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Abstract

As inherently transparent models, classification trees play a central role in interpretable
machine learning by providing easily traceable decision paths that allow users to under-
stand how input features contribute to specific predictions. In this work, we introduce a
new class of interpretable binary classification models, named Pareto-optimal trees, which
aim at combining the complementary strengths of Optimal Classification Trees (OCT) and
Support Vector Machines (SVM). We formulate a bi-objective mixed integer quadratic op-
timization problem, whose nondominated solutions represent trade-offs between these two
different classification techniques. To further enhance robustness and performance, we pro-
pose the Pareto Forest, an ensemble method based on the Pareto-optimal trees, aggregated
through majority voting. Extensive experiments on benchmark datasets demonstrate that
our models achieve competitive or superior accuracy compared to standard methods such as
CART and OCT, underscoring the improvements gained through the bi-objective perspec-
tive. In particular, Pareto-optimal trees unify the ability of OCT and SVM within a single
framework, resulting in enhanced classification performance relative to either method alone.
Embracing a multiobjective perspective allows the construction of multiple ”high-quality”
trees. Our comparison between Pareto Forests and Random Forests shows that building
shallow ensembles from a small number of such optimized trees outperforms relying on a
large set of random trees with variable depth.

Key Words: Machine learning, Optimal classification trees, Support vector machines, Mul-
tiobjective Optimization.
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1 Introduction

Interpretability, robustness and reproducibility are nowadays important requisites demanded to
machine learning methods provoked by known biases and lack of transparency of some of the
methodologies appearing in the last decade [16].
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To achieve interpretability, various techniques have been explored. One widely used approach
is feature selection, which involves identifying a smaller subset of relevant features without
compromising predictive performance. By reducing the number of parameters, the resulting
models become more transparent and easier to understand, thus enhancing their explanatory
power. Another approach involves using models that are inherently interpretable, meaning that
significant parts of their prediction process can be independently understood. Additionally, some
methods define interpretability as the ability for the model’s construction to be fully replicated
and understood by humans [7, 26]. A clear example is shallow Decision Trees, which, due to their
limited depth, are easily visualized and interpreted—even by users without technical expertise
in the underlying algorithms. A similar issue appears in bagging methods, as random forest,
where using a large number of trees of different depth makes those methods hardly interpretable
even for educated experts in machine learning.

Classification methods are designed to accurately predict the class of new observations based
on a sample used to construct a corresponding classification rule. The use of Mathematical
Programming in developing classification models is well-established see e.g. [6l 10} 5, 22]. Fur-
thermore, Mathematical Programming has proven to be a versatile and effective framework for
incorporating interpretability into classification models [21]. Usually, each methodology is based
on a different rational trying to focus at (at times, to optimize) a different metric. In all cases,
the metrics used are meaningful but each one adapt better to the corresponding methodology.
For instance, maximizing margin in support vector machine (SVM) or misclassification rate in
Classification Trees (CT) or bagging methods. Needless to say, combining these principles is an
appealing idea worth to be explored.

In this paper, we want to elaborate into this direction combining two supervised classification
methods based on different rationale, namely optimal classification trees and support vector
machines. This is done by solving a newly defined bi-objective optimization model: we propose
a new class of classification trees based on the non-dominated outcomes with respect to the
above mentioned two methods, SVM and OCT, that we call Pareto-optimal trees. Furthermore,
we exploit the coverage of our classifiers over the Pareto front, to present another new forest
classifier, the Pareto forest, that exploits the non-dominance of our Pareto trees to produce
shallow and interpretable forests. The goal is to gain from the characteristics of the two methods
to assess the issues of robustness and interpretability.

Classification Trees (CT), first introduced by [7], use a hierarchical structure of nodes to
guide observations from a root node to terminal leaves, where class labels are assigned. These
paths are determined based on optimization criteria applied to the predictor variables in the
training data. The resulting classification rules are intuitive and easily interpretable through
the sequence of splits made at each node.

The original CART algorithm proposed in [7] constructs the tree using a greedy approach.
Starting at the root with the entire training set, it iteratively splits the data by minimizing an
impurity measure, forming two child nodes at each step. This process continues until a stopping
condition is met. Similar greedy strategies are used in other well-known methods like ID3 [30] and
C4.5 [31]. Traditional tree-based classification methods often produce overly deep and complex
trees, which can lead to overfitting and reduced interpretability. This issue is typically addressed
through pruning, which balances the reduction in impurity with the added complexity of the
tree. Recent advances in optimization techniques, along with the flexibility of these models, have
led to the successful application of optimization-based approaches in supervised classification



[3, 10]. Remarkably, [2] introduced the concept of Optimal Classification Trees (OCT), framing
the tree construction process as a Mixed Integer Linear Programming problem to find globally
optimal solutions. In contrast to the standard CART approach, OCT builds the tree by solving
a single optimization problem taking into account (in the objective function) the complexity of
the tree, avoiding post pruning processes. Moreover, every split is directly applied in order to
minimize the misclassification errors on the terminal nodes.

Support Vector Machines (SVM), introduced by Cortes and Vapnik [11], builds classifiers
by means of a separating hyperplane with large margin between classes. This hyperplane is
obtained by solving a Non Linear Problem (NLP), in which the goal is to separate data by their
two classes, maximizing the margin between them and minimizing the misclassification errors.

The main differences between SVM and Classification Trees: SVM accounts for misclassifi-
cation errors based on distances (to the separating hyperplane), i.e., the closer to the correct
side of the separating hyperplane, the better, whereas in CT all misclassified observations are
equally penalized.

Recent work has focused on improving the efficiency of training Optimal Classification Trees
(OCTs). Several algorithms based on dynamic programming have been proposed to construct
OCTs and enhance them with additional features [14] 27, 25]. [15] introduced a bi-objective
optimization approach that incorporates nonlinear classification metrics as alternatives to tradi-
tional accuracy, and also supports sparse models. Other optimization techniques have also been
explored, including Constraint Programming [33] and SAT-based approaches [35] 24]. Addition-
ally, [34] and [20] proposed alternative integer programming formulations that use significantly
fewer decision variables compared to the original OCT model by [2].

Combining Support Vector Machines (SVM) with classification tree methods to build en-
hanced classifiers is not a new idea; a related approach was proposed by [I]. However, their
method integrates margin maximization into the greedy CART framework by sequentially op-
timizing over fixed assignments of observations to tree leaves. More recently, [4] combines CT
and SVM into a mathematical program to correct label noise and minimize misclassification
error. In [I7], OCT and SVM are also combined to incorporate maximum margin multivariate
hyperplanes nested within a binary tree structure.

Our new approach is to incorporate in the combination of OCT with SVM a multiobjective
point of view. We have exploited the properties of Pareto solutions of multiobjective optimiza-
tion to develop novel supervised classification tools that enhance flexibility in classification and
provide a range of robust classifiers based on non-dominance properties of Pareto outcomes of
associated bi-objective programs. The classification tree is constructed to minimize the complex-
ity of the tree (assuring interpretability) and also the misclassification risk (assuring predictive
power) and support vector machines are applied at the root node aiming at helping the posterior
classification at the branching nodes of the tree to globally improve the misclassification error
of the different classes.

Our claim is that obtaining non-dominated classifiers with respect to the OCT and SVM
principles one can get a range of different classifiers catching different insights of the sample
data that will inherit the good properties of the two base classifiers.

This bunch of trees will be used to identify the “best” one to reduce misclassification or to
be combined in a Pareto forest based ensemble classifier.

Ensemble methods in supervised classification boost performance by combining multiple
models—called base learners—to make a stronger, more reliable overall model. Choosing be-



tween different methods, as bagging, boosting, stacking, or voting, depends on the base learners’
bias, the available computational resources, and the desired model performance. Each technique
brings its own trade-offs in accuracy, complexity, and interpretability. In our approach, we have
chosen hard voting as the method to combine our Pareto-optimal trees into forests and making
final predictions by majority vote (classification). Our goal is to reduce variance and to avoid
overfitting.

The rest of the paper is organized as follows. The next subsection is devoted to highlight
our contribution. In Section 2] a bi-objective mixed integer quadratic problem is presented, that
integrates in a single mathematical program, the classification capabilities of OCT and SVM.
Adopting a multi-objective optimization approach allows the generation of multiple “optimal”
classification trees, referred to as Pareto-optimal trees, that in turn allow the definition of a
more informative forest, presented in Section [3l Section [ presents our numerical results. First,
in Section [4.1] we report the performance of the Pareto-optimal trees on eight real-world binary
classification datasets. Then, in Section [4.2] we evaluate the performance of the resulting Pareto
forests, highlighting their strong performance in comparison to Random Forest. Finally, Section
concludes the paper.

1.1 Contribution of the paper

The contributions of the paper can be summarized as follows.

e Combining the rationale of two different classifiers, namely OCT and SVM, to obtain
non-dominated classifiers with respect to them.

e Boosting the classification power of OCT by enforcing a maximum margin separation of
data at the root node.

e Obtaining a meaningful representation of the Pareto front of OCT-SVM classifiers to catch
insights reducing misclassification error. Thus proposing a new classification tree called
Pareto-optimal tree.

e Proposing a new bagging method, namely the Pareto forest. This method builds a forest
based on our Pareto-optimal trees that profits from their improved performance.

e Showing improved performance of our methods over existing ones on a number of standard
datasets from the literature.

e Gaining insights on how shallow Pareto forests of limited depth can capture the data
structure without resorting to randomization and large number of trees and variable depth.

2 The bi-objective optimal tree problem

It is the purpose of this work to build Pareto-optimal decision trees, being a trade-off among dif-
ferent classification techniques. A major advantage of decision trees lies in their interpretability,
which is particularly valuable in fields like healthcare, where transparency is often favored over
potentially more accurate but relatively uninterpretable models. Given a training dataset made
of n observations (x;,¥;),i = 1,...,n, each with p features x; € RP and a label y; € {1,..., K},



decision trees recursively partition the feature space and assign a label to each resulting parti-
tion. The tree is made of nodes, divided into branch and leaf nodes. In branch nodes, a split
with certain parameters a; € RP and by, is applied. If alx; < b;, then sample i will follow the
left branch from the node, otherwise it will follow the right one. In leaf nodes the samples are
collected: all the samples that end up in the same leaf are classified with the same class label.
Once the decision tree is built, namely once parameters a; € RP and b; € R are determined for
each branch node and class labels are assigned to leaf nodes, the tree can be used to classify
new samples according to the splits and labels: the new sample will follow a unique path within
the tree based on the splitting rules, ending up in a leaf node that will predict its class label.

In this work, we aim at combining multivariate optimal classification trees and support vector
machines, defining a bi-objective mixed-integer model for binary classification. Multi-objective
optimization is an area of decision making concerned with mathematical programming problems
that involve more than one conflicting objective function. Unlike single-objective optimization,
where the goal is to detect a single optimal solution, multi-objective optimization typically
looks for the set of non-dominated points, also called Pareto front. Each non-dominated point
represents a different compromise, where improving one objective would lead to the deterioration
of at least one other.

Starting from the mixed-integer linear model proposed in [2] - also called Optimal Classifi-
cation Tree (OCT) problem - and the classical ¢s-regularized, ¢1-loss linear SVM problem [11],
we propose a bi-objective mixed-integer convex quadratic model to train classification trees.
Our model simultaneously minimizes the objective functions of the OCT and SVM problem and
includes all the constraints of each single-objective model plus some linking constraints.

At a high level, the bi-objective model looks as follows:

min  (focr(L,s), fsvm(w,§))
s. t. (L,s,A,b) € Xoor

(O.), wo, g) € XSVM (Pareto—OCT)
bo = Wy
aoj:wj jzl,...,p,

where foor(L,s) and fsyar(w, &) are the objective functions of the OCT and SVM problem
and the sets Xpor and Xgy s are the feasible set of the two models, respectively. Each non-
dominated point of (Parefto-OCT)) defines a Pareto-optimal classification tree. Let T be the set
of nodes of a Pareto-optimal tree and let Tz be the subset of branch nodes. Variables Ly, t € T},
represent the optimal misclassification loss in each leaf node, while variable s;;, j =1,...p; t €
Tp represents the number of features used at each split. Matrix A has |Tp| rows, each of them
being variable a; € [—1,1]P defining the splits at the branch nodes together with b; € [0, 1].
Variables w € R? and wg € R define the SVM hyperplane, while variables §&; e R, i =1,...,n
quantifies the degree of misclassification or margin violation from the SVM hyperplane.

The root node in (Pareto-OCT)) is indicated by ¢t = 0 € Tg. The split applied at the root
node of each Pareto-optimal classification is defined by aOTj:E < by with by = wp and ag; = w; j =
1,...,p. This implies that each non-dominated point of (Pareto-OCT]) is a tree having the split
at the root node being a compromise between the split applied by support vector machines and
the one from optimal classification trees.



The complete formulation of our model is as follows, while a presentation of the OCT and

SVM models is reported in the Appendix.
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ag; = wj j=1,...,p (split-root-2)

As already mentioned, our bi-objective mixed integer convex quadratic model needs to include
all the constraints of both the OCT and the SVM models. The constraints from (Tal) to (7d)
are those from the OCT model (2], while the constraints (SVM-1al),([SVM-1D) and (SVM-1d)
are those from the SVM model ([B]). The last two constraints, (split-root-1]) and (split-root-2)),
are included to impose that the split applied at the root node is a compromise between the split
applied by support vector machines and the one from optimal classification trees. Note that by
these two constraints, the SVM split is defined having wy € [0,1] and w; € [-1,1], j=1,...,p,
while in the original model (3)) the split is defined with wy € R and w € RP.

To compute the non-dominated points of a multi-objective optimization problem, various
methods have been proposed in the literature [I8]. In the specific case of multi-objective mixed
integer quadratic problems exact approaches have been recently proposed (see e.g. [19] [13] [12]).
However, our aim is not that of approximating the complete Pareto from of our model and
these methods turn out to be too expensive in our context. Therefore, we opt to detect a
finite number of Pareto-optimal decision trees employing the weighted sum method, a classical
approach which belongs to the class of scalarization techniques. As the name suggests, in the
weighted sum method, the objective functions are combined using non-negative weights, and
the resulting scalar function is minimized over the feasible set. It can be shown that, if the
weights are strictly positive, any optimal solution of the scalarized problem corresponds to a
nondominated point of the original multi-objective problem (Theorem 3.6 in [18]).

Hence, in order to get a Pareto-optimal tree, we address a number of instances of the following
single-objective model

min {1 foor(L,s) + fafsv i (w, &)
s. t. (L,s,A,b) € XocT
(w,00,€) € Xsvut (Pareto-OCTy)

bo = wo

aoj:w]' jzl,...,p,
being ¢1,¢5 > 0. As further trees to consider, we also compute the trees obtained from
setting ¢; to zero, ¢ € {1,2}. If we set {; = 0 (keeping ¢ > 0), we obtain a
tree where at the root node, the split is taking into account only the influence of the SVM ob-
jective function, while if we set fo = 0 (keeping ¢1 > 0) only the influence of the OCT objective
function is taken into account. When addressing a bi-objective problem, choosing the weights
in such a way, is equivalent to compute its ideal point. Furthermore, it can be shown (Theorem
3.4 in [I8]) that these trees are weakly nondominated points for (Pareto-OCT]), meaning that
there is no other point that is strictly better in both objectives.

3 Building ensembles from Pareto-Optimal Classification Trees:
Pareto Forests

Introduced in [8], the random forest algorithm has proven to be a highly effective and widely ap-
plicable method for both classification and regression tasks. By building an ensemble of random-
ized decision trees and combining their predictions, the technique delivers strong performance,



particularly in scenarios where the number of variables exceeds the number of observations. In
addition to its robustness, the algorithm is scalable to large datasets, adaptable to specialized
learning problems, and provides useful insights through variable importance measures.

In order to aggregate predictions from multiple decision trees a voting technique is used.
Each tree in the ensemble independently predicts a class label for a given input, and if the hard
voting technique is applied, the final classification is determined by the class that receives the
highest number of votes across all trees. In case of a tie, where the two classes (or more, in
case of general classification problems) receive the same number of votes, the algorithm typically
resolves it by assigning the class label that appears most frequently in the training dataset. It
has been shown that random forest algorithm leverages the collective decision-making of the
trees, reducing the impact of individual errors and improving overall predictive accuracy. The
diversity among trees, introduced through random feature selection, ensures that the ensemble
benefits from varied perspectives, making majority voting a robust and effective strategy for
classification tasks.

It is our purpose to build ensemble of trees using a number of Pareto-optimal trees. Given
a finite set of nondominated points of the bi-objective model (Pareto-OCT]), all possible com-
binations of k£ > 2 trees are considered, generating what we call Pareto forests. As for the
random forest, the classical voting technique is adopted to aggregate the predictions of the
Pareto-optimal trees considered.

4 Numerical Experiments

In this section, we report the results of the numerical experiments conducted in order to analyze
the performances of the classification trees obtained addressing our bi-objective model. In
particular, Section [d.Ilfocuses on analyzing the accuracy of the classifiers induced from a number
of Pareto-trees, while Section shows the results obtained by building ensembles of Pareto
Trees, namely Pareto Forests, as described in Section Bl

Eight real-life datasets for binary classification taken from the UCI Repository [28] have been
considered and we report their details (name, number of observations n and number of features p)
in Table[ll For the datasets including categorical data, we treated ordinal attributes as numerical
ones, while we applied the standard one-hot encoding for nominal features. Furthermore, we
normalized the feature values of each dataset to the 0-1 interval. In our experiments, each
dataset has been divided in training (80%) and test (20%) sets.

Dataset Number of datapoints | Number of features
Breast Cancer (Diagnostic) 569 30
Breast Cancer (Original) 683 9
Heart Disease 270 13
Tonosphere 351 33
Parkinsons 195 22
Connectionist Bench (Sonar, Mines vs. Rocks) 208 60
SPECTF Heart 267 44
Tic-Tac-Toe Endgame 958 27

Table 1: Details on the UCI Repository [28] datasets used in our experiments.



Given a dataset and a classification rule, we define the out of sample accuracy A as

number of well classified observations

A= 100.

number of test observations

We aim at showing that the computed Pareto-optimal trees or, in other words, combining OCT
and SVM through our bi-objective model, yields classifiers that are more accurate with respect
to optimal classification trees. Moreover, we want to show that building ensemble of Pareto-
optimal trees may improve the performance of single Pareto-optimal trees and that the obtained
Pareto Forests favorably compare - in terms of accuracy - to Random Forests, still gaining in
interpretability.

All the experiments were run on a machine mounting an Intel(R) Xeon(R) Gold 5218 CPU
running at 2.30GHz.

4.1 Pareto-optimal Trees’ performances

In order to compute different Pareto-optimal trees, we considered eleven different values for the
vector £ in the weighted-sum model (Pareto-OCT/]), namely we set ¢; € {0,0.1,0.2,...,0.9,1}
and /o = 1 — f1. The depth of the trees is fixed to D = 2 and the minimum number of
observations per leaf node, N,,;,, is set to 5% of the number of datapoints.

For each ¢, model requires the tuning of two different hyperparameters,
specifically « for focr(L,s) and r for fsyar(w,€). The tuning process is carried out by means
of a 4-fold cross-validation, considering o € {10 : 4 = —5,...,5} and r € {10° : i = —5,...,5}.

We compare the computed Pareto-optimal trees with other tree-like classifiers: CART, OCT
and OCT-H. We use CART’s implementation provided by the scikit-learn [29] Python library
while OCT’s and OCT-H’s models have been coded in Python and solved using Gurobi [23].
The hyperparameter tuning for these classifiers is performed the same way as for Pareto-optimal
trees. Furthermore, in order to achieve a fair comparison, a depth D = 2 has been considered
also for the other classifiers. Where it applies (i.e. for all classifiers but CART) a time limit
of 60 seconds has been set for the cross-validation and a time limit of 600 seconds has been
imposed to solve the related optimization models.

In the following, for each dataset, we report in separate tables the accuracy of the Pareto-trees
obtained, together with the time needed to solve and - in case the time limit is
reached - the gap from the optimal solution. In particular, for each couple of weights (¢1, (), we
report the accuracy obtained, the Time (in seconds), the GAP and the hyperparameters « and r.
A dash (-) indicates that the time limit of 600 seconds was reached while solving (Pareto-OCT/]).
The highest level of accuracy obtained for the specific dataset is highlighted in bold font. Note
that a Pareto-optimal tree obtained with (¢1,¢2) = (1.0,0.0) is equivalent to the original OCT-H,
i.e. the tree obtained solving (2)), while the Pareto-optimal tree with (¢1,¢2) = (0.0,1.0) uses
the SVM split at the root node, having w € [—1,1]? and wy € [0, 1].

In Table 2 we report the Pareto-optimal trees computed for the datasets Breast Cancer
(Diagnostic) and Breast Cancer (Original). The best accuracy attained for Breast Cancer (Di-
agnostic) is 99.12 and is obtained with the Pareto-optimal trees having (¢1,¢2) = (1.0,0.0),
(0.9,0.1), (0.5,0.5). For Breast Cancer (Original) the best accuracy is 98.54 and is obtained
for (¢1,¢2) = (0.2,0.8), (0.1,0.9). Note that in the case of Breast Cancer (Original) the best

accuracy is obtained solving problem (Pareto-OC'TY) to optimality.



Breast Cancer (Diagnostic Breast Cancer (Original

g g
(61,02) | « T Accuracy Gap Time(s) || o r Accuracy Gap Time(s)
(1.0,0.0) | 102 1075 99.12 815 - 1075 107°  97.81 99.9 -
(0.9,0.1) | 107% 1072  99.12 6.4 - 1073 1072 97.81 37.8 -
(0.8,0.2) | 1072 1072 9123 325 - 1073 1072  97.81 5.90 -
(0.7,0.3) | 1072 1075  96.49  85.9 - 1074 100 97.81 0.00  136.3
(0.6,0.4) | 1072 1075  96.49  84.9 - 1075 107 97.81 95.4 -
(0.5,0.5) | 1072 107°  99.12  90.0 - 0% 1073 97.8 32.49 -
(0.4,0.6) | 1073 1073  98.25  27.8 - 1075 100 97.81 0.00 44.9
(0.3,0.7) | 10> 1073  70.18  50.9 - 1075 107%  97.81  26.02 -
(0.2,0.8) | 1073 1073 9561  31.3 - 107°  10° 98.54 0.0 125.2
(0.1,0.9) | 1073 107>  96.49 75.3 - 107 107!  98.54 0.0 155.1
(0.0,1.0) | 1075 107!  64.04 0.0 68.4 107° 104 81.75 0.0 5.3

Table 2: Pareto-Optimal trees computed for the datasets Breast Cancer (Diagnostic) and Breast
Cancer (Original)

In Table Bl we report the Pareto-optimal trees computed for the datasets Heart Disease
and Ionosphere. The best accuracy attained for Heart Disease is 83.33 and it is obtained with
the Pareto-optimal trees having ({1, ¢3) = (0.7,0.3) and (¢1,¢2) = (0.1,0.9). In both cases, the
global optimum of model is reached within the time limit. For Ionosphere the
best accuracy is 91.55, also obtained by solving to optimality model within the
time limit, with weights (¢, ¢2) = (0.9,0.1) and (0.7,0.3).

In Table [ we report the Pareto-optimal trees computed for the datasets Parkinsons and
Connectionist Bench (Sonar, Mines vs. Rocks). For Parkinsons the Pareto-optimal tree ob-
tained with weights (¢1,¢2) = (0.8,0.2) could reach an accuracy of 100. For Connectionist Bench
(Sonar, Mines vs. Rocks) the best accuracy reached by the Pareto-optimal trees computed is
71.43, obtained considering 6 different weights (1, ¢2).

In Table Bl we report the Pareto-optimal trees computed for the datasets SPECTF Heart
and Tic-Tac-Toe Endgame. Model for the SPECTF Heart dataset could be
solved to global optimality for each setting of the weights ({1, ¢2) and all Pareto-optimal trees
computed, could reach an accuracy of 85.19. For the Tic-Tac-Toe Endgame dataset, the best
accuracy reached is 98.44, obtained for (¢, f2) = (1.0,0.0) and (¢1,¢2) = (0.9,0.1).

In Table [6l the best accuracy obtained out of the eleven Pareto-optimal trees computed is
compared with the accuracy obtained with CART, OCT and OCT-H, for each dataset. We
denote by PT any of the Pareto-Optimal trees able to reach the best accuracy and we highlight
in bold font the highest level of accuracy reached. We can notice that PT is always giving a tree
able to achieve the best accuracy among the approaches compared except for the Connectionist
Bench (Sonar, Mines vs. Rocks) dataset.

4.2 Pareto Forests’ performances

We build Pareto Forests considering all possible subsets of 2,3,4 and 5 Pareto-optimal trees,
computed as detailed in Section [£.2l In building our forests, we exclude the trees obtained from
¢ = (1,0) and ¢ = (0, 1), representing the solutions of OCT-H’s model and the Pareto-optimal

10



Heart Disease Tonosphere

(l1,02) | « r Accuracy Gap Time(s) || o r Accuracy Gap Time(s)
(1.0,0.0) | 1072 107>  81.48  93.7 - 1075 107° 8451  90.0 -
(0.9,0.1) | 107* 107* 7593  97.8 - 107 107°  91.55  64.2 -
(0.8,0.2) | 1072 10=*  74.07  95.5 - 1072 107* 8592 925 -
(0.7,0.3) | 1072 10° 83.33 0.4 - 1072 107°  91.55  90.8 -
(0.6,0.4) | 1072 1075  79.63  95.9 - 1072 107°  90.14 924 -
(0.5,0.5) | 107* 107* 8148  88.0 - 1072 107%  88.73 1.2 -
(0.4,06) | 107* 1075 8148  97.7 - 102 10° 87.32 0.1 -
(0.3,0.7) | 107* 107*  66.67  90.2 - 107' 107t 85.92 1.2 -
(0.2,0.8) | 1073 1073 8148  33.9 - 107* 107  90.14  52.6 -
(0.1,0.9) | 1072 10° 83.33 0.0 - 1072 107®  88.73  89.3 -
(0.0,1.0) | 107> 10! 79.63 0.0 0.4 107 107°  59.15 0.0 1.6

Table 3: Pareto-Optimal trees computed for the datasets Heart Disease and Ionosphere

Parkinsons Conn. Bench (Sonar, Mines vs. Rocks)
(0,63) |« r Accuracy Gap Time(s) || « r Accuracy Gap Time(s)
(1.0,0.0) | 1072 107> 9231 954 - 1072 107°  64.29 919 -
(0.9,0.1) | 107> 1073  87.18  94.3 - 1075 1072  71.43 0.1 -
(0.8,0.2) | 1072 10~ 100.00 64.2 - 107 107°  71.43 649 -
(0.7,03) | 1072 1075 9231 944 - 1075 10° 71.43 0.0 83.7
(0.6,0.4) | 107 1071  92.31 3.4 - 1072 1073 71.43 749 -
(0.5,0.5) | 107* 10° 92.31 0.3 - 107% 107®  71.43 645 -
(0.4,0.6) | 107> 1075  89.74  98.9 - 1073 107%  69.05  57.6 -
(0.3,0.7) | 1072 1073  89.74  61.8 - 10=% 10! 61.90 0.0 64.7
(0.2,0.8) | 107* 10* 92.31 0.0 25.2 1075 107%  71.43 0.5 -
(0.1,0.9) | 1072 1072  94.87 4.4 - 1072 1075 6429  90.5 -
(0.0,1.0) | 107®> 1075  71.79 0.0 0.1 1075 10=°  50.00 0.0 4.85

Table 4: Pareto-Optimal trees computed for the datasets Parkinsons and Connectionist Bench
(Sonar, Mines vs. Rocks)
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SPECTF Heart Tic-Tac-Toe Endgame
(l1,02) | « r Accuracy Gap Time(s) || o r Accuracy Gap Time(s)

1075 107° 85.19 0.0 0.1 1075 107° 65.10 0.0 0.7

(1.0,0.0) | 107> 10=°> 85.19 0.0 1.3 1075 107° 98.44  99.9 -
(0.9,0.1) | 107> 1075  85.19 0.0 2.8 104 10° 98.44 0.1 -
(0.8,0.2) | 107 107°  85.19 0.0 2.9 107° 1073 97.92 24.0 -
(0.7,0.3) | 107> 1075  85.19 0.0 4.4 1075 10° 96.88 0.0 -
(0.6,04) | 107> 1075 85.19 0.0 3.4 10=* 107*  96.35 526 -
(0.5,0.5) | 107> 1075  85.19 0.0 4.2 1073 107°  96.88  90.2 -
(0.4,0.6) | 107> 107°  85.19 0.0 2.3 1073 10° 65.10 0.1 -
(0.3,0.7) | 107> 1075  85.19 0.0 2.6 10~% 10° 94.27 0.0 1758
(0.2,0.8) | 107°> 1075  85.19 0.0 3.2 1073 10° 97.92 0.0  241.7
(0.1,0.9) | 107> 1075  85.19 0.0 3.3 1075 10° 91.15 0.0 3831
)

(0.0,1.0

Table 5: Pareto-Optimal trees computed for the datasets SPECTF Heart and Tic-Tac-Toe
Endgame

Dataset ‘ Accuracy

CART OCT OCTH PT

Breast Cancer (Diagnostic) 94.74 84.21 99.12 99.12

Breast Cancer (Original) 94.89 87.04 97.81 98.54

Heart Disease 83.33 6481 79.63 83.33

Tonosphere 84.51 71.83  88.73 91.55
Parkinsons 89.74 87.18 91.67 100.00

Connectionist Bench (Sonar, Mines vs. Rocks) | 76.19 66.67 71.43  71.43
SPECTF Heart 85.19 85.19 &85.19 85.19

Tic-Tac-Toe Endgame 68.75 65.1 98.44 98.44

Table 6: Comparison on accuracy among CART, OCT, OCT-H and best Pareto-Optimal tree
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tree adopting exclusively the SVM splits at the root node, respectively.

As a first comparison, we consider Random Forests of 2,3,4 and 5 trees of depth D = 2.
We report in Table (7)) the results obtained on each dataset, considering the Pareto Forests
attaining the highest level of accuracy. As before, we highlight in bold font the highest level of
accuracy reached. In the last column of the table, we report the difference between the accuracy
of the Pareto Forest and the highest accuracy achieved by any individual Pareto-optimal tree.
A negative value therefore indicates that the ensemble performs worse than the best single
tree. We observe that for the datasets Breast Cancer (Diagnostic), Breast Cancer (Origin), and
Parkinsons, using an ensemble of Pareto-optimal trees can result in a lower accuracy than the
best individual classifier. However, in all three cases, the accuracy of the ensemble remained
above 97. For all the other datasets, there is at least one ensemble of Pareto-optimal trees that
outperforms the best individual tree. Moreover, except for the Connectionist Bench (Sonar,
Mines vs. Rocks) dataset, the Pareto Forests consistently achieve higher accuracy than the
Random Forests.

As a second experiment, we compare our Pareto Forests, with Random Forests made of 100
trees, letting internal algorithm to decide the depth of the trees. The results of this experiment on
each dataset are reported in Table[8, where we consider the best forest among the Pareto Forests
obtained before. The best Pareto Forest consistently achieves the highest level of accuracy. It
is worth noting that the Pareto-optimal trees used in our experiments have a fixed depth of
D = 2. These results suggest that shallow forests composed of Pareto-optimal trees - even with
limited depth - can capture the underlying data structure more effectively than Random Forests
composed of a much larger number of trees with variable depths.

5 Conclusions

In this work, we introduced the Pareto-optimal trees, a new class of interpretable binary classi-
fication models that combine the strengths of Optimal Classification Trees (OCT) and Support
Vector Machines (SVM). By formulating a bi-objective mixed integer quadratic optimization
problem, we propose a way to compute classifiers being trade-offs of the two techniques. In-
deed, each Pareto-optimal tree represents a nondominated solution of such bi-objective prob-
lem, where the split at the root node is a compromise between the split applied by SVM and
the one from OCT. Our experiments across a range of benchmark datasets demonstrate that
Pareto-optimal trees achieve performance comparable to or better than standard methods such
as CART and OCT, while maintaining a shallow and interpretable structure. This shows the
power of using Pareto solutions of our bi-objective model, able to include the ability of two
classifiers. Furthermore, we proposed the Pareto Forest, an ensemble method that aggregates
subsets of Pareto-optimal trees. Results show that Pareto Forests often outperform Random
Forests - even those built with many more trees and variable depth - underscoring the benefit of
optimizing for model quality rather than relying on randomization. We want to underline that
our approach can be extended to deal with general classification problems, combining multiclass
SVM with multiclass classification trees. Furthermore, the proposed multi-objective approach
could be used combining OCT with any other classification model, as long as long as a suitable
mathematical programming formulation models such technique.
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Random Forest Pareto Forest
Dataset # of trees Accuracy Accuracy (Acc PF - Acc PT)
2 85.09 99.12 0
. . 3 94.74 99.12 0
Breast Cancer (Diagnostic) 4 94.74 99.12 0
5 95.61 98.25 -0.87
2 95.62 98.54 0
.. 3 97.08 97.81 -0.73
Breast Cancer (Original) 4 94.89 97 81 073
5 94.89 97.81 -0.73
2 77.78 83.33 0
. 3 70.37 87.04 3.71
Heart Disease 4 74.07 87.04 3.71
5 83.33 87.04 3.71
2 87.32 91.55 0
Tonosphere 3 83.1 95.77 4.22
4 84.51 95.77 4.22
5 88.73 95.77 4.22
2 87.18 100 0
Parkinsons 3 82.05 100 0
4 89.74 100 0
5 87.18 97.44 -2.56
2 61.9 71.43 0
. 3 64.29 76.19 4.76
Conn. Bench (Sonar, Mines vs. Rocks) 4 78.57 76.19 476
5 66.67 76.19 4.76
2 85.19 85.19 0
3 85.19 85.19 0
SPECTF Heart 4 85.19 85.19 0
5 85.19 85.19 0
2 67.19 98.44 0
. 3 67.71 99.48 1.04
Tic-Tac-Toe Endgame 4 67.19 99.48 104
5 67.71 99.48 1.04

Table 7: Comparison between Pareto Forests and Random Forests, with 2,3,4 and 5 trees and
depth D = 2.
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Dataset Accuracy
Random Forest Pareto Forest

Breast Cancer (Diagnostic) 98.25 99.12
Breast Cancer (Original) 97.81 97.81
Heart Disease 83.33 87.04
Tonosphere 91.55 95.77

Parkinsons 89.74 100

Conn. Bench (Sonar, Mines vs. Rocks) 73.81 76.19
SPECTF Heart 85.19 85.19
Tic-Tac-Toe Endgame 73.44 99.48

Table 8: Comparison between the best Pareto Forest (among those with 2,3.4 and 5 trees and
depth D = 2) and Random Forests with 100 trees and variable depth.
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6 Appendix

6.1 Multivariate Optimal Classification Trees

In [2] a mixed integer linear (MILP) model to train classification trees has been introduced. We
present a concise introduction to the model, without attempting to cover all details. Given a
maximum depth D, an optimal decision tree with such depth will have T = 2(P+1) — 1 nodes,
indexed by ¢t = 1,...,T and divided -as already mentioned- into branch nodes (T5) and leaf
nodes (Tr,). For each branch node ¢t € T, variables a; € [—1,1]P and b; € [0, 1] are introduced to
represent the multivariate split, with constraints (2]) and (3]) enforcing this structure. Constraints
([Ta))-([7d) are also related to the splits at a branch node and are modeling that Z§:1 laje| < dy,
being d; a binary variable indicating whether node ¢ applies a split. Note that this allows the
option of not splitting at a branch node, by setting a; = 0 and b, = 0. In the model, further
indicator variables are introduced: z; indicates whether the sample x; is in node ¢, while [;
indicates whether leaf ¢ contains any sample. Constraints (), (B]) and (@) are modeling the fact
that each sample should be assigned to exactly one leaf node and that each leaf node should
contain at least IV,,;, samples. Binary variables c;; are introduced to track the prediction of
each node and the optimal misclassification loss in each node L; is modeled by the constraints
([a)- (). Given a baseline accuracy I:, the objective function of the model minimizes a weighted
combination - controlled by the parameter o > 0 - of the misclassification error and the number
of features used at each split, the latter represented by the variables s;.
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min fOCTLS Z L+« Zzsjt

VtGTL teTp j=1
s. t. LtZNt—th—n(l—th), ]{7:1,...,K, \V/tGTL, (1&)
L; < Ny — N +neg, k=1,..., K, vt e Ty, (1b)
L >0, Vte Ty, (1c)
Ni= Y zu, k=1,...,K, Vt € Ty, (1d)
it y;=k
Nt = Z Zits vt € TL7 (16)
o=l k=1,.. K (1f)
als; +pu<bn+Q+pwd—2zy) i=1,...,n, Vte T, me L(t) (2)
alx; >b,—2(1—2y) i=1,...,n, Vte T, meR(t) (3)
Z Zitzl 2217 , (4)
vteTy,
zit <1y vte Ty (5)
n
>zt > Noinly vt € Ty, (6)
=1
p
> ay < d, Vt e Tp (7a)
j=1
&jtzajta \V/tGTB, J=LL...,p (7b)
Qjt > —Qjt, viels, j=1,...,p (7c)
—sjt < aj < s, vteTp j=1,...,p
Sjtgdt, VteTp i7=1,...,p
p
Zsjt > dy, vVt € T,
j=1
—dy < by < dy, vVt € Tp,

dy < dp(t)7 vVt € TB\{l},
Zit,lt,thG{O,l}, i=1,....n, k=1,..., K, teflr,
dt,Sth{O,l}, i=1...,p, telp.

6.2 Support Vector Machines

Support Vector Machines (SVMs) are a class of supervised learning algorithms widely used for
classification and regression (we refer to [9, 32] as classical references). In a binary classification
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problem, an SVM attempts to find the hyperplane that best divides the given dataset into
two classes. The optimal hyperplane is the one that maximizes the margin, i.e. the distance
between the hyperplane and the nearest data points from each class, known as support vectors.
To be more precise, given n observations {(x;,y;) € R™ x {—1,1},7 = 1,...,n}, the classical
la-regularized, ¢1-loss linear SVM problem, looks for (w*,wg) € R™ x R solution of the following
convex quadratic optimization problem:

. 1 &
min fsvm(w,§) = §||w||§ +r Z;&
1=
s. t. yi(wl'x; +wp) > 1—¢& 1=1,...,n (3a)
w€E€RP wy €R, (3b)
& eRT, i=1...,n. (3c)

In this model, margin violations are penalized linearly through the ¢;-loss function Y ;" ; &,
where each variable & quantifies the degree of misclassification or margin violation for sample
i. Specifically, from constraint (Bal), we observe that if & € (0,1], the sample lies within the
margin remaining correctly classified. If & > 1, the sample is misclassified. The regularization
parameter r > 0 plays a crucial role in balancing two competing objectives in the optimization:
maximizing the margin (via minimizing ||w||3) and minimizing the classification error (via pe-
nalizing Y, &). A larger value of r emphasizes error minimization, potentially at the cost of
a smaller margin, while a smaller value of r prioritizes margin maximization, possibly allowing
more misclassifications.
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