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Abstract

In this paper we introduce a General Dynamic String-Averaging (GDSA) iterative
scheme and investigate its convergence properties in the inconsistent case, that is, when
the input operators don’t have a common fixed point. The Dynamic String-Averaging
Projection (DSAP) algorithm itself was introduced in an 2013 paper, where its strong
convergence and bounded perturbation resilience were studied in the consistent case
(that is, when the sets under consideration had a nonempty intersection). Results
involving combination of the DSAP method with superiorization, were presented in
2015. The proof of the weak convergence of our GDSA method is based on the notion
of “strong coherence” of sequences of operators that was introduced in 2019. This is
an improvement of the property of “coherence” of sequences of operators introduced in
2001 by Bauschke and Combetts. Strong coherence provides a more convenient sufficient
convergence condition for methods that employ infinite sequences of operators and it
turns out to be a useful general tool when applied to proving the convergence of many
iterative methods. In this paper we combine the ideas of both dynamic string-averaging
and strong coherence, in order to analyze our GDSA method for a general class of
operators and its bounded perturbation resilience in the inconsistent case with weak
and strong convergence. We then discuss an application of the GDSA method to the
Superiorization Methodology, developing results on the behavior of its superiorized

version.
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1 Introduction

A strongly convergent Dynamic String-Averaging Projection (DSAP) algorithm, based on
convex combinations and compositions of operators, was introduced, along with its bounded
perturbation resilience, by Censor and Zaslavski in [22] for a family of nonempty, closed
and convex sets {C;};",, where the considered operators were given by a sequence of metric
projections {Pg, }i-, in the consistent case, that is, when N2, C; # (. A superiorized version
of this algorithm appeared in [23], where it was proved that any sequence generated by it
either converges to a constrained minimum point of the objective function employed in the
superiorization process, or that it is strictly Fejér monotone with respect to a subset of the
solution set of the constrained minimization problem. String-averaging projection (SAP)
methods form a general algorithmic framework introduced in [19]. Subsequently, they were
developed in a variety of situations such as for convex feasibility with infinitely many sets [27],
for incremental stochastic subgradient algorithms [24] and for proton computed tomography
image reconstruction [6], to name but a few. See also [2], where perturbation resilience of
such methods was further studied and [1], where linear convergence rates for a certain class
of extrapolated fixed point algorithms which are based on dynamic string-averaging methods
were established.

In the present paper we consider more general ideas, focusing on more general algorithmic
structures which are applied to the inconsistent case (that is, when the input operators don’t
have a common fixed point), and when the objective function, involved in the superiorization,
is only required to be convex and continuous. For a positive integer m and a given family
of nonexpansive operators {U;}.-,, U; : H — H for each i = 1,2,...,m, without a common
fixed point, we construct a General Dynamic String-Averaging (GDSA) algorithm (Algorithm

4.5 below) based on convex combinations, compositions and relaxations of the operators of



the aforementioned family. In Theorem 4.8 below we investigate weak and strong convergence
properties of our GDSA algorithm and its bounded perturbation resilience. To this end we
introduce a “lim sup-admissible sequence of operators” (Definition 4.2 below) and show that
if, after a certain GDSA procedure, the sequence of output operators is lim sup-admissible,
then the algorithm converges weakly (and under additional assumptions — strongly) to a point
in a certain (assumed nonempty) set, even though the given input operators don’t have a
common fixed point.

We further apply our GDSA algorithm to the Superiorization Methodology (SM). The SM
is not aiming to solve the constrained minimization problem under consideration, but to find a
feasible point for the original feasibility-seeking problem which is “superior”, i.e., has smaller
or equal objective function value than that of a point returned by the feasibility-seeking only
algorithm that is employed by the SM. More details about the SM appear below in Subsection
5.1.

The weak convergence of our GDSA algorithm and its superiorized version is based, inter
alia, on the theory of coherence, which was introduced by Bauschke and Combetts in [9] and
further developed by Barshad, Reich and Zalas in [5], see also [3] and [4].

All the results below, concerning our algorithmic schemes, remain valid in the consistent
case as well. However, since it is generally desirable to assume certain properties of the input
operators, which is possible in this case as it was shown in [29], such results are of limited
interest in the consistent case due to the assumptions placed on the output operators in our
GDSA procedure.

It is worth noting the significance of the inconsistent case at this point. The convex
feasibility problem (CFP) is to find a feasible point in the intersection of a family of convex
and closed sets. If the intersection is empty, then the CFP is inconsistent and a feasible point
does not exist. However, algorithmic research on inconsistent CFPs does exist and is mainly
focused on two directions. One is oriented toward defining other solution concepts that will
apply, such as proximity function minimization, wherein a proximity function measures, in
some way, the total violation of all constraints (see, for instance, Example 4.10 below). The
second direction investigates the behavior of algorithms that are designed to solve a consistent
CFP when applied to inconsistent problems. This direction is fueled by situations wherein
one lacks a priori information about the consistency or inconsistency of the CFP or does not
wish to invest computational resources to get hold of such knowledge prior to running his
algorithm. A telegraphical review of some recent works on inconsistent CFPs appears in [21].

The rest of the paper is organized as follows. In Section 2 we provide some background
which is needed to establish our results. In Section 3 we introduce the general bounded

regularity with its properties and discuss the well-known notion of approximate shrinking



of operators. In Section 4 we present the properties of our GDSA algorithm. Notations

and initial tools appear in Subsection 4.1 and lemmata leading to the main result are in

Subsection 4.2. In Section 5, we present applications of this algorithm to the Superiorization

Methodology, followed by a brief summary with conclusions in Section 6.

2 Preliminaries
Throughout this paper N denotes the set of natural numbers (starting from 0), and for
any two integers m and n, with m < n, we denote by {m, m + 1,...,n} the set of all integers

between m and n. The real line is denoted by R. For a set A, we denote by |A| the cardinality

of A.

For a real Hilbert space H, we use the following notations:
(-,-) denotes the inner product on H.

|| - || denotes the norm on H induced by (-, -).

Id denotes the identity operator on H.

FixT denotes the, possibly empty, set FixT := {x € H | T'(x) = x} of fixed points of an
operator T : H — H.

For a nonempty and convex subset C' of ‘H, we denote by Pc the (unique) metric

projection onto C, the existence of which is guaranteed if C' is, in addition, closed.

The expressions ¥ — = and ¥ — z denote, the weak and strong convergence, respec-
tively, to z of a sequence {xk}ZO:O in (H, | - ||)when & — oo, while 20 ({xk}zozo) denotes

the set of weak cluster points of {xk}zozo.

For a convex function ¢ : H — R and a point x € H, we denote by 0¢ (x) the
subdifferential of ¢ at z, that is,

¢ (x) :={geH| (g,y —2) < fy) — f(x) forally € H}. (2.1)

For a function f : H — R and a subset A of H, we denote by Argminf (z) the set of
€A

minimizers of f on the set A.
B (z,r) denotes the open ball centered at x € H of radius r > 0.

For a nonempty subset C' of H and x € H, we denote by d (x,C) the distance from x
to C, that is, d (z,C) == inf cc ||z — y]|.



We recall the following types of algorithmic operators. For more information on such operators,

see, for example, [13].

Definition 2.1. Let 7' : H — H be an operator and let A € [0,2]. The operator Ty : H — H
defined by Ty := (1 — ) Id 4+ AT is called a A-relazation of the operator T'. The operator T5

is called a refiection of the operator T

Definition 2.2. An operator 7' : H — H is said to be nonezpansive (NE) if
(Vz,y € H) T (2) =T W)l < llz =yl

For A € [0, 2], an operator 7" : H — H is said to be A-relazed nonexpansive if T is a A-relaxation

of a nonexpansive operator U, that is, T' = U,.

Remark 2.3. Clearly, convex combinations and compositions of nonexpansive operators are
also nonexpansive. Moreover, for each A € [0, 1], the A-relaxation of a nonexpansive operator

is also nonexpansive.

A central role in our analysis is played by cutter operators that we define next. For every

ordered pair (z,y) € H?, we define the closed and convex set H (x,y) by

H(z,y) = {ueH[(u-yz—y) <0}

The following class of cutters was introduced by Bauschke and Combettes in [9], with
a different terminology and named there the “class ¥7. The name “cutter” was proposed
in [14]; other names are used in the literature for these operators, such as, e.g., “firmly
quasi-nonexpansive” (see, for example, Definition 4.1 and Proposition 4.2 in [10]), where

various properties and examples of cutters can be found.

Definition 2.4. An operator T': H — H is called a cutter if it satisfies the condition
FixT' C H (z,T (x)), Vz,y € X,

or, equivalently, (z — T'(z),x — T'(z)) < 0 for each z € FixT and x € X. For A € [0,2],
an operator T : H — H is a A-relaxed cutter if T is a A-relaxation of a cutter U, that is,
T=U,=(1-XNId+ \U.

Proposition 2.5. Let T be a cutter. Then FixT = NyeyH (2, T (z)) and hence FixT is a

closed and convex subset of H, as an intersection of half-spaces.

Proof. See Proposition 2.6 in [9]. |



Remark 2.6. It is worthwhile to caution the reader about some ambiguity in the literature
regarding the term cutter. Definition 9.2 of [14] is the first original definition of cutters and
they are defined there without any condition on the nonemptiness of the fixed points set of
the operators. Cutters are, thus, just another name for the members of the original “class €”
of Bauschke and Combettes in [9] which are also defined there without any condition on the
nonemptiness of the fixed points set of the operators. However, in Definition 2.1.30 in [13] the
condition that the fixed points set of the cutter operators should be nonempty was included
in the definition. This created some ambiguity due to the fact that some later publications
either include or do not include the condition that the fixed points set of the cutter operators
should be nonempty.

We adhere to the original definition (Definition 9.2 of [14]) and when we need the fixed

points set of the cutter to be nonempty we explicitly say so.

Remark 2.7. Clearly, FixT = FixT) for every operator T : H — H and every A € (0,2].
Moreover, if T' is a cutter, then for every A € [0,1], T} is also a cutter since H (x,Tz) C
H (x,T\ (x)) for each x € H and each A € [0, 1].

Definition 2.8. We say that an operator T": H — H is:

(i) Firmly nonexpansive (FNE) if

(Va,y € H)(T () =T (y),x —y) > |T () = T (v)|*.
(ii) p-firmly nonezpansive (p-FNE), where p > 0 is a real number, if
2 2 2
(Vo,y e )T (x) =T WI" < llz —yl" = pllle =T () = (=T W)

Definition 2.9. For \ € [0,2], an operator T' : H — H is called A-relaxed firmly nonexpansive
if T is a A-relaxation of a firmly nonexpansive operator U, that is, T'= Uy, = (1 — A\) Id + AU.
Theorem 2.10. If T : H — H is firmly nonexpansive, then T is a nonexpansive cutter.
Proof. See Theorem 2.2.4 and Theorem 2.2.5 in [13]. |
Theorem 2.11. Let T : H — H be an operator. The following conditions are equivalent:

(i) T is firmly nonexpansive.

(i) T is nonexpansive for each \ € [0,2].
(iii) There exists a nonexpansive operator N : H — H such that T =27 (Id + N).
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Proof. See Theorem 2.2.10 in [13]. |

Theorem 2.12. For any « € (0,2], an operator T : H — H is firmly nonexpansive if and

only if its relaxation T, is (2 — ) a~'-firmly nonexpansive, that is, if and only if
(Va,y € H) | Ta (2) = Ta )" < llo =yl = 2 = a) a7 ||(z = Ta () = (v = Tu (W) II"-

Proof. See Corollary 2.2.15 in [13]. |

Corollary 2.13. Let U : H — H be an operator and let T := Id + 27 (1 + p) (U — Id) for
some p > 0, that is, T = Us-1(14,). Then U 1is p-firmly nonexpansive if and only if T' is
firmly nonexpansive. In particular, U is nonexpansive if and only if T = % (U + Id) is firmly

nonerpansive.
Proof. Immediate from Theorem 2.12. |
Definition 2.14. We say that an operator T : H — H is:
(1) Quasi-nonexpansive if
1T () — 2] < [l — z]]
for each x € H and z € FixT"

(ii) p-strongly quasi-nonezpansive for some 0 < p € R if
IT () = 2|* < |z = 2|* = p|IT (z) — |” (2.2)

for all € ‘H and for all z € FixT'. If T satisfies (2.2) for some p > 0, then it is called

strongly quasi-nonexpansive.

Remark 2.15. Clearly, for any p > 0, a p-strongly quasi-nonexpansive operator is, in
particular, quasi-nonexpansive and a p-firmly nonexpansive operator operator is, in particular,

p-strongly quasi-nonexpansive.

Remark 2.16. Similarly to Remark 2.6 about cutters, we mention that in the literature
(as, for example, Definitions 2.1.19 and 2.1.38 in [13]) quasi-nonexpansive and strongly quasi-
nonexpansive operators are required to have a nonempty fixed point set by definition. Here
we define these operators without this requirement and assume the nonemptiness of their

fixed points set only if we need it.

Corollary 2.17. For a positive integer m, let {U;};*, be a finite family of p;-firmly non-
expansive operators, where U; : H — H and p; € [0,00) for each i = 1,2,...,m. Set

p = Milicf12..m} Pi- Then:



(i) For each finite family of numbers {w;};-, C [0,1] such that Y ;" w; = 1, the convex

combination U :=>"1"  w;U; is p- firmly nonexpansive.
(ii) The composition V := U, ---UyU; is pm™ - firmly nonexpansive.
Proof. See Theorems 2.2.35 and 2.2.42 in [13] along with Theorem 2.12 above. n

Definition 2.18. An operator T : H — H is weakly regular (i.e., satisfies Opial’s demi-
closedness principle which says that T — I1d is demiclosed at 0) if for any sequence {:L‘k};ozo CH
and any = € H, the following implication holds:

F — )
T(:vk)—xk—>0 — € FixT'.

Lemma 2.19. Let T : H — H be nonexpansive. Then T is weakly reqular.

Proof. See Lemma 3.2.5 in [13]. |

Example 2.20. Given a nonempty, closed an convex subset C' of H, the metric projection Py
onto C'is firmly nonexpansive (see, e.g., Theorem 2.2.21 in [13]) and, hence, a nonexpansive

cutter (by Theorem 2.10) and weakly regular (by Lemma 2.19). Moreover FixPr = C.

Definition 2.21. For a nonempty, closed and convex subset C' of H, the sequence {mk};ozo
in H is

(i) Fejér monotone with respect to C'if for each z € C' and each k € N,

2" = =] < [l = 2]

(ii) Strictly Fejér monotone with respect to C' if for each z € C' and each k € N,

2"+ = 2] < l* = 2]

Theorem 2.22. Let C' be a nonempty, closed and convex subset of H. If {xk}ZO:O 15 Fejér

monotone with respect to C', then it converges strongly to some point in C' if and only if

lim d (mk,C) =0.

k—o0
Proof. See Theorems 2.16(v) in [8]. |

Next we investigate the properties of the following algorithm which is the algorithmic
framework for our GDSA method.



Algorithm 2.23 (The algorithmic framework). Given € € (0,1], 2° € H and a sequence
{Ty}iey of operators, Ty, : H — H for each k € N, let the algorithm be defined by the recurrence

P =2k (T (a:k) — xk) :

where A\, € [e,2 — €] for each k € N.

The next definition of bounded perturbations resilience of an iterative algorithm that is
governed by an infinite sequence of algorithmic operators generalizes the earlier commonly
used definition, e.g., Definition 3.1 in [22], wherein only a single operator was considered. See
[11], where it was shown for the first time that if the exact iterates of a nonexpansive operator

converge, then its inexact iterates with summable errors converge as well.

Definition 2.24. Bounded perturbations resilience. Let I' C H be a given nonempty
subset of H and {T}},-, be a sequence of operators, Ty : H — H for each k € N. The
algorithm %1 := T}, («%), for all k € N, is said to be weakly (strongly) bounded perturbations
resilient with respect to I' if the following is true: If a sequence {2}, generated by the
algorithm, converges weakly (strongly) to a point in T for all 2° € H, then any sequence
{y*}22, in H that is generated by the algorithm y*+1 := Ty (y* + Bo*), for all k € N, also
converges weakly (strongly) to a point in T' for all y° € H, provided that {Bzv*}22, are
bounded perturbations, meaning that {fx},-, is a sequence of positive real numbers such

that Y 7=, B < oo and that the sequence {v*}7°, is a bounded sequence in H.

Remark 2.25. The terms “weakly (strongly)” in the above definition are related to the
convergence of the considered sequences. They should not be confused with the notions of
weak and strong perturbation resilience used in the theory of the superiorization method, see

[17], particularly Definition 9 therein.

The notions of coherence and strong coherence presented next play a fundamental role in

our work here.

Definition 2.26. A sequence {7} },, of self-mapping operators of 7 with the set of common
fixed points F':= N2 FixT, is:

(i) Coherent if for every bounded sequence {zk};io in ‘H, we have

00 |kt k|2
{ > ko Iz Z°|I* < o0 :>917({Z'“}Z°:0) cF

Yoo 1T (zk) —2F||? < 00



(ii) Strongly coherent if for any bounded sequence {zk}zozo in H, we have

k+1 Lk
{ Y L amMT) cF

T (zk) —2F =0

Remark 2.27. Clearly, a strongly coherent sequence of operators is coherent. See Example

3.3 in [5] to verify that this inclusion is proper.

Lemma 2.28. Let § € (0,1] be a fized real number, {\,},—, be a real sequence such that A, €
[0,1] for each k € N and let {T;};—, be a sequence of operators, Ty, : H — H for each k € N.
Then the sequence {Tiy, }rey of Ak-relazations of {T}r,, that is, Ty, = Id+ N\, (T, — Id)
for each k € N, is coherent if and only if {T}},—, is coherent.

Proof. See Proposition 4.5 in [9]. |

Remark 2.29. Algorithm 2.23 has a slightly different formulation in [9], where A\ :=2 — ¢
for each k& € N. Due to Remark 2.7 and Lemma 2.28, the following theorem (presented in [9])

is valid in the case of our adjusted algorithm above as well.

Theorem 2.30. Suppose that {T}.},-, is a coherent sequence of cutters. If N2 FixTy, # 0,
then the sequence defined by Algorithm 2.23 converges weakly to some x € N3 FixTy.

Proof. See Theorem 4.2(i) in [9]. |

The following theorem is a slight extension of Theorem 3.13 in [5]. We prove it here in

the case of strong coherence for the convenience of the reader.

Theorem 2.31. Let I be an arbitrary nonempty index set and let {C;}._; be a family of

i€l
(possibly empty) closed and convex sets in H and let {T}} -, be a sequence of operators,
S :H — H for each k € N. Assume that

C = ﬂieIC'i C F:= sz:OFlXTk (23)

and {1 };-, is an admissible control sequence of subsets of N, that is, for each i € I, there is
an integer M; > 0 such that
i e UMY forallk € N. (2.4)

Finally, suppose that for every i € I, every z € H, every bounded sequence {zk}zozo m M,

10



and every strictly increasing sequence {ng},—, C N, we have

2z
1€ 1, forallk € N
2L 2k 5

T (zk) —2F =0

Then the sequence {T},, is strongly coherent.

Proof. We first show that under the assumptions of the theorem we have for each bounded

sequence {zk}:;o in H,

{ R T peye (2.6)

T (zk) —2F =0

Let {zk}zozo be a bounded sequence in ‘H satisfying

L S N
{ z ¥ — @27)

T (zk) —2F =0

and let z € 0 ({zk};ozo). Then there is a strictly increasing sequence {n};., of natural
numbers such that z™ — z. Suppose that i € I. By (2.4), there is an M; such that the
condition in (2.4) holds for all k£ € N. Therefore, there is a sequence {py},-, in N such that

(VEeN)n, <py <npg+M;,—1 and i € [,.

Without any loss of generality, we may assume that ny.; — n; > M; for each k € N, because
otherwise we can choose a subsequence of {z"}° , with this property. Thus, we can assume

that {py},, is strictly increasing. Moreover,

Pr—1—ng
(Vk € N) 2Pk = Z (2Tt — ) g o, (2.8)

=0

(By definition Zj_:lo (zetitl — pmetd) = (). By (2.7) and due to the finite number of
summands in (2.8), which is at most M;, we obtain zP* — z. By the condition in (2.5) with
respect to the sequence {py},-,, we have z € C;. This is true for each i € I; hence, z € C.
Thus, 20 ({zk};ozo) C C and (2.6) holds. Combining this with (2.3), we see that the sequence

{T}} o, is strongly coherent. Theorem 2.31 is now proved. [ |

11



Remark 2.32. Under the assumptions of Theorem 2.31, if all {T};};~, are cutters then
Theorem 2.30 holds true when applied to {7} },-, and F is replaced by C. See Theorem 2.2.1

and Remark 2.2.4 in [3] in this connection.

Theorem 2.33. Let C' C H be nonempty and closed. Let {Ty}rey, Tk : H — H for each
k € N, be a sequence of nonexpansive operators satisfying C C N FixTy,. Assume that for
each y € " and each q € N, the sequence {Tyyp, - - Ty Ty (y) }o—, converges weakly (strongly)
to an element of C. Let {y,},—, C [0,00) be a sequence such that "> v, < co and let
{yk};ozo C H. Further assume that for each k € N,

g™ =T ()] < e

Then the sequence {yk}zozoconverges weakly (strongly) to an element of C'.
Proof. See Theorems 3.2 and 5.2 in [12]. [
In the sequel we employ the following useful property of a convex and continuous function.

Theorem 2.34. Let the function ¢ : H — R be conver and continuous at the point x € H.
Then the subgradient set O¢ (x) is nonempty.

Proof. See Theorem 16.17(ii) in [10]. |

3 The general bounded regularity and approximately

shrinking operators

In this section we consider the notions of bounded regularity and approximate shrinking
which are needed for establishing the strong convergence of our algorithms.

The property of bounded regularity of a finite family of sets was studied in [8, Section 5]
and [7]. Below we expand its definition to hold for an arbitrary family of sets and show that

such a general boundedly regular family of sets possesses the same properties as a finite one.

Definition 3.1. For a nonempty index set I, the family {C;}, ., of nonempty, closed and
convex subsets of H with nonempty intersection C' is boundedly reqular if for any bounded

sequence {xk}zozo in H, the following implication holds:

lim d(:z:k,C’i) =0 foreachi el = lim d(xk,C’) = 0.
k

k—o00 —00

12



The next proposition provides sufficient conditions for bounded regularity. We recall that
a topological space X is locally compact if each x € X has a compact neighborhood with

respect to the topology inherited from X.

Proposition 3.2. Let {C;},.; be a family of nonempty, closed and convex subsets of H with

a nonempty intersection C'. Then the following assertions hold:

(i) If there is ig € I for which the set C;, is a locally compact topological space (with respect
to the norm topology inherited from H), then the family {C;},., is boundedly regular.

(i1) If H is of finite dimension, then the family {Ci}, ., is boundedly regular.

Proof. (i) Let iy € I be an index for which the set C;, is a locally compact topological
space with respect to the norm topology inherited from H. Let {xk};‘;o C H be a bounded
sequence such that

lim d (z*,C;) =0 for each i € I. (3.1)

k—o0

We need to show that limy_,., d (:U"’, C) = (0. Assume to the contrary that this is not true.
Then, since the sequence {xk};ozo is bounded, we may assume, without any loss of generality,
that limy_ d (2%, C) exists in R,

lim d (z*,C) #0 (3.2)

k—o0

and {xk}:ozo converges weakly to some point x € H, because otherwise there exists a

subsequence {z"}~  of {xk}f:o with these properties. By (3.1), we see that
o — Pe, (2%) = 0. (3.3)

It follows from (3.3) that the sequence {PCiO (z") }ZOZO

hence is bounded. Since C}, is closed and convex, its local compactness implies its bounded

C Cj, also converges weakly to x and

compactness (that is, each closed ball in C;,, with respect to the norm topology inherited

from H, is compact). Therefore, the bounded sequence {Pcl.o (xk)}zoz 0 has a subsequence

k=0
to z. By (3.3), the sequence {xk}zozo also converges strongly to x. Now let ¢ € I and let

which converges strongly to x. Thus, we may assume that {PCiO (xk)} converges strongly

€ > 0 be an arbitrary positive number. Then there exists a ky € N such that ka — x|| <e

for each natural k > kg, and hence, for each ¢ € C;, we obtain, by the triangle inequality,

d(z,C;) <z —c| < ||z — mkH + ka —c| <e+ ka — |, (3.4)

13



for each natural k > kq. Since (3.4) holds for an arbitrary ¢ € C;, we obtain, by (3.1), that
for each natural k£ > ko,
d(l’,Cl) < €+d(a:k,C’z) — E. (35)

The arbitrariness of € along with (3.5) imply that d (z, C;) = 0 and since the set C; is closed,
we have x € C;. It follows that x € C' because 7 € [ is arbitrary. By the continuity of the
distance function,

lim d (z*,C) =d(z,C0) =0

k—o00
which contradicts (3.2).
(ii) Since any closed subset of a finite-dimensional space is locally compact, the result
follows from (3).

This completes the proof of Proposition 3.2. [

Remark 3.3. Note that the local compactness of the set C;, in Proposition 3.2(7) can be
replaced by the bounded compactness, since these properties are equivalent for a closed and

convex subset of a normed linear space.

In the next example we show that the above conditions are sufficient, but not necessary,
for bounded regularity, as well as present an infinite family of nonempty, closed and convex
subsets which is not boundedly regular. For an example of such a finite family, see, for

instance, Example 5.5 in [7].

Example 3.4. Set H := l5. Let {ek}:;o be the sequence of elements in [, defined by

1, ifn=Ek, -
ek = for each n € N. Let C,, := sp{eF},_ for each n € N, where
0, otherwise,

sp denotes the span of a set of vectors and the upper bar denotes the closure. Clearly,
NpenChr = {0} # 0 and for each n € N, we have e* € C, for each natural k& > n. This implies
that limy_, d (ek, Cl-) = 0 for each n € N. However, lim_,, d (e"“‘, C) =1 # 0 and, therefore,
the family {C,},cy is not boundedly regular.

Observe that if we choose C), := sp {e"} for each n € N in the setting of this example, then
by Proposition 3.2, the family {C,}, .y is a boundedly regular family of nonempty, closed
and convex subsets of H with the nonempty intersection N,enC,, := {0} # 0, since each C,, is
a finite-dimensional normed linear space and hence is locally compact.

Note that the local compactness in Proposition 3.2 is a sufficient condition for the bounded
regularity, but not a necessary one. For instance, if we choose in the settings of this example
C, =B (0, (n+ 1)_1) for each n € N, then {C,},.y is a regularly bounded family of

nonempty closed and convex subsets of H with the nonempty intersection N,enC, = {0}, but

for each n € N, (), is not a locally compact subspace of H.
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We also recall the following notion of approximate shrinking which was extensively studied

in [15].

Definition 3.5. A quasi-nonexpansive operator T : H — H is approzimately shrinking if for
each bounded sequence {xk};io in H, the following implication holds:

lim ||T (a:k) — xk"” =0 = limd ([Ek,FiXT) = 0.

k—o00 k—o00

Example 3.6. Given a nonempty, closed and convex subset C' of H, the metric projection Py

onto C' is approximately shrinking (see Example 3.5 in [15]). However, the quasi-nonexpansive

Prrsy (), if x & B(0,2),
operator U : H — H defined by U (z) := 50z (7) _ #5(0.2) for each x € H is
Pm(l’), 1fl’€B(0,2),

not an approximately shrinking one (see Example 3.7 on p. 404 in [15]).

4 The convergence and bounded perturbation resilience
of the GDSA method

In this section we consider a sequence {T (Qk,wk)}]jio, defined below, of nonexpansive
operators, under the assumption of an admissible control, with respect to which Algorithm

2.23 converges to a point in a certain set and is bounded perturbations resilient.

4.1 Notions, notations and initial tools

Throughout the rest of the paper we refer, among other things, to the following setting
defined below. We recall that for an arbitrary sequence of sets {Ax}—,, limsup,_,. Ax :=

Let m be a positive integer. We consider a finite family {U;};", of a;-relaxed firmly

nonexpansive operators, where U; : H — H and «; € (0,2] for each i = 1,2,...,m. By
Theorem 2.11, the operator U; is nonexpansive for each i = 1,2,...,m. Set M := maxgen &
and

p{u;ym, = min {M_l ze{f%mm} (2 — ;) a;?, 1} <1.
Let {qi},o be a bounded sequence of positive integers, {£2;};-, be a family of nonempty
sets such that (2, C {1,2,...,m} {12} That is, 2 is a finite subset of the set of functions
from {1,2,...,q;} to {1,2,...,m} for each k € N. Since the sequence {gi},-, is bounded,
the number of different elements in the family {2}~ is finite. For each k € N and each

t € (2, set Vi [t] := Uy - Un2)Uiy and let wy : 2, — (0,1] be a function such that
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Zte()k wy (t) = 1. For each k € N, define T(g, .,) = Ztefzk wg (t) Vi [t]. Define the set
I :=limsup,_, {T(0,wp) }, that is, I = limsup,_,., Ay, where the sequence of sets {4},
is defined by singletones, Ay := {T(0, w,)}. Define a family of sets {Cr},; by Cr := FixT
for each T' € I. Set F := M2 FixT(g, «,) and C := Npc;Cr. For each k € N, we say that a
set (2 is fit if

Uten, Imt = {1,2,...,m},

where Im ¢ denotes the image of the mapping t.

Remark 4.1. The operators T{g, .,), defined above, are “string-averaging operators” as first
introduced in [19] and further studied in various forms and settings, see, for instance, Example
5.21 in [10], [27] and [28], to name but a few. In those and other papers, the index vector ¢ is
called “a string”, the composite operator Vj [t] is called “a string operator” and wy, are called
“weight functions”.

We introduce the following definition of lim sup-admissibility of sequences of operators.

Definition 4.2. We say that a sequence {1}, },-  of operators, Ty, : H — H for each k € N, is
lim sup-admissible, if {T;},~, C limsup,_, ., {T}} and for each T" € limsup,_,., {7}, there is
an integer My > 0 such that T € Uf;zh_l {T(Qmwn)} for all £k € N.

Remark 4.3. Clearly, for each kg € N, limsup,_,. {7k} = limsup,_, . {Tk,+r} and if a
sequence {7}, of operators is lim sup-admissible, then the sequence {7k, 1k} 4o 1 lim sup-

admissible. We use this observation in the sequel.

Remark 4.4. Observe that if, in the above setting, we require the sequence {wy},, to
attain a finite number of values, then the sequence {T(_Qk,wk)}zozo will also attain a finite
number of values. Thus, in order to ensure the existence of ky € N such that the sequence

o

{T( Duy sk 1) }k:O is lim sup-admissible, we only need to require the existence of an integer

My > 0, for each T' € I, such that T' € UZikMTfl {T(Qn’wn)} for all £ € N.

4.2 The convergent and bounded perturbation resilient GDSA
method

In this subsection we present several lemmata leading to our main result (Theorem 4.8
below) that gives conditions under which the GDSA method converges and is bounded
perturbations resilient. All notions and notations are those presented in Subsection 4.1 above.

We consider the following algorithm which is actually Algorithm 2.23 with respect to the

operators { T(Qmwk)};io which were defined in the settings of the previous subsection.
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Algorithm 4.5 (The General Dynamic String-Averaging (GDSA) algorithm). Given e € (0, 1],

2° € H and a sequence {T(Qmwk)};io of operators, the algorithm is defined by the recurrence
=2 A (Tl (27) = 2%),

where A\ € [6, L+ pym, — 5] for each k € N.
Next we show that under lim sup-admissibility Algorithm 4.5 is strongly coherent.

Lemma 4.6. Assume that {T(Qk,wk)}zio 18 lim sup-admissible and let xo € H. Then C = F

and the sequence generated by Algorithm 4.5 is strongly coherent and hence coherent.

Proof. Definitely, C' = F. Define a sequence {I;,},_, of singletons of the elements from the
set I by I, := {T(owy} for each k € N. Since for each k € N and each T € I, we have
T = T, wn) for some m € {k,k+1,... k+ Mp — 1}, it follows that each T € I satisfies
T e Uflf,:hflfn for all £ € N. Now assume that T € I, let z € H, let {zk’};ozo be a bounded

sequence in H, satisfying
=28 — 0 and Tig, ) (7%) — 2% =0, (4.1)

and let {n;},-, be a strictly increasing sequence of natural numbers such that z™ — z € H
and T" € I,, for all £ € N. Clearly, T(Q ony) = T for all £ € N. By (4.1), we have
nk7 n

k
T (z") — z™ — 0 and since 2™ — z, it follows from the weak regularity of the operator T
(see Theorem 2.10, Theorem 2.11, Remark 2.3 and Lemma 2.19 above) that z € FixT = Cr.
This yields that the condition in (2.5) holds. Thus, the sequence {T(kawk)}iio is strongly

coherent by Theorem 2.31 and hence coherent. This completes the proof of the lemma. M
The next result tells about the Ai-relaxation of T(o, ).

Lemma 4.7. Let {\;},-, be a sequence of real numbers such that Ay € [5, L+ poym, — 6}
for each k € N, where € > 0. Then there exists a sequence {Sy},., of firmly nonezpansive
operators, Sy : H — H for each k € N, such that T, w)x,, the Ag-relazation of Tig, u,),
satisfies

Tiopewne = 1d+ 20, (1+ pogr )~ (S, — 1d), (4.2)

where
e (Ut o) € 2 (Ut o) 222 (bpage) ] (4

for each k € N. Consequently, the operator T(g, won, i (1+ prugm, — i) A, -firmly nonea-

pansive and, in particular, nonexpansive for each k € N.
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Proof. By the definition of {\;};-,, (4.3) holds. Define a sequence {Si},-, of operators by
Sp=1d+27" (14 pruym,) (Tigw,) — 1d) (4.4)

for each £ € N. Set p := minjc(12,. m) (2—0(,-)04;1. By Theorem 2.12, U; is p-firmly
nonexpansive for each i = 1,2,...,m. By Corollary 2.17 (i), for each k € N, the operator
Vi (t) is pgu,yr -firmly nonexpansive for each ¢ € (2. As a result, by Corollary 2.17(7), T(q, uy)
is pqu,ym, -firmly nonexpansive for each & € N and by Corollary 2.13 and by (4.4), Sk is firmly

nonexpansive for each £ € N. Now T{g, ., )», satisfies

k
Tion e = Id+ A (Tiopop) — Id) = Id+ 20, (1 + proye )~ (Sg — 1d) (4.5)

for each k € N, so (4.2) holds. Hence, by (4.5) and (4.3), T(g, won, 1S & 2, (1 + p{Ui}g;l)fl-
relaxed firmly nonexpansive operator for each £ € N. By Theorem 2.12, Ti, w,)a, 1S
(1 + pugym, — )\k) )\,gl—ﬁrmly nonexpansive and, in particular, nonexpansive for each k£ € N,

and the lemma is proved. [ |

The next theorem is the main result of this paper. It gives conditions under which our
GDSA algorithm converges and is a bounded perturbations resilient method. Analogous
results in a somewhat more general framework for the consistent case were presented in [29],
where assumptions of a similar nature were made on the input operators of a certain procedure.
This was possible due to the existence of a common fixed point of those input operators. Since
in this work we consider the inconsistent case, we need to rely on the assumptions regarding

the output operators of our GDSA procedure.

Theorem 4.8. Assume that C' # () and that the sequence {T(Qk7wk)};io is lim sup-admissible.
Let {\y} ooy be a sequence of real numbers such that A € [5, L+ puym, — 8] for each k € N,
where € > 0, and let 2° € H. Suppose that {xk}zozo 1s a sequence generated by Algorithm 4.5

with respect to the sequence {\y}r—,. Then the following assertions hold:
(i) The sequence {xk}?:o converges weakly to a point x € C.

(ii) The sequence{xk}zozo 1s Fejér monotone with respect to C, namely,
e = 2| < [la* = 2l — e (1+ proay, ) | (@ = M)

for each k € N, and, as a result, H:Ck+1 — :CkH — 0.

(ii) If each T € I is approximately shrinking and the family {Cr}, ., is boundedly regular,

then {xk}ZO:O converges strongly to a point x € C'.
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(iv) The sequence{xk}zc;o is weakly (strongly, if the convergence in (1) is strong) bounded

perturbations resilient with respect to C.

Proof. (i) By Lemma 4.6, F = C # () and the sequence {T(Qk,wk)};io is strongly coherent.
By Lemma 4.7, there exists a sequence { Sy}, of firmly nonexpansive operators, Sy : H — H
for each k € N, such that (4.2) and (4.3) hold for each k € N. Hence the sequence {Sj},-, is
also strongly coherent. Now we apply (4.2), (4.3), Remark 2.7, Theorem 2.10 and Theorem
2.30 to deduce that the sequence {xk}zozo, generated by Algorithm 4.5, with respect to the
sequence { A}, C [5, L+ pwym, — 5} converges weakly to a point z € C.

(11) Let k € N be a natural number and z € C. By the definition of {xk’};ozo, Remark 2.7,
since C' C FixT (g, w2, and since (by Lemma 4.7) T, wo)a, 18 (1 + poym, — )\k) A HHfirmly

nonexpansive operator (and in particular, a nonexpansive one), we have

||33/LCH - 2H2 - HT(QkM)/\k (xk) — T, wk)/\k’ZH2 < ka - ZH2
- (1 + p{U,}Z’il - )\k) ! || 37 - Tﬂk Wi )\k || (46)
<o = 2" = e (14 pyz, —2) I w’““ -

As a result, {:ck}:ozo is Fejér monotone with respect to C. Since the real sequence
{ka - 2H2 " is monotone decreasing and bounded from below by 0, it converges and (4.6)
now implies that |2* = ]| — 0.

(iii) Assume that each T' € I is approximately shrinking and that the family Npe;Cr is
boundedly regular. Let 7" € I. Clearly, there is a sequence {l;},-, C {0,1,..., My — 1} such
that T = T( for each k € N. Then,

gty ,wk+z,€)

gt (T (2FF0) = gF ) = Ty | () — e = ghbrt e

K+l
for each k£ € N. This, combined with (4) implies, in its turn (since

{ Nkt b oo C [5, L+ poym, — 8} ), that limy_, HT (x’““’“) — gt H = 0. Since T' is approxi-
mately shrinking and the sequence {xk“k }ZO:O is bounded (because it is weakly convergent by
(1)), it follows that

Jim d (", Cr) = 0. (4.7)
Now for each k € N,
d (8, Cp) < ||2* = 2545 + d (2, Cr) (4.8)
and
lk—l lk—l
ka o kak” — Z okt kil < Z ka+z _ xk+i+1H (49)
i=0 i=0
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(By definition >°;, ||a**? — 2*+7*1|| := 0). Combining (4.7), (4.8) and (4.9) with (i), we get,
due to the finite number of summands in (4.9), limg_, d (:L‘k , CT) = 0. Now the bounded
regularity of the family {Cr},.; implies that limj_ d (z*,C) = 0. By (ii) and Theorem
2.22, the sequence {xk}?:o converges strongly to a point x € C.

(i) Clearly, 2" = T(q, w», (z¥) for each k € N. Consider bounded perturbations by
letting {0k}, be a sequence of positive real numbers such that Y ;- fr < co and letting
{v*}2°, be a bounded sequence in H. Assume that y° € H and consider the sequence {yk’};ozo
generated by the iterative process y* ! := T, wr. (V¥ + Bkv"). Suppose that ¢ € Nand y € H
are arbitrary. For each k € N, set v, := [ ||ka € [0,00), A}, == Ayt € [5, L+ pwgr, — 5},

is lim sup-

2, = 2, and wj, = wyk. Since by Remark 4.3, the sequence {T (
k=0

2 ,w;)
admissible and

C=n

T Telimsupy_, o {T(_kak)

}CT:ﬂ }CT,

Tehmsupk_,oo{T(Q;cywz)

it follows from (i) that the sequence {x’k}zozo generated by Algorithm 4.5 with respect to

the sequences {\,},-, and {T( a2 w;c)} , where 2% = y, converges weakly to a point 2’ € C.
’ k=0

Then, for each k € N, we have

k+1
o= T(QL,wZ)AL N .T(Qi,wi)/\’lT(%ﬂwé)% (v) = T(Qq+k,wq+k))‘q+k Tt wesren L @gwang (9)

and hence the sequence {T( Qusrionii)ar T2y i1 wer )M grr L0 w)rg (U) }k:O converges weakly
to an element of C for any arbitrary y € H. Since for each k € N, the operator T(g, w,)x, 1S

nonexpansive, by Lemma 4.7, we obtain

Hka — T wn)M (yk) H = HT(Qkawk))\k (yk + ﬁkvk) — T i) (yk) ” < B Hka = Tk-

We have,
ﬂzO:OFiXT(Qk’wk))\k = ﬂzo:OFiXT(_Qk’wk) =C

by Remark 2.7 and since the sequence {T(_Qk’wk)}:ozo is lim sup-admissible. Observe that
> heo Yk < 0o because the sequence {vF}7°, is bounded. We now deduce from Theorem
2.33 that the sequence {yk}iozo converges weakly to an element of C' as well, proving that
the sequence {xk}ZO:O is weakly bounded perturbations resilient with respect to C'. If the
convergence of {:c"‘}zozo is strong, then, again by Theorem 2.33, {xk}zozo is strongly bounded

perturbations resilient with respect to C'. This completes the proof of the theorem. [ |

Remark 4.9.
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(a) If there exists a kg € N such that the sequence {T( Qe 0on +k)} is lim sup-admissible,
0+k:Wko k=0

then by Remark 4.3, the statements of Theorem 4.8 remain true with the only following

change in (7i), wherein the sequence {x;}.;”, (instead of {azk};ozo) is Fejér monotone

with respect to C, namely,
o = 2|* < [l = 2" = e (L4 oy, —2) 7 (@ =)

for each each natural k& > k.

(b) In particular, if U; is a 2 (M + 1) "-relaxed firmly nonexpansive (that is, M-firmly
nonexpansive by Theorem 2.12) operator for each i = 1,2,...,m, then pgym =1
and A\ € [g,2 — ¢] for each k£ € N. If U; is a nonexpansive (that is, 2-relaxed firmly
nonexpansive by Corollary 2.13) for each i = 1,2,...,m, then pyym = 0 and A\ €
[e,1 —¢] for each k € N.

(c) If the space H is of a finite dimension, then the convergence in (i) is strong.

Example 4.10. Let ¢ > 0 be a real number. For all £ € N, set ¢, = 1, (% =
{1,2,...,m} 120} and wy, == w for a fixed @ : {1,2,...,m} I2at — (0,1]. Clearly,
for each i € {1,2,...,m}, there is a unique string ¢ € {1,2,...,m} {4%%} such that
t' (1) = 4. Hence we can define the mapping w : {1,2,...,m} — {1,2,...,m} 12a} by
w; = w (t') for each i € {1,2,...,m}. In this case Algorithm 4.5 with the above provisions

provides a fully-simultaneous method, that is,

T(Qk’wk) = Z w(t) Ut(l) = Zw (tl) Uti(]_) = szUZ (410)

e i=1 i=1
for each k € N, and C = F = Fix> " wU;. We see from (4.10) that the sequence
{T (Qk,wk)};io is lim sup-admissible. Hence, under the assumption that Fix> " w;U; # 0
we obtain, by Theorem 4.8, the weak convergence of this fully-simultaneous method, with
parameters {\;},—, C [e, L+ puam, — 6}, to a point in C. In particular, when U; = Fg,,
where C; is a nonempty, closed and convex subset of H for each i = 1,2,...,m , we obtain

the well-known simultaneous projection method, see, for example, [13, Subsection 5.4]. In
this case py,y» = 1 (by Example 2.20 and Remark 4.9(b)), I = {3, w;Pc;} and

C=F= FiXZWiPCi = Argminf (z), (4.11)

i—1 z€H
where f: H — R is a, so called, proximity function defined by f := 273", w; || Pe, — Id|’.
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For the proof of the last equality in (4.11), see, for instance, Theorem 4.4.6 in [13]. By
Theorem 4.8(7), the simultaneous projection method with parameters {A;},—, C [¢,2 — €]

converges weakly to a point in Argminf (z). If, in addition, the operator > ", w;Pc, is
reH
approximately shrinking, then (since the family {Cr},., = {C} is boundedly regular), this

convergence is strong by Theorem 4.8 (7i).

5 Application of the GDSA method to the Superioriza-
tion Methodology

In this section we introduce the superiorized version of Algorithm 4.5 with respect

to a convex and continuous objective function ¢ : H — R and sequences {T(kak)}oo

n=0
and { ¢}, C [5, L+ pwym, — 8}, where € > 0, defined in Section 4. We investigate its
convergence properties in the framework of the Superiorization Methodology. This provides a
generalization of Algorithm 4.1, presented in [23] and applies to the results below concerning

the behavior of the superiorized version of Algorithm 4.5.

5.1 A few words about the Superiorization Methodology

In this subsection we recall the brief description of the superiorization methodology
(SM), quoted from the preface to the 2017 special issue [20] on “Superiorization: Theory
and Applications”. “The superiorization methodology is used for improving the efficacy of
iterative algorithms whose convergence is resilient to certain kinds of perturbations. Such
perturbations are designed to “force” the perturbed algorithm to produce more useful results
for the intended application than the ones that are produced by the original iterative algorithm.
The perturbed algorithm is called the “superiorized version” of the original unperturbed
algorithm. If the original algorithm is computationally efficient and useful in terms of the
application at hand and if the perturbations are simple and not expensive to calculate, then
the advantage of this method is that, for essentially the computational cost of the original
algorithm, we are able to get something more desirable by steering its iterates according to the
designed perturbations. This is a very general principle that has been used successfully in some
important practical applications, especially for inverse problems such as image reconstruction
from projections, intensity-modulated radiation therapy and nondestructive testing, and
awaits to be implemented and tested in additional fields.”

Further information and references on the SM can be found in papers listed in the

bibliographic collection on the dedicated Webpage [16]. For recent works that include
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introductory material on the SM see, for example, [18], [25], [26] and [30].

5.2 The superiorized version of the GDSA algorithm

In Subsection 4.1 we defined I := limsup;_,., {T(2, ) } and the family {C7},; with the
intersection C' := Npe;Cr. Let ¢ : H — R be a convex and continuous real valued objective

function. Define the constrained minimum set by
Chin := Argmin{¢ (z) | z € C}.

Algorithm 5.1. [The superiorized version of the GDSA algorithm] Given y° € H, a sequence

{Ni}i, of positive integers, a sequence {\}re, of positive numbers and a family of positive

real sequences {{Bkn}ﬁffl} such that 250 SN B < 00, the algorithm is defined by the
=) k=0

recurrences

Ny,
R PRy (Tmm (y -3 bt )—y’“—Zﬁk,nv’“’”>
n=1

n=1

wherein
~1 . n ;
ot . )T HSIMLH stn,if 0 ¢ 0¢ (yk + 30 Brav® ) 5 (5.1)
0, if 0€9¢ (y*+ Y1, Briv™),
for each k € N and each n = 0,1,...,N, — 1, where s*™ is a selection of the subgra-

dient O¢ (yk—i-zyzl ﬁkzvl”) (which exists by Theorem 2.34) for each k € N and each
n=0,1,..., Ny — 1 (recalling that, by definition, Z?:1 Brivi:=0).

It is true that, under the assumptions of Theorem 4.8, where, in particular, {\;};-, C
[5, L+ pwym, — 5] for € > 0, the sequence {yk}zozo, generated by Algorithm 5.1 with respect
to the sequence {A\},-,, satisfies Statements (7) and (4i) of Theorem 4.8. Indeed, define
a sequence { Sy}, of positive real numbers by 0 < [, := ZnNi1 Bi.n for each k € N. Then,
Y reo Br < 00 and we have

N
Y = T won (y + Z Bent® ) T2y o)A (yk +BY) 5k,nﬁk_lvk’n> : (5.2)
n=1

It follows, by the triangle inequality and (5.1) that

Ny,
< BB =1,
n=1
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that is, the sequence {Zﬁfil ﬁk,nﬁk_lvkm}:;o is bounded in ‘H. By using Theorem 4.8 (iv) and
(5.2), we obtain the following corollary.

Corollary 5.2. Let y° € H. Assume that the sequence {T(wak)}:io 1s lim sup-admassible
and C' # 0. Let {\,}re, be a sequence of real numbers such that A, € [5, L+ pwym, — 5] for
each k € N, where € > 0. Then the sequence {yk}Zo:O generated by Algorithm 5.1 converges
weakly to a point y € C. If, in addition, each T' € I is approzimately shrinking and the family
{Cr}re; is boundedly regular, then {yk}zozo converges strongly to a point y € C.

It turns out that if the sequence {yk}zozo, generated by Algorithm 5.1, converges strongly
to a point y € H, then the sequence {y’“}:o:ko is strictly Fejér monotone with respect to Clyy

for some ky € N. In order to show this, we need the following auxiliary lemma.

Lemma 5.3. For an arbitrary nonempty subset C' of H and y,z € C such that z €
Argmin ¢ (x) and y ¢ Argmin, ¢ (z), there exist real numbers r1 > 0 and ro > 0 so

that for eachy € B (y,r1) and v € 0¢ (y), the following assertions are satisfied:

(i) 0 & 00 (y) and for each Z € B (z,713)

(o™ v,z =7) <. (5.3)

(i) We have
(ol ™ v,z =7) < =27 (5.4)

(iii) Let p be a nonnegative integer. Assume that {a,}'_, is a sequence of positive real
numbers such that >F _ a, < 27'ry and {v"}_, C H\ {0} is a sequence such that v" €
¢ <§ Sl [of]| " vi> for each n = 1,2,...,p. If, in addition, y € B (y,27'r),

then

2 P

<Ny ==l = (2 — an) (5.5)

n=1

p
J— > an "I " =z
n=1

(by definition S0 _ au, [0 0™ i= 320 (ry — a) ay, := 0).

Proof. Since z € Argmin, ¢ () and y ¢ Argmin, ¢ (z), we observe that ¢ (y) —¢ (z) > 0.
By the continuity of ¢, there exist ;1 > 0 and ry > 0 such that

¢ (@) —¢(z) >0, (5.6)

for each 7 € B (y,r1) and Z € B (z,12). Let § € B (y,r1) and v € 0¢ (7).
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(i) In view of (5.6) and (2.1), we have for each Z € B (z,13),
(v,Z—7) <O.

It follows that v # 0 and (5.3) holds. Since v is an arbitrary element of d¢ (7)), it follows that

0 ¢ 09 (y).
(i) Set Z := z 4+ 27y ||v|| "' v. Then zZ € B(z,73) and by (5.3),

(ol vz + 27 2 ol o =) = (ol 0,7 = 7) <0

and (5.4) follows.
(iii) Assume that 7 € B (y,2~'r;). Since 37~} a,, < 27|, we obtain

p—1
(y—E:%JWW*W>€ZN%m% (5.7
n=1
It is true that,
p—1
v%ﬁ¢@—zhﬂwu%ﬂ. (5.8)
n=1
The proof of (5.5) is by induction on p. Clearly, (5.5) is true for p = 0. Assume that p > 0.

Then by the induction hypothesis, (5.7), (5.8) and (1) above,

2 2

p—1
= 7= anllo™ ™ 0" = ap 0?7 0P —
n=1

p
g— > """ =z
n=1

2

p—1
=[7=Y ol 0" - 2
n=1

p—1
420, <nvpu1vp,z . (y— $ o o7 )> b
n=1

p—1
<|7—z|* - Z (rg — an) ayy — s + ozf,
n=1
p
= g—z1" =D (ra— an) an.
n=1
Lemma 5.3 is now proved. |

The following “theorem of alternatives” provides a more general analogue of Theorem 4.1

in [23] in the setting of our superiorized version of the GDSA algorithm.
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Theorem 5.4. Let y° € H and assume that the sequence {yk};zozo, generated by Algorithm 5.1
with respect to the sequence {\g}pe, C [5, L+ puym, — 5} , where € > 0, converges strongly

to a point y € C. Then exactly one of the following two alternatives holds:

(Z) Yy € Cmin-
or

(ii) y & Chin and there exists kg € N such that {yk}zozko 15 strictly Fejér monotone with
respect to Cui. Namely, there exists a sequence {uk}f:ko of positive real numbers such
that Hyk“ — 2H2 < Hy"’ — 2H2 — uy, for every z € Chn and for all natural k > k.

Proof. Assume that {yk}ZO:O converges strongly to a point y € Cu,. Then, y € C by
Corollary 5.2 and y ¢ Argmin, .~¢ (x). Assume that z € Cyn. By Lemma 5.3, there exist
real numbers r; > 0 and ry > 0 such that each 7 € B(y,r;) and v € 0¢ (y) satisfy its
assertions. By using the strong convergence of {yk}zozo to y and the convergence of the series
Yoo ZnNL Bk.n, choose ky € N such that

y* € B (y,27'r) (5.9)
and
Ny,
> Brm < min {27, 7o} (5.10)
n=1

for each integer k > kq. This yields, for each k > ko,
n—1
'+ Z Briv™ € B (y,r1)
i=1
for each n =1,2,..., N, and, consequently, by Lemma 5.3(1),
n—1
0 ¢ d¢ (yk +> ﬁk,w’“) (5.11)

i=1

for each n =1,2,..., Ni. Let k > k¢ be an integer. By (5.1) and (5.11),
oPm — Hsk,n—lll_l Sk,n—l, (5'12>
where

n—1
sPml e Og (yk + Zﬁk7ivk’i> , (5.13)
i=1
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for each n = 1,2,...,N,. Set p := N, and § = 3"

n = Brn > 0 and v" := P71 Then, by (5.9), (5.10), (5.11), (5.12) and (5.13), ¥ €
B(y,27'r1), 3P ap, < 270y, {omY_ € H\ {0} and v" € 9¢ (@— Sy I~ Ui) for

eachn =1,2,...,p. Since the operator T{ g, «,)»,, the Ay-relaxation of T(q, «,), is nonexpansive,

For each n = 1,2,...,p, define

by Lemma 4.7, we obtain from Lemma 5.3(%i1), that

2 2

N Ny
9" = 2| = || Tt oo (yk +) ﬁk,nv’“’”> — 2| <[yt 4D Bt — 2
n=1 n=1
p 2 p
= ?—Z%H%H_lvn—z < ||y_z||2_2(r2_an)an
n=1 n=1
L
= Hyk - ZH - Z (7”2 - ﬁkm) 5k,n-
n=1

Now set uy := ij’“l (ro — Br.n) Br.n for each natural k > k. Then since Zgil Brn < T2, by

(5.10), the result follows and the proof of the theorem is complete. |

Remark 5.5. Note that we do not assume any admissibility condition on the sequence of
operators {T(Qk7wk)}:>:0 in Theorem 5.4.

Combining Theorem 5.4 with Corollary 5.2, we obtain the following corollary.

Corollary 5.6. Let y° € H and assume that the sequence {T(_Qk,wk)}:):o 15 lim sup-admissible.
Suppose also that each T' € I is approzimately shrinking and the family {Cr} o, is boundedly
reqular. Then the sequence {yk}zozo generated by Algorithm 5.1 with respect to the sequence
{ Mo, C [6, L+ puym, — 8} , where € > 0, converges strongly to a point y € C and exactly

one of the following two alternatives holds:

(7’) Yy € C'min
or

(i1) y & Cuin and there exists kg € N such that {yk}zozko 18 strictly Fejér monotone with
respect to Ci. Namely, there exists a sequence {uk}zo:ko of positive real numbers such

that for every z € Cuin, |[yFT — 2H2 < Hyk — ZH2 — uy, for all natural k > k.

6 Conclusion

In this paper we proposed and investigated a General Dynamic String-Averaging (GDSA)

iterative scheme in the inconsistent case. The main tool is the property called “strong
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coherence” which serves as a sufficient condition for convergence of iterative schemes governed
by infinite sequences of operators. The GDSA algorithm is bounded perturbation resilient and,
as such, we applied to it the superiorization methodology and derived for the superiorized
version of the GDSA algorithm a “theorem of alternatives” proving strict Fejér monotonicity

with respect to the minimum set of the underlying constrained minimization problem data.
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