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Abstract

In this paper, we develop and analyze sub-sampled trust-region methods for solving finite-
sum optimization problems. These methods employ subsampling strategies to approximate the
gradient and Hessian of the objective function, significantly reducing the overall computational
cost. We propose a novel adaptive procedure for deterministically adjusting the sample size used
for gradient (or gradient and Hessian) approximations. Furthermore, we establish worst-case it-
eration complexity bounds for obtaining approximate stationary points. More specifically, for a
given εg, εH ∈ (0, 1), it is shown that an εg-approximate first-order stationary point is reached
in at most O(εg

−2) iterations, whereas an (εg, εH)-approximate second-order stationary point is
reached in at most O(max{ε−2

g ε−1
H , ε−3

H }) iterations. Finally, numerical experiments illustrate the
effectiveness of our new subsampling technique.

Keywords: finite-sum optimization problems; trust-region method; subsampling strategy; iteration-
complexity analysis.

1 Introduction

Motivation and Contributions. We consider the finite-sum minimization problem

min
x∈Rn

f(x) :=
1

d

d∑
i=1

fi(x), (1)

where each fi : Rn → R is twice continuously differentiable, but possibly nonconvex. Problems
of the form (1) lie at the heart of data fitting applications, where the decision variable x typically
represents the parameters of a model, and each function fi(x) measures the discrepancy between
the model’s prediction and the ith data point. In this context, (1) corresponds to minimizing the
average prediction error over d data points.
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When the number d of component functions in (1) is large, the computation of

∇f(x) =
1

d

d∑
i=1

∇fi(x) and ∇2f(x) =
1

d

d∑
i=1

∇2fi(x),

may become excessively expensive, which severely impacts the performance of first- and second-order
methods applied to solve (1). To mitigate this issue, several sub-sampled optimization methods have
been proposed in recent years (e.g., [3, 4, 5, 6, 7, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20]). These
methods rely on inexact derivative information computed via subsampling. Specifically, given a
point x, they approximate the gradient and/or Hessian as

∇fG(x) =
1

|G|
∑
i∈G

∇fi(x), and ∇2fH(x) =
1

|H|
∑
i∈H

∇2fi(x), (2)

where G,H ⊂ {1, . . . , d} are sub-samples of the data indices, and |G| and |H| denote their respective
cardinalities, with

fG(x) =
1

|G|
∑
i∈G

fi(x).

Usually, the samples are chosen randomly, with either adaptive or predefined control over their
cardinality. With randomized samples, worst-case complexity bounds are typically established in
expectation or with high probability (e.g., [3, 4, 8, 9, 10, 12, 15, 16, 18, 20]). On the other hand,
with a predefined schedule for the sample sizes, one can recover deterministic complexity guarantees,
provided that the full sample size is eventually reached (e.g., [6, 7, 13, 17]).

In the present work, we explore a different avenue based on deterministic error bounds for sub-
sampled gradient and Hessian approximations, where the accuracy is determined by the cardinality
of the samples. Leveraging these error bounds, we develop and analyze sub-sampled trust-region
methods for solving finite-sum optimization problems, with exact function evaluations. The sample
sizes are selected deterministically and in a fully adaptive manner. We establish worst-case iteration
complexity bounds for obtaining approximate first- and second-order stationary points. Specifically,
for given tolerances εg, εH ∈ (0, 1), we show that our first-order trust-region method requires at most
O(ε−2

g ) iterations to find a point x̄ such that

∥∇f(x̄)∥ ≤ εg,

assuming Lipschitz continuity of the gradients. In addition, assuming also Lipschitz continuity of
Hessians, we show that our second-order trust-region method requires at most O(max{ε−2

g ε−1
H , ε−3

H })
iterations to find a point x̄ satisfying

∥∇f(x̄)∥ ≤ εg and λmin(∇2f(x̄)) ≥ −εH .

Finally, we present numerical results that illustrate the potential benefits of our new subsampling
strategy.

Contents. The paper is organized as follows. Section 2 describes the main assumptions made
throughout this work and establishes crucial auxiliary results. Section 3 presents and analyzes a sub-
sampled trust region method for obtaining approximate first-order stationary points of f( · ), whereas
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Section 4 is devoted to present an extension of this first algorithm for obtaining approximate second-
order stationary points. Section 5 presents preliminary numerical experiments and some concluding
remarks are given in Section 6

Notation. The symbol ∥ · ∥ denotes the 2-norm for vectors or matrices (depending on the context).
The Euclidian inner product of x, y ∈ Rn is denoted by ⟨x, y⟩. For a given z ∈ R+, we set ⌈z⌉ :=
min{x ∈ Z++ : x ≥ z}. Furthermore, the identity matrix of Rn×n is denoted by I, and for any
symmetric matrix A ∈ Rn×n, λmin (A) is the minimum eigenvalue of A. We denote N = {1, . . . , d},
and for a given subsample G ⊂ N , N \ G denotes the set {i ∈ {1, . . . , d} : i /∈ G}.

2 Assumptions and Auxiliary Results

This subsection presents the main assumptions made throughout this work and establishes crucial
auxiliary results. We begin by proving a technique result.

Lemma 2.1. Given x ∈ Rn and h ∈ [0, 1], let G ⊂ N be such that |G| ≥ ⌈(1− h)|N |⌉. Then,

∥∇f(x)−∇fG(x)∥ ≤ 2hmax
i∈N

∥∇fi(x)∥, and ∥∇2f(x)−∇2fG(x)∥ ≤ 2hmax
i∈N

∥∇2fi(x)∥. (3)

Proof. It follows from (1) and (2) that

∇f(x)−∇fG(x) =
1

|N |
∑
i∈N

∇fi(x)−
1

|G|
∑
i∈G

∇fi(x)

=
1

|N ||G|

[
|G|

∑
i∈N

∇fi(x)− |N |
∑
i∈G

∇fi(x)

]

=
1

|N ||G|

(|G| − |N |)
∑
i∈G

∇fi(x) + |G|
∑

i∈N\G

∇fi(x)

 ,

which, combined with the fact that |N | ≥ |G|, yields

∥∇f(x)−∇fG(x)∥ ≤ |N | − |G|
|N ||G|

∑
i∈G

∥∇fi(x)∥+
1

|N |
∑

i∈N\G

∥∇fi(x)∥

≤
(
|N | − |G|
|N ||G|

)
|G|max

i∈G
∥∇fi(x)∥+

|N \ G|
|N |

max
i∈N\G

∥∇f(x)∥

=
|N | − |G|

|N |
max
i∈G

∥∇fi(x)∥+
|N | − |G|

|N |
max
i∈N\G

∥∇fi(x)∥

≤ 2

(
|N | − |G|

|N |

)
max
i∈N

∥∇fi(x)∥.

Therefore, the first inequality in (3) now follows from the fact that |G| ≥ (1− h)|N |. The proof of
the second inequality in (3) follows a similar structure to that of the first and is therefore omitted
for brevity.

The following assumption is made throughout this work:
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(A1) For every G ⊂ N , fG is twice-continuously differentiable, and the gradient ∇fG is Lg-Lipschitz
continuous, i.e.,

∥∇fG(y)−∇fG(x)∥ ≤ Lg∥y − x∥, ∀x, y ∈ Rn. (4)

(A2) For every i ∈ N , there exists x∗i such that ∇fi(x
∗
i ) = 0. In addition, there exists flow ∈ R such

that
f(x) ≥ flow, ∀x ∈ Rn. (5)

(A3) For every x0 ∈ Rn, the sublevel set

Lf (x0) := {x ∈ Rn : f(x) ≤ f(x0)}

is bounded.

Remark 2.2. In view of (A3), given x0 we have

D0 := sup
x∈Lf (x0)

max
i∈N

∥x− x∗i ∥ < ∞, (6)

where x∗i (i = 1, . . . , d) are the points specified in (A2).

Remark 2.3. We note that, from (A1), it can be shown that,

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ Lg

2
∥y − x∥2, ∀x, y ∈ Rn, (7)

and
∥∇2fH(x)∥ ≤ Lg, ∀x ∈ Rn,H ⊂ N . (8)

The next lemma, in particular, establishes error bounds when the gradient and Hessian of the
objective function f are computed inexactly using subsampling techniques.

Lemma 2.4. Suppose that (A1)–(A3) hold. Let εg, εH > 0 and x ∈ Lf (x0). For a given h ∈ [0, 1],
define G,H ⊂ N such that |G| ≥ ⌈(1− h)|N |⌉ and |H| ≥ ⌈(1− h)|N |⌉. Then,

(a) ∥∇f(x)−∇fG(x)∥ ≤ 2hLgD0;

(b) −λmin(∇2f(x)) ≤ −λmin(∇2fH(x)) + 2hLg;

(c) If

∥∇f(x)∥ > εg and h <
εg

10LgD0
,

then ∥∇fG(x)∥ > 4εg/5;

(d) If

−λmin

(
∇2f(x)

)
> ϵH and h <

ϵH
10Lg

,

then −λmin

(
∇2fH(x)

)
> 4ϵH/5.
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Proof. (a) It follows from the first inequality in (3), the fact that ∇fi(x
∗
i ) = 0 for every i ∈ N , and

inequalities in (4) and (6) that

∥∇f(x)−∇fG(x)∥ ≤ 2hmax
i∈N

∥∇fi(x)−∇fi(x
∗
i )∥ ≤ 2hLg max

i∈N
∥x− x∗i ∥ ≤ 2hLgD0,

which proves the desired inequality.

(b) From the second inequality in (3) with G = H and (8), we find that

∥∇2f(x)−∇2fH(x)∥ ≤ 2hmax
i∈N

∥∇2fi(x)∥ ≤ 2hLg. (9)

Hence, for any d ∈ Rn, it follows that

⟨
(
∇2fH(x)−∇2f(x)

)
d, d⟩ ≤ ∥∇2f(x)−∇2fH(x)∥∥d∥2 ≤ 2hLg⟨I d, d⟩.

Since the inequality above holds for all d ∈ Rn, we have

∇2fH(x) ⪯ ∇2f(x) + 2hLgI,

which, using the Weyl’s inequality [11], yields

−λmin

(
∇2f(x)

)
≤ −λmin

(
∇2fH(x)

)
+ 2hLg,

concluding the proof of the item.

(c) By combining ∥∇f(x)∥ > εg, the inequality of item (a) and h < εg/(10LgD0), we have

εg < ∥∇f(x)∥ ≤ ∥∇f(x)−∇fG(x)∥+ ∥∇fG(x)∥ ≤ 2hLgD0 + ∥∇fG(x)∥ ≤ εg
5

+ ∥∇fG(x)∥,

which implies the inequality of item (c).

(d) It follows from −λmin(∇2f(xk)) > εH , the inequality of item (b) and h < εH/(10Lg) that

εH < −λmin(∇2f(x)) ≤ −λmin(∇2fH(x)) + 2hLg ≤ −λmin(∇2fH(x)) +
εH
5
,

which implies the desired inequality of the item.

3 Method for Computing Approximate First-Order Critical Points

In this section, we present and analyze a sub-sampled trust-region method for finding approximate
first-order stationary points of problem (1). The method employs an adaptive subsampling strategy
to approximate the gradient of f , while the Hessian is approximated by a symmetric matrix, which
may or may not be computed via subsampling. Specifically, our novel adaptive sampling procedure
selects a subset Gk ⊂ N such that

∥∇f(xk)−∇fGk
(xk)∥ ≤ O(∆k) and ∥∇fGk

(xk)∥ >
4εg
5

, (10)

where εg > 0 is a user-defined tolerance for the norm of the gradient of f . Thanks to the inequalities
in (10), we show that Algorithm 1 requires at most O(ε−2

g ) iterations to compute an εg-approximate
stationary point of the objective function.
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Algorithm 1: First-Order sub-sampled-TR Method

Step 0. Given x0 ∈ Rn, εg > 0, γ > 1, α ∈ (0, 1) and ∆max ≥ ∆0 > 0, set k := 0.

Step 1. Let j := 0.

Step 1.1. Define

hjk :=
∆k

γj∆max
, (11)

and choose Gj
k ⊂ N such that |Gj

k| ≥ ⌈(1− hjk)|N |⌉.

Step 1.2. Compute ∇fGj
k
(xk). If

∥∇fGj
k
(xk)∥ >

4εg
5

, (12)

then define jk = j and Gk := Gjk
k , and go to Step 2. Otherwise, set j := j+1 and go to Step 1.1.

Step 2. Compute Bk ∈ Rn×n symmetric.

Step 3 Compute an approximate solution dk of the trust-region subproblem

min
∥d∥≤∆k

mk(d) := f(xk) + ⟨∇fGk
(xk), d⟩+

1

2
⟨Bkd, d⟩, (13)

such that

mk(0)−mk(dk) ≥
1

2
∥∇fGk

(xk)∥min

{
∆k,

∥∇fGk
(xk)∥

∥Bk∥

}
. (14)

Step 4. Compute

ρk =
f(xk)− f(xk + dk)

m(0)−m(dk)
. (15)

If ρk ≥ α, define xk+1 := xk + dk and ∆k+1 := min {2∆k,∆max}. Otherwise, set xk+1 := xk and
∆k+1 :=

1
2∆k.

Step 5 Set k := k + 1 and return to Step 1.

Remark 3.1. (i) As will be shown, the well-definedness of the inner loop in Step 1 primarily follows
from Lemma 2.4(c). (ii) Since (A1) already ensures the boundedness of the Hessian approximations
(see (8)), no specific conditions are imposed on the Hessian sample size. (iii) The trust-region
subproblem in (13) is solved inexactly, ensuring that condition (14) is satisfied. Specifically, the step
dk achieves at least the reduction in the model provided by the Cauchy step dCk , which is defined as

dCk := argmin{mk(d) : d = −t∇fGk
(xk), t > 0, ∥d∥ ≤ ∆k}.

(iv) As is customary in trust-region methods, the acceptance rule for dk in Step 4 is based on the
agreement between the function f at xk + dk and the model mk evaluated at dk.

We now turn our attention to the iteration-complexity analysis of Algorithm 1. In this context,
we classify the iterations of the algorithm into two distinct types:

1. Successful iterations (S): These occur when ρk ≥ α, resulting in an update xk+1 = xk + dk
and a potential increase in the trust region radius, ∆k+1 = min{2∆k,∆max}.

6



2. Unsuccessful iterations (U): These occur when ρk < α, where the point remains unchanged,
xk+1 = xk, and the trust region radius is reduced, ∆k+1 =

1
2∆k.

The following index sets are required: for a given k ∈ {0, 1, 2, . . . }, define

Sk = {0, 1, . . . , k} ∩ S, Uk = {0, 1, . . . , k} ∩ U . (16)

Additionally, define
T (εg) = inf {k ∈ N : ∥∇f(xk)∥ ≤ εg} (17)

as the index of the first iteration for which xk is an εg-approximate stationary point. Our objective
is to derive a finite upper bound for T (εg). By assuming that T (εg) ≥ 1, we have

T (εg) = |ST (εg)−1 ∪ UT (εg)−1| ≤ |ST (εg)−1|+ |UT (εg)−1|. (18)

Thus, our analysis will focus on bounding from above |ST (εg)−1| and |UT (εg)−1|.
The next lemma shows that the sequence generated by the algorithm is well-defined and is

contained in the level set Lf (x0). Moreover, it is proven that the inner procedure in Step 1 stops in
a finite number of trials.

Lemma 3.2. Suppose that (A1)–(A3) hold and T (εg) ≥ 1. Then, the sequence {xk}
T (εg)
k=0 is well-

defined and is contained in Lf (x0). Moreover, the inner sequence {jk}
T (εg)−1
k=0 satisfies

0 ≤ jk ≤ 1 + max
{
logγ

(
10LgD0ε

−1
g

)
, 0
}
:= jmax. (19)

Proof. We proceed by induction. Clearly, x0 ∈ Lf (x0). We now verify that (19) is satisfied for k = 0.
Suppose by contradiction that

j0 > 1 + max
{
logγ

(
10LgD0ε

−1
g

)
, 0
}
.

Then we would have j0 − 1 > logγ
(
10LgD0ε

−1
g

)
, which by (11) and ∆0 ≤ ∆max, would imply

hj0−1
0 =

∆0

γj0−1∆max
≤ 1

γj0−1
<

εg
10LgD0

.

By Lemma 2.4(c), with x := x0, h = hj0−1
0 and G := Gj0−1

0 , it follows that the inequality in (12)
would hold for j = j0 − 1, contradicting the minimality of j0. Therefore, (19) holds for k = 0. Since
the inner procedure terminates after a finite number of steps, we conclude that x1 is well-defined
and belongs to Lf (x0) (see Step 4 of Algorithm 1). Now, assuming xk ∈ Lf (x0) holds, a similar
argument shows that jk satisfies (19), which implies that xk+1 is well-defined and also belongs to
Lf (x0).

In view of (8), let us now consider the following assumption on the sequence of matrices {Bk}k≥0:

(A4) For all k ≥ 0, ∥Bk∥ ≤ Lg.

Next, we derive a sufficient condition to ensure that an iteration is successful.

Lemma 3.3. Suppose that (A1)–(A4) hold and T (εg) ≥ 1. Given k ≤ T (εg)− 1, if

∆k ≤ (1− α)∥∇fGk
(xk)∥

2
[
1 + 2

(
D0

∆max

)]
Lg

, (20)

then ρk ≥ α (that is, k ∈ ST (εg)−1).

7



Proof. It follows from (15) and (13) that

1− ρk =
m(0)−m(dk)− f(xk) + f(xk + dk)

m(0)−m(dk)

=
f(xk + dk)− f(xk)− ⟨∇fGk

(xk), dk⟩ −
1

2
⟨Bkdk, dk⟩

m(0)−m(dk)

=
f(xk + dk)− f(xk)−⟨∇f(xk), dk⟩ − ⟨∇fGk

(xk)−∇f(xk), dk⟩ −
1

2
⟨Bkdk, dk⟩

m(0)−m(dk)

From the last inequality, (7), the Cauchy-Schwartz inequality, Step 1 of the Algorithm 1 and
Lemma 2.4(a), we find

1− ρk ≤ Lg∥dk∥2 + ∥∇fGk
(xk)−∇f(xk)∥∥dk∥

m(0)−m(dk)

≤
Lg∥dk∥2 + 2hjkk LgD0∥dk∥

m(0)−m(dk)
,

which, combined with the definition of hjkk in (11), γ > 1 and ∥dk∥ ≤ ∆k, yields

1− ρk ≤

[
1 + 2

(
D0

∆max

)]
Lg∆

2
k

m(0)−m(dk)
.

On the other hand, since

∆k ≤ (1− α)∥∇fGk
(xk)∥

2
[
1 + 2

(
D0

∆max

)]
Lg

≤ ∥∇fGk
(xk)∥

Lg
,

it follows from (8) and (14) that

1

m(0)−m(dk)
≤ 2

∥∇fGk
(xk)∥min

{
∆k,

∥∇fGk (xk)∥
Lg

} =
2

∆k∥∇fGk
(xk)∥

.

By combining the last inequalities, we obtain

1− ρk ≤
2
[
1 + 2

(
D0

∆max

)]
Lg

∥∇fGk
(xk)∥

∆k.

Therefore, the desired inequality follows now from (20).

The following lemma establishes a lower bound for the trust-region radius.

Lemma 3.4. Suppose that (A1)–(A4) hold and T (εg) ≥ 1. Then,

∆k ≥ ∆min(εg), ∀k ≤ T (εg)− 1, (21)

where

∆min(εg) := min

∆0,
(1− α)εg

5
[
1 + 2

(
D0

∆max

)]
Lg

 . (22)
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Proof. Clearly (21)) is true for k = 0. Suppose that (21)) holds for some k ≥ 0, and let us prove
that the inequality also holds for k + 1. We consider two case:

Case I: ∆k ≤ 2(1− α)εg

5
[
1 + 2

(
D0

∆max

)]
Lg

.

Since ∥∇fGk
(xk)∥ > 4εg/5, in this case, we have

∆k ≤ (1− α)∥∇fGk
(xk)∥

2
[
1 + 2

(
D0

∆max

)]
Lg

.

Therefore, it follows from Lemma 3.3 that ρk ≥ α, which in turn implies that

∆k+1 = min {2∆k,∆max} ≥ ∆k ≥ ∆min(εg),

where the last inequality is due to the induction hypothesis. Thus, (21)) is true for k + 1.

Case II ∆k >
2(1− α)εg

5
[
1 + 2

(
D0

∆max

)]
Lg

.

Since the trust region radius in Algorithm 1 satisfies ∆k+1 ≥ 1
2∆k, it follows that

∆k+1 ≥
1

2
∆k >

(1− α)εg

5
[
1 + 2

(
D0

∆max

)]
Lg

≥ ∆min(εg)

proving (21)) for k + 1.

Let us now consider the following additional assumption:

(A5) The inital trust-region radius ∆0 > 0 is chosen such that

∆0 ≥
(1− α)ϵg

5
[
1 + 2

(
D0

∆max

)]
Lg

. (23)

In the following two lemmas, we will derive upper bounds for |ST (εg)−1| and |UT (εg)−1|.

Lemma 3.5. Suppose that (A1)–(A5) hold and T (εg) ≥ 1. Then

|ST (εg)−1| ≤
25

[
1 + 2

(
D0

∆max

)]
Lg(f(x0)− flow)

2α(1− α)
ϵ−2
g . (24)
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Proof. Let k ∈ ST (εg)−1, that is, ρk ≥ α. Then, by (15), (14), (12), (8), Lemma 3.4 and (A5),

f(xk)− f(xk+1) ≥ α [m(0)−m(dk)]

≥ α

2
∥∇fGk

(xk)∥min

{
∆k,

∥∇fGk
(xk)∥

∥Bk∥

}
≥ 2αεg

5
min

{
∆k,

4εg
5Lg

}
≥ 2αεg

5
min

{
∆min(εg),

4εg
5Lg

}
=

2αϵg
5

(1− α)εg

5
[
1 + 2

(
D0

∆max

)]
Lg

=
2α(1− α)

25
[
1 + 2

(
D0

∆max

)]
Lg

ε2g. (25)

Let Sc
T (εg)−1 = {0, 1, . . . , T (εg)− 1} \ ST (εg)−1. Notice that, when k ∈ Sc

T (εg)−1, we have the equality

f(xk+1) = f(xk). Thus, it follows from (5) and (25) that

f(x0)− flow ≥ f(x0)− f(xT (εg)) =

T (εg)−1∑
k=0

f(xk)− f(xk+1)

=
∑

k∈ST (εg)−1

f(xk)− f(xk+1) +
∑

k∈Sc
T (εg)−1

f(xk)− f(xk+1)

=
∑

k∈ST (εg)−1

f(xk)− f(xk+1)

≥ |ST (εg)−1|
2α(1− α)

25
[
1 + 2

(
D0

∆max

)]
Lg

ϵ2g,

which implies that (24) is true.

Lemma 3.6. Suppose that (A1)–(A5) hold and T (εg) ≥ 1. Then,

|UT (εg)−1| ≤ log2

5
[
1 + 2

(
D0

∆max

)]
Lg∆0

(1− α)
ϵ−1
g

+ |ST (εg)−1|. (26)

Proof. By the update rules for ∆k in Algorithm 1, we have

∆k+1 =
1

2
∆k, if k ∈ UT (εg)−1,

∆k+1 ≤ 2∆k, if k ∈ ST (εg)−1

In addition, by Lemma 3.4 we have

∆k ≥ ∆min(εg) for k = 0, . . . , T (εg),

10



where ∆min(εg) is as in (22). Thus, defining ωk := 1/∆k, it follows that

2ωk = ωk+1, if k ∈ UT (εg)−1, (27)

1

2
ωk ≤ ωk+1, if k ∈ ST (εg)−1, (28)

and
ωk ≤ (∆min(εg))

−1 for k = 0, . . . , T (εg). (29)

In view of (27)-(29), we have

2|UT (εg)−1| (0.5)|ST (εg)−1| ω0 ≤ ωT (εg) ≤ (∆min(εg))
−1.

Then, taking the logarithm in both sides we get∣∣UT (εg)−1

∣∣− |ST (εg)−1| ≤ log2

(
(∆min(εg))

−1

ω0

)
= log2

(
∆0

∆min(εg)

)
. (30)

On the other hand, using (22) and (A5), we obtain

∆0

∆min(εg)
=

5
[
1 + 2

(
D0

∆max

)]
Lg∆0

(1− α)
ϵ−1
g .

The inequality in (26) now follows by combining the last two inequalities.

Combining the preceding results, we derive the following worst-case complexity bound for the
number of iterations needed by Algorithm 1 to achieve an εg-approximate stationary point.

Theorem 3.7. Suppose that (A1)–(A5) hold, and let T (εg) be as in (17). Then,

T (εg) ≤
25

[
1 + 2

(
D0

∆max

)]
Lg(f(x0)− flow)

α(1− α)
ϵ−2
g + log2

5
[
1 + 2

(
D0

∆max

)]
Lg∆0

(1− α)
ϵ−1
g

+ 1, (31)

Proof. If T (εg) ≤ 1, then (31) is clearly true. Let us assume that T (εg) ≥ 2. By (18),

T (εg) ≤
∣∣ST (εg)−1

∣∣+ ∣∣UT (εg)−1

∣∣ .
Then, (31) follows directly from Lemmas 3.5 and 3.6.

4 Method for Computing Approximate Second-Order Critical Points

In this section, we propose and analyze a variant of Algorithm 1 designed to find an (εg, εH)-
approximate second-order critical point of f , i.e., a point xk such that

∥∇f(xk)∥ ≤ εg and λmin

(
∇2f(xk)

)
≥ −εH .

This method involves not only adjusting the gradient sample sizes but also accurately updating the
Hessian approximations via subsampling techniques. We begin with a detailed description of the
modified scheme.

11



Algorithm 2: Second-Order sub-sampled-TR Method

Step 0. Given x0 ∈ Rn, εg, εH > 0, γ > 1, α ∈ (0, 1), and ∆max ≥ ∆0 > 0, set k := 0.

Step 1. Let j := 0.

Step 1.1. Define

hjk,g :=
1

γj

(
∆k

∆max

)2

, (32)

and choose Gj
k ⊂ N such that |Gj

k| ≥ ⌈(1− hjk,g)|N |⌉.

Step 1.2. Compute ∇fGj
k
(xk). If

∥∇fGj
k
(xk)∥ >

4εg
5

, (33)

set jk = j and Gk := Gjk
k , choose Hk ⊂ N and compute ∇2fHk

(xk), and go to Step 2.

Step 1.3. Define

hjk,H :=
∆k

γj∆max
, (34)

and choose Hj
k ⊂ N such that |Hj

k| ≥ ⌈(1− hjk,H)|N |⌉.

Step 1.4. Compute ∇2fHj
k
(xk). If

−λmin(∇2fHj
k
(xk)) >

4εH
5

, (35)

set jk = j, Gk := Gjk
k and Hk := Hjk

k , and go to Step 2. Otherwise, set j := j +1 and go to Step
1.1.

Step 2 Compute an approximate solution dk of the trust-region subproblem (13) with Bk =
∇2fHk

(xk) such that

mk(0)−mk(dk) ≥ max

{
1

2
∥∇fGk

(xk)∥min

{
∆k,

∥∇fGk
(xk)∥

∥∇2fHk
(xk)∥

}
,−λmin(∇2fHk

(xk))∆
2
k

}
. (36)

Step 3. Compute ρk as in (15), and update xk+1 and ∆k+1 as in Step 4 of Algorithm 1. Set
k := k + 1, and return to Step 1.

Remark 4.1. In Algorithm 2, where the goal is to find second-order critical points, greater care must
be taken when updating the Hessian subsample size. Specifically, the size can be arbitrary if (33) is
satisfied; otherwise, it must adhere to the rule defined in Step 1.3. Moreover, the inexact criteria for
solving the TR subproblem require a condition involving second-order information.

As in Section 3, we will use the index sets Sk and Uk, as defined in (16). Moreover, we define

T (εg, εH) = inf
{
k ∈ N : ∥∇f(xk)∥ ≤ εg, and λmin(∇2f(xk)) > −εH

}
(37)

as the index of the first iteration for which xk is an (εg, εH)-approximate second-order stationary
point. Our goal is to establish a finite upper bound for T (εg, εH), where

T (εg, εH) = |ST (εg ,εH)−1 ∪ UT (εg ,εH)−1| ≤ |ST (εg ,εH)−1|+ |UT (εg ,εH)−1|, (38)

12



when T (εg, εH) ≥ 1.

The next lemma shows, in particular, that {xk}
T (εg ,εH)
k=0 is well-defined and that the inner proce-

dure terminates in a finite number of trials.

Lemma 4.2. Suppose that (A1)–(A3) hold and T (εg, εH) ≥ 1. Then, the sequence {xk}
T (εg ,εH)
k=0 is

well-defined and is contained in Lf (x0). Moreover, the inner sequence {jk}
T (εg ,εH)−1
k=0 satisfies

0 ≤ jk ≤ 1 + max
{
logγ

(
10LgD0ϵ

−1
g

)
, logγ

(
10Lgϵ

−1
H

)
, 0
}
:= j̄max. (39)

Proof. Using statements (c) and (d) of Lemma 2.4, the proof is similar to that of Lemma 3.2, and is
therefore omitted.

To present the second-order iteration complexity bound for Algorithm 2, the following assumption
is required:

(A6) The Hessian ∇2fH is LH -Lipschitz continuous for every H ⊂ N , i.e.,

∥∇2fH(y)−∇2fH(x)∥ ≤ LH∥y − x∥, ∀x, y ∈ Rn.

It follows trivially from A6 that

fH(y) ≤ fH(x)+⟨∇fH(x), y−x⟩+1

2
⟨∇2fH(x)(y−x), y−x⟩+LH

6
∥y−x∥3, ∀ H ⊂ N , x, y ∈ Rn. (40)

Next, we derive a sufficient condition to guarantee the success of an iteration.

Lemma 4.3. Suppose that (A1)–(A3) and (A6) hold and T (εg, εH) ≥ 1. Given k ≤ T (εg, εH)−1,
if

∆k ≤ ∆̄(εg, εH) := min

 2(1− α)ϵg

5
[
1 + 2

(
∆0

∆max

)]
Lg

,
4(1− α)ϵH

5
[
LH
6 + 2

(
D0

∆max
+ 1

)(
Lg

∆max

)]
 , (41)

then ρk ≥ α (that is, k ∈ ST (εg ,εH)−1).

Proof. It follows from (15) and (13) with Bk = ∇2fHk
(xk) that

1− ρk =
m(0)−m(dk)− f(xk) + f(xk + dk)

m(0)−m(dk)

=
f(xk + dk)− f(xk)− ⟨∇fGk

(xk), dk⟩ −
1

2
⟨∇2fHk

(xk)dk, dk⟩

m(0)−m(dk)

=
f(xk + dk)− f(xk)− ⟨∇f(xk), dk⟩ − ⟨∇fGk

(xk)−∇f(xk), dk⟩ −
1

2
⟨∇2fHk

(xk)dk, dk⟩

m(0)−m(dk)
.

(42)

We now consider two case:

Case I: ∥∇fGk
(xk)∥ > 4εg/5.
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From (42), (7), the Cauchy-Schwartz inequality and Lemma 2.4(a), we find

1− ρk ≤ Lg∥dk∥2 + ∥∇fGk
(xk)−∇f(xk)∥∥dk∥

m(0)−m(dk)

≤
Lg∥dk∥2 + 2hjkk,gLgD0∥dk∥

m(0)−m(dk)
. (43)

In view of (32), ∆k ≤ ∆max and γ > 1, we have

hjkk,g =
1

γjk

(
∆k

∆max

)2

≤ ∆k

∆max
. (44)

Then, combining (43), (44) and ∥dk∥ ≤ ∆k, it follows that

1− ρk ≤

[
1 + 2

(
D0

∆max

)]
Lg∆

2
k

m(0)−m(dk)
. (45)

On the other hand, since

∆k ≤ ∆̄(εg, εH) ≤ 4εg
5Lg

,

it follows from (8) and (36) that

1

m(0)−m(dk)
≤ 2

∥∇fGk
(xk)∥min

{
∆k,

∥∇fGk (xk)∥
Lg

} ≤ 5

2εg min
{
∆k,

4εg
5Lg

} ≤ 5

2εg∆k
.

By combining the last inequality with (45),

1− ρk ≤
5
[
1 + 2

(
D0

∆max

)]
Lg∆k

2εg
.

Therefore, the desired inequality follows now from (41).

Case II: −λmin(∇2fHk
(xk)) > 4εH/5.

From (42) and ∥dk∥ ≤ ∆k, we obtain

1− ρk ≤
f(xk + dk)− f(xk)− ⟨∇f(xk), dk⟩ −

1

2
⟨∇2f(xk)dk, dk⟩

m(0)−m(dk)

+
∥∇fGk

(xk)−∇f(xk)∥∥dk∥+
1

2
∥∇2fHk

(xk)−∇2f(xk))∥∥dk∥2

m(0)−m(dk)

≤
LH∥dk∥3

6 + 2hjkk,gLgD0∥dk∥+ 2hjkk,HLg∥dk∥2

m(0)−m(dk)

≤
LH∆3

k
6 + 2hjkk,gLgD0∆k + 2hjkk,HLg∆

2
k

m(0)−m(dk)
(46)
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where the second inequality is due to (40), Lemma 2.4(a) and (9). In view of (32), (34), ∆k ≤ ∆max

and γ > 1, we have

hjkk,g ≤
(

∆k

∆max

)2

and hjkk,H ≤ ∆k

∆max
. (47)

Then, combining (46) and (47), it follows that

1− ρk ≤

[
LH
6 + 2

(
D0

∆max
+ 1

)(
Lg

∆max

)]
∆3

k

m(0)−m(dk)
.

On the other hand, it follows from (36) and the fact that −λmin(∇2fHk
(xk)) > 4εH/5 that

1

m(0)−m(dk)
≤ 1

−λmin(∇2fHk
(xk))∆

2
k

≤ 5

4εH∆2
k

.

By combining the last two inequalities, we find that

1− ρk ≤
5
[
LH
6 + 2

(
D0

∆max
+ 1

)(
Lg

∆max

)]
∆k

4ϵH
.

Therefore, the desired inequality follows now from (41).

The following lemma establishes a lower bound for the trust-region radius.

Lemma 4.4. Suppose that (A1)–(A3) and (A6) hold and T (εg, εH) ≥ 1. Then,

∆k ≥ ∆min(εg, εH) := min{∆0, ∆̄(ϵg, ϵH)/2}, ∀k ≤ T (εg, εH)− 1, (48)

where ∆̄(ϵg, ϵH) is defined in (41).

Proof. Clearly, (48)) is true for k = 0. Suppose that (48)) holds for some k ≥ 0, and let us prove
that the inequality also holds for k + 1. We consider two case:

Case I: ∆k ≤ ∆̄(εg, εH).

In this case, it follows from Lemma 4.3 that ρk ≥ α, which in turn implies that

∆k+1 = min {2∆k,∆max} ≥ 2∆k ≥ ∆k ≥ ∆min(εg, εH),

where the last inequality is due to the induction hypothesis. Thus, (48)) is true for k + 1.

Case II: ∆k ≥ ∆̄(εg, εH).

Since the trust-region radius in Algorithm 1 satisfies ∆k+1 ≥ 1
2∆k, it follows that

∆k+1 ≥
1

2
∆k ≥ ∆̄(ϵg, ϵH)

2
≥ ∆min(εg, εH),

proving (48)) for k + 1.

In the next two lemmas, we establish upper bounds for |ST (εg ,εH)−1| and |UT (εg ,εH)−1|.
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Lemma 4.5. Suppose that (A1)–(A3) and (A5) hold and T (εg, εH) ≥ 1. Then

|ST (εg ,εH)−1| ≤
5

2α
(f(x0)− flow)max

{
ϵ−1
g ∆min(ϵg, ϵH)−1, ϵ−1

H ∆min(ϵg, ϵH)−2
}
, (49)

where ∆min(ϵg, ϵH) is defined in (48).

Proof. Let k ∈ ST (εg ,εH)−1, that is, ρk ≥ α. Since k ≤ T (ϵg, ϵH) we have two possibilities:

Case I: ∥∇fGk
(xk)∥ > 4εg/5.

In this case, by (15), (36), (8) and Lemma 4.4, we have

f(xk)− f(xk+1) ≥ α [m(0)−m(dk)]

≥ α

2
∥∇fGk

(xk)∥min

{
∆k,

∥∇fGk
(xk)∥

∥∇2fHk
(xk)∥

}
≥ 2αεg

5
min

{
∆k,

4εg
5Lg

}
≥ 2αεg

5
∆min(ϵg, ϵH) (50)

Case II: −λmin(∇2fHk
(xk)) > 4εH/5.

In this case, by (15), (36), and Lemma 4.4, we have

f(xk)− f(xk+1) ≥ α [m(0)−m(dk)]

≥ −αλmin(∇2fHk
(xk))∆

2
k

≥
4αεH∆2

k

5

≥ 4αϵH
5

∆min(ϵg, ϵH)2. (51)

Thus, in view of (50) and (51), we conclude that

f(xk)− f(xk+1) ≥
2α

5
min

{
ϵg∆min(ϵg, ϵH), ϵH∆min(ϵg, ϵH)2

}
∀k ∈ ST (εg ,εH)−1. (52)

Let Sc
T (εg ,εH)−1 = {0, 1, . . . , T (εg, εH)− 1} \ ST (εg ,εH)−1. Notice that, when k ∈ Sc

T (εg ,εH)−1, then

f(xk+1) = f(xk). Thus, it follows from (5) and (52) that

f(x0)− flow ≥ f(x0)− f(xT (εg ,εH)) =

T (εg ,εH)−1∑
k=0

f(xk)− f(xk+1)

=
∑

k∈ST (εg,εH )−1

f(xk)− f(xk+1) +
∑

k∈Sc
T (εg,εH )−1

f(xk)− f(xk+1)

=
∑

k∈ST (εg,εH )−1

f(xk)− f(xk+1)

≥ |ST (εg ,εH)−1|
2α

5
min

{
ϵg∆min(ϵg, ϵH), ϵH∆min(ϵg, ϵH)2

}
,

which implies that (49) is true.
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Lemma 4.6. Suppose that (A1)–(A3) and (A6) hold and T (εg, εH) ≥ 1. Then,

|UT (εg ,εH)−1| ≤ log2

(
∆max

∆min(ϵg, ϵH)

)
+ |ST (εg ,εH)−1|, (53)

where ∆min(ϵg, ϵH) is defined in (48).

Proof. Using a similar argument as in Lemma 3.6 (see (30)), we obtain∣∣UT (εg)−1

∣∣− |ST (εg)−1| ≤ log2

(
∆0

∆min(εg, εH)

)
.

Then, the conclusion follows from the choice ∆min(εg, εH) ≤ ∆0 ≤ ∆max.

Finally, combining the two previous lemmas with (38), we derive the following iteration-complexity
bound.

Theorem 4.7. Suppose that (A1)–(A3) and (A6) hold, and let T (εg, εH) be as in (37). Then,

T (εg, εH) ≤ 5

α
(f(x0)− flow)max

{
ϵ−1
g ∆min(ϵg, ϵH)−1, ϵ−1

H ∆min(ϵg, ϵH)−2
}

+ log2

(
∆max

∆min(ϵg, ϵH)

)
+ 1

where ∆min(ϵg, ϵH) is defined in (48).

If additionally (A5) holds, in view of of (48) and (41) , we have

∆min(ϵg, ϵH) = min

 (1− α)ϵg

5
[
1 + 2

(
D0

∆max

)]
Lg

,
2(1− α)ϵH

5
[
LH
6 + 2

(
D0

∆max
+ 1

)(
Lg

∆max

)]


= min

 (1− α)ϵg

5
[
1 + 2

(
D0

∆max

)]
Lg

,
2(1− α)ϵH[

1
6 + 2

(
D0

∆max
+ 1

)(
LgL

−1
H

∆max

)]
LH


= O

(
min

{
ϵg
Lg

,
ϵH
LH

})
,

and so
∆min(ϵg, ϵH)−1 = O

(
max

{
Lgϵ

−1
g , LHϵ−1

H

})
Then, it follows from Theorem 4.7 that Algorithm 2 takes no more than

O
(
(f(x0)− flow)max

{
Lgϵ

−2
g , LHϵ−1

g ϵ−1
H , L2

gϵ
−2
g ϵ−1

H , L2
Hϵ−3

H

})
(54)

iterations to find an (ϵg, ϵH)-approximate second-order critical point of f . Without loss of generality,
we can assume that Lg, LH ≥ 1. Then, taking ϵg and ϵH such that 0 < ϵH ≤ ϵg < 1, we get

Lgϵ
−1
g ≤ L2

gϵ
−2
g ϵ−1

H and LHϵ−1
g ϵ−1

H ≤ L2
Hϵ−3

H .

In this case, the complexity bound (54) reduces to

O
(
(f(x0)− flow)max

{
L2
gϵ

−2
g ϵ−1

H , L2
Hϵ−3

H

})
.
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5 Illustrative Numerical Results

In this section, we report preliminary numerical results comparing an implementation of Algorithm 1
(referred to as STR) against an implementation of the standard trust-region method (referred to as
TR). Both methods were applied to minimize the function

min
x∈Rd

f(x) ≡ 1

d

d∑
i=1

fi(x), where fi(x) =

d−
f∑

j=1

cos(xj) + i
(
1− cos(xi)

)
− sin(xi)

2

, (55)

starting from the initial point x0 = (1, . . . , 1) ∈ Rd and using the stopping criterion

∥∇f(xk)∥2 ≤ εg = 10−5. (56)

It is worth pointing out that the evaluation of the full gradient ∇f(xk) in STR was done only to
ensure a fair stopping criterion with the TR. These evaluations were not taken into account in the
performance measure defined below. The other initialization parameters for the algorithms were set
as ∆0 = 1, ∆max = 50, γ = 1.1, and α = 10−4. In TR, the Hessian approximations Bk were computed
using the safeguarded BFGS formula:

Bk =


I, if k = 0,
Bk−1 if k ≥ 1 and sTk−1yk−1 ≤ 0,

Bk−1 +
yk−1y

T
k−1

sTk−1yk−1
−

Bk−1sk−1s
T
k−1Bk−1

sTk−1Bk−1sk−1
, if k ≥ 1 and sTk−1yk−1 > 0,

(57)

where sk−1 = xk − xk−1 and yk−1 = ∇f(xk) − ∇f(xk−1). On the other hand, in the STR method,
the Hessian approximations Bk were also computed using (57), but with vector yk replaced by
ŷk = ∇fGk

(xk)−∇fGk−1
(xk−1). Furthermore, in each implementation, the trust-region subproblems

are approximately solved using the Dogleg method.
In Algorithm 1, one can choose any subset Gj

k ⊂ N in Step 1.1, provided it has the prescribed
cardinality. At the kth iteration of the STR method, we consider the following strategy. We Set
|Gj

k| = ⌈(1− hjk,g)|N |⌉. If k = 0 or k − 1 ∈ S, we first identify an ordering (ik1, . . . , i
k
n) such that

fik1
(xk) ≥ fik2

(xk) ≥ · · · ≥ fikn(xk),

and then, for every j = 0, . . . , jk, we choose

Gj
k =

{
ik1, . . . , i

k
|Gj

k|

}
. (58)

On the other hand, if k − 1 ∈ U , then the iterate does not change, i.e., xk+1 = xk. To reuse all
previously computed gradients in this case, we select Gj

k as in (58) but using the ordering from the
previous iteration, that is,

ikℓ = ik−1
ℓ for ℓ = 1, . . . , n.

In this way, the total number of evaluations of ∇fi( · ) performed by STR from iterations 0 to T is
equal to

GET (STR) :=
∑
k∈ST

|Gk|,
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with 1 ≤ |Gk| ≤ d, while the corresponding number of evaluations of ∇fi( · ) performed by TR is

GET (TR) := |ST | × d.

If each ∇fi(·) is computed using reverse-mode Automatic Differentiation, it is reasonable to assume
that its computational cost is approximately three times that of evaluating fi(·) once (see, e.g.,
[1, 2]). Since evaluating the full function f( · ) requires computing all d component functions fi( · ),
we measure the total computational cost up to iteration T in terms of equivalent evaluations of fi( · )
as

CostT = (FET × d) + (3×GET ) , (59)

where FET is the number of full function evaluations f( · ) and GET is the number of component
gradient evaluations ∇fi( · ) performed up to iteration T .

Table 1 reports the total cost incurred by TR and STR to compute an iterate xk satisfying the
stopping criterion (56), for f( · ) defined by (55) with various values of d.

d Cost(TR) Cost(STR) Reduction

100 35,900 34,292 4%

500 194,500 117,097 39%

1,000 626,000 419,053 33%

3,000 1,488,000 736,395 50%

Table 1: Comparison of iterations and cost between TR and STR across different problems.

As shown, STR can lead to a significant reduction in computational cost compared to TR, in terms
of the cost metric defined in (59). This is because exact gradients are rarely required during the
exacution of STR. Figure 1 illustrates how the sample size |Gk| evolved over the iterations for the
problem with d = 3, 000 components. In this case, during several iterations, acceptable inexact
gradients were computed using as few as 273 components, resulting in a 50% reduction in the total
computational cost.

Figure 1: Evolution of sample sizes for problem (55) with d = 3, 000.
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6 Conclusion

In this work, we introduced and analyzed sub-sampled trust-region methods for solving finite-sum
optimization problems. By employing random subsampling strategies to approximate the gradient
and Hessian, these methods effectively reduce computational costs while maintaining theoretical
guarantees. We established worst-case iteration complexity bounds for achieving approximate so-
lutions. Specifically, we demonstrated that an εg-approximate first-order stationary point can be
obtained in at most O(ε−2

g ) iterations and an (εg, εH)-approximate second-order stationary point is

achievable within O(max{ε−2
g ε−1

H , ε−3
H }) iterations. Numerical experiments confirmed the effective-

ness of the proposed subsampling technique, highlighting its practical potential in solving finite-sum
optimization problems.
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