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Abstract

Implied-integer detection is a well-known presolving technique that is used by many
Mixed-Integer Linear Programming solvers. Informally, a variable is said to be implied inte-
ger if its integrality is enforced implicitly by integrality of other variables and the constraints
of a problem. In this work we formalize the definition of implied integrality by taking a poly-
hedral perspective. Our main result characterizes implied integrality as occurring when a
subset of integer variables is fixed to integer values and the polyhedron on the remaining
variables is integral. While integral polyhedra are well-understood theoretically, existing
detection methods infer implied integrality only for one variable at a time. We introduce
new detection methods based on the detection of integral polyhedra, extending existing
techniques to multiple variables. Additionally, we discuss the computational complexity of
recognizing implied integers. We conduct experiments using a new detection method that
uses totally unimodular submatrices to identify implied integrality. For the MIPLIB 2017
collection dataset our results indicate that, on average, 18.8 % of the variables are classified
as implied integer after presolving, compared to just 3.3 % identified by state-of-the-art tech-
niques. Moreover, we are able to reduce the average percentage of variables whose integrality
needs to be enforced after presolving from 70.2% to 59.0%.

Keywords: mixed-integer linear programming, implied integers, integral polyhedra, total unimodular-
ity, presolving

1 Introduction

In order to solve practical Mixed-Integer Linear Programming (MILP) problems, many solvers apply a
presolve procedure to the given model with the aim of reducing its the size, to strengthen the linear
programming (LP) relaxation and to infer additional information that can be exploited further during
execution of a branch-and-bound algorithm [36]. This work is motivated by the technique of implied
integers, which falls under the latter category of presolving methods.

In previous works, most notably by Achterberg, Bixby, Gu, Rothberg and Weninger [2, 3|, there
exist multiple definitions of implied integrality. In [2], a continuous variable was considered to be implied
integer if it can only take integer values in any feasible solution. In the journal version [3]| of the same
article, the authors consider a set of continuous variables to be implied integer if the existence of an
optimal solution for a MIP implies an optimal solution for which these variables take integral values.

Both definition lack an indication of which integer variables cause this implication. Before providing
a more rigorous definition based on a polyhedral point of view we introduce useful notation.

We consider an MILP problem given by a polyhedron P = {z € RY | Az < b}, where A € RM*¥
and b € RM for index sets M and N, and a set I C N of variables x; that are required to be integral.


https://orcid.org/0000-0002-5941-3016
https://orcid.org/0000-0002-6615-5983

For any S C N, we use MI° := {z € RY | z; € Z Vi € S} to denote the corresponding mixed-integer set.
For J C M and S C N, we use A5 to denote the |J| X |S| submatrix of A induced by I and J. If J
or S is x then this shall indicate all rows or columns, respectively. Additionally, we shall use O and 1
to represent the vectors whose entries are all zeros and ones, respectively. Finally, by R>o and Z>¢ we
denote the nonnegative reals and integers, respectively.

Now, let us define implied integrality.

Definition 1.1 (implied integrality). Let P C RY be a rational polyhedron and let S,T C N. We say
that @ is implied integer by xg for P if conv(P NMI®) = conv(P N MI®YT) holds. If S = 0, we also
say that zr is implied integer and that P is T-integral. Furthermore, we say that S are the implying
variables and T are the implied variables.

Definition 1.1 differs from the previously proposed definitions [3]. It is more general since the implied
set T is not necessarily restricted to continuous variables, and since T' can be of arbitrary size, rather
than just a single-variable set. However, Definition 1.1 is independent of the objective function. In
Section 5 we consider local implied integrality, which takes the objective into account.

Note that Definition 1.1 for S = @ and T = N is equivalent to the usual definition of integral
polyhedra, such as in [45, Chapter 16]. Next, we briefly review a few concepts related to integral
polyhedra; for more detailed definitions and explanations, we refer to [45, Chapter 16]. For a set
X C RY, the recession cone rec(X) == {y € RY | z + Ay € XVz € X V) > 0} indicates the directions
in which X is unbounded. The lineality space lineal(X) := {y € rec(X) | —y € rec(X)} is the largest
linear subspace contained in X. Moreover, for two sets X,Y C RY, we denote the Minkowski sum by
X+Y ={z+y|z € X, y € Y}. A polyhedron P is rational if there exist rational A € Q™*™ and b € Q™
such that P = {& € R™ | Az < b} holds. A polyhedron P is said to be pointed if lineal(P) = {O} holds,
which is equivalent to P having (0-dimensional) vertices as its minimal faces. A rational polyhedron
P C RY is said to be integral if P = conv(P N Z") holds. Note that we require rationality of P, as
otherwise conv(P N Z") may not be a polyhedron. A fundamental theorem by Meyer [40] shows that
if P is a rational polyhedron then conv(P NMI') is a rational polyhedron with the same recession cone
unless it is empty.

Proposition 1.2 (Meyer [40]; see also Theorem 16.1 in [45]). Let P C RY be a rational polyhedron.
For any I C N, conv(P N M]II) s a rational polyhedron and, if non-empty, has the same recession cone
as P.

From a practical point of view, rationality is not a limitation and hence we focus on rational polyhe-
dra. There are many known classes of integral polyhedra, such as those generated by totally unimodular
matrices [31], k-regular matrices [6], balanced matrices [10] or independence polytopes of intersections
of matroids [23].

1.1 Related work

Implied integrality can also be interpreted as a method to reduce the number of necessary integrality
constraints, which has been explored in prior research. In [43]|, Paat, Schloter and Weismantel show
lower bounds on the number of necessary integrality constraints for integer programs after reformulation
as a mixed-integer program for integer programs with bounded subdeterminants. Bader, Hildebrand,
Weismantel and Zenklusen [7] introduce the notion of an affine TU decomposition, which decomposes a
constraint matrix A € Z™*" as A = A+ UW, such that [AT WT] is totally unimodular and U € Z™**
holds. If an integer program admits such an affine TU decomposition then it can be reformulated as
a mixed-integer program with only k integrality constraints. Together with Hupp, the same authors
also describe specific affine TU decompositions for several families of integer programs, including the
resource-constrained bipartite matching problem and the master knapsack problem [33]. For the two-
stage stochastic bipartite b-matching problem, Hupp [33] evaluates several reformulations based on affine
TU decompositions, and shows that, in general, reformulation using affine TU decompositions is helpful
and leads to smaller root gaps and reduced solution times. In [21, Chapter 3], de Kruijff considers lot-
sizing and production planning models and investigates whether the inclusion of integrality constraints



for inventory variables is helpful. De Kruijff proposes a dynamic method that decides, based on the
root LP solution, whether or not to include integrality constraints. In simplified terms, their algorithm
decides to include integrality constraints for variables if their value in the root LP solution is relatively
small. De Kruijff also recommends to investigate the phenomenon of implied integrality more generally.

Implied integers are used in state-of-the-art MILP solvers such as SCIP [13], HiGHS [32] and
Gurobi [3]. In contrast to the theoretical results for integral polyhedra, the detection of implied in-
tegers for general mixed-integer programming solvers received little attention in the literature. To the
best of our knowledge, it has only been investigated in [3], and received a quick mention in Achterberg’s
thesis [1, Section 14.5.1]. In [3] a primal and a dual detection method are presented, and the compu-
tational impact of enabling implied integer detection for the Gurobi solver is highlighted. We illustrate
the primal and dual detection method from [3] in Example 1.3 and Example 1.4.

Example 1.3 (Primal detection). We consider a mized-integer program that has the constraint ax +
by + z = ¢ for a,b,c € Z with integer variables x,y € Z. After fizing x = T and y = y for arbitrary
integer values T,y, we can infer that z = ¢ — aZ — by must be integral. Since this holds for any choice of
integral Z,qy, we can freely choose to omit or enforce the constraint z € Z.

Example 1.4 (Dual detection). Consider the following mized-integer program:

mazimize 10z + 10y + 2 (1a)
s.t. 3r+2y+2<4 (1b)
r+3y—2<3 (1c)

z2>0 (1d)

x,Y € Z>o (1e)

Assume that © and y are fized to integral values T and g, respectively. Then the remaining linear program
that mazimizes z only has integral bounds for the single variable z, since 4 — 3% — 2y and 3 —3y — T and
0 are integral. This implies that an optimal solution with integral z exists. Thus, one can freely choose
to omit or enforce the constraint z € 7. Alternatively, one could use complementary slackness to argue
that one of the inequalities (1b), (1c) or (1d) must hold with equality in an optimal solution, and use
the same argument as for the primal detection method to infer that z is implied integer.

By using z € Z, stronger cutting planes can be derived. The initial solution of the LP relaxation of
(1) is (x*,y*,2") = (g, %,0) with objective # ~ 15.71. The Gomory-Mized-Integer cut [28] from the
Simplex tableau for variable y is given by 21z + 49y < 43 4 33z. Adding this cut to (1) and optimizing
the LP relazation yields (z7,y7,27) = (%, 1, %), which has objective value 15.5. The Gomory-Mized-
Integer cut that additionally exploits the integrality of z is given by 21x 4+ 49y < 43 4+ 19z and has a
stronger coefficient for z. In particular, one can easily verify that (x3,y7,21) is not feasible for this
stronger cut. Resolving the LP relaxzation in (1) augmented with this stronger cut yields the solution

(z3,93,25) = (0, %, %), which has an objective value of approximately 14.94.

The main benefit of implied integers is that the integrality of a variable can be used during the solution
process without having to explicitly enforce its integrality. Implied integer variables that are continuous
variables in the original model may be used in branching and can use integrality to derive stronger
coefficients in cutting planes, which is highlighted in Example 1.4. Moreover, new classes of cutting
planes that require rows with integer variables only may become usable. Furthermore, propagation
techniques and conflict analysis can infer stronger bounds by using the detected integrality. For implied
integer variables that are integer variables in the original model it is not necessary to enforce their
integrality during branch-and-bound, which can reduce the size of branch-and-bound tree. This can be
particularly useful in primal heuristics that successively solve linear programs and fix variables, such as
diving methods or local-neighborhood search methods, to limit the number of branching candidates that
are to be fixed or explored. Additionally, dual presolving techniques that work only on the continuous
variables, such as fixing by complementary slackness [2, section 7.5], may become available for the
implied integer variables. One result from [3] is that enabling implied integers reduces Gurobi’s total
solve time by 13 % and the total node count by 18 % on average over all models in their testset that take



longer than 10s to solve. Compared to the other presolving methods tested in [3], this is a significant
reduction and highlights that implied integer detection is one of the most impactful presolving methods
for mixed-integer optimization.

1.2 Contribution and outline

As the focus in [3] is clearly on computational impact, a formal treatment of the topic is missing. In
this work, we close this gap by studying implied integrality from a polyhedral perspective and apply it
in various ways:

e We formally define implied integers as the equivalence of two mixed-integer hulls with two different
sets of integer variables. As our main tool, we apply the concept of a fiber [11], which arises from
the LP relaxation by fixing a subset of the variables to integers. We characterize implied integrality
for a polyhedron in terms of (partial) integrality of all fibers.

e We present conditions under which integrality of all fibers can be established by well-known con-
cepts for establishing perfect formulations, such as (total) unimodularity. We show that this
generalizes the dual detection method.

e We show that partial integrality of the fibers may arise from fixed variables in the fibers, which
generalizes the primal detection method. Furthermore, we investigate the structure of fixed integer
linear expressions in the fibers and highlight their connection with lattice theory.

e We highlight that by using the objective, one can derive additional implied integrality relationships.

e Our new methods yield questions related to the computational complexity of recognizing implied
integers, some of which we answer.

e We complement our theoretical results with a computational study by detecting implied integers
using totally unimodular submatrices. For the MIPLIB 2017 collection dataset our results indicate
that, on average, 18.8 % of the variables are classified as implied integer after presolving, compared
to just 3.3 % identified by the primal and the dual detection method. Moreover, we can significantly
reduce the average percentage of variables whose integrality needs to be enforced after presolving
from 70.2% to 59.0 %.

Outline. In Section 2 we present a polyhedral view on implied integrality. In Sections 3 and 4, we use
this view to derive new methods to detect implied integrality that generalize the two methods proposed
in literature. In Section 5, we expand the notion of implied integrality to include information from
the objective. In Section 6 we present complexity-theoretic consequences of our more general concept.
Finally, in Section 7 we complement the theoretical results by a computational study that highlights the
practical impact of the presented ideas.

2 A polyhedral view on implied integrality

The primal and dual detection methods in Examples 1.3 and 1.4 use integrality of some variable set xs to
conclude that another single variable z; can be assumed to be integral. In Definition 1.1 we generalized
this idea to multiple variables 7 and phrased it in terms of polyhedra. An example is depicted in
Figure la.

2.1 Characterizations using fibers

As noted in the introduction, Definition 1.1 contains the definition of integral polyhedra with S = 0
and T = N. For the latter there exist several equivalent statements, such as [17, Theorem 4.1] and [45,
Section 16.3]. Note that for S = @) we typically have a description of conv(P NMI®) = P in terms of
linear inequalities. We will add two more equivalent statements, both of which reduce implied integrality
to this case using the concept of a fiber.



Definition 2.1 (fiber; see [11]). Let P CRY be a polyhedron and let S C N. The S-integral fibers are
the sets Qs (%) = {x € P | xs = T}, parameterized by T € 7.°.

The fibers for the example depicted in Figure la are shown in Figure 1b. Note that a fiber Qs(Z)
is non-empty if and only if Z lies in the projection of P onto the xg-variables. Hence, to deal with
the odd case of S = 0, it is convenient to define Z” as a set consisting of a single element z" that
satisfies Q@(E@) = P in this case. Moreover, if the constraints defining P are Axs 4+ Bxy\s < c¢ then
Qs(z) = {zr €RY | zs = 7, Brn\s < c — AT} is an inequality description of the fiber.

We now turn to the characterization of implied integrality. We formulate our result similarly to [45,
Section 16.3].

Theorem 2.2. Let P C RY be a rational polyhedron and let S, T C N. Then the following are equivalent:

(i) xr is implied integer by xs for P, i.e., conv(P N MI®) = conv(P N MI*Y7T).

(i) Every minimal face of conv(P N MI®) contains a point x € MISYT .

(iii) Every non-empty face of conv(P N MI¥) contains a point = € MI®VT .

(iv) max{cTz | z € conv(P N MI®)} has some optimal solution x* € MI®"T for each c for which the
mazimum is finite.

(v) For each T € Z° and every minimal face F of Qs(z), F C conv(P N MI®“T) holds.
(vi) Qs(Z) C conv(P NMI®YT) holds for each T € 7.5.

Proof. (i) = (ii): Let F be a minimal face of conv(P N MI®). By assumption, F is thus a non-empty
face of conv(P NMI®“T), and hence F N (P NMI®T) # () holds.

(ii) = (iii): Let F be a non-empty face of conv(P N MI®). Then F must contain some minimal face
F' C F, with x € F’ such that xsur is integral. Clearly, 2 € F holds too.

(iii) = (iv): For any ¢ with a finite maximum, consider max{c"z | x € conv(P NMI®)} = § < co. By
definition, F = {2 € conv(P N MI¥) | cTz = §} is a non-empty face. By assumption, F' contains a point
x* such that z%_p is integral. Clearly, z* attains max{c'z | € conv(P NMI®)} and has z%_ integral.
(iv) = (i): The inclusion conv(P N MI®YT) C conv(P N MI®) follows from P N MI*Y" € P N MI® and
monotonicity of the convex hull. Assume that the reverse inclusion does not hold, i.e., conv(P NMI®) ¢
conv(P N MI®YT). Thus, there exists an objective vector ¢ such that §° := max{c’z | z € conv(P N
MI%)} > 6°Y7 = max{c'z | = € conv(P N MI®“")} holds. Note that by applying (iv) with ¢ = O,
P contains a point in MI®“T. Hence, by Proposition 1.2, the recession cones of conv(P N MI®) and of
conv(PﬂM]ISUT) are both identical to that of P, which implies that both maxima are attained, i.e., § <
oo. By (iv), the face of conv(P N MI® ) induced by the valid inequality ¢z < § (which is set to equality)
contains a minimal face which in turn contains a point x € MI®Y". Clearly, x € conv(PNMI*“T), which
contradicts §° > §°“7. We conclude that conv(PNMI®) C conv(PNMI®“T) (and hence equality) holds.
(i) = (v): Follows from F C Qs(Z) C conv(P NMI®) = conv(P N MI°YT).

(v) = (vi): Follows since Qs(Z) is the convex hull of all its minimal faces.

(vi) = (i): As above, conv(P N MI®“T) C conv(P N MI®) trivially holds. For the reverse inclusion,
observe that

PaMI® = [ Qs(@) € | conv(PnMI®*T) = conv(P nMI*"T)
z€ZS z€ZS

holds. Since the right-hand side is convex, we can conclude with conv(PNMI®) C conv(PNMI*VT). O

The following corollary follows from Theorem 2.2(vi) since z € Qg(Z) N MI” (for € Z%) implies
x € PNMI®YT, and is useful for establishing implied integrality.

Corollary 2.3. Let S,T C N and let P C R" be a rational polyhedron such that Qs(Z) is T-integral
for each T € Z°. Then xr is implied integer by xs for P.

Note that T-integrality of all fibers is, in general, not a necessary condition, as shown in Figure 1b.
However, in case of binary xg-variables, T-integrality of all fibers turns out to also be necessary:



Corollary 2.4. Let S,T C N and let P C [0, 1]5 x RY\S be a rational polyhedron. Then the following
are equivalent:

(a) xr is implied integer by xs for P.

(b) For each T € {0,1}°, every minimal face of Qs(Z) contains a point in MIT .

(¢) For each T € {0,1}*, Qs(Z) is T-integral.
Proof. (a) = (b): Consider a vector Z € {0,1}* and a minimal face F of Qs(Z). By definition, we
have conv(P N MI®) = conv(P N MI®Y"). Since 0 < z; < 1 is valid for all j € S, Qs(Z) is a face of

conv(P NMI®) = conv(P N MI°YT), where equality follows by definition of implied integrality. Hence,
F is a face of conv(P N MI®“T) and thus contains a point = € MI¥°" C M.

(b) = (a): Let # € Z° If & ¢ {0,1}° then Qs(Z) = 0, which has no minimal face. Other-

wise, there is a point © € MIT in a minimal face F of Qs(Z). From zg = T € 75 we obtain
x € MIYT and hence z € conv(P N MI®“T). Moreover, the lineality space L = lineal(Qs(Z)) sat-
isfies L C lineal(P) = lineal(conv(P N MI®“T)), where containment follows from monotonicity and

equality follows from Proposition 1.2. We conclude that even F = x 4+ L C conv(P N MI®“T) holds.
Thus, (v) in Theorem 2.2 is satisfied, and the claim follows from the theorem.

(b) < (c): Follows by definition of implied integrality. O

The core argument used in Corollary 2.4 is that, due to O < xs < 1, the S-integral fibers are actually
faces of conv(P N MI¥).

Unfortunately, T-integrality (of the S-integral fibers) may be difficult to establish. However, in case
Qs(T) = Q1 x Q2 with Q1 C RT and Qa2 C RN \EYD) holds, it reduces to integrality of Q:, for which
well-known techniques can be utilized. The following lemma makes this formal and turns out to be useful
when investigating structured MILPs in the next section.

Lemma 2.5. The Cartesian product Q1 x Q2 of two polyhedra Q1 C RN and Qo C R™? is T-integral
if and only if Q; is (T N N;)-integral for i =1,2.

Proof. The statement follows from the well-known fact that every face of the product is the Cartesian
product of a face of @1 and a face of Q2. Although some textbooks refer to this fact [51], we could not
find a proof of it, so we provide one for the sake of completeness.

Let F be any face of Q1 x Q2. By definition of a face, there exists some (c1,c2) € RV x RV2 and
6 = max{clz+cly | (z,y) € Q1 x Q2} such that F' = (Q1 x Q2) N{(z,y) € RN x R | Tz 4 cly = 6}
First, notice that since  and y are independent in Q)1 X Q2, we can optimize over them separately. Thus,
0 = max{c]z + cly | (z,y) € Q1 X Q2} = max{c]z |z € Q1} + max{cly | y € Q2} = 61 + d2 holds, and
cJxz = 6, and ]y = d2 must both hold for any point (z,y) € F. By rewriting the definition of F', we
obtain

F={zeQi|clz=0}x{yecQ]|cly=2d}

Note that Fy = {z € Q1 | cJx = 61} is a face of Q1 and, similarly, F» = {y € Q2 | cJy = 2} is a face of
Q2. Thus, every face F' of @1 X Q2 is the Cartesian product of a face of Q1 and Q2. O

2.2 Combined implied integrality relations

In our definition of implied integrality in Definition 1.1 we consider precisely the two sets S and T.
One downside of this characterization is that we cannot additionally require integrality of z; for any
jEN\(SUT) and add j to S since the derived implied integrality of z7 may no longer be valid (see
Figure 1c). This motivates the definition of a stronger implied integrality concept.

Definition 2.6 (total implied integrality). Let P C RY be a rational polyhedron. For S,T C N, we say
that xr is totally implied integer by xs for P if xr is implied integer by xg: for every S’ 2 S (for P).
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Figure 1: Examples of a polyhedron P C R? together with P := conv(P N (Z x R)),
and P; = conv(P NZ?). In (la), xo is implied integer by x;. The
corresponding fibers are depicted in (1b). The second fiber has a fractional vertex, which is,
however not a vertex of P; because it is a convex combination of points from other fibers. In
(1c¢), x1 is implied integer (by zp) since P; = P, but not totally implied integer due to P; #

The main use case of total implied integrality is the combination of several implied integrality rela-
tions. Suppose for example, that for disjoint sets S,T,U C N that zy is totally implied integer by xr,
and zr is totally implied integer by xg. It follows that xryy is implied integer by x5, more specifically
that conv(P NMI¥) = conv(P N MI*“T) = conv(P N MI*YTYY) holds.

In Theorem 2.7 we show that, to establish total implied integrality, it suffices to consider sets obtained
from S by adding elements not in 7" whose variables are not binary.

Theorem 2.7. Let S,T,U C N and consider a rational polyhedron P C RY\Y x [0, 1}U. If xr is implied
integer by xs then xr is implied integer by every xgr with S C S’ C SUTUU.

Proof. Let S and S’ be as in the theorem, let U’ C U and 7" C U be such that S’ = SU U’ UT’ holds,
where the three sets are pairwise disjoint, e.g., U' := (S’ NU)\ S and T" := S’ \ (SUU’).

Consider z € Z5°U" and a minimal face F of Qsup (%) and let o' = &g € Z°. Let A= {x € RV |
x; =Z; ¥j € U'}. Forany X C [0,1]Y x R¥\Y we thus have conv(X)N.A = conv(X N.A) since the bound
constraints define a face. Hence, Qsyy/(Z) is a face of Qs(z'), so F is also a minimal face of Qs(z’),
which implies F' C conv(P NMI®“T) by the equivalence of (i) and (v) in Theorem 2.2. Intersecting with
A yields

F=FnAC conv(P N MI®*“T) N A = conv(P N MI*“T 0 A) C conv(P nMI* 7).

Again, equivalence of (v) and (i) in Theorem 2.2 implies that xr is implied integer by zgyy+ for P.
We now consider the addition of 7" to S U U’. From the obvious inclusion MISYY’ - MV VT
MISCY"YT we obtain

N

conv(P N MHSUU,) C conv(P N MHSUU’UTI) C conv(P N M]ISUU/UT),

The last and the first set are equal since xr is implied integer by zsyuys. Hence, conv(P N M[]IS/) =
conv(P N M]ISUU/UT/) =conv(PnN MHSIUT) holds, which concludes the proof. O

The following corollaries highlight the consequences of Theorem 2.7.

Corollary 2.8. Let S,T,U C N and consider a rational polyhedron P C RN\ % [0, l]U. Then xr s
totally implied integer by xs for P if and only if xr is implied integer by every xg (for P) that satisfies
SCS CSU(N\(TUU)).

Corollary 2.9. Let S,T C N and consider a rational polyhedron P C RSYT % [0, 1]N\(SUT). Then zr
is totally implied integer by xs for P if and only if xr is implied integer by xs for P.



Total implied integrality keeps T fixed and varies the set S. In our next result, we consider the
opposite case where S is fixed but where 7" may vary. We show that for pointed polyhedra the set T can
be decomposed into implied integer relations for its elements.

Theorem 2.10. Let S,T C N and let P be a rational and pointed polyhedron. Then xr is implied
integer by xs for P if and only if for allt € T, xy is implied integer by xs for P.
]ISUT C

Proof. First assume that xr is implied integer by xs for P and consider a ¢t € T. From M
M5V € MI® we have

conv(P NMI®"") C conv(P N MI°“*) C conv(P N MI%).

Due to our assumption, the first and the last convex hulls are equal. Hence, we have equality throughout,
which implies that z; is implied integer by =g for P.

For the reverse direction, assume that for each ¢t € T', z; is implied integer by zs. Since conv(P ﬂMI[S)
has the same recession cone as P by Proposition 1.2, both polyhedra also have identical lineality spaces,
and it follows that conv(P N MI®) is pointed because P is pointed. Thus, each minimal face F of
conv(P N MI®) consists of a unique vertex x*. By Theorem 2.2(ii), f must then be integral. Since
zF' is the unique point in the face and implied integrality holds for all ¢ € T, it then follows that =% is
integral. Thus, it follows that ¥ € MI®“T| since ¥ must also be S-integral by its definition. Since
this holds for every minimal face F' of conv(P NMI®), it follows from Theorem 2.2(i) that xr is implied
integer by zg for P.

O

Theorem 2.10 has two interesting implications for pointed polyhedra. First of all, it shows that for
pointed polyhedra, implied integrality decomposes into implied integrality for single-variable target sets.
This shows that for the purpose of fully characterizing implied integrality, it suffices to characterize for
each set S those t € N for which z; is implied integer by zs. Secondly, we show in Corollary 2.11 that
for each set S, there exists a maximal set T such that zr is implied integer by zs.

Corollary 2.11. Let P C RY be a rational and pointed polyhedron and let S C N. Then there exists a
unique inclusion-wise mazximal set T'C N such that xr is implied integer by rs for P.

Proof. Suppose that there exists some 7' C N for which ¢ is implied integer by zs for P and such
that T” is not a subset of T'. By applying Theorem 2.10, it follows that for all t € T UT’, x; is implied
integer by xs. However, this implies that xp 7/ is implied integer by g, using Theorem 2.10 again.
Since T'C T'UT" holds, this contradicts maximality of 7T'. O

Given Theorem 2.10, one may wonder if a similar property holds for non-pointed polyhedra. In
Example 2.12, we show an example of a non-pointed polyhedron where implied integrality does not
decompose over its elements.

Example 2.12. Consider the rational polyhedron P = {(z,y) € R* | z +y = %}, that is also an affine
space. Then P = conv(PNMI*) = conv(PNMIY) and conv(PNZ?) = (§ hold, and thus P # conv(PNZ?).
In particular, this shows that x and y are both implied integer by the the empty variable set, but {x,y}
is not due to P # conv(P NZ?).

3 Implied integrality for block-structured problems

In Corollary 2.3, we observed that, in order to derive that xr is implied integer by x s, it suffices to show
that the fiber Qs(Z) is T-integral for every Z € Z°. To show T-integrality of Qs(Z), we observed in
Lemma 2.5 that, if Qs(Z) is the Cartesian product of multiple polyhedra, then it suffices to show that
the ones involving any zr-variable are T-integral polyhedra. This allows us to apply known results on
integral polyhedra to our setting.



3.1 Exploiting totally unimodular submatrices

Recall that a matrix A is totally unimodular if and only if the determinant of every square submatrix is
—1,00r +1. A matrix A € Z™*¥ of rank r is said to be unimodular if for every submatrix B consisting
of r linearly independent columns of A, the greatest common divisor of the subdeterminants of B of
order r equals 1. Hoffman and Kruskal showed that (totally) unimodular matrices are closely related to
integral polyhedra [31]:

Proposition 3.1 (Hoffman & Kruskal [31]). For A € Z™*™ the following hold:

(i) The polyhedron {x € R™ | Az = b, £ < x < u} is integral for all b € Z™ and all £,u with
li,uj € ZU{xoo} for j =1,2,...,n if and only if A is unimodular.

(i) The polyhedron {x € R™ | Az < b, £ < z < u} is integral for all b € Z™ and all £,u with
liyuj € ZU{xoo} for j =1,2,...,n if and only if A is totally unimodular.

Assuming P = {x € RY | Az < b}, an inequality description of each fiber Qs(Z) is given by
Qs(z) = {A, vszas < b— A, s&}. Note that A, y\s is identical for each fiber, and that the fibers’
descriptions thus only differ in the right-hand sides. Unimodular and totally unimodular matrices fit
this structure well since they imply that the underlying polyhedron is integral for every integral right
hand side. Thus, we can show integrality of all fibers by showing that A, a\s is totally unimodular and
that b — A, sZ is integral for all Z € Z°. Our main result for showing how total unimodularity yields
(total) implied integrality reads as follows.

Theorem 3.2. Consider a rational polyhedron of the form
P={(z,y,2) e RS xR xRY | Az + By < ¢, £ <y <u, Dz + Ez< f}, (2)

where A € ZM*5, ¢ € ZM and £;,u; € ZU {foc} for all j € T. If B is totally unimodular then y is
totally implied integer by x for P.

Proof. By Corollary 2.8 we need to show that y is implied integer by (z, 2y ) for arbitrary subsets U’ C U.

We will establish this using Corollary 2.3. To this end, consider an arbitrary vector (Z, Zy/) € Z°U A
Its (S U U’)-fiber reads

QSUU’(£72U/) = {(337%2) S RSUTUU | T=1r, 2y = 2U'7By S C-AQZ, 14 S Yy S u, Ez S f_D'T}

Note that Qsuy (%, Zy) is the Cartesian product of the three polyhedra {Z} C R®, Q¥(Z) := {y € RT |
By<c— Az, £<y<u}CRT and {z € RY | 2py = Zyr, Ez < f — D&} C RY. Since ¢ — AZ, £ and u
are integral (or infinite) and B is totally unimodular, Proposition 3.1 (ii) shows that QY(Z) is an integral
polyhedron. By Lemma 2.5 we conclude that Qsyuy/(Z, Zy+) is T-integral. Since this holds for every
(z,zy+), Corollary 2.3 shows that y is totally implied integer by = for P, which concludes the proof. [

As a special case we obtain the dual detection method from [3] by observing that, after scaling, it
treats a single-column totally unimodular submatrix.

Corollary 3.3 (dual detection). Consider a rational polyhedron P = {x € RN | Az < b} with A €
QMY and b€ QM. For some k € N, let My :={j € M | A; ) # 0} be the rows that contain a nonzero
of column k. Let S == {k' € N\ {k} | there exists j € My with A; # 0} be the other columns having

i €7, and bjk € 7Z holds for all j € My and all s € S then xy is totally implied

nonzeros in My. If A X

integer by g for P.

Proof. First, we obtain A’ and b’ from A and b by scaling each row in j € My by . This does not

1
[Aj 5l
change the defined polyhedron, that is, P = {z € RY | Az < b}. Moreover, AG\/Ik,k only contains entries
+1, and hence is totally unimodular. Note that A}, ¢ is integral and b}y, is integral, and Ajyp py, , =0
by definition. Thus, the conditions of Theorem 3.2 are satisfied, and xj, is totally implied integer by xs

for P. O



Theorem 3.2 is strictly more general than Corollary 3.3 because we can apply Theorem 3.2 to rows
of the MILP that involve multiple continuous variables. In contrast to this, Corollary 3.3 requires a
column that may only appear in rows where all other variables are integral.

It might seem unlikely that the conditions Theorem 3.2 hold, as it imposes strong integrality require-
ments and requires a totally unimodular submatrix. However, many MILP formulations of common
problems actually satisfy these requirements. For example, in the canonical formulation of the fized-
charge network flow problem [30] with integer capacities, the flow variables are implied integer by the
decision variables that activate an arc. Many models for production scheduling and network design
problems satisfy these conditions, such as lot sizing problems [34] or the canonical formulation of the
uncapacitated facility location problem. Other examples of models that satisfy Theorem 3.2 are the
natural-dates formulation of the single machine scheduling problem [8] and several formulations of the
periodic event scheduling problem [38].

Note that in the proof of Theorem 3.2, we only use total unimodularity to show that Q,(Z) is an
integral polyhedron. Using almost exactly the same proof but relying on Proposition 3.1 (i), we can
derive a similar result for (the more general) unimodular matrices involved in equations.

Theorem 3.4. Let P be a rational polyhedron
P={(z,y,2) e R xR xRY | Az + By = ¢, £ <y <u, Dz + Ez< f},

where A € ZM*5 ¢ e ZM and Li,u; € ZU{xoo} for all j € T. If B is unimodular then y is totally
implied integer by x for P.

3.2 Exploiting k-regularity and balancedness

In Theorem 3.2 and Theorem 3.4, we highlighted how totally unimodular submatrices together with
block-structure can cause implied integrality. In this section, we highlight how similar ideas can be used
to detect implied integers using k-regular and balanced submatrices.

Appa and Kotnyek studies k-regular matrices [6], which are a natural generalization of total unimod-
ularity. A matrix is said to be k-regular if for each non-singular square submatrix R, kKR! is integral.
They show the following:

Proposition 3.5 (Appa & Kotnyek [6]). For A € RM*N and k € Z>1, P = {z > O, Az < kb} is
integral for all b € ZM if and only if A is k-regular.

This allows us to show a more general result than Theorem 3.2:
Theorem 3.6. Consider a rational polyhedron of the form
P={(x,y,2) R xR" xRY | Az + By < ¢, y> O, Dx+Ez < f},

If for k € Z>1, matriz B is k-regular and ¢ — Az = O mod k holds for all T € projg(P) N 75 then y is
totally implied integer by x for P.

Proof. By Corollary 2.8 we need to show that y is implied integer by (z, 2y for arbitrary subsets U’ C U.

We will establish this using Corollary 2.3. To this end, consider an arbitrary vector (Z, Zys) € z5uzY'.
Its (S UU’)-fiber reads

Qsuv (T, zyr) = {(z,y,2) € RSVTVU |z =2, zypy = Zy/, By <c— Az, y > O, Ez < f — Dz}.

Note that Qsyuu (%, Zy) is the Cartesian product of the three polyhedra {7} C R¥, Q¥(z) = {y € RT |
By<c— Az, y> 0O} CRY and {z € RY | zp» = Zyv, Ez < f — Dz} CRY. Since ¢ — Az = O mod k
holds for all # € projg(P) NZ% and B is k-regular, Q¥(Z) is integral by Proposition 3.5. For all other
Z, we must have Qs(Z) = 0 by definition, which implies that Qs y/(Z, Zy) = 0 holds, which is also
integral. By Lemma 2.5 we conclude that Qsuy/(Z) is T-integral. Since this holds for every (Z, zy/),
Corollary 2.3 shows that y is implied integer by x for P, which concludes the proof. O
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Note that k-regular matrices include many important classes of matrices. Node-edge incidence ma-
trices of undirected graphs are 2-regular and occur in MILP formulations of important combinatorial
optimization problems such as the matching problem. The vertex cover and the independent set prob-
lems on graphs contain edge-node incidence matrices and also admit MILP formulations with 2-regular
constraint matrices. Binet matrices generalize node-edge incidence matrices and are also 2-regular [6].

Another relevant class of perfect formulations are those generated by balanced matrices. A A
{—1,0, 1}-matrix A is balanced if A if for every submatrix H with two nonzeros in every row and column,
the sum of the entries of H is divisible by 4. Balanced matrices yield important classes of perfect formu-
lations for set packing, set partitioning and set covering polytopes. Let n(A) and p(A) denote the column
vector whose #’th component indicates the number of —1 (respectively +1 ) entries in the i’th row of A.
For a {—1,0, 1}-matrix A and a relation < € {<,=, >}, we use R>(A) := {z € [0,1]V, Az S 1 —n(A)}
to denote the set packing, set partitioning and set covering polytopes, respectively.

Proposition 3.7 (Conforti & Cornuejols [16]). For A € {—1,0,1}*¥ | the following are equivalent:
(i) A is balanced.
(i) For each submatriz B of A, the set packing polytope R<(B) is integral.
(i1) For each submatriz B of A, the set partitioning polytope R~ (B) is integral.
(iv) For each submatriz B of A, the set covering polytope RZ(B) is integral.

Theorem 3.8. Consider, for < € {<,=,>} and matrices A € {—1,0,1}"*5 and B € {-1,0,1}*7,
a rational polyhedron of the form

P> ={(z,y,2) €[0,1]° x[0,1]" xRY | Az + By < 1 — n(A) — n(B), Dz + Ez < f}.
If B is balanced, then y is totally implied integer by x for PS.

Proof. By Corollary 2.8 we need to show that y is implied integer by (x, 2y ) for arbitrary subsets U’ C U.

We will establish this using Corollary 2.3. To this end, consider an arbitrary vector (Z, Zy/) € Z° U A
Its (S U U’)-fiber reads

QéuU/(jsz’) = {($7yvz) € [07 1}5 X [07 I}T X RU |
x=1=, 2y = zZyr, Bys1— Az —n(A) —n(B), Ez < f — Dzx}.

Note that Qgsuy’ (%, Zy) is the Cartesian product of the three polyhedra {z € [0,1)° | Z = =} C R,
QsY(z) ={ye[0,1)7 | Bys 1—-Azi—n(A)—n(B)} CRT and {z e RY | zy» = zy», Ez < f—Dz} CRY.
Since for any Z € Z° \ {0,1}° the bound constraints on z imply that Q%UU/(:E, Zy/) is empty, it suffices
to show for z € {0,1}* that QEUU,(J":, Zy) is T-integral.

We first show T-integrality of the fibers for P2, that is, for the case in which < is equal to >. Note
that for Q='¥(z) = {y € [0,1]7 | By > 1 — Az —n(A) —n(B)} the rows My of By > 1— Az —n(A) —n(B)
that satisfy Anr, «Z > L1a, — n(A)a, are redundant since they are implied by the bound constraints of
y. By considering the signs of A and the fact that z is binary, the only other possibility for the other
rows Mo = M \ M is that A, % = n(An,,«) holds. Thus, we have that Q=¥(z) = {y € [0,1]" |
By sy > 1ty — n(Basy )}, Since Bag, « is a submatrix of B, Proposition 3.7 shows that Q=Y (Z) is
integral. By Lemma 2.5 we conclude that Qsyy (T, Zy) is T-integral. Since this holds for every (Z, Zy),
Corollary 2.3 shows that y is totally implied integer by x for P=.

We now show T-integrality of the fibers for < € {<,=}. We consider Q5¥(z) = {y € [0,1]7 |
By S 1— AZ —n(A)—n(B)}. Note that Q> # () implies that 1 — AZ —n(A) € {0,1}™ must be binary.
Let My = {m € M | (1 - AZ —n(A))m = 0} indicate those rows for which this expression is zero, and let
My =M \ M. We use T to denote all columns that have nonzeros in some row of M;, and 7o =T \ T
otherwise. Note that in all rows M1, the remaining constraints take the form Bas, 1, yr, Sn(Bu, ), which
only has a single feasible solution yr, = yr, based on the sign pattern of B. Then, for the remaining
problem we obtain that Q>¥(z) = {(7ry, yr,) € [0,1]7* x [0,1]72 | Bay 1yyr, S 1 — n(Buy, 1) }-

Hence, we again have a set packing or partitioning problem at hand, and Proposition 3.7 shows that
Q>Y(z) is integral. By Lemma 2.5 we conclude that Q%UU/(:E, Zys) is T-integral. Since this holds for
every (Z, Zy+), Corollary 2.3 shows that y is totally implied integer by x for P< and P~. O
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One important aspect of the results in this section is that they provide a practical motivation to
formulate and implement efficient recognition methods for classes of matrices that generate perfect for-
mulations. As integral polyhedra occur rarely in practice, recognition of them is from a computational
point of view less relevant because if one wants to optimize over the integer hull, one typically optimizes
over the linear relaxation as a first step. In contrast to this, implied integrality can be exploited algorith-
mically to speed up the solution algorithms. In particular, we have shown that if matrices that generate
classes of integral polyhedra occur as submatrices, that they may induce implied integrality in the prob-
lem. There are known polynomial time recognition algorithms for totally unimodular matrices [47], binet
matrices [41, 42] and balanced matrices [18, 50].

4 Implied fixed integrality

The primal detection method from [3], as illustrated in Example 1.3, works on any equation of a MILP
problem with suitable coefficients. Importantly, it does not require a diagonal block structure as in (2),
which is the key idea that we used in the previous section to detect implied integrality. Moreover, observe
that in Example 1.3, z has a unique solution that is integral after x and y are fixed. This motivates us
to define implied fized integers.

Definition 4.1 (implied fixed integrality). Let P C R™ be a rational polyhedron and let S,T C N. We
say that z7 is implied fixed integer by x5 for P if for each T € Z°, the set proj,.. (Qs(Z)) is either empty
or consists of a unique vector that is integer.

First, we show that implied fixed integrality is a form of implied integrality. In fact, we even observe
in Lemma 4.2 and Corollary 4.3 that it is a form of total implied integrality.

Lemma 4.2. Let P C RY be a rational polyhedron and let S,T C N. If z7 is wmplied fized integer by
xgs for P then, for any S C N with S’ D S, xr is implied fized integer by xg:.

Proof. Consider any S’ C N with S’ 2 S. For any Z € projg, (P) N 75", we consider Qs (Z); note that
Qs (Z) is non-empty by definition. Because S C S’ holds, Qs/(Z) C Qs(Zs) holds. Additionally, note
that Zs must lie in projg(P), as otherwise this contradicts that Z lies in projg, (P). In particular, this
implies that any point z € Qg/(Z) must have z7 = & where & is integer, because proj;(Qs(Zs)) consists
of a unique vector that is integer. Since this holds for any x € Qg/(Z), we must have proj(Qs/ (z)) = {£},
which is a unique vector that is integral. Since this holds for any Z € projg, (P) N ZS/, T is implied fixed
integer by S’. O

Corollary 4.3. Let P C RY be a rational polyhedron and let S,T C N. If zr is implied fized integer
by xs for P then xr is totally implied integer by xs for P.

Proof. By Lemma 4.2 it suffices to show implied integrality instead of total implied integrality. To this
end, assume that zr is implied fixed integer by xg for P. Consider any Z € Z°. If Qs(Z) = () then
it is trivially T-integral. Otherwise, since T is implied fixed integer by S, the projection proj(Qs(Z))
consists of a unique vector that is integer, and hence any z € Qs(Z) must have xr € 7. Thus, any face
of Qs(Z) contains a T-integral point, and by Theorem 2.2, Qs(Z) is T-integral. The result follows from
Corollary 2.3. O

4.1 Exploiting unimodularity

As uniqueness often arises as a result of solving a full-rank system of linear equations, Theorem 3.4
stands out. In particular, if, for By = ¢ — A%, B is unimodular and has full column rank then the
solution y is not just integral, but also unique for the given z.

Theorem 4.4. Consider a rational polyhedron of the form
P={(z,y,2) e RS x R" xRY | Az + By = ¢, Dz + Ey + Fz < g},

where A € ZM*S and ¢ € ZM. If B is unimodular and has full column rank then y is implied fizved
integer by x for P.
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Proof. Let € Z°. Since B has full column rank, there is at most one feasible solution § € R” such
that By = ¢ — AZ. If Qs(Z) is non-empty, then there also exists such a solution 7, together with some
vector Z € RY such that (Z,9,2z) € P. Unimodularity of B implies integrality of § by Proposition 3.1
(i). We conclude that y is implied fixed integer by x for P. O

We observe that Theorem 4.4 generalizes the primal detection method from [3] by realizing that the
1-by-1 matrix with entry £1 is unimodular and has full column rank.

Corollary 4.5 (primal detection). Let S C N and k € N\ S. Consider the polyhedron P = {x € R" |
asts + apey = b, Gz < d} with as € Q%, ar, € Q\ {0},b € Q, G € QY*N and d € QM. If e e 75

and a% € 7, then xyi is implied fized integer by xs for P.

Proof. After dividing the equation aszs + axxy = b by ag, it is of the form aszs + z = b’ for integral
a’s € Z° and b’ € Z. This does not affect the feasible region P. Since a’s and b’ are integral and the 1-by-1
matrix with entry 1 is unimodular with full column rank, Theorem 4.4 yields the desired result. O

One advantage of Corollary 4.5 is that it is rather easy to detect and use in practice. However, easy
examples where it may fail to detect implied fixed integrality exist. For example, if 3z 4+ 2y = 3 and
5z + 3y = 4 are part of a MILP model, the associated 2-by-2 matrix is unimodular and has full column
rank, so x and y are implied fixed integers. However, Corollary 4.5 fails to detect implied fixed integrality
of both z and y in this case.

Although this example may make Corollary 4.5 might seem like quite a weak result, it is in a sense
as powerful as Theorem 4.4 if we additionally consider row transformations of the system of equations.
Consider the setting of Theorem 4.4, where Az + By = c is included in the constraint matrix of P
with A, ¢ integral and B is a square unimodular matrix. Since B is a square unimodular matrix, its
inverse B~! is also a square unimodular matrix. Multiplying the equation system from the left by B~*
corresponds to a row transformation and does not change the feasible region of P. Thus, we can obtain
the equivalent equation system B~ Az+Iy = B~ 'c. Since B~ is unimodular, B~*A and B~ !¢ are both
integral. Now, note that Corollary 4.5 can be applied independently to every row of the equation system
to argue that y; is implied fixed integer by (a subset of) the = variables. Combining these relations, this
shows that y is implied fixed integer by x.

4.2 Nonlinear relations

In Theorem 4.4, we used given equations and observed that implied fixings for y have a direct linear
relationship with the z-variables. The following example shows that implied fixed integers may also arise
from inequalities, and that the unique fixings for y may depend nonlinearly on z.

Example 4.6. Consider P := {x € R" | Az < b} and suppose that Fortet’s inequalities [24] for
linearizing xs = x1x2 for binary variables x1,x2,x3 are valid for P, i.e., Ax < b contains a subsystem
of the form

r3 < 71, r3 < T2, T3 > 21 +x2 — 1, 0<uz; <1Vie{l,2,3}.
Then x3 is implied fized integer by (z1,z2).

Proof. In order to check the definition of implied integrality, we need to check all the values of (z1,z2) €
Z2. Tt suffices to check (z1,22) € {0, 1}2, as all non-binary vectors are clearly infeasible by the constraints,
and thus must have an empty projection onto xs. If 1 = 0 or x2 = 0 holds, the given constraints fix
x3 = 0. Otherwise, if 1 = x2 = 1, then the given constraints fix x3 = 1. Thus, the projection onto x3
always consists of a unique vector that is integer, and z3 is implied fixed integer by (z1,z2). O

Using Example 4.6, one can show that linearizations of binary quadratic mixed-integer programming
problems with n original variables can have O(n?) linearization variables for quadratic terms that are
implied integer by only n original variables. This also highlights that implied integer relations may exist
in practice where a large number of variables is implied integer by a much smaller number of variables.
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4.3 Linear expressions inducing fixed integrality

In Theorem 4.4 we observed that implied fixed integrality follows from a square unimodular submatrix.
Square and unimodular submatrices are also relevant for lattices, as they represent lattice bases of the
lattice given by Z~. To establish this connection more clearly, we define the implied fixed integrality of
linear combinations vTz for arbitrary vectors v € RY.

Definition 4.7. Let P C RY be a rational polyhedron, let S C N, and let v € RN. We say that v
induces implied fixed integrality by xzs for P if there exists a function o : Z5 — R such that for any
T € 7%, a(%) is integral and the equation vz = o(Z) is valid for Qs(Z). We denote the set of such
vectors as

Ug(P):={ve RN | v induces implied fized integrality by xs for P}.

Note that every equation is valid for the empty polyhedron, so in the definition above we only need
to consider Z € Z° for which Qs(Z) is non-empty. Implied fixed integrality of linear combinations is
naturally related to implied fixed integrality as we defined it in Definition 4.1. We use e; € RY to denote
the 7’th unit vector.

Proposition 4.8. Let P C RY be a rational polyhedron and let S, T C N. Then xr is implied fized
integer by xs for P if and only if @; € RN induces implied fized integrality by xs for P for alli € T.

Proof. First, we assume that xr is implied fixed integer by xs for P, and show that e; induces implied
fixed itnegrality by zs for P for all i € T. By definition, for each z € Z°, proj,..(Qs(Z)) is either
empty (which implies Qs(Z) = §) for which any equation is valid) or it consists of a single vector & € R7
which may depend on Z. Now, for each i € T, @; induces implied fixed integrality by zs for P since the
equation e]x = a(Z) is valid if we choose a(Z) == Z;.

For the reverse direction, assume that e; induces fixed integrality for each ¢ € T and let «; : 7° =R
be corresponding functions such that the equation e]x = «;(Z) is valid for Qs(Z) and that a;(z) € Z
for all Z € Z°. Hence, for each 7 € Z°, every z € Qs(%) satisfies (v; =) @]z = (%) for all i € T, which
means that the projection proj,, (Qs(Z)) consists of at most one point. If the latter point exists, then
its integrality follows from integrality of c;(Z) for all ¢ € T O

It turns out that the set Wg(P) always constitutes a closed vector group, which we first define.

Definition 4.9 ((closed) vector group, (local) rank [46]). A set G C RY is called vector group if it
is non-empty and if, for any two vectors v*,v? € G, also v* —v? € G holds. It is called closed if, for
any converging sequence of vectors in G, the limit vector also lies in G. For e > 0, let rk.(G) € Z>o
denote the mazimum number of linearly independent vectors v*,v?,...,v"®) € G that satisfy ||| < e
fori=1,2,...,7(e). The rank of G is defined as rk(G) = max.>or(¢) and the local rank of G as
Irk(G) == mineso r(g).

The local rank of a vector group is the dimension of its largest contained vector space. The next
proposition establishes that ¥g(P) has such a vector group structure.

Proposition 4.10. Let P C RY be a rational polyhedron and let S C N. Then Ws(P) is a closed vector
group. Moreover, for any converging sequence v' € Ws(P) with limit v* = lim;_ 0o v’ € Us(P) and
every T € Z° with Qs(Z) # 0, the values oy (T) of the firing functions oy for v* also converge such that
(V)T = lim; 00 i (Z) = ar(T) holds for sufficiently large k.

Proof. First, observe that ¥g(P) # 0 since clearly O € Ug(P).

Second, let v',v? € Wg(P) such that (v))Tx = «;(Z) € Z for s = 1,2. Then (v* —v?)Tz = (v")Tx —
(v*)T2z = a1(Z) — aa(&), which is also integral. We conclude that (v' — v?) € Ug(P).

Third, consider a converging sequence v¢ € U5(P) with limit v* = lim; o v®. For any & € 7° with
Qs(P) = 0 we define o*(Z) € Z arbitrarily. For any Z € Z° with Qs(P) # 0, consider the function
f : ¥s(P) — Z that maps each v € ¥g(P) to the right-hand side a(Z) of the equation vTz = ()
that is valid for Qs(Z). Clearly, f is continuous and hence we can define o*(Z) = lim;—oo f(v%). By
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construction, o* : Z° — R shows v* € Us(P). Moreover, for any 7 > 0, there exists some positive
integer k such that, for all i > k, ||f(v"™*) — f(v%)|| < 7 hold. For 7 < 1 this implies f(v*t!) = f(v%)
since both values are integer due to «;t1,a; € Z. This shows the last statement and concludes the
proof. O

The structure of such closed vector groups is well known. The next proposition shows that it is the
Minkowski sum of a lattice and of a vector spaces whose dimension equals its local rank.

Proposition 4.11 (Siegel [46], Theorems 21 and 22). Let G be a closed vector group. Then there exist
linearly independent vectors g1, gz, ..., grk(c) € G such that

rk(G)
G= Z Xigi | i € RVie{1,2,...,lrk(G)} and \; € Z Vi € {lrk(G) + 1,Irk(G) + 2,...,7k(G)}

i=1

Our next theorem characterizes, for Us(P), the associated vector space. It essentially states that the
(largest) vector space contained in Wg(P) consists of precisely those vector v € RY for which vTz = 0 is
a valid for all z € P N MI®. Clearly, the dimension of this subspace is the local rank.

Theorem 4.12. Let P C RY be a rational polyhedron and let S C N. Then there exist integers 0 < £ < k

and linearly independent vectors v*,v?,... v* € Us(P) such that
k .
Ug(P) = {Zml [ X €ERVI€{1,2,...,6} and \; EZ Vi € {£+1,£+2,...,k}}, (3)
=1

where the fizing functions oy = Z° — 7 for v* satisfy ci(Z) = 0 for all T € 75 with Qs(&) # 0 if and
only if i < € holds. For any choice of such vectors, every v € Ws(P) whose fizing function o : Z°5 — Z
satisfies a(T) = 0 for all & € Z5 with Qs(T) # 0 satisfies v € span(vt,v?,...,v%). Moreover, the fizing
functions s, cya, ..., ar are linearly independent.

Proof. Let ¢ > 0 be such that rke(VUs(P)) = Irk(Us(P)). The existence of v',v?,...,v" (for k =
rk(¥s(P)) and £ == Irk(¥s(P))) follows from Proposition 4.11. Let V := span{v',v? ..., v"} denote
the largest vector space contained in ¥g(P). It remains to show that the vectors in V are exactly those
for which the corresponding equations have constant right-hand side 0.

To this end, consider a vector v € Wg(P) with vTz = 0 for all x € P N MI®. The scaled vector
v = Ty v clearly lies in V.

For the reverse direction, consider a vector v € V. Suppose the corresponding fixing function «
satisfies a(Z) # 0 for some Z € Z° with Qs(Z) # 0. The scaled vector v’ := 22Z) .y clearly induces the
equation (v')Tx = 1/2 valid for Qg(z). This, however, establishes v’ ¢ Us(P) D V, a contradiction to
veV.

Let us now consider a vector v € Wg(P) all of whose equations have constant right-hand side 0.

From the above we have v € V, and thus v € span(v',v?,...,v").

It remains to show linear independence of the fixing functions for i > ¢. Consider a linear combination
of fixing functions that yields the zero function, that is, a multipliers w41, wet2,...,wr € R with
Zf:zH wia; () = 0. We will show w = O. The vector v := Z?:ul w;v® satisfies

k k
o = Z wi(vi)Tx = Z w;a () =0

i=0+1 i=0+1

for each = € Qs(Z) and Z € Z for which Qs (%) # 0, where the second equality follows from validity

of (v))Tz = a;(7) for Qs(Z). Hence, & € V and thus o € span(v’,v?,...,v%). By construction, 7 €
span(v‘t? v**2 ... v*) holds, and linear independence of all v yields 7 = ©. Thus, Zf:ul wivt =7 =
O, and linear independence of v* implies w = O. We conclude that the fixing functions ey 1, oy, .. ., o
are linearly independent. |
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Unfortunately, determining (a suitable basis of) Wg is not straight-forward at all. We provide a
constructive result in case our polyhedron in question is an affine space. The hardness of the general
case is considered later in Lemma 6.12.

Theorem 4.13. Given a rational matriz A € Q>N | q rational vector b € Q™ , which define an affine
space A = {x € RN | Az = b}, as well as a subset S C N, we can determine in polynomial time the
integers 0 < £ < k and a basis v*,v%, ..., 0" of Ws(A) satisfying (3) for P = A.

We first prove an auxiliary result about projections of vector groups described by a linear space and
integer variables, which we were unable to find in the literature. For a finite set X C R" of generators,
we denote by A(X) = {> cx Xz | A€ 7X} the generated lattice.

Lemma 4.14. There is a polynomial-time algorithm that, for a linear space £ C RN given by means of
rational linear equations and subsets S, T C N of variables, computes numbers k,¢ € Z>o and linearly
independent vectors ', x?,... 2", 7', 7%, ...,8° € Q° such that the projection X of £L N MIT on the
variables xs is given by

X =A{z',2%,...,2"}) + span({z*, 2%, ..., 5'}). (4)

Proof of Lemma 4.14. We can assume that S and T" are disjoint since otherwise we can duplicate vari-
ables and add equations to enforce equality among these, which only causes polynomial overhead. Hence,
our algorithm may receive as input the matrices A € QM*% B € QM*V and ¢ € Q™*T such that

L={(z,y,2) e R%7T | Az + By + Cz = O}

holds. As a first step we carry out elementary row operations to obtain the equivalent equation system

§1y+g1x+5lz =0 (5a)
A%4C%2 =0 (5b)
C2=0, (5¢)

where B t A2 and C? are upper-triangular matrices of full row rank, and such that C® has only integer
entries. As a second step we compute the Hermite Normal Form of C®, which in particular yields a

matrix H of full column rank and a unimodular matrix U such that C*U = [f] (D] holds. Clearly,

the set of integer vectors in the nullspace of [f] (D] is equal to {Or|_¢} x Z*, where ¢ = |T| — rk(H).
Hence, a lattice basis of {z € Z” | C®z = D} is given by

Z=Uer—ipn Vi€ {1,2,...,k}.

For each sucll/vector 2%, i=1,2,...,k, we compute a solution z* € Q° to A?z' = —C?2" and a solution
y* € QY to Bly' = —Algt — Ot By construction, (z*,",2") is feasible for (5), which implies 2* € X.

As a third step we compute a basis of the nullspace of EQ, which we denote by 7 € Q° for j =
1,2,...,L. Again, the full row rank of B' yields existence of some 3’ € QU such that (z7,7’,D)
satisfies (5a), which shows (77,77, 0) € LNMI” and thus 27 € X. This shows “D” in (4).

We now show the reverse inclusion. To this end, let z € X, which means that there exist y € RY
and z € Z” such that (x,y,z) € £. By construction of z’ there exist integer multipliers A € Z* such
that z = S°F_ | Miz'. Let (¢/,y/,2') = (z,9,2) — Sor_, Xi(z*, 9", 2*), which clearly also lies in £. Since
Zz' = O holds, =’ lies in the nullspace of A2 and hence there exist multipliers p € R’ such that y =
Z§:1 w;T;. It now follows that x _Z§:1 ;7 =S Nz’ = O, which implies z € A({z', 2%, ..., 2"}) +
span({z',Z?,...,%%}). We conclude that (4) holds.

It remains to show that we can reduce, in polynomial time, the set {xl,xZ, okt ER L ,ie}
to a linearly independent set while maintaining (4). By Gaussian Elimination we can detect linear
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dependence in polynomial time and either reduce k or ¢ by 1 as follows. Assume that we find multipliers
X € QF and p € QF, not all of which are zero, such that

Otherwise, we can assume by reindexing that Ar # 0. Moreover, by scaling A and g we can assume
X € ZF and that the greatest common divisor of all \; is equal to 1. We will now replace our lattice
generators &', 2%, ..., 2" by Z',2%,..., 2" such that A({z",2?,...,2"}) = A{Z",2?%,...,2"}) as well as
zF = Zle Az’ hold. Then we can also discard Z* due to Z" = 2o —u;Z. To achieve this, we
compute the Hermite Normal Form of the 1-by-k matrix (A1, A2,...,Ax). By permuting the first and
the last coordinate (which also corresponds to a multiplication with a unimodular matrix), this yields
a unimodular matrix U € Z*** such that A\TU = ~ - e;, where v = 1 is the greatest common divisor of
all A\;. We now construct its inversS ﬁ = U:l. Notei that it is also unimodular and that its last row
consists of the multipliers, that is, Uy « = eLU = ATUU = \7. We now construct the n-by-k matrix

' 22 ... FF]=[z" 2* ... 2¥] Ur.
Unimodularity of UT implies A({z', 22, ...,2"}) = A({Z",2%,...,2"}). Moreover, the last vector satisfies
Z/E\k = [.’Bl 332 N ka:l (UT)*ﬂk = Z?:l )\Z(L"L D

Proof of Theorem 4.13. In order to compute a basis for ¥ g(A) we will construct a set of linear constraints
in an extended space, and then apply Lemma 4.14. Some of these linear constraints will be related to
the defining equations Ax = b, while others are tied to fibers. Since there may be infinitely many fibers,
our first step is to determine a suitable finite subset.

To achieve this we first project A on the x-variables. This is done by transforming Az = b by means
of elementary row operations into the equivalent system

Alxs + leN\S = bl (6&)
A’zg = b27 (6b)

where A% and B! both have full row rank. The equations (6b) describes the projection of A on the
zg-variables since each solution g can be lifted to some x € RY by solving (6a), which has a solution
due to the full rank of B'. To obtain the fibers we solve the diophantine equation system (6b) for
zs € 7Z° (see [45, Cor. 5.3]). If it has no integer solution then all fibers of A are empty, and we can
return k = £ = |N| and v* := e; for i € N.

Otherwise, we obtain a solution z° € Z° and vectors ' € Z° for i = 1,2,...,k such that {z €
75 | A%z = %} = Zo + A({7,7%,...,5"}). Let M index the rows of B'. We claim that Ug(A) is the
projection of the set of (v,0,¢,z) € RY x RM x Z x ZF satisfying

s — o™B' =0T (Ta)
oIz’ — oT(A'Z —b') — ¢ =0 (7b)
VLG — oT(A'FY) —z=0 Vie{l,2,...,k} (7¢)

on the v-variables. This will complete the proof since (7) can be constructed in polynomial time and
since we can construct a basis of Wg(A) using Lemma 4.14.

To prove the claim we first show that every solution (v, o, ¢, z) € RV xRM XZXZF of (7) yields a vector
v € Ug(A). To this end, consider an arbitrary fiber Qs(z). If Qs(Z) = @ then every equation is valid,
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so there is nothing to show. Otherwise, Z € Z° satisfies A2Z = b> and thus 7 € 2 +A{7" 7. .. 77;’“}).
Hence, there exist multipliers A € Z¥ for which z = z° + Zle Ay holds. The fiber is described by

Qs(i)z{xeRN|xs=a_c, Az = b}
={zeR" |zs =7, A'zs+ B'zys =0, A’zs =b"} (8)
={z eRY | zs =7, leN\S =b' — A'z},

where the last equality follows since A%zgs = b is implied by s = Z. Combining these equations with
multipliers vs € R¥ and o € RM yields

vz =vlzs + 0 Blays =viz + 07 (b' — A'7)

k k
=}, (azo +> Aiy’) +oT (bl —AN @+ /\iyi)>
i=1 i=1
k _ ‘ k
= (02’ —oT (A2 = b)) + > N (vgg’ o' (Algz)) =C+ > Nz,
1=1 =1
where the first equality follows from (7a) and the last from (7b) and (7c). Hence, the equation vTz =
¢+ 3°F | Aizi with integer right-hand side is valid for Qs (.A).
To prove the other direction we show that, for any v € Ws(A), such (o,(, z) € RM x Z x ZF exist.
First note that, since Z° is feasible for (6b), the fiber Qs(z") is non-empty, which implies that there

exists a unique right-hand side ¢ € Z of the corresponding equation vTz = ¢ that is valid for Qg (z°),
ie., ¢ = a(z%). Similarly to (8) the fiber is described by

QRs(@”) ={z eRY |25 =7", Blay s =b' — A'z°}.
Since vz = ¢ is valid for Qs(Z), there exist multipliers p € R? and o € RM such that
p'[Is O] +o" [0 B'] =T and w4+ 0T — A'z0) = ¢,

where Is denotes the identity matrix of order |S|. From the first equation we obtain p = vs and
consequently that (7a) and (7b) are satisfied. For the last equations (7c) we need to consider more
fibers. Let us fix any i € {1,2,...,k}. By definition of Z° and §* the vector z* := z° + ¢' is feasible
for (6b) and hence the fiber Qs(Z') is non-empty. Similarly to (8) the fiber is described by

Qs(@) ={z eR" |zs =7, Blayg=0" — A'%'}.

Moreover, there exists a right-hand side a(z?) for the equation vTx = a(z?) that is valid for Qs(z*). We
define z; '= a(z*) — ¢. This in turn gives rise to multipliers i € R* and & € R™ such that

i'[Is O]+&" [0 B'|=4T and Azt +57 (0 - A'z') = ¢ + 2

We again derive i = vs = pu and 37B' = v7. Since B! has full row rank, also & = ¢ holds. From the
second equation we obtain

z = 0§ (@ +§) ot - ANG +2%) ¢ =uky —oT(A'Y),
that is, (7c) holds. This proves our claim, which concludes the proof. O

It is easy to see that, for P C A, we also have ¥g(P) D Ug(A). This implies that we can apply
Theorem 4.13 to the affine hull of a given polyhedron P.

For a mixed-integer linear optimization problem given by a polyhedron P C R™ and some set of
integer variables I C N, the structure of ¥;(P) may be interesting to use in practice. In particular, one
could use the integrality of expressions which are not already clearly integer in the original, i.e., where
vTz has non-integer coefficients and/or where v has nonzeros for the variables N \ I. There are potential
applications of this set in branching or cutting planes, where solvers may be able to use the integrality
of vz to derive stronger coefficients or use it to impose branching disjunctions v7z < k and vTax > k+1
for some k € Z. With respect to this application, especially the vectors that span the lattice part of
W (P) are interesting, since the remaining vectors v in the linear part of ¥g(P) all satisfy vTx = 0 for
all z € conv(P N MI®), which is clearly a poor choice to branch on.
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5 Local implied integrality

In our initial definition of implied integrality in Definition 1.1, we consider the complete description of
the polyhedron P C R¥. In practice, one typically only optimizes over P or the mixed-integer hulls
conv(P N MI') in some given direction ¢ € RY. More specifically, in the context of an optimization
problem, one primarily cares about the c-maximal faces of P and the integer hulls conv(P N M]IS) for
S C N during branch-and-bound. For this purpose, we weaken our definition of implied integrality to
be more local, in the hope that we may find more applications of it.

Definition 5.1. Let P C RY be a rational polyhedron and let ¢ € RN be any direction that is mazimized
for which the mazimum in P is finite. For S,T C N, we say that xr is locally implied integer by xs for
(P, c) if argmax{cTx | x € conv(PNMI®)} NMI®YT £ O, that is, if the c-mazimal face of conv(P NMI®)
contains a point in MISYT. In the case of S = 0 we simply say that xr is locally implied integer (for
(P, c)). Moreover, we say that zr is locally totally implied integer by x g for (P, c) if 1 is locally implied
integer by xg: for every S’ 2 S (for (P,c)).

First, we highlight the relationship between local implied integrality and implied integrality.

Proposition 5.2. Let P be a rational polyhedron and let S, T C N. Then xr is implied integer by xgs
if and only if zr is locally implied integer by xs for all c € RN for which the mazimum over P is finite.

Proof. This follows directly from the equivalence of (i) and (iv) in Theorem 2.2. O

Theorem 5.3. Let P be a rational polyhedron, and let ¢ C RY be any objective vector whose mazimum
over P is finite. For S,T C N, the following are equivalent:
(i) xr is locally implied integer by xs for (P,c), i.e., arg max{cTx | € conv(P NMI®)} "MI°T £ §.
(i) There exists some & € Z° such that max{c'z | x € PNMI®} = max{cTz | © € Qs(&)} holds and
xr 18 locally implied integer for (Qs(T),c).
(iii) max{c'z | x € conv(P NMI®)} = max{c'z | € conv(P N MI*T)}.

Proof. (i) = (ii): By (i) and strong LP duality there exists a point z* € argmax{c'z | z € conv(P N
MI®)} N MI®YT. Let Z := % and note that max{cTz | z € Qs(Z)} < max{cTz | x € P N MI®} holds
since Qs(Z) is a subset of P N MI®. Moreover, max{c'z | x € P N MI®} is attained by x*, which also
lies in argmax{c'z | z € Qs(Z)} and is T-integral. Hence, zr is locally implied integer for (Qs(Z),c).

(ii) = (iii): From conv(P N MI®) D conv(P N MI®Y"), we immediately obtain max{cTz | = €
conv(P N MI®) > max{c’z | z € conv(P N MI®“T}. By (ii) there exists some & € Z° for which
max{cTz | z € Qs(Z)} = max{cTz | x € PNMI®} and (using strong LP duality) some optimal solution
x* € argmax{cTz | x € conv(Qs(Z) NMI®)} "MI*“". Note that 2% = Z holds by construction. We now
have

max{c'z | z € conv(P N MI®)} = max{c"z | z € PN MI°} = max{c"z | z € Qs(Z)}
= c"z* < max{c'z | z € conv(P N MI°"")},

where the last inequality follows from z* € MI®Y7T.

(iii) = (i): By (iii) and PN MI® D P N MI®“T there exists an optimal solution z* € arg max{c'z |
x € conv(P NMI®)} that also lies in MISY?. This point establishes local implied integrality. O

Similar to Corollary 2.3, it is sufficient to show that all fibers have local implied integrality.

Corollary 5.4. Let P C RY be a rational polyhedron, let ¢ € RY be any objective whose mazimum over
P is finite, and let S,T C N. If, for all T € Z°, 7 is locally implied integer for (Qs(Z),c) then xr is
locally implied integer by xg for (P, c).

Proof. By strong LP duality, there exists an optimal solution z* of max{cTz | x € P N MI®}. Then
x5 € 75 and Qs(x%) satisfy the conditions of Theorem 5.3 (ii). O
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Note that since our definition only includes the optimal face and not the complete polyhedron, the
conditions in Theorem 5.3 are less restrictive than those of Theorem 2.2. The notion of local implied
integrality is even less restrictive than implied integrality of the optimal face. If in the optimal face zr is
implied integer, all minimal faces of the optimal face are T-integral. In contrast, if x7 is locally implied
integer, we are only guaranteed that a single T-integral point in the optimal face exists.

Local implied integrality has two advantages compared to implied integrality. First, by considering
only the optimal face, we consider a smaller polyhedron, typically of a much lower dimension. One may
hope to derive valid equations and valid inequalities that hold only for the optimal face, but not for
the complete polyhedron. Valid equations can be particularly promising, as they can be used eliminate
decision variables. Second, since we introduce an objective, we can use duality. Duality is arguably
the most powerful tool in mixed-integer linear programming and underlies many key techniques used in
practice.

5.1 Local implied integrality from fixed variables

Since fixed variables constitute an important special case of implied fixed integrality, it is natural to also
consider them for local implied integrality. In fact, there already exist multiple techniques that infer
local implied integrality using fixed variables. Both reduced cost fizing [20] and objective propagation [1,
Chapter 7.6] are well-known techniques used to fix variables to their bounds based on their contribution
to the objective and known objective bounds. One key property of these propagation techniques is that
the fixed values for the bounds are always identical over all fibers. Thus, these variables can simply be
removed from the formulation, which means that their implied integrality is not relevant in terms of
algorithmic exploitation. In this section, we focus on detecting implied integrality for variables that are
fixed in the optimal face of each fiber, but whose fixed integral values may depend on the specific fibers.
As before, we first focus on the case where S = (J, which is well motivated by Corollary 5.4. Our focus
lies on proving that the c-maximal face of a polyhedron P with given description contains an xp-integral
point. In particular, note that it is sufficient to show that zr can be fixed to an integer in the optimal
face. We consider the well-known technique of dual fizing [14], which is a standard presolving procedure
for linear programming and MILP solvers [3, 5|. Dual fixing strongly relies on a correspondence between
variables that are fixed at their bounds in the optimal face of the primal linear program and redundant
inequalities in the optimal face of the dual linear program. First, let us formally define redundancy.

Definition 5.5. For a polyhedron P = {z € RY | Az < b} with A € R™*YN and b € RM, a set of
constraints K C M is said to be redundant if P = Pyp g = {z € RV | Ann kT < ban i} holds, i.e.,
if the constraints K C M can be removed without altering the feasible region. Moreover, the constraints
K C M are said to be strictly redundant if for each m € K and x € P, Apm «x < bm holds.

Next, we consider dual fixing. Although the method is well-known in literature, most authors pre-
fer a purely computational view. We complement this with a polyhedral point of view and prove its
correctness.

Proposition 5.6 (Dual Fixing). Let P = {x € RY | Az < b, 2 > O} be a polyhedron with A € RM*¥N
and b € R™. For some objective ¢ € RN that has a finite mazimum over P, consider the linear program
max{cTz | x € P} and its dual min{bTy | y € D} where D = {y € RM | ATy > ¢, y > O}. Let Fp be the
primal c-mazximal face of P and let Fp be the dual b-mazimal face of D. Then the following hold:

1. If for S C N the constraints (Ax,s)Ty > cs are strictly redundant for Fp, then the equation xy = 0
is valid for Fp for all k € S.

2. If for some S C N the constraints (Ax,.s)Ty > cs are redundant for Fp, then there exists a solution
x' € Fp with 2's = O.

Proof. First, let us prove the first point. By complementary slackness, we must have, for each k € M
and any two points z* € Fp and y* € Fp, that 3 ((A«x)Ty* — cx) = 0 holds. For k € S we have strict
redundancy for Fp by assumption, which implies that we must have (A, x)Ty* — cx > 0 for all y* € Fp
and all k € S. Thus, in order to satisfy complementary slackness, x; = 0 must hold for any z* € Fp.
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To prove the second point, let § := max{c"z | x € P} = min{b"y | y € D} be the optimal value of
the primal-dual LP pair. Let S := N \ S denote the variables associated to the other constraints of Fp.
Redundancy of (A s)Ty > cs implies that Fp = {y | (A, 5)Ty > cg, bTy < 0} holds since bTy < 6 holds
for any feasible solution y in the face. Using the variables (&,z) € RS x R for the constraints, the dual
of min{d"y | y € Fp} is then given by § = max{cii — 0z | A, g& —bz < b, x > O,z > 0}. By strong
duality there exist (z*,2*) € R® x R such that § = cLa* —62%, A, sx* —bz" <band 2z* > 0 hold. We
define 7 == 1_“"_% and notice that c{# = § and A, 57 < b hold. Then we define z" = (Z, D) € RV xRS,
Clearly, Az” < b and c¢'2’ = § hold by the above, since the terms for the S-variables vanish due to
2's = O. Thus, 2’ lies in Fp and has x's = O, which completes our proof. O

In Proposition 5.6, we show that dual redundancy can be a sufficient condition for finding integers
in the primal optimal face. Example 5.7 shows that redundancy is not a necessary condition for a
coordinate to be fixed to zero.

Example 5.7. Consider the linear program max{—z | —z < 0, 0z < 1, = > 0} and its dual min{y, |
—y1 > —1, y1 >0, y2 > 0}. The primal optimal face is given by x = 0, and the dual optimal face is
given by {(y1,y2) € R* | 0 < y1 <1, y2 = 0}. Note that none of the dual constraints is redundant for
the optimal face of the dual, even though the primal optimal face is given by x = 0.

Note that, for a polyhedron P and an objective vector ¢, the existence of some c-maximal solution x
with zs = O is sufficient to prove that g is locally implied integer for (P, ¢). In particular, dual fixing
is a method to show local implied integrality. Although our proof works in the setting with x > O, it
can easily be adapted to a setting with lower and upper bounds like ¢ < x < u, by substituting either
2’ = x—/f or ¥’ = u—2 and detecting redundancy for the resulting formulation. Example 5.8 highlights a
case where this may happen, and shows how Proposition 5.6 can be used to infer local implied integrality.

Additionally, note that the set of redundant equations in the dual is not unique; removing a redundant
inequality may turn other (previously redundant) inequalities non-redundant. Thus, for some j,k € N
with j # k, existence of a solution with z; = 0 and the existence of a solution with =, = 0 through
dual redundancy does not imply that a solution exists that has z; = zx = 0. In contrast to this, the set
of strictly redundant equations is unique; even after removing other redundant inequalities, the strictly
redundant inequality may never touch the feasible region, so they always stay redundant.

Example 5.8. Consider the mized-integer linear program max{2y —z | z € {0,1}, y € R>q, y <
2z, 2x — 2y < 1} that is depicted in Figure 2. For this problem, one can show that y is locally implied
integer by x for the given objective, as follows. First, note that the fiber for x = 0 consists of the point
(z,y) = (0,0). Moreover, the fiber for v = 1 is equal to {(1,y) | y > 0, y > %, y < 2}. Although
the polyhedron corresponding to this fiber is not integral, we mazximize 2y, which has positive objective
coefficient, so we will always choose y = 2, which is integral. This can also be seen using Proposition 5.6:
Let y' = 2 —y and consider the linear program belonging to the fiber x = 1 in terms of y'. Then the
local optimization problem can be written as max{—2y’ |y" € R>o, ¢ < %, y' < 2}. Its dual is given by
min{%m +2m | T E ]R220, w1+ w2 > —2}. Clearly, the constraint 1 + w2 > —2 is strictly redundant due
to the nonnegativity constraints m > O, which implies that y' = 0 holds for all primal optimal solutions
by Proposition 5.6, and shows that we can fix y = 2. Hence, y is fized to an integer for both x-fibers,
with respect to the given objective, and thus y is locally implied integer by x by Corollary 5.4. In fact,
one can even infer y = 2x in this case, which can be used to reduce the problem size.

In Theorem 5.9, we specialize Corollary 3.3 to detect local implied integrality as it appears in Ex-
ample 5.8.

Theorem 5.9. Consider P = {x € RY | Az < b, = > O} with A € Q"N and b € Q™. For some
ke N, let M7 :=={j € M| Ajr >0} and M = {j € M | A; < 0} be the rows that contain a positive
or negative nonzero entry in column k. For x € {—,+}, define S* == {k' € N\ {k} | there exists j €
My with Ajy # 0} as the other columns having non-zeros in Mf. Let ¢ € RYN be the objective vector.
Then, for the optimization problem max{c'z | x € P}, the following hold:
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Figure 2: The feasible region (in blue) and the objective (black arrow) of Example 5.8.

1. Ifcgp > 0 and ::;; €Z and Abj;k € Z hold for all j € M,:r and all s € S,:r, then xy is totally locally
implied integer by S,:r.
2. Ifcr, <0 and ﬁji € Z and Abfk € 7Z hold for all j € M, and all s € S, , then xy, is totally locally
7.k Js

implied integer Iby Sy -

For two polyhedra P; and P> we denote by P = P» that they are affinely isomorphic, i.e., that there
exist affine maps from each of them onto the other.

Proof. We only prove the first statement since the second one follows by negating zx, Aum i and cx. To
this end we consider a subset S’ C N of variables with S’ D S;7. If k € S’ then the c-maximal face of
conv(P N MHS') contains some k-integral point and hence k is locally implied integer by S’. Otherwise,

we will establish local implied integrality using Corollary 5.4. For any z € ZS/, consider the fiber Qg (Z).
Let M := M\ M;" and N := N\ {k}. Due to S;” C ', the fiber is described by

QS’(E) = {x | A]y[;”kxk < bM;r - A]W;ryslijkJrvAM,]\_]xﬁ +A1\7[,kxk <by, v =2, 2> (D}7

bj—A_ st+%g

+
> 0 and Ay, <0 hold by definition. Now, let § = minjeM,j {#} Note that

where A
Ajk

M;F K
by the integrality conditions, J is integral as the minimum is taken over integers.

Then we substitute x, = § — zx to obtain Qs(Z), which describes an isomorphic polyhedron for
which we obtain

Qs (@) ={z | zr <6, Ay yoxy + Ay por < byr, z9 =T, x> O}
= |a), >0, Ay xoy — A sl < by, 50 =Z, ty\ry > O, 2, <6}
={z |2, >0, Ay m\sZms — Azl < by — Ajp 51, T\ ry = O,z < 6}

= Qs(Z)

Now we derive the dual of max{c'z | z € Q's(Z)} using A for the upper bound zj, < ¢ and 7 for the
other constraints. Then, the feasible region of the dual LP D’ can be described as follows. Note that by
replacing x by x},, we negate the objective coefficient c.
D' ={(\m) | T Apr st > C}\’r\s” AN=7TAg g, > —ck, A 20, 7> 0O},

where we consider the dual linear program min{dA + (by; — Ay ;s @) | (A7) € D'}. Then, the
constraint A — A][Lkﬂ' > —cg is redundant because A > 0, 7 > 0 and AM,k < 0 already imply that
A=Ay 7™ > 0 holds, which dominates the former due to cx > 0. Since the dual constraint corresponding
to variable zj, is redundant for D', it is redundant for the optimal face of D’ in particular. Then there
exists a solution with z;, = 0 in the c-maximal face of Q's(Z) by Proposition 5.6, which shows that x}, = 0
holds for Qs(Z). By the affine isomorphism there exists a vector z in the c-maximal face of Qs () with
x), = 0. Since § is integral and this holds for any Z € Z°, x}, is locally implied integer by zg/ for (P,¢) by
Corollary 5.4. Since we have shown the result for any S’ 2O S}, we have shown that xy, is totally locally
implied integer by Tt O
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Theorem 5.9 is already used in detection codes of MILP solvers due to its similarity with Corollary 3.3.
However, neither SCIP 9.2.1 [13] nor HIGHS 1.11 [29] exploit that for a variable z; with objective
coefficient ¢y = 0, one can choose between the implication sets S,j and S, , but instead require S,j us,
to have +1 entries. Hence, Theorem 5.9 still represents an improvement over the currently known open
source methods.

Since the structure of Theorem 5.9 is similar to Corollary 3.3, one may wonder if it can similarly be
generalized to multiple variables using total unimodularity, as done in Theorem 3.2. However, this is
much more challenging in this setting; the proof of Theorem 5.9 explicitly exploits the fact that we treat
only a single variable since redundancy is easy to recognize in dimension 1. Already in dimension 2 this
is more difficult, in particular since it has to hold for each (non-empty) fiber.

6 Complexity of recognizing implied integrality

In this section we discuss questions related to the complexity of recognizing implied integers. Since
implied integers are a generalization of the concept of integral polyhedra, many of our results (implicitly)
rely on the work of Papadimitriou and Yannakakis [44]. They considered the following decision problem,
and showed coNP-completeness.

INTEGRALITY RECOGNITION: Given a rational matrix A € R™*YN and rational vector b € R,
determine whether P(A,b) is integral.

Ding, Feng and Zhang [22] also show coNP-hardness by reducing a graph problem to a specific
binary integer program. The NO-certificate for showing containment in coNP is given by a non-integral
(minimal) face F' of the polyhedron P. Such a face is an affine subspace, and Schrijver [45, Corollary
5.3b| shows that there always exists an equation system for this subspace and an objective vector defining
F that both have polynomial encoding length. We will need a similar result for a certificate in the mixed-
integer setting, which uses a very similar proof. Although we could not find a proof of the following
proposition in the literature, we suspect that the result is not original; the proof is similar to Schrijver’s
proof.

Proposition 6.1. Given rational matrices A and B, and a rational vector ¢, we can find, in time
polynomial in their encoding length, a vector (z,y) € Z"™ x R? with Az + By = ¢ or determine that no
such vector ezists.

Proof. First, we project onto the x variables by performing Gaussian elimination on the submatrix B.
More specifically, we rewrite Az + By = ¢ using elementary row operations such that it is of the form

o SlE =)

where B’ has full row rank. This can be done in polynomial time [45, Theorem 3.3]. We can determine
if there exists an integral solution to A”z = ¢” in polynomial time using the Hermite Normal Form [45,
Corollary 5.3b]. Clearly, if A”x = ¢” has no integral solution, then also Az + By = c does not have
one. Otherwise, A”x = ¢’ has an integral solution Z € Z" that we also obtain from the Hermite Normal
Form. Since B’ has full row rank, there exists a solution 4 to B’y = ¢ — A’Z, which we can again find in
polynomial time [45, Theorem 3.3]. Notice that if B already has full row rank then A” would have no
rows, in which case we can use z = O. O

6.1 Recognizing implied integers
The first question we consider is the recognition of implied integrality, phrased as a decision problem.

]RIVIXN

IMPLIED INTEGER RECOGNITION: Given a rational matrix A € , a rational vector b € RM

and subsets S,T C N, determine whether
conv({z € MI® | Az < b}) = conv({z € MI°"" | Az < b}).
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Note that the recognition of integral polyhedra is the special case of S = () and T'= N, which imme-
diately yields coNP-hardness of IMPLIED INTEGER RECOGNITION. Completeness does not immediately
follow, because we do not necessarily have a polynomial-size certificate due to the lack of an accessible
description of conv(PﬂM]Is). Note that if we restrict our problem to binary variables, then it reduces to
one over the fibers using Corollary 2.4, which yields a certificate. This motivates the dedicated treatment
of this case:

BINARY IMPLIED INTEGER RECOGNITION: Given a rational matrix A € QM*¥
b€ QM and subsets S,T C N, determine whether

, a rational vector
conv({z € MI® | O < 25 <1, Az < b}) = conv({z € MI°"" | O < 25 < 1, Az < b}).

Theorem 6.2. BINARY IMPLIED INTEGER RECOGNITION is coNP-complete.

Proof. Since the reduction by Ding, Feng and Zhang in [22] uses a problem with only binary variables,
coNP-hardness follows directly.

Now, let us show that there exists a NO-certificate that can be verified in polynomial time. Corol-
lary 2.4 shows that it is sufficient to provide a vector Z € Z° such that the fiber Qs(Z) = {(&,y) €
[0,1]% x RN\ | Aprnvsy < b— Ar,s} is not T-integral. In particular, Theorem 2.2 shows that it is
sufficient to exhibit a minimal face F' of Qs(Z) that is not T-integral. Since F' is a minimal face there
exists a subset M’ C M of rows such that F = {(z,y) € RV | Apr on\sy = by — Ay sZ}. Now
Proposition 6.1 allows us to verify in polynomial time that F' does not contain a T-integral point. Thus,
Z and M’ form a valid NO-certificate, that can be checked in polynomial time. Clearly, Z and M’ both
have polynomial encoding length. O

While we were able to treat the binary case, our certificate does not work for the general integer case.
However, we establish containment in II5, and conjecture hardness. For more details on the complexity
class I, we refer to [25].

Theorem 6.3. IMPLIED INTEGER RECOGNITION is in I15.
Conjecture 6.4. IMPLIED INTEGER RECOGNITION is I15-complete.

Proof of Theorem 6.3. By (-) we denote the (binary) encoding length of numbers, vectors and matrices.
We consider input matrix A € QM*" and right-hand side vector b € R™ defining a polyhedron P :=
{z € RY | Az < b} as well as index sets S,T C N. Clearly, the relevant polyhedra

R = conv (P N MI®) and Q = conv(P N MI°"T)

always satisfy R O Q. Let k := |[N| 4+ 1. We prove containment of IMPLIED INTEGER RECOGNITION
in IT5 by showing that there exist polynomials p,q : Z>9 — Z>o (independent of the input) such that
R C @ holds if and only if

Vz* € PNMI° N @i,v Ixe Q’;, Elx(l),x@), .. .,x<k) € @év : (9a)
k k

=3 X > n=1, x>0, 2D ePnMITT i=1,2,.. & (9b)
i=1 i=1

where Q, and Qg are the sets of all rational numbers of encoding length bounded by p((A4,b)) and
q({A, b)), respectively.

By Meyer’s theorem [40] there exists a polynomial p such that, whenever R Z @ holds then also
PNMI® NQY ¢ @ NQY holds. Hence, if (9) holds then PN MI® N Q) € QN Q) holds, and thus also
PNMI® C @, which yields R C Q.

Hence, it remains to prove that R C @ implies (9). To this end, consider any z* € P N MI° N Q;,V .
Again by Meyer’s theorem there exist finite sets X C MI®YT N @é\f and Y C ZV¥ n @é\f such that
Q = conv(X) + cone(Y) for some polynomial ¢’, i.e., such that each vector v € X UY has encoding

24



length at most ¢'((A,b)). From z* € R C Q it follows that z* € Q. Let 7 € Z>( be the smallest integer
such that 2% € conv(X) + 3 .y conv({O, 7 - y}). Clearly (7) is bounded by a polynomial in z* and
(A, b), and hence by ¢'((A, b)) only for a suitable polynomial ¢’ (that is independent of the input) due
to x* € Qf)\’. Consider the set of points

X = (conv(X) + Z [0,7]y) N 1

yey

which consists of only points whose encoding length is in turn bounded by a polynomial in ¢’'((A,b)).
Moreover, the choice of 7 implies * € conv(X). It follows from Carathéodory’s theorem [15] that there
is a subset of points W, 2@ . 2® e X and multipliers A1, Az, ..., A\ € Q satisfying (9b). Standard
encoding length bounds yield existence of a polynomial ¢ that is independent of A, b and z* (but depends

on ¢') such that PARNS Qév and \; € Qq for i =1,2,...,k, which concludes the proof. O

6.2 Maximizing the number of implied integers

A natural question related to Conjecture 6.4 is that of a minimal set of integer variables that yields
integrality of all other variables. In other words, we aim to find a large set of implied integers.

LEAST INTEGER HULL: Given rational matrix A € Q™*" and a rational vector b € Q™ that define
a polyhedron P = {z € RY | Az < b}, and a nonnegative integer k € Z>o, determine whether there
exists a set X C N with | X| < k such that conv(P N MI¥) = conv(P NZY).

LeasT INTEGER HULL with k = 0 is equivalent to deciding whether P is integral, and hence gen-
eralizes INTEGRALITY RECOGNITION. Therefore it must be at least coNP-hard [44]. Paat, Schléter and
Weismantel discuss the integrality number [43], which is the minimum number of integer variables needed
in an extended formulation. LEAST INTEGER HULL is somewhat simpler, as it does not allow chang-
ing the relaxation. LEAST INTEGER HULL has also been studied under the name disjunctive index by
Aguilera, Escalante and Nasini [4] who consider the problem for the clique relaxation of the independent
set problem in graphs. They show using antiblocking duality that the disjunctive index of a the clique
relaxation for a given graph is equal to the disjunctive index of the complement graph. We now show
that LEAST INTEGER HULL is also NP-hard by reducing BIPARTITE DELETION to it.

BIPARTITE DELETION: Given a graph G = (V, E) and k € Z>q, does there exist a set S with S| < k
such that G[V'\ 5] is bipartite?

Lewis and Yannakakis [37] have shown that BIPARTITE DELETION is NP-complete. For a graph
G = (V,E), let Pg == {2z € [0,1]V | s +2; < 1 V{i,j} € E} denote the edge relaxation of the
independent set problem. For the latter, we exploit the well-known integrality characterization:

Proposition 6.5. Pg is integral if and only if G is bipartite.

Proof. If G is bipartite, it can be shown using the Ghoulia-Houri criterion [26] that Pg is integral (see
[45, Chapter 19]). If G is not bipartite, then one can consider any odd cycle of G and show that it
induces a fractional vertex in Pg. O

Theorem 6.6. LEAST INTEGER HULL is NP-hard.

Proof. We show NP-hardness by reducing BIPARTITE DELETION to LEAST INTEGER HULL. Let G =
(V, E) be the given graph, and consider its edge relaxation Pg. We claim that, for any S C V, conv(Pg N
MIY\¥) = conv(Pg N Z") holds if and only if the induced subgraph G[S] is bipartite.

First, we assume that conv(Pg N MIY\%) = conv(Pg N Z") holds and show that G[S] is bipartite.
By Corollary 2.4, Qv\s(Z) is integral for all € {0,1}V\S. For z = O, consider Qv\s(D) = {z €
[0,1]V | Aszs < 1, zy\s = O}. The constraints z, + z, < 1 for any edges {u,v} € E with u € S or
v € S are redundant for Qv s(O) since the inequalities z, < 1 are already implied. Thus, Qv\s(O) =
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{(0,zs5) | zs € Pgjs)} holds. Since Qy\s(D) is integral, Pg(g) is also integral. Then Proposition 6.5
shows bipartiteness of G[S5].

For the reverse direction, we assume that G[S] is bipartite and show that conv(Pg N MIY\%) =
conv(PeNZ") holds. By Corollary 2.4, it suffices to show that Qv s(Z) is integral for each z € {0,1}V\9.
Consider any Z € {0,1}""\¥ and let X .= {v € V\ S | Z, = 1}. Note that if X is not an independent
set of G[V \ S] then Qyv\s(Z) = @ holds because some edge constraint is violated. Otherwise, let Y’
denote the set of nodes that are adjacent to some node in X. By the edge constraints of Pg, we
must have zy = O for any feasible z € Qv\s(Z). This also implies that any edge constraint that
does not have both end nodes in S\ Y becomes redundant, as it is either already feasible by choice of
feasible Z, or has some node in Y in it, which makes it redundant due to xy = ©. Thus, we can write
Qw\s(@) = {(Z,0sny,zs\v) | Ts\y € Pgs\v]}. Since G[S \ Y] is an induced subgraph of G[S], it is
bipartite. Proposition 6.5 shows that Pg(s\y) is integral, and it follows that Qy\s(Z) is integral. Since
this holds for any z € {0,1}"\9, Corollary 2.4 shows conv(P N MIY\¥) = conv(P N Z").

We conclude that a subset S C V of vertices induces a bipartite subgraph of G if and only if
conv(Pe N MI¥) = conv(Pg NZY) holds, which completes the reduction. O

Since we have shown that LEAST INTEGER HULL is both NP-hard and coNP-hard, it is natural to
conjecture that it lies higher in the polynomial hierarchy due to the common belief that coNP # NP
holds.

6.3 Combining multiple implied integrality relations

Nearly all the results in this work concern totally implied integers, which can be combined to derive
implied integrality of larger sets of variables. In practice, we only have limited time to derive total
implied integrality, which motivates us to consider the setting where a small number n of these relations
are given. A natural question is whether a certain relation can easily be concluded from a set of such
relations. More precisely, we consider the following problem:

TotaLLy IMPLIED INTEGER COMBINATION: Given a ground set N, a finite family (S;,7T})icr of
subset pairs (S;,7; C N) and k € Z>o, determine whether there exists a subset X C N such that
|X| < k and conv(P N MI*) = conv(P N Z") holds for each rational polyhedron P C RY for which
(Si, Ti)icr are totally-implied-integrality relations.

Note that in ToTALLY IMPLIED INTEGER COMBINATION, the validation of the totally-implied-integer
relations is not part of the problem because we already determined that doing so is at least coNP-hard.
This is well motivated by the fact that several methods that we use to detect total implied integrality
relations can be verified in polynomial time, such as Theorems 3.2 and 4.4. Instead, we focus on the
difficulty of combining the given totally-implied-integrality relations.

First, we will show that ToTAaLLY IMPLIED INTEGER COMBINATION is in NP. For a given instance,
we consider a certificate given by X C N and an ordering (i1, 42, ...,%s|) of the elements of I. Then, we
require that the following conditions hold.

n—1
S, CxulJm, vi<n<| (10a)
j=1
N=xulJT (10b)
iel

Lemma 6.7. Given an instance of TOTALLY IMPLIED INTEGER COMBINATION and a given set X C N,
suppose that (10b) holds and that there does not exist an ordering of I such that (10a) holds for all
1 <n <|I|. Then, there exists a specific ordering of I and integer m € [0, |I| — 1] such that (10a) holds
for alln < m and (10a) does not hold for all n > m.
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Proof. We consider a proof by contrapositive, by assuming that there does not exist an ordering of I
and integer m € [0, [I| — 1] such that (10a) holds for all n < m and (10a) does not hold for all n > m.
Then, for p € [1,]|I]], we inductively proof that

there exists an ordering of I such that (10a) holds for all 1 <n < p. (11)

First, consider the case p = 1. By our assumption for m = 0, there must exist some ¢ € I such that
Si; C X holds. Then, any ordering that places ¢ first shows that (11) holds for p = 1. Second, consider
the case where (11) holds for all p = ¢, where ¢ < |I|. Let i1, .. .,4, be any ordering of I such that (10a)
holds for all 1 <n < ¢. By our assumption, there must exist some integer s such that S; C XUU;?:l ng

holds. Then, we construct a new ordering of I by swapping ¢, with %qul. Since S;, € XU ngl ng holds
for ¢ + 1 and we did not change the ordering of the first ¢ elements, this new ordering satisfies (11) for
p = q + 1, completing the induction.

Since (11) holds for p = |I|, this shows that (10) holds for all 1 < n < |I|, which completes our proof
by contrapositive. O

In order to establish that ToTALLY IMPLIED INTEGER COMBINATION is in NP, we will need a con-
struction for a family of simple polyhedra with known totally-implied-integrality relations.

Proposition 6.8. For any X C N, define the polyhedron Px = {(Ox, %N\X)} that is given by a single
point with fractional coordinates only on N\ X. Then, (S,T) is a valid totally implied integer relation
for Px if and only if at least one of S € X or T C X holds.

Proof. First, consider the case where S ¢ X. Then, since S contains some element of N \ S, any
S’ D S satisfies conv(Py N M]IS,) =0 = conv(Pyg N M]IS/UT), which shows that T is totally implied
integer by S. Second, consider the case S C X and T C X, and let S O S§. If S C X, then
conv(Px N MI[S/) = Px = conv(Px NMI¥) = conv(Px N MHS/UT) holds since S’ UT C X. Otherwise
if $ ¢ X, we again have that conv(Px NMI®') = () = conv(Px N MI®'¥T). Finally, if $ C X and
T\ X # 0, then T is not (totally) implied integer by S because conv(Px N MI®) # conv(Px N MISYT)
holds, since the former is equal to Px and the latter is the empty set. O

Lemma 6.9. TorALLy IMPLIED INTEGER COMBINATION is in NP.

Proof. As a YES-certificate, we consider a given set X C N and an ordering of the elements in [ that
satisfies (10). Suppose an ordering that satisfies (10) exists and consider any rational polyhedron P C RY
for which (S;,T;) for i = 1,2,...,n are totally-implied-integrality relations. We obtain

conv(P N MI™) (%ia) conv(P N M)

j=1 j=2 " j=n

(10a) (10a) (10b)

conv(P N MI* Uiz i)y conv(PNZY).

Now suppose that such an ordering does not exist. We show that there exists a polyhedron satisfying
the totally-implied-integer relations, but for which conv(P N M]IX) # conv(P NZY) holds.

First, we consider the case in which an ordering does not exist because (10b) does not hold, which
implies that X' := X U ({J,;c;T:) # N holds. Then define Py, as in Proposition 6.8, and note that
Proposition 6.8 shows that Py satisfies all the totally implied integer relations, since we have T; C X’
for all i € I. However, since X C X’ and X’ # N hold, it follows that N \ X’ # (), which implies that
Px: = conv(Px: " MI*) # conv(Pxs NZY) = (). Thus, we can assume that every certificate satisfies
(10b).

Then, Lemma 6.7 implies that there exists an ordering {1,2,...,n} of I such that for X’ := S; C
X U (U/Z] T;) holds for all j < k for some k < n but that for all j >k, S; € X U (UJ'_, T:) holds (Note
that k = 0 is allowed). Now, let X’ := X U (J/_, T3), and consider Px: as defined in Proposition 6.8.
Clearly, since there exists some S; that is not a subset of X', we must have that X’ # N. By the
above, all S; that satisfy S; C X', which are precisely those with i < k, also satisfy T; C X’ by
definition of X’. Thus, Px/ models all the given totally implied integer relations correctly. However,
Px/ = conv(Px/ NMI*) # conv(PxsNZY) = § holds since X’ # N holds. Thus, if no ordering certificate
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exists, conv(P NMI*) = conv(P NZ") does not hold for every polyhedron P for which the given totally
implied integer relations are valid.

Thus, conv(P NMI*) = conv(P NZY) holds for every rational polyhedron P C R” if and only if an
ordering I = {1,2,...,n} exists such that $; C XU(J/Z] T3) forall j = 1,...,nand XU (U,,; ) = N
holds. Moreover, the certificate is clearly of polynomial size and can be verified in polynomial time,
which concludes the proof. O

To show NP-hardness, we reduce HITTING SET to TOTALLY IMPLIED INTEGER COMBINATION. The
former is is well-known to be NP-complete [35].

HrrTiNG SET: Given the universal (finite) set U, an integer 1 < k < |U|, and subsets S; C U
for i = 1,2,...,m, determine if there exists a set C C U with |C| < k such that C N S; # 0 for all
i=1,2,...,m.

Lemma 6.10. TotALLY IMPLIED INTEGER COMBINATION is NP-hard.

Proof. We augment a hitting set instance that is given by the sets S; with |U| copies of U, so that
S;j=Uforalj=m+1m+2,...m+ |U|. Clearly, these sets are trivially satisfied in any feasible
instance and only serve to increase the number of sets, and do not change the set of hitting sets. We use
M ={1,2,...,m+|U|} to denote the the set of sets to be hit. For any hitting set instance as given above,
we define a totally implied integer combination instance as follows. Let U x M be the ambient space, and
let the totally implied integer relations be given by (u,) for all w € S;,i € M, such that each element
u totally implies each set S; that contains u. Additionally, we add the totally implied integer relation
(M, u) for all w € U. We use (V;, W;) to denote the union of these totally implied relations. It can be
easily verified that the constructed Totally Implied Integer Combination instance has a polynomial size
in terms of the original hitting set instance.

We claim that there exists some set X C U x M with | X| < k such that conv(P NMI*) = conv(P N
(ZY x 7)) holds for each rational polyhedron for which (V;, W;) are if and only if there exists a hitting
set C C U with |C| < k.

First, we assume that there exists a hitting set C' C U with |C| < k, and show that such a set X
exists. Since C is a hitting set, each set S; has at least one element from C in it. Then, by the totally
implied integer relations (u,7) for all u € S;, i € M, show that we must have conv(P N (MI® x RY)) =
conv(P N (MI® x ZY)) (apply in any order). Subsequently applying the totally implied integer relations
(M,u), we find that conv(P N (MI® x ZM)) = conv(P N (Z° x Z™)) holds. Then, since |C| < k,
conv(P N (MI® x RY)) = conv(P N (Z° x ZY)) holds by the totally implied integer relations and C
attains the conditions (for X') for TOTALLY IMPLIED INTEGER COMBINATION.

Second, we assume that there exists X C U x M such that conv(P N MI*) = conv(P N (ZY x ZV))
and | X| < k hold, and show that there exists a hitting set X’ C U where | X’| < k holds. Let Xy = XNU
and let X)r = X N M. Note that since any set i € X/ is implied integer by any of its elements, we can
substitute it for one of its elements u € S; and add it to Xy, since ¢ is directly implied integer by wu.
Starting with Xy and performing this procedure for each i € M, we obtain a set X’ such that X’ C U,
|X'] <|X] <k and conv(P N (MHX/ x RM)) holds. Since |U| < |M| =m + |U| holds, such a procedure
always works and can never increase the size of X’. We claim that X’ is a hitting set. Suppose that
X'NS; = () holds for some S;, where i = 1,...,m + |U|. In particular, this implies that none of the
totally implied integer relations (u,i) can be used initially to derive implied integrality of i. Since all
in-arcs of i are of this form, we must then show that some u € S; is implied integer by X’ through an
alternative route. However, since every v € U is implied integer only by the in-arc (M,u), and M is
clearly not integer because ¢ € M is not initially integer, there is no way to derive integrality of ¢ using
totally implied integer relations, which contradicts that conv(P N (MHX/ x RM)) = conv(PN(ZY x ZM))
holds. Thus, X' NS; # 0 holds for all i = 1,2,...,m + |U|, which shows that X’ is a hitting set of the
augmented and original instance with |X'| < k. O

The combination of Lemmas 6.9 and 6.10 yields the following result.

Theorem 6.11. TOTALLY IMPLIED INTEGER COMBINATION is NP-complete.
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6.4 Recognizing implied fixed integers

Finally, we consider the problem of determining whether a vector is implied fixed integer (see Section 4).

IMPLIED FIXED INTEGRALITY: Given a rational matrix A € QM*¥ and a rational vector b € Q™
that define a polyhedron P = {x € RY | Az < b}, aset S C N and a rational vector v € Q" determine
whether v € ¥g(P) holds.

Lemma 6.12. IMPLIED FIXED INTEGRALITY is coNP-hard.

Proof. We reduce the problem of determining infeasibility of an integer linear program to IMPLIED FIXED
INTEGRALITY. It is well known that the problem of determining if an integer linear program given by
a rational polyhedron P = {z € R® | Az < b} where A € Q™*% b € QM together with integrality
constraints is non-empty is NP-complete [19]. Thus, the complement, which asks whether conv(P NZ%)
is empty, is coNP-complete.

To describe our reduction, we first add an additional binary variable binary y to P to obtain P’ =
{(z,y) € R xR | Az < b, 0 <y < 1}. It is clear that conv(P N Z%) = § holds if and only if
conv(P' N (Z° x R)) = 0. Then we consider Us(P’) and claim that the scaled unit vector e, lies in
Uy (P') if and only if conv(P’ N (Z° x R)) = § holds.

If conv(P' N (Z% x R)) = 0, then ¥x(P') = R® x R holds, as any equation is valid for the empty
polyhedron, and thus, also for its empty fibers. In particular, this shows that fe, € Ug(P’) holds.
Otherwise, if conv(P’ N (Z° x R)) # @, there exists some feasible solution Z € Z% such that the fiber
Q'x(Z) of P’ is non-empty. In particular, it is easy to verify that this fiber is given by {z} x [0, 1].
Clearly, such a fiber cannot satisfy an equation of the form %ey = a(T), since the y-variable is not fixed
in the fiber. This shows that %ey ¢ U (P') holds. From the above arguments, we can conclude that
ie, € Un(P’) holds if and only if conv(P N Z?) is empty. Hardness of determining the latter concludes
the proof. O

We also conjecture containment in coNP and therefore coNP-completeness, but it turns out to be
not so easy to prove.

Conjecture 6.13. IMPLIED FIXED INTEGRALITY is coNP-complete.

Let us discuss a potential NO-certificate. By definition of Us(P), v ¢ ¥s(P) holds if and only if
there exists some fiber # € Z° such that vTz is not an integral constant for all z € Qn(Z). The latter
holds if and only if max(v'z | z € Q(Z)} and min(v'z | z € Q(Z)} are different or they are equal to the
same fractional value. However, it is not clear why, if there exists such a fiber, there must exist one for
which Z has polynomial encoding length.

7 Implied integrality in practice

Although the presented concepts are of theoretical interest, they are also practically relevant, which
is highlighted in this section. In light of Theorem 3.2 it is tempting to search for totally unimodular
matrices, which can be recognized in polynomial time [47], however, with significant computational
cost [49]. Hence, we restrict our detection to the special case of network matrices and their transposes
(see [45, Chapter 19]). To this end we use adjusted versions of the algorithms developed in [12] and [48]
to greedily grow network submatrices one column or one row at a time. This way, we detect submatrices
with the structure of Theorem 3.2.

7.1 Implemented algorithm

The implemented algorithm is described in Algorithm 1. It relies on a procedure GrowNetwork(A, T, j)
for checking for a (transposed) network submatrix A, r if the addition of the column j maintains the
property, i.e., that A, rug;} is a (transposed) network matrix. For network matrices, we use the fast
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column-wise augmentation algorithm by Bixby and Wagner [12]. For transposed network matrices, we
use the row-wise network matrix augmentation algorithm by van der Hulst and Walter [48]. For each
instance, Algorithm 1 is run twice, once with network matrix detection and once with transposed network
matrix detection. From these two runs, the totally unimodular submatrix with the largest |T'| is used.

Algorithm 1: Detecting implied integers using Theorem 3.2
Algorithm: FindImpliedIntegers(A4,b, )

Input: Constraint matrix A € RM*N right hand side b € RM, integer variables I C N
Output: Implied integer relation (S, T)

T « 0

R« {ie M|b; ¢ Zor a;; ¢ Z for some j € N};

Let K be the set of connected components of Aps nr;

for K € K do

Let Tk + (Z);

if RN Mg # 0 then

continue

© o N O R W N e

end
for j € Nk do
if not GrowNetwork(A,T U Tk, j) then break;
T <+ Tk U {]},
end
if TK = NK then
‘ T+ TUTk;
else
‘ R+ RUMg
end

P
N = O

[
b =T, B N

fury
®

end
X « {j € I|supp(a+;) N R =0}
for j € X do
‘ if GrowNetwork(A,T,j) then T «+ T U {j};
end
S« {j € N\T | there exist i € M,t € T such that a;; # 0,a; # 0};
return S, T

N NN N NN
Uk W NV H O ©

Algorithm 1 consists of three steps. First, it tracks the set of rows R that are incompatible with
implied integrality detection, which corresponds to rows in the submatrix Dz + Ez in the statement
of Theorem 3.2. A row is put in R if it has non-integral coefficients, a non-integral right hand side,
or if it has continuous columns that are not implied integer. The algorithm initializes R with the set
of rows contain some non-integer nonzero or have a non-integer right-hand side. By the requirements
of Theorem 3.2, any variables that have nonzeros in R can not be implied integers. Note that R also
contains rows that are non-integral variable bounds. Second, note that by the structure of Theorem 3.2,
either all or none of the continuous columns in a row must be implied integer. Thus, we select all
connected components K of Ay\; that form a (transposed) network matrix and do not contain any rows
from R, and add their columns to 7. For each component K € K, we use Nx and Mk to denote the
component its rows and columns. If a component is not (transposed) network matrix or intersects R,
we add its rows to R. Third, we greedily add integer columns to 7" that do not contain rows from R.
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7.2 Results

As a baseline, we use the default SCIP 9.2.1 implementation [13], which detects implied integers using
Corollaries 3.3 and 4.5. This is compared to a version that, in addition uses a plugin that implements
Algorithm 1. The plugin and its source code will be part of the upcoming SCIP 10 release. These
computations were done on an Intel Gold 5217 CPU with 64 GB of memory.

In Table 1 we report about results on the MIPLIB 2017 collection set [27], where 5 models were ex-
cluded because they could not be presolved using 64 GB of memory, and 25 further models were excluded
because they were solved during presolve with both methods. We observe that using Algorithm 1 one
finds nearly six times as many implied integer variables at the cost of only a small detection time. Fig-
ure 3a shows the distribution of the implied integers over all the instances. Furthermore, the relationship
between the sizes of S and T is highlighted in Figure 3b.

Table 1: Implied integer detection on 1035 instances of the MIPLIB 2017 collection set [27].

Method SCIP 9.2.1 | SCIP 9.2.1 + Algorithm 1
affected instances 203 712
mean of ratio % 3.3% 18.8%
mean of ratio Tj{;fl 3.2% 7.5%
mean of ratio lTN\tl 0.1% 11.3%
mean of ratio W“l‘)i]{‘,‘\ﬂ 26.5% 22.2%
mean of ratio % 70.2% 59.0 %
number of variables 6937 6944

(a) Basic detection statistics. For a set X C N, Xint (Xcon) indicates the set of variables in X that (do
not) have integrality constraints in the original model. The numbers and ratios reported are based on
the presolved model, and averaged over all instances tested. The number of variables reported is the
shifted geometric mean of the number of variables with shift 10. All other means are arithmetic means.

Detection time | [0,1]ms | [1,10Jms | [10,100]ms | [100,1000]ms | [1,10]s | > 10s
Number of instances | 232 | 311 | 292 | 148 | 39 [ 13

(b) Distribution of the running time of Algorithm 1. For each time bracket, the corresponding number
of instances that fall into it is indicated.

Table 2 shows results of preliminary performance experiments. In this comparison, we ignore the
detected implied integrality for originally integer variables, because preliminary tests showed a negative
performance impact for using implied integrality for them. In particular, we skip the loop on lines 21-23
in Algorithm 1. The performance results are inconclusive: both methods use on average the same amount
of time and nodes. Although we are 5% faster on instances that take more than 1000 seconds to solve
by detecting more implied integer variables, this is achieved only on a small sample of 32 instances of the
240 instances tested, and cannot be considered conclusive. The inconclusive results can be explained by
the sensitivity of SCIP to the distribution of (implied) integers. In fact, we already had to adapt many
of its algorithms and parameters to account for the changed variable type distribution in order to obtain
these neutral performance results.
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Figure 3: Results on implied integers for the MIPLIB 2017 collection dataset [27].

Table 2: Performance comparison on the MIPLIB 2017 benchmark set [27]. The subsets indicated
by [z, tilim] contain all instances solved by at least one of the two runs, that took at least x
seconds to solve. The time and nodes reported are shifted geometric means with 1s and 100
nodes, respectively. These experiments were run on a AMD Ryzen 2600 CPU with a time limit

of 3600 s and a memory limit of 12 GB.

SCIP 9.2.1 SCIP 9.2.1 + Alg. 1 relative
Subset instances solved time nodes solved time nodes time nodes
all 240 118 730.6 3450 118 733.3 3425 1.00 0.99
[0,tilim] 120 118 147.6 2292 118 148.7 2307 1.01 1.01
[1,tilim] 118 116 159.5 2388 116 160.7 2405 1.01 1.01
[10,tililn] 105 103 246.0 3459 103 248.4 3525 1.01 1.01
[100,tilim] 73 71 617.5 9460 71 617.4 9559 1.00 1.01
[1000,tilim] 32 30 1768.8 33695 30 1678.7 33664 0.95 1.00
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8 Conclusion and discussion

In line with the structure of our work we start with a discussion of our theoretical insights. One of our
main contributions is the reduction of implied integrality to partial integrality of fibers via Corollaries 2.3
and 2.4. This property, however, does not seem to be well-understood, even in contexts where integrality
characterizations exist. We are only aware of one line of research in that direction, namely on strengths
of Dantzig-Wolfe reformulations for stable-set polytopes [39].

Besides showing (partial) integrality, our insights relate to many other topics in MILP since im-
portant techniques like cutting planes, branch-and-bound and domain propagation typically only use
the integrality of a subset of the integral variables. Implied integrality could be used in these contexts
to strengthen results that only use partial integrality to larger sets of integer variables. For example,
Balas, Ceria and Cornuejols’ lift-and-project procedure [9] provides a way to strengthen P C [0,1]V
to conv(P N M ) for some S C N by adding valid inequalities in a procedure that iterates over the
variables S. If xr is implied integer by zs then it suffices to apply the lift-and-project procedure only
on the xg-variables to obtain conv(P N M]ISUT)7 rather than on the zgyr-variables.

Theorem 3.2 can be seen as a special case of an affine TU decomposition [7] in which one of the
matrices is an identity matrix augmented with zero columns. A natural question is whether more
general decompositions can be detected as well.

Furthermore, the proposed framework for the geometry of fixed integers is still somewhat limited in
the following sense. Example 4.6 provides an example for which the fixing function «(-) is nonlinear,
and we were unable to derive any structural insights regarding detection of implied fixed integers in
such cases. Finally, the proposed detection method for local implied integrality through dual fixing in
Theorem 5.9 is currently limited to a single variable. Additional results that infer integrality of multiple
variables in the optimal face using duality are left as an open research question. Several other questions
remain open. For example, given that T is (totally) implied integer by S, it is interesting to ask for
the size of the smallest subset S’ C S such that T remains (totally) implied integer by S’. Naturally,
the resolution of Conjecture 6.4 as well as extensions of implied integrality to mixed-integer nonlinear
optimization constitute further research directions.

On the practical side we believe that proper usage of the additional implied integrality information in
SCIP will eventually yield a performance boost. This is justified by the impressive result in [3] where a
speed-up of 13 % using the basic version of implied integrality is reported and by the small detection times
that we observe in Table 1. Finally, we see a lot of unexplored potential in exploiting implied integrality
in the context of decomposition approaches. In Benders’ decomposition, implied integrality may provide
a major advantage since continuous variables in a subproblem are much easier to deal with than integer
ones. For Dantzig-Wolfe reformulations, however, constraints that induce integrality properties should
not be reformulated as they do not contribute to strengthening of the relaxation. Hence, we hope that
presence of implied integrality can be exploited to lead to better decompositions and better automatic
detection of decompositions in the future.
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