ρk = ∞ then

when gi(x
∗) < 0 we get from (5) that limk→∞ µ̄k

i + ρkgi(x
k) = −∞. Hence, µk

i = 0 for sufficiently large k ∈ L,
with µk

i given in (5). Now, suppose that {ρk}k∈L is bounded and gi(x
∗) < 0. As before, limk→∞ V k

i = 0. In this
case, as gi(x

∗) < 0 we have V k
i = µ̄k

i /ρk for all large k ∈ L, implying limk∈L µ̄
k
i = 0. Thus µ̄k

i + ρkgi(x
k) < 0

for all k ∈ L large enough, implying µk
i = 0 by (5). This concludes the proof.

Classical conditions like LICQ and MFCQ are often used to control the growth of the dual sequences
{(λk,µk)}k∈N. However, these conditions can be too restrictive in real-world settings – for example, they may
fail when the problem includes redundant constraints or when two inequalities replace an equality constraint
with opposite signs. Recent developments have demonstrated that it is possible to guarantee convergence with
bounded dual sequences using the much weaker notion of relaxed quasinormality, which we describe next.

Definition 2.1 ([6]). It is said that relaxed quasinormality (RQN) CQ holds at the feasible point x∗ of (1)
whenever there is no sequence {xk}k∈N ⊂ Rn converging to x∗ and vectors µ ∈ Rp

+ and λ ∈ Rq satisfying the
following requirements:

1.
∑p

i=1 µi∇gi(x∗) +
∑q

j=1 λj∇hj(x
∗) = 0;

2. (µ,λ) ̸= (0,0);

3. for all i ∈ Ip, j ∈ Iq and k ∈ N,

if µi ̸= 0, then gi(x
k) > 0; if λj ̸= 0, then λjhj(x

k) > 0;

if µi = 0, then gi(x
k)+ = o(tk); if λj = 0, then hj(x

k) = o(tk),

where tk := min{minµi>0 gi(x
k)+,minλj ̸=0 |hj(x

k)|}.
The RQN condition is weaker than several CQs, notably all CQs from the constant-rank family. However,

several other CQs are known to guarantee only primal stationarity without resorting to the boundedness of
the dual sequence. These studies revealed a more profound property of safeguarded ALMs: one can guarantee
convergence to KKT points even if the generated dual sequence grows unbounded. This finding suggests
classifying CQs into two categories: those strong enough to ensure boundedness of the dual sequence and those
that still guarantee KKT convergence at accumulation points without ensuring dual boundedness. A detailed
assessment reveals that CQs strictly stronger than RQN are known to imply the EB constraint qualification.
However, RQN itself stands as a notable exception where this implication was not previously known, a property
we review in the following sections.

The EB condition was first established in the 1952 seminal work of A.J. Hoffman for measuring the constraint
violation of systems of linear inequalities [38]. Since then, the error bound property has occupied a central
position in modern optimization theory and practice, and within the framework of variational analysis and
nonlinear optimization [53, 62]: serving as a link between the geometric regularity of feasible sets and the
stability of solutions under perturbations [24, 62]; forming the basis for analyzing calmness and Aubin (Lipschitz)
properties of the feasible/solution set mapping [53]; improving the understanding of the performance of numerical
algorithms [31, 32, 54]; and analyzing the performance of methods in the presence of numerical errors [55].
Nowadays, the error bound property represents a fundamental measure of regularity that supports much of our
understanding of the stability and solvability of constrained optimization problems. The condition is defined
next.
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Definition 2.2. We say that a point x∗ ∈ Ω satisfies the error bound (EB) constraint qualification if there
exist constants κ > 0 and δ > 0 such that

dist(x,Ω) ≤ κΦ(x)1/2 for all x ∈ B[x∗, δ].

The constant κ is referred to as a local error bound constant for the set Ω at x∗, relative to the function Φ
defined in (2).

Here, we focus on distances measured with the Euclidean norm; however, any norm can be used to define
equivalent conditions. See [55]. Interestingly, for general functions f , an inequality similar to the error bound
property is known as quadratic growth condition, for some δ ∈ R++:

f(x)− f(x∗) ≥ η dist(x,S)2 for all x ∈ B[x∗, δ],

where S := {x ∈ Rn : f(x) = f(x∗)} is the set of points attaining the minimum value f(x∗). Notably, this
condition corresponds to the EB property when applied to the quadratic infeasibility measure Φ and at feasible
points. Recently, a connection emerged for twice continuously differentiable functions: the quadratic growth
condition at a local minimum is equivalent to a condition known as PŁ inequality [59], which states that for
some δ ∈ R++ and ν ∈ R++ we have

f(x)− f(x∗) ≤ ν∥∇f(x)∥2 for all x ∈ B[x∗, δ].

This duality ensures that, under the quadratic growth condition, the function’s value does not change “slowly”
relative to how fast the gradient changes. One of its primary uses in optimization is to prove that the trajectory
generated by gradient descent converges to a single critical point [59]. Our work focuses on the application of
the PŁ inequality to the quadratic infeasibility measure to study boundedness of the dual sequences generated
by the safeguarded ALM. Therefore, we define the condition as follows.

Definition 2.3. We say that Φ given in (2) meets the Polyak-Łojasiewicz (PŁ) inequality at x∗ ∈ Ω when
there are constants ν > 0 and δ > 0 such that

Φ(x)1/2 ≤ ν∥∇Φ(x)∥ for all x ∈ B[x∗, δ]. (8)

We call ν a Polyak-Łojasiewicz constant at x∗. In this context, we say that the Polyak-Łojasiewicz Constraint
Qualification/condition (PŁCQ) is satisfied at x∗. In this way, the reference to the function Φ is subsumed.

Researchers employ a hierarchy of analytical techniques to establish the EB property for constrained op-
timization problems. A common and often practical approach involves verifying that the problem satisfies a
standard CQ known to be stronger than EB. Numerous such CQs exist. More sophisticated analyses, which
draw upon the powerful toolkit of variational analysis and nonsmooth geometry, establish the EB property via
the metric regularity or metric subregularity of set-valued mappings associated with the constraints [42, 62].
Other techniques might address tilt stability associated with the derivative of the quadratic penalty function –
typically, requiring the set of local minimizers to be isolated points, which might not be appropriate in some
contexts; see, for instance, [30, Theorem 3.3] or, in a simpler form but in the convex context [31].

In contrast to these approaches, this paper investigates the least restrictive CQ sufficient to guarantee
boundedness of dual sequences generated by the safeguarded ALM. As detailed in the subsequent sections,
this condition corresponds to EB, which has broad implications for the design and convergence analysis of
safeguarded ALMs.

3 Boundedness of dual sequences under the Polyak-Łojasiewicz con-
dition

In this session, we prove that safeguarded ALMs have bounded dual sequences whenever the infeasibility measure
satisfies the Polyak-Łojasiewicz (PŁ) inequality, that is, PŁCQ holds. The following theorem presents a condition
that ensures good algorithmic behavior for the safeguarded ALM. It demonstrates that the PŁ condition can
indeed guarantee boundedness of dual sequences associated with the method and, consequently, as stated in
Proposition 2.1, KKT accumulation points.
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Theorem 3.1. Let x∗ ∈ Ω and assume that the functions defining the feasible set and the objective function
are locally Lipschitz continuous, with Lipschitz constants strictly bounded by L in a neighborhood of x∗. If the
PŁ condition is valid at x∗ and, given an infinite subset K ⊂ N such that the subsequence {xk}k∈K generated
by the safeguarded ALM converges to x∗, then the associated dual subsequences {λk}k∈K and {µk}k∈K as in (5)
are bounded.

Proof. Under the hypotheses, there exist sequences {vk}k∈N ⊂ Rn, {xk}k∈N ⊂ Rn, {µ̄k}k∈N ⊂ Rp
+, {λ̄k}k∈N ⊂

Rq, {ρk}k∈N ⊂ R++ generated by the safeguarded ALM, and an infinite subset K ⊂ N such that limk∈K xk = x∗

and limk∈K vk = 0, where

vk := ∇f(xk) +

p∑
i=1

(
µ̄k
i + ρkgi(x

k)
)
+
∇gi(xk) +

q∑
j=1

(
λ̄k
j + ρkhj(x

k)
)
∇hj(x

k).

By the Lipschitz condition, we have that ∥∇f(xk) − vk∥ ≤ L for all k ∈ K large enough. Let M :=
max{µmax, |λmax|, |λmin|}. Thus ρk

∥∥∇Φ(xk)
∥∥ can be written equivalently as∥∥∥∥∥

p∑
i=1

[
ρk(gi(x

k))+ − (ρkgi(x
k) + µ̄k

i )+
]
∇gi(xk)

+

q∑
j=1

[
ρkhj(x

k)− (ρkhj(x
k) + λ̄k

j )
]
∇hj(x

k) + vk −∇f(xk)

∥∥∥∥∥∥
≤

p∑
i=1

µ̄k
i ∥∇gi(xk)∥+

q∑
j=1

|λ̄k
j |∥∇hj(x

k)∥+ ∥vk −∇f(xk)∥

≤
p∑

i=1

ML+

q∑
j=1

ML+ L = (p+ q)ML+ L =: S.

By hypothesis, Φ satisfies the PŁ inequality at x∗. Using (8), we have, for all sufficiently large k ∈ K,

ρkΦ(x
k)1/2 ≤ νρk

∥∥∇Φ(xk)
∥∥ ≤ νS,

for some ν > 0. Thus, for all k ∈ K large enough, we have

∥µk∥ = ∥(µ̄k + ρkg(x
k))+∥ ≤ ∥(µ̄k + ρkg(x

k))+ − ρkg(x
k)+∥+ ρk∥g(xk)+∥

≤ ∥µ̄k∥+
√
2ρkΦ(x

k)1/2 ≤ √pM +
√
2νS,

and similarly, ∥λk∥ ≤ √qM +
√
2νS. Hence, {µk}k∈K and {λk}k∈K are bounded, as stated.

We now focus on the reverse implication. To demonstrate that the Polyak-Łojasiewicz condition is a necessary
condition for the boundedness of the Lagrange multiplier sequences in the safeguarded ALM, a preliminary
technical lemma is required. This result can be understood as a specialized application of [10, Lemma 4.3].

Lemma 3.1. Consider a point x∗ ∈ Rn, not necessarily feasible for (1), and δ > 0 such that the derivatives of
the constraint functions are Lipschitz continuous with constant N on the compact set K := co (J ∪ PΩ(J ) + B[0, δ]) ,
where J := B[x∗, δ]. For any sequences {yk}k∈N ⊂ J \ Ω and {ϵk}k∈N ⊂ (0, δ), there exist sequences
{ȳk}k∈N, {wk}k∈N, {zk}k∈N in Rn and {ρk}k∈N ⊂ R++ satisfying, for all k, the following relations:

yk − ȳk

∥yk − ȳk∥
= wk + ρk∇Φ(zk), ȳk ∈ PΩ(y

k), ρk > 1/min{dist(yk,Ω), ϵk},

g(ȳk)Tg(zk)+ = 0, max{∥zk − ȳk∥, ∥wk∥} ≤ min{dist(yk,Ω), ϵk},
and dist(yk,Ω) ≤ dist(yk,Ω)2

+ 2ρkΦ(z
k)1/2

(
3
√
2

4

√
p+ qN dist(yk,Ω)2 +Φ(yk)1/2

)
.
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Proof. Fix an arbitrary k ∈ N throughout the proof and choose an arbitrary ȳk ∈ PΩ(y
k). Then, dist(yk,Ω) =∥∥ȳk − yk

∥∥. By continuity, for each i ∈ Ip,

if gi(ȳk) < 0, there exists δki > 0 such that gi(x) < 0 ∀x ∈ B[ȳk, δki ]. (9)

Define
ϵ̄k := min

{
min

i∈Ip; gi(ȳk)<0
{δki }, dist(yk,Ω), ϵk

}
.

From [51, Lemma 2.1] we have (yk − ȳk)/∥yk − ȳk∥ ∈ T ◦
Ω(ȳ

k), where T ◦
Ω(ȳ

k) is the polar of the tangent cone
to Ω at ȳk.

By [10, Lemma 4.3], there exist ρk > 0, zk ∈ Rn and wk ∈ Rn such that

yk − ȳk

∥yk − ȳk∥
= wk + ρk∇Φ(zk), ∥zk − ȳk∥ ≤ ϵ̄k,

∥wk∥ ≤ ϵ̄k, and ρk > 1/ϵ̄k. (10)

Now, if gi(ȳk) < 0 then, as ∥zk − ȳk∥ ≤ ϵ̄k ≤ δki , expression (9) gives gi(z
k) < 0. So, gi(zk)+ = 0. Thus, we

have proved the third of the five expressions in the statement. Consequently, except for the final inequality, all
remaining expressions follow directly from observing the validity of (10).

Let us prove the last inequality in the statement. For each i ∈ Ip, since ∇gi is Lipschitz continuous on K,
we have ∣∣gi(yk)− gi(ȳ

k)−∇gi(ȳk)T
(
yk − ȳk

)∣∣ ≤ N

2

∥∥yk − ȳk
∥∥2 =

N

2
dist(yk,Ω)2. (11)

Since ∥zk − ȳk∥ ≤ ϵ̄k and ȳk ∈ PΩ(y
k) ⊂ PΩ(J ), it follows that zk ∈ PΩ(J ) + B[0, δ] ⊂ K. Using again the

Lipschitz continuity of ∇gi on K, we have∣∣(∇gi(zk)−∇gi(ȳk))T (yk − ȳk)
∣∣

≤
∥∥∇gi(zk)−∇gi(ȳk)

∥∥∥∥yk − ȳk
∥∥

≤ N dist(yk,Ω)2.

(12)

Thus,

ρkgi(z
k)+∇gi(zk)T

(
yk − ȳk

)
= ρkgi(z

k)+
[
(∇gi(zk)−∇gi(ȳk))T

(
yk − ȳk

)
+∇gi(ȳk)T

(
yk − ȳk

)]
≤ ρkgi(z

k)+

[
N dist(yk,Ω)2 + gi(y

k)− gi(ȳ
k) +

N

2
dist(yk,Ω)2

]
=

3N

2
ρkgi(z

k)+ dist(yk,Ω)2 + ρkgi(z
k)+gi(y

k)− ρkgi(z
k)+gi(ȳ

k)

≤ 3N

2
ρkgi(z

k)+ dist(yk,Ω)2 + ρkgi(z
k)+gi(y

k)+,

(13)

where we used (11), (12) and the fact that gi(z
k)+gi(y

k) = 0. Similarly, for j ∈ Iq,

ρkhj(z
k)∇hj(z

k)T
(
yk − ȳk

)
≤ 3N

2
ρk|hj(z

k)|dist(yk,Ω)2 + ρk|hj(z
k)||hj(y

k)|.
(14)

Additionally, as ∥wk∥ ≤ ϵ̄k ≤ dist(yk,Ω) = ∥yk − ȳk∥ we have(
wk
)T (

yk − ȳk
)
≤ ∥wk∥∥yk − ȳk∥ ≤ dist(yk,Ω)2. (15)

By (2) and (10) we have

dist(yk,Ω) = ∥yk − ȳk∥ =
(
wk
)T (

yk − ȳk
)
+ ρk∇Φ(zk)T

(
yk − ȳk

)
8



=
(
wk
)T (

yk − ȳk
)
+ ρk

(
p∑

i=1

gi(z
k)+∇gi(zk) +

q∑
i=1

hj(z
k)∇hj(z

k)

)T (
yk − ȳk

)
.

Therefore, by (13), (14), and (15) we have

dist(yk,Ω) ≤ dist(yk,Ω)2 +
3N

2
ρk

 p∑
i=1

gi(z
k)+ +

q∑
j=1

|hj(z
k)|

dist(yk,Ω)2

+ ρk

 p∑
i=1

gi(z
k)+gi(y

k)+ +

q∑
j=1

|hj(z
k)||hj(y

k)|


≤ dist(yk,Ω)2 +

3
√
2

2

√
p+ qNρkΦ(z

k)1/2 dist(yk,Ω)2

+ 2ρkΦ(z
k)1/2Φ(yk)1/2

= dist(yk,Ω)2 + 2ρkΦ(z
k)1/2

(
3
√
2

4

√
p+ qN dist(yk,Ω)2 +Φ(yk)1/2

)
,

where to obtain the last inequality, we used Cauchy-Schwarz’s inequality and the equivalence of norms. This
completes the proof.

We will use the following theorem, which establishes the equivalence between EB and PŁCQ in the proof
that follows. To keep the current discussion focused, its proof is deferred to Section 4.1.

Theorem 3.2. A feasible point satisfies EB if and only if PŁCQ is satisfied.

Finally, the following result shows that PŁCQ is the least stringent/weakest condition ensuring that the
dual sequences of the safeguarded ALM remain bounded.

Theorem 3.3. Let x∗ ∈ Ω be feasible for (1). PŁCQ holds at x∗ whenever, for every differentiable function
f and every application of the safeguarded ALM to solve problem (1) in which the primal sequence {xk}k∈N
generated by it has x∗ as an accumulation point (say, {xk}k∈K converges to x∗), the multiplier sequences
{λk}k∈K and {µk}k∈K, as given in (5), possess a bounded subsequence.

In summary, if PŁCQ fails, then, for some objective function f , there exists some application of the safe-
guarded ALM that results in unbounded dual sequences.

Proof. The proof is by contradiction. Suppose that PŁCQ does not hold at x∗ ∈ Ω. Then, by Theorem 3.2,
the EB condition cannot hold at x∗ either. Therefore, there must exist a sequence {yk}k∈N of infeasible points
converging to x∗ such that

dist(yk,Ω) > kΦ(yk)1/2 for all k ∈ N. (16)

Thus, we can apply Lemma 3.1 to obtain sequences {ȳk}k∈N ⊂ Rn, {zk}k∈N ⊂ Rn, {wk}k∈N ⊂ Rn, and
{ρk}k∈N ⊂ R++, such that, for all k ∈ N,

yk − ȳk

∥yk − ȳk∥
= wk + ρk∇Φ(zk), (17)

ȳk ∈ projΩ(y
k), ∥zk − ȳk∥ ≤ dist(yk,Ω), (18)

∥wk∥ ≤ dist(yk,Ω), ρk >
1

dist(yk,Ω)
(19)

and dist(yk,Ω) ≤ dist(yk,Ω)2

+ 2ρkΦ(z
k)1/2

(
3
√
2

4

√
p+ q N dist(yk,Ω)2 +Φ(yk)1/2

)
.

(20)

Since limk∈N dist(yk,Ω) = 0, we must have {ρk}k∈N diverges to infinity and limk→∞ wk = 0. Also, for all k ∈ N,

∥zk − x∗∥ ≤ ∥zk − ȳk∥+ ∥ȳk − yk∥+ ∥yk − x∗∥ ≤ 2 dist(yk,Ω) + ∥yk − x∗∥,
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which implies that limk→∞ zk = x∗ . We may assume without loss of generality that for some v ∈ Rn,
limk→∞(yk − ȳk)/∥yk − ȳk∥ = v. Now, (17) gives limk→∞ ∥ − v + ρk∇Φ(zk)∥ = 0, that is,

lim
k→∞

∥∥∥∥∥∥−v +

 p∑
i=1

[ρkgi(z
k)+]∇gi(zk) +

q∑
j=1

[ρkhj(z
k)]∇hj(z

k)

∥∥∥∥∥∥ = 0.

Following the proof of [4, Theorem 1], we observe that except by possible term repetitions, the sequence {zk}k∈N
can be interpreted as a primal sequence generated by the safeguarded ALM applied to the following problem
with λmin = λmax = µmax = 0 as input data:

min
x∈Rn

−vT (x− x∗) s.t. g(x) ≤ 0, h(x) = 0.

In this case, except by term repetitions, the generated dual sequence is precisely {(ρkg(zk)+, ρkh(z
k))}k∈N.

Hence, our assumption ensures that, for some infinite set of indices L ⊂ N, the corresponding dual subsequence
with k ∈ L is bounded. In other words, {ρkΦ(zk)1/2}k∈L is bounded. Let L > 0 be such that ρkΦ(z

k)1/2 ≤ L
for all k ∈ L. By using this bound in (20) we arrive at[

1−

(
1 +

3
√
2

4

√
p+ qN2L

)
dist(yk,Ω)

]
dist(yk,Ω) ≤ 2LΦ(yk)1/2 for all k ∈ L.

Hence, since limk∈N dist(yk,Ω) = 0, for all sufficiently large k ∈ L, we have 1/2 dist(yk,Ω) ≤ 2LΦ(yk)1/2,
contradicting (16). Therefore, the proof is complete.

Larger values of the penalty parameter are required to achieve rapid primal-dual convergence, even when
strong constraint qualifications are met (see, e.g., [40, Theorem 6.4]). However, in practice, to avoid numerical
problems that arise with large values of the penalty parameter, it is common to initially increase the penalty
parameter moderately to achieve primal feasibility first. Then, a first-order adjustment of the dual variables
usually follows. Although some methods utilize KKT conditions scaled by the norm of the Lagrange multipliers
to address possible slow dual convergence [7, 27], the problem remains significant.

This section demonstrates that issues arising from the algebraic description of the constraints, particularly
the failure of the PŁ condition, result in a safeguarded ALM with unbounded dual sequences. Thus, precluding
rapid dual convergence. This insight helps identify situations where it may be necessary to rewrite the algebraic
description of the feasible set. Since no method besides the safeguarded ALM is known to converge stably under
the weak constraint qualifications outlined in this section, techniques such as reduction [13] may be explored
instead of opting for a different optimization strategy.

Finally, boundedness of dual sequences allows the effectiveness of safeguarded ALMs. We demonstrate that
in such a situation, the primal feasibility improves at a rate inversely proportional to the penalty parameter (see
(7)). On the other hand, when primal feasibility consistently improves at the same rate, the validity of the PŁ
condition is guaranteed, as it ensures boundedness of the dual sequences. The subsequent section investigates
this duality without exclusively relying on the method to verify the validity of the PŁ condition.

4 On characterizing the Polyak-Łojasiewicz condition
The error bound concept is fundamental in variational analysis and optimization. Researchers have thoroughly
explored its connections to metric regularity, stability analysis, and convergence of optimization algorithms
[43, 48, 55]. A key related idea is the PŁ inequality [47, 56]. While the rich interplay between these concepts is
well understood, using a PL-type condition explicitly as a CQ for nonlinear programming appears to be a novel
approach. Our main contribution is to systematically propose and validate such a condition, derived directly
from the PŁ inequality framework (as presented in Definition 2.3), as a legitimate CQ. In summary, we prove
Theorem 3.2. After this is established, we prove the equivalence between the mentioned condition and RQN.
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4.1 The equivalence between error bound and the Polyak-Łojasiewicz condition
In this section, we prove Theorem 3.2, that is, the equivalence between the error bound CQ (Definition 2.2) and
the PŁ condition (Definition 2.3) in the context of constrained optimization. The proof is given in two lemmas.
First, we establish that the PŁ inequality for the infeasibility measure, when satisfied at a feasible point, implies
the error bound condition.

Lemma 4.1. If PŁCQ holds at a feasible point x∗, then the EB condition holds at x∗.

Proof. Assume that EB does not hold at the feasible point x∗ ∈ Ω. Noting that Theorem 3.2 is used solely
within the proof of Theorem 3.3 to establish the failure of the EB condition, we can instead assume the failure
of EB directly and follow the same proof strategy from Theorem 3.3 to construct the sequences {yk}k∈N ⊂ Rn

of infeasible points converging to x∗, {ρk}k∈N ⊂ R++ diverging to infinity, {wk}k∈N ⊂ Rn converging to zero,
{ȳk}k∈N ⊂ Rn converging to x∗, and {zk}k∈N ⊂ Rn converging to x∗ such that for all k ∈ N, equations (16),
(17), (18), (19), and (20) hold, where N is an upper bound on the local Lipschitz constant of all the gradients
∇gi,∇hj around x∗. From (17), the sequence {ρk∇Φ(zk)}k∈N is bounded. Thus, there exists a constant C > 0
such that

ρk∥∇Φ(zk)∥ ≤ C (21)

for all k ∈ N. By hypothesis, the infeasibility measure Φ satisfies the PŁ inequality at x∗. This means there
exist ν > 0 and a neighborhood of x∗ such that Φ(z)1/2 ≤ ν∥∇Φ(z)∥ for any z in this neighborhood. Thus, for
sufficiently large k:

ρkΦ(z
k)1/2 ≤ ν ρk∥∇Φ(zk)∥ ≤ νC. (22)

Using this bound in (20) gives[
1−

(
1 +

3
√
2

4

√
p+ qN2νC

)
dist(yk,Ω)

]
dist(yk,Ω) ≤ 2νCΦ(yk)1/2

for sufficiently large k. Since limk∈N dist(yk,Ω) = 0, we arrive at

1

2
dist(yk,Ω) ≤ 2νCΦ(yk)1/2

for sufficiently large k, which contradicts (16). This proves that the EB condition must hold at x∗.

We need the following technical lemma to establish the reverse implication:

Lemma 4.2. Let x∗ ∈ Rn be a point, not necessarily feasible, and let δ > 0. Assume the gradients of the
constraint functions gi, i ∈ Ip, and hj , j ∈ Iq, have a common Lipschitz constant N within the compact set
K := co (J ∪ PΩ(J ) + B[0, δ]) , where J := B[x∗, δ]. Let K ⊂ N be an infinite index set and let {xk}k∈K be a
sequence such that xk ∈ J \ Ω for every k ∈ K. Then, for each k ∈ K, the following inequality holds:(

2−
√
2(p+ q)N

dist(xk,Ω)2

Φ(xk)1/2

)
Φ(xk)

dist(xk,Ω)
≤
∥∥∇Φ(xk)

∥∥ . (23)

Proof. Fix an arbitrary index k ∈ K. Let yk ∈ PΩ(x
k). By definition, ∥xk−yk∥ = dist(xk,Ω). For each i ∈ Ip

and j ∈ Iq, there exist uk
i and vk

j on the line segment connecting xk and yk such that:

gi(x
k) = gi(y

k) +∇gi(uk
i )

T (xk − yk),

hj(x
k) = hj(y

k) +∇hj(v
k
j )

T (xk − yk).
(24)

Since xk ∈ J ⊂ K and yk ∈ PΩ(J ) ⊂ K, we have, by the convexity of K, that uk
i ∈ K and vk

j ∈ K. Now,
using that gi(x

k)+gi(x
k) = gi(x

k)2+ and yk ∈ Ω, by (24) we get

2Φ(xk)

dist(xk,Ω)

11



=
1

dist(xk,Ω)

 p∑
i=1

gi(x
k)+gi(x

k) +

q∑
j=1

hj(x
k)hj(x

k)


≤

 p∑
i=1

gi(x
k)+∇gi(uk

i ) +

q∑
j=1

hj(x
k)∇hj(v

k
j )

T

xk − yk

dist(xk,Ω)

=

(
p∑

i=1

gi(x
k)+

(
∇gi(uk

i )−∇gi(xk)
)

+

q∑
j=1

hj(x
k)
(
∇hj(v

k
j )−∇hj(x

k)
)T

xk − yk

dist(xk,Ω)

+

 p∑
i=1

gi(x
k)+∇gi(xk) +

q∑
j=1

hj(x
k)∇hj(x

k)

T

xk − yk

dist(xk,Ω)
.

Using the Cauchy-Schwarz inequality, (2) and the fact that ∥xk − yk∥ = dist(xk,Ω), we arrive at

2Φ(xk)

dist(xk,Ω)

≤
p∑

i=1

gi(x
k)+

∥∥∇gi(uk
i )−∇gi(xk)

∥∥
+

q∑
j=1

|hj(x
k)|
∥∥∇hj(v

k
j )−∇hj(x

k)
∥∥+ ∥∥∇Φ(xk)

∥∥
≤ N dist(xk,Ω)

 p∑
i=1

gi(x
k)+ +

q∑
j=1

|hj(x
k)|

+
∥∥∇Φ(xk)

∥∥ ,
where in the last inequality we used Lipschitz continuity and the fact that ∥uk

i − xk∥ ≤ ∥xk − yk∥ and
∥vk

j − xk∥ ≤ ∥xk − yk∥. Since

p∑
i=1

gi(x
k)+ +

q∑
j=1

|hj(x
k)| ≤

√
p+ q

√
∥g(xk)+∥2 + ∥h(xk)∥2 =

√
2(p+ q)Φ(xk)1/2,

we conclude that

2Φ(xk)

dist(xk,Ω)
≤
√
2(p+ q)N

dist(xk,Ω)2

Φ(xk)1/2
Φ(xk)

dist(xk,Ω)
+
∥∥∇Φ(xk)

∥∥ .
Rearranging and factoring out the common terms yields the inequality in the statement.

We can now demonstrate that the error bound condition implies the Polyak-Łojasiewicz condition.

Lemma 4.3. If the EB condition holds at a feasible point x∗, then PŁCQ holds at x∗.

Proof. Assume, for the sake of contradiction, that the error bound condition with constant ν > 0 holds at x∗,
but PŁCQ does not hold. Define ρk := k for all k ∈ N. Then, there exists a sequence {yk}k∈N of infeasible
points converging to x∗ such that

Φ(yk)1/2 > ρk∥∇Φ(yk)∥, for all k ∈ N.

The error bound condition implies that for all sufficiently large k ∈ N,

dist(yk,Ω)2

Φ(yk)1/2
≤ ν dist(yk,Ω)→ 0.
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By Lemma 4.2, as the term inside parenthesis in (23) converges to 2, we conclude that

ρkΦ(y
k)

dist(yk,Ω)
≤ ρk

∥∥∇Φ(yk)
∥∥

for sufficiently large k ∈ N. Consequently, for large k,

ρkΦ(y
k)1/2 =

ρkΦ(y
k)

dist(yk,Ω)

dist(yk,Ω)

Φ(yk)1/2
≤ νρk∥∇Φ(yk)∥ < νΦ(yk)1/2,

which is a contradiction.

The preceding analysis establishes an equivalence between two fundamental concepts in optimization. Con-
nections between the error bound condition and other constraint qualifications are well-known in the literature.
For instance, for convex optimization problems defined by inequality constraints, a global error bound holds
across the entire feasible set if and only if Abadie’s CQ (ACQ) is satisfied at the same points [45]. In this
context, ACQ is the weakest CQ possible for convex problems, as it is equivalent to Guignard’s CQ (GCQ) [35].
For non-convex optimization problems defined by equality constraints, ensuring an error bound requires not
only ACQ but also Clarke’s regularity. This necessity is established in [52, Theorem 1] and further discussed
in [5, Remark 3], where the joint condition is characterized in terms of a linearized tangent subspace. This
highlights the fact that non-convexity introduces geometric complexities that necessitate stronger assumptions
than simply ACQ. For general optimization problems involving nonlinear equality and inequality constraints,
stronger constraint qualifications, such as CRSC [9] and QN, are typically required to guarantee the error bound
property. However, to the best of our knowledge, no direct characterization of the error bound property based
solely on geometric properties of the feasible set is currently available. In contrast, this section provides a purely
algebraic characterization of the error bound condition by establishing its equivalence with PŁCQ.

We proceed to characterize it in terms of a quasinormality-type CQ. We will show that condition RQN
presented in Definition 2.1 is necessary and sufficient for the error bound property to hold. This is particularly
relevant to PŁCQ since being equivalent to RQN implies that it is strictly weaker than the family of constant
rank conditions [6].

4.2 The equivalence between the Polyak-Łojasiewicz condition and relaxed quasi-
normality

Relaxed quasinormality [6] has been conceived as a weakening of MFCQ-like conditions specifically for the
safeguarded ALM, guaranteeing boundedness of the dual sequences generated by the method. While this
established the value of RQN as a generalization of previous CQs, such as quasinormality and constant rank-
type CQs, its connection to other fundamental concepts remained an open question. For instance, whether RQN
is sufficient to guarantee a local error bound remained unclear until now. In this section, we provide a definitive
answer to this question and reveal the central role played by RQN in quasinormality-type conditions. We show
that RQN not only guarantees the existence of an error bound, but it is, remarkably, equivalent to it. This
result tightly binds the geometry of the feasible set to the behavior of infeasible sequences that reach feasible
points. This is a direct consequence of the next theorem and Theorem 3.2, as summarized in Corollary 4.1.

Theorem 4.1. A feasible point satisfies RQN if and only if PŁCQ holds at that point.

Proof. By [6, Theorem 3.1], RQN implies that any primal sequence that has x∗ as an accumulation point is
such that the corresponding dual subsequence is bounded. By Theorem 3.3, PŁCQ holds.

Let us prove the converse. Assume that RQN fails at x∗, and let us show that PŁCQ also fails. By
Definition 2.1, there exists a sequence of infeasible points {xk}k∈N → x∗ and (µ,λ) ∈ Rp

+ × Rq satisfying
items 1, 2, and 3 of that definition. By Lemma 3.1, there exist sequences {ȳk}k∈N, {wk}k∈N, {zk}k∈N and
{ρk}k∈N ⊂ R++ satisfying the following relations for all sufficiently large k ∈ N:

xk − ȳk

∥xk − ȳk∥
= wk + ρk∇Φ(zk), (25)

ȳk ∈ PΩ(x
k), ∥zk − ȳk∥ ≤ dist(xk,Ω), and ∥wk∥ ≤ dist(xk,Ω), (26)
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with {ρk}k∈N diverging to infinity. Since ∥xk − ȳk∥ = dist(xk,Ω) for all k ∈ N, we have limk→∞ ȳk =

limk→∞ zk = x∗. Now, let us define the sequences µ̄k := ρkg(z
k)+ and λ̄

k
:= ρkh(z

k) for all k ∈ N. By
PŁCQ, for sufficiently large k ∈ N, we have ∥(µ̄k, λ̄

k
)∥ =

√
2ρkΦ(z

k)1/2 ≤
√
2νρk

∥∥∇Φ(zk)
∥∥. Therefore

{∥(µ̄k, λ̄
k
)∥}k∈N is bounded since by (25), {ρk∥∇Φ(zk)∥}k∈N is bounded. Using (2), equation (25) can be

written as

xk − ȳk

∥xk − ȳk∥
= wk +

p∑
i=1

µ̄k
i∇gi(zk) +

q∑
j=1

λ̄k
j∇hj(z

k)

= vk +

p∑
i=1

µ̄k
i∇gi(ȳk) +

q∑
j=1

λ̄k
j∇hj(ȳ

k),

(27)

where, for all k ∈ N,

vk := wk +

p∑
i=1

µ̄k
i

(
∇gi(zk)−∇gi(ȳk)

)
+

q∑
j=1

λ̄k
j

(
∇hj(z

k)−∇hj(ȳ
k)
)
,

which converges to zero. Let us also define, for all k ∈ N, uk :=
∑p

i=1 µi∇gi(ȳk) +
∑q

j=1 λj∇hj(ȳ
k), which

converges to zero by item 1 of Definition 2.1. Let us choose a sequence of positive real numbers {sk}k∈N such
that limk→∞ sk = ∞, limk→∞ sk∥uk∥ = 0, and limk→∞ sk dist(x

k,Ω) = 0, which clearly exists. The inner
product of uk with sk(x

k − ȳk) yields

sk

 p∑
i=1

µi∇gi(ȳk) +

q∑
j=1

λj∇hj(ȳ
k)

T

(xk − ȳk) = sk(x
k − ȳk)Tuk,

while taking the inner product of (27) with (xk − ȳk) gives:

(xk − ȳk)Tvk +

p∑
i=1

µ̄k
i∇gi(ȳk)T (xk − ȳk) +

q∑
j=1

λ̄k
j∇hj(ȳ

k)T (xk − ȳk) = dist(xk,Ω).

Adding the above expressions gives

dist(xk,Ω) + (xk − ȳk)T (sku
k − vk) =

p∑
i=1

µ̃k
i∇gi(ȳk)T (xk − ȳk)

+

q∑
j=1

λ̃k
j∇hj(ȳ

k)T (xk − ȳk),

(28)

where µ̃k := (skµ + µ̄k) and λ̃
k
:= (skλ + λ̄

k
) for all k ∈ N. Let N be a common local Lipschitz constant for

all functions ∇gi and ∇hj around x∗. Then we can write for all k large enough

µ̃k
i∇gi(ȳk)T

(
xk − ȳk

)
≥ µ̃k

i (gi(x
k)− gi(ȳ

k))− N

2
µ̃k
i dist(x

k,Ω)2 and

λ̃k
i∇hj(ȳ

k)T
(
xk − ȳk

)
≥ λ̃k

i (hj(x
k)− hj(ȳ

k))− N

2
λ̃k
j dist(x

k,Ω)2.

Using this in (28) and, rearranging, we arrive at1 + (xk − ȳk)T

dist(xk,Ω)

(
sku

k − vk
)
+

N

2
dist(xk,Ω)

 p∑
i=1

µ̃k
i +

q∑
j=1

λ̃k
j

dist(xk,Ω)

≥
p∑

i=1

µ̃k
i (gi(x

k)− gi(ȳ
k)) +

q∑
j=1

λ̃k
j (hj(x

k)− hj(ȳ
k)).
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By the definitions of sk, µ̃k, and λ̃
k
, the term in square brackets on the left-hand side converges to 1. Therefore,

for sufficiently large k,

2 dist(xk,Ω) ≥
p∑

i=1

µ̃k
i (gi(x

k)− gi(ȳ
k)) +

q∑
j=1

λ̃k
j (hj(x

k)− hj(ȳ
k))

≥
p∑

i=1

µ̃k
i gi(x

k) +

q∑
j=1

λ̃k
jhj(x

k),

where we used the fact that ȳk ∈ Ω. Thus, dividing both sides by Φ(xk)1/2 > 0 and using the definitions of µ̃k

and λ̃
k

we obtain

2 dist(xk,Ω)

Φ(xk)1/2
≥ sk

 p∑
i=1

µi
gi(x

k)+
Φ(xk)1/2

+

q∑
j=1

|λj |
|hj(x

k)|
Φ(xk)1/2


+

 p∑
i=1

µ̄k
i

gi(x
k)

Φ(xk)1/2
+

q∑
j=1

λ̄k
j

hj(x
k)

Φ(xk)1/2

 ,

(29)

where we used item 3 of the RQN definition to obtain the sign conditions µigi(x
k) ≥ 0 and λjhj(x

k) ≥ 0 for
all i ∈ Ip, j ∈ Iq and k ∈ N. Now, since the sequence {Φ(xk)−1/2(g(xk),h(xk))}k∈N is bounded, we might pass
to a subsequence, if necessary, to assume the existence of its limit.

Notice that the second term inside the parentheses on the right-hand side of (29) is bounded. Hence, as
{sk}k∈N diverges to infinity, to show that the error bound condition fails and consequently, PŁCQ by Theo-
rem 3.2, it remains to show that

lim
k→∞

 p∑
i=1

µi
gi(x

k)+
Φ(xk)1/2

+

q∑
j=1

|λj |
|hj(x

k)|
Φ(xk)1/2

 > 0. (30)

Suppose that the limit in (30) is zero. Therefore

lim
k→∞

µi
gi(x

k)+
Φ(xk)1/2

= 0, ∀i ∈ Ip and lim
k→∞

|λj |
|hj(x

k)|
Φ(xk)1/2

= 0, ∀j ∈ Iq.

If λj ̸= 0, we must have limk→∞ |hj(x
k)|/Φ(xk)1/2 = 0. If λj = 0, since Φ(xk) ≥ tk, where tk is given in item 3 of

Definition 2.1, we get from this item that limk→∞ |hj(x
k)|/Φ(xk)1/2 = 0. Similarly, limk→∞ gi(x

k)+/Φ(x
k)1/2 =

0 for all i ∈ Ip. This is a contradiction, since ∥(g(xk)+,h(x
k))∥/Φ(xk)1/2 =

√
2 for all k ∈ N.

For completeness, we state the aforementioned equivalence between RQN and EB.

Corollary 4.1. A feasible point satisfies RQN if and only if EB holds at that point.

Remark 4.1. It was shown in [5] that the RQN condition, combined with a constraint qualification termed strong
error bound (Strong-EB), is sufficient to ensure that the accumulation points of a primal sequence generated by
a second-order augmented Lagrangian algorithm necessarily satisfy the so-called weak second-order necessary
condition (WSOC). However, Strong-EB includes the standard EB property in its definition. As EB is equivalent
to RQN, the hypothesis required to guarantee convergence to a WSOC point can be simplified to requiring only
the Strong-EB property. This highlights that the assumptions made in [5] are reasonably weak. The Strong-EB
condition itself is implied by several established CQs from the literature, as summarized in [5, Figure 1].

A powerful tool for analyzing the convergence of algorithms is the so-called sequential optimality conditions
(AKKT [3], AGP [50], PAKKT [2], among others). AKKT is the simplest of these conditions and it holds
at a feasible point x∗ whenever one may find a sequence {xk}k∈N → x∗ and (possibly unbounded) sequences
{(µk,λk)}k∈N ⊂ Rp

+ × Rq such that ∇xL(xk,µk,λk) → 0 and min{µk,−g(xk)} → 0. Different conditions
enforce different (stronger) complementarity measures. One can also define a constraint qualification (for ex-
ample, associated with AKKT sequences) by imposing that, independently of the objective function, a point
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satisfying the AKKT condition is necessarily a KKT point. This is termed AKKT-regularity. See [10, 11]. Let
us demonstrate that EB is insufficient to guarantee these CQs. The exception is AL-regularity [4], which is
implied by EB due to [4, Proposition 1] and Theorem 3.2. Figure 1 shows the relations discussed here.

Example 4.1. Consider the problem

min
x∈Rn

x2 s.t. x1x2 = 0, x1 = 0.

This problem satisfies EB at the feasible point x∗ := (0, 0)T . However, x∗ is a non-KKT point that satisfies the
AKKT condition. To see this, it is enough to consider the sequences (xk

1 , x
k
2) := (1/k,−1/k) and (λk

1 , λ
k
2) :=

(−k,−1). Consequently, x∗ can not conform to AKKT-regularity. Similarly, one can check that AGP-regularity
[11] and PAKKT-regularity [2] are also not satisfied.

The following figure synthesizes the known relationships from the literature with our findings. Detailed
justifications and counterexamples for the strictness of implications between different CQs can be found in
[8, 9, 11]. Notably, the following figure also shows that any condition not implying the error bound leads to
unbounded dual sequences in the safeguarded augmented Lagrangian method, for at least one problem.

CRSC

LICQ

CPLD MFCQ

QN

EB

RQNAKKT-regularity

PAKKT-regularityAGP-regularity

AL-regularity

PŁCQ

Figure 1: Landscape of constraint qualifications for which the safeguarded ALM accumulation points satisfy
the KKT conditions. Conditions that imply EB also guarantee dual convergence. Arrows indicate strict impli-
cations.

5 Global convergence without assuming feasibility of the accumula-
tion point

In our previous results, we always assumed that an accumulation point x∗ of a sequence {xk}k∈N generated by
the safeguarded ALM is feasible. The idea behind this assumption is that the algorithm is known to tend to
find feasible limit points in the sense that, necessarily, x∗ is stationary for the infeasibility measure Φ, that is,
it holds ∇Φ(x∗) = 0 [1, Theorem 4.1]. However, Proposition 2.1 demonstrates that boundedness of the dual
sequences implies feasibility (and stationarity) of the accumulation point. This result suggests investigating a
reasonable assumption that can be verified at potentially infeasible accumulation points and still guarantees
boundedness of the dual sequences. Then, boundedness of the dual sequences would yield feasibility in addition
to the standard result concerning stationarity. To this end, we extend the definition of a constraint qualification
to possibly infeasible points.

In [27], a condition fulfilling this requirement called Extended-LICQ was defined. However, this condition
makes little sense as it may fail for elementary (linear) problems. An Extended-MFCQ conditions was defined
in [39, Definition 2.1] which does not suffer from this drawbacks; however, like MFCQ, this condition fails when
the feasible region has an empty interior. On the other hand, in [6], a weaker condition called Extended-RQN
was defined. It was proven that when this condition holds at a potentially infeasible accumulation point, the
dual sequence associated with safeguarded ALM is bounded.
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This section aims to generalize the analysis presented earlier to accommodate infeasible points, thereby
encompassing the results obtained under the Extended-RQN condition as a particular case. The definition of
Extended-RQN is as follows:

Definition 5.1 ([6]). It is said that Extended relaxed quasinormality holds at an arbitrary point x∗ ∈ Rn, not
necessarily feasible, whenever there is no sequence {xk}k∈N ⊂ Rn converging to x∗ and vectors µ ∈ Rp

+ and
λ ∈ Rq satisfying requirements 1, 2 of Definition 2.1 and the following one

3’. for all i ∈ Ip, j ∈ Iq and k ∈ N,

if µi ̸= 0, then gi(x
k) > 0;

if λj ̸= 0, then λjhj(x
k) > 0;

if µi = 0 and gi(x
∗) = 0, then gi(x

k)+ = o(tk);

if λj = 0 and hj(x
∗) = 0, then hj(x

k) = o(tk),

where tk := min{minµi>0 gi(x
k)+,minλj ̸=0 |hj(x

k)|}.

We define next an extended version of PŁCQ to infeasible points.

Definition 5.2. We say that x∗ ∈ Rn, not necessarily feasible, satisfies Extended-PŁCQ when there exist
constants ν > 0 and δ > 0 such that

Φ(x)1/2 ≤ ν∥∇Φ(x)∥ for all x ∈ B[x∗, δ].

Notice that the only difference with respect to Definition 2.3 of PŁCQ is the lack of the requirement that
x∗ is feasible. The following result shows that the dual sequences generated by the safeguarded ALM remain
bounded under Extended-PŁCQ; that is, feasibility is not required as an assumption to achieve primal-dual
convergence to a (feasible) KKT point.

Proposition 5.1. Let {xk}k∈N be a primal sequence generated by the safeguarded ALM. If x∗ is the limit of a
subsequence {xk}k∈K and satisfies the Extended-PŁCQ, then the dual sequence {(µk,λk)}k∈K is bounded, with
expressions given in (5), making x∗ a feasible point that satisfies the KKT conditions.

Proof. The proof is essentially the same as Theorem 3.1. In view of Proposition 2.1, it is enough to prove
boundedness of {(µk,λk)}k∈K. Following the proof of Theorem 3.1, there exists S > 0 such that ρk

∥∥∇Φ(xk)
∥∥ ≤

S for all k ∈ K. Hence,
ρkΦ(x

k)1/2 ≤ νρk
∥∥∇Φ(xk)

∥∥ ≤ νS, for all k ∈ N.

Defining M := max{µmax, |λmin|, |λmax|}, for sufficiently large k ∈ K it holds that

∥µk∥ = ∥(µ̄k + ρkg(x
k))+∥ ≤ ∥(µ̄k + ρkg(x

k))+ − ρkg(x
k)+∥+ ρk∥g(xk)+∥

≤ ∥µ̄k∥+
√
2ρkΦ(x

k)1/2 ≤ √pM +
√
2νS

and, similarly, ∥λk∥ ≤ √qM +
√
2νS. Thus, the dual sequence is bounded, as we wanted to prove.

Clearly, at feasible points, Extended-PŁCQ and Extended-RQN are equivalent to the error bound property.
However, the situation is different at infeasible points. Extended-PŁCQ connects with the property that the
accumulation points of the safeguarded ALM are stationary to the infeasibility measure Φ in the following way:

Proposition 5.2. Extended-PŁCQ is valid at an infeasible point if and only if the gradient of the squared
infeasibility measure Φ is non-zero at this point.

Proof. If Extended-PŁCQ is valid at an infeasible point, it is clear from the definition that the gradient of the
squared infeasibility measure is non-zero at that point. To prove the converse, it suffices to fix δ > 0 such that
min{∥∇Φ(x)∥ ,Φ(x)1/2} ≥ δ for all x ∈ B[x∗, δ] and define

ν :=
supx∈B(x∗,δ) Φ(x)

1/2

infx∈B(x∗,δ) ∥∇Φ(x)∥
> 0.

Thus, considering such ν, Definition 5.2 holds.
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Therefore, using the classical result that an accumulation point x∗ is such that ∇Φ(x∗) = 0 (see [21]), we
have by Proposition 5.2 that under Extended-PŁCQ this accumulation point is necessarily feasible. Next, we
establish that Extended-PŁCQ generalizes Extended-RQN.

Proposition 5.3. The Extended-RQN condition at a point guarantees Extended-PŁCQ at the same point.

Proof. The result is true for feasible points. Now, consider x∗ an infeasible point that does not satisfy Extended-
PŁCQ. Then ∇Φ(x∗) = 0. Therefore, we may define µ := g(x∗)+, λ := h(x∗), and the constant sequence
xk := x∗ for all k ∈ N. With these definitions, items 1 and 2 of Definition 2.1 and item 3’ of Definition 5.1 are
satisfied. This shows that Extended-RQN fails at x∗.

Remark 5.1. Note that Extended-PŁCQ at an infeasible point x∗ ∈ Rn can also be interpreted as a “linear
independence” type condition. Specifically, from Proposition 5.2, it can be stated via the implication

p∑
i=1

gi(x
∗)+∇gi(x∗) +

q∑
j=1

hj(x
∗)∇hj(x

∗) = 0 =⇒ (g(x∗)+,h(x
∗)) = (0,0),

which is clearly weaker than both Extended-MFCQ and Extended-RQN.

Let us provide an example in which Extended-PLCQ holds, but Extended-RQN fails. More specifically,
Extended-PLCQ is well-posed in the sense that if it holds at a certain point, it also holds in an open neighborhood
around that point. This observation follows directly from its definition. Well-posedness is a desirable property,
as it is closely related to the stability of numerical algorithms (see [52]).

Surprisingly, the following example demonstrates that Extended-RQN is not well-posed. The existence of
such an example is unexpected, since the classical RQN condition—being equivalent to the EB condition—always
holds in a sufficiently small feasible neighborhood of a specified feasible point fulfilling it; in other words, the
set of feasible points satisfying RQN is open relative to the constraint set. In contrast, Extended-RQN may
not be valid in arbitrarily small neighborhoods of a point that meets the condition. That is, the set of points
satisfying Extended-RQN is not always open.

Example 5.1. Consider the set

Ω :=

(x1, x2) ∈ R2

∣∣∣∣∣∣∣∣∣∣
g1(x1, x2) := − (x1 − 1)2 − x2

2 + 1 ≤ 0,

g2(x1, x2) := − (x1 + 1)2 − x2
2 + 1 ≤ 0,

g3(x1, x2) := (x1 − x2)
2 ≤ 0,

h1(x1, x2) := x2 = 0

 = {(0, 0)}.

We have

∇g1(x) =
[
−2(x1 − 1)
−2x2

]
, ∇g2(x) =

[
−2(x1 + 1)
−2x2

]
,

∇g3(x) =
[
2(x1 − x2)
−2(x1 − x2)

]
, ∇h1(x) =

[
0
1

]
.

The point x∗ := (0, 0)T satisfies CRSC [9, Definition 1.3] given that ∇g1(x∗) = −∇g2(x∗) and ∇g3(x∗) = 0
with the dimension of the space spanned by the set {∇g1(x),∇g2(x),∇g3(x),∇h1(x)} being 2 for every x ∈ R2.
Thus, [9, Theorem 5.5] attests that the error bound condition holds. Consequently, Extended-RQN also holds
at x∗. Let us now construct a sequence converging to the origin such that Extended-RQN is not satisfied at
any of its terms. Take yℓ := (1/ℓ, 1/ℓ) for every ℓ > 2 and set µℓ := (0, 0, 1)T and λℓ := 0 for every ℓ > 2.
Thus µℓ

1∇g1(yℓ) +µℓ
2∇g2(yℓ) +µℓ

3∇g3(yℓ) + λℓ
1∇h1(y

ℓ) = 0 with (µℓ,λℓ) ̸= 0. Fixing ℓ > 2, it remains to find
a sequence {xk}k∈N converging to yℓ satisfying the condition imposed by item 3’ of Definition 5.1. Note that
g1(y

ℓ) > 0, g2(yℓ) < 0, g3(yℓ) = 0 and h1(y
ℓ) > 0. Thus, item 3’ simply requires that g3(xk) > 0 for all k ∈ N

for some sequence {xk}k∈N converging to yℓ. It is enough to define xk := yℓ + (1/k, 0)T for all k ∈ N. Thus,
Extended-RQN fails at yℓ for all ℓ > 2. Since yℓ is infeasible and ∇Φ(yℓ) ̸= 0, Extended-PŁCQ holds at yℓ.
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We conclude this work by briefly stating how Extended-PŁCQ generalizes Theorem 3.3 to include infeasible
points, establishing it as the weakest condition that guarantees a bounded sequence of multipliers. The reasoning
is by contradiction. Assume that Extended-PŁCQ is false at an accumulation point. By definition, this means
the point is stationary for the quadratic infeasibility measure. Consequently, a safeguarded ALM applied to
problem (1) with null objective configured with the input parameters µmin = λmin = λmax = 0 would accept
at every iteration such a stationary point of the infeasibility measure during Step 3. If we assume the validity
of a condition guaranteeing boundedness of the dual sequences associated with the method, then the point
of interest must be feasible, as per Proposition 2.1. This, however, leads to a contradiction since we apply
Theorem 3.3 to guarantee the standard PŁCQ, which is equivalent to Extended-PŁCQ at such a feasible point.
This conclusion contradicts our initial assumption that Extended-PŁCQ was false. Thus, Extended-PŁCQ must
be the minimal condition required to ensure that any converging primal sequence to the point of interest has
a bounded associated multiplier sequence. It is also possible to see that the Extended-PŁCQ condition is the
weakest condition that, when satisfied at an infeasible point, prevents the safeguarded ALM from having a
subsequence converging to that specific point.

6 Final remarks
In optimization, many algorithms for constrained problems produce sequences of both primal and dual iterates.
The convergence analysis of these algorithms frequently relies on the boundedness of the dual sequence. Un-
bounded dual sequences may indicate a failure to converge to an appropriate solution. Boundedness is frequently
necessary for establishing theoretical convergence guarantees, including convergence to Karush-Kuhn-Tucker
points. The Mangasarian-Fromovitz Constraint Qualification is frequently used to ensure boundedness of dual
sequences, as it is equivalent to the set of Lagrange multipliers being bounded. However, strong constraint con-
ditions depend on how the feasible set is described, and standard optimization techniques, such as presenting
redundant constraints, may render these conditions false. On the other hand, computational experience has
demonstrated that robust approaches, such as safeguarded augmented Lagrangian methods, exhibit stability
even when standard constraint qualifications are not met. This work directly addresses the gap between theory
and practice.

We investigated conditions under which the safeguarded augmented Lagrangian method ensures boundedness
of its associated dual sequences. Specifically, we investigate the least stringent constraint qualification required
for this objective. In particular, we demonstrate that the optimal condition for a bounded multiplier is a
condition we term the Polyak-Łojasiewicz Constraint Qualification (Theorems 3.1 and 3.3). This constraint
qualification refers to the Polyak-Łojasiewicz inequality applied to the quadratic infeasibility measure. We
further show its equivalence to the Error Bound Constraint Qualification (Theorem 3.2; see also Section 4.1),
also known as metric subregularity or calmness condition [17].

A novel characterization of the Polyak-Łojasiewicz constraint qualification is derived via gradients, which
consequently also applies to the error bound condition. We prove that a recently proposed condition, weaker
than several constraint qualifications typically used in algorithmic convergence—the relaxed quasinormality
(Definition 2.1)—is equivalent to the Polyak-Łojasiewicz constraint qualification (Theorem 4.1). Relaxed quasi-
normality can be seen as a natural extension of the classic quasinormality condition, adding properties associated
with penalty methods [6]. It is weaker than the weakest constant rank-type constraint qualification, known as
Constant Rank of the Subspace Component [9, Definition 1.3]. Relaxed quasinormality is implied by a number
of different constraint qualifications. This demonstrates the generality of the Polyak-Łojasiewicz condition and
provides insight into the behavior of gradients near feasible points under the proposed constraint qualification.

Clearly, finding a solution to a problem is more relevant than merely identifying a feasible point. It is
natural to question why one should focus on the feasibility problem rather than directly seeking a solution.
Multiple justifications exist; see discussions in [25]. Additionally, the feasibility problem class is of great interest
in a variety of applied mathematics fields [14, 22]. Interestingly, boundedness of the multipliers is sufficient to
attest feasibility and stationarity of an accumulation point of the safeguarded augmented Lagrangian method
(Proposition 2.1). In this work, we investigated the attainment of feasible points, along with the boundedness
of multipliers, using the safeguarded augmented Lagrangian method. We propose a condition, which we call
Extended-PŁCQ. First, we prove that Extended-PŁCQ ensures that every accumulation point of the primal
sequences generated by the safeguarded augmented Lagrangian method is a feasible solution (Proposition 5.1).
We further establish that Extended-PŁCQ is equivalent to PŁCQ at feasible points. Additionally, we prove that,
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at infeasible points, Extended-PŁCQ is equivalent to the non-stationarity of the quadratic feasibility measure
(Proposition 5.2), reducing to a classical result for the safeguarded augmented Lagrangian method concerning
the stationarity of the quadratic infeasibility measure. Lastly, we prove that Extended-RQN is strictly stronger
than Extended-PL (Proposition 5.3), improving a previously known result from the literature.
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