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Abstract

In this paper, the second-order directional derivative of the optimal value function and the optimal solution
function are obtained for a strongly stable parametric problem with non-unique Lagrange multipliers. Some
properties of the Lagrange multipliers are proved. It is justified that the second-order directional derivative
of the optimal solution function for the parametric problem can be obtained by solving a suitable convex
quadratic programming problem corresponding to an appropriate set of multipliers.
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1. Introduction

In this paper, we consider the following smooth parametric optimization problem,
(Pz): min fz,y) st g(z,y) <0, hiz,y) =0,

where f:R"xR™ — R, ¢g:R"xR™ — RP and h : R" x R™ — R? are continuously differentiable
functions. The feasible set of P, is

Qa: = {y eR™ g($7y) < 07h($,y> = O}

The optimal solution of P,, denoted by y(z), is known as the optimal solution function at z, and y € Q, is
the feasible point of P,. Furthermore, the optimal value of P, at z, is denoted by ¢(z),

¢(z) == min{f(z,y) s.t. g(2,y) < 0, h(z,y) = 0},

which is known as the optimal value function at x. The sensitivity analysis of the parametric problem is the
study of the behavior of parametric problem with respect to change in the parameter x.

The sensitivity analysis of a parametric programming problem has been a topic of interest because of its ap-
plication to optimization theory, including semi-infinite optimization problems, Min-Max problems, Bilevel
optimization problems, etc. A detailed study of the sensitivity analysis of parametric optimization problems
can be found in the monographs by Bonnans and Shapiro [2], Fiacco [5], and Luderer et al. [9].

Sensitivity analysis of the optimal solution often assumes the strongly stable property of the optimal so-

lution of the parametric problem to ensure continuity of the optimal solution function. The additional
assumption of the constant rank condition ensures the Lipschitz continuity of the optimal solution function.
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Some different sets of assumptions are seen in Shapiro [I1], [I2], to ensure the Lipschitz continuity of the opti-
mal solution function and optimal value function, where the parametric problem is not necessarily uniquely
solved in the neighborhood of the reference point.

Some of the existing contributions on first-order properties of P, include the contributions by Fiacco
[5],Gauvin and Janin [6], Shapiro [12], Auslender and Cominetti [I], Dempe [3], Ralph and Dempe [I0],
and Stechlinski et al. [I3], among many others. Initial work on the sensitivity analysis of the optimal solu-
tion function of P, does not consider changes in the active index set of parametric problems under parameter
perturbations, relying instead on relatively strong assumptions, such as the linear independence constraint
qualification (LICQ) and the strict complementarity condition. In such cases, the optimal solution function
is continuously differentiable, and the implicit function theorem is directly used on the KKT (Karush-Kuhn-
Tucker) optimality system to determine the sensitivity of the optimal solution function (see Fiacco [5]).
Some contributions in this area in the absence of linear independent constraint qualification include Gauvin
and Janin [6], Shapiro [I2], Dempe [3], and Ralph and Dempe [10]. Gauvin and Janin [6] have studied the
directional differentiability, Lipschitz continuity, and Holder continuity properties of the optimal solution
function under the second-order sufficient condition and Robinson’s constraint qualification. Shapiro [12]
obtained the first order directional derivative for the optimal solution and second order directional derivative
for value function through an optimization problem corresponding to a suitable subset of multipliers. Dempe
[3] and Ralph and Dempe [10] investigated a suitable multiplier set for computing the first-order directional
derivative of the optimal solution function by solving a quadratic optimization problem.

In this paper, we focus on the study of the second-order directional differentiability of the optimal solution
function in cases where the Lagrange multipliers associated with the parametric problem are not necessar-
ily unique. Furthermore, the first-order results from Dempe [3] and Ralph and Dempe [I0] are extended
by identifying a subset of Lagrange multipliers that produce the second-order directional derivative of the
optimal solution function by solving a quadratic programming problem.

This work is structured into several sections. In Section [2] some basic notations are provided along with
existing results on the first-order properties of the optimal solution function. Second-order properties of the
optimal value function are studied in Section 3. Using the results of Section 3, some properties of Lagrange
multipliers of P, are studied in Section 4. The main results on the second-order properties of the optimal
solution function are studied in Section 5 using the results of Sections 3 and 4.

2. Preliminaries

For x € R", let L(z,y,u,v) := f(z,y) + ulg(z,y) + vIh(z,y) denote the Lagrange function for P, at z,
where u € R?, v € R? are Lagrange multiplier vectors associated with the inequality constraint g(x,y) < 0
and the equality constraint h(z,y) = 0. KKT necessary optimality conditions for P, at a feasible point
(z,y(x)) are

VyL(z,y(x),u,v) =0, u"g(z,y(x)) =0, u >0
for some (u,v) € R x RY.

Some basic notations are stated below, which are used in subsequent sections at several places.

Notations
VF;
VFE,
o VF := . € R?*P_ where each VF; € R'*? is the gradient of a function F; : R? — R.
VE,



2
V2F = . € R?P*XP where V2F; € RP*? is the Hessian of Fj.
V2F,
dTV?Fd
dTV?Fyd
Given d € R?, denote d'V2Fd := i
dTVQqu

2 2
Z = (5) and the operator V2, is defined as V2, := (v” v”).

Np:= Neighborhood of a point p.
Ax :={1,2,--- ,k} is the index set of size k.
ViL V2L V2L

Tx Ty TU

v2.L V2L V2L

: : : o2 27 . T y u
Hessian of L with respect to (, y, u, v) is denoted by V2L and defined as V2L := vg I vg I vg I

ux uy uu
V2.L V%yL V2,L

and Hessian of L with respect to (z,y) is denoted by V2, L.
I(y) :={i € A, : g;(x,y) = 0} is the active set at y € Q.
J(u) :={i € I,(y) : u; > 0} is the set of indices with positive Lagrange multipliers in the vector wu.

The set of Lagrange multipliers of P, is denoted by U, (y(x)), which is,
Ua(y(x)) = {(u,0) € R? X RY : Y, L(z, y(x),u,v) = 0, ulg(r,y(x)) = 0, u > 0},

and EU,(y(x)) denotes the vertex set of Uy (y(x)).

vz, L

V2, L
V%UL ’

v2,L

VU

The following assumptions at (z,y(x)) are used in several places to study the second-order properties of P,
in this paper.

Assumptions:

. (A1

)
o (A2) Mangasarian-Fromovitz constraint qualification (MFCQ) holds at (z,y(x)). That is, the family
(Vyhi(z, y(z)))l ca, 18 linearly independent, and there exists a nonzero vector d,, € R™ such that

The functions f, g and h are thrice continuously differentiable at (z,y(z)).

o (A3) For all (u,v) € Uy(y(z)), and for all nonzero vectors d,, € R™ satisfying

vygi(xvy(x))dy =0, 1€ J(u)a Vyhi(may(x))dy =0, 1€ Aqa

we have d} V2 L(x,y(x),u,v)d, > 0, where J(u) := {i € I(y(x)) : u; > 0} is the set of indices with
positive Lagrange multipliers in the vector u.

o (A4) Constant rank constraint qualification (CRCQ) holds at (z,y(x)). That is, there exists a
neighborhood N, ,) of (z,y) such that for any subset W of I.(y), the family of gradient vectors

((Vygi(x’,y'))iew s (Vyhi(2, y’))ieAq) has the same rank for all (2,y") € N(g,y).

o (A5) P, is a convex programming problem for every z.



It is well known that under Assumption A2, U, (y(x)) is a non-empty, convex, and bounded polyhedral set,
which is not necessarily a singleton set. Further, Assumptions A1 — A3 ensure that y(z) is a strict local
minimum point of P,. Finally, Assumptions A1 — A4 provide the Lipschitz continuity of the optimal solution
function (see, Liu [8], Ralph and Dempe [10]). The assumption A5 ensures that y(-) is the global optimal
solution function. In fact, under Assumptions A1 — A5, y(-) is the uniquely determined global optimal solu-
tion function.

The optimal solution function y(-) of P, is said to be first-order directionally differentiable at =z € R”
along the direction d, € R", if

o (5: dy) = lim y(z +tdy) — y(z)
tl0 t

exists finitely. Similarly, the first-order directional derivative of the optimal value function ¢(-) along the

direction d, at x is
¢ (z;d,) := lim ¢(z +tdy) — ()
T t

In the following theorem, we collect some of the existing results which were originally stated in the context
of a parametric problem with inequality constraints( min, f(z,y) s.t. g(z,y) <0,) and assemble them here
in the context of the problem P,.

Theorem 2.1. (7). Under Assumptions Al — A3, y(-) is directionally differentiable at x. For a given vector
dy, there exists (u,v) € Uy (y(z)) such that y'(x;dy,) is the unique solution of the following quadratic
programming problem :

. 1
QP (2;dy) : min Edgvzyl/(a:,y(ac),u,v)dy + d;ViyL(aH,y(m),u, v)d,

Y

s.t. d, € Kl(v;d,),

where Kl (z;d,) = {dy, € R™ : (dy,dy) € K}(z)}, and K\(z) is the critical cone at (z,y(z)) with
respect to (u,v) € Uy(y(x))

Vagi(z,y(x))ds + Vygi(z, y(x))dy =0, i€ J(u),
Ky(x) = (deydy) € R" X R™ = Vogi(w,y(2))ds + Vygi(z, y(x))dy <0, i€ L(y(z))\ J(u),
Vahi(z,y(x))ds + Vyhi(z,y(x))d, =0, i€,

(ii). Under Assumptions Al — A4, y'(x;d,) is the unique optimal solution of QP ) (x;dy) for any (u,v) €
S1(d,), where
SY(d,) == {(u,v) € Uy(y(x)) : (u,v) solves P}},

(P )

: max
(w2) €U (u(x)) ,

D wiVagi(@,y(@)de + Y viVahi(e, y)dy.

= (y(x)) i€Aq

(iii). Under Assumptions Al — A3, y(-) : Ny — N, is a continuous map, where N, and N, are open
neighborhoods about x and y respectively.

(iv). Under Assumptions Al — A3, we have V(d,) C S*(d,) C U,(y(x)), where

I(u*,0*) € Upe(y(2®)), {(u*,0")} — (u,v)}

Vids) = {(u, v) € Ualy(@) for {tx} 1 0, tx >0, and ¥ =z + tpd, Vk.

(v). y(-) is second-order directionally differentiable under Assumptions Al — A4.



Proof. Proof of these results is straightforward from some existing results. The proof of (i) follows from
Theorem 1, Dempe [3] and Shapiro [12] for P,. The proof of (ii) follows from Theorem 10 of Ralph and
Dempe [I0] for P,. The proof of (iii) follows from Theorem 7.2 of Kojima [7] for P,. The proof of (iv) follows
from Lemma 2.3 of Dempe [3] for P,. The proof of (v) follows from Theorem 3.6 of Liu [§] for P,. O

Lemma 2.2 of Dempe [3] shows that the set Kl (x,d,) represents the set of Lagrange multiplier vectors of
P!, which is non-empty if and only if (u,v) € S*(d,). Thus the quadratic program QP .)(, d,) has a non-
empty feasible set if and only if (u,v) € S'(d,), and S'(d,) being the solution set of a linear programming
problem P}, is not necessarily a singleton set. Hence, Theorem [2.1i) does not explicitly determine the
directional derivative y'(z;d,) as it is unclear which (u,v) € U,(y(z)) should be used to derive y'(z;dy)
from QP )(7,d;). Nevertheless, with the additional Assumption A4, Theorem ii) show that for any
(u,v) € S*(dy), the first-order directional derivative y'(x;d,) is the solution of QP ) (x;dy).

Lemma 2.1. Consider the parametric problem with equality constraints as
min f(x,y) s.t. h(z,y) =0,
y

where f: R" X R® — R™ and h : R®* x R™ — R?. Let y(-) € R™ be the optimal solution function, and
v(+) € R? be the Lagrange multiplier vector to the above problem. Suppose Assumptions Al, A3 are satisfied at
(x,y(x)) and the family (Vyhi(x, y(x)) is linearly independent. Then (y(.),v(.)) € C? in a neighborhood

of x.

i€h,

Proof. Proof of this lemma follows directly from the proof of Corollary 3.2.5. of Shapiro [12] as a special
case. O

The objective of the present contribution is to study some second-order properties of P,, which is carried out
in three stages: first, the second-order properties of the optimal value function ¢(-) are investigated, then
properties of Lagrange multipliers are proved and next, the existence of second order directional derivative
of optimal solution function is justified by solving a suitable quadratic programming problem.

Let the first-order directional derivative y'(z;d,) exist at x in the direction d, € R™. The second-order
directional derivative of the optimal solution function y(-) exists at = in the direction d, if the limit

_ _ /(e
(3 dy) = lim LT 1) Z9(@) ~ ty' (@i ds)
tl0 t2

exists finitely.
Similarly, the second order directional derivative of the optimal value function ¢(-) along the direction d, at

T is
1 . ¢( + tdr) - ¢( ) - t¢/( Qdm)
¢ (w5 dy) = ltlﬁ)l z tzz z

3. Second order properties of optimal value function
The following lemma is used to justify the second-order properties of the optimal value function ¢(-).
Lemma 3.1. The set K (z;d,) remains the same irrespective of the selection of (u,v) € S*(d,).

Proof. The proof of this result is similar to Lemma 8 of Ralph and Dempe [I0] in the context of P,. O

Since K[ (z;d,) does not depend on (u,v) if (u,v) € S*(d,), we denote K} (z;d,) = K'(z;d,) if (u,v) €
S1(d,) in the following derivations.



Theorem 3.1. Suppose Assumptions Al — A5 hold at (x,y(z)). Then ¢'(x;d;) and ¢"(x;d,) exist and

¢ (x;dy) = “ v)gl[%y(z))Vch(x,y(m),uyv)dw,

d
/(e — T /(e T 2 T
Pwda) = T, 0 (% ¥(@:d)T) Vel y(@) v 0) (y’(x;dx)> '

Proof. Suppose Assumptions A1 — A3 and A5 hold. From Theorem 4.1 and Relation 4.7 in Shapiro [12], it
can be concluded that first order directional derivative of ¢(-) along the path x(t) = x + td,, exists and
"(x;dy) = max VeL(z,y(x), u,v)d,.
P = o B iy Y V) V)
EU,(y(z)) is the vertex set of U, (y(z)). As the above problem is a linear programming problem, the solution
is attained at a vertex. Hence

¢ (z;dy) = VeLl(z,y(x), u,v)d, = Vo L(z,y(x), u,v)d,.

max max
(u,v)EEU (y(x)) (u,0) €U (y(x))
This proves first part.

From Theorem 4.2 of Shapiro [12], the second order directional derivative of ¢(-) along z(t) = x + td, exists,

and is computed as

d
"z dy) = min max 0.5 (dY dl) V2 L(z,y(x),u,v ( x), 1
? (@i ds) dye | Ki(ads) (w0)€ES!(da) ( ) VesL(o () e) dy ®
U (y(2))
where ES'(d,) is the vertex set of S1(d,). From Lemma 2.2 of Dempe [3], K}(z;d,) is non-empty if and
only if (u,v) € S'(d,). From Lemma Kl(z;d,) is independent of (u,v) if (u,v) € S1(d,). Hence,

U EKimd)= | Kilwde) =K' (2;d,)
(u,0)EVL (y(x)) (u,0)€51 (da)

Since the inner maximization problem in Expression is a linear programming problem in the variables
(u,v) for fixed d,, and the solution is attained at the vertex set, hence from ,

d
"y .. _ : T T 2 T
¢(wids) = ay R, ()8 (€ dy) VoL@ y(a),u,v) (dy)

Since (df d) V2, L(z,y(x),u,v) <fl$> is a convex function in d,, for fixed (u,v) over the polyhedral set
y

K'(z;d,), and concave function in (u,v) for fixed d,, over the compact polyhedral set S*(d,,) therefore using
min-max Theorem 3 of Fan [4], we obtain

(@ ) VhLt )0 ()

min max
dye K (z;dy) (u,v)€S (dg) y

(df  dI) V2, L(z,y(x),u,v) (3”) .

= max min
(u,v)€St(dy) dy €K1 (x;dy) y

Hence,

d

"e .. _ : T T 2 x
¢" (2 dz) = L i (& dy) Vi.L(z,y(x),u,v) (%)

d
= dT ! ;d-/r T v2 L 3 ) ) < N ) )
womax (e o (@5de)") VL, y(@) w o) ey

as from Theorem [2.1 (i), y/(x; d,) is the optimal solution of QP ,)(x;d,) and K'(x;d,) is the feasible set
of QP(y,v)(x;dy) for each (u,v) € S'(d,) .

Hence, the result follows. O



4. Properties of Lagrange multipliers
The set of Lagrange multipliers (u,v) at (z,y(x)) of P, is
Us(y(2)) = {(u,v) € R x R? : V,L(z,y(z),y,v) =0, u"g(z,y) =0, u>0}.
Under Assumption A2, U,(y(x)) is a bounded polyhedral set. Hence the set of vertices of U,(y(z)), which
" EU.(y(x)) = {(u,v) : (u,v) is the vertex of U, (y(x))}.
is a finite set. Let the cardinality of EU,(y(x)) be A(x).

Let 2% be the points in the neighborhood of z in the direction d, such that k=2 + tkdw, where {t}
is a sequence of positive real numbers converging to 0. P« is the parametric problem at =¥, U (y(z*)) is
the set of Lagrange multipliers of Py« at (2, y(2*)), and EU,x(y(2*)) is the vertex set of ka( (xk))

Consider the set of points (u,v) € U,(y(z)), for which there is sequence {(u*,v*¥)}, where (u* v*) €
")

Uyr (y(2%)) such that {(u*,v*)} — (u,v), as

I(u®,v*) € Upr (y(z*)), {(uF,v u, v
Vd:) = {(u,v) € Uyly(z)) : ( ) € (y(z*)), {(u",v*)} — ( )}

for {t;} 10, tx >0, and z* := = + t.d, Vk
dy
y'(z3dz)

(P2:) max Z 0.5u;dE V2, gi(x, y(x))d, + Z 0.50;d2 V2 hi(2,y(x))d..

1
(uv)€SH(ds) , i€l (y(x)) 1€A,

For given d, = ( > at z, consider a linear programming problem as

Denote S?(d,) as the solution set of this problem. That is,
S%(dy) = {(u,v) € S*(d,) : (u,v) solves P2}.

Clearly S%*(d,) C S*(d) and S?(d,) is a non-empty bounded convex set because S!(d,) is a non-empty
bounded convex set.

Lemma 4.1. Suppose Assumptions Al and A2 hold at (z,y(x)). For a given vector d, = (y’(;:ixd )>, the
x

following system in d,, is consistent if and only if (u,v) € S*(dy).
0.5d1 V2. gi(w, y(x))d: + Vygi(z, y(2))dy = 0, i € J(u),
0.5d7 V2.gi(w,y(2))d: + Vygi(z,y(x))dy <0, i € L(y(x);da) \ I (u), (2)
0.5d2V2 hi(z,y(x))d, + V,hi(z,y(x))d, = 0,i € A,.

Additionally, the solution set of this system remains invariant irrespective of the selection of (u,v) € S?(d,).

Proof. Recall the optimization problem P!. The feasible set U,(y(z)) of P} is a non-empty, bounded,
polyhedral set under Assumption A2. Using the definition of U, (y(x)), the optimization problem P} can be
expressed as,

(P) max S wVegiw,y(@) + > viVahi(z,y(x)
Y ier (@) ichy

s.t. Vy f(z,y(z)) + E u; Vyg,(m y(z)) + E v;Vyhi(z,y(z)) =0,
i€l (y(z)) i€A,
u; >0, 1 € I (y(x)).



As S'(d,) is the solution set to P}, so any (u,v) € S1(d,) satisfies the following KKT optimality conditions
for PL.
Vagi(2,y(2))de + Vygi(z, y(2))dy + 50 = 0, i € L(y(x)),
5 >0, wis; =0, 1€ L(y(x)),
where d, € R™ and s; are the Lagrange multipliers associated with the constraint
Vil (@, y(@) + 2 i, (y@) ul'Vyg(z,y(x)) +2ien, ViVyh(z,y(z)) = 0and u; > 0, i € I(y(x)) respectively.
Hence, any (u,v) € S*(d,) satisfies
Uyl y@)+ Y ul Vygiley(@) + Y viVyhi(e,y(x)) =0,
i€l (y()) LS
U; (Vmgz(xay(x))dm + vygi(xa y(‘r))dr) =0,i¢€ Ix(y(x))v
u; > 0, Vmgi(:r,y(l‘))dx + Vygi(xa y(z))dr <0, i€ Iz(y(x))
As P! is a linear programming problem, (u,v) € S'(d,) satisfies the above optimality conditions for any
fixed d,. Observe that y'(z;d,) € K}(z;d,) and K}(z;d,) is the set of Lagrange multiplier for P} from

Lemma 2.2 of Dempe [3]. Therefore d, = y'(x;d,) satisfies the above system. Hence S1(d,) can be explicitly
expressed as

Vyf(y@)+ > ul Vygla,y@) + Y v Vyh(z,yx)) =0,
i€, (y(z)) €M

ui =0, if Vagi(z,y(2))ds + Vygi(z,y(2))y (z;d:) <0

u; > 0, if Vogi(z, y(x))de + Vygi(z, y(2)y' (z;ds) = 0

Recall the optimization problem (P2?), which can be expressed as follows using the set S*(d).

(PZ:) 1(1;;1;){ Z 0.5u;dV?_g;(z, y(x))d. + Z 0.5v;dXV2_hy(z,y(x))d.

SY(d,) = { (u,v) € RP x R? :

€1, (y(x)) 1€EN,
s.t. Vyf(z,y(z)) + Z ul'V,gi(x, y(x)) + Z v;Vyhi(z,y(z)) =0, (3a)
i€l (y(x)) 1€A,
u; =0, if Vygi(x,y(@))ds + Vygi(z,y(@))y (z;d,) <0, (3b)
ui > 0, if Vagi(z, y(2))ds + Vygi(2,y(2))y' (v;ds) = 0. (3¢)

The KKT optimality conditions of P? are

0.5d7V2,gi(x, y(2))d. + Vygi(z,y(2))dy + w; =0, i € L(y(z)), (4a)
0.5d2V2 hi(x,y(x))d, + Vyhi(z,y(x))d, =0, i € A, (4b)
w; €R, i€ f{ieL(y(x) :u; =0, Vogi(z,y(x))de + Vygi(z,y(x))y (z;d,) < 0}, (4c)
w; =0, i€ {iel(ylx);ds) :u; >0}, (4d)
w; >0, i€ {iel(y(x):dy) :u; =0}, (4e)

where d, is Lagrange multiplier associated with the constraint , w; is the Lagrange multiplier corre-
sponding to the constraints (3b)-(3d), and (u,v) is the optimal solution of P2. Using the value of w; from

([Ad)-(e) in (4a)), we obtain

0.5d1 V2, gi(x,y(x))d. + Vygi(z,y(z))d, € R, } (50)
i€ fi€ L(y) 1w =0,Vugi(z,y(x))ds + Vygi(z,y(x))y (z;d,;) <0}

0.5d7 V2, gi(x,y(x))d. + Vygi(z,y(x))dy =0, {i € L(y(x);ds) :u; >0} = J(u), (5b)

0.5d2V2,gi(x,y(x))d. + Vygi(z,y(2))dy <0, {i € L(y(x);ds) :u; =0} = L(y(x);da) \ J(u),  (5c)

0.5d2 V2, hi(x,y(x))d, + Vyhi(z,y(z))d, =0, i € A,. (5d)



Then, it can be easily verified that 1' and System are the same. As S*(d,) is a compact non-empty
set, the feasible set of the linear programming problem P2 is non-empty. Hence the set of optimal solutions
of P2 is non-empty.

To prove the if and only if part, consider (u,v) € S?(d.). Since S?(d,) is the set of optimal solutions
to Pg, and 7 are the KKT conditions for P2, it follows that 7 are consistent. Therefore,
. are also con51stent and hence, System ([2)) is consistent for given d,.

Conversely, suppose System (2)) is consistent. Then (5a])-(5d) are consistent for some (u,v) € U,(y(z)). Let
dy be the solution of (5a)-(5d) for given d.. Consider wi = —(0.5d1V2 gi(x,y(x)) d. + Vygi(z,y(x)) d}).
T hen (dy, w*) satisfies (4a])—(4e]) for given d,. Since (4a . are the KKT conditions for P2, it follows that

(u.v) € 52(d,).

This proves the ﬁrst part of the lemma. Since P? is a linear optimization problem, the set of multipliers in
System (2) of P2, is not dependent on the optimal solutions (u,v) € S?(d,). Hence, the second part of this
lemma holds true. O

Theorem 4.1. Suppose Assumptions Al — A5 hold at (z,y(z)). Then
V(ds) € 8*(ds) C S'(do) C Us(y(a)).

Proof. From Theorem iv), it follows that V(d,) C S*(d.) C U.(y(x)). Clearly, S?(d,) C S*(d,) a

y’(j,mdm) . Next to show that V(d,) C S?(d,).
Assume, on the contrary, that there is (u, %) € V(d,) \ S?(d.). Then (u°,v°) € S*(d,) as V(d,) C S*(d).
Since (u®,v°%) ¢ S?(d,) and S?(d;) is the set of optimal solutions of P2, there exists real number § > 0
satisfying

S2(d,) is the set of optimal solution to P2, for given d, =

Z 0.5uld V2 gi(z,y(z))d, + Z 0.500dE~ 2 hi(z,y(x))d,
i€l (y(x)) €Ay

< max Z 0.5u;dX V2 _g;(2,y(x))d, + Z 0.5v;d2 V2 (2, y(x))d, — 6.
S AmE) ien,
The term 0.5d2 V2, f(x,y(z))d. is independent of the multipliers (u,v). Adding this term to both sides of
the above expression and substituting the value of L, we obtain

0.5dX V2, Lz, y(z),u’,v°)d, < “ vgrel%)li(d )O.BdZTV§zL(a:,y(:c),u,v)dZ — 4.

Substituting the value of ¢"(x;d,) from Theorem in the above inequality,
0.5dX V2, L(x,y(x),u’,v°)d, + 6 < ¢ (x;d,). (6)

Since (u’,v°) € V(d,), there exists some (u*,v*) € U, (y(«*)) such that {(u¥,v*)} — (u®,v%). From the
continuity of y(-) (Theorem iii)), we can conclude that {y(z*)} — y(z).
Further, from Theorem v), since y(-) is second-order directionally differentiable under Assumptions

Al — A4, we have ;}g{}o %}:y(z) =y/(2;d,) and lim y(xk)*y(mi;tky'(z;dz) =y (z:dy).

k—oc0 k

Il, lirn (ukﬂ)"')—(uowo)
k—oco

Selecting 3 = ||(u*, v*) — (u®,v°) = (dy, d,) possibly over a subsequence.

Hence, y(z%) = y(z) + txy/ (z;ds) + t3y" (v;ds) + o(t2), u* = u® + trd,, + o(t), and vF = 00 + td, + o(ty)
for some subsequence of {xy}.



From Taylor’s expansion of L about (z,y(x),u°,v%),

= L(z,y(z),u’,v°) + tg (VmL(x,y(sc) v0)d, +V yL(z,y(x), u®, )y (25 dy)
VL), )+ 9, L () o)
+t210.5 (df dl dl) V2L(x,y(x),u’,0%) [ dy | + VyL(z,y(x), v, v)y" (z;d,)
d,
k_ ,0 _ k _ .0 _
+ Vo L(z,y(x),u’,v%) (hm uu2tkdu> + Vo L(z,y(z), u’ UO)<lim 1H}2tkdv> + o(t3).
k—o0 tk k—o00 tk

Using Taylor’s expansion of V,, L about (z,y(z),u°, v°) up to first order,

VUL(xk, y(xk), u”, vk) = V.L(z,y(x), u, v0)+tk (deizL(x, y(x), u, v0)+y’(x; dz)TViyL(z, y(x), u, UO)> +o(tx)

Operating t;d, on both sides in the above expression,
te Vo L(zF, y(2®), u® v®)d, =tV L(x, y(z), u®, v°)d,+
ti <d£V12wL(:c,y(x),u0, v dy + 9 (2;dy) Viy (z,y(x), uo,vo)du> + o(t3).
Rearranging the terms in the above expression yields
th Vo L(z,y(x),u’,v%)d, :thuL(mk,y(xk),uo, v0)d,
- (TR0, )+ (03O D), ) )+ o)
(8)

In a similar manner, from Taylor expansion on V,L about (x,y(x),u° v°) up to first order, and then
operating trd, on both sides and rearranging the terms, we obtain

th Vo L(z, y(z),u’,v°)d, :th,,L(mk,y(xk),uo,vo)dv

— t; <le-V3xL($, y(x),u®,00)dy + 3 (x:.d,) V3, L, y (), u’, vo)du> +o(ty).

(9)
Next, using the expression for V2L(see the notations)
A~ dZ
(df di df) VEL(z,y(z),u’,0°) | du
dy

= dIVZ Lz, y(x),u,0°) d. + 2d] Vi, L, y(x),u,0°) dy + 29/ (;d,) T V3, Lz, y(2), 1%, %) d,
+2 dgV?wL(l‘, y(z), UO’ UO) dy + 2y’(x; dw)TV?,yL(aj, y(z), uO) 'UO) dy
+dy Vo, L, y(a),u’, 0°) dy + 2d5 V2, L(x, y(x),u°,0°) dy + d] V3, Lz, y(2), u,0°) d,
= dTV? L(z,y(x),u’,v°) d. +2dEV2, Lz, y(x),u’, %) d, + 29 (z; dw)TVZyL(m, y(x),u’,v%) d,
+2dIV? Lz, y(z),u’, v°) d, + 24/ (x; dx)TvgyL(x, y(x),u’,v%) d, (since last three terms of

the above expression vanish)
(10)
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Using , @ and in 7 and then simplifying the resulting Expression , we get
L(Ika y(xk)7 uka Uk) - L(I7 y(l’), uO’ UO)

=1 (VmL(x,y(x) 00)dy 4+ Vy, L(z, y(x),u’, 00y (5 d,) +VuL(xk,y(xk),u07vo)du+VUL(mk,y(xk),u0,v0)dv>
+ 17 (O.SdZViL(m,y(m) v0)d, + VyL(z,y(z),u’,0°)y" (z; dy)
k_ ,0 __ k _ 0 _
+ Vo L(x,y(x), u’ vo)( lim uu2tkdu> + Vo L(z,y(z), u’ vo)( lim Uvztkdv> +o(t3).
k—o0 tk k—o00 tk:
(11)

Since J(u) C J(u*) C Ik (y(z¥)) C I.(y(z)) for large k, the following relation holds for large k.
VuL(xay(‘r)7anUO)(uk _UO) - Z gz(xay(aj))(uk—u ) 0.

i€l (y(x))

Dividing both side of the above expression by t; and taking limit & — oo,

VoL(z,y(x),u’,v°)d, = g(x,y(x))Tdu =0.

F—u® — tyd,
Next, V,L(z,y(x),u’ UO)(lim uu2k)
k—o0 tk
L 0 k_ .0 L 0
i ((Yelm @) ok ) Vul(ey(@), ul o) 1)
k—o0 tk th
=0
Further, observe that
VyL(m,y(z),uo,vo) = 07
Vul(@®y(@h),u’ ")y = lim > gilaty(e)——=0,
k—o0 tk
i€l (y(z*)) (13)
Vo Lz, y(2*), u®,v°)d, = h(z*,y(z*))Td, =0,
ko0~ tyd, E o0,
k—o00 tk) k—oo tk:

Using (@-(3 i (@),

B(a*) = 6(x) = f(a", y(a") + ™ g(a*, y(a") = flo, y(@) — uTg(a,y(@)) (as w*" ga*,y(s")) = u gz, y(x)) = 0)
= L(a",y(z"), u*,v") = L(z, y(),u’, ")
=1, Vo L(z,y(x),u’,v°)d, + 0.5t2d, V2 L(z,y(z),u’,0°)d. + o(t3).

From Theorem [3:1}

¢ (z;dy) = ( )mUa)E o) Vo L(z,y(z),u,v)d, = VoL(z,y(x),u’,v%)d, as (u°,v°) € S*(d,) is the solution
w,v)eUz(y(z

of P} and
k) — — tp ¢ (@ dy
k—o0 tk:
= 05dZV3zL($, y(x)v uO, Uo)dz
This contradicts @ Hence, the result follows. O]
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4.1. Comnwergence of the sequence {(u¥,v*)}

Let (u*,v*) be Lagrange multipliers of P,x. We justify the convergence of the sequence {(u*,v*)} to some
(u,v) over a subsequence of {xy}, where (u,v) is the Lagrange multipliers of P,. That is, we need to justify
that V (d,) is non-empty. In the next result, we will justify the existence of such a sequence {(u*,v*)}. From
Theorem. 4.1) V(d,) C S?(dy). If (u,v) ¢ V(dy) and (u,v) € S?(d,) then we will justify later in Lemma
that there exits a sequence of perturbed multipliers (12’“, T)k) converging to (u,v).

Lemma 4.2. Let 2% = x +tyd, for some sequence of positive real numbers {t} converging to 0, and Assump-
tions Al — A4 hold at (x,y(x)).
1. V(dy) is a non-empty set.

(u® 0" —(u,v) _

2. Suppose (u,v) € V(dy). There exists (u¥,v*) € U (y(a*)) for each k such that limy_, o,

tr
(dy,dy) for some (dy,d,) € RP x R?, and limy_, o0 (uk’vk)f(“’tg)ftk(d“’d”) exists.
k
Proof. (1):
Observe that (z*,y(z*)) lies in the neighborhood of (z,y) for large k. As Assumptions A1 — A3 hold, so
from continuity of optimal solution function y(-), we have {( "))} = (z,y(2)).
From Assumption A2 and A4, the family (V hi( ) ca, is linearly independent at (x*, y(z*)) for
1€,

large k.

First, we justify the result for the set of extreme points of Uk (y(x*)) and then extend it to Uk (y(z*)).
EU,«(y(z")) is the set of extreme points of Uy« (y(z¥)). Let (u* “h *k) € EUx(y(z%)) at 2% and A(z*) be
the cardinality of EU,x (y(x")). Any point (u*,v¥) € U, (y(2¥)) can be expressed as the convex combination
of the vertices of U, (y(z*)). Hence

Az*) i A(z")
ot (Y i St <1, 320 w
i=1 =t

We claim that {(u*k,v*k)} — (u*,v*) for some (u*,v*) € EU,(y(x)).

Since (u*k, v*k) € EU« (y(z*)), the family of gradients ((Vygi(xk, y(mk))iej(u*k) , (Vyhi(a®, y(mk))ieK(v*k))
is linearly independent for large k, where K(v*k) ={ie A, : vfk # 0} C A,. We may assume that the sets

J(u**) and K (v**) remain the same by choosing a subsequence of {z*}. Denote these sets by J* and K*
respectively. Thus,

vV, flz N4 Vgt y(@") + Y 0 k(e y(ah) = 0. (15)

icJ* iceK*

By the continuity of V, f,V,g, and V,h and boundedness property of U,(y(z)), letting k¥ — oo in , we
obtain
Vo f(@,y(@) + Y uiVygi(z,y(@) + Y ofVyhi(z,y(x)) =0,
ieJ* i€K*
for some (u*,v*) € Uy (y(x)). From Assumption A4, the family of vectors ((Vyg;(z,y(2))),c 7 » (Vyhi(z, y(®)));c g )
is linearly independent, so (u*,v*) € EU,(y(x)).

Since {a}fk} is a bounded sequence for each j, {a] = aj for some subsequence such that ZA(x)

aj; = 1.

Hence, {(u*k,v*k)} — (u*,v*) and (u*,v*) € EU,(y(z)) over a subsequence of {z*}.
Next, taking £ — oo both sides in the expression over an appropriate subsequence of {zy}, we obtain

A(z)
lim (u*,0%) = aj(u*,v Y 2 (u,v) (say), (16)

k—o0
1

—

<.
I
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u

As (u*,v
Us(y(x)).

) € EU,(y(x)) and (u,v) is the convex combination of the points of EU,(y(z)), so (u,v) €
This proves the first part of the lemma.

(2)

Consider the following optimization problem P*(z) corresponding to the index set J* in z

(P*(z)): min f(z,y) s.t. gi(z,y) =0, i € J*, hi(x,y) =0, i € K™
Y

Let y*(z) be the optimal solution of P*(x), u*(x) and v*(x) be the Lagrange multipliers associated with
constraints g;(z,y) = 0,4 € J* and h;(z,y) = 0,i € K* at x, respectively.

Since Assumption A3 holds for P*(x), and the family ((Vygi(x,y(2)));c 7 » (Vyhi(z, y(x))),c - ) is linearly
independent, Lemma is applied to P*(x). Hence, there are unique vector functions y*(-),u*(-), and
v*(-) € C?, satisfying KKT optimality conditions for P*(z) in the neighborhood of z.

For z* in the neighborhood of z,

Vi f @,y (@) + Y (u (@) Vg, y (%) + Y (0 (@) Vyhi(a®, y*(2*)) = 0.

ieJ* e K*
From expression and above expression, we have
sk * (kY . * xk 0K\ . * kY _ %[k
uy” = (u(z"));, Vie JY, vl = (v (")), Vi€ K* and y(z") = y*(«¥) for large k. (17)

As u*(+),v*(+) € C?, expanding these about x up-to second order yields

(w*(@®))s = (u* ()i + tedy, + thdy, +o(t}), i€ J*, (18)

(v (@%))i = (0" (2))i + tedy, + 1), +0(t), i € K* (19)
for some dr & 4G TETToa Jdl €KY gy A dedr e, A i€ KT o,
“ 0 aqgJ 0 i¢K*’ 0 dig¢J " 0 i¢K* '

From the above discussion, one can conclude that J(u*¥) = J* for large k. Hence, u; F>0forieJ* and
w® =0 fori ¢ J*. As {u**} = u* so J(u*) C J(u**) for large k. Thus, J(u*) C J* for large k. Then
uf >0 fori e J*, and uf =0 fori ¢ J*.

From and ,

uk* —ut . (u*(zk))l_(u*(x))l ic J* _ {d*l

lim — = limy,— o0 t,
k— oo tk 0 Z¢ J*

where (u* (:Ek))z and (u"‘(x))Z denote the 7*" component of vectors u*(z¥) and u* () respectively. Next,

w* (z*)) —(u*(z * %
i u*k: —ut— tkdqt _ hmk—)oo ( ( ))7 (t2 ( )) Yo J* _ dil i e J _ dl*
k=00 t P -2 A
k 0 i¢J
Similarly, from and , we obtain
xk % xk % * .
lim ——— % = d;, and lim Lthdv =d!
k— o0 tx k—o00 ty
Since {(u**,v**)} = (u*,v*), where (u**,v**) € EU(y(z*)) and (u*,v*) € EU,(y(x)) therefore A(z*) <

A(z) for large k. Consider the vector (u v ) € U, (y(«*)), which is expressed in the convex combination
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of vertices of Uy (y(z*)) as

f) = 3 0 (kY h AE(I) =1, a}>0 20
(u”,v"%) = o] (u U ) where aj =1, af >0, (20)
i=1 j=1

where o is the limit point of the sequence {af}* from the expression (16). Then, we obtain

A(z) xk _ xk J _( * *)j
: (ukvvk)_(uvv) : *( v ) i
klggo = kli}rgo jz:; o T (from and (20))
Ay
= a; (djlv d:)ja
j=1
and
- A(z)
(u U )7(U,’U)7tk y O‘](dZvdZ)j
lim 5 =1
k—o0 tk:
J . .
A=) (u*k,v*k) — (u*,v*)7 — ty(dr, d)
= klingo > « 2 (from (6], and (20))
J:
A(x)
=Y aj(dy,d) )
j=1
This proves the lemma. O

Let 2% = = + t1.d,, where {t;} | 0 is sequence of positive real numbers, and G(z*;d,) € R? be defined as

gi(zk y(ak)) ifie{ieA, : I(u,v) € S*(dy),u; > 0}
0 otherwise

)

Gi(z";d,) == {
where S?(d,) is computed at 2. Consider the following problem P,x, which is obtained from P« replacing
g(z",y) <0 by g(a*,y) < G(z";dy).

(Ppr) = min f(a",y) st g(@*,y) < Ga"3dp), h(a®,y) = 0.
The necessary KKT optimality conditions for P, are

(21)

Vyf(a®,y) +u"Vyg(a® y) + TV h(k y) =0, u” (g(2*,y) — G(z¥;d,)) =0,
u >0, g(l’k,y)—G(l'k,dx) <0, h(l’k,y) =0.

Let Uy (y(2¥);d,) denote the set of Lagrange multipliers of Py,
Upr (y(*); dp) == {(a", %)+ (2%, y(a¥), ", ") satisfy @21)}.
We say (a*,0*) € U (y(2*);d,) as the perturbed multipliers of the perturbed KKT system (2I)).

Lemma 4.3. Suppose y(-) : N, — N, is directionally differentiable and Assumptions Al, A3 and A4 are
satisfied at (z,y(x)). For each (u,v) € S*(d,) and the sequence {x*} such that 2% = x +tyd,, where {t;} 1 0
is the sequence of positive real numbers, there exists (", v%) € Uy (y(2*);d,) such that {(a*, %)} — (u,v).
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Proof. The proof of this lemma follows in the proof of Lemma 9 of Ralph and Dempe [10], after changing
the role of S(x;d) by S?(d,), and M*(x*;d) by U, (y(x*);ds)). O

From the above lemma, it is clear that U« (y(2*);d,) # 0 for some x* in the neighborhood of z, and is
satisfied at (y(z*), @*, v%). Hence

Vo f @k, y(a®) + @ V,g(a*, y(ah) + 7% v,k y(2*) =0, u“@@ﬂmﬁ»—em%@»=a}

a* >0, g(a" y(a") - G(a*;dy) <0, h(a* y(a*)) = 0. -
22

5. Second order properties of optimal solution function

The main difficulty in obtaining the second-order directional derivative y”(x;d;) is to determine the set
V(d,), which is difficult to obtain explicitly without imposing restrictive assumptions on P,. It is justified
in Theorem that, y/(z; dy) is the optimal solution of QP .(z; d,) under Assumptions Al — A3 for any
(u,v) € S*(d,). In this section, we extend this concept to compute the second-order directional derivative
by solving a suitable quadratic optimization problem.

Let (u,v) € V(dy). As {zF} — =, {y(2*)} — y(x) from the continuity of y(-) (Theorem (2.1 (iii)). From
Theorem [2.1|(vi), y(-) is second-order directionally differentiable at z. Hence,

ky _
lim y?) —y@) _ y'(z;d,) and lim

y(xk) - y(:L‘) — trdy o
k—o0 tr k—o0 L‘i

y'(z;dy).

From Lemma for (u,v) € V(d,), there exists (u¥,v*) € U, (y(z¥)) such that {(u*,v*)} converges to
(u, v) possibly over a subsequence of {z}, and

k kY _ kE oky — — tr(dy, dy
lim (@ v?) — (w,v) = (dy,d,) (say) and lim (u?, v) (u,g) k(du, dv)
k—o0 tr k—oc0 ts

= (dy,d,) (say),

ur v

for some (d,,,d,), (dL,d}) € RP x R?. Hence, for some subsequence of {z*},

y(a*) = y(@) + tey' (2;.da) + t7y" (25.ds) + 0(17),
uF = u+tpd, +2dL + o(t2),
and v* = v + trd, + t2d} + o(t3).

Since (u*,v*) € U, (y(x*)), the following KKT optimality conditions for P, hold at (z*, y(z*)),

VL, y(ah), u, o*) =0, (23a)
gi(xk,y(xk)) =0,1¢€ J(uk)7 hi(xk7y(xk)) =0, i € Ag, (23b)
gi($k7y(xk)) <0, ¢ ¢ J(uk)7 (23C)
ufgi(a®,y(zh) =0, i€ A, (23d)
Since (u,v) € Uz (y(z)),
VyL(z,y(x),u,v) =0, u; >0, i € Ay g;(x,y(x)) =0, i € I(y(z)), hi(zx,y(x)) =0, i € A,. (23e)
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Using Taylor’s expansion up-to second order on V,L about (z,y(z),u,v), and on g;, i € Ap, h;, i € Aq
about (z,y(z)), we obtain

VyL(a:k, y(ack)7 u®, vk)T

= VyL(z,y(@),u,0)" +ty (ViyL(% y(@),u,v)dy + Vi, Lz, y(z), u, )y (23 dy)
2 2
+ Vi L(w,y(2), u,v)dy + Vi, L(z,y(v), u, v)dv)
+tp |05 (dE dl dl) VA(VyL(z, y(z),u,0)") | du | + Vi, Lz, y(z), u,0)y" (z; dy )
dy

+ V2, L, y(a), u,v)dh + V2, Lz, y(a), u, wd;) +emolt}),

(24a)
where e, as the vector of dimension m whose each component is 1 and
gi(a*, y(@")) = gi(x, y(@)) + tr (Vagi(z, y(@))de + Vygs (2, y(2))y (z; o))
12 (05092010 (). + Vo) a3 2) ) +0(8). € Ay
hi(@®,y(@*)) = hi(z, y(2)) + ti(Vahi(z, y(@))de + Vyhi(e, y)y' (x5 d,))
#2205Vt ) . + 9 ) (i) ) + oD, € A
(24b)
respectively.
From (23a) and 7 kliﬂgo vyL(Ik’y(wk)’uk’Ukt):_vyL(x’y(w)’u’v)T = 0. Hence, from (24al),
Vi L@ y(@), u,0)dy + Vi, Lz, y(@), u,0)y (2:dy) + Vi, Lz, y(x), u,0)d, + Vi, L(z, y(x), u,v)d, = 0.
(25a)
Since {u*} converge to u therefore J(u) C J(u¥) for large k, g;(z*,y(z*)) =0, i € J(u) in ([23b).
Next, using (23€)), klim gi(zk’y(mk)t);gi(z’y(x)) =0 for 7 € J(u). Hence, from (24b)),
—00
Vagi(2,y(2))ds + Vygi(z, y(2))y (w1ds) =0, i € J(u). (25b)

Furthermore, using (23d) and (23¢]), we have klggo g"(Ik’y(mk)t);gi(m’y(m)) <0 forie€ I,(y(x))\ J(u). Hence,
from (24b)),

Vagi(,y(x))de + Vygi(z,y(@)y' (2 ds) <0, i € L(y(x)) \ J (u). (25¢)

k

Similarly, using (23b]) and (23€]), klim hi(mk’y(zk)t)fhi(m’y(z)) =0 for i € A,. Hence, from (24b)),
—00

Vihi(z, y(z))dy + Vyhi(z, y(z))y' (z;d;) =0, i € Ay (25d)

Since u; = 0 for i € L(y(x))\ J(u) and uf¥ > 0 for i € L,(y(x)), we have d,, = lim WU S 0 for

i€ I.(y(z))\ J(u). Since I (y(xz*)) C L,(y(x)) for large k therefore u; = 0 and uf = 0 for i ¢ I,(y(z)) and

)
large k. Hence d,,, = 0 for i ¢ I,(y(x)).

16



If d,, = lim @ > 0 for i € I (y(z)) \ J(u) then u¥ > 0 for large k. In that case i € J(u*), and

k—00 k

gi(x®,y(z*)) = 0 in (23b) for large k.
This implies

i 9105 — gila,y(@)

k—o00 tr

whenever d,, > 0 and i € I,(y(z)) \ J(u).
On the other hand, if V,g;(z,y(z))d, + Vygi(x y(z))y ’(:c'd ) < 0 for i € I;(y(z)) \ J(u) then from (24D,

gi(x¥,y(a*)) < 0 for large k. In that case, u¥ = 0 from (23d). Hence, d,, = lim uft;u = 0 whenever
k—o0 k
Vagi(z,y(x))ds + Vygi(x, y(x))y (x;dy) <0 for i € I (y(x)) \ J(u). Thus,

du, (Vagi(@,y(2))dz + Vygi (@, y(2))y (z;dx)) = 0,1 € Lo(y(x)) \ J (u),
dy; =0, i ¢ L(y(x)), du, 20, 1€ L(y(x))\ J(u).

= V.gi(2,y(2))ds + Vygi(x,y(x))y' (v;d;) =0

(25e)

It can be readily verified that (25al)-(25€) are in fact KKT optimality conditions of the convex quadratic
programming problem QP .)(x;d;). Hence, y'(x;d,) uniquely solves this system for given d,, where
du;, 1 € I(y(z)) and d,,, i € A4 are the Lagrange multipliers associated with constraints in QP . (; dy).

We further use the following notations of the index sets:
J(widy) == {i € L(y(x)\ J(u) : dy, >0}UJ(u).

L (y(x); dy) := {i € L(y(x)) : Vogi(z, y(x))ds + Vygi(z, y(2))y (z; d) = 0}

Proceeding in a similar manner as in the formulation of (25a)-(25¢), using the index sets .J| (u;d,) and
I.(y(x); d), we obtain

d.
5l d dY) V(YL y(@),u0)") (du | +
d,

V2, L, y(@), u,v)y" (23 do) + V2, L, y(@), u,0)dh + V2, Lz, y(a), u,0)dh = 0, (26a)

0.5d2V2, gi(w,y(x))d. + Vygi(x,y(2))y" (x;dz) = 0,4 € J(u; d), (26Db)
0.5d7 V2, gi(z, y(2))d> + Vygi(z,y(@))y" (:ds) <0, i € L(y(x);dy) \ J(usdy), (26¢)
0.5d2 V2, hi(z,y)d, + Vyhi(z,y(@))y" (z;d,) = 0, i € Ay, (264)
dy, (0.5d1 V2, gi(w,y(x))d: + Vygi(, y(2))y" (z;ds)) =0, } (260)
a2 0, i€ L(y(e)ide) \ S(usdy), dh, =0, ¢ L (y(a)s ).

(du, dy) satistying 1]{' is not necessarily unique since it corresponds to the Lagrange multipliers for
QPyv) (2, dy). However, (y"(x;d,),dy, dy) satisfies the system (26a)—(26¢) for given d, regardless of any

y Y Yo
solutlon (dy,dy) in E -

From Theorem [2 (z;dy) is the solution of QP . (x;d,) for given (u,v) € S*(d,) C S*(d,) and
dy,,i € I (y(x)) and dvl,z € A, are the associated Lagrange multipliers. Consider the vector d,, € R? as

%:{%iiea@@»7

0, otherwise
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and a set M, ) collecting the vectors (dy, d,) for some fixed (u,v) € 5?(dy). M, is a convex polyhedral
set.

Further, denote the index set K(v) = {i € A, : v; # 0}, and let EM , ) be obtained from M, . so that
the family

((F096(@ 3@ e (Vohi@v@) i wmm)

is linear independent. As (y'(x;ds),dy,d,) satisfies the KKT optimality conditions (25a))-(25¢) for (u,v) €
—_ ~k —k

52(dy) N EUL(y(z)) and (dy,dy) € EM (), 50 limg o0 w = (dy, d,) possibly over a subsequence

of {z1} and (@*, v*) € Uy (y(2*); dy).

Lemma 5.1. Suppose Assumptions Al — A4 hold at (x,y(x)), and (y' (x;d), dy,dy) satisfies the conditions

[25a)-([25¢) for (u,v) € S*(dy) N EUL(y(x)) and (dy,dy) € EM ().
Then, dy = y" (x;d;) satisfies the following system:

0.5d2' V2 gi(x, y(@))d= + Vyg:(2, y(x))dy = 0, i € J(u; du),
0.5d1 V2, g:(w,y(2))d. + Vygi(x,y(2))dy <0, i € L(y(x);do) \ J(u;dy), (27)
0.5d2 V2, hi(z,y(x))d, + Vyhi(z,y(x))d, =0, i € A,.

Proof. Since y'(x;d,) satisfies 101" each (u,v) € V(d,) therefore y”(z;d,) satisfies System ()
ma

for each (u,v) € V(d . From Lem System D remains unchanged irrespective of the selection
(u,v) € S%(d,). Hence, y"(x;d,) satisfies System (2]) for each (u,v) € S?(d,) as V(d,) C S%(d,).

Next to show that y”(x; d;) satisfies for (u,v) € $*(dy) N EU,(y(x)) and (dy,dy) € EM (.. To prove
the lemma, it is sufficient to prove that

0.5d7V2, gi(z, y(x))d, + Vygi(x,y(2))y" (z;d,) = 0 for i € J(u;dy,) \ J(u).

From Lemma [4.3] for (u,v) € S%(d,) there is a sequence of positive real numbers {¢;} converging to 0,

¥ = 2 + tpd, and (@*, %) € Uy (y(2*);d,), so that {(a*,v%)} — (u,v). Since, (y(z;d,), dy,d,) satisfies
— 2k 55— (w.w

the conditions (25a))-(25¢) for (u,v) € 5?(dy) N EUL(y(z)) and (dy,dy) € EM (4 ), limg oo %}C() =

(du, d,) possibly over a subsequence of {z} and (@*, %) € U, (y(2*); d,).

Consider i € j(u dy) \ J(u). Then u; = 0, and dy, > 0. Hence, w;® > 0 for large k. From Lemma
[@3), Uyr (y(2*);dy) # 0, and ([22)) is satisfied in ( (x k) ak, o"). Slnce u; = 0 therefore G;(z*;d,) = 0.
Hence, from the complementarlty constraints ;" (g; (", y(x*)) — G;(2*;d,)) = 0 in (22), we obtain

gi(x*, y(mk)) = 0 for large k.
Since J(u; du) € Lo (y(2); de) C Lo (y(x)) therefore gi(x,y) = 0 and Vagi(z,y(2))de+Vygi(z, y(2))y' (z;:d) =
0 for i € J(u;d,) \ J(u). Hence,

gi(2, y(a*)) — gi(z,y(x)) — te(Vagi(@, y()ds + Vygi(z, y(@))y' (z; ds))

Icli;ngo 2 =0
Then, using Taylor’s expansion of g; for i € J(u;d,) \ J(u) about (x,y) as in ([24B), we get
0.5d3 V2. gi(z, y())d: + Vygi(x,y(x))y" (; da) = 0.
This proves the result. O

In the following theorem, the second-order directional derivative of the optimal solution function is computed
using the second-order approximation of the parametric problem.
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Theorem 5.1. Suppose Assumptions Al — A5 are satisfied at (z,y(z)). Then, for each (u,v) € S?(d,) N
EU,(y(x)), y"(x;dy) is the unique solution of the following quadratic programming problem.

T
d-
(QCPyv)(z3dy)) : Irallin 0.5(dl dl dl) V& (VyL(z,y(z),u,v)") | du dy + dyTvzyL(a:,y(:v)7u,v)dy
y d,
s.t. 0.5d°V2 gi(x,y(x))d, + Vygi(z,y(x))d, =0, i € J(u;d,), (28a)
0.5d7 V2, gi(x, y(2))d: + Vygi(w, y(@)dy <0, i € L(y();ds) \ J(u;dy),  (28b)
0.5d2 V2, hi(x,y(x))d, + Vyhi(z,y(z))d, =0, i € A,. (28¢)

where d, = <y'(jzd )> and (y/(x;dm)aduadv) solves ((25a)-(25€) for (du,dy) € EM(u,v) at (z,y(z),u,v) .

Proof. As Assumption A3 holds for P, at (z,y(x)), QCP,.)(z;d,) satisfies the second order sufficient op-
timality conditions. Hence, it has a unique solution.

From Lemma y"(z;d,) satisfies (27)), which is same as (28a))-(28d). Hence QCP,, ,)(; d,) has non-empty
feasible set. We show that y”(x;d,) solves QC P, ) (x; d,) uniquely for any (u,v) € S?(d,). Consider the
following two cases.

Case(i) (u,v) € V(dy) N EUL(y(x)): The system ) represents the KKT optimality conditions
of QC’P(uﬁv)(x;dx) for given (u,v) and (y"(z;ds), du,dv) Satlsﬁes this system. df, , i € I(y(z);d,) and
d,. , i € A, are the Lagrange multipliers associated with the constraints of QC’P(WJ)(:U d.). Hence, y"(x;d;)
is the optimal solution of QC P, . (x;dy).

Case(ii) (u,v) € (S*(ds) \ V(ds)) N EU,(y(x)): To prove y”(x;d,) solves QCP, ) (x; dy), it is sufficient to
show that the following variational inequality holds at y”(x;d,) for (u,v) and feas1ble d, satisfying (28a))-
234d).

d,
<0~5(d5 df dT) V2 (V,L(z,y(x),u,v)") Zu + Vo, L, y(x), u,0)y" (z;dy) dy—y”(rc;dm)>>0.

(29)

As (v (z;dy), dy, dy) solves ([25a)-[25€) for (du,dv) € EMy,) at (z,y(z),u,v), limge M =

u,
(du,d,) for some appropriate subsequence of {zy} and (u*,v*) € U, (y(z¥);d,). Hence, from ) for
each k in the subsequence, it follows that

VyL(z", y(a*), @, o%) =V, f(z + 3w Vg, y@h) + > 6V bk y(aF) = 0. (30)

i€EA, i€A,

As (u,v) € S?(d,) C U, (y(x)),

VyL(z,y(x),u,v) = Vyf(z,y(z)) + Z w;Vygi(z,y(x)) + Z v; Vyhi(z,y(x)) = 0. (31)
1€EA, 1€EA,

Using Taylor’s expansion of V, L up-to second order about (z,y(z),u,v)(see (24a))) and using (25a)), (30),
and , we can obtain
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d,
0.5(dr dl dT)V?*(V,L(z,y(z),u,v)") (du> + Vo, Lz, y(x), u,v)y" (x;dy)
dy
. af—ui—t du, i_ dm
+k11>n;o_ Z TVU gi(z,y(x)" + ILIEOZ Vyhi(z,y(z))T =0
i€l (y(z)) i€Aq

Hence,

d-
<0.5 (df al df) V& (VyL(z,y(z),u,v)") Zu + Vo, Lz, y(x), u,0)y" (z;dy)  dy —y" (z; dm)>

v

) uk —u; — tyd,, ) OF — v — tpd,,
= <— lim )" T’Vygi(w(o:))T— lim Tlvyhi(%y(z))T dy —y" (x;dy)

k—o0 k—o0
i€, (y(x)) i€A,

) uk —u; — tgdy,
= — lim Z (Y gi(a,y ()T dy —y (x5 dy))

oo t
O el o) k
. @k — V; — t dv-
— khm L 5 kv <Vyhl-(:c,y(x))T dy —y" (z;dy)) .
—00 by ty

(32)
Since y"'(z; d,) satisfies (28a)) for i € J(u;d,),
0.5d7 V2. gi(z, y())d= + Vygi(x,y(x))y" () = 0.

Similarly, for any d, satisfying forieJ (u;d,,), we have
0.5d V2. g:(x,y(x))d: + Vygi(z,y(x))dy = 0.
From last two relations,
(Vygi(z,y(@)" dy—y"(x1ds)) =0, Vi€ J(uidy).

Again, for d,, y”(x;d,) satisfying (28d), it follows that 0.5d2 V2 h;(z,y(z))d. + Vyhi(z,y(z))d, =0
and 0.5dXV2_ h;(z,y(x))d, + Vyhi(x, y(z))y"(x;dx) =0 for ¢ € A,. Hence,

(Vyhi(z,y(x))"  dy —y"(z;d,)) =0, i€ A,

For i € I, (y(x)) \ J(u;d,), it follows that u; = 0,d,, = 0. Then, inserting last two expression in (32)), we
obtain

d
<0~5 (@ df df) YV (VL@ y(@),u,v)") (Zu) + Vi, Lz, y(a),u,0)y" (w;d,)  dy —y"(x;dx)>

33

v

uk
— — lim 3 % (Vygila,y(@)" dy —y"(x;:d,))  (33)

k—o0

L (y(2)\J (u3du)

Let Vagi(z,y(2))ds + Vygi(z,y(2))y (x;d,) < 0 for i € L(y(z)) \ J(u;dy)) .
Using this inequality in the Taylor’s expansion of g; about (z,y(z)) as in (24b), we obtain gi(z*,y z
for large k. Since u; = 0 for i € I (y(z)) \ J(u;d,), it follows that G;(x*;d,) = 0 for i € I.(y(x)) \ J(u;d,,).
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Then from the complementarity constraints af (g;(z*,y(2*)) — G;(2*;d,)) = 0, in ([22), we get ;" = 0 for
large k. Hence,

=0, ieficLy@)\J(ud): Veogi(e,y(@))ds + Vyg:(w, y(2))y (z;dy) < 0} (34)

for large k.

Next, consider the other case for which i € I,(y(z))\ J(u; d,) and V,g;(x, y(2))ds + Vi (z, y(2))y (x; ds) =
0. Thus, i € I, (y(x);dy) \ J(u;dy). Since y” (x;d,) satisfies (28D, we have

0.5d2V2, gi(z,y(x))d. + Vygi(z,y(x))y" (z;d,) <0, i€ L(y(x);dy) \ J(u;dy).

Here raises two cases for i € I (y(z); dg) \ J(u; dy,).

o First, if 0.5d7 V2, g;(z,y(x))d. + Vygi (2, y(z))y" (z; dx) 0 then using second order Taylor’s expansion
oAf gi about (x,y(z)) as in (24b), we obtain that g;(x*, y(x )) < 0. Since u; = 0 for i € I;(y(z);ds) \

\_/

J(u;dy,), it follows that G;(z";d,) = 0for i € I, (y ( ), 1)\ (u;d,). Hence, from the complementarity
constraints uf (g;(z*,y(2*)) — Gi(a*;d,)) =0 in (22), af =0 for large k. Thus,

—k

U, . . &

g =0, i€ {Z € Ix(y(x); da:) \ J(U, du) : 0-5dzTszgi($7 y(x))dz + Vygi(l", y(x))y/l(x§ da:) < 0} (35)
for large k.

« In the other case, i € I,(y(z);d,) \ J(u;d,) and
0.5d7 V2. gi(x, y())d= + Vygi(x,y(x))y" (:ds) = 0.
Since d,, satisfies (28], for i € I, (y(z); dy) \ J(u; dy), we have
0.5d% V2. gi(x,y(2))d. + Vygi(z, y(x))d, < 0.

From last two relations, we obtain (V,g;(z,y(z))" d, —y"(z;d,)) <0.
Hence, for i € {i € L(y(x);d.) \ J(u;dy) : 0.5dTV2, gi(x,y(x))d. + Vygi(x,y(x))y" (x;ds) = 0}, we
deduce that
ﬂf T /1
= lim —5 (Vygi(2,y(2))"  dy —y"(2;ds)) > 0. (36)

k—o0 t2

Using ,, and , one can see that the right hand side of is nonnegative . Thus,
holds. Hence, 3" (x;d,) solves QC P, . (x;d;) for any (u,v) € S2(d,).

O

We conclude this section with an example. Different steps of the theoretical results to compute 3" (z;d,) as
the solution of QC P, )(7;d;) is explained here.
Example 5.1.
min(y — 5)*
Y
s.t. w3 +yri —3 <0,

x1+ 2y —7<0.
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Suppose z° = (1,0)7 and d, = (0,1)T are given. The Lagrange function of the problem is
L(ac,y,u) - (y - 5)2 + ul(xg + y%% - 3) + u?(xl + 2y - 7)3

where u; and ug are the Lagrange multipliers associated with constraints 3 +ya? —3 < 0 and 21 +2y—7 < 0,
respectively. The KKT optimality conditions for the example are

VyL(z,y,u) =2(y —5) + ul(x%) + 2us = 0,

up > 0,25 +yai —3<0, (a3 +yai—3)=0,
ug >0, 21 +2y —7<0, ug(xy+2y—7<0)=0.

The solution to the example is y(2°) = 3. The set of Lagrange multipliers at z° is

uy + 2uy = 4, 4 0> }
U, ) = , : = hull of , ,
o(y(z")) {(ul uz) uy >0,y > 0.} convex hull o {<O) (2

which is the line segment joining (4,0) and (0,2). Computation of the set S1(d,) at 2° is as follows.
S'(d,) = argmax 1 Vg1 (2%, y(2°))d, + uaVaga (2, y(2°))d,
(u1,u2)€U,0 (y(z))

= argmax  uy.(220y(2%)d,, + 205d,,) + us.(2d,,)
(u1,u2)€U 0 (y(=°))

= argmax  u1.(0) + u2.(0)
(u1,u2)€U 0 (y(z°))

= Uao (y(2”)).
Since all the assumptions of Theorem [2.1{i) are satisfied at (2°,y(z?)), therefore, for any (u1,us) € S(d,)
solution of QP, u,) (2% dy) provides y'(2°;d,) at 2% At (ui,u2) = (4,0) and d; = (0,1)7, we have
J(u) = {1} and Io(y(z%)) = {1,2}.

. 1
(QP(ulyu,z)(xO;dx)) : min édgvzyL(x07y(m0),u)dy + dgViyL(;vo,y(xO),u)dz

s.t. Vmgl($07y(x0))dl + vygl(x07y(x0))dy = 07
vchQ(an y(xo))d% + vaQ(‘Tov y(xo))dy <0.

After substituting the value of L, g; and go, and d,, 2° and y(z°)
rr;in dz?/ + 2u1x?dx1dy

s.t. 2y(z%)2Vdy, + 223d,, + (29)%d, =0,
dy, +2d, < 0.

/

Putting the value of d,,z° and y(z), the solution to the above problem is d;, = 4/(2°; d.) = 0 and Lagrange
multiplier vector d,, = (0,0)T. Next step is to compute the multiplier set S2?(d,) by solving P2. Here,
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o

§%(dy) = argmax uy.d; VZ,g1(2°, y(2°))d: + uz.d V2, g2(2°, y(2°))d.

u€eS!(dy)
dey \'[6 0 2 dy, dey N\ JO 0 0 dy,
= argmax uj. dyy 0 2 0 dy, + ug dg, 0 0 0 dy,
u€Ss! (ds) y' (2% d,) 2 0 0| \¢/(2%d,) y' (2% d,) 0 0 0] \¢/(2%4d,)
=argmax uy(6d;, + 4y (2% dy)dy, +2d2)) + uz.0
uweS(dy)
= argmax 2uj
u€eS!(dy)
= (4’ 0)
y" (2% d,,) is the solution of QCP(ul’M)(xO;daj) for (uy,uz) = (4,0) € S?(d,). Here we have,
dey \ fur 0 0 z O da,
) . d., 0 00 0 0 dy,
05 (' db)V* (VyL(z,y(x),u,v)") (dZ) = |y (2" de) 000 0 0f][y(@%da)
u du, 21 00 0 0 du,
d, 0 00 0 0 d,
=wds, + 221dy, dy,
0.5d2 V2, g1 (2%, y(2°))d. = 3d2, + 2y (2°; dy)dy, + d2,

and 0.5d2V?2_gs (2, y(2°))d. = 0.

Here J(u;d,) =1 and Lo (y(a");d,) = {1,2}. Hence QC Py, u,)(2%; d) takes the following form

T
(QCPuy up)(2%dy,)) : min (0.5 (dfdl) v? (VyL(z,y(z),u,v)") (?;)) dy + dyTVwa(z,y(I),u)dy

Y u

s.t. 0.5dva§Zgl (z,y(x))d; + Vygi(z,y(x))dy, =0,
0.5d% V2. ga(w,y(x))d= + Vyga(z,y(x))dy, < 0.

Substituting values of L, g; and gs, the above problem reduces to

I%in 2d7 st.14d, =0, d, <0.

The solution to the above problem is y”(z%; d,) = —1.

Consider the path z(t) = 2° + td, = (1,0)T +¢(0,1)T = (1,#)T for t > 0. From the first and second
constraints, y < 3 —t2 and y < 3. This reduces to y < 3 —t2 as 3 —t2 < 3 for t > 0. Thus y((z(t)) = 3 — 2.
(O)=u(e’) /") _

- .

In that case, we have limy | M =0 and limy o 4=

6. Conclusion

This work contributes a practical method for computing the second-order directional derivative of smooth
parametric programming problems. It investigates the case where the associated Lagrange multipliers in the

23



KKT optimality conditions of the parametric problem are not necessarily unique. To derive the directional
derivatives, one requires the Lagrange multiplier subset V(d,) C U,(y(z)), which cannot be computed
explicitly without imposing restrictive assumptions. In the existing literature, the inclusion of the set V' (d,)
as S'(d,) was obtained under Assumptions A1-A4, which provides the first-order directional derivative by
solving a quadratic programming problem. In this work, the idea is extended to the second order, and we
identify a subset S?(d,.) of multipliers from S*(d). For each multiplier in S?(d,), the second-order derivative
y"(x;d,) is obtained by solving a quadratic programming problem QC P, .)(x;d;), which constitutes the
main result of this work. This study essentially extends the results established in Ralph and Dempe [10] and
Dempe [3] using the second order approximation of the parametric problem.The findings are significant in
optimization theory and can be applied to derive second-order optimality conditions for bilevel programming
problems.
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