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Abstract

In this paper, we develop and analyze sub-sampled trust-region methods for solving finite-
sum optimization problems. These methods employ subsampling strategies to approximate the
gradient and Hessian of the objective function, significantly reducing the overall computational
cost. We propose a novel adaptive procedure for deterministically adjusting the sample size used
for gradient (or gradient and Hessian) approximations. Furthermore, we establish worst-case it-
eration complexity bounds for obtaining approximate stationary points. More specifically, for a
given e4,ey € (0,1), it is shown that an e,-approximate first-order stationary point is reached
in at most O(e,~?) iterations, whereas an (g4, e )-approximate second-order stationary point is
reached in at most O(max{s;zsgl, e }) iterations. Finally, numerical experiments illustrate the
effectiveness of our new subsampling technique.

Keywords: finite-sum optimization problems; trust-region method; subsampling strategy; iteration-
complexity analysis.

1 Introduction

Motivation and Contributions. We consider the finite-sum minimization problem

. 1
min f(z):= - ;fz(w), (1)
where each f; : R” — R is twice continuously differentiable, but possibly nonconvex. Problems
of the form lie at the heart of data fitting applications, where the decision variable x typically
represents the parameters of a model, and each function f;(z) measures the discrepancy between
the model’s prediction and the ¢th data point. In this context, corresponds to minimizing the
average prediction error over d data points.
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When the number d of component functions in is large, the computation of

d
:§ZVfi(x) and V2 f( Zv%ﬂ
=1

may become excessively expensive, which severely impacts the performance of first- and second-order
methods applied to solve . To mitigate this issue, several sub-sampled optimization methods have
been proposed in recent years (e.g., [3, 4, Bl 6] [7, O, 10, 12 13], 14, 15, 16} 17, 18, 19 20]). These
methods rely on inexact derivative information computed via subsampling. Specifically, given a
point x, they approximate the gradient and/or Hessian as

Vi) = = Y Vhi), and ula ‘H,Zv% 2)
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where G,’H C {1,...,d} are sub-samples of the data indices, and |G| and || denote their respective

cardinalities, with
Y

Usually, the samples are chosen randomly, with either adaptive or predefined control over their
cardinality. With randomized samples, worst-case complexity bounds are typically established in
expectation or with high probability (e.g., [3, 4, 8 @, 10, 12 15] 16], 18, 20]). On the other hand,
with a predefined schedule for the sample sizes, one can recover deterministic complexity guarantees,
provided that the full sample size is eventually reached (e.g., [6] [7, 13, [17]).

In the present work, we explore a different avenue based on deterministic error bounds for sub-
sampled gradient and Hessian approximations, where the accuracy is determined by the cardinality
of the samples. Leveraging these error bounds, we develop and analyze sub-sampled trust-region
methods for solving finite-sum optimization problems, with exact function evaluations. The sample
sizes are selected deterministically and in a fully adaptive manner. We establish worst-case iteration
complexity bounds for obtaining approximate first- and second-order stationary points. Specifically,
for given tolerances ¢4,y € (0, 1), we show that our first-order trust-region method requires at most
(9(59_2) iterations to find a point Z such that

IVF(@)] < e,

assuming Lipschitz continuity of the gradients. In addition, assuming also Lipschitz continuity of
Hessians, we show that our second-order trust-region method requires at most O(max{e, e e
iterations to find a point Z satisfying

V(@) <eg and Auin(V2F(2)) > —ep.

Finally, we present numerical results that illustrate the potential benefits of our new subsampling
strategy.

Contents. The paper is organized as follows. Section [2] describes the main assumptions made
throughout this work and establishes crucial auxiliary results. Section [3| presents and analyzes a sub-
sampled trust region method for obtaining approximate first-order stationary points of f( - ), whereas



Section |4 is devoted to present an extension of this first algorithm for obtaining approximate second-
order stationary points. Section [5] presents preliminary numerical experiments and some concluding
remarks are given in Section [f]

Notation. The symbol || - || denotes the 2-norm for vectors or matrices (depending on the context).
The Euclidian inner product of z,y € R" is denoted by (z,y). For a given z € Ry, we set [z] :=
min{z € Z;4 : ¢ > z}. Furthermore, the identity matrix of R"*" is denoted by I, and for any
symmetric matrix A € R™ ™, A\pin (A4) is the minimum eigenvalue of A. We denote N' = {1,...,d},
and for a given subsample G C N, N'\ G denotes the set {i € {1,...,d}:i ¢ G}.

2 Assumptions and Auxiliary Results

This subsection presents the main assumptions made throughout this work and establishes crucial
auxiliary results. We begin by proving a technique result.

Lemma 2.1. Given z € R" and h € [0,1], let G C N be such that |G| > [(1 — h)|N|]. Then,
IVf(z) = Vig(@)ll < 2hmax |[Vfi(z)[, and [V*f(z) = Vfg(o)| < 2hmax |V fi(z)].  (3)

Proof. 1t follows from and that

Vi(z) - Vigla |N|Zv,fl me;
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which, combined with the fact that [N > |G|, yields
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Therefore, the first inequality in now follows from the fact that |G| > (1 — h)|N|. The proof of
the second inequality in follows a similar structure to that of the first and is therefore omitted
for brevity. O

The following assumption is made throughout this work:



(A1) For every G C N, fg is twice-continuously differentiable, and the gradient V fg is Lg-Lipschitz
continuous, i.e.,

IVfg(y) = Vg(@)ll < Lglly — ll, Yo,y € R™ (4)

(A2) For every i € N, there exists 2} such that V f;(z}) = 0. In addition, there exists f,,, € R such
that
f(.%') > flowa Vo € R". (5)

(A3) For every zp € R", the sublevel set
Li(xo) :={z € R" : f(z) < f(z0)}
is bounded.

Remark 2.2. In view of (A3), given xy we have

Dy:= sup maxl|z—z]| < oo, (6)
z€Ly(xo) e

where x} (i =1,...,d) are the points specified in (A2).

Remark 2.3. We note that, from (A1), it can be shown that,

F(u) < £(@) + VI @)y —2) + Ly~ o, Yoy R, @

and
IV?fu(2)| < Ly, Vo e R, HCN. (8)

The next lemma, in particular, establishes error bounds when the gradient and Hessian of the
objective function f are computed inexactly using subsampling techniques.

Lemma 2.4. Suppose that (A1)—(A3) hold. Let e4,eg > 0 and x € L¢(xg). For a given h € [0, 1],
define G, H C N such that |G| > [(1 — h)|N|] and |H| > [(1 — R)|N|]. Then,

(a) [[Vf(z) =V fg(x)
(b) _)‘min(VZf(x)) < _)‘min(VQfH(x)) +2hLg;
(c) If

| < 2hL,D;

g
10L,Dy’

IVf(2)|| >eq4 and h<

then ||V fg(x)|| > 4e4/5;

(@ 1 5
). 2
Amin (V f(x)) >eyg and h< 0L,

then —Amin (V2 fy(x)) > 4en /5.



Proof. (a) It follows from the first inequality in (3)), the fact that V fi(z}) = 0 for every i € A, and

inequalities in and @ that
IVF(2) = Viga)ll < 2hmax ||V fi(z) = Vfilai)|| < 2hLgmax ||z — 27| < 2hLgDo,
which proves the desired inequality.
(b) From the second inequality in (3) with G = H and (8], we find that
V21 () = V2 (@)l < 2hmax [V fi(x)]| < 2L,
Hence, for any d € R"”, it follows that
(V2 (@) = V2F(@)) d,d) < V2 (@) — V2 fu(@)ll|dI? < 2hL,(1 d, d).
Since the inequality above holds for all d € R”, we have
V2 fu(z) < V2f(z) + 2hL 1,

which, using the Weyl’s inequality [11], yields

“Amin (V2f(2)) < =Amin (V2 fa(2)) + 20 Ly,

concluding the proof of the item.

(c) By combining ||V f(x)|| > €4, the inequality of item (a) and h < &4/(10L,Dy), we have
5
g <IVI@) < IV f(2) = V@) + IV fa(@)]l < 2hLyDo + IV fg(@)]| < 2 + [V fa(@)])

which implies the inequality of item (c).
(d) Tt follows from —Amin(V2f(2k)) > e, the inequality of item (b) and h < e /(10L,) that

€H

e < =Amin(V2F(2)) < =i (V2 (@) + 20 Lg < = Xin (V2 fr(2)) + =7,

which implies the desired inequality of the item.

O]

3 Method for Computing Approximate First-Order Critical Points

In this section, we present and analyze a sub-sampled trust-region method for finding approximate
first-order stationary points of problem . The method employs an adaptive subsampling strategy
to approximate the gradient of f, while the Hessian is approximated by a symmetric matrix, which
may or may not be computed via subsampling. Specifically, our novel adaptive sampling procedure

selects a subset G, C N such that

IV F(ex) ~ Vom0l < OB and [V fg, (m)] > 22,

(10)

where £, > 0 is a user-defined tolerance for the norm of the gradient of f. Thanks to the inequalities
in , we show that Algorithm 1 requires at most 0(5;2) iterations to compute an ¢4-approximate

stationary point of the objective function.



Algorithm 1: First-Order sub-sampled-TR Method

Step 0. Given zp € R", ¢4 >0, 7> 1, a € (0,1) and Apax > Ag > 0, set k := 0.
Step 1. Let 5 :=0.

Step 1.1. Define

and choose g;' C N such that |Qi;| >[(1- hi;)|/\/'H

Step 1.2. Compute Vfgi(xk). If

4
IV g (@)l > =2, (12)

then define ji = j and G := gjk, and go to Step 2. Otherwise, set j := j+ 1 and go to Step 1.1.
Step 2. Compute By € R™*™ symmetric.

Step 3 Compute an approximate solution dj, of the trust-region subproblem

min  me(d) = @)+ (Vfo, (00). )+ 5 (Bud ), (13)
such that . v
ma(0) = me(de) > 29 fo, (o) min {Ak, W} | (14)

Step 4. Compute

fxr) — fzp + di)
m(0) —m(dy)

If pr, > «, define x4 := z + di, and Agyq := min {2Ag, Apax}. Otherwise, set xx41 := xy, and
Ak+1 = %Ak

Step 5 Set k := k + 1 and return to Step 1.

pr = (15)

Remark 3.1. (i) As will be shown, the well-definedness of the inner loop in Step 1 primarily follows
from Lemmal[2.4](c). (ii) Since (A1) already ensures the boundedness of the Hessian approzimations
(see (8)), no specific conditions are imposed on the Hessian sample size. (iii) The trust-region
subproblem in 1s solved inexactly, ensuring that condition is satisfied. Specifically, the step
dy, achieves at least the reduction in the model provided by the Cauchy step dg, which is defined as

d = argmin{my(d) : d = —tV fg, (xx), t > 0, ||d|| < Ay}

(iv) As is customary in trust-region methods, the acceptance rule for dy in Step 4 is based on the
agreement between the function f at xp + di and the model my evaluated at d.

We now turn our attention to the iteration-complexity analysis of Algorithm 1. In this context,

we classify the iterations of the algorithm into two distinct types:

1. Successful iterations (S): These occur when pi > «, resulting in an update xgy1 = xp + di
and a potential increase in the trust region radius, Ag1; = min{2Ax, Apax}-




2. Unsuccessful iterations (I/): These occur when py < «, where the point remains unchanged,
ZTg+1 = Tk, and the trust region radius is reduced, Ay = %Ak.

The following index sets are required: for a given k € {0,1,2,...}, define
Sp,=10,1,...,k} NS, U, ={0,1,...,k}NU. (16)

Additionally, define
T(e,) = inf {k € N: [Vf(z)]l < ;) (17)

as the index of the first iteration for which xj is an ¢4-approximate stationary point. Our objective
is to derive a finite upper bound for T'(¢4). By assuming that T'(4) > 1, we have

T(eg) = |Spey)—1 Ulp(e,y—1] < IS, )—1] + Upee,)-1l- (18)

Thus, our analysis will focus on bounding from above Sy )_1| and [Ur,)_1].

The next lemma shows that the sequence generated by the algorithm is well-defined and is
contained in the level set L¢(zg). Moreover, it is proven that the inner procedure in Step 1 stops in
a finite number of trials.

Lemma 3.2. Suppose that (A1)—(A3) hold and T'(e4) > 1. Then, the sequence {:L“k}gfog) is well-

defined and is contained in Lg(xo). Moreover, the inner sequence {jk};‘gfog)_l satisfies
0 < jix < 1+max {log, (10LyDoe, ") ,0} = jimax- (19)

Proof. We proceed by induction. Clearly, zg € Lf(x). We now verify that is satisfied for k = 0.
Suppose by contradiction that

jo > 1+ max {logﬂ/ (1OLgDosg_1) ,O} .
Then we would have jo — 1 > log,, (10L9D0€;1), which by and Ap < Apax, would imply

AO 1 9
: << J_.
Yo Apax — 2071 T 10LyDy

Jjo—1 _
hy =

By Lemma (c), with © := zg, h = héo_l and G = Qéo_l, it follows that the inequality in
would hold for j = jg — 1, contradicting the minimality of jg. Therefore, holds for k = 0. Since
the inner procedure terminates after a finite number of steps, we conclude that x; is well-defined
and belongs to Lf(xg) (see Step 4 of Algorithm 1). Now, assuming 3, € L¢(zo) holds, a similar
argument shows that jj satisfies , which implies that xpyq1 is well-defined and also belongs to
Ly(xo). O

In view of , let us now consider the following assumption on the sequence of matrices { By} k>0
(A4) For all k > 0, || Bg| < Ly.
Next, we derive a sufficient condition to ensure that an iteration is successful.

Lemma 3.3. Suppose that (A1)—(A4) hold and T'(e4) > 1. Given k < T'(e4) — 1, if
(1 — )|V, (z)]]

212 (a2)) 4o

A <

(20)

then px, > a (that is, k € Sp(e,)—1)-



Proof. 1t follows from and that
m(0) —m(dy) — f(ar) + f(ap + di)

l—pr =

m(0) — m(dy)
[k +di) = flar) = (Vfg, (zk), di) — %<Bkdk7 di)
m(0) — m(dy)
[y +di) — flar)—(Vf(@r), dr) — (Vg (xx) — Vf(2k), dp) — %<Bkdk, di)

m(0) —m(dy)
From the last inequality, @, the Cauchy-Schwartz inequality, Step 1 of the Algorithm 1 and
Lemma [2.4]a), we find
Ly di||* + IV fg, (z1) — Vf (zx) |l di |
m(0) —m(dy)
Ly ||dy||* + 2Ry Ly Do | di |
- m(0) —m(dy) ’

I—pr <

which, combined with the definition of hi’“ in (1I), v > 1 and ||dk|| < Ay, yields

12 ()] 27
m(0) —m(de)

1—px <

On the other hand, since

(L= )V g, (zu)ll _ IV g, (xp)l

AkS = )
2142 (22 )] L Ly

it follows from and that
1 - 2 B 2
m(0) =) = |V g, o) mim { Ay, R, T Al (o)

By combining the last inequalities, we obtain

2 [1 +2 (Aﬁix)} L,

I—pr < Ag.
IV fgi ()]l
Therefore, the desired inequality follows now from . O

The following lemma establishes a lower bound for the trust-region radius.

Lemma 3.4. Suppose that (A1)—(A4) hold and T'(e4) > 1. Then,
Ap > Amin(gg), Vk <T(eg) — 1, (21)

where
(1—a)g,

51+2 (22 )] Ly

8

Amnin(eg) :=min ¢ Ag,




Proof. Clearly ) is true for £k = 0. Suppose that ) holds for some k > 0, and let us prove

that the inequality also holds for £ + 1. We consider two case:
2(1 — a)eq

5 [1 +2 (Aﬁgx)} L,

Since ||V fg, (z1)|| > 4e4/5, in this case, we have

(1= o)V o, (a0l
B [1+2<A€gx)] .

Therefore, it follows from Lemma that pr > «, which in turn implies that

Case I: A <

N

JAV

AkJrl = min {2Ak7 Amax} > Ay > A111i11(€g)7

where the last inequality is due to the induction hypothesis. Thus, ) is true for k + 1.
2(1 —a)gy
5 [1 +2 (A?nzx)] L,

Since the trust region radius in Algorithm 1 satisfies Agyq > %Ak, it follows that

Case IT A} >

(1 — ey

5 [1 +2 (Aﬁgx)} L,

1
Agy1 > §Ak > > Amin(gg)

proving ) for k£ + 1.

Let us now consider the following additional assumption:
(A5) The inital trust-region radius Ag > 0 is chosen such that
(I —a)e
5 [1 +2 (Aﬁix)} L,

Ag >

In the following two lemmas, we will derive upper bounds for |Sy( )_1| and [Ur,)_1]-

Lemma 3.5. Suppose that (A1)—(AS5) hold and T'(e4) > 1. Then

25 [1 +2 (Aff’ax)] Ly(f(x0) = fiow) _,

1511l < 2a(1 — «) g

(23)

(24)



Proof. Let k € Sp(,)-1, that is, px > a. Then, by (5], (14, (12), @), Lemmaand (A5),
flar) = f(zner) a [m(0) — m(dy)]

(0% .

S IV el min { A

2 4
o;z—:g min {Ak, 529 }
2a5g

4e
> mln{Amm(eg),M‘Z}

200 (1—-a)g,

5 5 [1+2 (A]iixﬂ L,
- 201=0) 2 (25)

25 [1 +2 (A)] L, "’

Y

Y

IV for () | }
| Bl

v

Let SC( -1 = ={0,1,...,T(gqg) — 1} \ST(sg)_l. Notice that, when k € S%(sg)fp we have the equality
f(zr41) = f(zg). Thus, it follows from and that
T(eg)—1
f(.%'()) = flow 2> f(x(]) xT sg f xk+1)
k=0
= Y fle) =)+ Y flak) = flakn)
kEST(eg)fl kes%(ag)71
= > fla) = faes)
kEST(sg)fl
20(1 — @)
> [Sr(e,)-1l 63;
25 142 (222 )] L,
which implies that is true. O

Lemma 3.6. Suppose that (A1)—(AS5) hold and T'(e4) > 1. Then,

5 [1 42 (Aﬁlﬂ LyAy
Ur(e,)—1| < logy —a) € | +I1Sr(e,)-1l- (26)

Proof. By the update rules for Ay in Algorithm 1, we have

1 .
Ay = §Ak7 if k € Ur(,)-1
20y, ifk e ST(sg)fl

IN

Akt

In addition, by Lemma [3.4] we have

A > Anpin(eg) for k=0,...,T(gg),

10



where Apin(eg) is as in . Thus, defining wy := 1/Ay, it follows that

2w = wit1, ik E€Upe,) -1, (27)
1 .
QW S Wkt if k€ Spe,)-1s (28)
and
wr < (Amin(gg))™" for k=0,...,T(g,). (29)

In view of —, we have
altrep1l (0.5)15ren 1wy < wre ) < (Aminleg) ™

Then, taking the logarithm in both sides we get

(Amin(gg)) " Ag
- <log, [ 2mintse)) ) e (20 )
Ur(e—1] = |S7(e,)-1] < logy < oo 082 A (20) (30)
On the other hand, using and (A5), we obtain
Ag 5 [1”(5&()} LAy
Bainleg) (1-a) E
The inequality in now follows by combining the last two inequalities. O

Combining the preceding results, we derive the following worst-case complexity bound for the
number of iterations needed by Algorithm 1 to achieve an e4-approximate stationary point.

Theorem 3.7. Suppose that (A1)—(A5) hold, and let T(g4) be as in (L7). Then,
5142 (22)] Leto

6;2 + log, =) e | +1, (31)

25 [1 +2 (Aﬁixﬂ Lg(f(x0) = fiow)
a(l —a)

T(gq) <

Proof. If T'(e4) < 1, then is clearly true. Let us assume that T'(g4) > 2. By (18),
T(eg) < |Sr(eg)-1| + [Uriey) 1]
Then, follows directly from Lemmas and O

4 Method for Computing Approximate Second-Order Critical Points

In this section, we propose and analyze a variant of Algorithm 1 designed to find an (e4,epq)-
approximate second-order critical point of f, i.e., a point x; such that

HVf(:Ek)H § 5g and >\min (V2f($k)) Z —EH.

This method involves not only adjusting the gradient sample sizes but also accurately updating the
Hessian approximations via subsampling techniques. We begin with a detailed description of the
modified scheme.

11



Algorithm 2: Second-Order sub-sampled-TR Method

Step 0. Given zg € R", gg,eg >0, 7> 1, a € (0,1), and Apax > Ag > 0, set k := 0.
Step 1. Let 5 :=0.

Step 1.1. Define

; 1/ Ap 2
J o

and choose Qi C N such that |g,J€| > [(1 - hig)]j\/'ﬂ
Step 1.2. Compute V f; (vg). If
k

4e
IV fgs ()l > =% (33)
set j,, = j and G}, := g,{k, choose Hy, C N and compute V2 fy, (zx), and go to Step 2.
Step 1.3. Define
. Ay
h/j = 4
B A 39
and choose Hi C N such that ]’Hﬂ > [(1— h{cH)|/\/'H
Step 1.4. Compute VQij (xg). If
k
A 2 4€H
~Amin(V7fop (20)) > ==, (35)

set jp = 7, G := gik and Hy := ’Hj’“, and go to Step 2. Otherwise, set j := j + 1 and go to Step
1.1.

Step 2 Compute an approximate solution di of the trust-region subproblem with By =
V2 fy,. (z1) such that

IV fg, ()l
IV Fr ()l

Step 3. Compute p; as in , and update xpy1 and Agyq as in Step 4 of Algorithm 1. Set
k =k + 1, and return to Step 1.

i (0) () > mae { 519 )] min { . b Auia (P 02 30)

Remark 4.1. In Algorithm 2, where the goal is to find second-order critical points, greater care must
be taken when updating the Hessian subsample size. Specifically, the size can be arbitrary if 18
satisfied; otherwise, it must adhere to the rule defined in Step 1.3. Moreover, the inexact criteria for
solving the TR subproblem require a condition involving second-order information.

As in Section , we will use the index sets Si and Uy, as defined in . Moreover, we define
T(eg,em) = inf {k: e N:||Vf(zr)| <eg, and /\min(VQf(xk)) > —EH} (37)

as the index of the first iteration for which xj is an (g4, cm)-approximate second-order stationary
point. Our goal is to establish a finite upper bound for T'(e4, e ), where

T(eg,aH) = ’ST(sg,eH)fl UUT(EQ,EH)fl‘ < IST(EENEH)*:[‘ + ‘UT(EQ,EH)71|7 (38)

12



when T'(eg,ep) > 1.

The next lemma shows, in particular, that {wk}zﬁf”m ) is well-defined and that the inner proce-
dure terminates in a finite number of trials.

Lemma 4.2. Suppose that (A1)—(A3) hold and T(eg4,eq) > 1. Then, the sequence {xk}ZSOQ’EH) is

well-defined and is contained in Lg(xo). Moreover, the inner sequence {jk}ZSO"’EH)_l satisfies
0 < ji < 1+ max {log, (10LyDoe, ") ,log, (10Lger') ,0} = jimaa- (39)

Proof. Using statements (c) and (d) of Lemma the proof is similar to that of Lemma and is
therefore omitted. O

To present the second-order iteration complexity bound for Algorithm 2, the following assumption
is required:

(A6) The Hessian V2 f3 is Ly-Lipschitz continuous for every H C N, i.e.,
IV? fu(y) = V()| < Llly — zll,  Vz,y € R™

It follows trivially from A6 that

1 Ly
Fi(0) < F@)H(V fau), y=2) 45V P (@) (g—2), y—2)+ L lg—al®, ¥ H C N,y €R™. (40)
Next, we derive a sufficient condition to guarantee the success of an iteration.

Lemma 4.3. Suppose that (A1)—(A3) and (A6) hold and T'(eg,er) > 1. Given k < T(eg,ep)—1,
if

2(1 — a)eq 41 — a)ey
s[ie2 ()] Lo s [ 2 (25 1) (a)] )
then pr > « (that is, k € Sp(c,e)—1)-

Proof. Tt follows from and with By, = V2 fy, (z)) that

m(0) —m(dg) — f(zr) + f(wr + di)

A < A(gg,ep) = min

(41)

B () — m(dy)
Pl + i) — Fa) — (V fa, (k). ) — 3 (V2 o (o) )
(0) = m{dy)
Flan+ di) = Fan) = (VF(@)sde) — (9 g, () = VA (@)sdi) — 3 (9 Foy (on) e )
() = m{dy) |

(42)
We now consider two case:

Case I: ||V fg, (z1)|| > 4e4/5.

13



From , , the Cauchy-Schwartz inequality and Lemma (a), we find

e < Lylldl® + IV fo, (zx) — Vf (i) |l i
- m(0) —m(dy)
Lngk||2 + ZhilfngDOHdkH
m(0) —m(dy)

(43)
In view of , A < Apax and v > 1, we have

, 1 AL \? | A
Je .~
hk,g B ’}’jk (Amax> S Amax. <44)

Then, combining ([43)), and ||dg|| < Ap, it follows that

142 (5222 )| LyA?
1‘%3{ méﬁw&£>k'

(45)

On the other hand, since

- 4e
Ap < Aleg,ep) < 5Tg7
g

it follows from and that
1 < 2 < 5 < 5
m(O) — m(dk) - ||Vfgk(l”k)\| min {Aka ||Vf9k(95k)||} - 259 min {Aka deg } - 269Akz

Ly 5Lg
By combining the last inequality with ,

5 [1 +2 (Aﬁgx)} LA,
2e4 ’

1—pr <

Therefore, the desired inequality follows now from .
Case II: —A\in(V2fy, (z1)) > 4en /5.
From and ||dg|| < Ag, we obtain

flae +di) = f(ar) = (Vf(z), di)

1
) 3
b m(0) — m(dy)

1
IV fo, (xr) — V f(xr) ||l dell + §HV2fHk (zk) — V2 f(@p))| | di |l
m(0) —m(dy)

d 3 - .

Laldl® 4 opde L,Dolldyl| + 2h7" Ly di 2
m(0) — m(dy)

LudE L opik I DoAy + 2k L, A2
< 6 + 20y, LgPoRk + 20y, g lgBy
B m(0) — m(dx)

(V2 f () d, di)

+

IN
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where the second inequality is due to ., Lemman ) and @D In view of (32 . ., Ar < Anax
and v > 1, we have

Ay ' Ay
wie < ( > and Afty, < (47)

kg = Amax max

Then, combining and , it follows that

“H 3
- S DI

On the other hand, it follows from and the fact that —Amin (V2 fy, (zx)) > 4eg /5 that

1 < 1 < 5
m(0) —m(dg) —Amin (V2 T, ($k))A 4EHAQ

By combining the last two inequalities, we find that

L D
5[ Le +2 (222

) ())&

1—pp <
Pk = dey
Therefore, the desired inequality follows now from . O

The following lemma establishes a lower bound for the trust-region radius.

Lemma 4.4. Suppose that (A1)—(A3) and (A6) hold and T(e4,er) > 1. Then,
Ay > Arnin(ggaf':lﬁf) = mlH{Ao, (697 6H)/Q} Vk < T(€g,€H) -1, (48)

where A(eg, epr) is defined in (41)).

Proof. Clearly, (48])) is true for &k = 0. Suppose that ) holds for some k& > 0, and let us prove
that the inequality also holds for k£ + 1. We consider two case:

Case I: Ay < Aeg,en).

In this case, it follows from Lemma [4.3] that p; > «, which in turn implies that
Ak-{—l = min {QA]C’ Amax} > 2Ak > Ak > Amin(sgng)a

where the last inequality is due to the induction hypothesis. Thus, (48])) is true for k + 1.
Case II: Ay > A(gg,en).
Since the trust-region radius in Algorithm 1 satisfies Ay > %Ak, it follows that

A(Ega EH)

9 2 Amjn(5g,5H),

1
Ak-&-l > iAk >

proving ) for k + 1. O

In the next two lemmas, we establish upper bounds for Sy, ¢, )-1| and Uz, o)1l
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Lemma 4.5. Suppose that (A1)—(A3) and (A5) hold and T(e4,ep) > 1. Then

9 _ 1 — _
|ST(€g,€H)71 < %(f(xO) - flow) max {fg 1Amin(€g7 6H) 17 6HlAmin(egp 6H) 2} » (49)

where Amin(€g, €mr) s defined in @)

Proof. Let k € Sp(c, e;)-1, that is, px > a. Since k < T'(eg, eg) we have two possibilities:
Case I: ||V fg, (z1)|| > 4e4/5.

In this case, by , , and Lemma we have

f@r) = f(zepn) = a[m(0) —m(dy)]

N _ IV fg, (i)l }
> Yv o) || min § Ay, T
> 2|| fo (i)l { PV g ()|
> 2ajmin Almﬁ
5 5Ly
2
> %Amin(ega €H) <50)

Case II: —A\yin(V2fy, (z1)) > 4ep /5.
In this case, by , , and Lemma we have

f(@e) = flzrt) = a[m(0) — m(dk)]
> _O‘)\min(vzfﬂk (xk))Ai
> 40&6HA2
- )
4oe
> 5HAmin(eg,6H)2. (51)
Thus, in view of and , we conclude that
200,
flzr) = f(zpy1) > — min {egAmin(eg, 1), € Amin(eg, €1)*} Yk € Sp(ey e p)—1- (52)
Let SIC“(eg,sH)—1 ={0,1,...,T(eg,em) — 1} \ Sr(c,e)—1- Notice that, when k € S%(ag@H)_l, then
f(zr11) = f(zk). Thus, it follows from and that
T(&g,EH)—l
F@o) = fow = f@0) = f@repem) = Y. Flaw) = flzre)
k=0
= oo Sl = fla)+ Y ) = flan)
kEST(EgaEH)—l kesﬂc“(sg,sH)—1
= Yo flak) = flarg)
kE€ST(eg e -1
20, 2
Z ’ST(EQ,EH)—].‘? min {ngmin<€g7 6H)7 6];IAI‘IliIl(eg7 EH) } )
which implies that is true. ]
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Lemma 4.6. Suppose that (A1)—(A3) and (A6) hold and T(e4,er) > 1. Then,

Am X
Ur(cyem)-1] < ogy (Aa)> + 157y em)-1l; (53)

min(eg; €H
where Amin(€g, €mr) is defined in @)
Proof. Using a similar argument as in Lemma (see (30)), we obtain

A
[Ureg)1| = 181)-1| < logs <A<sOeH>> ‘
min\<g,

Then, the conclusion follows from the choice Anin(gg,em) < Ap < Apax. O

Finally, combining the two previous lemmas with , we derive the following iteration-complexity
bound.

Theorem 4.7. Suppose that (A1)—(A3) and (A6) hold, and let T'(eg,ep) be as in ([37). Then,
) _ 1 - _
T(EQ,EH) < a(f(xO) _flow> max{fg 1Amin(€gny) 17€H1Amin(€g76H) 2}

Amax
1 B — 1
lose (Amin(eg,EH)> *

where Amin(€g, €ir) is defined in @)
If additionally (A5) holds, in view of of and , we have

. — (1—a)e 2(1 —a)e
Anin(€g, €g) = min 5 [1 +2 (A’f’n‘;ﬂ Lg7 5 [LTH +2 (A[n)f;x + f) (Aiix)}
o (1—a)eg 2(1 — a)en
min 5{1+2< nmx)}Lg,[ +2( max+1)(a,ﬁg>}LH

- o(m{i2))

Anin(€g, eH)_1 =0 (max {Lgeg_l, LHEEII})
Then, it follows from Theorem that Algorithm 2 takes no more than
@) ((f(xg) frow) maX{Lgeg ,LHe € ,Lz ;26H 7L ;13}) (54)

iterations to find an (¢4, € )-approximate second-order critical point of f. Without loss of generality,
we can assume that Ly, Ly > 1. Then, taking €, and ey such that 0 < ey < ¢4 < 1, we get

and so

Lge,' < L2, %e! and Lpe, ey < Lye”.

9€g

In this case, the complexity bound reduces to

O((f( ) flow max {Lg g 6H 7LH6H })
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5 Illustrative Numerical Results

In this section, we report preliminary numerical results comparing an implementation of Algorithm 1
(referred to as STR) against an implementation of the standard trust-region method (referred to as
TR). Both methods were applied to minimize the function

2

d f
1
;2]11%1}1 flx) = y g ), where fi(x)=|d— j;cos(:cj) +i(1 — cos(z;)) —sin(z;) | ,  (55)
starting from the initial point zo = (1,...,1) € R? and using the stopping criterion
IV f @)l < =107". (56)

It is worth pointing out that the evaluation of the full gradient V f(x) in STR was done only to
ensure a fair stopping criterion with the TR. These evaluations were not taken into account in the
performance measure defined below. The other initialization parameters for the algorithms were set
as Ag =1, Apax = 50, v = 1.1, and o = 10~%. In TR, the Hessian approximations Bj, were computed
using the safeguarded BFGS formula:

I, if k=0,
B, if k> 1 and s} _,yp_1 <0,
By={ ! B T B _ A o0
Bi_1 + 2= Wiy Dk—18k—15k 1 Dk—1 if k>1and sl yp_1 >0
s yk—1 Sg,lBk—lsk’—l B S 7

where sx_1 = xp — xx—1 and yr_1 = Vf(xx) — Vf(2x_1). On the other hand, in the STR method,
the Hessian approximations Bj were also computed using , but with vector y; replaced by
Uk = Vg, (xr) — Vfg,_, (xx—1). Furthermore, in each implementation, the trust-region subproblems
are approximately solved using the Dogleg method.

In Algorithm 1, one can choose any subset g; C N in Step 1.1, provided it has the prescribed
cardinality. At the kth iteration of the STR method, we consider the following strategy. We Set
Gl =[(1—hy JIN|]. Ik =0o0r k—1¢€S, we first identify an ordering (4%, ...,i%) such that

fir(wr) = fg(wn) = - = fis (2p),

and then, for every j =0, ..., ji, we choose

gl = {z"f,...,z’lkgi'}. (58)

On the other hand, if kK — 1 € U, then the iterate does not change, i.e., ryy1 = x. To reuse all
previously computed gradients in this case, we select Q’i as in but using the ordering from the
previous iteration, that is,
i?—zlg Lifore=1,....,n
In this way, the total number of evaluations of V f;(-) performed by STR from iterations 0 to T is
equal to
GEr(STR) Z Gl

keST
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with 1 < |Gk| < d, while the corresponding number of evaluations of V f;( - ) performed by TR is
GET(TR) = ’ST‘ x d.

If each V f;(-) is computed using reverse-mode Automatic Differentiation, it is reasonable to assume
that its computational cost is approximately three times that of evaluating f;(-) once (see, e.g.,
[1,2]). Since evaluating the full function f(-) requires computing all d component functions f;(-),
we measure the total computational cost up to iteration 7" in terms of equivalent evaluations of f;(-)
as

Costp = (FET X d) + (3 X GET) , (59)

where FEr is the number of full function evaluations f(-) and GE7 is the number of component

gradient evaluations V f;(-) performed up to iteration 7.
Table [I] reports the total cost incurred by TR and STR to compute an iterate xj satisfying the

stopping criterion (56), for f(-) defined by with various values of d.

d Cost(TR) | Cost(STR) | Reduction
100 | 35,900 34.292 4%
500 194,500 117,097 39%

1,000 | 626,000 419,053 33%
3.000 | 1,488,000 | 736,395 50%

Table 1: Comparison of iterations and cost between TR and STR across different problems.

As shown, STR can lead to a significant reduction in computational cost compared to TR, in terms
of the cost metric defined in (59)). This is because exact gradients are rarely required during the
exacution of STR. Figure 1 illustrates how the sample size |Gi| evolved over the iterations for the
problem with d = 3,000 components. In this case, during several iterations, acceptable inexact
gradients were computed using as few as 273 components, resulting in a 50% reduction in the total
computational cost.

3000

2500

2000 -

1500

Sample Size |G|

1000

500

50 60 70 80 90 100 110
Iteration k

10 20 30 40

Figure 1: Evolution of sample sizes for problem with d = 3, 000.
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6 Conclusion

In this work, we introduced and analyzed sub-sampled trust-region methods for solving finite-sum
optimization problems. By employing random subsampling strategies to approximate the gradient
and Hessian, these methods effectively reduce computational costs while maintaining theoretical
guarantees. We established worst-case iteration complexity bounds for achieving approximate so-
lutions. Specifically, we demonstrated that an e4-approximate first-order stationary point can be
obtained in at most 0(89_2) iterations and an (g4, g )-approximate second-order stationary point is
achievable within (’)(max{zs;ze;,sl_{g ) iterations. Numerical experiments confirmed the effective-
ness of the proposed subsampling technique, highlighting its practical potential in solving finite-sum
optimization problems.
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