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Abstract

We present the architecture and central parts of the FICO Xpress
Global optimization solver. In particular, we focus on how we built a
global solver for the general class of mixed-integer nonlinear optimization
problems by combining and extending two existing components of the
FICO Xpress Solver, namely the mixed-integer linear optimization solver
and the successive linear approximation-based local solver for nonlinear
optimization. We give a detailed report on the performance impact of each
component: presolve, cutting, branching, heuristics, and parallelization.

1 Introduction

Mathematical optimization is a field of Applied Mathematics that arguably has
one of the largest direct business impacts. While in the second half of the
20th century Linear Programming (LP) became more and more widely used in
industry, the time around the turn of the millennium saw mixed-integer linear
programming become a technique to be used out of the box. In the past twenty
years, nonlinear programming approaches have become more and more reliable,
and today we might witness the beginning of an era of the practical usability of
mixed-integer nonlinear programs (MINLPs).

In this paper, we consider MINLPs of the form

min f(x)

s.t. gk(x) ≤ 0, ∀k = 1, . . . ,m (1)

xi ∈ Z, ∀i ∈ I,
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where f is a nonlinear objective function, gk are nonlinear constraint func-
tions for k = 1, 2, . . . ,m, and I ⊆ {1, 2, . . . , n} is the set of integer vari-
ables1. We assume the functions f and gk to be Lipschitz-continuous but
not necessarily differentiable everywhere, and possibly nonconvex. We also as-
sume f and all gk to be factorable, i.e., each function can be formed by re-
cursively combining variables and constants with operators from a finite set
O = {+,−, ∗, /, ab, sin, cos, log, exp,min,max, . . .}. In particular, functions can
be nested inside each other to an arbitrary depth. As such, this framework in
particular encompasses non-convex quadratically-constrained quadratic prob-
lems, which are included in the offering of the FICO® Xpress Optimizer2, but
also more general mixed-integer nonlinear problems including trigonometrics,
arbitrary powers, or other nonlinearities.

The problem class (1) is among the most difficult in optimization. The
difficulty stems both from the integrality of a subset of variables and the non-
linearity of the objective function and the constraints, thus generalizing two
already tough classes of problems: mixed-integer linear optimization (MILP)
and continuous nonlinear optimization (NLP) [34].

This article describes a solver for the MINLP class that extends the struc-
ture of an MILP solver of the branch-and-cut type, combining it with a local
nonlinear optimization solver for heuristic solves and new techniques such as
convexification cuts and spatial branching to provide a globally optimal solu-
tion to any MINLP.

Being able to solve Problem (1) to global optimality is important for several
reasons:

� A local MINLP solver does not provide a dual bound or duality gap as a
measure for the quality of the solution it found.

� A global solver can be used to validate the quality of the solutions found
by a local solver or a quick heuristic.

� Only a global MINLP solver is able to certify the infeasibility of Prob-
lem (1), whereas a local (MI)NLP solver can only acknowledge that it was
unable to find a feasible solution in a neighbourhood of the initial point
without any guarantees about the existence of feasible solutions elsewhere,
in particular in disconnected regions of the domain. We took advantage of
this new capability by extending the infeasibility analysis tools in FICO
Xpress to MINLPs. Most notably, FICO Xpress can find an Irreducible
Infeasible Subsystem for Problem (1).

In addition to the FICO Xpress Global Solver, released in October 2022 and
described in this paper, other software implementations of global optimization
solvers exist. We list some of them here in chronological order of release: the

1FICO Xpress also provides special constructs for indicators, which can now be applied to
nonlinear constraints, and specially ordered set (SOS) constraints.

2FICO is a registered trademark of Fair Isaac Corporation.
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two commercial products BARON3 [33], which implements spatial branch-and-
bound on continuous variables and uses external MILP and local NLP solvers,
and Lindo [23]; then the open-source software packages Couenne [5], SCIP [10],
and shortly afterward ANTIGONE [30]. More recent commercial software pack-
ages include Octeract4 [32], released in 2019, Hexaly5, and Gurobi6 [18], which
was extended to mixed-integer nonlinear programs in December 2023. It is
also worth mentioning other solver efforts, such as Bonmin [11], Minotaur [27],
and SHOT [26], which target convex MINLPs, i.e., MINLPs whose continuous
relaxation is convex.

The novelty of the Xpress Global Solver is the tight integration with both
an MILP and a local NLP solver, both pre-existing within the FICO Xpress
software offering, which allows us to measure how these different techniques
interact with each other.

The outline of the paper is as follows: in Section 2 we broadly introduce
the two existing solvers in the FICO Xpress suite that were extended to enable
optimizing MINLPs to global optimality. In Section 3 we describe the com-
putational setup that was used in testing all components of the global solver,
whose features and computational impact are presented in detail in Section 4.
Concluding remarks are given in Section 5.

2 Background

The FICO® Xpress Solver is a toolbox for mathematical optimization [14]. It
features software tools to model and solve linear and nonlinear, continuous,
integer, and mixed-integer optimization problems. It offers interfaces for a mul-
titude of programming languages including Mosel, C/C++, Python, Java, .NET,
R, Julia, and MATLAB7. Furthermore, users can integrate their own code into
the solver through multiple kinds of callbacks.

2.1 FICO Xpress Optimizer

The main solver of this suite is the FICO Xpress Optimizer, a state-of-the-art
LP and MILP solver that combines ease of use with speed and flexibility. It can
read an optimization problem expressed in the following form:

min cTx
s.t. Ax ≤ b

xi ∈ Z ∀i ∈ I.
(2)

If I = ∅, then the above is a linear programming (LP) problem, otherwise it is
a general MILP. The FICO Xpress Optimizer solves LPs by either a primal or a

3BARON is a registered trademark of The Optimization Firm.
4Octeract is a registered trademark of Octeract Ltd.
5Hexaly is a registered trademark of Hexaly Inc.
6Gurobi is a registered trademark of Gurobi LLC.
7MATLAB is a registered trademark of The MathWorks Inc.
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dual simplex algorithm, a barrier algorithm with crossover, a first-order hybrid
gradient algorithm, or a concurrent parallel run of some of the previously men-
tioned solvers. For MILPs, the Optimizer employs a branch-and-cut algorithm,
which combines a branch-and-bound tree search with the generation of cutting
planes both on a global level (usually more extensively) and at local nodes of the
search tree [21]. The branching step partitions a node subproblem by changing
variable bounds and/or by adding constraints that exclude the subproblem’s
LP solution. A lower bound on the objective for the subproblem is obtained by
solving its LP relaxation and improved through cut separators.

This basic framework is enhanced by a plethora of supporting subroutines,
including primal heuristics, conflict analysis, specialized branching rules and
cut generators, presolving, and domain propagation techniques. For a good
introduction to the practices of computational MILP solving, see [24].

In addition to LPs and MILPs, the Optimizer solves optimization problems
with convex quadratic constraints and objectives, second-order cone constraints,
and their mixed-integer counterparts. Next to some specialized presolving al-
gorithms, the foremost step for solving these problem classes is the ability to
separate so-called Outer Approximation cuts [4].

2.2 FICO Xpress SLP

The FICO Xpress Solver also allows for solving general nonlinear, and, together
with the Optimizer, integer nonlinear problems to local optimality. In addi-
tion to a nonlinear presolver, key parts of which will be detailed in Sections 4.4
and 4.5, it also includes a local NLP solver, which uses sequential linear pro-
gramming (SLP), and has been part of the FICO® Xpress suite for more than
20 years.

Assuming the current working solution is x0, SLP builds a linearization of (1)
as

min f(x0) +∇f(x0)
T y + pT z

s.t. gk(x0) +∇gk(x0)
T y − zk ≤ 0, ∀k = 1, . . . ,m

y = x− x0

−S ≤ y ≤ S

z ≥ 0,

where y represents the change in the nonlinear variables, termed as delta vari-
ables, which are step bounded by trust region step sizes S, and z are infeasibility
breakers allowing deviation from the linearization while being penalized in the
objective. The step bounds are updated dynamically using an exponential trust-
region scheme and SLP has mechanisms to fix the penalty breakers should the
penalty terms become excessively large.

Convergence is measured in multiple ways. Ideally, the model converges in
a mathematical sense, i.e., the change in the delta variables converges to zero.
This is deemed as strong convergence since z converging to 0 implies infeasibility
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converging to 0 as well due to Lipschitz continuity. Apart from strong conver-
gence, SLP applies several layers of increasingly weaker convergence criteria for
stopping. In particular, it is possible to restrict convergence checks to variables
in active constraints, and the convergence can be measured in the change of the
linearization matrix or the activities of the linearization instead of the optimiza-
tion variables themselves, for details, the reader is referred to the documentation
of SLP. As these convergence criteria only consider the primal problem and pro-
vide no guidance on optimality, SLP checks the Karush-Kuhn-Tucker (KKT)
conditions by solving a KKT problem where complementarity is approximated
based on activities and infeasibility of the dual variables is minimized, once any
of the convergence criteria has been satisfied.

3 Computational setup

In the following sections we will present computational results for individual
components of the global solver. These results are based on a test set of 1308
instances, which includes:

� all solvable (by at least three different solvers according to the MINLPLib
website [29]) MINLPLib [12] instances;

� an internal test set consisting of customer instances; and

� QPLIB [15] and MINLPLib instances that could be solved with previous
versions of Xpress.

It is important for the test set to contain instances that demonstrate the effect
of all the techniques in the paper. We consider three copies of every instance,
each with a different permutation of variables and constraints8, resulting in
3924 solves per run. Overall, the set is a representation of typical problems one
would encounter in practice, including 19 instances which are provably globally
infeasible. The solver in its default configuration solved 3036 cases.

All tests were run with FICO® Xpress 9.5.3 on Intel Xeon Gold 5218 2x16
core CPUs at 2.3GHz with 128GB of RAM, running a single job per CPU and
using 16 threads in deterministic parallel mode. Hyperthreading was turned off
and the solver job was bound to one of the 2 CPUs on the socket. The time
limit was one hour of wall-clock time.

Unless indicated otherwise, the tables in this article show the change after
excluding one feature of the solver, by showing both the difference in the number
of solved instances and in the ratio of the 10s-shifted geometric mean9 (SGM) of

8By permutation of a MINLP we mean an equivalent MINLP where the order of variables
and constraints is changed. Runs with different permutations are carried out to mitigate the
effects of solver performance variability, see, e.g., [25] or [20] for details.

9If ti, i = 1, . . . , k are the solution times for a run on k instances, then the shifted geometric
mean of the run is

SGM(t) = k

√ ∏
i∈[k]

(ti + τ)− τ.
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the solution time. We report the SGM ratio both for all instances (with unsolved
instances counted with the time limit of 3600 seconds) and restricted to those
instances that could be solved by both variants; these ratios are shown in the
“Time ratio” groups under the columns “Overall” and “Solved Only”, respec-
tively. In particular, negative numbers in the Solved column indicate that we
solve fewer instances (while a Time ratio larger than 1 indicates a slowdown on
the instances we could solve) when turning off a technique. Note that “Solved”
here means to proven global optimality or proven global infeasibility. As we
will see, both of these measures are important when assessing the performance
of the solver as different techniques contribute to one or the other. In addition
to the runtime over all solvable instances in the whole testset under the “All”
column, we also report runtimes over the subset of solved instances in which at
least one of the compared solver versions took at least 100 seconds to avoid the
dampening effect of trivial instances in the “≥ 100s” column. In some tables we
will also list the number of affected instances and the shifted geometric mean
ratio over those instances to better quantify the impact of those techniques that
only apply to specific subsets of instances.

4 Solver structure

The FICO Xpress Global solver is, at its core, a branch-and-cut (B&C) solver
that applies MILP and NLP techniques to find both valid bounds for the B&C
enumeration and MINLP-feasible solutions. The solver applies spatial branching
to the general branch-and-cut framework [19]. In this section we review the
components and extensions to the FICO Xpress MILP and NLP solvers that
allow for solving MINLPs to global optimality.

4.1 Overview

First, let us provide a brief overview of how a spatial branch-and-bound al-
gorithm works to solve a nonconvex nonlinear optimization problem. For this
example we will try to minimize the cosine function over the entire number line,
i.e., we want to solve min{cos(x) : x ∈ R}. After reformulation (Section 4.3),
the problem becomes min{y : y ≥ cos(x), x ∈ R, y ∈ R}. The steps of the
algorithm can be followed in Figure 1. To minimize the function in Figure 1a
we first add an initial set of convexification cuts (1b) to the problem. These are
linear inequalities that constitute a polyhedral relaxation of the non-convex set
S = {(x, y) ∈ R2 : y ≥ cos(x)}. At the beginning we can only add the trivial
y ≥ −1 constraint. We solve the resulting LP (1c) to obtain one of the many
optimal solutions (x, y) = (0,−1). This solution is not on the cosine function,
i.e., it does not belong to S, and we cannot separate it from a polyhedral relax-
ation of S, so we need to branch. There are many ways to choose the branching
point (see Section 4.7), but for this example we do this by splitting the interval

The shift parameter τ makes the measure less sensitive to the inherent uncertainty of time
measurements, especially for very fast solves; we use τ = 10s, which is a commonly used value.
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(a) min cosx (b) Initial linear relaxation

(c) Initial solution (one of many) (d) Spatial branching

(e) Stronger cuts after branching (f) New solution

(g) Cutting off the new solution (h) Resolve, iterate

Figure 1: The main steps of an LP-based B&B nonlinear solver.

(1d) into two halves: x ≥ 0 and x ≤ 0. We process the right branch first (the
other branch gets handled the same way), where the new lower bound intro-
duced by branching now allows for creating a tighter polyhedral relaxation of
S′ = {(x, y) ∈ S : x ≥ 0}; this tighter relaxation separates the solution from
S′ by adding (1e) a cut which is valid for this branch-and-bound node while it
would have been invalid for the root as it would cut off valid solutions in the
other branch. The LP relaxation now consists of two constraints. We resolve
the relaxation to get a new solution (1f). This time, the LP solution can be
separated from S′ through an Outer Approximation cut (1g), resulting in a new
solution (1h). Depending on the nonlinear feasibility tolerance, the LP-solution
might already be nonlinear feasible w.r.t. the given tolerance. With stricter
tolerances, more iterations of the cutting loop might be needed. Eventually,
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this procedure will converge to the point (π,−1), which is a globally optimal
solution.

In general, the cut loop might result in an infeasible (w.r.t. tolerances) prob-
lem after a few cuts have been added, in which case the node is pruned. If all
nodes are pruned this way, the MINLP problem has been proven infeasible.

4.2 Problem representation

Under the assumption that the objective function and all constraints of Prob-
lem (1) are factorable, their expressions form trees whose leaf nodes are con-
stants or variables, while non-leaf nodes are operators from the aforementioned
set O. For instance, the left-hand side of the constraint x2/x3 +sin(x1 − 3) ≤ 1
is represented as the tree with thicker node contours in Figure 2. All con-
straints and the objective function of a MINLP share the variables as their leaf
nodes. Their overlapping expression trees combine to form a directed acyclic
graph (DAG). For example, the nonlinearities in the problem

min x1x2

s.t.
x2

x3
+ sin(x1 − 3) ≤ 1 (3)

x2 + x3
3 ≥ 2

can be represented by the DAG in Figure 2. DAG nodes are variables, con-

x1x2 x3 3

×

sin

−

·
·

ˆ

+

+

Figure 2: The DAG of Problem (3).

stants, and all mathematical operators used to construct the problem. The
DAG therefore provides full information on the problem structure and is used
by all components of the MINLP solver, as detailed below. It is created auto-
matically inside the global solver from the expressions given by the user.
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4.3 Reformulation and LP relaxation

Before constructing a convex relaxation, we reformulate the problem by intro-
ducing new auxiliary variables. Each auxiliary variable is associated with a node
of the DAG, specifically with a single operator as used within the problem. The
reformulation of Problem (3) in the example above is as follows10:

min w1 (4)

s.t. w1 = x1x2

w2 = x2/x3

w3 = x1 − 3

w4 = sinw3

w5 = x3
3

w2 + w4 ≤ 1

x2 + w5 ≥ 2.

This reformulation is performed by the solver from the general expressions pro-
vided by the user. While the nature of the problem itself has not changed,
Problem (4) will form the basis for LP relaxations of (3).

4.4 Bound reduction

Bound reduction takes the initial bounds on all variables (some bounds may be
infinite) and tightens them in such a way that at least one optimal solution is
retained. Tight variable bounds are especially important for the convexification
cuts described in Section 4.6, which provide an LP relaxation and hence a valid
dual bound for the branch-and-cut algorithm.

FICO® Xpress Global uses a DAG-based bound reduction algorithm. Also
known as Feasibility-Based Bound Tightening, or FBBT, it applies interval anal-
ysis techniques [31], already of common use in constraint programming and
Artificial Intelligence [13], by exploring the DAG and using the initial bound in-
terval on all variables, the constraints, and possible knowledge of a cutoff value
for the objective function, in order to infer tighter bounds on variables. FBBT
is known to be very quick and is therefore used throughout the branch-and-cut
process, from the initial presolve steps to the analysis of branching candidates
in the generic B&C code and as an initial step of the SLP-based heuristics that
seek a feasible MINLP solution. Given its pervasive use in the solver, we do
not report on its performance impact; it is also known from other solvers that
FBBT is necessary to ensure reasonable convergence.

4.5 Presolve

It is well-established that presolving is a crucial part of a solver for any class of
problems. By simplifying constraints and eliminating vast portions of the set of

10All auxiliaries are called wi for clarity.

9



feasible solutions, the presolver can have a dramatic effect on efficiency, often
reducing the computational effort from hours to mere minutes. FICO® Xpress
Global adopts a two-pronged approach to presolving by first exploiting the non-
linearities of the original problem in a nonlinear presolver, which reduces and
simplifies the problem by acting on all parts of the problem including nonlin-
earities, and then by reapplying the linear and mixed-integer parts of presolve11

on the reformulated problem. Some of the specific operations carried out in
nonlinear presolve include formula simplifications, nonlinear eliminations, and
nonlinear probing.

The idea of formula simplifications is to avoid applying the full nonlinear
machinery to formulas that happen to be constant, linear or could otherwise be
simplified, for example by computing sin(π/2), replacing x1 by x or x3 · x4 by
x7. While all of these simplifications are trivial and should not be necessary for
carefully modeled problems, they can easily appear in practice when models are
combined with changing, automatically inserted data.

The process of nonlinear eliminations uses nonlinear equations such as z =
x2 + y2 to replace z by its nonlinear representation in other formulas. This can
reduce the total number of variables in the problem, which can be helpful for
SLP, be it as a standalone solver or as a heuristic within global. Care needs
to be taken, though, to not enlarge the non-zero pattern of the Jacobian of
any constraints too much. In particular, introducing nonlinearities in otherwise
linear constraints should usually be avoided.

Nonlinear probing is a simple procedure that uses bound tightening repeat-
edly on a set of candidate variables: a fictitious lower bound xi ≥ ℓ̄i is set
for a variable xi, then FBBT is applied to the resulting problem. If FBBT
results in infeasibility, then ℓ̄i is a valid upper bound for xi. Similar considera-
tions lead to tighter variable lower bounds. Probing can be helpful in particular
on unbounded variables, which can often cause numerical difficulty for the LP
relaxation of a MINLP.

Time ratio
Technique # Instances Overall Solved only

Affected Solved All ≥ 100s Affected
Presolve -243 1.60 1.39 2.18
Linear/quadratic -96 1.13 1.07 1.28
Nonlinear -138 1.36 1.21 1.63
Simplifications 1896 -82 1.13 1.04 1.12 1.08
Eliminations 151 +1 0.99 1.00 0.98 0.61
Probing 101 -1 1.00 1.00 1.00 1.06

Table 1: The impact of disabling presolve techniques. Disabling presolve affects
all instances, hence the respective cells are left blank.

As we can see in Table 1, disabling presolve altogether leads to a significant
degradation, losing about 8% of all solved instances with a 40% slowdown even

11See [1] for a good general overview on linear and integer presolve techniques.
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on instances that can still be solved. Nonlinear presolve is the bigger contributor
compared to linear presolve, although, not surprisingly, the overall slowdown of
disabling presolve is larger than the sum of the two. Some techniques (such as
linear bound tightening) are present in both linear and nonlinear presolve, hence
skipping only one type of presolver would still get the benefit from applying the
same technique in the remaining presolver; the extra losses are therefore due
to some redundancy between the two classes of presolving techniques. Within
nonlinear presolve, formula simplifications have by far the biggest effect, in par-
ticular on solvability, affecting about half of the instances with a 4% degradation
and 82 instances lost when disabling them, while probing and eliminations af-
fect far less instances, with eliminations even being a hindrance on some of the
instances.

4.6 Convexification Cuts

At the core of FICO® Xpress Global is a procedure for separating convexifi-
cation cuts, i.e., valid linear inequalities for the feasible set of the reformulated
problem as described in Section 4.3. These cuts are based on the operator-
auxiliary relationship outlined in Section 4.3. For each auxiliary-operator pair
(wi, f(x)), for example (w4, sin(w3)), one or more linear inequalities are added
that are valid for the set {(x,wi) : wi = f(x), x ∈ [ℓ, u], wi ∈ [ℓwi , u

w
i ]}. Com-

bining all such inequalities yields an LP relaxation of the MINLP and hence a
lower bound on the optimal objective value. As mentioned above, the tightness
of said LP relaxation strongly depends on the bounds on all variables, including
auxiliaries.

In FICO Xpress Global we add standard convexification cuts for all sup-
ported function types [34]. In addition, we add Reformulation-Linearization
Technique (RLT) cuts for bilinear expressions [9]. RLT cuts are separated by
multiplying valid linear constraints with variables that are present in violated
nonconvex bilinear expressions. The resulting constraints contain quadratic
terms, which are subsequently linearized using the bilinear expressions they ap-
pear in to obtain valid linear inequalities. In case the bilinear expressions used
for the linearization are violated, the so derived linear inequalities can be as
well. In order to strengthen the LP relaxation in the presence of bounded bi-
linear (i.e., product) terms wh = xixj , we also add Lifted Tangent Inequalities
(LTIs) [6]; these consist of tangent cuts axi + bxj ≥ c to the set {(xi, xj) ∈
R2 : xixj ≥ ℓh} which are then strengthened by lifting to axi + bxj − dwh ≥ c.
While the McCormick inequalities [2, 28] provide the convex hull of the set
{wh = xixj , xi ∈ [ℓi, ui], xj ∈ [ℓj , uj ]}, the LTI cuts can provide an additional
strengthening in the presence of non-trivial bounds on wh that are not merely
implied by the bounds on xi and xj .

The effect of RLT cuts and LTIs is summarized in Table 2, showing that
RLT is essential for solving a significant number of instances, even though the
time benefit on solvable instances is only 1%. Lifted Tangent Inequalities have
a smaller impact, with the overall speedup being below 1%.

Note that we do not report numbers for disabling convexification cuts as a
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whole because they are necessary for solving MINLPs and, as such, disabling
them would prevent reasonable convergence of the spatial branch-and-bound
algorithm.

Time ratio
Cut class # Instances Overall Solved only

Affected Solved All ≥ 100s Affected
RLT 2171 -34 1.04 1.01 1.03 1.01
LTI 1143 -2 1.00 1.00 1.01 1.01
Trigonometric 66 -1 1.00 1.01 1.03 1.84

Table 2: Performance impact of disabling specific cutting planes.

Trigonometric functions sin and cos deserve special treatment as they are
neither convex nor concave on a sufficiently large bound interval, thus simple
tangents do not work in general. A trivial approach is to add cuts with slopes
±1 at both endpoints of the interval. These are valid, because sin and cos
have derivatives in [−1,+1]. A much stronger option is to add tight cuts at
the endpoints of the interval and make sure they do not intersect the function.
The slopes are calculated with a simple Newton iteration, making sure that
the generated cut is always valid. These cuts are illustrated in Figure 3a. If
the interval is longer than 2π, then these cuts are overall very weak, which we
counter by using special branching rules for these functions. While their impact
on the overall runtimes in Table 2 is rather small, because there are very few
instances with trigonometric functions in the test set, on the small subset of
trigonometric instances the impact is a speedup factor of 1.84.

Another class of functions where special cuts are necessary are odd powers
over an interval [ℓ, u] such that ℓ < 0 < u. These functions are again nei-
ther convex nor concave, but there are simple closed form expressions for the
tightest possible cuts [22]. These play a role only during the initial separation
of convexification cuts, as we branch at 0 at the earliest opportunity, and the
function will then have an easy outer envelope on the new intervals. These cuts
are illustrated in Figure 3b.

Adding multiple cuts. We add several cuts in the initial step that builds
an LP relaxation of Problem 1 and also during root node processing and later
during the tree solve. The right number of cuts is critical: adding too many
makes the relaxation better at the expense of increased relaxation solve time.
On the other hand, having an efficient mechanism to deal with the cuts allows
us to be quite aggressive here. We normally add up to 20 convexification cuts
upfront for each node in the DAG, and update them as the bounds of the interval
change.

For this to work efficiently it is crucial that the MIP solver in Xpress can
deal with local cuts, i.e., cuts that are valid only on a part of the search tree.
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sinx

(a) Trigonometrics

ℓ

u

x3

x3 ≥ 3
4ℓ

2x+ 1
4ℓ

3

x3 ≤ 3
4u

2x+ 1
4u

3

(b) Odd powers

Figure 3: Special cuts for trigonometric and odd-power functions.

Numerical stability. When adding cuts one needs to be careful about the
numerical properties of the linear relaxation that needs to be solved. In general,
we try to avoid adding cuts with very large coefficients or a large ratio among
maximum and minimum coefficients in absolute value. The FICO® Xpress
Optimizer also has routines to detect cuts that are nearly parallel to each other
and it avoids inserting more than one of those cuts.

4.7 Branching

As we saw in Section 4.1, when solving general MINLPs to global optimal-
ity, it is no longer sufficient to only branch on integer variables: due to the
non-convexity of the nonlinear functions involved, it is often necessary to also
branch on continuous variables to advance the solution process by excluding the
current sub-problem’s LP solution with additional help from bound reduction
and convexification cuts, as described in Sections 4.4 and 4.6. In general, any
variable, original or auxiliary, appearing in an auxiliary-operator pair (wi, f(x))
that is part of a violated constraint and for which the current LP solution w̃i, x̃
violates wi’s definition, i.e., w̃i ̸= f(x̃), is a potential candidate for branching.
In contrast to integer branching, where there is a natural variable split to ex-
clude the fractional solution, for spatial branching there are two questions to be
answered: which variable to branch on and where to split the bound interval of
that variable.

The branching decision is carried out in two steps: first, a set of candidates
is created, consisting of typically one variable xik with a branching point τik to
split the current node-problem S into two subproblems S := {x ∈ S, xik ≤ τik}
and S := {x ∈ S, xik ≥ τik}, although in general a branching candidate can
include bound changes on multiple variables, which can be beneficial in specific
cases, as we will see later. Each of those branching candidates is then evaluated
in a second step, and the one with the best evaluation is chosen.
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4.7.1 Branching point selection

We will start with the branching point selection, since this is the first decision to
be made in the implementation. Given a variable xi, there are two natural points
to branch on: either the current LP-solution x̃i, which generally maximizes the
chance of the current solution becoming infeasible in both subproblems, see, e.g.,
[5], or the midpoint of the bound interval 1

2 (ℓi+ui), which minimizes the worst-
case number of branchings required to reach an interval length of ε, which, under
Lipschitz assumptions, guarantees nonlinear feasibility within a given tolerance
for any LP feasible solution. Similar to other solvers such as Couenne [5], by
default FICO® Xpress Global branches on a convex combination α · 1

2 (ℓi +
ui) + (1− α)x̃i of these two, where α ∈ [0, 1] depends on the specific operator,
although most operators use α = 0.75 by default12. Note that infinite or very
large variable bounds are not taken into account this way: if the LP solution
is too far from both endpoints of the interval, then the interval is ignored in
choosing the branching point.

Time ratio
α # Instances Overall Solved only

Solved All ≥ 100s
1 (midpoint) -21 1.03 1.01 1.02
0.75 -19 1.02 1.00 0.96
0.5 -25 1.01 0.97 0.86
0.25 -23 1.01 0.98 0.93
0 (LP solution) -145 1.23 1.14 1.37

Table 3: The impact of branching point selection.

As we can see in Table 3, using this convex combination solves at least 19
instances more than any fixed convex combination, even though moving further
towards the LP solution may be faster if both options can solve it. This might
not be overly surprising, given that the main advantage of choosing the midpoint
is the better worst-case behavior, while branching closer to the LP solution tends
to have a more immediate impact on the dual bound. This is a trade-off that
the developers of any similar package have to deal with. Not using the midpoint
at all is a significant loss in both instances and solve time, though.

While the convex combination tends to work well in general, for specific oper-
ators it can be beneficial to branch on special values, significantly enhancing the
propagation possibilities or even making one or both of the resulting branches
convex or concave. Examples for the former include (non-convex) quadratics
where, for example, x · y ≥ 4 allows reductions on y if x ≥ 0 or x ≤ 0 but
in general cannot be propagated if the sign of x is undecided. An example for
the latter would be x3 where branching on 0 will imply convexity on the up-
and concavity on the down-branch. Similar ideas also apply to trigonometric

12This value depends heavily on other characteristics of the solver. Most notably, it was
mentioned in [16] that the RAPOSa solver [17] uses a default value of 0.25.
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functions, where branching on multiples of π/2 is beneficial.
In our implementation, for those operators where branching on 0 is pre-

ferred13, we replace the original branching point with 0 if the two differ by less
than 10% of the absolute value of the smaller of the two bounds for the cases
of improved propagation and by 100% for the case of improved convexity. In
the case of sin, cos and tan, we would round the branching point to the closest
multiple of π/2, as long as that is still in the interior of the bound interval.
Not only do these special branching rules help propagation, they also allow us
to generate stronger cuts in later iterations. As can be observed from Table 4,
these “roundings” have a small but positive effect on solve times, even though
they are not really necessary to solve any particular instances.

Apart from these single-variable branchings, a common occurrence are com-
plementarity constraints of the form xi · xj = 0. Instead of separately branch-
ing on either xi or xj and using convexification cuts to enforce the nonlinear
constraint, FICO® Xpress Global instead branches on the equivalent logical
constraint xi = 0∨xj = 0, which is necessary to solve about 1% of the instances
in the test set. Again, this is a technique that allows the solver to solve more
instances at the expense of a small loss in the average speed.

Time ratio
Technique # Instances Overall Solved only

Affected Solved All ≥ 100s Affected
Complementarity 1078 -30 1.03 0.99 0.97 0.97
Br. Point rounding 833 +3 1.00 1.01 1.01 1.04

Table 4: The impact of disabling special branching point selection rules.

4.7.2 Branching variable selection

Once a branching point τik for each potential branching candidate xik has been
computed, one of them must be chosen. There have been a number of tech-
niques suggested for this in the literature, see, e.g., [5], but FICO Xpress Global
follows the existing approach of the FICO Xpress Optimizer, which is mainly
based on a combination of strong branching [3] in the initial stages of the tree
search, i.e., at the root node and at the nodes with lower B&C tree depth, and
pseudocosts deeper in the tree. Pseudocosts can naturally be extended to spa-
tial branching by multiplying with the reduction of the bound interval instead
of the fractionality to obtain an estimate on the current branching based on the
historic unit cost [5].

Strong branching can also be extended to spatial branching in a straight-
forward way. However, in contrast to integer branching, the main effect of
branching on the dual bound is not derived from the bound change alone but
also from the bounds on other variables arising from propagation and the tighter

13These include powers of both even and odd degree, the absolute value function, inverse
trigonometric functions and also the auxiliary variables of sin, cos and tan.
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convexification cuts, compare Section 4.1. For this reason, strong branching in
FICO Xpress Global applies bound propagation and convexification cuts14 to
each branching candidate prior to evaluating the change in the dual bound. This
is a computationally expensive step in general, but it results in a more accu-
rate evaluation of branching candidates and leads to much better performance,
especially in the number of solved instances.

As we can see in Table 5, the cutting plane generation for branching variable
evaluation is more important with a decrease of 583 in the number of solved
instances when disabling it, while disabling both leads to 689 fewer instances
solved.15 Their effect on the solve times of already solved cases is in the 15-30%
range, with larger numbers on harder instances. An essential ingredient for this
performance boost is a highly efficient cut management framework, which the
Xpress global solver inherits from the linear MIP solver.

Two general questions for MINLP solvers are whether to always branch on
integers before branching on continuous variables, and whether to prefer original
over auxiliary variables. In case of FICO® Xpress Global, there is currently
no general preference for integer branching over spatial branching, but original
variables are generally preferred over auxiliary variables, unless the latter led
to many branching candidates at the root where one of the two children was
infeasible.

Always considering both original and auxiliary variables when deciding on
the branching variable leads to a slowdown of 11%, as shown in the last row of
Table 5. It is also worth noting that branching only on original variables does
not hurt the solver speed at all, but it reduces the number of instances solved
significantly.

Time ratio
Technique # Instances Overall Solved only

Solved All ≥ 100s
Propagation -96 1.15 1.09 1.35
Cuts -583 2.40 1.22 1.68
Both propagation and cuts -689 2.86 1.27 2.03
Only originals -80 1.10 1.00 0.97
Originals and auxiliaries equally -72 1.12 1.11 1.17

Table 5: The impact of techniques in branching variable selection. The first
three rows are about disabling the techniques applied to branching candidates
to get a better measure of their impact. The last two are about the balance
between original and auxiliary variables.

14Strong branching (temporarily) changes the bounds, and these are then propagated.
Stronger bounds then allow for tighter outer approximation cuts. Currently, we generate the
cuts as if the candidate were chosen to be the actual branching variable. This is performed
for all branching candidates and all but the winner’s cuts are then discarded.

15Bound propagation would still be performed in the node presolver on the winning branch-
ing candidate, so the effect shown here is purely due to better variable selection because of
the stronger bounds.
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4.8 Heuristics

In general, any MILP heuristic can be applied to the MILP relaxation of a
MINLP. However, since they are unaware of the nonlinearities beyond the cur-
rent set of convexification cuts, these solutions tend to be integer feasible but
nonlinear infeasible. Using a local NLP-solver such as SLP, we can resolve the
nonlinear part of the problem: given an integer feasible solution, we fix all in-
teger variables to their current values and then solve the remaining continuous
problem using the local NLP solver.

To improve the solve, the underlying integer feasible solution can also be
supplied as an initial point to the NLP solver for the remaining continuous vari-
ables. The same technique can also be applied to integer feasible but nonlinear
infeasible node solutions, although care has to be taken with regards to the
frequency of calling the nonlinear solver, in particular for continuous NLPs for
which every node solution does not need to satisfy integrality constraints and
can hence provide a starting point for the NLP solver. Given both the fixings

Time ratio
Technique # Instances Overall Solved only

Solved All ≥ 100s
SLP heuristic -102 1.15 1.07 1.47

Table 6: The impact of disabling the SLP heuristic.

and the fact that a local NLP solver is used, there is of course no guarantee for
the resulting NLP problem to be feasible or the returned solution to be globally
optimal, but if the NLP solver can find a solution within the subproblem, then
this solution is MINLP feasible for the original problem. While less powerful
than dedicated MINLP heuristics, this approach benefits from the maturity of
both MIP heuristics and local NLP solvers in the FICO® Xpress Optimizer.
Table 6 shows that the speedup the heuristic provides can be substantial on
hard models and it also helps to solve significantly more instances.

4.9 Parallelism

As evidenced by the experiments in [8], taking advantage of a multi-threaded en-
vironment is not a trivial task for a global optimization solver, with many solvers
struggling to gain significant speedups from running with multiple threads. The
branch-and-bound search in FICO Xpress is parallelized16 (see [7]), which au-
tomatically makes the global solver a parallel branch-and-cut solver. The effect
of threading is summarized17 in Table 7, both for the whole test set and specif-
ically for runs that required at least 100 nodes for all thread combinations to

16For completeness we have to mention that the initial linear relaxation is also solved with
a parallel linear optimization solver, but since it is typically a very small fraction of the overall
solution time we do not discuss it in more detail.

17Tests using fewer than 16 threads were still allocated 16 physical cores and the solver job
was bound to some of them to prevent the operating system moving them around.
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avoid cases that are solved before there exist enough nodes to distribute them
among the different threads. As we can see, the relative speedup when doubling

Time ratio Speedup
Threads # Ins. Overall Solved only Solved only ≥ 100 nodes

Solved All ≥ 100n to 1 double to 1 double
1 -202 1.62 2.59 3.97 1.00 1.00
2 -145 1.38 1.94 2.57 1.34 1.34 1.54 1.54
4 -72 1.22 1.51 1.80 1.72 1.28 2.21 1.43
8 -37 1.08 1.18 1.27 2.19 1.28 3.13 1.42
16 0 1.00 1.00 1.00 2.59 1.18 3.97 1.28
32 -8 0.99 1.00 0.98 2.59 1.00 4.05 1.02

Table 7: The impact of the number of threads in deterministic mode. The last
four columns list the speedup relative to a single-threaded run, and the speedup
when doubling the number of threads, respectively, once for all solvable instances
and once for those that took at least 100 nodes for all thread numbers.

the number of threads gets smaller as the number of threads increases. This is
not surprising, as only problems with a large B&B tree can take advantage of
more than 16 threads. It is also worth pointing out that parallelism only allows
for solving a larger number of subproblems simultaneously, so the extra solved
instances are simply due to being able to process a larger tree. It is especially
striking that going from 16 to 32 threads, the number of solved instances no
longer increases but actually goes down slightly, and also the speedup is almost
unmeasurable at this point. These results are similar to what we observe for
our linear MIP solver for problems with a similar tree size.

There are two ways the parallel framework can work: deterministic and
opportunistic. The deterministic mode is the default, and, as its name suggests,
it guarantees that running the solver on the same problem with the same number
of threads will terminate with the exact same result, regardless of what else is
running in the background.18 This is achieved by carefully synchronizing the
parallel threads. Obviously, this comes with some overhead, as some threads
will have to wait for other threads to finish. The impact of determinism is
summarized in Table 8: for a given number of threads we measured how much
faster the opportunistic variant would be. These results have to be taken with
a grain of salt, as they are non-deterministic by their very nature, so they are
not really reproducible. They serve as a rough guideline to assess the cost of
determinism. Overall, the potential gain is not large enough to make up for the
lack of determinism: the number of instances solved is roughly the same and the
speedup is 2-9%. As expected, the speedup is larger as the number of threads
is increasing, but not in a dramatic way.

18In fact, FICO Xpress guarantees an identical solution path even if the solver is running
on a different operating system (Windows/Linux/Mac).
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Time ratio
Threads # Instances Overall Solved only

Solved All ≥ 100n
2 +1 0.98 0.99 0.99
4 -6 0.98 1.00 0.98
8 -2 0.97 0.99 0.95
16 0 0.95 0.97 0.93
32 +3 0.93 0.97 0.91

Table 8: The advantage of opportunistic vs deterministic parallelism.

4.10 Unboundedness

For MILPs of the form (2), with rational coefficients and right-hand side, un-
boundedness of the convex relaxation, together with the existence of an integer
feasible point, implies unboundedness of the MILP itself. This is not the case for
MINLP, where an LP-based spatial branch-and-bound algorithm may produce
an initial LP relaxation that is unbounded even though the MINLP itself is not.

In these (rare) cases, FICO® Xpress Global applies a bounding box: first
the original variables are constrained to be within a given interval with the
default being [−106, 106]. If the relaxation is still unbounded, then the same
bounds are also applied to the auxiliaries. This ensures that the subsequent
relaxations are all bounded and a spatial branch-and-bound is guaranteed to
terminate, though of course Xpress will no longer claim global optimality, even
though in practice the resulting solutions will often be globally optimal. Other
solvers handle this situation in a similar way, although not all will distinguish
this case from global optimality.

In the numerical experiments performed for this paper, the bounding box
was applied in 73 out of 3924 solves and only in 12 of those 73 cases it needed
to be applied to auxiliary variables as well.

5 Conclusions and future work

We have demonstrated how to extend a mixed-integer linear optimization solver
with an existing local solver and new global-specific techniques for nonlinear op-
timization to solve MINLPs to global optimality. The new solver took advantage
of the existing components of FICO® Xpress. All of the techniques discussed
in this paper are part of the global solver in FICO Xpress 9.5.3.

There are several more advanced techniques that remain to be implemented,
including more sophisticated optimization-based bound tightening, further spe-
cialized convexification cuts, more general expression types, convexity detection,
symmetry detection, and special techniques and heuristics for some common
problem structures.
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