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Abstract

Sparse Principal Component Analysis (SPCA) is a fundamental technique for dimensionality
reduction, and is NP-hard. In this paper, we introduce a randomized approximation algorithm
for SPCA, which is based on the basic SDP relaxation. Our algorithm has an approximation ratio
of at most the sparsity constant with high probability, if called enough times. Under a technical
assumption, which is consistently satisfied in our numerical tests, the average approximation
ratio is also bounded by O(logd), where d is the number of features. We show that this
technical assumption is satisfied if the SDP solution is low-rank, or has exponentially decaying
eigenvalues. We then present a broad class of instances for which this technical assumption
holds. We also demonstrate that in a covariance model, which generalizes the spiked Wishart
model, our proposed algorithm achieves a near-optimal approximation ratio. We demonstrate
the efficacy of our algorithm through numerical tests on real-world datasets.
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1 Introduction

The Principal Component Analysis (PCA) problem involves finding a linear combination of d
features that captures the maximum possible variance in a given d x d data matrix A. Formally,
the problem is defined as

max ' Az st. |z), = 1. (PCA)
[PCA]is a widely used statistical technique for reducing the dimensionality of large datasets, and
it has been successfully applied to a broad range of topics, including neuroscience, meteorology,
psychology, genetics, finance, and pattern recognition. For a comprehensive overview of the appli-
cations of we refer interested readers to [26].

Despite its usefulness, the interpretation of a solution to PCA is limited since the principal
component (PC) is often a linear combination of all d features. To address this issue, the Sparse
Principal Component Analysis problem (SPCA) is introduced. SPCA aims to find a sparse linear
combination of features while capturing the maximum variance. SPCA is formally defined as:

max z' Az st |zlly =1, [z]ly < k. (SPCA)
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Here k is the sparsity constant, a positive integer that sets an upper bound on the number of non-

zero entries in the d-dimensional vector z. Compared with [PCA] using [SPCA] for dimensionality
reduction yields more interpretable components, lowers downstream memory and computational
costs, and helps prevent overfitting. [SPCA] has a wide range of real-world applications, such as
identifying influential single-nucleotide polymorphisms in genetics [31], selecting informative object
features in computer vision [35], and organizing a large corpus of text data in data science [40].

is an NP-hard problem in general [33], making it computationally challenging in practice.
In fact, it is NP-hard to approximate within a multiplicative ratio of (1 4 €) for some
constant € > 0 [II]. Despite the hardness of the problem, many polynomial-time approximation
algorithms have been proposed to tackle For instance, [37] accelerated by replacing
the input matrix with its rank-m approximation formed from the top m eigenpairs, resulting an
algorithm with a running time O(d™*!logd) and an approximation ratio 1/(1 — &,,), with §,, <
Am+1 - min{d/(kA1),1/ max;eq] A;i}. This algorithm has the advantage that if the eigenvalues
A1 > A9 > -+ > A\g of A satisfy an exponential decay, i.e., Aiy1/A\ < c € (0,1), then 6, decreases
exponentially as m increases. [32] introduced two polynomial-time k-approximation algorithms:
the Greedy algorithm and the Local Search algorithm. [12] introduced an e-additive approximation
algorithm with a runtime of O(dP°Y(1/9)) based on the previous work [3]. Moreover, [12] also
proposed a simple min{\/%, dY/ 3)-approximation algorithm for which is, to the best of our
knowledge, the best known approximation ratio for [SPCA] algorithms with polynomial runtime.

Our contributions. In this paper, we propose a randomized algorithm based on the basic
semidefinite programming (SDP) relaxation to

max tr(AW) st. tr(W) =1, |W|, <k, W=0. (SPCA-SDP)
Our algorithm is not only efficient, but also improves upon the best known polynomial-time
benchmark of min{v/k, d'/3} across a variety of practically motivated instances.

Efficient SDP-based Randomized Rounding with Provable Guarantees. Our algorithm transforms
an (approximate) optimal solution W* of into a feasible solution for in time
O(dlogd). Despite its efficiency, our algorithm achieves an approximation ratio that is upper
bounded by k with high probability when run for Q(d/k) many independent times, matching
the guarantees of the Greedy algorithm and the Local Search algorithm in [32]. The average
approximation ratio can be further upper bounded by O(logd) under mild assumption on k and
a technical assumption related to sum of square roots of diagonal entries of W*. We note that in
the regime where k = Q(log? d), and where the technical assumption is true, our algorithm admits
an average approximation error strictly better than the best-known polynomial-time guarantee
min{v'k,d'/3}. We further show that this technical assumption is true if the rank of W* is fixed,
or W* admits exponentially decaying eigenvalues. We further identify two classes of instances
that guarantee a rank-one optimal solution, and hence satisfy the technical assumption: (i) Rank-
one input matrices whose non-zero entries are bounded below by a certain value; (ii) General
input matrices with a sufficient eigenvalue gap, a uniform contraction condition, and small entries
outside a specific index set. To the best of our knowledge, we provide the first deterministic classes
of instances in which [SPCA-SDP)| admits rank-one optimal solutions. We also perform extensive
numerical experiments, demonstrating the effectiveness of our proposed algorithm in real-world
datasets. Oftentimes, our algorithm can find a solution which is as good as the best solution other
existing methods studied in [12, 37, B2} [4, 21] can find. In terms of the runtime for
although general-purpose SDP solvers scale poorly, we find that the GPU implementation of an
approximation algorithm [45] proves remarkably efficient: it finds W* on d = 2000 instances of
[SPCA-SDP]| in under six seconds.

Adversarial-Robust Recovery Guarantees. We show that [SPCA-SDP) is robust to adversarial



perturbations in a general covariance model. Specifically, we consider a scenario where the input
matrix A is under adversarial attack, i.e., A = (B + M) (B + M), where B represents the data
matrix that has i.i.d. rows sampled from a covariance model having a sparse spike, and M represents
an adversarial perturbation. We show that [SPCA-SDP] still yields an optimal solution close to
the sparse spike when the sample size is sufficiently large. This generalizes the findings of [23]
and provides further insight into the strong computational performance of [SPCA-SDP| Under
this model, our algorithm achieves an approximation ratio near one, indicating that even if the
technical assumption for our randomized algorithm is not met, [SPCA-SDP] and our algorithm can
still perform exceptionally well across diverse inputs.

Organization of this paper. In Section [2 we provide an overview of related work. In
Section [3, we introduce our randomized algorithm for solving [SPCA] and provide theoretical results
on approximation guarantees. In Section [4] we define a general statistical model that considers
adversarial perturbation, demonstrate the robustness of SPCA-SDP)| against such perturbations,
and provide an approximation bound for our algorithm within this model. In Section [5] we present
numerical experiments conducted on various real-world datasets to evaluate the performance of our
algorithm and compare with other algorithms. We defer proofs in Sections [3] and [4] to Sections [6]
and [7] For the remainder of the section, we introduce the notation used in the paper.

Notation. Sets, vectors, and matrices: For any positive integer d, we define [d] :=
{1,2,...,d}. Let x be a d-vector. The support of x is the set Supp(z) := {i € [d] : z; # 0}. Given
an index set Z C [d], denote by 7 the sub-vector of  indexed by Z, and we write x; := z;y. For
1 < p < 00, we denote the p-norm of x by ||z||,. The 0-(pseudo)norm of x is ||z, := | Supp(z)|. We
say that x is k-sparse if ||z||, < k. Let M be a m xn matrix. Given two index sets Z C [m], J C [n],
we denote by Mz, 7 the submatrix of M consisting of the entries in rows Z and columns [J. Let X
be an m x m symmetric positive semidefinite matrix, i.e., X > 0, denote by Y := /X the matriz
square root of X, ie., Y =Y T = 0and X =YY. For 1 < p, ¢ < oo, the p-to-g norm of M is defined
as || M||p—q = max|,,—1 [[Mx|lg. The 2-norm of M is defined by || M|z = ||M]|2—2. The I-norm of
M is defined by [[M||; = 3_, ; [M;j|. The infinity norm of M is defined by [[M[|,, := max; j | M.

The Frobenius norm of M is defined as || M|z := />, ; |M;;]%.

Approximation ratio and e-approximate solution: Let w* be an optimal solution to a max-
imization problem P with objective function f and input D. We say a (randomized) algorithm
A is an approximation algorithm to P with an approzimation ratio r, if A can output a random
solution w with input D such that Ef(w) > 1/r - f(w*). Sometimes we will also say that A is an
r-approzimation algorithm for brevity. We say a solution w is an e-approximate solution to P if w
is feasible to P such that f(w) > f(w*) —e.

2 Related work

In this section, we discuss the literature related to our work. First, we discuss results related to the
basic SDP relaxation, [SPCA-SDP| It is known that SDP can be solved in polynomial time up to
an arbitrary accuracy, by means of the ellipsoid algorithm and interior point methods [39, 30]. The
basic SDP relaxation was initially proposed in [I5] and has been extensively researched
since then. The literature includes studies on its performance under various statistical models and
its approximability. The statistical performance of [SPCA-SDP| has been thoroughly investigated,
with the assumption that A = BT B and B being an n x d matrix. For example, [I] demonstrated
that the sparse spike, which is the sparse maximal eigenvector, can be recovered in a particular
covariance model, known as the Wishart spiked model, when the number of samples n is above
the threshold Q(klogd). Then, [28] showed that is unable to recover the sparse spike



if K = Q(y/n) in the model discussed in [I]. In a more general spiked covariance model, [44]
showed that [SPCA-SDP)| can recover the sparse spike but at a slightly higher sample complexity
Q(k?logd). Additionally, [23] demonstrated that is robust to adversarial perturbations
in the Wishart spiked model. Moreover, a streamline of work [5l [6] investigated the information
theoretical limits of SPCA-SDP|recovering the sparse spike in certain covariance models. Regarding
approximation results, an approximation algorithm based on was developed in [13]. It
is worth noting that authors of [13] acknowledged that their theoretical guarantees may not be
indicative of the outstanding practical performance of their algorithm. Nevertheless, they provided
compelling empirical evidence of its efficacy by showcasing impressive computational results on
diverse real-world datasets. A worst-case approximation bound of was studied in [12],
revealing that there exists an instance that results in an approximation ratio that is quasi-quasi-
polynomial in d.

Then, we discuss efficient algorithms for [SPCA] in the literature. To the best of our knowl-
edge, there are currently five other main categories of methods for finding (approximate) solutions
to [SPCA] except via its basic SDP relaxation. Firstly, various existing methods solve [SPCA] by
relaxing the sparsity constraint with a convex constraint. These methods include providing prac-
tical algorithms to maximize the objective value in an ¢; ball [19], or by solving stronger SDP
relaxations [27]. Secondly, methods based on integer programming have been developed to solve
[SPCA] exactly or approximately, including using integer programs to obtain dual bounds, for ei-
ther single sparse PC [20] or multiple but row-sparse PCs [2I], solving mixed-integer SDPs or
mixed-integer linear programs [32], using branch-and-bound algorithm to obtain certifiable (near)
optimality [4, [7], and combining integer programs with geometric approach to obtain multiple
sparse PCs [§]. Thirdly, polynomial-time algorithms for a fixed rank input matrix A are proposed,
either for a single sparse PC [37], or for multiple but row-sparse PCs [16]. It should be noted that
the complexity of these algorithms are oftentimes exponential in rank(A). Fourthly, polynomial
running-time approximation algorithms for [SPCA| have been developed, including finding a low
rank approximation of A and then solving exactly [37], deriving an approximation algorithm
via basis truncation [12], and via basic SDP relaxation [13]. The fifth category includes meth-
ods for solving [SPCA] in certain statistical models via different approaches, including covariance
thresholding method [I8] and sub-exponential algorithms [22]. A recent work [I7] introduces a
plug-and-play framework to provide speedup to these existing algorithms in the categories by first
finding block-diagonal approximation to the input matrix A and then solving [SPCA|sub-problems
inside each block. For a more comprehensive review of the literature in each of the categories
mentioned above, interested readers are referred to the cited papers.

Note that some of the aforementioned work have established approximation results using non-
convex optimization methods, which may necessitate an exponential runtime. The non-convexity
comes from the fact that the authors solve a maximization problem of a convex objective. For
instance, the authors of [20] have demonstrated that by relaxing within an ¢; ball, an upper
bound for with constant approximation ratio can be achieved. In [21], the authors have
extended these findings to finding m sparse principal components with a global support, with an

approximation ratio O(y/logm).

3 A randomized algorithm for SPCA

In this section, we present our randomized approximation algorithm for [SPCA] For brevity, we

denote an e-approximate optimal solution to as W* and an optimal solution to

as z*, for the rest of this paper.



We begin by presenting the motivation. Although [SPCA-SDP] has nice properties, such as the
result in [32], where the authors demonstrate that the objective value of an optimal solution to
[SPCA-SDP)|is at most k times that of[SPCA] there are several limitations that hinder the practical
application of For instance, as pointed out in [I§], that there are also some theoretical
limitations of [SPCA-SDP| Specifically, (i) W* is not guaranteed to be a rank-one matrix in general;
and (ii) in some cases where W* is rank-one, denoted as W* = v*(v*)T, but oftentimes the zero-
(pseudo)norm of v, ||v||y, is larger than k. This raises a natural question: is there a way to transform
W* into a feasible solution for with high quality?

In [13], the authors partially address this question by providing a vector z, obtained by finding
the best rank-one approximation uu' to W*, keeping the O(k?/€?) largest components (in absolute
value) in u, and setting the other entries to zero. They obtain that 2" Az > 1/a - (2*) " Az* — ¢,
where o > 1 is the ratio tr(AW*)/u' Au. However, this algorithm has two major issues: (a) z is
generally not a k-sparse vector and ||z||, could be much larger than k; and (b) there is no clear
theoretical bound on «, making it difficult for users to predict the worst-case quality of z.

In this section, we present Algorithm [I]as an approximation algorithm for SPCA-SDP| with the
aim of obtaining a high-quality k-sparse vector from W* and addressing the issues discussed above.
The main idea behind Algorithm [I] is to treat the diagonal entries in W* and A as probability
masses that determine whether or not to include the corresponding entry in the support of a vector
x.

Algorithm 1 Randomized Algorithm for [SPCA]
Rdxd

Require: A matrix A € , a positive semidefinite matrix W € R%*?, and a positive integer k

Ensure: A vector z € R?, such that ||z|, = 1 and ||z||, < k with high probability

1: fort=1to d do

2: a; < VWi

3: fori=1toddo

4 pi+min{l1,2/3 ka;/ 391 aj +1/12 - kA;;/ tr(A)}

5:  Sample independently €; < 1 with probability p;, and €; < 0 with probability 1 — p;
6: S« {i€[d]:e =1}, z + zero vector in RY

7. if A > 0 and |S| < k then

8 S« SUT,withTnNS=0and |T|=k—|S5]

9: Zg < argmax, — yTA&Sy

10: return 2z

In Algorithm [I} lines 7-9 aim to find a better solution. Here, the method of determining set
T C [d]\S on line 8 is omitted, as it does not affect the theoretical bound discussed in the next
section. Note that, except for line 8, Algorithm simply requires a runtime at most O(d + k?log k)
(assuming line 9 is solved through randomized Lanczos method [38]). In Section [5, we introduce a
very simple heuristic to determine 7" in time O(dlogd).

In practice, one can call Algorithm [I]several times, with the intension to obtain a better solution.
The operational procedures are presented in Algorithm Approximation guarantee for these
algorithms will be provided in the subsequent sections.

Note that lines 1-2 in Algorithm [2] give a greedy heuristic and guarantee that Algorithm [2] finds
one feasible solution to [SPCA] It is very powerful in some statistical models, as we will see in
Section [l



Algorithm 2 Multi-run Randomized Algorithm for SPCA

Require: A matrix A € R¥9¢ a positive semidefinite matrix W € R%?_ a positive integer k < d,
the number of calling N of Algorithm
Ensure: A unit vector z € R, such that ||z]|, < k with high probability
So < the set of indices in [d] that corresponds to the k largest diagonal entries in W
20 4= argmax|, . yTASmSOy
for i =1to N do
Obtain z; using Algorithm |I| with input (A, W, k)
return the best feasible solution to among {2}V,

3.1 Approximation guarantees

In this section, we establish approximation bounds for Algorithms [I| and 2} We first show that, if
N = Q(d/k), Algorithm 2| is a k-approximation algorithm with probability at least 99%.

Theorem 1. Let x* be an optimal solution to with input pair (A, k), where we assume
A € R¥™? s positive semidefinite, and k is a positive integer such that k < d. Let W* be an
e-approrimate optimal solution to with input pair (A, k). Let z be the output of Algo-
rithm [ with input tuple (A, W*,k,N).

Then, one could obtain an approximate solution z to such that 2" Az > ()" Az* /k with
probability at least 1 — exp {—kN/(12d)} — exp{—ckN} for some absolute constant ¢ > 0.

Then, we show that the approximation ratio of Algorithm [I] is also upper bounded by a
O(log d/k) multiple of the sum of square roots (SSR) of diagonal entries of W*, i.e., Zle VWi
Due to the intricate technical details, we present an informal statement of the result as follows.
A formal statement can be found in Section Additionally, the formal theorem there is more
comprehensive, demonstrating that Algorithm [I] remains effective even when A is indefinite.

Theorem 2 (Informal version of Theorem . Let x* be an optimal solution to with input
pair (A, k), where we assume A € R4 is positive semidefinite with | A, = 1, and k is a positive
integer such that k < d. Let W* be an e-approzimate optimal solution to [SPCA-SDH with input
pair (A, k). Denote z to be the output of Algorithm |1 with input tuple (A, W* k). Then, there
exists a random event R C {||z|, < k} such that P(R) > 1 — exp{—ck} — 2d~3 for an absolute
constant ¢ > 0, and such that when ck > 3log (d/k) + loglogd, one has

d *)2
Clogd - [1+ 9(22:11];/@) | BT AR > [1- O(k);d)} (") T Az* — ¢,

for some absolute constant C' > 0.

Remark. In this remark, we discuss the approximation ratio of Algorithm [1] in Theorem[4. On
one hand, in Theorem @ we obtain a worst-case multiplicative ratio O(dlogd/k) due to the fact
that tr(W*) = 1 and Cauchy-Schwarz inequality. On the other hand, it is worth noting that when

d
SSR:=> /Wi <co-Vk (1)
=1

for some absolute constant co > 0, Algorithm (1| can obtain a multiplicative ratio O(logd). When
k = Q(log?d), implying k > 3log(d/k) + loglogd, this O(logd) guarantee strictly surpasses the
min{v/k, d"/3}-approzimation of [12], which, to our knowledge, is the smallest ratio previously
known for any polynomial-time SPCA algorithm. We note that, while might not always hold,



it is easily checkable once [SPCA-SDR is solved, which could be done in polynomial time. In Sec-
tion we provide further discussions about assumptions on W* such that holds, and in
Section we provide classes of instances where holds for co = 1. Furthermore, as we will
see in Section @ oftentimes holds in our numerical tests (in fact, co < 2.21 for 80% of the
instances).

Remark. In this remark, we point out that Theorem (4 in fact holds true for any W* = 0 such
that tr(W*) = 1 and tr(AW*) > (2*)" Az* — €. This implies that our algorithm extends to any
SDP relazation stronger than[SPCA-SDH. For instance, our rounding scheme applies to the tighter
relazation of [27] and preserves the guarantees of Theorem @ We nevertheless focus on
for two main reasons. From a theoretical perspective, stronger relarations do mot necessarily yield
better[SPCA solutions in the input families studied in Sections[3.5 and[4], the latter being a standard
model in the statistics literature [1, (28, [/4]. From a computational perspective, can be
(approzimately) solved in seconds with a GPU implementation of the CGAL method [{J], whereas
most stronger relaxations might not be compatible with CGAL and thus scale poorly.

Note that Theorem [2] gives only an expected approximation guarantee for Algorithm [I In
practice, running Algorithm [2] with a large enough N and returning the best result gives, with high
probability, an approximation ratio matching that expectation. The necessary sample size could
be found directly from Hoeffding’s inequality (see Theorem 4.12 in [34]).

3.2 Assumptions on W* yielding small sum of square roots

In this section, we discuss assumptions on W* that yield small SSR, i.e., Z?:l m, where W*
is an (approximate) optimal solution to In the first proposition, we will show that if
[SPCA-SDP)] admits a sparse optimal solution W*, then the SSR is upper bounded by the support
of diagonal entries of W*. Then, we generalize this result to general low-rank optimal solutions,
and show that the SSR is upper bounded by v/rk, where r := rank(W*). In this case, Algorithm
gives an average approximation ratio of order O(rlogd). We also note that this result could be
very helpful in practice-it is possible to obtain a fixed-rank approximate solution to [SPCA-SDP]
via CGAL [45] with a fixed number of iterations and a low-rank initial primal solution, or to
obtain a local low-rank solution to [SPCA-SDP)] via the first-order approach proposed by Burer and
Monteiro [9} 10, [14], or via accelerated first-order methods [43]. Finally, we show that under certain
assumptions, SSR is small even when W* is of full rank. We give our first proposition stating that
a sparse W* has a small SSR:

Proposition 3. Let W = 0, and assume that tr(W) = 1. Define the diagonal support of W as
DSupp(W) := {i € [d] : Wi; # 0}. Then, SSR = "%, Wy < +/|DSupp(W)]|.

Proof. By Cauchy-Schwarz inequality, Zle VWi is at most /|DSupp(W)]. O

Note that a solution W* with sparse diagonal support is by definition a low-rank matrix. We
now provide an upper bound for SSR to general low-rank feasible solutions to [SPCA-SDP}

Proposition 4. Let W > 0, and assume that tr(W) = 1, |W||; < k, and rank(W) = r. Then,
SSR =4 | VWi < Vrk.

Proof. Suppose that W = YY" with Y € R¥". Write YT = (y1,¥2,...,yq), with y; € R". Tt is

clear that W;; =y, y; for any 4, € [d]. For ease of notation, we define r; := ||y;||, and w; := y;/r;.
Then, we see that SSR = Y0 Wy = Y0 vy and W, = S0 ) rirjlul uy).



We use a probabilistic viewpoint to lower bound ||[W||, by SSR?/r. Let I,J € [d] be two
ii.d. random variables with P(I = i) = r;/SSR, and it is clear that

IWl, = SSR®E[u] us| > SSR?E[u] us|? = SSRE(u] us)(ujur) = SSR? tr ((EUIUITV) ,
where the inequality follows by the fact that |u; ;ug| < 1. Define the matrix G := Euyu; ; € R
and let A\;(G) be the i-th largest eigenvalue of G, we obtain that

P EZ’; MO (T MO 1

r r

via Cauchy-Schwarz inequalli?cy. O
Finally, we show that, if the eigenvalues of W* decays exponentially, then SSR = O(klogd):

Proposition 5. Suppose that there exists a constant ¢ € (0,1) such that the i-th largest eigenvalue
of W, i.e., \i(W), satisfies that \;(W) < ¢"~t- A\ (W) for all i € [d]. Then, there exists an absolute
constant C > 0 such that >0, vWy < C/klogd/log (1/q).

Proof. Let W = 0 and assume that tr(WW) = 1 and ||W||; < k. Let the singular value decomposition
of W be Z?Zl N (Wugu Deﬁne the orthogonal matrix U := (uy,us, ..., uq), and thus U= = U T
and hence UUT = Z‘f L uu; = I In other words, we have that ZZ 1(uz) =1 for any ¢ € [d].
Let r be the smallest 1nteger such that ¢" < 1/d?, and thus r = [2logd/log(1/q)]. Write Wy :=
S (W) wu], and Wo == W — Wy = 30 \i(W)ug, . Tt is clear that

Z\/ i = Z\/lej Z(\/lej+\/W2jj>-
By Theorem W4 l we obtain that Z] VW < \/7<1 = /[2klogd/log (1/q)]. For the term

involving W5, we see that /(W2);; = \/Zi:TH (W) (w; JQ < y/1/d? = 1/d. Therefore, we obtain
that 329, \/(W2)j; <d- %=1, and thus 330_, \/W;; < \/[2klogd/log (1/q)] + 1. O

3.3 Sufficient conditions for a rank-one optimal solution

In this section, we provide further understanding for the technical condition , by providing
sufficient conditions for obtaining a rank-one optimal solution to [SPCA-SDP} We note that while
conditions of this type have been investigated in the context of general QCQPs [42], in this section
we focus on conditions specifically tailored to[SPCA-SDP] By Theorem[4] the SSR is upper bounded
by vk when there is an rank-one (approximate) optimal solution to To our knowledge,
we give the first deterministic classes of instances for SPCA-SDP] that guarantee rank-one optimal
solutions.

We start by stating a simple fact that, if the input matrix A admits a maximum eigenvector
with an £;-norm upper bounded by vk, then admits a rank-one optimal solution.

Fact 1. Let that A »= 0, and denote by vi(A) an eigenvector corresponding to the mazimum
eigenvalue of A with |Jvi(A)|, = 1. Assume that |v1(A)||; < Vk, then vi(A)vi(A)T is an optimal
solution tolSPCA-SDA.

Proof. Let W = 0 be a fea81ble solution to [SPCA-SDP] and assume that its singular value decom-
position is W = Zz 1 AV, Denote by A1(A) the largest eigenvalue of A. It is clear that

d
=1 i=1



where the last equality follows from the fact that tr(W) = 1. We obtain our desired result by
noticing the fact that Hvl(A)vl(A)Tﬂl = ||vl(A)||% <k and tr(Avi(A)vi(A)T) = A (A). O

In the next example, we provide a class of instances that satisfy the assumptions in Fact

Example. Suppose that the matrix A = A\I—S = 0 for some A > 0 and S = 0. Denote by {n;}_, an
orthonormal basis of the nullspace of S with dimension r < d, and denote by N := (n1,na,...,n,).
Fori e [d], let N; € R" be the row vector of N. Assume that Z?Zl |Nilly < Vrk, then A admits a
top eigenvector v such that ||v||, < Vk.

Proof. It only suffices to show that there exists a unit vector x € R” such that 2?21 ’Z;Zl Nijxj) <

Vk. Indeed, if such z exists, the vector Nz is by definition a top eigenvector of A with || Nz||, = 1
and |[Nz|, < Vk.
We use a probabilistic method to prove the desired result. Let {¢;}I_; be i.i.d. Rademacher ran-

dom variables, i.e., P(¢; = £1) = 1/2. By Khintchine inequality [24], we obtain that E HZ;ZI Nije;j }
| Nil|5, and therefore Ezgzl ‘E;Zl Nijei| < Zle | Nill, < Vrk. Hence, we see that there exists a
vector y € {£1}" such that Z‘Ll ‘Z;Zl Nijyj‘ < Vrk. Taking z = y/+/r concludes the proof. [

However, in practice, the assumptions in Fact [l might not hold. In the remainder of the section,
we provide other classes of instances that allow the top eigenvector of A to have a larger £1-norm,
yet still guarantees that SPCA-SDP] admits a rank-one optimal solution. In the next theorem, we
show that if A is the sum of a non-negative multiple of the identity and a rank-one matrix, then
[SPCA-SDP)| admits a rank-one solution under mild assumptions:

Theorem 6. Assume that A = Ay +uu' for some vector u € R? with m = ||ul, / ||lull, > Vk.
Let T := Supp(u), and assume that

T? T
Tk m+\/k

i ; . 2
7 < rlrél%ﬂuz] < 7 (2)

Then, |SPCA-SDP admits a unique optimal solution w*(w*)T with Supp(w*) = T.
We note that if A is of a fixed rank r (up to an addition of a scaling of identity), an optimal

solution to [SPCA| could be found in polynomial time [37, [16]. In the next theorem, we generalize
Theorem [6] to A with arbitrary rank, but satisfying stronger assumptions on its eigensystem:

m—/k

Assumption 1. Suppose that there exists a set S C [d]. Let Ag,s be the sub-matriz of A indexed by
S with eigenvalues \y > A\g > A3 > -+ > Ng| = 0. For each i € [|S]], let v; denote the eigenvector
corresponding to \;, where |v;||, = 1. Define the sign vector of vi to be s := sign(vq), and write
Alloally kv [}

— el ; ; —
a; = s'v; fori€||S|]. Finally, we set D := S

. Then, we assume that

A1 (Sufficient eigengap). The first eigenvector vy satisfies ||v1]|, > V'k. Furthermore, we have

(1= 22 - YEE0)5, = (D+ )2 for some 5 € [0,1)
V1lly

A2 (Uniform contraction,). We assume that Supp(vi) = S. For all j € [|S]], and for all
A€ /(D + 1), M), we have v |Jorly - o] > [0 %awm(.
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A8 (Small entries outside S).  We have that max {max;cs jese |Aij|, max; jege |Aij|} < m,
11

”(Aisf)\ﬂs‘)_l sign(vl)Hl

>
”(Aswsf)\[ls‘)—lsign(vl)HQ = \/% fO?" any

where 0 > 0 is a constant of v; and N\; such that

A€ [)\1 — 5,)\1).

Loosely speaking, in we ask that the input matrix A to have a sufficient gap between A;
and Ao. In we ask the eigensystem of A behaves in a good way such that the right-hand-side
admits a uniform contraction bound. The intuition behind this assumption is to make sure that
the sign vector of our candidate optimal solution w* would remain unchanged in a certain interval,
where we believe that w* would exist. The details would be made clear in the proofs in Section [6.2
Lastly, in [A3] we ask that the entries of the input matrix A is small enough outside S, and we will
prove that the constant 6 > 0 indeed exists in Theorem We note that these assumptions would

not make easier, as S might not be the support for an optimal solution to
Next, we are ready to state the formal result:

Theorem 7. Under Assumption SPCA-SDH admits a rank-one optimal solution W* = w*(w*) ",
with w* € R? and Supp(w*) = S. Moreover, if the inequality m mn Assumption is strict, then
W* is the unique optimal solution to [SPCA-SDP,

For a rank-one optimal solution W*, we can apply Algorithm [2] for a set number of iterations
to obtain a solution to with an approximation ratio of O(logd), as guaranteed by Theo-
rem [2} However, we acknowledge that, when W* is rank-one, stronger approximation guarantees
are achievable, as shown in [19, 21]. The authors demonstrate that solving specific non-convex
quadratic programs, equivalent to enforcing a rank-one solution in [SPCA-SDP] yields a solution
with a constant approximation ratio, using a slightly different sampling rule compared to Algo-
rithm[I} Despite some algorithmic overlap, our approach diverges significantly from theirs in several
ways: (i) Algorithm [If takes a square positive semidefinite input, while [I9] 21] operates on vector
solution(s); (ii) this distinction also leads to different proof techniques: [19 21] analyze the size
of feasible region, whereas we derive good-quality solutions based on properties of (sub-)Gaussian
variables, as will be made clear in Section |§|; and (iii) while their work focuses on efficiently solving
non-convex programs (except exponential time complexity in the worst case), we aim to develop a
polynomial-time algorithm with strong approximation ratios and identify input classes where even
better performance can be achieved, as discussed in this and the following section.

4 Robustness of basic SDP relaxation within a general covariance
model

In this section, we study a statistical model where the input matrix A is of the form A = (B +
M)T(B+M), where B € R"*4 is a data matrix with a certain sparse signal, and M is an adversarial
perturbation matrix. Here, n is known to be the number of samples. One of the goals this section
is to demonstrate that under this model assumption, W* closely approximates a sparse signal
embedded within the model. Consequently, W* can be regarded as an effective approximation
of the true sparse signal. After that, we show that in this model, our randomized algorithm
Algorithm [2] achieves an approximation ratio close to one, suggesting our algorithm is also very
effective.

In [23], the authors studied the spiked Wishart model, where M is a zero matrix, and B is
a spiked standard Gaussian matrix, i.e., every row of B is an i.i.d. random vector drawn from
N (04,15 + Bvv"), with 8 > 0 and v being a k-sparse vector. The authors demonstrated that an
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optimal solution to [SPCA-SDP] provides a good approximation to v for a certain sample size n,
which is roughly O(klogd + k ||M ||f _,5). However, such spiked assumption is often not applicable
to real-life scenarios, as it is uncommon for each row of the actual data matrix B to represent a
sum of a sparse signal realization y/3v and independent standard Gaussian noise. This discrepancy
serves as the impetus for exploring the performance of [SPCA-SDP]in more generalized contexts.
These contexts are characterized not only by the presence of sub-Gaussian random variables but
also by the inclusion of multiple realizations of signals, amongst which a sparse dominant signal is
present. Formally, we introduce Model

Model 1. The input matriz A can be written as A = (B + M)" (B 4+ M), where B € R™*? is a
random matriz with i.i.d. sub-Gaussian rows with parameter o2, and M is a modification matriz
such that its mazximal column norm is upper bounded by a constant b > 0, i.e., |M|152 < 0.
Furthermore, the rows of B have zero means and admit a covariance matrixz 3, such that ¥ has a
k-sparse mazximal eigenvector v associated with eigenvalue \i.

We present in Theorem [9] that our algorithm achieves an approximation ratio close to one given
a sufficient number of samples n. This result develops on the following characterization that W* is

close enough to vv ", implying that [SPCA-SDP|is robust to adversarial perturbations in Model

Proposition 8. In Model[1], denote i,y to be the largest and second largest eigenvalue of ¥,

respectively, and assume A\y — Ao > 0. Let v be the eigenvector associated with A1, and denote

a 1= MiN;.y, 40 |vi|. Let W* be an optimal solution to . Then, there exists an absolute

constant C* > 0 such that when n is greater or equal to

k204 log d + b2k (a2 + max 2) 2

n* = maX{C* : { + bl } 4 log d} (3)
' ()\1 — A2)2a4 ()\1 — )\2)@2 ’ a2’ ’

then HW* — UUTHOO < a?/2 holds with probability at least 1 — d~1Y.

Remark. In this remark, we discuss the sample complexity required for [SPCA-SDH to recover
Supp(v) in Model which might be of independent interests. According to Theorem @ given a
fized signal intensity A\; — \a, a fized variance factor o2, and a fived a, if
n=Q (k*logd + k*b*\1 + kb*logd) , (4)
one can find out Supp(v) with high probability via SPCA—SDH. We note that the term Q(k?logd)
m is due to the recovery of Supp(v) in ModelEI without any adversarial perturbation, which s
consistent with the findings of [{4]. The term Q(k*b*\1 + kb%logd) in reflects the additional
number of samples required to recover Supp(v) under adversarial perturbations. Finally, we note
that such sample complexity is insufficient to imply via the use of Theorem@ directly.

We are ready to develop the main theorem in this section. The core message is that the greedy
heuristic (lines 1 - 2) in Algorithm [2|finds a solution that achieves an approximation ratio near one.

Theorem 9. In Model[1, denote A1, 2 to be the largest and second largest eigenvalue of ¥, re-
spectively, and assume Ay — Ao > 0. Let W* be an optimal solution to [SPCA-SDP. Denote n* the
number defined in . Then, for 1 > 1, suppose that one has n > 1 -n*, then for any number
of iterations N > 0, Algorithm @ with input (A, W*, k, N) has an approzimation ratio of at most
14 2/(8V1 — 1) with probability at least 1 —d =0,

5 Numerical tests

In this section, we present our numerical results. Our main objective is to evaluate the performance
of Algorithm [2] on real-world datasets and compare computational performance with existing state-

11



of-the-art algorithms that run in polynomial time and have an approximation guarantee. It should
be noted that, while comparisons are made, they are limited to a selected subset of existing al-
gorithms, rather than an exhaustive review of all available methods. For further comparisons of
with other algorithms, readers are directed to the recent study in [13]. We conducted
tests on several real-world datasets, with the dimension of matrix A ranging from 79 to 2000.
For most available SDP solvers, including Mosek [2] and SCS [36], face weak scalability, making
it hard for them to handle semidefinite programs with dimensions exceeding 1000. As a result,
we use CGAL [45] to obtain approximation solutions to It is worth noting that, in
Algorithm 1, we simply take the set T' (on line 8) with |T'| = k — |S| to be the index set in [d]\S
that yields largest Wj;’s (with ties broken arbitrarily).

Introduction to CGAL. The conditional gradient augmented Lagrangian framework (CGAL) [45]
is an iterative algorithm that (approximately) solves the following problem:
f(z*) :==min f(z) st.ze X, Czxek,

where f is a convex and L-smooth function, C' is a linear mapping, X is a convex compact
set and K is a convex set. In the m-th iteration, CGAL is guaranteed to find z,, such that
|f (@) — f(z*)] < O(m~Y/?) and dist(Czpm, K) < O(m~/?). In the tests, number of iterations in
CGAL is set to 100 and the parameter Ag set to 1, and we initialize xy to be the zero matrix—which
guarantees that rank(x,,) < m. We find that this algorithm could be efficiently implemented on
GPU.

Hardware. We conducted all tests on a personal computer with 8 Cores i7-9700K 3.60GHz CPU,
64 GB of memory, and NVIDIA GEFORCE RTX 2080 SUPER with 8 GB of GPU memory.

Baselines. We compare polynomial-time algorithms studied in [37, 12, [32] [4]. It is worth noting
that Chan’s algorithm studied in [I2] finds a min{v/k, d'/3}-approximate solution to To
the best of our knowledge, this is the best known approximation ratio that can be obtained in
polynomial time for general [SPCA] We also compare the performance of Algorithm [2] among the
Greedy algorithm and the Local Search algorithm studied in [32], and the Low-Rank method studied
n [37]. The Greedy algorithm and the Local Search algorithm both find k-approximate solutions
in polynomial time, while the Low-Rank method [37] finds a solution with approximation ratio
depending on the decay of the eigenvalues of the input matrix A. For computational efficiency, we
apply the Low-Rank method with the rank-2 approximation to A.

We also compare with the Branch-and-Bound (BB) algorithm from [4] and MSPCA algorithm
from [21], while the latter finds[SPCA]both a lower bound (LB) using a heuristic and an upper bound
(UB) using MILP. Although BB and MSPCA frequently find good solutions within our time limit,
both algorithms have worst-case running times that could grow exponentially with k, so we treat
their results as supplementary to the core comparison among polynomial-time methods. BB has no
approximation guarantee, and MSPCA, while returning an upper bound within a constant factor
of the optimum, still provides no polynomial runtime bound. By contrast, Greedy, Local Search,
Low-Rank, and Algorithm [2] combine provable approximation ratios with guaranteed polynomial
complexity, making them the efficient choice for large-scale instances (see Table .

Summary of results. In Figure I} we report the following Chan-normalized Gap for the five
algorithms, and use Chan’s Algorithm as a baseline:

Ob.] alg — Ob.] Chan

. x 100%,
ObJChan

Chan-normalized Gap :=
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-~ Greedy M- LocalSearch - Low Rank (2) Branch-and-Bound @ MSPCA LB RA
Algorithm gap across datasets (symlog scale)
=5

Gap vs Chan's Algorithm (%)
°

Gap vs Chan's Algorithm (%)
°

Figure 1: Chan-normalized gaps (higher = better). Each panel fixes the sparsity level k£ and
plots the Chan-normalized gaps of the six algorithms across the seven benchmark datasets, ordered
from the smallest to the largest dimension (left to right). Our Randomized Algorithm achieves the
best objective on 31 of the 41 instances (75%) and never falls below Chan by more than 1.5%. Note
that we do not report the result for £ = 100 on the Eisenl dataset as its dimension is smaller than
100.

where Objcp,y is the [SPCA] objective value found by Chan’s algorithm, and Obj,, is that of the
algorithm under test. Across 41 benchmark instances, and up to a tolerance of 1073 in objec-
tive values, Algorithm [2[ (RA) attains the best objective in 31 cases and matches or exceeds the
competitors as follows:

e Greedy algorithm: 85% of instances (20% strictly better);
e Local Search algorithm: 80% (10% strictly better);

Low-Rank method: 90% (39% strictly better);

Chan’s algorithm: 95% (78% strictly better);

e BB: 75% (2% strictly better);
e MSPCA LB: 90% (44% strictly better).

Relative to Chan’s method, RA shows an average gap of 0.34% (max 2.80%, min -1.42%). The
average Chan-normalized gaps for the Greedy algorithm, the Local Search algorithm, the Low-Rank
method, BB, and MSPCA LB are -0.16%, -0.03%, -4.16%, 0.38%, and -2.43%, respectively. Note
that RA obtains the highest average Chan-normalized gap among all polynomial-time algorithms.
In six instances (14% of all instances) RA gains over 1% compared to Chan’s Algorithm. We also
notice that, although the gaps for Greedy, Local Search, and RA shown in Figure [I] are oftentimes
close to each other, RA is able to find better solutions when they fail. For example, for the instance
k = 5 on the LymphomaCov dataset, both Greedy algorithm and Local Search algorithm find
solutions with gaps around -11.97%, yet RA finds a solution with a gap 0.07%. Although BB
often attains equal or better objective values compared to all four polynomial-time methods, its
Chan-normalized gap exceeds that of RA by only 0.04% on average and at most 1.43%.

In Figure [2, we report the runtimes of different algorithms. It highlights that RA maintains
these accuracy gains at practical speeds: the median runtime is merely 2.57 seconds, and maximum
runtime is 11.95 seconds. It should be noted that the sampling of NV = 3000 solutions only takes
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less than 3.5 seconds for 75% of the instances and the maximum sampling time among the 41
instances is 9.06 seconds. RA is approximately 312 times faster than BB on average, 1512 times
faster in the best case (k = 20 on Eisen2 dataset). Moreover, RA is approximately 15 times faster
than Low-Rank method on average, 67 times faster in the best case (k = 100 on LymphomaCov
dataset). MSPCA’s runtime covers both its lower and upper bound computations and is included
only for completeness. On all 20 instances with k£ > 20, RA is 2.5 times faster than the Local
Search algorithm on average, and 11 times faster in the best case (kK = 100 on Reddit1500 dataset).
Although RA is in general slower than the Greedy algorithm and Chan’s algorithm, it offers an
accuracy—efficiency trade-off, coupling better objectives with practical scalability for large SPCA
instances, as shown in Figure [T}

BES Greedy [ Local Search ESEN Chan's Algorithm BN Low Rank (2) ESS1 Branch-and-Bound BN MSPCA [N RA

Algorithm runtimes across datasets (log-scale)

phomaCoy  Aeddi1500  Reddt2000

Figure 2: Wall-clock runtimes (log scale). The same experiments as Figure [1| but reporting
runtime. RA terminates in under 10 seconds on 90% of instances. It is roughly 312 times faster
than BB and 15 times faster than the Low-Rank method, while only one order of magnitude slower
than the Greedy and Chan’s algorithm. When k£ > 20, the runtime of RA is on average 2.5 times
faster than the Local Search algorithm. We do not report the result for Kk = 100 on the Eisenl
dataset as its dimension is less than 100.

It is important to note that, across all instances the assumption holds with ¢y < 2.16 on
average, the 80-th percentile for ¢y is merely 2.21, while the 90-th percentile is 5.29. As a result,
RA invariably achieves an O(log d)-approximation.

Detailed results. Comprehensive comparisons among the methods are detailed in Table [I, We
use “Obj” to denote the objective value of a solution found by a certain algorithm, “Time” to
denote the runtime of an algorithm. Note that we run Algorithm [2] with NV = 3000, and report
the largest objective value among those feasible solutions found in the column “Obj” belonging
to “Algorithm [2]'. For reproducibility, we set the random seed to 42. In the table, ¢y stands for
Zgzl m / \/E, measuring how far SSR is from Vk. The column “Total Time” stands for the
runtime of CGAL + Algorithm We highlight the objective values that are largest among all
algorithms.
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Table 1: Complete numerical results for all 41 instances. Objective values and runtimes for each algorithm are reported. The time

limit for Branch-and-Bound algorithm is set to 700 seconds. In the columns belonging to “CGAL”, objective values for
reported, and ¢y stands for SSR/v/k. In the columns belonging to “Algorithm

while “Total Time” stands for the runtime of CGAL + Algorithm

, “Time” stands for the runtime of Algorithm

Dataset d k Greedy Local Search Chan’s Low Rank Branch-and-Bound MSPCA CGAL Algorithm
Obj Time Obj Time Obj Time Obj Time Obj Time LB UB Time  Time SDP Obj co Obj Time Total Time

Eisenl 79 2 7.583 0.005 7.583 0.013 7.582 0.003 7.583 0.304 7.583 0.015 7.583 7.825 5.675 0.077 7.820 1.320 7.583 0.296 0.372
Eisenl 79 5 14.076 0.015 14.076 0.032 14.072 0.003 14.076 0.343 14.076 0.078 14.076 14.272 11.131  0.071 14.623 1.023 14.076 0.349 0.420
Eisenl 79 10 17.335 0.031 17.335 0.063 17.335 0.003 17.335 0.399 17.335 0.508 16.415 17.399 27.938 0.073 17.712 1.006 17.335 0.380 0.453
Eisenl 79 20 17.719 0.058 17.719 0.127 17.719 0.003 17.719 0.503 17.719 700.000 14.530 17.799 117.359  0.046 18.131 0.967 17.719 0.417 0.463
Eisenl 79 50 18.069 0.140 18.069 0.241 18.069 0.004 18.069 0.760 18.069 700.001 18.030 18.082 121.533 0.044 18.131 0.612 18.069 0.530 0.574
News 100 2 2750.539 0.008 2750.539 0.021 2749.795  0.010 2750.540 0.282 2750.540 0.005 2750.540 2751.281 12.496  0.091  2745.233 1.521 2750.540  0.419 0.510
News 100 5 3557.755 0.030 3557.754 0.069 3483.899  0.010  2861.836 0.300 3557.755 1.531 3557.755  3673.218 70.845 0.094  3679.519 1.126 3557.755  0.543 0.637
News 100 10 4549.526 0.061 4549.526 0.123 4523.123  0.009  3171.891 0.316 4549.527  700.000 4549.527  4727.807 114.517 0.090  4756.311 1.043 4549.527  0.511 0.601
News 100 20 5696.468 0.116 5696.469 0.229 5689.103  0.009  3674.691 0.336 5696.469  700.000 5696.469 5935.193 125.960 0.085  6050.354 1.011 5696.469  0.517 0.602
News 100 50 7017.849 0.266 7017.850 0.457 7015.768  0.010  4126.741 0.290 7017.851  700.000 7017.851 7147.107 148.708 0.095  7334.629 1.000 7017.103 0.587 0.682
News 100 100 7367.672 0.370 7367.672 0.373  7367.672 0.009 7367.672 0.316 7367.667 0.000 7367.672  7367.672 0.003 0.049  7367.672 0.755 7367.672  0.749 0.799
Eisen2 118 2 3.976 0.009 3.976 0.020 3.976 0.013 3.976 0.655 3.976 0.034 3.976 3.989 10.164  0.107 4.167 2.103 3.976 0.320 0.427
Eisen2 118 5 6.425 0.023 6.425 0.054 6.635 0.013 6.636 0.763 6.636 2.622 6.636 6.824 20.064  0.109 7117 1.892 6.541 0.404 0.512
Eisen2 118 10 11.412 0.048 11.718 0.196 11.715 0.014 11.718 0.835 11.718 315.274 11.441 11.844 26.214  0.108 11.970 1.432 11.718 0.385 0.492
Eisen2 118 20 19.323 0.100 19.323 0.220 19.312 0.014 19.323 1.058 19.323 700.000 19.323 19.597 38.332  0.106 19.559 1.155 19.323 0.439 0.544
Eisen2 118 50 26.035 0.257 26.035 0.515 26.025 0.014 26.031 1.883 26.035 700.000 25.831 26.280 145.161  0.109 27.083 1.003 26.035 0.575 0.684
Eisen2 118 100 27.573 0.451 27.573 0.674 27.573 0.014 27.573 2.250 27.573 700.000 27.471 27.597 172.536  0.060 27.679 0.821 27.573 0.749 0.810
CovColon 500 2 715.395 0.038 715.395 0.113 715.395 0.160 715.395 13.481 715.395 0.040 715.395 817.226 33.006 1.955 4628.146 13.003 715.395 0.553 2.508
CovColon 500 5 1646.454 0.096 1646.454 0.277 1646.412  0.163 1646.454 14.172 1646.454 0.172 1646.454  1664.632 78.784 2,132 5110.411 7.487 1646.454  0.639 2.771
CovColon 500 10 2641.229 0.181 2641.229 0.557 2640.302  0.166 2641.229 17.591 2641.229  700.000  2627.404 2735.330 156.236 1.878  5819.470  5.374 2641.229  0.667 2.545
CovColon 500 20 4255.287 0.398 4255.694 1.962 4253.598  0.166 4255.694  26.237 4255.694  700.000  4250.320 4420.541  149.264 2.052  7291.615 3.502 4254.765 0.693 2.745
CovColon 500 50 7977.493 1.138 7977.493 3.342 7977.381  0.166 7977.493  65.019 7977.493  700.000  7973.697 8232.498  273.509 1.881 12175.880 1.889 7976.408 0.803 2.683
CovColon 500 100 12307.385 3.010 12307.385 8.528 12307.080 0.163 12307.228 208.050 12307.385 700.003 12256.380 12511.080 446.110 1.957 16957.169 1.437 12307.385 1.125 3.081
LymphomaCov 500 2 2064.868 0.036 2064.868 0.119 2064.864 0.184 2064.868 15.086 2064.868 0.233 2064.868 2652.215 173.575 2.119 3223.160 10.030 2064.868  0.625 2.744
LymphomaCov 500 5 3782.621 0.094 3782.621 0.279 4297.340  0.180 4300.497  16.836 4300.497 40.169  4300.497 4375991 101.530 1.831  5080.984 4.933 4300.497  0.734 2.565
LymphomaCov 500 10 5911.412 0.189 5911.412 0.556 5909.077  0.191 6008.741  19.093 6008.741  700.000 6008.741 6857.551 163.512 1.797 6893.303  3.311 6008.317 0.769 2.566
LymphomaCov 500 20 9063.961 0.439 9082.158 2.449 8979.248  0.188  9063.961 24.743 9082.158 700.001 9082.158 9916.811 153.780 1.811 10077.055 2.276 9063.960 0.770 2.580
LymphomaCov 500 50 14546.930 1.471  14546.931 3.997 14388.111 0.186 14541.948 64.599 14546.931 700.002 13763.608 15338.658 241.648 2.139 15541.962 1.389 14546.931 0.916 3.055
LymphomaCov 500 100 19339.870 3.696 19339.870 9.875 19162.191 0.178 19253.991 210.344 19339.870 700.000 16668.065 19260.237 370.315 1.983 20941.087 1.129 19336.097  1.188 3.171
Reddit1500 1500 2 920.074 0.091 920.074 0.543 920.044 1.552  920.074  118.997 920.074 7.457 920.074 942.504 84.123 2474 978.858 1.201 920.074 2.951 5.424
Reddit1500 1500 5 980.974 0.269 980.974 1.499 979.129 1.478  980.974  125.956 980.974 700.010  980.974 1018.085  133.564 2.177  1080.998 1.105 980.974 3.740 5.917
Reddit1500 1500 10 1045.743 0.631 1045.743 3.056 1042.357  1.534  1044.777  126.630 1045.743 700.002 1045.743 1077.079 167.336 2.347  1146.300 1.061 1045.743  3.310 5.657
Reddit1500 1500 20 1105.286 1.463 1105.286 6.859 1103.282  1.552  1091.657 136.850 1105.286  700.007  1096.453 1132.024  231.820 5.545 1193.533 1.024 1105.068 5.627 11.172
Reddit1500 1500 50 1172.655 5.057 1172.655 24.446 1171.323 1.529  1130.934 181.040 1172.655 700.012  1151.347 1171.751  280.928 2.546  1230.595 1.007 1172.655  4.187 6.734
Reddit1500 1500 100 1200.142 13.617  1200.751 87.973 1200.435 1.586 1140.451 501.478 1200.751 700.012  1165.997 1187.112  297.662 2.345  1241.312 1.000 1200.663 5.527 7.871
Reddit2000 2000 2 1254.755 0.121 1254.755 0.863 1253.590  3.643 1254.755 257.563 1254.755 17.952  1254.755 1353.007 118.676 2.568  1352.753 1.526 1254.755 5.671 8.239
Reddit2000 2000 5 1397.358 0.463 1397.358 2.511 1369.780  3.753 1397.358 261.937 1397.358 700.008 1397.358 1543.256 134.227 2.903  1545.370 1.238 1397.358 6.195 9.099
Reddit2000 2000 10 1521.308 1.073 1521.308 5.237 1482.320  3.705  1504.450  265.079 1523.823  700.012 1523.823 1731.351 130.650 2.848 1733.370 1.130 1523.823 7.130 9.978
Reddit2000 2000 20 1670.471 2.738 1684.394 44.551  1666.240  3.617 1612.458 271.172 1684.395 700.012  1670.153 1961.127  164.186 2.723  2026.850 1.076 1684.394 6.459 9.182
Reddit2000 2000 50 2289.037 7.926 2322.820 94.621  2311.241  3.751 1967.200  331.002  2322.821  700.007  2218.043 2315.127  288.524 2.831  2502.577 1.016 2322.820 6.892 9.723
Reddit2000 2000 100 2544.370 19.426 2544.370 72.566  2536.516  3.685  1841.806 654.783  2544.371  700.007  2269.553 2338.926  349.681 2.898  2600.108 1.002 2543.924 9.057 11.955
Average 3230.839 1.601 3232.479 9.273 3228.698  0.820  3043.605 96.081 3247.551 453.322  3150.170 3373.851  143.690 1.443 4011.721 2.169 3246.916 2.058 3.501

are
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6 Proofs in Section 3

In this section, we present the proofs that we owe in Section

6.1 Proofs in Section [3.1]

In this section, we prove Theorems [T and 2] To do this, we need to introduce several new notation
and random events.
Firstly, we show that Algorithm [I]| produces a k-sparse vector with a high probability.

Proposition 10. Let S be the set in Algorithm[1l Define a random event
A= {|S] <k} (5)
Then, A holds true with probability at least 1 — exp{—ck} for some absolute constant ¢ > 0.

The proof of this property relies on the well-known multiplicative Chernoff bound:

Lemma 11 ([34], Theorem 4.4 and the remark after Corollary 4.6). Let X = S>>0 | X;, where X;’s
are independent Bernoulli (i.e., 0-1) random variables. Let L, be a number such that L, > EX.
Then, for any 6 > 0, we have
) Ly
e
P(X>(14+d0L,) <|———= .

Proof of Theorem[1(. We use Theorem [11]to prove this statement. It is equivalent to showing that
Z?Zl ¢; < k with probability at least 1 — exp{—ck} for some ¢ > 0, where ¢;’s are the Bernoulli
random variables in Algorithm Define L,, := 3/4-k, it is clear that E Zle €= Z;;i=1 pi < L. By
Theorem [11] we pick § := 1/3, and obtain the desired result with ¢ = —1/4 —log(3/4) > 0.037. [

Now, we are ready to prove Theorem

Proof of Theorem[1. Define i* := arg maX;e|(q) Ay, and it suffices to show that z' Az > Ajee =
| Al with high probability. Indeed, by Hélder’s inequality, for any feasible solution W to
SDP| we have tr(AW) < [|A| - W]y £ E||All,, = kAi=~, where the last equality follows from
the fact that for any i # j, one have Afj < A;iAj < max{Ay;, Ajj}2 due to A > 0.

It is clear that the probability of the index ¢* not being chosen in the support of a solution
z; obtained at the i-th iteration of Algorithm [2|is exactly P ({7* is not chosen in z;}) = 1 — p;=.
Therefore, the probability that the support of at least one feasible solution contains 7* is given by

N

1-P (ﬂ({z* is not chosen in z;} U {z; is not feasible})) >1—(1—pi)Y — (exp{—ck})V
i=1

>1—exp{—Npi} —exp{—ckN} >1-e —Nm —exp{—ckN}

2 Xp Pix Xp1—¢C Z Xp 12 tr(A) Xp1—¢

k
>1—exp {—N : 12d} — exp{—ckN},

where the first inequality follows from Theorem [L0] with the same ¢ > 0, and at the last equality
we use the fact that dA;«» > tr(A). O

To prove Theorem |2 we need an additional useful probabilistic property of the uniform random
vector g that we will be used in the proof.
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Proposition 12. Let g € R? be a random vector such that g; e Uniform(—+/3,v/3). Assume a
matrix W = 0, and denote U := VW, and let U = (uy,ug,...,uq). Define the random event as

follows:
[ul gl _
B:= max < Clogd 0
i€ld)luills>0 Jlugll;

Then, B holds true for some absolute constant C' > 0, with probability at least 1 — 2d~3.

Proof of Theorem[14. WLOG we assume that u; # 04 for every i € [d]. Since each g; is a bounded
random variable, we see that g; ~ SG(3), i.e., Eexp{tg;} < exp{3t2/2}. Moreover, as each g;
has i.i.d. entries, it is clear that u; g ~ SG(3 ||ui]|3), and hence by standard Chernoff bound (see,

e.g., Section 4.2 in [34]), for an arbitrary s > 0, P (Ju; g| > s) < 2exp {—52/(6 ||uz|]§)} By union
bound, for any ¢ > 0, we obtain that

d
|, t? t2
P P t] < 2 —— > =2d —— .
(iré?if uuzug Z Huzug Zt) =2 2ep g P16

Setting t := 2v/6+/Iog d concludes the proof. O

Now, we are ready to give a formal statement of Theorem

Theorem 13. Let the notation be the same as in Theorem@ but only assuming that A € R™*? s
symmetric with ||A|l, = 1. Denote random events A and B as defined in and (), respectively,

and denote ¢ > 0 and C > 0 the absolute constants in Theorem [10] and Theorem [I3, respectively.
1. Suppose that the input matriz A has non-negative diagonal entries, then one has

9 (S VE)

logd |1
C'log + 1k

E [zTAz].A N B} > {1 -0 <cll>] ()T Az* — e — e ck+2log (51)

2. Suppose, in addition, that the input matriz A is positive semidefinite, and that ck > 3log (d/k)+
loglogd. Then,

2
d *
9<Zi:1 Wu‘) - B 1 AT Ak
Clogd |1+ i E|z Az|ANB| > [1-0 log d (") Ax™ — €

It is clear that Theorem [I3]indeed implies Theorem [2] by setting R := ANB, and it is clear that
the probability that R occurs is lower bounded by 1 — exp{—ck} — 2d~2 by Theorems |10| and
We are now ready to prove Theorem

Proof of Theorem[13. In the proof, denote by VW* = (uy,us,...,ug). We first point out a fact
regarding Algorithm [I} After executing line 6, i.e., setting the set S to be the set {i € [d] : ¢; = 1},
if one draws a random vector g € R such that its entries are all i.i.d. Uniform in [—+/3, /3], and
defines a random vector z € R? such that z; = 0 for i € S¢, and x; = u; g/p; for i € S, then one
can see that z' Az > " Az/ ||z||5. Indeed, this is implied by the fact that Supp(z) C Supp(z), and
z is chosen to the vector with larger [SPCA] objective on line 9.
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The ideas behind the rest of the proof are as follows: The expected objective value x| Az is
greater or equal to tr(AW*). This, coupled with the facts that 2" Az > z " Az/ ||z|3, tr(AW?*) >
(z*)T Az* — ¢, and upper bound of tr(AW*), lead to approximation guarantees.

Expected value of 2" Az. Assuming that p; > 0 for all i € [d]. By definition,

d d uTg u; g
- A
z Axr = Z aisz-xj = Z aij . (Z . Ei> . ( €j>
ij=1 ij=1 pi pj

For i, j € [d] and 4 # j, it holds that Ex;z; = E(u; g)(u 9) = u, (Egg ) uj = u Iju; = u; uj, and

for i = j € [d], we have that Ez? = E(u; 9)%/p; = u; (Egg" )uz/pZ \|will3 /p;. Since U = VW, we
have that U2 =UTU =W, and hence W;; = uTuj Combmlng all above facts, we obtain that

d
13 1 *
Ea' Az = Z‘; luilly + > aguuy = tr (AW) + Z (p - 1) ai ||luil|3 > tr(AW™).

i=1 " 1<i#j<d t
In the case where there exist some p; = min{1,2/3 -k ||u;||, / ijl lujllo +1/12-kA;/ tr(A)} = 0,
it is clear that z; = 0 and Wi; = |Jug||3 = 0. W = 0 implies that W;; = W;; = 0 for all j € [d], and
thus Ex;z; = 0 = W, and thus ExT Az > tr(AW*) still holds.
Upper bound of tr(AW*). By law of total expectation, we obtain that

Ex' Az = P(A) -E [T AslA] + P(A) - E [z Az|A°]
< P(A) - E |27 Azl A] + exp{—ck} - | All, - E [+ ]A°]
—P(A)-E [JA:UM] +exp{—ck} -E [:vTx\AC]
It suffices to further upper bound P(A) - E [me].AC}. Again by law of total expectation, one has
P(A) - E [JA:C;A} —P(ANB)-E [xTAa:M N B] +P(ANBY)-E [g;TA:cyA n BC] (7)

We upper bound ||z]|3 conditioned on A N B first. Pick any = € A, define R := Supp(z) and
T :={i € R:p; =1}. Notice that w/W;; = |luil|, and p; > 2/3 - k HUiHQ/Z;'l:1 l|uilly, and thus

H HQ _ Z( T )2 + Z < Z i : . 2 (u;l—g)Q
x5 u; g (u; g 4k2 ZHU’ZHQ Z 2
=1

i€T iER\T pl i€T iER\T il
2 2
B
<> (Clogd) - ||uil3 + (Z Hu,\|2> k- Clogd < Clogd |14 - (Z HUZHQ)
1€S

Define 7 := / ||z||,. Hence, for the first term in (7)), it is clear that

9 (L )
Elz" Az|AN B = E[||z)|? 2" AZ|AN B] < C’logd(l + 0 )E [a?TAj\A N B} .
Next, we upper bound the second term in . By Theoremﬂ, 12| it is clear that P(B¢) < 2d~3, thus
c 2 * * c
P(ANBY)E [;JAme BC] <= [ TAz|ANB } & [(:c )T Az ] E [||a;\|§ IANB } .
Then, we give an upper bound for E [H:c||2 AN BC} . By writing down ||z|3 explicitly, and by the
fact that (u; g)? < ||ui||3|lgll5, we observe that

E|lel3lANB] <E | (w9 + 15 (Z” Jb) oy '9)°

ieT i€R\T || 1“2

AnB°
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AnB°

il llg I
<E | lluilzllgls + 5z (Zn Ab) > e

2 S il

2
. 27d
<E |9l + (Zuuzu) S gl jAns| <ad+ 15 (Zuuzuz) ,

t€R\T
where the last inequality follows from g; ~ Uniform(—+v/3,v/3) and hence |g||3 < 3d. Finally,
combining all bounds above, we obtain that P(A) - E [CCTAQS'|.A] is upper bounded by
4 ug)l,)? 27(°%  |will,)?
ClogdP(ANB)(1+ Q(ijuj“l”?) )BT Azl AN B] + (a*)T A (;’2 + 7@;;6';;””2) ).
Hence, we see that tr(AW*) is upper bounded by the sum of exp{—ck}E [z z|.4¢] and the above
quantity. We are now ready to show the two parts in the statement of Theorem [I3]
(Proof for part 1) We write 0 := exp{—ck + 2log 2d/k}. Direct calculation shows that

Blolala] =B | 3 (uizg)zei al <p| Y Wl el o g Bluig?

2
2:p; >0 ? 2:p; >0 pl 2:p; >0 pl

u] g)? u;
- Z E( 129) n Z E( 129) 1_}_@ <Z||ul||2>

ipi=1 Pi i:0<p;<1 i
By the definition of §, one obtains that exp{—ck}E [wT$|AC] < 4.
(Proof for part 2) For this part, we assume that A > 0. In this special case, we claim that
1 =4, < % - (2*) T Az*. This inequality holds true for the following reasoning:

o first, there exists a (d—1) x (d—1) principal submatrix A of A such that || A|, < al/(al—l)‘HfiH2

(for a reference, see, e.g., the arguments on page 189 in [25]);

e then, using the above fact repeatedly for the existence of a principal submatrix of size d —

4,

2,d—3...,k, one can obtain a principal submatrix A of size k such that ||Al|, < d/k -

Combining the above inequality and the inequality in the proof for part 1, one obtains that
exp{—ck}E [Jxvﬂ — exp{—ck)E [xTx\AC] 1AL

9d (<& 1 4 1
< _ . R . i *\ T * < X *\ T *
<explck)- |14 0 (}iﬂjnu@nQ) LA <0 () )T

where the last inequality comes from the assumption that ck > 3logd/k + loglogd. O

6.2 Proofs in Section [3.3

In this section, we prove Theorem [6] and Theorem [7] in Section [3.3] To prove them, we need several
technical lemmas. We first introduce the core lemma, Theorem which is derived directly from
the well-known KKT conditions [29].

Lemma 14. W* = w*(w*) " is an optimal solution to|[SPCA-SDH if the following conditions hold:
B1 (Primal feasibility) ||w*||; < Vk and |w*||y = 1;
B2 (Dual feasibility) p* > 0, A\* € R, Z* € [-1,1]"%¢ such that Z} = sign(wy) - sign(w}) if
wfw}‘ Z£0, and \*Ig = A — pu*7Z*;
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B3 (Complementary slackness) p*(||w*||; — Vk) =0, (NI — A+ p* Z*)w* = 0.
Moreover, if rank(A*I;— A+ p*U*) = d—1, then W* is the unique optimal solution to|SPCA-SDP,

Proof. Tt is clear that the dual problem to [SPCA-SDP)|is given by
min kp+ A st. >0, >0, U=A+S8— g, Ul < u,

and hence conditions [B . . and |B E B3| are clear from KKT conditions [29]. Fmally, if rank(A\* 1y —
A+ p*U*) = d — 1, we know that for any optimal solution Wy to it must hold that
rank(Wp) = d — rank()\*Id — A+ p*U*) = 1 since tr(Wo(A\*I; — A + ,u*U*)) = O. Due to the fact
that (AN Iy — A+ p*U*)w* = 0, we see that Wy must be equal to w*(w*) . O

We are now ready to prove Theorem [6]

Proof of Theorem [ WLOG, we assume that ||u|, = 1, as a scaling of A by a non-negative constant
would not change its optimal solution to [SPCA-SDP] Furthermore, we assume WLOG that A = 0,
as adding a scaling of an identity matrix to A would not change its optimal solution to[SPCA-SDP]
either. We complete the proof by utilizing Theorem

(Primal feastbility). For simplicity, we define to := min;cr |u;|, with T = Supp(u). Since ||ul|; >
Vk, it is clear that |T| > ||u]|? > k. We define a unit vector w(t) := (u—tsign(u))/ ||u — tsign(u)||, €
R? with ¢ € [0,0]. We claim that ||w(tp)|; < Vk. Indeed, the claim is equivalent to the quadratic
inequality |T|(|T|—k)t3—2 ||ul|, (|| —k)to+(|Jul|? — k) < 0, which is then implied by (). Therefore,
by the Intermediate Value Theorem, there exists t* € (0,%) such that ||w(t*)||; = Vk.

We thus define w* = w(t*), it is clear that ||w*|, = 1, |[w*||; = vk, and Supp(w*) = T.

(Dual feasibility). By the definition of w*, we see that sign(w*) = sign(u), and we obtain that

u = |lu—t*sign(u)||, w* + t*sign(w*) := aw™ + Bsign(w*),
where «, 8 > 0 by definition. We then define
A= |Ju — ¥ sign(u)||, (u' w*) = a(u’ w*) = a(a + SVE) > 0

. t*(uT’w*) B B(UTUJ*) B 5(044’5\/%)
W= NG = NG = NG > 0.

We further define Z* = sign(u)sign(u) ", and we show that
NIy = uu' — p*Z* <= NIy = uu' — p*sign(u) sign(u) .

For simplicity, define M := \*I; — uu' + p* sign(u)sign(u)". Since u € Span(w*,sign(w*)), it is
clear that for any non-zero vector v € Span(w*,sign(w*))*, v" Mv = \*|jv||3 > 0. Next, take any
non-zero vector v € Span(w*, sign(w*)), we also show that ’UTM’U > 0. First, we observe that

Muw* = N1y —uu' + p*sign(u) sign(u) Nw* = N w* — (v w*)u + p*VEksign(u) = 0,
where the last equality follows from the fact that v = aw* + Bsign(w*) = aw* + Bsign(u) and
how A\* and p* are defined. For simplicity, define s := sign(w*) = sign(u), and we notice that

sTMs=s" </\*Id —uu' + p* sign(u) sign(u)T> s = (N + w*|T)|T| = ||ull?
_ \/> ’ | 2112 _ \f 2 _ 2 _ O‘/B‘T| _
=a’+af k4 2 NG + BT — (avVk + B|IT))* = a“(|T| — k) + - (IT| — k) > 0.
Thus, for any v = aw* + bsign(w*), we see that v’ Mv = b? sign(w*) " M sign(w*) > 0.
Hence, we have shown that M > 0, with its smallest eigenvalue being zero, and a positive
second smallest eigenvalue. This implies that rank(M) =d — 1.

(Complementary slackness). The complementary slackness conditions follow from the fact that
|w*||, = vk and Mw* = 0. O

Before we jump in the proof of Theorem [7] let us explain the high-level ideas. To utilize
Theorem the key is to construct a feasible primal solution w* with great property. Since we
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are not able to present a closed-form solution of w*, we instead show that, such w* has a special
parameterized form w* = w*(\), where the only parameter is A € R. We show that there must
exists an interval I of A such that for some \* € I, w*(\*) satisfies primal feasibility. The interval
is given in Theorem Since we do not know what the exact value of w*, or equivalently, \*, we
additionally need in Assumption (1] helps keep the sign of w*(\) unchanged in that interval.

In the next lemma, we discuss the property of a special function:

Lemma 15. Under Assumption |1, consider the vector w(\) := (Ags — M|g)) " sign(v1), and

define the function R(X) := [[w(N)||; / [[w(N)|l5 for A € (A2, \1). Then, there exists a \* € [A1/(D+
4

1), A1) € (A2, A1) such that R(\*) = vk, where D = w as in Assumption . Moreover,

kzz 2 2
the constant 6 > 0 indeed exists for[A3 in Assumption[l], and we have that

2o 1—9) vl D+1
||51||1 > H (Ag,g — A* I|S|) sign(v; Hz > (1 =) [Joa]ly . _

VIS D

Proof. We first show that the function R()\) is continuous on the interval (A2, A1). Indeed, we see

that the matrix (Agg — A|g)) ™" ZZ 1% = viv; is continuous on the interval, and thus R(\).
To show the existence of A\*, we use the 1ntermediate value theorem for continuous function.

First, we observe that (Ag,s — M)~ *sign(vi) = Z‘S‘ M

v;. Since v{ sign(vy) = |lv1]l; >
VEk > 0, we see that when A\ — A;—, the vector is domlnated by |lvi]l; /(A1 — A) - v1, and hence
R(A) = [lvilly / llorlly = [Joally > VE.

Thus, to use intermediate value theorem, it suffices to find a A« € (A2, A1) such that R(\,) < Vk.

4
We take A\, = A1 /(D +1), where D is defined in Assumption |1} i.e., D = %. From
1=2 "1

it is clear that A. € (A2, A1). Along with [A2]in Assumption [I] we see that

S S ; s SIA =X
ROW) = Z' | |Iv1||1 1j T Zl |2 N a,\* i, lez‘1 ‘HU1||1ULJ' + ZL:'Q ,\1-—/\* Vi, j
* e

\/Z'S' (2 )2 \/Z'S 2 (3 i)

2
2 o 1§ 2|11} _ 2wy

< =
\/ZIS o A A* \/HU1H1 SIS o ( >2 \/@

To see the existence of § > 0 in Assumption l, we use the previous observation that R(\) is a
continuous function on the interval (Ag, )\1) and that R(\) — |jv1; > vk as A — A\;—. Then, we
give a lower bound for H(A&S — Al S‘) sign(vy H2 By Cauchy-Schwarz inequality and by

2
[(As,s — M)~ ' sign(v1)]], < [[(As,s — Ajs) ™ sign(v1)]], < o]l < 5 (el

2
A= A\*
Finally, by Cauchy-Schwarz inequality and again by [A2] we have that
(1-7) Hvllﬁ
\/\? VIST- (A
(L=} _ A= llli D+ 1

5]+ (A1 = As) VISIA D

H(A&S — AI\S|) Slgn (%1 H2 H ASS )‘I|S|)_1 Sign(vl)H >

Finally, we are ready to prove Theorem

Proof of Theorem[7. We complete the proof by utilizing Theorem

21



(Primal feasibility). We construct the vector w* as follows: first, let S be the set in As-
sumption (1} and let S¢ := [d]\S. We set the entries of w§. to be all zero, and choose w§ :=
(Ass — A*Ijg)) " *sign(v1)/ |(As,s — A g)t sign(vy)| ,» Where A\* is the one in Theorem By
Theorem it is clear that ||w*||, = |wk|, = 1, and [|w*|; = ||wi]|, = V&.

(Dual feasibility). We first set p* :=1/vVk- ||(As,s — A g)t sign(vl)||2 > 0. Then, with a bit
abuse of notation, we set \* to be exactly the one in Theorem

For Z*, we first make the following observation: implies that the sign of wg is exactly
the same as v, ie., sign(wg) = sign(vi). Therefore, we set Zg g := sign(wg) sign(wy)’ =

sign(vl)sign(vl)T. For the remaining (i,7) € [d] x [d], with i,j ¢ S, we set Z}; = A;;/p*. This

implies Z;; € [—1,1], as we can see in in Assumption |1, one has
a ax |A;;|, max |A;j] p < 0 ! *
max { max |A;;|, max |A;; < =pu*,
ies, | 1ijege Y 2VE o1} \[H (As,s = A*Ijg))~ " sign(vy Hz

jese
where the last inequality is from Theorem [15] We leave the proof of \*I; = A — u*Z* = 0 to the
last part in this proof.

(Complementary Slackness). It is clear that u*(|w*||; — v'k) = 0 holds as ||w*||, = Vk, and
hence we only need to show that (\*I; — A+ p*Z*)w* = 0. An observation is that the matrix
— A+ p*Z* have zero entries outside of the support S x S, and Supp(w*) = S, and thus we only need
to show that (A\*Ijg — Ag,s + p* sign(wy) sign(wy) " )w¥ = 0. This comes from a direct calculation
)T

that sign(w) Twk = ||wk|l, = vk, and from the definition of w} we see that

sign(wg)
Ags — N1 = k
(As,s s W = [(Ass — A1) sign(o)] — itV - sign(wh).

(Proof of \*I; = A — p*Z*). In this part, we show that \*I; = A — pu*Z*. Since \* > Xy > 0,
and the matrix —A + p*Z* have zero entries outside of the support S x S, it suffices to show that
N ljg) = As,s — p* sign(vr) sign(vr) "

Define the i-th largest eigenvalue of \*Ijg) — Ag s + p* sign(vy) sign(vy) " to be v;, and de-
fine the i-th largest eigenvalue of \*Ijg — Ags to be 7;. By the fact that (\Ijg — Ags +
p* sign(wy) sign(wk) ")
By Weyl’s inequality, it is clear that ‘V|5|,1 — ’y‘s‘,l‘ < Hu* sign(wg) sign(wi“g)TH2 = p* - k. Since
Y$]-1 = A* — A2 > 0, by Theorem and then by we see that

A VE
D+1 7?7

wg = 0, it is clear that v|g| = 0. Therefore, it suffices to show that v5_; > 0.

> —p k=X =X —pt k>
Vis|-1 Z Y8)-1 ©* 2 — 1 H As;s — Mg~ Lsign(v; H2

A k A k-|S
D+1 A=Al pt1  D+1 (1—7)||v1||1

IS A1 D

Finally, if the inequality in [AT|in Assumption [1]is strict, then we see that v|g_; > 0, and hence
the matrix \*I; — A 4+ p*U* has rank d — 1. Therefore, W* = w*(w*)" is the unique optimal
solution to SPCA-SDP} O
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7 Proofs in Section 4]

In this section, we present the proofs of Theorems [§] and [9] in Section [4]
We first provide the proof of Theorem [§] In order to do so, we need several propositions. The
first proposition characterizes how close W* is to the “sparse spike” in a deterministic model:

Proposition 16. Suppose the input matriz in|SPCA| can be written as A= BB+ E, where B' B
admits a k-sparse eigenvector v corresponding to its largest eigenvalue A1 (BT B), and E € R s
a matriz such that | E|| . < a. Assume that A\;(B' B) — XA2(B' B) > 0, and denote W* an optimal

solution to [SPCA-SDP. Then, we have

2ak 2ak
W = o0 g < —— ?

)\1—)\2+ A1 — A2

To prove Theorem we utilize the curvature lemma presented in [41]. This lemma helps
transoform the problem of bounding the Frobenius distance of W* and vv' into bounding the
difference of their objective values of [SPCA-SDP} which can be done at more ease.

Lemma 17 (Lemma 3.1 in [41]). Let B be a symmetric d X d matriz and P be the projection onto
the subspace spanned by the eigenvectors of B corresponding to its | largest eigenvalues Ay > Ao >

>N If 0 = N — M1 > 0, then for any symmetric matriz F satisfying 0 <X F < I; and
tr(F') =1, we have

2
1P = F7 < 5 tr(B(P — F)).

Remark. In Theorem suppose B admits a singular value decomposition B = Z 1 Aitu I
then the matriz P =Y "i_, u;u; .

Proof of Theorem[I6 In the proof, we will denote A\; := A\(BTB) and Ay := \o(B' B), i.e., the
largest and the second largest eigenvalue of BT B, respectively. By Theorem we obtain that

Jout =],

e 2 ps (BTBwT W) = — 2 s (A~ By —W)).

Since vv! is feasible to problem [SPCA-SDP| we have tr(AW*) > tr(Avv ). Combining this with
the above inequality, we see that
2a HUUT —

2 2|Ello
v el il G )| vl
. T A — Ny |: ' (UU ) A= - A1 — Ao
Let W&, be a matrlx such that it is zero out in (S, 5) block, and it commdes with the remaining

. < k, we obtain that

N

Jour =],

entries in W*. By Cauchy-Schwartz inequality and the fact that HW;C

HUUT —W* = vavg — W§5H1 + HWS*C . <k vavg — WS*SHF + k
Therefore, we see that
2ak 2ak
- Josed - wes]
H = N g 1780~ Wss| ot Xy

We conclude the proof by noticing that, for some non-negative number ¢ > 0, the quadratic
inequality 22 < cz + ¢ implies that = < (¢ + V2 +4c¢)/2 < c + /<. O

To apply Theorem [16] to Model [T}, we need the following high probability bound:
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Lemma 18. In Model[l], denote A1, A2 to be the largest and second largest eigenvalue of ¥, respec-
tively, and assume A1 — A2 > 0. Write

A=n3+ (BTB —nz) + (MTM+MTB+BTM) = n¥+ E. (8)
Then,
1 logd logd) b2 2 logd logd
rEHoosc*a?< —Ef, = >++. 002( osd | 8 >+maxzﬁ 9)
n n n n o n n n icld]

with probability at least 1 — O(d~10) for some absolute constant C > 0.

Proof. We first recall that each row of B has zero-mean and admits a covariance matrix 3 in
Model As every single entry of BT B is a summation of sub-Gaussian random variables with
parameter o2, then by Bernstein’s inequality (see, e.g., Theorem 2.8.1 in [40]) and an argument of
union bound, we obtain that

1 1 1
n o n

(10)

n

with probability at least 1—d ' for some absolute constant C' > 0. By Cauchy Schwartz inequality,
we also see that

|B78|| < UBlL o Ml S BIBIL, M TM| < IMIR, <8t ()
Then, notice that
1 1 @ logd logd
- HBH%—Q = max <BTB> < Co? ( 8e + %8 ) + max Y (12)
" €ld \n ii n n i€ld)

with probability at least 1 — d~10. Recall that we write
A=ns+ (BTB—n%)+ (M M+MTB+BM) =ns+E.
Combining , , , we see that

1 logd  logd) b 2 logd  logd
nHEHOOSC(rz< %Jrog >++- 002< R >+max2i¢.

n n o /n n n i€[d]

Next, we establish the following lemma, which transforms the upper bound of ||E|| /n studied
in Theorem |18 into a user-friendly bound:

Lemma 19. Define f := f(C,X,0,d,n) to be the RHS of @D Assume that A1 — Ao > 0. There

exists an absolute constant C* > 0 such that when
kK20*log d + b2k (02 + max ;) kb? ] . d}
()\1 — )\2)26L4 ()\1 — )\2)&2 )08 ’
one has f < (A — A\2) - a?/(8k) with probability at least 1 —d~'°. Moreover, if for 1 > 1, n >1-n*,
then f < (A — o) - a®/(8V1k) with probability at least 1 —d~'°.

n>n* = maX{C’*~

Proof. Since n > logd, one has 1 > \/% > %. By the fact that \/z+y < /& + /y for
non-negative scalars x,y, it suffices to show that
logd b 2b Al — A
2002284 17 4 2 (V2Co?+ [fmaxzs | < 2222 (13)
n n o \n icld] 8k
It is then clear that for some large C* > 0, holds true.
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Suppose, in addition, n > [ - n*, then by definition of f, it is also clear that
logd > 2b Al — A
200’2\/£+*+7‘ V2Co? + [maxyy; | < 22— 22 a2
n n o n i€[d] 8v/1k

Combining everything we have developed so far, we are ready to prove Theorem

Proof of Theorem[8 Define f(C,%,0,d,n) to be the RHS of (9). By Theorem [16]and Theorem [18]
we obtain that

2k 1 2k
* T < * T = \/ N E
[ = ooT|| <1 = ooTle < 2 B+ 3y s 1B
2kf(C’,E,U,d,n Qka'Eadn)
<
Al — Ao \F

holds with probability at least 1 — d—10,
Next, we show that there exists an absolute constant C* > 0 such that when

k2ot log d + b2k? (0% + i kb2 4
o~ log (0 max )+ —2,logd 7

>n* = c*.
n=n max { ()\1 — /\2)2(14 ()\1 — /\2)0,2

we have that

2kf(C,E,a,d,n)+i 2kf(C, %, 0,d,n) <aj
Al — A9 \/ﬁ A1 — Ag -2

Note that the above inequality is implied by the fact that

\/Zk:f(C,E,J,d,n) < —ﬁ+\/%+2a2 a?

A1 — A9 - 2 1
Then it is clear that when n > 4/(a?), one has that et > 5. Therefore, it suffices

/1942, 1 — 2a
n+2a+ﬁ

to show that for some n large enough

2kf(C, 2, 0,d,n) _ a 2kf(C,%,0,d,n) _ a> Al— A
< - = < — = < .
M-y 2 M- 4 fs—
which is then implied by Theorem O

Finally, we present the proof of Theorem [9] The high level idea in the proof is to make use of
the fact that W* is close to vv ! as developed in Theorem I and hence there is a simple way to
control the quality of the solution we obtained in our algorithm.

Proof of Theorem[9. In the proof, we will constantly use the following fact:

Fact 2. Suppose x € R? is a unit k-sparse vector, then for a d x d matriz E, one has ‘mTEaj‘ <
EIEl o

Fact [2| can be shown via Holder’s inequality and the fact that Hxa:—rHl |z < k|lz]3 = 1.
We write A =nX + (BTB —n¥) + (MTM +M"B + BTM) =:nX + . It is clear that

1 1 ! i
—(2")TAz* > max 'Sz — max 2’ (~E)r=M\— max 2 (~E)z>X\ -~ ||E|
n =1 =1’ \n all,=1"  \n O

lzllo<k lzllg<k l=llo<k
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where the first inequality uses the basic proposition of max function, and the second inequality

follows from Fact [2| Similarly, one can obtain that

1 b
~(@*) A" < M+~ | Bl (14)

We denote T the heuristic solutio% obtained via lines 1 - 2 in Algorithm By the definition
of z, and the fact that & shares the same support with v by Theorem [8 with high probability
by Theorem (8, one can see that 227 Az > LoTAv =0 Sv+LvTEv > A\ — % | E||,, where we use
Fact 2| in the last inequality. Summing everything up, we see that

)T Ae* —zTAz 1, . k 1 . k 2k
(@) < LaTar o PpEl, < Lo - a B e, < 2B
n n n n n n
(15)
Define € := 8\/%71. Next, we show that
)\1 — )\2 2 )\1 €
. < . . 16
8vV1k @ = k 24¢€ (16)

In fact, (16) is equivalent to 2(A; — Ap)a? < [8ﬂA1 — (A — M2)a?| e Since 0 < Ap — Ay < A,
2(A1 —A2)a? < 2)1
8VIM —(A1—A2)a? = 8VIAi—\1
Finally, combining , one obtains that with probability at least 1 — d =10,

a <1, we see that = € as desired.

2% k 1

1Bl < (M- 1Bl ) et @) (17)
where the first inequality is implied by Theorem (18], Theorem (19, and (16): < || |, < % a2 <
% * 3¢~ The desired approximation ratio is then given by and . O
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