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Abstract

This work investigates global convergence properties of a safeguarded augmented Lagrangian method applied
to nonlinear programming problems, with an emphasis on the role of constraint qualifications in ensuring
boundedness of the computed multiplier sequences, also known as dual sequences. When functions with
locally Lipschitz continuous derivatives define the constraint set, we prove that the Error Bound Constraint
Qualification is the weakest constraint qualification that guarantees boundedness of the computed multiplier
sequences generated by the method. The condition is also known as the local error bound property, metric
subregularity constraint qualification, or calmness constraint qualification. We further show its equivalence
to a Polyak-f.ojasiewicz inequality for the quadratic infeasibility measure, which in turn is equivalent to the
recently introduced relaxed quasinormality constraint qualification. Moreover, we prove the feasibility of
accumulation points of primal sequences generated by the augmented Lagrangian method under a Polyak-
t.ojasiewicz inequality for the quadratic infeasibility measure. Our results provide a sound primal-dual
global convergence result under a weak and well-known condition, reinforcing the effectiveness of safeguarded
augmented Lagrangian methods over non-safeguarded approaches.

Keywords: Nonlinear programming, Augmented Lagrangian methods, Error bound, Constraint qualifica-
tions

AMS Classification: 90C46, 90C30, 65K05

1 Introduction

Augmented Lagrangian methods (ALMs) are one of the cornerstones of modern nonlinear programming meth-
ods, alongside interior point and sequential quadratic programming methods. At each augmented Lagrangian
iteration, a penalized subproblem is solved where one uses estimates of the Lagrange multipliers as displace-
ments of constraint violations. Using bounded Lagrange multiplier estimates is a fundamental idea of so-called
safeguarded augmented Lagrangian methods, which allows obtaining primal global convergence for degener-
ate problems without hindering their overall performance. A natural question in the primal-dual convergence
analysis of safeguarded augmented Lagrangian methods is whether the computed multipliers generated by this
algorithm remain bounded or not. The primary objective of this paper is to propose a necessary and suffi-
cient condition for the boundedness of the computed multiplier sequences. The condition is well known and
essential for infeasible algorithms: one should be able to estimate distances to the feasible set by evaluating
the constraints, avoiding the computational costs of measuring distances from the constraint set. We demon-
strate that this attribute, commonly known as the error bound property (see Definition 2.2), is equivalent to the
boundedness of the computed multipliers, and this connection sheds light on the practical efficacy of ALMs.
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Historically, achieving bounded computed multipliers demanded strong constraint qualifications (CQs). Se-
quential quadratic programming methods classically invoke Mangasarian—Fromovitz Constraint Qualification
(MFCQ) or Linear Independence Constraint Qualification (LICQ); even regularized variants rely on a second-
order condition to bound the computed multipliers, as discussed in [35, §2]. However, second-order conditions
may fail at local minimizers when MFCQ breaks down [14, Sec. 2.4]. Interior point schemes ensure primal
convergence under mild conditions [63, 8]. However, only recent enhancements achieve bounded duals without
MFCQ, and only under still fairly stringent assumptions [39, Thm. 5|. Likewise, inexact restoration meth-
ods converge to KKT points under weak CQs [53, 37|, yet their primal-dual versions still hinge on MFCQ for
boundedness of the computed multipliers; we refer the reader to [12, §1] for background and context.

The augmented Lagrangian method introduced by Hestenes [40] demonstrated significant practical potential.
Although Hestenes did not provide a formal convergence theory, it was evident that the algorithm converged
to KKT points if the computed multipliers remained bounded (see Proposition 2.1). Rockafellar [65, 66] and
Bertsekas [18] established the first rigorous convergence proofs for the convex case, incorporating Powell’s
treatment of inequality constraints [62]. For the non-convex case, Conn, Gould, and Toint [27, 29] later proved
convergence, but under restrictive assumptions such as the linear independence of active or violated constraint
gradients at infeasible points.

A breakthrough came with safeguarded augmented Lagrangian methods, epitomized by the ALGENCAN
solver [21]: by projecting the computed multipliers onto a fixed compact set, they achieve KKT convergence
under the much weaker Constant Positive Linear Dependence (CPLD) condition. The new method motivated
the development of a unified theory and a hierarchy of ever-weaker CQs — Constant Positive Generators (CPG)
[8, Theorem 3.3], Approzimate Karush-Kuhn-Tucker regularity (AKKT-regularity) [9], and beyond; see [10] for
a detailed and recent review. However, these frameworks aimed only at primal convergence to KKT points,
leaving dual convergence unexplored.

Subsequent analyses revealed that quasinormality (QN) [19, pp. 337] is sufficient to ensure that the com-
puted multipliers of the safeguarded ALM remain bounded. Recently, the result was generalized by utilizing a
relaxed variant, relazed quasinormality (RQN) [6, Thm. 2], which encompasses all constant rank-type constraint
qualifications, such as Constant Rank of the Subspace Component (CRSC) [8, Definition 1.3]. Interestingly, ex-
cept for RQN, all CQs known to guarantee boundedness of the computed multiplier sequence, including QN and
CRSC, also imply the classical error bound (EB) constraint qualification; see Definition 2.2 ahead. In contrast,
weaker CQs or those that do not imply EB fail to guarantee boundedness of the computed multipliers [8]. This
observation has led us to hypothesize that the error bound condition may be necessary and sufficient for ensuring
boundedness of the computed multipliers associated with the safeguarded ALM. The error bound condition is
well-recognized across various contexts under several equivalent terms, including metric subregularity constraint
qualification, calmness, or simply as the error bound property [16].

To investigate the conjecture, our primary objective is to identify the weakest possible CQ that ensures
boundedness of computed multipliers generated by the method. The first of our contributions establishes
that EB is sufficient for this (Theorem 3.1). Specifically, we prove that every primal convergent subsequence
generated by the safeguarded ALM has the corresponding subsequence of computed multipliers bounded under
the EB property. As a direct result, safeguarded ALM has KKT accumulation points under this condition.

Complementarily, we show that failure of the EB condition implies the existence of a nonlinear programming
problem where the safeguarded ALM produces unbounded computed multipliers associated with a convergent
primal sequence (Theorem 3.3). Taken together, these two results yield a tight characterization: the EB condi-
tion is the weakest possible CQ, ensuring that the safeguarded ALM generates bounded computed multipliers
whenever the associated primal sequence converges. It is worth pointing out that the EB property ensures
boundedness of the computed multipliers generated by the algorithm, not the entire set of Lagrange multipliers
associated with the problem. This feature, which also applies to all CQs weaker than MFCQ, implies that the
problem itself may admit an unbounded set of KKT multipliers, even though the algorithm yields bounded
computed multiplier iterates.

To establish this fundamental characterization, we develop and connect auxiliary concepts. First, we intro-
duce the Polyak—Lojasiewicz Constraint Qualification (PLCQ, as in Definition 2.3). This condition arises from
applying the PL inequality to the quadratic infeasibility measure associated with the problem. We prove that
PLCQ is equivalent to the EB condition (Theorem 3.2; see also Section 4.1), thus confirming that PECQ consti-
tutes a genuine CQ. This equivalence provides a new and purely functional characterization of the EB property,
expressed solely in terms of the function that defines the constraint set. The relevance of this reformulation



is underscored by the central role of PL inequality across a broad spectrum of optimization settings, making
PLCQ a condition of independent interest [23, 26, 45, 48, 50, 64]. Second, we revisit the EB condition in light
of another CQ, the RQN condition (Definition 2.1). RQN weakens the traditional QN condition, with addi-
tional assumptions reflecting sensitivity properties of the violated constraints around the target point, which is
enough to ensure boundedness of computed multipliers generated by the safeguarded ALM [6]. Using PLCQ, we
prove that EB and RQN are equivalent (Theorem 4.1). Thus, considering that there are several studies in the
literature concerning different quasinormality conditions as sufficient conditions for the error bound property
in many contexts [15, 68, 17], our result shows that RQN is the ultimate quasinormality-type necessary and
sufficient condition for EB, at least in the context of nonlinear programming.

Finally, we extend all previous results from this paper to include not only feasible but also infeasible points
by introducing the Extended-PL.CQ condition, which generalizes recent advancements based on the Extended-
RQN framework [6]. Collectively, the findings presented here complete the convergence theory of the safeguarded
augmented Lagrangian method under the weakest known assumptions regarding both primal feasibility and dual
boundedness.

Notation Vectors and vector-valued functions are denoted by boldface letters, where v; denotes the i-th
component (or component function) of a vector (or vector-valued function) v. The set of non-negative (positive)
real numbers is denoted by Ry (respectively Ryy). For £ € N, I, := {k € N|1 < k < ¢} and for v € R",
vy = (max{0,v1},...,max{0,v,})T. We use || - || to denote the Euclidean norm and B[z, €] to denote the
closed Euclidean ball centered at € R™ with radius ¢ > 0. For a set S C R", co S and co S denote its
convex hull and closed convex hull, respectively. The Euclidean distance from & € R™ to S C R" is denoted by
dist(x, S) and Pg(x) = {z € S : ||z — x| < dist(x, S)} is the set of points in S closest to . For a given set
J C R, we use Pg(J) = Ugeg Ps(x).

2 Preliminaries

The nonlinear programming problems we are interested in are formulated as

min f(x) st. g(x) <0, h(z)=0, (1)
TER™
where f: R” - R, g: R® — RP and h: R” — R are functions with locally Lipschitz continuous first derivatives.
For simplicity, we define the feasible set as Q = {& € R" | g(x) < 0, h(z) = 0}, which we assume to be non-
empty.

To solve (1), we consider algorithms based on penalty methods, where the goal is to replace a complex
constrained optimization problem with a sequence of simpler unconstrained problems. The quadratic penalty
method addresses the original constrained problem by successively solving the unconstrained minimization
problem

Inin f(z) + pr (@),

where {pi}ren is a sequence of positive penalty parameters such that pp — +00 as k — oco and ® represents
the quadratic measure of constraint violation (infeasibility),

P(z) = % (lg(@)+]* + Ih(x)]?) Vo eR" (2)

Safeguarded augmented Lagrangian methods, in turn, refine this approach by incorporating estimates of
the Lagrange multipliers into the measure of constraint violation. This technique often mitigates the need
for the penalty parameter to become excessively large, which can lead to numerical ill-conditioning of the
subproblems. A central function utilized within this framework is the Powell-Hestenes-Rockafellar (PHR)
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Essentially, the strategy of the safequarded augmented Lagrangian method is to replace the constrained
optimization problem (1) with the task of solving (approximately) a sequence of unconstrained subproblems

. Xk -k
Inin £, (x, A%, @7). (3)

Here, {px }ren represents a non-decreasing sequence of positive penalty parameters which, unlike in pure penalty
methods, does not necessarily need to satisfy pr — oo. Concurrently, {S\k}keN C RY and {@@F}ren C RY
are sequences of estimates for the Lagrange multipliers corresponding to equality and inequality constraints,
respectively, of problem (1). In the classical safeguarded augmented Lagrangian framework considered here, the
multiplier estimates that enter the subproblems are restricted to a fixed, bounded set.
To avoid the global minimization (3), for a given k € N, we seek a point ¥ € R” satisfying the approximate
first-order stationarity condition
IVa L, (@F, X" 59 < O, (4)

where the gradient is taken with respect to @ and {0 }ren is a sequence of positive tolerance parameters con-
verging to zero. A point ¥ satisfying (4) can be computed using standard iterative methods for unconstrained
optimization applied to (3). This inexact minimization approach renders the overall method computationally
feasible under mild assumptions. The framework of the method is presented next.

Algorithm 1 Algorithmic scheme for the safeguarded augmented Lagrangian method (safeguarded ALM).

Step 1 (Choose input parameters) Amin < Amaxs; 0 < fimaxs ¥ > 1, 0 < r < 1, and a sequence {6 }ren with
0, 1 0. Initialize @' € [0, 1™<]7, A' € [\™, \2x]9, and p; > 0. Set k + 1.

Step 2 (Solve subproblem) Apply an unconstrained optimization algorithm to solve (3), obtaining a candidate
solution =¥ € R™ satisfying (4).

Step 3 (Compute multipliers) Calculate:
_ <k
pb = (B + prg(@®)),  and A" = X"+ pph(ah). (5)

Step 4 (Update penalty parameters) Define

foreachi e I,. If k=1or
max { [ VE |, (@)} < rmax {[VF, @)}, (6)

set pr+1 = pr. Otherwise, choose pr11 > Vpk.

Step 5 (Update safequarded multipliers) Choose u**1 € [0, p™®*]P and A ¢ [Amin \max)a_ Get k¢ k + 1
and return to Step 2.

Indeed, one of the most well-known properties proven at accumulation points of primal sequences generated
by optimization methods for constrained optimization is the KKT conditions. It is well known that to ensure
the validity of these properties at local minimizers, constraint qualifications are imposed. Clearly, optimization
algorithms whose convergence is guaranteed under weaker CQs exhibit greater generality and can be applied to
a broader class of problems.

The following result shows that the boundedness of the generated sequence of computed multipliers (the
dual sequence) from the safeguarded ALM is sufficient for obtaining feasible KKT points.

Proposition 2.1. Let K C N be an infinite subset of natural numbers. Assume boundedness of the subsequences
{)\k}keK and {p*}rex, as described in (5). Then, every accumulation point of {x*}recx is a KKT point.



Proof. Let x* be an accumulation point of {x*}cx, let us say, limpep ¥ = z*, L € K. Without loss of
generality, we assume also limycr, A= X e R? and limper, uk =puE Rﬁ_. From the boundedness of {)\k}ke]L
and {p*}rer, using (5), there exists M > 0 such that

prgi(¥)y <M and pplh;(2®)| <M Viel,jecl, and k € L. (7)

If limger, pr = 00, it immediately follows that x* is feasible. Otherwise, since {py }ren is nondecreasing and has
a bounded subsequence, the entire sequence {pj }reny must be bounded. Thus, (6) cannot fail infinitely often,
and so we have limy_,o V¥ = 0 and limy_,o ||R(2¥)|| = 0. In particular, h(z*) = 0. If g;(z*) > 0 for some

i € I, then V¥ < —g;(z*) < —g;(z*)/2 for sufficiently large k € L, which is impossible. Hence, g;(z*) < 0, for
all ¢ € I,, proving a* is feasible for (1). Let us show that «* fulfills the KKT conditions. From Step 2, we have

_k Xk
IVal(a®, u*, X) | = VoL, (@, 5" X)) < 6.

Taking the limit over L yields VzL(x*, u, A) = 0. Also, p;g;(x*) = 0 for all 4. In fact, if limgcp, pr, = 0o then
when g;(x*) < 0 we get from (5) that limy_,o i¥ + prgi(x*) = —occ. Hence, u¥ = 0 for sufficiently large k € L,
with p¥ given in (5). Now, suppose that {py}rer is bounded and g;(z*) < 0. As before, limy_, o, V;¥ = 0. In this
case, as g;(x*) < 0 we have V¥ = i¥/p; for all large k € L, implying limgey, i¥ = 0. Thus ¥ + prgi(z*) <0
for all k£ € L large enough, implying uf =0 by (5). This concludes the proof. O

Classical conditions like LICQ and MFCQ are often used to control the growth of the computed multipliers
{()\k, ")} ren. However, these conditions can be too restrictive in real-world settings — for example, they may
fail when the problem includes redundant constraints or when two inequalities replace an equality constraint
with opposite signs. Recent developments have demonstrated that it is possible to guarantee convergence with
bounded computed multipliers using the much weaker notion of relaxed quasinormality, which we describe next.

Definition 2.1 ([6]). It is said that relaxed quasinormality (RQN) CQ holds at the feasible point =* of (1)
whenever there is no sequence {x*}rey C R™ converging to =* and vectors p € R and X € RY satisfying the
following requirements:

1300 iV ai(x*) + 375 \jVhy(x*) = 0;
2. (1 A) # (0,0);
3. forallicl, jel, and k €N,
if wi # 0, then gi(x®) > 0; if \j # 0, then \jh;(z") > 0;
if pi = 0, then g;(x*) 4 = o(ty); if \j = 0, then hj(z") = oty),
where t), := min{min,, o g;(x")4, miny, 2 |h; (z*)}.

The RQN condition is weaker than several CQs, notably all CQs from the constant-rank family. However,
several other CQs are known to guarantee only primal stationarity without resorting to the boundedness of the
dual sequence. These studies revealed a deeper property of safeguarded ALMs: one can guarantee convergence
to KKT points even if the generated sequence of computed multipliers becomes unbounded. This finding
suggests classifying CQs into two categories: those strong enough to ensure boundedness of the sequence of
computed multipliers and those that still guarantee KKT convergence at accumulation points without ensuring
boundedness of the computed multipliers. A detailed assessment reveals that CQs strictly stronger than RQN
are known to imply the EB constraint qualification. However, RQN itself stands as a notable exception for
which this implication was not previously known, a property we review in the following sections.

The EB condition was first established in the 1952 seminal work of A.J. Hoffman for measuring the constraint
violation of systems of linear inequalities [41]. Since then, the error bound property has occupied a central
position in modern optimization theory and practice, and within the framework of variational analysis and
nonlinear optimization [58, 67]: serving as a link between the geometric regularity of feasible sets and the
stability of solutions under perturbations [24, 67]; forming the basis for analyzing calmness and Aubin (Lipschitz)
properties of the feasible/solution set mapping [58]; improving the understanding of the performance of numerical
algorithms [32, 33, 59|; and analyzing the performance of methods in the presence of numerical errors [60].
Nowadays, the error bound property represents a fundamental measure of regularity that supports much of our
understanding of the stability and solvability of constrained optimization problems. The condition is defined
next.



Definition 2.2. We say that a point ** € Q satisfies the error bound (EB) constraint qualification if there
exist constants k > 0 and § > 0 such that

dist(x, Q) < k®(x)/?  for all x e Blx*,d].

The constant k is referred to as a local error bound constant for the set Q at x*, relative to the function ®
defined in (2).

Remark 2.1. Definition 2.2 may be viewed as an instance of the metric subregularity constraint qualification
(MSCQ) [36]. To see the connection, define F(x) := (g(z), h(x)),D := R x {0}, and let M(x) := F(x)—D.
Then Q@ = M~1(0) and dist(0, M(xz)) = \/2®(x). Hence, up to a rescaling of the local error bound constant,
the error bound condition in Definition 2.2 is precisely the metric subregularity of the constraint mapping M at
(x*,0); see [15, 16].

Here, we focus on distances measured with the Euclidean norm; however, any norm can be used to define
equivalent conditions; see [60]. Interestingly, for general functions f, an inequality similar to the error bound
property is known as quadratic growth condition, for some § € Ry, :

f(x) — f(x*) > ndist(x,S)* for all x € B[z*,d],

where § := {x € R" : f(x) = f(x*)} is the set of points attaining the minimum value f(x*). Notably, this
condition corresponds to the EB property when applied to the quadratic infeasibility measure ® and at feasible
points. Recently, a connection emerged for twice continuously differentiable functions: the quadratic growth
condition at a local minimum is equivalent to a condition known as PL inequality [64], which states that for
some 6 € R, and v € R, we have

f(x) — fx*) <v|Vf(x)||* for all z € B[z*,d].

This duality ensures that, under the quadratic growth condition, the function’s value does not change “slowly”
relative to how fast the gradient changes. One of its primary uses in optimization is to prove that the trajectory
generated by gradient descent converges to a single critical point [64]. Our work focuses on the application
of the PL inequality to the quadratic infeasibility measure to study boundedness of the computed multipliers
generated by the safeguarded ALM. Therefore, we define the condition as follows.

Definition 2.3. We say that & given in (2) meets the Polyak-Lojasiewicz (PL) inequality at =* €  when
there are constants v > 0 and 6 > 0 such that

d(x)/? <v|Ve(x)| forallz € Blx*,]. (8)

We call v a Polyak-Y.ojasiewicz constant at *. In this context, we say that the Polyak-Fojasiewicz Constraint
Qualification/condition (PLCQ) is satisfied at *. In this way, the reference to the function ® is subsumed.

Researchers employ a hierarchy of analytical techniques to establish the EB property for constrained op-
timization problems. A common and often practical approach involves verifying that the problem satisfies a
standard CQ known to be stronger than EB. Numerous such CQs exist. More sophisticated analyses, which
draw upon the powerful toolkit of variational analysis and nonsmooth geometry, establish the EB property via
the metric regularity or metric subregularity of set-valued mappings associated with the constraints [46, 67].
Other techniques might address tilt stability associated with the derivative of the quadratic penalty function —
typically, requiring the set of local minimizers to be isolated points, which might not be appropriate in some
contexts; see, for instance, [31, Theorem 3.3] or, in a simpler form but in the convex context [32].

In contrast to these approaches, this paper investigates the least restrictive CQ sufficient to guarantee
boundedness of computed multipliers generated by the safeguarded ALM. As detailed in the subsequent sections,
this condition corresponds to EB, which provides a sharp characterization of when the computed multiplier
sequence is guaranteed to be bounded for the safeguarded augmented Lagrangian schemes covered by our
analysis.



3 Boundedness of computed multipliers under the Polyak-Y.ojasiewicz
condition

In this section, we prove that safeguarded ALMs have bounded computed multipliers whenever the infeasibility
measure satisfies the Polyak-Lojasiewicz (PL) inequality, that is, PECQ holds.

The following theorem presents a condition that ensures good algorithmic behavior for the safeguarded ALM.
It demonstrates that the PL condition can indeed guarantee boundedness of computed multipliers associated
with the method and, consequently, as stated in Proposition 2.1, KKT accumulation points.

Theorem 3.1. Let x* € Q) and assume that the functions defining the feasible set and the objective function are
locally Lipschitz continuous, with Lipschitz constants strictly bounded by L in a neighborhood of *. Assume that
the PL condition holds at =* and let K C N be an infinite subset such that the subsequence {x*}rex generated
by the safequarded ALM converges to x*. Then the associated subsequences of computed multipliers {)\k}keK
and {u*}rex as in (5) are bounded.

Proof. Under the hypotheses, there exist sequences {v*}en C R”, {&"}ren C R™, {*}ren C RY, {S\k}keN C
R?, {pr}reny C Ry generated by the safeguarded ALM, and an infinite subset K C N such that limyex % = 2*
and limgeg v = 0, where

= V") + 3 (A + prgi(a")) Vai(a®) + 30 (8] + prhy () Vhy ("),

i=1

By the Lipschitz condition, we have that ||[Vf(z¥) — v*|| < L for all & € K large enough. Let M :=
max{ fimax, | Amax|, [Amin|}- Thus pg HV@(:B’“)H can be written equivalently as

Z pr(gi(®")) 4 — (prgi(@®) + 7)) 4] Vgi(a")
+ 3 [prhy(x*) = (pehy(x®) + M) Vhy (k) +oF — Vf(x*)
j=1

M@.

i | Vgi(a |I+Z|A'“IHVh O+ ll™ =V f )l

i=1 j=1

M@

q
<> ML+Y ML+L=(p+qML+L=S.
=1

1

o
Il

By hypothesis, ® satisfies the PL inequality at «*. Using (8), we have, for all sufficiently large k € K,
pr®(t)! /2 <vpy ||V (2] < vS,
for some v > 0. Thus, for all k € K large enough, we have

IE] = (B* + preg @) | < (B + prg(@®) s — prg (@)1l + prllg(@®) |
< |B*] + V2or®(2)? < M + Vs,

and similarly, | AF|| < VaM +/2vS. Hence, {p*}rex and {A\*} ek are bounded, as stated. O

Remark 3.1. The fized compact safequarding set [0, y™X]P x [\™n AMaX|4 g not essential. The proof requires
only that the safequarded multiplier estimates remain uniformly bounded along the convergent primal subsequence
under consideration. Hence, the result applies to any safequarding strategy with this property, including schemes
in which the safequarding sets vary or are even allowed to expand without bound, as in [20, 30/, provided that
the corresponding safequarded estimates remain uniformly bounded on the subsequence.

We now focus on the reverse implication. To demonstrate that the Polyak-f.ojasiewicz condition is a necessary
condition for the boundedness of the Lagrange multiplier sequences in the safeguarded ALM, a preliminary
technical lemma is required. This result can be understood as a specialized application of [9, Lemma 4.3].



Lemma 3.1. Consider a point * € R™, not necessarily feasible for (1), and § > 0 such that the derivatives of
the constraint functions are Lipschitz continuous with constant N on the compact set K == ¢ (J UPq(J) + B[0,d]),
where J = Blz*,8]. For any sequences {y*}ren C J \ Q and {ex}ren C (0,6), there ewist sequences
{5 een, {w*  een, {25 bhen in R™ and {py }ren C Ry satisfying, for all k, the following relations:

y—il

v — 77| =w" +PkV‘I’(zk)7 gt e PQ(yk), pr>1/ min{dist(yk,Q),ek}7

9" g(z")+ =0, max{|z" —g"|.[[w"|} < min{dist(y", Q). er},

and dist(y", Q) < dist(y*, Q)?

+ 20, ®(2F)1/2 <3\[\/FNdlbt(y , Q)% 4 d(y )1/2>.

Proof. Fix an arbitrary k € N throughout the proof and choose an arbitrary y* € Pq(y*). Then, dist(y*, Q) =
Hg’f — ka By continuity, for each i € I,

if g;(g") < 0, there exists 6F > 0 such that g;(x) < 0 Va € B[g", oF]. (9)

Define
€ = min{ min  {0F}, dist(y*, Q), ek}
i€lp; gi(y*)<0

From [56 Lemma 2.1] we have (y* — y*)/||y* — 9*|| € T5(y"), where T§(y") is the polar of the tangent cone
to Q at y".
By [9, Lemma 4.3|, there exist pp > 0, z¥ € R® and w* € R™ such that

yb — g
ol

- =wh 4+ p,VO(z), [2F -9 <&,
ly* — g

|w*|| <&, and pp>1/6. (10)

Now, if g;(g*) < 0 then, as ||2* — g*|| < & < ¥, expression (9) gives g;(2*) < 0. So, g;(2¥); = 0. Thus, we
have proved the third of the five expressions in the statement. Consequently, except for the final inequality, all
remaining expressions follow directly from observing the validity of (10).

Let us prove the last inequality in the statement. For each ¢ € I, since Vg; is Lipschitz continuous on I,
we have

l9:(") — 9:(¥") = Va: @")" (v* — ¥¥) SgHy’“*@’“Hz:%dist(y’“,ﬂ)? (11)

Since ||2F — y*|| < & and y* € Pa(y*) C Pa(J), it follows that 2* € Pqo(J) + B[0,8] C K. Using again the
Lipschitz continuity of Vg; on K, we have

(Vagi(z ’“)—ng( "N (" — 9"
< |Vai(z") = Vgl " - ¥"|| (12)
< Ndlst(y ,Q) .

Thus,

prgi(Z°) 4 Vai(z5)" (y* - 3*)
= pegi(2")4 [(Vgi(2*) = Vg @*)" (v* — 9%) + Va: (@) (v* — 5")]
< prgi(2%)4 | N dist(y*,2)* + g:(v") — 9:(¥") + %diSt(yk’ Q)?

3N . )
= =5 orgi(2")+ dist(y", Q) + prgi (") 1 0i(4") — prgi(2") 1 0:(8")

(13)

N .
prgi(27) 4 dist(y*, )% + prgi(z*)1.9:(¥") +,

< 22
- 2



where we used (11), (12) and the fact that g;(2%)+g;(y"*) = 0. Similarly, for j € I,,

prhi(2")Vh;(29)T (y* - g*)

3N . (14)
< 2% pulng (=) dist (5", 012 + ey () (") |
Additionally, as ||w”|| < & < dist(y*, Q) = ||y* — y*|| we have
T _ _ .
(w*)" (" = 7") < [w"[lly" - 9*| < dist(y", 2)*. (15)

By (2) and (10) we have

dist(y*,Q) = [y* — 7" = (") (v - 7*) + LV O(M)T (v — 7¥)
q

= (wk) (y -y ) + Pk (Z gi(z +ng( ) + Zhj(zk)th(zk)> (yk — @k) .

=1 =1

Therefore, by (13), (14), and (15) we have

p

q
dist(y*, Q) < dist(y*, Q)2 Z M), +Z|hj(zk)\ dist(y", Q)?

Zgz )+9:(y ++Z|h Ik (y"™)]
2
dist(y", Q)% + %vp T qNpp®(2F)1/2 dist(y*, Q)2
+ 2012 (24) 120 (y")' 2

= dist(y", Q)2 + 20, D (2F)1/? (3\[\/}7—&- g dist(y*, Q)% + ®(y )1/2> ,

IN

where to obtain the last inequality, we used Cauchy-Schwarz’s inequality and the equivalence of norms. This
completes the proof. O

We will use the following theorem, which establishes the equivalence between EB and PL.CQ in the proof
that follows. To keep the current discussion focused, its proof is deferred to Section 4.1.

Theorem 3.2. A feasible point satisfies EB if and only if PLCQ is satisfied.

To place the preceding equivalence in context, recall that analogous equivalences are known for several
notions of error bounds. In the convex setting, Holderian error bounds are equivalent to Kurdyka—t.ojasiewicz
(KL) inequalities with the corresponding desingularizing functions; see [23]. The case of KL exponent one-half
is especially relevant. For smooth functions, it corresponds to the Polyak-FLojasiewicz (PL) inequality, whereas,
for convex functions, it is equivalent to several standard error-bound conditions, including quadratic growth,
subdifferential error bounds, proximal error bounds, and Luo—Tseng-type error bounds; see [42, Chapter 8]. A
subdifferential error bound estimates the distance to the solution set in terms of the distance from zero to the
subdifferential; in the smooth case, this becomes a gradient, or first-order, error bound.

The gradient error bound case was studied by Karimi, Nutini, and Schmidt [45, Theorem 2] for smooth
functions with Lipschitz continuous gradients. They show that it is equivalent to the PL inequality, and that
either condition implies quadratic growth. In general, without convexity, the converse implication need not
hold. Under convexity, however, the gradient error bound, the PL inequality, and quadratic growth are all
equivalent.

The EB constraint qualification is equivalent to quadratic growth for the quadratic infeasibility measure; see
the discussion after Remark 2.1. Theorem 3.2 shows that, for this particular infeasibility measure, quadratic
growth is also equivalent to the PY, inequality. Hence, the infeasibility measure considered here enjoys the same



equivalence between quadratic growth and the PY, inequality that holds in the smooth convex setting, even
though the measure itself need not be convex.

A further relevant comparison is the theory of Rebjock and Boumal [64, Section 2], recalled in Section 2. This
theory yields, among other equivalences, a local equivalence between the P, inequality and quadratic growth
for twice continuously differentiable functions. It applies to the quadratic infeasibility measure only when
this measure is twice continuously differentiable. Such regularity generally fails in the presence of inequality
constraints, since the function need not be twice continuously differentiable at points with at least one active
constraint. Our proof does not require this additional smoothness; instead, it uses the particular structure of
the infeasibility measure and therefore also covers the inequality-constrained setting.

Finally, the following result shows that PL.CQ is the weakest condition ensuring that the computed multipliers
of the safeguarded ALM remain bounded.

Theorem 3.3. Let x* € Q be feasible for (1). PLCQ holds at x* whenever, for every differentiable function
f and every application of the safeguarded ALM to solve problem (1) in which the primal sequence {x*}ren
generated by it has x* as an accumulation point (say, {x*}rex converges to x*), the sequence of computed
multipliers {\*}rex and {p¥}rex, as given in (5), possess a bounded subsequence.

Equivalently, if PLCQ fails, then, for some objective function f, there exists an application of the safequarded
ALM that results in unbounded computed multipliers.

Proof. The proof is by contradiction. Suppose that PY.CQ does not hold at «* € 2. Then, by Theorem 3.2,
the EB condition cannot hold at x* either. Therefore, there must exist a sequence {y*},ecn of infeasible points
converging to * such that

dist(y*, Q) > k®(y*)Y/?  for all k € N. (16)

Thus, we can apply Lemma 3.1 to obtain sequences {§*}reny C R™, {2¥}ren C R, {w*}ren € R”, and
{pr}ren C Ry, such that, for all k € N,

E_ ak
Yy -y k k
Y wk 4 pVO(2H), (17)
ly* — g
g" € Pa(y"), |[Iz" —o"| < dist(y*,Q), (18)
. 1
[w* || < dist(y*, ), px > m (19)
and dist(yk,ﬂ) < dis‘c(yk,Q)2 (20)

+ 2p®(2%)1/2 <3l/§\/p + ¢ N dist(y*, Q)% + <I>(yk)1/2> .

Since limgeyn dist(yk7 Q) = 0, the sequence {py }reny must diverge to infinity and limg_, w* = 0. Also, for all
keN,
25—z < |28 — 9" + 15" — o*ll + [ly" — 2| < 2dist(y", Q) + [ly* — ¥,

*

which implies that limj_,. 2*¥ = We may assume without loss of generality that for some v € R™,

limy 00 (¥* — %)/ |ly* — ¥*|| = v. Now, (17) gives limg_o0 || — v + p V®(2*)|| = 0, that is,
P q
Jim |- + Z; pgi(2%) 41V gi(2*) + ; prhy (25)]Vhy(

As shown in the proof of [4, Theorem 1], after possibly repeating some terms to comply with the penalty-
update rule, the sequence {z*}ren can be realized as a primal sequence generated by SALM applied to the
auxiliary problem

;reliRr}l —vT (x —x*) subject to g(x) <0, h(xz) =0,
with A™In = \max — ,max — () a5 input data. Hence, the safeguarded estimates are identically zero, and the
computed multipliers defined in (5) are

w=prg(zh), A = peh(Zh). (21)
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Recall that the hypothesis of the theorem states that every primal sequence generated by the safeguarded
ALM and converging to * admits an infinite set of indices along which the corresponding computed multiplier
subsequence is bounded. After considering possible term repetitions described above, {z¥},cn is precisely such
a sequence. Therefore, there exists an infinite set . C N and a constant L > 0 such that

pr®(zM)2 < L for every k € L.
Notice that this conclusion remains valid even if pr — 400, since the hypothesis concerns the computed

multipliers (21), rather than the penalty parameters themselves. Using the last bound in (20), we obtain

2
[1 - (1 + ?)Z(WNQL> dist(y", Q)| dist(y"*, Q)

< 2L®(yF)1/? for every k € L.

Hence, since limy,_ o, dist(y*, Q) = 0, for every sufficiently large k € L, we have
1
5 dist(y*, 9) < 210(y") /2,

contradicting (16). Therefore, the proof is complete. O

To illustrate the theoretical results, we next consider two closely related nonlinear programs for which the
iterates of the safeguarded augmented Lagrangian method can be computed explicitly. The example highlights
the role played by the error bound condition in the behavior of the computed multipliers.

Example 3.1. Form € {1,2}, consider

(Pn) ;;Tel%gg —x1  subject to myxe =0, 2P =0. (22)

Both problems have the same feasible set. Their infeasibility measures are

1 m
D, () = 3 (zfa3 +27™).
The error bound condition holds globally for (Py). By contrast, it fails at the origin for (Ps).

We apply Algorithm 1 with exact minimization of the augmented Lagrangian subproblems. Fix Amax > 1 and
Amin = —Amax, Set A= (0,0)T and py = 1, and choose the following projection rule at Step 5:
X]H_l — ’P[)\

E..k
1k iz
windma2(A), A= AT 4y { 2 2] ~
We first show by induction that the method may select xF = (tg, 0)T with \} = \¥ =0 for every k. Indeed,
suppose that \¥ = 0. Since there are no inequality constraints, the PHR augmented Lagrangian is, for all
(Jil,JCQ)T S RQ,

_ e 2
ﬁ(m) ( T )\k> - _ Pk _2 2 Pk m 2
or) (1, 22)7, 1+ 5 rixrs + 5 |21 + o

N 2
Pk m /\12C m T 3k
Z—$1+2(Z‘1 +pk> :Lgk)<(l‘1,0) 7)\ )

The scalar function t — EEJT)((LO)T, Xk) is continuous and coercive. Let t, be one of its global minimizers.

Consequently, (t,,0)T is a global minimizer of the augmented Lagrangian subproblem. Moreover, \¥ = \¥ + py. -
ty - 0 =0, and the projection rule gives 5\’1”'1 = 0. The claim follows from \} = 0.

For m = 1, the scalar function t E(pi)((t,O)T,S\k) is differentiable and strictly convex. Since ty, is its
global minimizer, the first-order optimality condition yields

0= L2 (10,07, 35) = —1 1 35 + prta



Therefore, -
1- 5 k _ 3k
Pk

Since Amax > 1 and Anin = —Amax, the projection is inactive. Thus, AF = (0,1)T for every k, while ¥ = (0,0)”
for every k > 2. In particular, the computed multiplier sequence is bounded.
For m = 2, we prove by induction that \§ > 0 for every k. The claim holds for k =1 since A} = 0. Suppose
that 5\’2“ > 0. Then
A= D5 pit? > 0.

The chosen projection rule therefore gives

;\g+1 = min{Amax, /\]5} > 0.

Thus, \§ > 0 for every k. Hence, one can now verify that the scalar function t Eﬁ,i)((t, O)T,S\k) is differen-
tiable and strictly convex. Since ty is its global minimizer, the first-order optimality condition yields

_k —_
%ﬁg ((tr, 0)T,A") = =1 + 258y, + 2pts.

It follows that t;, > 0 and
2pits + 205t =1, A5 = min {Amax, A5 + piti ). (23)

The second relation follows directly from the chosen projection rule.

We claim that {pg}ren diverges to infinity. Otherwise, the update rule in Step 4 would imply that the
nondecreasmg penalty sequence is eventually constant, say px = p. Let t >0 be the unique solution of 2pt +
2Q\naxt = 1. Since )\2 < Amax, the first relation in (23) gives 1 = 2pt3 + 2)\ktk < 2pt3 4+ 2Anmaxte. As the map
t— 2pt3 + 2\maxt is strictly increasing on [0,400), we obtain ty > t. The second relation in (23) then implies
that \§ = Amax after finitely many iterations. From that point onward, t, = t and the constraint violation
remains constant and positive. The sufficient-reduction test must therefore fail, forcing a penalty increase,
which is a contradiction.

Finally, set sy 1= pk/ tg. The first relation in (23) becomes 2s; +2\5p,
s > 0. Hence, 0 < s, <27 1/3, Moreover, s, = 2~ 1/3( — 25\2 k1/3
to infinity, and {sk}ren is bounded, it follows that

/3sk = 1. This relation implies that

sp)Y/3. Since A5 < Amax, {PkYren diverges

lim s, = 2-1/3,
k—o0
Therefore,
_ -1/3
=273 (14 0(1)),
and hence

A= N\E 4 put? > 2_2/3/)]16/3 (14 0(1)) — 4o0.

Thus, two representations of the same feasible set lead to opposite behaviors: the computed multiplier sequence
is bounded for (Py) and unbounded for (Py).

Under sufficient second-order conditions (SOSC) and adequate control of subproblem errors, augmented
Lagrangian methods are known to exhibit local primal-dual convergence. In particular, the local theory of
Fernandez—Solodov establishes @Q-linear convergence of the primal-dual sequence for sufficiently large penalty
parameters; see [34, Theorem 3.4]. Sufficiently large values of the penalty parameter are required in such local
convergence results, even when strong constraint qualifications are met (see, e.g., [44, Theorem 6.4]). In practice,
however, large penalty parameters may lead to numerical ill-conditioning. For this reason, the penalty parameter
is often increased only moderately during the global phase, with the aim of improving primal feasibility before
the method enters a local regime. From this perspective, boundedness of the computed multipliers is the missing
link between the global convergence theory of safeguarded ALMs and the local primal-dual convergence theory
of classical ALMs, as we now explain.
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Indeed, the EB property guarantees that the computed multipliers remain bounded for the safeguarded
ALM method covered by our assumptions. If, in addition, these bounded computed multipliers eventually lie
inside the safeguarding box, then one may choose the safeguarded multiplier estimates to coincide with the
computed multipliers. With this choice, the safeguarding mechanism becomes inactive from some iteration
on, and the safeguarded ALM coincides with the classical ALM along the tail of the sequence. Therefore,
under the additional assumptions required by Fernandez—Solodov, their local @-linear convergence result for
the primal-dual sequence can be transferred to the safeguarded method.

Conversely, deficiencies in the algebraic description of the constraints, particularly the failure of the EB
constraint qualification, may allow the safeguarded ALM to generate unbounded computed multipliers. In such
a situation, the safeguarded multiplier update cannot, in general, be identified with the classical, non-safeguarded
update. Thus, unbounded computed multipliers may prevent the safeguarded method from coinciding, along the
tail of the sequence, with the classical ALM covered by local primal-dual convergence theory. This observation
helps identify situations in which the algebraic description of the feasible set should be reconsidered. Along
these lines, reduction techniques that provide alternative algebraic descriptions of the same feasible set for which
the EB constraint qualification holds, such as those developed in [11, 55], may be worth further investigation.

Finally, boundedness of the computed multiplier sequence explains an important feature of safeguarded
ALMs. We show that, in this situation, constraint violations are bounded by a term inversely proportional to
the penalty parameter; see (7). This relation provides an explicit bound on the penalty growth needed to attain
a prescribed level of feasibility and limits the method’s exposure to penalty-induced ill-conditioning.

The following section investigates the validity of the EB constraint qualification without necessarily relying
on a particular execution of the method.

4 Characterizing the Polyak-Y.ojasiewicz condition

The error bound concept is fundamental in variational analysis and optimization. Researchers have thoroughly
explored its connections to metric regularity, stability analysis, and convergence of optimization algorithms
[47, 52, 60]. A key related idea is the PL inequality [51, 61]. While the rich interplay between these concepts is
well understood, using a PL-type condition explicitly as a CQ for nonlinear programming appears to be a novel
approach. Our main contribution is to systematically propose and validate such a condition, derived directly
from the PL inequality framework (as presented in Definition 2.3), as a legitimate CQ. Equivalently, we prove
Theorem 3.2. After this is established, we prove the equivalence between the mentioned condition and RQN.

4.1 The equivalence between error bound and the Polyak-f.ojasiewicz condition

In this section, we prove Theorem 3.2, that is, the equivalence between the error bound CQ (Definition 2.2) and
the PL condition (Definition 2.3) in the context of constrained optimization. The proof is given in two lemmas.
First, we establish that the PL inequality for the infeasibility measure, when satisfied at a feasible point, implies
the error bound condition.

Lemma 4.1. If PLCQ holds at a feasible point x*, then the EB condition holds at x*.

Proof. Assume that EB does not hold at the feasible point «* € €. Noting that Theorem 3.2 is used solely
within the proof of Theorem 3.3 to establish the failure of the EB condition, we can instead assume the failure
of EB directly and follow the same proof strategy from Theorem 3.3 to construct the sequences {y*}ren C R™
of infeasible points converging to x*, {pr}ren C R, diverging to infinity, {w”}ren € R™ converging to zero,
{y*¥}ren C R” converging to x*, and {z"}reny C R™ converging to x* such that for all k € N, equations (16),
(17), (18), (19), and (20) hold, where N is an upper bound on the local Lipschitz constant of all the gradients
Vgi, Vhj around z*. From (17), the sequence {p;V®(2*)}en is bounded. Thus, there exists a constant C' > 0
such that

Pl VO(h)| < C (24)

for all k£ € N. By hypothesis, the infeasibility measure ® satisfies the PL inequality at «*. This means there
exist v > 0 and a neighborhood of =* such that ®(z)'/? < v||V®(z)| for any z in this neighborhood. Thus, for
sufficiently large k:

pr®(z)12 < v py [0 ()| < wC. (25)
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Using this bound in (20) gives

dist(y*, Q) < 20CD(y*)!/?

[1 — (1 + 3;@\/}9 + qNQVC) dist(y", Q)

for sufficiently large k. Since limyey dist(y*, Q) = 0, we arrive at
1
5 dist(y*, Q) < 20C(y*)/?

for sufficiently large k, which contradicts (16). This proves that the EB condition must hold at a*. O
We need the following technical lemma to establish the reverse implication:

Lemma 4.2. Let * € R" be a point, not necessarily feasible, and let § > 0. Assume the gradients of the
constraint functions g;,1 € I, and h;,j € I;, have a common Lipschitz constant N within the compact set
K =2 (JUPa(J)+B[0,8]), where J = B[z*,5]. Let K C N be an infinite index set and let {x*}rcx be a
sequence such that €% € J\ Q for every k € K. Then, for each k € K, the following inequality holds:

dist(x*, Q)2 o (x*)
O (xh)1/2 > dist(z*, Q)

(2 —V2(p+qN < || veh) . (26)

Proof. Fix an arbitrary index k € K. Let y* € Pq(x*). By definition, ||z* — y*|| = dist(z*, Q). For each i € I,
and j € I, there exist uf and 'v;’? on the line segment connecting z* and y* such that:

9:(2") = g:(y") + Vi (ui)" (" — y"), 27)
hy(a®) = hi(y*) + Vh;(v})T (& —y*).

Since % € J C K and y* € Po(J) C K, we have, by the convexity of K, that u¥ € K and v? € K. Now,
using that g;(x¥);g:(x*) = g;(2*)% and y* € Q, by (27) we get

2P (xk)
dist(x¥, Q)

= dist sck Q) Z 9i(@")gi(@") + Z hy (") (@)

j=1
P k. ! xk — y*
< | Do (@) Vaitul) + 3 hy(at)Vhy (o) Ttk Q)
= (Z 9i(x") 1 (Vgi(ul) — Vgi(z"))
=1 T
q ) . . ok — gk
+ 3 hi(a) (Vhy(o]) = V(") Tist (@, Q)
q T .’Ek o yk
Zgz )+ Vgi(a®) + > hy(@*)Vhy(a") Tst(ah )"

Using the Cauchy-Schwarz inequality, (2) and the fact that |z* — y*|| = dist(z¥, ), we arrive at

2 ()
dist(x¥, Q)

< Zgi Mt [[Vgi(uf) — Vgi(z")||
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+ 3 k(@) || Vhy (0F) — Vi) || + | Ve (b))

J=1

q
< N dist(z", Q) Zgz M+ )] | + ||[Ve(a®

where in the last inequality we used Lipschitz continuity and the fact that ||uf — z*|| < ||z¥ — y*|| and

o — @b < [l — y*||. Since

P

2_ o) +Zlh 91 < VETay/lg(@)4l? + [h@h)]? = V2 + b2,
i=1
we conclude that
20(x dlst (xF, )2 o(x) A
Tt (kO N Vo .
dls‘c(ac’C Q \/7 k)12 dist(zk, Q) + H (= )H
Rearranging and factoring out the common terms yields the inequality in the statement. O

We can now demonstrate that the error bound condition implies the Polyak-FLojasiewicz condition.
Lemma 4.3. If the EB condition holds at a feasible point x*, then PECQ holds at x*.

Proof. Assume, for the sake of contradiction, that the error bound condition with constant v > 0 holds at x*,
but PLCQ does not hold. Define p;, := k for all £ € N. Then, there exists a sequence {y*}xen of infeasible
points converging to * such that

(y*)? > pr||[VE(y")|, for all k € N.
The error bound condition implies that for all sufficiently large k& € N,

dist(y*, Q)2

APt < vdist(y*, Q) =0

By Lemma 4.2, as the term inside parenthesis in (26) converges to 2, we conclude that

pe®(y*)

m < Pk HV(I)(yk)H

for sufficiently large & € N. Consequently, for large k,

pr®(y*) dist(y*, Q)

i) ky1/2 _
PP = Gtk ) DR

< vpi|[VO(y")|| < v (y*)' /2,

which is a contradiction. O

The preceding analysis establishes an equivalence between two fundamental concepts in optimization. Con-
nections between the error bound condition and other constraint qualifications are well-known in the literature.
For instance, for convex optimization problems defined by inequality constraints, a global error bound holds
across the entire feasible set if and only if Abadie’s CQ (ACQ) is satisfied at the same points [49]. In this
context, ACQ is the weakest CQ possible for convex problems, as it is equivalent to Guignard’s CQ (GCQ) [38].
For non-convex optimization problems defined by equality constraints, ensuring an error bound requires not
only ACQ but also Clarke’s regularity. This necessity is established in [57, Theorem 1] and further discussed
in [5, Remark 3], where the joint condition is characterized in terms of a linearized tangent subspace. This
highlights the fact that non-convexity introduces geometric complexities that necessitate stronger assumptions
than simply ACQ. For general optimization problems involving nonlinear equality and inequality constraints,
stronger constraint qualifications, such as CRSC [8] and QN, are typically required to guarantee the error bound
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property. However, to the best of our knowledge, no direct characterization of the error bound property based
solely on geometric properties of the feasible set is currently available. In contrast, this section provides a purely
algebraic characterization of the error bound condition by establishing its equivalence with PLCQ.

We proceed to characterize it in terms of a quasinormality-type CQ. We will show that condition RQN
presented in Definition 2.1 is necessary and sufficient for the error bound property to hold. This is particularly
relevant to PLCQ since being equivalent to RQN implies that it is strictly weaker than the family of constant
rank conditions [6].

4.2 The equivalence between the Polyak-f.ojasiewicz condition and relaxed quasi-
normality

Relaxed quasinormality [6] has been conceived as a weakening of MFCQ-like conditions specifically for the
safeguarded ALM, guaranteeing boundedness of the computed multipliers generated by the method. While this
established the value of RQN as a generalization of previous CQs, such as quasinormality and constant rank-type
CQs, its connection to other fundamental concepts remained an open question. For instance, whether RQN is
sufficient to guarantee a local error bound remained unclear until now. In this section, we provide a definitive
answer to this question and reveal the central role played by RQN in quasinormality-type conditions. We show
that RQN not only guarantees the existence of an error bound, but it is, remarkably, equivalent to it. This
result tightly binds the geometry of the feasible set to the behavior of infeasible sequences that reach feasible
points. This is a direct consequence of the next theorem and Theorem 3.2, as summarized in Corollary 4.1.

Theorem 4.1. A feasible point satisfies RQN if and only if PLCQ holds at that point.

Proof. By [6, Theorem 3.1], RQN implies that any primal sequence that has * as an accumulation point is
such that the corresponding subsequence of computed multipliers is bounded. By Theorem 3.3, PLCQ holds.

Let us prove the converse. Assume that RQN fails at «*, and let us show that PLCQ also fails. By
Definition 2.1, there exists a sequence of infeasible points {x*}rey — =* and (u,A) € R x R? satisfying
items 1, 2, and 3 of that definition. By Lemma 3.1, there exist sequences {9 }ren, {w" }ren, {2 }ren and
{prtren C Ry satisfying the following relations for all sufficiently large k € N:

k ok

" -y k k
——— =W —|— kaQ(Z )7 (28)
|z* — g*||

TS PQ(wk)7 ||zk — @kH < dist(wk,Q), and ||wk|| < dist(w’ﬂﬂ), (29)

with {px}ren diverging to infinity. Since ||x¥ — y*| = dist(z*,Q) for all k¥ € N, we have limy_,o, g* =
limy, o 2¥ = x*. Now, let us define the sequences u* = prg(z*), and A= prh(z) for all k € N. By
PLCQ, for sufficiently large & € N, we have H(ﬂk,;\k)H = V2pr®(2")V/2 < V2upy, |VO(2F)||. Therefore

{||(/1k,5\k)\|}keN is bounded since by (28), {px|[V®(2*)||}ren is bounded. Using (2), equation (28) can be
written as

xk — 7
m =w +Z,u Vgi(z ZA?th(zk)
=1
', (30)
=vh + Z AEVgi(g") + > NVh, (g*),
=1 j=1

where, for all k € N,

of = wh 4>k (Vgi(2%) = Vai(@h)) + DN (Vhi(2%) - Vi (gh)

1

=1 J

which converges to zero. Let us also define, for all k € N, u* == Y0 | 1, Vg (y*) + Z 1 A;Vh;(g*), which
converges to zero by item 1 of Definition 2.1. Let us choose a sequence of positive real numbers {$k }ken such
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that limy_ oo sx = 00, limg o0 sgl|u|| = 0, and limy_, o s dist(x¥, Q) = 0, which clearly exists. The inner
product of u” with s;,(x* — y*) yields

T

Z,uZng )+ Z ;i Vh;( (" — g*) = sp(x" — ") Tu”,

while taking the inner product of (30) with (x* — y*) gives:
P a
(a* —g")To" + > Ve @) (@ —g") + DX Vh(EHT ("~ g*) = dist(2", Q).
i=1 j=1
Adding the above expressions gives

dist(z®, Q) + (zF — ™) T (spu” — o) = 'Ijv.gl T (r — ")

|\'M~s

+ Z N (g")" (2 — g,
=1

where i = (spp + *) and A= (s A+ S\k) for all k € N. Let N be a common local Lipschitz constant for
all functions Vg; and Vh; around x*. Then we can write for all k large enough

N _ N _, .
fif (gi(x*) — gi(¥*)) — 5#? dist(z", Q)* and

~ B B ~ B N -~ .
NV ()7 (2 — ) = Xy () — By () — 5 IV dist(*, ).

iV (g*)" (z* — y")

Y

For the equality constraints, the multipliers S\f are free in sign. Hence, when Taylor’s estimate is multiplied by
5\26 , the remainder term must be controlled using |5\§| Now, using this in (31) and, rearranging, we arrive at

(xF — )T

N 2 I
k_ ok " ~k k "
+ dist (e, ) (spu® — ") + 5 dist(z", Q) ;Zl,ui + E A7 | dist(z", )

- ik . .
By the definitions of s*, uk, and A , the term in square brackets on the left-hand side converges to 1. Therefore,
for sufficiently large k,

2dist(@®, Q) > D jif (gi(a*) — 9:(5") + D N (R (a*) — hy(g"))

P q
> > fifgi(@") + Y Ahy(@h),

where we used the fact that * € Q. Thus, dividing both sides by ®(2*)'/? > 0 and using the definitions of ak

<k
and A we obtain

. k P . k g . k
2disah, ) (5~ @) sy il

i J
(I)(wlc)l/2 — q)(wk)l/2 : <I>(a:’f)1/2
) (52
i gi(@") o hi(xh)
+ Hi g (zhyi/2 t Z A CORE
i=1 j=1



Now, since the sequence {®(x*)~1/2(g(x*), h(x"*))}rex is bounded, we might pass to a subsequence, if necessary,
to assume the existence of its limit.

Notice that the second term inside the parentheses on the right-hand side of (32) is bounded. Hence, as
{s*}ren diverges to infinity, to show that the error bound condition fails and consequently, PL.CQ by Theo-
rem 3.2, it remains to show that

p

(k 4 (kK
lim ZM'M—i_Z/\jM > 0. (33)
i=1 =

k—o0 Z<I>(;ck)1/2

Now, by condition 3 in the definition of RQN, we have y;g;(2*) > 0 and A\;h;(z") > 0 for every i € I, j € I,
and k € N. Hence, each term in the expression above is nonnegative. Therefore, if the limit in (33) is not
positive, it must be zero. Suppose that the limit in (33) is zero. Therefore

/1 C) A LIC :
klgrc;m@(mk)lm =0, Viel, and kli}rrgo Aj D@2 0, Vjel,.
If \; # 0, we must have limy,_,oo h;(z¥)/®(x*)1/2 = 0. If \; = 0, since ®(x*) > t;, where t;, is given in item 3 of
Definition 2.1, we get from this item that limg o hj(2*)/®(2*)*/? = 0. Similarly, limy,_, gi(x*) /®(x*)'/? =
0 for all i € I,. This is a contradiction, since ||(g(x"*),, h(x*))||/®(x*)}/? = /2 for all k € N. O

For completeness, we state the aforementioned equivalence between RQN and EB.
Corollary 4.1. A feasible point satisfies RQN if and only if EB holds at that point.

Remark 4.1. It was shown in [5] that the RQN condition, combined with a constraint qualification termed strong
error bound (Strong-EB), is sufficient to ensure that the accumulation points of a primal sequence generated by
a second-order augmented Lagrangian algorithm necessarily satisfy the so-called weak second-order necessary
condition (WSOC). However, Strong-EB includes the standard EB property in its definition. As EB is equivalent
to RQN, the hypothesis required to guarantee convergence to a WSOC point can be simplified to requiring only
the Strong-EB property. This highlights that the assumptions made in [5] are reasonably weak. The Strong-EB
condition itself is implied by several established CQs from the literature, as summarized in [5, Figure 1].

A powerful tool for analyzing the convergence of algorithms is the so-called sequential optimality conditions
(AKKT [3], AGP [54], PAKKT |[2], among others). AKKT is the simplest of these conditions and it holds
at a feasible point &* whenever one may find a sequence {a:k}keN — x* and (possibly unbounded) sequences
{(F, A e © R x RY such that Vo L(x*, ¥, A*) = 0 and min{p*, —g(2¥)} — 0. Different conditions
enforce different (stronger) complementarity measures. One can also define a constraint qualification (for ex-
ample, associated with AKKT sequences) by imposing that, independently of the objective function, a point
satisfying the AKKT condition is necessarily a KKT point. This is termed AKKT-regularity, see [9, 10]. Let
us demonstrate that EB is insufficient to guarantee these CQs. The exception is AL-regularity [4], which is
implied by EB due to [4, Proposition 1] and Theorem 3.2. Figure 1 shows the relations discussed here.

Example 4.1. Consider the problem

min o s.t. 120 =0, x;=0.

@ER?
As already pointed out in Example 3.1, this problem satisfies EB at the feasible point =* = (0,0)T. However,
x* is a non-KKT point that satisfies the AKKT condition. To see this, it is enough to consider the sequences
(zk,2%) = (1/k,—1/k) and (\},\5) = (=k,—1). Consequently, * cannot conform to AKKT-regularity.
Similarly, one can check that AGP-regularity [10] and PAKK T-regularity [2] are also not satisfied. This example
also shows that an AKKT sequence may require an unbounded dual sequence even when the error bound condition
holds.

The following figure synthesizes the known relationships from the literature with our findings. Detailed
justifications and counterexamples for the strictness of implications between different CQs can be found in
[7, 8, 10]. Notably, Theorem 3.3 shows that any condition in Figure 1 not implying the error bound leads, for
at least one problem, to unbounded computed multipliers in the safeguarded augmented Lagrangian method.
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Figure 1: Landscape of constraint qualifications for which the safeguarded ALM accumulation points satisfy
the KKT conditions. Conditions that imply EB also guarantee dual convergence. Arrows indicate strict impli-
cations.

5 Global convergence without assuming feasibility of the accumula-
tion point

In our previous results, we always assumed that an accumulation point z* of a sequence {z*}.cn generated
by the safeguarded ALM is feasible. The idea behind this assumption is that the algorithm is known to be
naturally driven toward feasibility: any accumulation point * of the generated sequence is stationary for the
infeasibility measure ®, that is, V®(x*) = 0 [1, Theorem 4.1]. However, Proposition 2.1 demonstrates that
boundedness of the computed multipliers implies feasibility (and stationarity) of the accumulation point. This
result suggests investigating a reasonable assumption that can be verified at potentially infeasible accumulation
points and still guarantees boundedness of the computed multipliers. Then, the boundedness of the computed
multipliers would yield feasibility in addition to the standard result concerning stationarity. To this end, we
extend the definition of a constraint qualification to possibly infeasible points.

In 28], a condition fulfilling this requirement called Extended-LICQ was defined. However, this condition
makes little sense as it may fail for elementary (linear) problems. An Extended-MFCQ condition was defined
in [43, Definition 2.1], which does not suffer from this drawback; however, like MFCQ), this condition fails when
the feasible region has an empty interior. On the other hand, in [6], a weaker condition called Extended-RQN
was defined. It was proven that when this condition holds at a potentially infeasible accumulation point, the
sequence of computed multipliers associated with safeguarded ALM is bounded.

This section aims to generalize the analysis presented earlier to accommodate infeasible points, thereby
encompassing the results obtained under the Extended-RQN condition as a particular case. The definition of
Extended-RQN is as follows:

Definition 5.1 ([6]). It is said that Extended relaxed quasinormality holds at an arbitrary point * € R™, not
necessarily feasible, whenever there is no sequence {x*}ren C R™ converging to * and vectors p € RY and
A € RY satisfying requirements 1, 2 of Definition 2.1 and the following one

3’ forallicl,, jel, and k €N,
if i # 0, then g;(x*) > 0;
if \j # 0, then \jh;(z") > 0;
if i = 0 and g;(x*) = 0, then g;(x"), = o(ty);
if \j =0 and hj(x*) = 0, then hj(x") = o(ty),
where t), := min{min,, o g;(®")4, miny, x |h; (z*)[}.

We define next an extended version of PLCQ to infeasible points.
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Definition 5.2. We say that * € R™, not necessarily feasible, satisfies Extended-PECQ when there exist
constants v > 0 and § > 0 such that

®(x)? <v|Ve(x)| for all x € Blx*,d].

Notice that the only difference with respect to Definition 2.3 of PL.CQ is the lack of the requirement that
x* is feasible. The following result shows that the computed multipliers generated by the safeguarded ALM
remain bounded under Extended-PLCQ; that is, feasibility is not required as an assumption to obtain, along a

subsequence, primal-dual convergence to a feasible KKT pair.

Proposition 5.1. Let {x*}ren be a primal sequence generated by the safequarded ALM. If =* is the limit of a
subsequence {x*}cx and satisfies the Extended-PECQ, then the sequence of computed multipliers {(u*, )\k)}keK
is bounded, with expressions given in (5), making x* a feasible point that satisfies the KKT conditions.

Proof. The proof is essentially the same as Theorem 3.1. In view of Proposition 2.1, it is enough to prove
boundedness of { (¥, A¥)}zcx. Following the proof of Theorem 3.1, there exists S > 0 such that py HV@(mk) | <
S for all k£ € K. Hence,

pr®(xF)? < wpy, |[VO(2F)| < vS, for all k € K.

Defining M := max{fimax, | Amin|, | Amax|}, for sufficiently large k € K it holds that

e = 11" + peg (@) || < 1B + prg(2®)+ — prg (") 11| + prllg(®*) 1|
< ||B*] + V2o (2*)'/? < /pM +V2vS

and, similarly, ||)\k|| < VaM + V2vS. Thus, the sequence of computed multipliers is bounded, as we wanted to
prove. O

Clearly, at feasible points, Extended-PLCQ and Extended-RQN are equivalent to the error bound property.
However, the situation is different at infeasible points. Extended-PLCQ connects with the property that the
accumulation points of the safeguarded ALM are stationary to the infeasibility measure ® in the following way:

Proposition 5.2. FEzxtended-PLECQ is valid at an infeasible point if and only if the gradient of the squared
infeasibility measure ® is non-zero at this point.

Proof. If Extended-PLCQ is valid at an infeasible point, it is clear from the definition that the gradient of the
squared infeasibility measure is non-zero at that point. To prove the converse, it suffices to fix § > 0 such that
min{||V®(z)|, ®(x)'/2} > § for all x € B[z*, ] and define

SUDgeB(x+.0) @(:B)l/Q
V= - > 0.
lnfmeg(m*’(g) HV@(IB)H

Thus, considering such v, Definition 5.2 holds. O

Therefore, using the classical result that an accumulation point x* is such that V®(x*) = 0 (see [21]), we
have by Proposition 5.2 that under Extended-PY.C(Q this accumulation point is necessarily feasible. Next, we
establish that Extended-PL.CQ generalizes Extended-RQN.

Proposition 5.3. The Extended-RQN condition at a point guarantees Extended-PLCQ at the same point.

Proof. The result is true for feasible points. Now, consider * an infeasible point that does not satisfy Extended-
PLCQ. Then V®(x*) = 0. Therefore, we may define g :== g(x*)+, A := h(x*), and the constant sequence
x¥ ;= x* for all k € N. With these definitions, items 1 and 2 of Definition 2.1 and item 3’ of Definition 5.1 are
satisfied. This shows that Extended-RQN fails at a*. O

Remark 5.1. Note that FExtended-PECQ at an infeasible point x* € R™ can also be interpreted as a “linear
independence” type condition. Specifically, from Proposition 5.2, it can be stated via the implication

q

D gi@) V(@) + > hi(@)Vhi(@) =0 = (g(@*),h(z")) = (0,0),
i=1 j=1

which is clearly weaker than both Extended-MFCQ and Ezxtended-RQN.
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Let us provide an example in which Extended-PL.CQ holds, but Extended-RQN fails. More specifically,
Extended-PLCQ is well-posed in the sense that if it holds at a certain point, it also holds in an open neighborhood
around that point. This observation follows directly from its definition. Well-posedness is a desirable property,
as it is closely related to the stability of numerical algorithms (see [57]).

Surprisingly, the following example demonstrates that Extended-RQN is not well-posed. The existence of
such an example is unexpected, since the classical RQN condition—being equivalent to the EB condition—always
holds in a sufficiently small feasible neighborhood of a specified feasible point fulfilling it; in other words, the
set of feasible points satisfying RQN is open relative to the constraint set. In contrast, Extended-RQN may
not be valid in arbitrarily small neighborhoods of a point that meets the condition. That is, the set of points
satisfying Extended-RQN is not always open.

Example 5.1. Consider the set

g1(z1, 22) = —(x1—1)2—$§+1§0,
go(z1,20) = — (m1 +1)> —22+1<0,
Q= { (or,0) e 2| BEDT)= A Do — {0,0))
g3(z1,22) == (21 —x2)” <0,
hi(xy,w2) =22 =0

We have

The point =* = (0,0)T satisfies CRSC [8, Definition 1.3] given that Vg, (z*) = —Vga(x*) and Vgz(x*) = 0
with the dimension of the space spanned by the set {Vgi(x), Vga(x), Vgs(x), Vhi(x)} being 2 for every = € R2.
Thus, [8, Theorem 5.5] attests that the error bound condition holds. Consequently, Extended-RQN also holds
at ©*. Let us now construct a sequence converging to the origin such that Extended-RQN is not satisfied at
any of its terms. Take y* = (1/£,1/) for every £ > 2 and set u* = (0,0,1)T and X = 0 for every ¢ > 2.
Thus piV g1 (y®) + usVaa(y®) + 15V gs(y") + N Vhy (y*) = 0 with (u’, XY) # 0. Fizing £ > 2, it remains to find
a sequence {T*}en converging to y* satisfying the condition imposed by item 8’ of Definition 5.1. Note that
g1(y") >0, g2(y") <0, g3(y*) = 0 and hy(y*) > 0. Thus, item 3’ simply requires that g3(x*) > 0 for all k € N
for some sequence {x*}ren converging to y'. It is enough to define x* = y* + (1/k,0)T for all k € N. Thus,
Extended-RQN fails at y* for all £ > 2. Since y* is infeasible and V®(y*) # 0, Extended-PECQ holds at y*.

We conclude this work by briefly stating how Extended-PYL.CQ generalizes Theorem 3.3 to include infeasible
points, establishing it as the weakest condition that guarantees a bounded sequence of computed multipliers. The
reasoning is by contradiction. Assume that Extended-PLCQ is false at an accumulation point. By definition,
this means the point is stationary for the quadratic infeasibility measure. Consequently, a safeguarded ALM
applied to problem (1) with null objective configured with the input parameters p™a* = \Min = \max = () would
accept such a stationary point of the infeasibility measure as a valid output of Step 2 at each iteration. If
we assume the validity of a condition guaranteeing boundedness of the computed multipliers associated with
the method, then the point of interest must be feasible, as per Proposition 2.1. This, however, leads to a
contradiction since we apply Theorem 3.3 to guarantee the standard PLCQ, which is equivalent to Extended-
PL.CQ at such a feasible point. This conclusion contradicts our initial assumption that Extended-PL.CQ was
false. Thus, Extended-PLCQ must be the minimal condition required to ensure that any converging primal
sequence to the point of interest has a bounded associated multiplier sequence. It is also possible to see that
the Extended-PYL.CQ condition is the weakest condition that, when satisfied at an infeasible point, prevents the
safeguarded ALM from having a subsequence converging to that specific point.

6 Final remarks

In optimization, many algorithms for constrained problems produce sequences of both primal and dual iterates.
This work focuses on the boundedness of the computed multiplier sequence, also known as the dual sequence.
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We identify the weakest constraint qualification that guarantees this boundedness property for the safeguarded
augmented Lagrangian method considered here. The Mangasarian-Fromovitz Constraint Qualification is fre-
quently used to ensure boundedness of computed multipliers, as it is equivalent to the set of Lagrange multipliers
being bounded. However, strong constraint conditions depend on how the feasible set is described, and standard
optimization techniques, such as presenting redundant constraints, may render these conditions false. On the
other hand, computational experience has demonstrated that robust approaches, such as safeguarded augmented
Lagrangian methods, can exhibit good numerical behavior even when standard constraint qualifications are not
met. This work directly addresses the gap between theory and practice.

We investigated conditions under which the safequarded augmented Lagrangian method ensures boundedness
of its associated computed multipliers. Specifically, we investigated the least stringent constraint qualification
required for this objective. In particular, we demonstrate that the sharp condition for boundedness of the
computed multiplier sequence within our framework is a condition we term the Polyak-Eojasiewicz Constraint
Qualification (Theorems 3.1 and 3.3). This constraint qualification refers to the Polyak-Lojasiewicz inequality
applied to the quadratic infeasibility measure. We further show its equivalence to the Error Bound Constraint
Qualification (Theorem 3.2; see also Section 4.1), also known as metric subregularity constraint qualification or
calmness condition [16].

A novel characterization of the Polyak-f.ojasiewicz constraint qualification is derived via gradients, which
consequently also applies to the error bound condition. We prove that a recently proposed condition, weaker
than several constraint qualifications typically used in algorithmic convergence—the relazed quasinormality
(Definition 2.1)—is equivalent to the Polyak-Fojasiewicz constraint qualification (Theorem 4.1). Relaxed quasi-
normality can be seen as a natural extension of the classic quasinormality condition, adding properties associated
with penalty methods [6]. It is weaker than the weakest constant rank-type constraint qualification, known as
Constant Rank of the Subspace Component [8, Definition 1.3]. Relaxed quasinormality is implied by a number
of different constraint qualifications. This demonstrates the generality of the Polyak-L.ojasiewicz condition and
provides insight into the behavior of gradients near feasible points under the proposed constraint qualification.

Clearly, finding a solution to a problem is more relevant than merely identifying a feasible point. It is
natural to question why one should focus on the feasibility problem rather than directly seeking a solution.
Multiple justifications exist; see discussions in [25]. Additionally, the feasibility problem class is of great interest
in a variety of applied mathematics fields [13, 22|. Interestingly, boundedness of the computed multipliers
is sufficient to establish feasibility and stationarity of an accumulation point of the safeguarded augmented
Lagrangian method (Proposition 2.1). In this work, we investigated the attainment of feasible points, along
with the boundedness of the computed multipliers, using the safeguarded augmented Lagrangian method. We
propose a condition, which we call Extended-PL.CQ. First, we prove that Extended-PLCQ ensures that every
accumulation point of the primal sequences generated by the safeguarded augmented Lagrangian method is a
feasible solution (Proposition 5.1). We further establish that Extended-PLCQ is equivalent to PLCQ at feasible
points. Additionally, we prove that, at infeasible points, Extended-PELCQ is equivalent to the non-stationarity of
the quadratic feasibility measure (Proposition 5.2), reducing to a classical result for the safeguarded augmented
Lagrangian method concerning the stationarity of the quadratic infeasibility measure. Lastly, we prove that
Extended-RQN is strictly stronger than Extended-PL (Proposition 5.3), improving a previously known result
from the literature.
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