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We consider a game-theoretic variant of maximizing a monotone increas-
ing, submodular function under a cardinality constraint. Initially, a solution
to this classical problem is determined. Subsequently, a predetermined num-
ber of elements from the ground set, not necessarily contained in the initial
solution, are deleted, potentially reducing the solution’s cardinality. If any
deleted elements were part of the initial solution, they are replaced with a
set of at most equal cardinality. The objective is to maximize the value of
the ultimate solution, with the deletion being maximally disadvantageous to
the ultimate solution.

When the submodular function is M♮-concave, we prove that a simple
greedy algorithm computes an optimal solution. When only one element
may be deleted, we propose a polynomial running time algorithm with an
approximation factor of at least 1

3 . When the number of deletions may be-
come as large as the cardinality parameter, we present a polynomial running
time algorithm that approximates an optimal ultimate solution in depen-
dence on the curvature of the submodular function. Furthermore, assuming
that the number of allowed deletions is upper bounded by a term of the or-
der of k

log2
2(k) , where k is the cardinality parameter, we adapt an algorithm

from Bogunovic et al. (2017) and show that its approximation factor is at
least 0.108.

Keywords : Recoverable robust optimization, submodular maximization, cardinality
constraint, approximation.

1. Introduction.
Submodular maximization is a fundamental problem in combinatorial optimization, en-
compassing a variety of classical problems such as graph cuts (see, e.g., Goemans and
Williamson 1995), facility location (see, e.g., Ageev and Sviridenko 1999; Cornuejols

1This article is an expanded version of Münch et al. (2025), including new results in Section 5, additional
explanations, and all proofs omitted in Münch et al. (2025).
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et al. 1977), generalized assignment (see, e.g., Feige and Vondrák 2006; Fleischer et al.
2006), and set cover (see, e.g., Krause et al. 2008; Feige 1998). In recent years, sub-
modular maximization has attracted growing attention due to its relevance in many
real-world applications of artificial intelligence, which can often be formulated as mono-
tone submodular maximization problems. These include core machine learning tasks
such as extractive document and image summarization (see, e.g., Lin and Bilmes 2011;
Tschiatschek et al. 2014) and data subset selection (see, e.g., Wei et al. 2015), as well as
broader AI-related optimization problems like sensor placement (see, e.g., Krause and
Guestrin 2007; Krause et al. 2008) and influence maximization in social networks (see,
e.g., Kempe et al. 2015).

Definition 1. In the following, let I be a finite set of cardinality n ∈ N and f : 2I → R≥0
be a submodular (f(X ∪ {i})− f(X) ≥ f(Y ∪ {i})− f(Y ) for X ⊆ Y ⊆ I, i ∈ I \ Y ),
monotone increasing (f(X) ≤ f(Y ) for any X ⊆ Y ⊆ I), and normalized (f(∅) =
0) function.

We encode the classic problem of maximizing a submodular function under a car-
dinality constraint, denoted as SMC, through instances (I, f, k), where I is a finite
set, f : 2I → R≥0 is a monotone increasing, normalized, submodular function, and
N>0 ∋ k ≤ |I| is the cardinality parameter. The objective is to solve

max{f(X) : |X| ≤ k, X ⊆ I}.

Definition 2. Let (I, f, k) be an instance of SMC. We call a set S ⊆ I with |S| ≤ k an
optimal solution to (I, f, k) if f(S) = max{f(X) : X ⊆ I, |X| ≤ k}, and denote some
arbitrary optimal solution of an instance (I, f, k) as Opt(I,f,k).

Recall that the approximation factor of an algorithm is the worst-case ratio between
the value obtained by an algorithm and the value of an optimal solution of a problem. For
SMC, a simple greedy algorithm, iteratively adding elements that maximize the marginal
gain of the objective function until the cardinality parameter is reached, achieves an
approximation factor of at least 1 − e−1 = 0.63 . . . , as shown by Nemhauser et al.
(1978).

However, in many applications of interest, robustness of the solution set against uncer-
tainties about the set of available elements, the cardinality constraint, or the objective
function is required, which cannot be guaranteed by the aforementioned greedy algo-
rithm.

Krause et al. (2008) introduced the following robust version (RSM) of SMC:

max
S⊆I

|S|≤k

min
D⊆S

|D|≤w

f(S \D).

The goal of RSM is to determine a solution to a given SMC-instance (I, f, k) such that,
after the deletion of at most w elements from the initial solution, the remaining set has
an objective function value as high as possible. Hence, an instance of RSM is defined
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by a tuple (I, f, k, w), where (I, f, k) is an SMC-instance and 1 ≤ w ≤ k is a deletion
parameter.

This paper considers a problem closely related to RSM: the recoverable robust submod-
ular maximization problem under a cardinality constraint with commitment (abbreviated
as RSMC).

Definition 3. An instance of RSMC is defined by a tuple (I, f, k, w), where (I, f, k) is
an SMC-instance and 1 ≤ w ≤ k is a deletion parameter.

For any RSMC-instance (I, f, k, w), the SMC-instance (I, f, k) is called the (unique)
underlying instance of (I, f, k, w). Conversely, for any SMC-instance (I, f, k) and
any 1 ≤ w ≤ k, we call any RSMC-instance (I, f, k, w) a robust variant of (I, f, k).

Given an RSMC-instance, a solution to the underlying SMC-instance is computed.
Next, a predetermined number of elements, less than or equal to the deletion parameter,
is deleted from the ground set. Deleted elements that were part of the computed solution
to SMC may be replaced by non-deleted elements.

The deletion is assumed to be adversarial; thus, it is chosen to minimize the value of
our solution after deletion and replacement.

In contrast, our goal is to select both the initial solution and the replacement elements
to maximize the value of the resulting ultimate set; thus, to choose S ⊆ I with |S| ≤ k,
and, after the adversarial choice of D ⊆ I with |D| ≤ w, to choose R ⊆ I \ (S ∪D) with
|R| ≤ |S ∩D| such that f((S \D) ∪R) approximates

max
X⊆I

|X|≤k

min
Y ⊆I

|Y |≤w

max
E⊆I\(X∪Y )
|E|≤|X∩Y |

f((X \ Y ) ∪ E). (1)

In the following, we assume f(i) > 0 for all i ∈ I. This assumption is without loss of
generality since omitting any chosen element i with f(i) = 0 cannot worsen the choice
of the selecting party, either the adversary or us.

Definition 4. Let (I, f, k, w) be an RSMC-instance. We call any set S ⊆ I with |S| ≤ k
an initial solution to RSMC, and any set D ⊆ I with |D| ≤ w a deletion set. For an
initial solution S and a deletion set D, a set R(S, D) ⊆ I\(S∪D) with |R(S, D)| ≤ |S∩D|
is called a second-stage solution of S and D. We call (S, D, R(S, D)) a solution
tuple, and (S \D) ∪R(S, D) the corresponding ultimate solution.

Given an arbitrary solution tuple (S, D, R(S, D)), we call R(S,D) an optimal second-
stage solution to (S, D) if R(S, D) ∈ arg max E⊆I\(S∪D),|E|≤|S∩D| f((S \D) ∪ E).

A solution tuple (S, D, R(S, D)) and its corresponding ultimate solution (S \ D) ∪
R(S, D) are called optimal if f((S\D)∪R(S, D)) attains the value of (1), which we refer
to as f(Opt(I,f,k,w)), and if D is a minimizer of the ultimate solution given S and an op-
timal second-stage solution; that is, D ∈ arg min Y ⊆I,|Y |≤w maxE⊆I\(S∪Y ),|E|≤|S∩D| f((S\
Y ) ∪ E).

For an optimal solution tuple (S, D, R(S, D)), we call S an optimal initial solution.
When the initial solution S and the deletion set D are clear from the context, we

simplify the notation by writing (S, D, R) for (S, D, R(S, D)).
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We aim to develop a polynomial-time algorithm that, given an instance of RSMC,
computes an initial solution and, based on this initial solution and a given deletion
set, determines a second-stage solution such that the corresponding ultimate solution
approximates an optimal ultimate solution within a constant factor.

Definition 5. Let A be an algorithm that computes for any RSMC-instance (I, f, k, w)
an initial solution S, and, given S and an arbitrary but fixed deletion set D, a second
stage solution R. Then, the approximation factor of A is defined as

min
RSMC-instance (I,f,k,w),

f(Opt(I,f,k,w))>0,
D⊆I, |D|≤w

f((S \D) ∪R)
f(Opt(I,f,k,w))

.

Notice that the approximation factor of an algorithm A that returns an initial solution
and, given this initial solution and a deletion set, a second-stage solution is well-defined,
since division by zero is excluded.

1.1. Results.
First, we consider a setting where polynomial-time algorithms can return optimal solu-
tions: For instances (I, f, k, w) with M♮-concave objective functions, an important natu-
ral subset of submodular functions, we show that the initial and second-stage solution of
an optimal solution tuple can be computed in polynomial time, by the greedy algorithm
analyzed by Nemhauser et al. (1978). This generalizes a result by Hommelsheim et al.
(2023), which focuses on the special case that the M♮-concave function is additionally
the rank function of some matroid.

Next, we examine the special case where the deletion parameter equals one. In this
case, we present a polynomial-time algorithm with a constant approximation factor,
lying within the interval

[
1
3 , 1−e−1

2−e−1

]
.

Subsequently, we address the general problem and provide a polynomial-time algo-
rithm that achieves an approximation guarantee depending on the curvature of the
objective function for any RSMC-instance.

Finally, for RSMC-instances (I, f, k, w) with w ≤ k
12(⌈log2( k

12 )⌉2+5⌈log2( k
12 )⌉) , based on

the results of Bogunovic et al. (2017), we present a polynomial running time algorithm
that achieves an approximation factor of at least 0.108. As a byproduct of this result,
we demonstrate a new approximation result for RSM. Specifically, we show that this
algorithm achieves, for RSM-instances (I, f, k, w) that satisfy the same condition on the
number of allowed deletions w, an approximation factor of at least 0.172.

1.2. Related work.
Liebchen et al. (2009) introduced the concept of recoverable robust optimization in the
context of timetabling and linear programming for rail optimization. In this framework,
the goal is to determine, given an optimization problem with an uncertainty set and a
limited set of recovery actions, a feasible solution to the initial optimization problem
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that can be transformed into a feasible solution in each scenario realization through a
recovery action, such that the objective value of the new solution is maximized. For many
classical combinatorial problems like shortest path (see, e.g., Büsing 2011; Jackiewicz
et al. 2024), knapsack (see, e.g., Büsing et al. 2011b; Büsing et al. 2011a; Büsing et
al. 2019), spanning tree (see, e.g., Hradovich et al. 2017a; Hradovich et al. 2017b) and
matching (see, e.g., Dourado et al. 2015) complexity has been studied in this framework.
For some classical optimization problems, adapted to recoverable robust optimization,
even approximation results have been achieved (see, e.g., Lachmann et al. 2021; Goerigk
et al. 2022; Bold and Goerigk 2022).

A special case of recoverable robust optimization, called recoverable robust optimiza-
tion with commitment, was studied by Hommelsheim et al. (2023). In this special case,
first a feasible solution to an underlying optimization problem defined on a finite ground
set of elements is determined. Subsequently, some elements from the ground set are
deleted. Then, as a recovery action, it is allowed to add new elements to the remaining
initial solution, ensuring that the new solution remains feasible and that all elements
from the initial solution that were not deleted remain part of the solution (we commit
to the initial solution, or to what remains of it). The objective is to identify an ini-
tial solution to the underlying optimization problem, as well as a set of elements to be
added post-deletion, to maximize the quality of the resulting solution. Hommelsheim
et al. (2023) presented complexity results for several optimization problems adapted to
this model. In addition, they showed that an optimal initial solution to the recoverable
robust matroid base problem with commitment can be computed by a simple greedy
algorithm.

As already mentioned, RSM, a robust version of SMC, was introduced by Krause et al.
(2008). Orlin et al. (2018) presented an asymptotic constant factor approximation for
RSM (with the cardinality parameter growing towards infinity), under the assumption
that the number of deletions grows asymptotically as the square root of the cardinality
parameter. This result was generalized by Bogunovic et al. (2017) to the assumption that
the number of deletions grows asymptotically as the ratio of the cardinality parameter
to the cube of its logarithm. RSMC, the problem considered in this paper, is closely
related to RSM and a special case of recoverable robust optimization with commitment.

1.3. Brief outline.
In Section 2, we recall the classical greedy algorithm for SMC that starts with an empty
solution set and adds iteratively elements according to their marginal gain to the so-
lution set until the cardinality of the solution set matches the cardinality constraint.
Furthermore, the connections between optimal solutions to SMC and both the optimal
initial and optimal ultimate solutions to RSMC are studied.

In Section 3 and Section 4, we examine special cases of RSMC. Section 3 focuses on
RSMC-instances with M♮-concave objective functions, and Section 4 addresses instances
where at most one deletion (w = 1) is allowed.

In Section 5, we consider instances where (almost) arbitrarily many deletions are
allowed. All omitted proofs are deferred to the Appendix.
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2. Maximizing a submodular function under a cardinality
constraint.

Before addressing RSMC, we consider the simpler problem of maximizing a submodu-
lar function under a cardinality constraint. We recall the classic greedy algorithm for
this fundamental problem and provide additional insights that will serve as a basis for
addressing the more complex problem of RSMC.

2.1. A greedy algorithm for SMC.
We start by recalling a simple greedy algorithm that gradually chooses the next element
according to maximal marginal gain until the cardinality constraint is reached, first
analyzed by Nemhauser et al. (1978). To convert this greedy algorithm into a deter-
ministic algorithm, we fix an arbitrary tie-breaking rule for comparing elements by their
marginal gain, usually by choosing a permutation. Furthermore, we fix some notation
for the marginal gains of elements and sets.

Definition 6. Let I be a finite set and f : 2I → R. For any X, Y ⊆ I, we define the
marginal gain of Y to X by f(Y |X) := f(Y ∪X) − f(X). If Y = {i} for some i ∈ I,
we write f(i|X) for short.

Algorithm 1:
Input: An instance (I, f, k) of SMC.
Output: Approximately optimal solution.

1 Set S ← ∅
2 while |S| ≤ k do
3 Choose i∗ ∈ arg max {f(i|S) : i ∈ I \ S} with tie-breaking according to a fixed

rule
4 Set S ← S ∪ {i∗}
5 return S

For our analysis, it is useful to consider the elements of the set S, returned by Algo-
rithm 1, in the order they were added to S. Thus, we assume that iteratively constructed
sets are ordered according to the insertion order of all contained elements.

Definition 7. Let (I, f, k) be an SMC-instance, and let S ⊆ I be any set constructed
by iteratively adding elements, starting with S = ∅, e.g., the set constructed in Line 4
of Algorithm 1. In the following, we assume that S is ordered according to the insertion
order of the elements, and for any 1 ≤ i ≤ |S|, we denote by Si the element added to S
in the i-th iteration.

We present some auxiliary results concerning the approximation guarantees of Algo-
rithm 1. These will assist in analyzing the algorithms to determine initial and second-
stage solutions to RSMC.

We recall the worst-case performance of Algorithm 1.
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Proposition 1. (Nemhauser et al. 1978, Theorem 4.1) For any SMC-instance (I, f, k),
Algorithm 1 returns a set S with |S| ≤ k such that f(S)

f(Opt(I,f,k)) ≥ 1− e−1 = 0.63 . . . .

We show that if the value of the element chosen in the first iteration of the while loop
in Line 2 of Algorithm 1 is greater than or equal to half the value of the set S returned
by Algorithm 1, then f(S) approximates the value of an optimal solution by at least 2

3 .

Lemma 1. Let (I, f, k) be an SMC-instance. Let S be the set resulting from Algorithm 1
with f(S1) ≥ f(S)

2 . Then, we have

f(S) ≥ 2
3f(Opt(I,f,k)).

Proof. By submodularity of f , we have

f(Opt(I,f,k)) ≤ f({S1, . . . , Sk−1}) +
∑

e∈Opt(I,f,k) \{S1,...,Sk−1}

f(e|{S1, . . . , Sk−1})

≤
Line 3 of Alg. 1

f({S1, . . . , Sk−1}) +
∑

e∈Opt(I,f,k) \{S1,...,Sk−1}

f(Sk|{S1, . . . , Sk−1})

≤ f({S1, . . . , Sk−1}) + kf(Sk|{S1, . . . , Sk−1})
= f(S) + (k − 1)f(Sk|{S1, . . . , Sk−1}. (2)

Furthermore, submodularity and Line 3 of Algorithm 1 imply

f(Sk|{S1, . . . , Sk−1}) ≤
f(S)− f(S1)

k − 1 . (3)

By adding (k − 1) times Inequality (3) to Inequality (2), we obtain f(Opt(I,f,k)) ≤
2f(S)− f(S1). Since f(S1) ≥ f(S)

2 , it immediately follows that f(Opt(I,f,k)) ≤ 3
2f(S).

We require a classical result by Wolsey (1982) that relates the value of the set returned
by Algorithm 1 for an SMC-instance to the optimal solution value of an SMC-instance
with the same ground set and objective function, but with a greater cardinality param-
eter.

Lemma 2. (Wolsey 1982, Theorem 2) Let (I, f, k) be an SMC-instance and S be the
set returned by Algorithm 1. Then, f(S) ≥ (1− e

− k
p )f(Opt(I,f,p)) for any p ≥ k.

2.2. Connections between optimal solutions to SMC and RSMC.
We analyze the relationship between optimal solutions to SMC and both the optimal
initial and optimal ultimate solutions to RSMC. Note that any solution to an SMC-
instance can serve as an initial solution to a robust variant of that instance. However, an
optimal solution to SMC is not necessarily an optimal initial solution to a corresponding
robust variant.
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To provide an example of an initial SMC-solution (together with a deletion set and
an optimal second-stage solution) that yields an ultimate solution arbitrarily worse than
an optimal ultimate solution, we consider coverage functions, a subset of submodular
functions.

Definition 8. Let E1, . . . , En be a collection of subsets of a finite ground set E. Then,
f : 2{1,...,n} → R≥0, X 7→ |

⋃
i∈X Ei| is called coverage function.

Lemma 3. Coverage functions are normalized, monotone increasing, and submodular.

The following example exhibits an RSMC-instance, in which the submodular function
is coverage. It demonstrates that for some optimal solution of the underlying SMC-
instance as the initial solution, the resulting ultimate solution to the original problem
may be arbitrarily worse than the optimal ultimate solution.

Example 1. For n ∈ N, let E = {1, . . . , n2 + n− 1}, and let E1, . . . , E2n be a collection
of subsets of E with

Ei :=


{(i− 1)n + 1, . . . , in} if i ∈ {1, . . . , n},
{n2 + i− n} if i ∈ {n + 1, . . . , 2n− 1},
{1, . . . , n2} if i = 2n.

Let fn : 2{1,...,2n} → R≥0, X 7→ |
⋃

i∈X Ei|. Then, fn is a coverage function and hence
submodular.

E1 1, 2, 3, 4, 5 E6 26

E2 6, 7, 8, 9, 10 E7 27

E3 11, 12, 13, 14, 15 E8 28

E4 16, 17, 18, 19, 20 E9 29

E5 21, 22, 23, 24, 25

E10

Figure 1: Graphical representation of E1, . . . , E2n for n = 5. Notice that the minimal
sets of value 29 are {1, 2, . . . , 9} and {6, 7, . . . , 10}, but only the latter one has
cardinality 5.

For n ∈ N, consider the RSMC-instance ({1, . . . , 2n}, fn, n, 1), with underlying SMC-
instance ({1, . . . , 2n}, fn, n). The set S = {n + 1, . . . , 2n} is an optimal solution to the
SMC-instance (I, fn, n), because fn(S) = |

⋃
i∈S Ei| = |{1, . . . , n2, n2 + 1, . . . , n2 + n −

1}| = n2 + n− 1 = f(E), and (S, {2n}, {1}) is a solution tuple of ({1, . . . , 2n}, fn, n, 1),
where {1} is an optimal second-stage solution to the initial solution S and the deletion
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set {2n}. However, the ultimate solution corresponding to (S, {2n}, {1}) is arbitrarily
worse than an optimal ultimate solution since

lim
n→∞

fn((S \ {2n}) ∪ {1})
fn(({1, . . . , n} \ {n}) ∪ {2n}) = lim

n→∞
2n− 1

n2 = 0.

Although an optimal solution to an SMC-instance is generally not an optimal initial
solution of some robust variant, its function value provides a trivial upper bound for
the function value of an optimal ultimate solution of any robust variant. To provide a
possibly stronger upper bound, we define:

Definition 9. For any SMC-instance (I, f, k) and T ⊆ I, we define the restriction of
(I, f, k) to T as (I, f, k)|T := (T, f |2T , k).

The optimal ultimate solution value of an RSMC-instance (I, f, k, w) is at most the
minimum optimal solution value, taken over all subsets Z ⊆ I with |Z| ≤ w, of the
restricted SMC-instances (I, f, k)|I\Z .

Theorem 1. Let (I, f, k, w) be an RSMC-instance and (X, D, R) be an optimal so-
lution tuple to it. Further, let Z ∈ arg min Y ⊆I,|Y |≤w maxE⊆I\Y,|E|≤k f(E), and let
T ∈ arg max E⊆I\Z,|E|≤k f(E). Then,

f(T ) ≥ f((X \D) ∪R).

Proof. By the definitions of T and Z, we have

f(T ) = max
E⊆I\Z,|E|≤k

f(E) ≥ max
E⊆I\(Z∪X),|E|≤|X∩Z|

f((X \ Z) ∪ E)

≥ min
Y ⊆I,|Y |≤w

max
E⊆I\(Y ∪X),|E|≤|X∩Y |

f((X \ Y ) ∪ E) = f((X \D) ∪R).

Notice that Theorem 1 implies that for any RSMC-instance (I, f, k, w) and any Z ⊆ I
with |Z| ≤ w the function value of the set returned by Algorithm 1 applied to (I, f, k)|I\Z

approximates the value of an optimal ultimate solution to (I, f, k, w) by at least 1−e−1.

3. RSMC with M♮-concave objective functions.
Before considering RSMC-instances with general monotone increasing submodular ob-
jective functions, we focus on the special case where the objective function is M♮-concave.

The following definition of M♮-concavity is due to Murota and Shioura (2018), and is
much more convenient than the equivalent original definition by Murota (2003).

Definition 10. Let I be a finite set and f : 2I → R. Then, f is called M♮-concave if
for all S, T ⊆ I with |S| < |T |, we have

f(S) + f(T ) ≤ max
t∈T \S

{f(S ∪ {t}) + f(T \ {t})} .
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From Definition 10, one can directly observe that the rank functions of matroids form
a subset of M♮-concave functions.

For RSMC-instances with an M♮-concave objective function, we demonstrate that
any optimal solution to the underlying SMC-instance is an optimal initial solution.
Additionally, we show that an optimal second-stage solution, given an initial solution
and a deletion set, can be computed in polynomial running time.

Theorem 2. Let (I, f, k, w) be an RSMC-instance with f : 2I → R≥0 an M♮-concave
function. Then, for any optimal solution S to the SMC-instance (I, f, k), there exist D
and R such that (S, D, R) is optimal for (I, f, k, w). Furthermore, for any given D, the
optimal second-stage solution R can be computed in polynomial running time.

To prove Theorem 2, we first demonstrate that Algorithm 1 returns an optimal solution
for every SMC-instance with an M♮-concave objective function.

Lemma 4. For any SMC-instance (I, f, k) with f M♮-concave, Algorithm 1 returns an
optimal solution.

Proof. By Bing et al. (2004, Theorem 2), f̃ : 2I → R≥0, S 7→ maxT ⊆S,|T |≤k f(T ) is
M♮-concave. Furthermore, by Paes Leme (2017, Theorem 3.2), the slight variation of
Algorithm 1, which iteratively adds elements maximizing the marginal gain until there
are no more elements with a positive marginal gain left, always computes for M♮-concave
functions an optimal solution. Notice that this version of Algorithm 1 applied to I and
f̃ adds at most k elements according to their marginal gain. Therefore, the set returned
by this version of Algorithm 1 equals the set returned by Algorithm 1 applied to (I, f, k).
Hence, Algorithm 1 is exact.

The following lemma is equivalent to (Murota 2018, Theorem 2.3), where the term
’valuated matroid’ is used to denote the restriction of an M♮-concave function to all sets
of a fixed cardinality.

Lemma 5. (Murota 2018, Theorem 2.3.) Let f : 2I → R be an M♮-concave function.
Then, for any S, T ⊆ I with |S| = |T | and any D ⊆ S \ T , there exists R ⊆ T \ S,
|R| = |D| such that

f(S) + f(T ) ≤ f((S \D) ∪R) + f((T \R) ∪D).

We are ready to prove Theorem 2.

Proof of Theorem 2. Let S be an optimal solution to the SMC-instance (I, f, k) and let
D be a deletion set. Further, let DS = D ∩ S, and let T be an optimal solution to the
SMC-instance (I, f, k)|I\D. By Lemma 5, there exists a set R ⊆ T \ S with |R| = |DS |
such that

f(S) + f(T ) ≤ f((S \DS) ∪R) + f((T \R) ∪DS). (4)

By optimality of S and T , we have

f((S \DS) ∪R) ≤ f(T ) and f((T \R) ∪DS) ≤ f(S). (5)
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Then, Inequalities (4) and (5), and optimality of S and T imply f((S \DS)∪R) = f(T )
(and f((T \ R) ∪ DS) = f(S)), and therefore, by Theorem 1, (S, D, R) is an optimal
solution tuple.

It remains to show that R can be determined in polynomial running time. Define
f̃ : 2I\(S∪D) → R≥0, X 7→ f((S \D)∪X). Then f̃ is M♮-concave, since f is M♮-concave.
Let R be the set returned by Algorithm 1 applied to (I \ (S ∪D), f̃ , |S ∩D|). Then, R
is computed in polynomial running time, and by Lemma 4, we have

R ∈ arg max
E⊆I\(S∪D), |E|≤|S∩D|

f̃(E) = arg max
E⊆I\(S∪D), |E|≤|S∩D|

f((S \D) ∪ E).

Notice that, by Lemma 4 and Theorem 2, for any RSMC-instance with an M♮-concave
objective function, the initial solution and the second-stage solution of an optimal solu-
tion tuple can be determined in polynomial running time by using Algorithm 1.

4. RSMC with at most one deletion.
In this section, we focus on instances (I, f, k, 1) of RSMC. As in Section 3, the output
of Algorithm 1 for the underlying SMC-instance (I, f, k) is a natural candidate for an
initial solution.

Recall that, as shown by Example 1, there exist SMC-instances (I, f, k) with f being
a non-M♮-concave function, such that any optimal solution to (I, f, k), when used as
an initial solution to the RSMC-instance (I, f, k, 1), yields an arbitrarily bad ultimate
solution. In particular, this may occur when a single element of the optimal solution to
SMC contributes the majority of the total value to that solution and, in addition, there
does not exist a sufficiently valuable replacement element for it.

The following polynomial-time approximation algorithm avoids this trap by construct-
ing an initial solution such that, for any single element of this kind it contains, either a
suitable replacement element exists, which is then returned as the second-stage solution,
or the remaining initial solution still retains a sufficiently large value after the element
is deleted.
Algorithm 2:
Input: An instance (I, f, k, 1) of RSMC.
Output: Initial solution S and second-stage solution R.

1 Let G be the result of Algorithm 1 applied to (I, f, k)
2 if f(G1) ≤ f(G)

2 then
3 Set S ← G and R← ∅
4 else
5 Let H be the result of Algorithm 1 applied to (I, f, k)|I\{G1}
6 Set S ← {H1, . . . , Hk−1} ∪ {G1} and R← {Hk}
7 return S, R

Assume that G1, the first element added by Algorithm 1 to the set G in Line 1
of Algorithm 2, contributes less than or equal to half of the total value of G. Then,
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Algorithm 2 returns G as an initial solution to the RSMC-instance (I, f, k, 1), since even
if the adversary deletes the most valuable element G1, the remaining initial solution
maintains more than half of G’s value.

In the case where G1 is more valuable than half the value of G, Algorithm 2 applies
Algorithm 1 to a restriction of the original instance to obtain the set H that is, by itself
(in the absence of G1), a good approximation of an optimal ultimate solution to the
RSMC-instance.

Notice that the second-stage solution returned by Algorithm 2 is independent of the
deletion set chosen by an adversary; it solely depends on the initial solution.

We provide an approximation factor of at least 1
3 for Algorithm 2.

Theorem 3. Algorithm 2 has an approximation factor of at least 1
3 .

Proof. Let (I, f, k, 1) be an RSMC-instance and let G be the set returned by Algorithm 1
applied to (I, f, k) in Line 1 of Algorithm 2.

Case 1: Assume that Algorithm 2 sets S = G and R = ∅ in Line 3, and returns these
sets in Line 7. Further, let D with |D| = 1 be an arbitrary deletion set.
Since Algorithm 1 starts with the empty set and chooses an element with max-
imum relative gain in every iteration of the while loop, it chooses an element
with maximum function value in the first iteration. Hence, f(G1) ≥ f(Gi) and
f(G \ {Gi}) ≥ f(G) − f(G1) for all Gi ∈ G, which directly implies f(S \D) ≥
f(G)− f(G1).
From the proof of Lemma 1, we have f(Opt(I,f,k)) ≤ 2f(G)− f(G1).
Then,

f((S \D) ∪R)
f(Opt(I,f,k,1))

≥ f(S \D)
f(Opt(I,f,k))

≥ f(G)− f(G1)
2f(G)−f(G1) = 1− f(G)

2f(G)− f(G1) ≥
1
3 ,

where the last inequality follows by f(G1) ≤ f(G)
2 .

Case 2: Let H be the set returned by Algorithm 1 applied to (I, f, k)|I\{G1} in Line 5
of Algorithm 2, and assume that Algorithm 2 sets S = {H1, . . . , Hk−1} ∪ {G1}
and R = {Hk} in Line 6 and returns these sets in Line 7.

By Line 3 of Algorithm 2, we have f(G1) > f(G)
2 , and by Lemma 1, we have, for

all h ∈ {H1, . . . , Hk−1}, that

f(S \ {h}) ≥ f(G1) >
f(G)

2 ≥ 1
3f(Opt(I,f,k)) ≥ 1

3f(Opt(I,f,k,1)). (6)

Furthermore, it follows, by Proposition 1 and Theorem 1, that

f((S \ {G1}) ∪R) = f(H) ≥ (1− e−1)f(Opt(I,f,k)|I\{G1})
≥ (1− e−1)f(Opt(I,f,k,1)). (7)

From (6) and (7), it follows for arbitrary deletion sets D with |D| = 1 that
f((S \D) ∪R) ≥ 1

3f(Opt(I,f,k,1)).
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Additionally to Theorem 3, we provide an example demonstrating that the approxi-
mation factor of Algorithm 2 is upper bounded by 1−e−1

2−e−1 = 0.387 . . . in the Appendix.
Furthermore, we show that this is the best possible approximation factor achievable
when the initial solution is constructed the same way as in Algorithm 2.

5. RSMC with more than one deletion.
Next, we examine RSMC-instances that allow for more than one deletion. Recall that
our goal is to construct, for any RSMC-instance, an ultimate solution approximating an
optimal ultimate solution by a constant factor in polynomial time. To achieve this, we
first aim to determine (given an RSMC-instance (I, f, k, w), an initial solution S, and a
deletion set D) a second-stage solution in polynomial time, such that the resulting ulti-
mate solution approximates an optimal ultimate solution by a factor depending only on
the number of elements deleted from the initial solution S and the cardinality parameter
k. A trivial approach to compute a second-stage solution in polynomial running time is
to apply Algorithm 1 to the SMC-instance (I, f, |S∩D|)|I\D and setting the second-stage
solution to the difference of the returned set and S. This approach returns, for any initial
solution and any deletion set, in polynomial running time a second-stage solution such
that the corresponding ultimate solution approximates an optimal ultimate solution by
a factor depending on the ratio |S∩D|

k .

Theorem 4. Let (I, f, k, w) be an RSMC-instance and (S, D, R) be a solution tuple of
(I, f, k, w), where R := T \S with T being the set returned by Algorithm 1 applied to the
SMC-instance (I, f, |S ∩D|)|I\D. Then,

f((S \D) ∪R) ≥ (1− e− |S∩D|
k )f(Opt(I,f,k,w)).

Proof. By Lemma 2 and Theorem 1, we have

f((S \D) ∪R) ≥ f(T ) ≥ (1− e− |S∩D|
k )f(Opt(I,f,k)|I\D ) ≥ (1− e− |S∩D|

k )f(Opt(I,f,k,w)).

The lower bound shown in Theorem 4 can become arbitrarily bad if the number of
elements deleted from the initial solution is small, relative to the cardinality parameter.
Thus, relying solely on the value of an optimal solution to the instance (I, f, |S∩D|)|I\D

of SMC is insufficient to guarantee a good approximation of an optimal ultimate solution;
the elements remaining in the initial solution must generally hold significant value.

5.1. A curvature depending approximation algorithm.
To obtain an approximation algorithm for general RSMC-instances, an intuitive ap-
proach is to adapt Algorithm 2, which was originally developed for RSMC-instances
(I, f, k, 1), to handle arbitrary instances of RSMC. Thus, we consider a natural exten-
sion of Algorithm 2 to construct an initial solution to any RSMC-instance (I, f, k, w) and
combine it with the previously described method for determining second-stage solutions.
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Algorithm 3 consists of two phases. In the first phase, Algorithm 3 determines an
initial solution to an RSMC-instance, quite similar to Algorithm 2. In the second phase,
Algorithm 3 computes a second-stage solution based on the initial solution and a fixed
deletion set D, which is chosen by an adversary and can therefore be viewed as an
external input to Algorithm 3.
Algorithm 3:
Input: An RSMC-instance (I, f, k, w).
Output: Initial solution S and second-stage solution R.

1 Phase 1: Determining an initial solution
2 Set S ← ∅, S0 ← ∅
3 while |S0| < w do
4 Let G be the return of Algorithm 1 applied to (I, f, k)|I\S0

5 if f({G1, . . . , Gw}) ≤ f(G)
2 then

6 Set S ← G
7 break
8 else
9 Set S0 ← S0 ∪ {G1}

10 if S = ∅ then
11 Let S1 be the return of Algorithm 1 applied to (I, f, k − w)|I\S0

12 Set S ← S0 ∪ S1

13 Phase 2: Determining a second-stage solution
14 Let D be a fixed deletion set chosen by an adversary
15 Let T be the return of Algorithm 1 applied to (I, f, |S ∩D|)|I\D

16 Set R← T \ S
17 return S, R

In the following, we demonstrate that Algorithm 3 achieves for each RSMC-instance
an approximation factor that is constant except for a multiplicative dependence on the
curvature of the objective function of the given instance.

Definition 11. Let f : 2I → R≥0 be a normalized, monotone-increasing, and submodular
function with f(i) ̸= 0 for all i ∈ I. The curvature of f is defined as

c := 1−min
i∈I

f(I)− f(I \ {i})
f(i) .

Notice that the curvature of a normalized, monotone-increasing, and submodular func-
tion f satisfies

1− c ≤ f(S)− f(S \ {i})
f(i) ∀i ∈ S ⊆ I and

f(S) ≥ (1− c)
∑
j∈S

f(j).
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We first demonstrate that an initial solution, returned by Algorithm 3 for some RSMC-
instance (I, f, k, w), after deleting any set of cardinality at most w, approximates an
optimal ultimate solution depending on the ratio of w and k and the curvature of f .

Lemma 6. Let (I, f, k, w) be an RSMC-instance, and let c be the curvature of f . Fur-
thermore, let S be the initial solution returned by Algorithm 3 applied to (I, f, k, w), and
let D be an arbitrary solution set. Then,

f(S \D) ≥ min
{

(1− c)(1− e−(1− w
k

)), 1− e−1

2

}
f(Opt(I,f,k,w)).

To prove Lemma 6, we need a simple observation that follows immediately by Lines 3
and 9 of Algorithm 3.

Lemma 7. Let (I, f, k, w) be an RSMC-instance, and S0 and S1 be the sets constructed
in Lines 9 and 11 of Algorithm 3 applied to (I, f, k, w). Then, f(i) > f(j) for all i ∈ S0

and all j ∈ S1.

Now, we prove Lemma 6.

Proof. Let S0 and S1 be the sets constructed in Lines 9 and 11 of Algorithm 3, respec-
tively. We prove Lemma 6 by distinguishing two cases.

Case 1: Assume that Algorithm 3 sets S = S0 ∪ S1 in Line 12. Then, it follows by
|S1| = k − w, Lemma 2 and Theorem 1 that

f(S1) ≥ (1− e−(1− w
k

))f(Opt(I,f,k)|I\S0 ) ≥ (1− e−(1− w
k

))f(Opt(I,f,k,w)). (8)

Let D0 := S0 ∩D and D1 := S1 ∩D, then we have

f(S \D) = f((S0 \D0)∪̇(S1 \D1)) ≥
Def. 11

(1− c)
∑

i∈(S0\D0)∪̇(S1\D1)
f(i)

≥ (1− c)

 ∑
i∈S0\D0

f(i) +
∑

i∈S1\D1

f(i)


≥

Lem. 7
(1− c)

 |S0 \D0|
|D1|

∑
i∈D1

f(i) +
∑

i∈S1\D1

f(i)


= (1− c)

w − |D0|
|D1|

∑
i∈D1

f(i) +
∑

i∈S1\D1

f(i)


≥ (1− c)

w − (w − |D1|)
|D1|

∑
i∈D1

f(i) +
∑

i∈S1\D1

f(i)


≥ (1− c)

∑
i∈D1

f(i) +
∑

i∈S1\D1

f(i)

 ≥
submod. of f

(1− c)f(S1)

≥
(8)

(1− c)(1− e−(1− w
k

))f(Opt(I,f,k,w)).
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Case 2: Let G be the set returned by Algorithm 1 applied to (I, f, k)|I\S0 in Line 4 of
Algorithm 3. Assume that Algorithm 3 sets S = G in Line 6. Let DS = D ∩ S
be the set of elements deleted from S. Assume that DS = {DS

1 , . . . , DS
|DS |} is

ordered according to the insertion order of the elements to G by Algorithm 1,
i.e., if DS

i with i ∈ {1, . . . , |DS |} was added to G in an earlier iteration than
DS

j with j ∈ {1, . . . , |DS |} then i ≤ j. Furthermore, for any l ∈ {1, . . . , k} let
S<Sl

:= {S1, . . . , Sl−1} = {G1, . . . , Gl−1} be the set of all elements added to G
in an earlier iteration of Algorithm 1 than the element Gl = Sl. Then it follows

f(S \D) = f(S \DS) = f(S)− (f(S)− f(S \DS))
= f(S)− f(DS |S \DS)

≥ f(S)−
|DS |∑
j=1

f(DS
j |(S \DS) ∪

j−1⋃
m=1
{DS

m})

≥
Line 3 of Alg. 1

f(S)−
∑

i∈{S1,...,S|DS |}
f(i|S<i)

≥ f(S)−
∑

i∈{S1,...,Sw}
f(i|S<i)

= f(S)− f({S1, . . . , Sw}) ≥ (1− 1
2)f(S) ≥ 1− e−1

2 f(Opt(I,f,k,w)),

where the second last inequality follows by Line 5 of Algorithm 3, and the last
inequality follows by Proposition 1 and Theorem 1.

The claim follows from both cases.

By assuming |S∩D|
k ≥ 0.5, which implies w

k ≥ 0.5, in Theorem 4 and w
k ≤ 0.5 in

Lemma 6, it follows as a simple corollary that Algorithm 3 achieves an approximation
factor depending on the curvature of the objective function:

Corollary 1. For any RSMC-instance (I, f, k, w), Algorithm 3 has an approximation
factor of at least

min
{

1− e−1

2 , (1− c)(1− e−0.5)
}

, (∗)

where c is the curvature of f .

Unfortunately, the approximation factor (∗) of Algorithm 3 is zero, and thereby useless,
if the curvature is 1. Consequently, we aim to develop an approximation algorithm with
an approximation factor independent of the objective function’s curvature.

5.2. An approximation algorithm for instances with a bounded ratio of
deletions and cardinality parameter.

To eliminate the dependency of our previous approximation result on the curvature of
the objective function, we adapt a polynomial running time approximation algorithm
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by Bogunovic et al. (2017), originally designed for RSM, to solve RSMC. Before adapt-
ing Bogunovic et al.’s algorithm to our setting, we take a brief look at the known results
for RSM.

5.2.1. Summary of known results for RSM.

Orlin et al. (2018) provide a polynomial-time algorithm for RSM-instances (I, f, k, w),
with w ∈ o(

√
k

c(k)), achieving an approximation factor of e−1
2e−1(1− 1

Θ((c(k)))), where c(k),
with limk→∞ c(k) =∞, is an input parameter of the algorithm that determines the trade-
off between how large w can be and how quickly the approximation factor converges to
1−e−1

2−e−1 = 0.387 . . . . This result raised the question of whether an asymptotic constant
factor approximation is possible for arbitrary RSM-instances, thus with w ∈ o(k). The
challenge was taken up by Bogunovic et al. (2017), who provided the following algorithm
and claimed that it answers the open question in the affirmative.
Algorithm 4:
Input: An RSM-instance (I, f, k, w), η ∈ N>0, and an algorithm B with the

β-iterative property.
Output: Initial solution to (I, f, k, w).

1 Set S0 ← ∅ and S1 ← ∅
2 for i = 0, . . . , ⌈log2(w)⌉ do
3 for j = 1, . . . , ⌈w

2i ⌉ do
4 Let Gi,j be the set returned by algorithm B applied to (I, f, 2iη)|I\S0

5 Set S0 ← S0 ∪Gi,j

6 Let S1 be the set returned by algorithm B applied to (I, f, k − |S0|)|I\S0

7 Set S ← S0 ∪ S1

8 return S

As part of its input, Algorithm 4 requires an algorithm B with the β-iterative property:

Definition 12. Let B be an algorithm that applies to an SMC-instance (I, f, k) and
returns an iteratively constructed set G ⊆ I with |G| = k. For β ≥ 1, algorithm B has
the β-iterative property if for each j < k the following inequality is valid:

f(Gj+1|{G1, . . . , Gj}) ≥
1
β

max {f(G∗|{G1, . . . , Gj}) : G∗ ∈ I \ {G1, . . . , Gj}} .

Informally, the β-iterative property is based on the idea that an algorithm selects
elements iteratively, ensuring that each chosen element has a marginal gain of at least 1

β
of the maximum possible marginal gain. Note that Algorithm 1 satisfies the β-iterative
property for β = 1.

Bogunovic et al. (2017) analyze the approximation guarantee of Algorithm 4 for RSM.
For certain RSM-instances (I, f, k, w), where the number of allowed deletions is upper
bounded in terms of the cardinality parameter and the input parameter η of Algorithm 4,
they prove that the initial solution returned by Algorithm 4, after removing an arbitrary
deletion set, approximates an optimal solution of RSM depending on k, w, |S0| and η.
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Proposition 2. (Bogunovic et al. 2017, Theorem 4.5) Let (I, f, k, w) be an RSM-
instance with

2 ≤ w ≤ k

3η(log2(k) + 2) , where 4(log2(k) + 1) ≤ η ∈ N>0.

Further, let B be an algorithm satisfying the β-iterative property. Then, Algorithm 4
returns an initial solution S such that

f(S \D) ≥
η

5β3⌈log2(w)⌉+η
(1− e

− k−|S0|
β(k−w) )

1 + η
5β3⌈log2(w)⌉+η

(1− e
− k−|S0|

β(k−w) )
· max

X⊆I
|X|≤k

min
Y ⊆X
|Y |≤w

f(X \ Y ), (9)

where D ∈ arg min E⊆S,|E|≤w f(S \ E).

Notice that Proposition 2 does not directly imply a constant-factor approximation.
This is because the analysis by Bogunovic et al. (2017) does not exclude the possibility
that the constant in Inequality (9) approaches zero, as k − |S0| could approach zero.

Additionally, Bogunovic et al. (2017) provide, for RSM-instances with w ∈ o( k
η log2(k))

and η ≥ log2
2(k), an asymptotic approximation factor for Algorithm 4.

Proposition 3. (Bogunovic et al. 2017, Theorem 4.5) Let (I, f, k, w) be an RSM-
instance with w ∈ o( k

η log2(k)), where η ≥ log2
2(k). Further, let B be an algorithm satis-

fying the β-iterative property. Then, Algorithm 4 returns an initial solution S such that
for the limit k →∞:

f(S \D) ≥

1− e
− 1

β

2− e
− 1

β

+ o(1)

 max
X⊆I

|X|≤k

min
Y ⊆X
|Y |≤w

f(X \ Y ),

where D ∈ arg min D⊆S,|D|≤w f(S \D).
In particular, Algorithm 4 achieves an asymptotic approximation factor of at least

1−e−1

2−e−1 = 0.387 . . . if Algorithm 1 is used as the subroutine algorithm B.

From Proposition 3, Bogunovic et al. (2017) directly conclude that an asymptotic
constant factor approximation is possible for every RSM-instance (I, f, k, w) with w ∈
o(k). However, in our opinion, this conclusion is incorrect because not every w ∈ o(k)
satisfies w ∈ o( k

η log2(k)) with η ≥ log2
2(k); for example, w = k

log2
2(k) .

5.2.2. Adapting Algorithm 4 to RSMC.

Recall that RSMC-instances are similar to RSM-instances. Consequently, Algorithm 4
can be easily adapted to determine an initial solution, given an RSMC-instance. How-
ever, Algorithm 4 does not calculate a second-stage solution. In order to nonetheless
determine the approximation factor of Algorithm 4, we set each second-stage solution to
the empty set in what follows. Hence, Algorithm 4 has a constant approximation factor
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when it returns, for each RSMC-instance, an initial solution such that the set remain-
ing from the initial solution after removing any arbitrary deletion set approximates an
optimal ultimate solution within a constant factor.

Furthermore, in our analysis of Algorithm 4, we fix the input parameter η as well as
the algorithm B used as a subroutine within Algorithm 4.

Definition 13. Let (I, f, k, w) be an RSMC-instance. In the following, we fix the input
parameter η of Algorithm 4 to η := 4⌈log2(w)⌉. Additionally, we set the subroutine
algorithm B of Algorithm 4 to Algorithm 1.

We demonstrate that Algorithm 4 achieves a constant approximation factor for RSMC-
instances (I, f, k, w) with

w

k
≤ 1

12
(
⌈log2( k

12)⌉2 + 5⌈log2( k
12)⌉

) . (10)

Theorem 5. For any RSMC-instance (I, f, k, w) that satisfies Inequality (10), Algo-
rithm 4 has an approximation factor of at least

16
35(1− e− 2

3 )
1 + 16

35(1− e−1)
(1− e− 71

72 ) = 0.108 . . . .

The proof of Theorem 5 relies on the following results due to Orlin et al. (2018)
and Bogunovic et al. (2017).

Lemma 8. (Orlin et al. 2018, in Proof of Theorem 12) Let (I, f, k, w) be an RSMC-
instance, S be the set returned by Algorithm 4, and S0 be the set constructed in Line 5
of Algorithm 4. Further, let D be a deletion set and D0 = S0 ∩D. Then,

f(S0 \D0) ≥ f(Opt(I,f,k−w)|I\D0 )− f(Opt(I,f,k−w)|I\S0 ).

Lemma 9. (Bogunovic et al. 2017, Lemma D.5, Supplementary) Let (I, f, k, w) be an
RSMC-instance and D be a deletion set. Further, let Gi,j(i), with i ∈ {0, . . . , ⌈log2(w)⌉}
and j(i) ∈

{
1, . . . ,

⌈
w
2i

⌉}
, be the set constructed in the i-th iteration of the for loop in

Line 2 and j(i)-th iteration of the for loop in Line 3 of Algorithm 4. Then, for every
i ∈ {0, . . . , ⌈log2(w)⌉} there exists an j(i) ∈

{
1, . . . ,

⌈
w
2i

⌉}
such that

|Gi,j(i) ∩D| ≤ 2i. (11)

The following Lemma is a tailored adaptation of Bogunovic et al. (2017, Inequality
(66), Supplementary).

Lemma 10. Let (I, f, k, w) be an RSMC-instance, S be the set returned by Algorithm 4,
and D a deletion set. Further, let S1 be the set determined in Line 6 of Algorithm 4,
D1 = S1 ∩D, and for i ∈ {0, . . . , ⌈log2(w)⌉} and j(i) ∈ {1, . . . , ⌈w

2i ⌉} let Gi,j(i) be a set
constructed in Line 4 of Algorithm 4 that satisfies Inequality (11). Then,

19
16f(

⌈log2(w)⌉⋃
i=0

(Gi,j(i) \D)) ≥ f(D1|
⌈log2(w)⌉⋃

i=0
(Gi,j(i) \D) ∪ (S1 \D)).
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Now, the proof of Theorem 5 follows quite similarly to the proof of Bogunovic et al.
(2017, Theorem 4.5).

Proof of Theorem 5. Let (I, f, k, w) be an RSMC-instance that satisfies Inequality (10).
Further, let S be the set returned by Algorithm 4 and D a deletion set.

To prove Theorem 5, we demonstrate that

f(S \D)
f(Opt(I,f,k,w))

≥
16
35(1− e− 2

3 )
1 + 16

35(1− e−1)
(1− e− 71

72 ) = 0.108 . . . . (12)

Let S0 be the set in Line 5 and S1 the set in Line 6 of Algorithm 4.
First, observe that, by the construction of S0, we have

|S0| =
⌈log2(w)⌉∑

i=0

⌈
w

2i

⌉
2i · 4⌈log2(w)⌉ ≤ 4⌈log2(w)⌉

⌈log2(w)⌉∑
i=0

(
w

2i
+ 1

)
2i

= 4⌈log2(w)⌉

w (⌈log2(w)⌉+ 1) +
⌈log2(w)⌉∑

i=0
2i


= 4⌈log2(w)⌉

(
w (⌈log2(w)⌉+ 1) + 1− 2⌈log2(w)⌉+1

1− 2

)
≤ 4⌈log2(w)⌉ (w⌈log2(w)⌉+ 5w − 1) ≤ 4w

(
⌈log2(w)⌉2 + 5⌈log2(w)⌉

)
≤

4k
(
⌈log2( k

12)⌉2 + 5⌈log2( k
12)⌉

)
12
(
⌈log2( k

12)⌉2 + 5⌈log2( k
12)⌉

) = k

3 ,

where the second last inequality follows from Inequality (10).
Let D0 = S0 ∩D and D1 = S1 ∩D, and let m be a constant such that

f(D1|S \D) = mf(S1).

Now, we provide three lower bounds on f(S \ D), each of which depends either on m

or on f(Opt(I,f,k−w)|I\S0 ). These bounds can be combined into a single lower bound on
f(S \D) that depends solely on f(Opt(I,f,k,w)).

Bound 1: By S0 ∩ S0 = ∅, D0 ∩D1 = ∅, we have

f(S \D) = f(S) + (f(S \D0)− f(S)) + (f(S \D)− f(S \D0))
= f(S1) + f(S0|S1) + (f(S \D0)− f(D0 ∪ (S \D0)))
+ (f(S \D)− f(D1 ∪ (S \D)))
= f(S1) + f(S0|S1)− f(D0|S \D0) + f(D1|S \D)
≥ f(S1)− f(D1|S \D) = (1−m)f(S1),

where the inequality follows from f(S0|S1)−f(D0|S \D0) ≥ 0, since D0 ⊆ S0

and S1 ⊆ S \D0, and the last equality follows by the definition of m.
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Bound 2: For every i ∈ {0, . . . , ⌈log2(w)⌉}, let j(i) ∈ {1, . . . , ⌈w
2i ⌉} be such that the set

Gi,j(i) constructed in the i-th iteration of the for loop in Line 2 and the j(i)-th
iteration of the for loop in Line 3 of Algorithm 4 satisfies Inequality (11).
By Lemma 10 and submodularity of f , it follows that

f(S \D) ≥ f(
⌈log2(w)⌉⋃

i=0
(Gi,j(i) \D))

≥ 16
19f(D1|

⌈log2(w)⌉⋃
i=0

(Gi,j(i) \D) ∪ (S1 \D))

≥ 16
19f(D1|S \D) = 16

19mf(S1).

Bound 3: By Lemma 8, we have

f(S \D) ≥ f(S0 \D0) ≥ f(Opt(I,f,k−w)|I\D0 )− f(Opt(I,f,k−w)|I\S0 ).

By combining these three lower bounds on f(S \D), we obtain

f(S \D) ≥ max
{

f(Opt(I,f,k−w)|I\D0 )−f(Opt(I,f,k−w)|I\S0 ), (1−m)f(S1), 16
19mf(S1)

}
≥ max

{
f(Opt(I,f,k−w)|I\D0 )− f(Opt(I,f,k−w)|I\S0 ), 16

35f(S1)
}

≥
Lem. 2

max
{

f(Opt(I,f,k−w)|I\D0 )− f(Opt(I,f,k−w)|I\S0 ),

16
35(1− e− k−|S0|

k−w )f(Opt(I,f,k−w)|I\S0 )
}

≥
16
35(1− e− k−|S0|

k−w )

1 + 16
35(1− e− k−|S0|

k−w )
f(Opt(I,f,k−w)|I\D0 )

≥
16
35(1− e− k−|S0|

k )

1 + 16
35(1− e− k−|S0|

k−w )
f(Opt(I,f,k−w)|I\D0 )

≥
16
35(1− e− 2

3 )
1 + 16

35(1− e−1)
f(Opt(I,f,k−w)|I\D0 )

≥
Lem. 2,
Th. 1

16
35(1− e− 2

3 )
1 + 16

35(1− e−1)
(1− e− k−w

k )f(Opt(I,f,k,w))

≥
16
35(1− e− 2

3 )
1 + 16

35(1− e−1)
(1− e− 71

72 )f(Opt(I,f,k,w)) ≥ 0.108f(Opt(I,f,k,w))
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where the fourth last inequality follows by |S0| ≤ k
3 and |S0| ≥ w, and the second last

inequality follows by w ≤ k
12(⌈log2( k

12 )⌉2+5⌈log2( k
12 )⌉) ≤

k
72 . Thus, we have demonstrated

the validity of Inequality (12) and thereby proven the claim.

With Theorem 4, we have now obtained an approximation result for certain RSMC-
instances (I, f, k, w) that does not depend on the curvature of the objective function,
in contrast to Corollary 1. Unfortunately, this improvement comes with the trade-off
of restricting the allowed number of deletions to at most k

12(⌈log2( k
12 )⌉2+5⌈log2( k

12 )⌉) . It
remains an open question whether it is possible to obtain a constant factor approxima-
tion of an optimal ultimate solution for RSMC-instances (I, f, k, w) where more than

k
12(⌈log2( k

12 )⌉2+5⌈log2( k
12 )⌉) deletions are allowed.

5.3. New approximation results for RSM.
As an byproduct of our analysis of Algorithm 4 for RSMC, we obtain a new approxima-
tion result of Algorithm 4 for RSM:

Corollary 2. For any RSM-instance (I, f, k, w) that satisfies Inequality (10), Algo-
rithm 4 has an approximation factor of at least

16
35(1− e− 2

3 )
1 + 16

35(1− e−1)
= 0.172 . . . .

To prove Corollary 2, we use the following Lemma due to Orlin et al. (2018). It
compares the optimal objective value of an RSM-instance to the optimal objective value
of the underlying SMC-instance.

Lemma 11. (Orlin et al. 2018, Lemma 2) For any RSM-instance (I, f, k, w), we have:

max
S⊆I

|S|≤k

min
D⊆S

|D|≤w

f(S \D) ≤ f(Opt(I,f,k−w)|I\Z ) ≤ f(Opt(I,f,k−w)), for all Z ⊆ I, |Z| ≤ w.

Now, Corollary 2 follows directly from the inequality

f(S \D) ≥
16
35(1− e− 2

3 )
1 + 16

35(1− e−1)
f(Opt(I,f,k−w)|I\D0 ),

shown in the proof of Theorem 5, combined with Lemma 11.
Since Corollary 2 only requires the RSM-instances to satisfy Inequality (10), we have

not only shown that Algorithm 4 provides a non-asymptotic constant approximation
factor for RSM but also demonstrated its applicability to more RSM-instances, as illus-
trated by Bogunovic et al. (2017), since Corollary 2 imposes weaker requirements than
Proposition 2.
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6. Conclusion.
This paper considered the recoverable robust submodular maximization problem under
a cardinality constraint with commitment. Assuming that the objective function of an
RSMC-instance is M♮-concave, we demonstrated that the initial solution and the second-
stage solution of an optimal solution tuple can be computed in polynomial running time
by using a simple greedy algorithm (Algorithm 1). For instances (I, f, k, 1) of RSMC,
we presented an 1

3 -approximation algorithm, running in polynomial time.
Considering arbitrary instances of RSMC, we presented a polynomial running time

algorithm with an approximation factor that depends on the curvature of the objective
function. To eliminate this curvature dependence, we adapted a polynomial running
time algorithm by Bogunovic et al. (2017) to RSMC and demonstrated that it achieves
an approximation factor of at least 0.108 for any instance (I, f, k, w) of RSMC with
w
k ≤

1
12(⌈log2( k

12 )⌉2+5⌈log2( k
12 )⌉) . As a byproduct of this result, we improved Bogunovic

et al.’s approximation result for RSM by demonstrating that, for instances of RSM
fulfilling the same condition, Algorithm 4 achieves a constant approximation factor of
at least 0.172.

It remains an interesting open question whether it is possible to achieve a constant
factor approximation for RSMC-instances (I, f, k, w) with w

k > 1
12(⌈log2( k

12 )⌉2+5⌈log2( k
12 )⌉) .
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A. Appendix: Omitted Proofs.
A.1. Proof of Lemma 3.
Proof. Since coverage functions are obviously normalized and monotone increasing, we
only prove submodularity. Let E be a finite set and E1, . . . , En be a collection of subsets
of E. Let f : 2{1,...,n} → R≥0, X 7→ |

⋃
i∈X Ei| be a coverage function. Then, we have, for

all A ⊆ B ⊆ {1, . . . , n} and j ∈ {1, . . . , n} \B, that

f(A ∪ {j})− f(A) = |
⋃

i∈A∪{j}
Ei| − |

⋃
i∈A

Ei| = |Ej \
⋃
i∈A

Ei| ≥ |Ej \
⋃
i∈B

Ei|

= |
⋃

i∈B∪{j}
Ei| − |

⋃
i∈B

Ei| = f(B ∪ {j})− f(B).

A.2. Proof of Lemma 8.
Lemma 8 was originally shown by Orlin et al. (2018) as part of the proof of Orlin et al.
(2018, Theorem 12). Since Orlin et al.’s proof is very short and compact, we give a more
detailed explanation here to improve understanding and accessibility.

Proof. Let T ∈ arg max X⊆I\D0,|X|≤k−w f(X) and H ∈ arg max X⊆I\S0,|X|≤k−w f(X).
Define T 0 := T ∩ S0 and T C := T \ T 0. Then, we have T 0 ⊆ (I \D0) ∩ S0 = S0 \D0

and T C = T \ T 0 = T \ (T ∩ S0) = T \ S0 ⊆ I \ S0. Furthermore, we have f(H) ≥ f(J)
for all J ⊆ I \ S0 with |J | ≤ k−w, in particular for J = T C . Hence, it follows from the
monotonicity and submodularity of f that

f(S0 \D0) + f(H) ≥ f(T 0) + f(T C) ≥ f(T ).

The claim follows by rearranging the above inequality.
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A.3. Proof of Lemma 9.
Lemma 9 was originally proved by Bogunovic et al. (2017). However, due to a small
typesetting error in the original proof, we provide a corrected version here.

Proof. Let i ∈ {0, . . . , ⌈log2(w)⌉}. Assume that |Gi,j(i) ∩ D| > 2i for every j(i) ∈{
1, . . . ,

⌈
w
2i

⌉}
. Then,

|D| ≥ |

⌈
w

2i

⌉⋃
j(i)=1

Gi,j(i) ∩D| >
⌈

w

2i

⌉
2i ≥ w,

which contradicts |D| ≤ w.

A.4. Proof of Lemma 10.
Proof. By submodularity of f , we have

f(D1|
⌈log2(w)⌉⋃

i=0
(Gi,j(i) \D) ∪ (S1 \D)) ≤ f(D1|

⌈log2(w)⌉⋃
i=0

(Gi,j(i) \D))

= f(D1|(G⌈log2(w)⌉,j(⌈log2(w)⌉) \D) ∪
⌈log2(w)⌉−1⋃

i=0
(Gi,j(i) \D)).

Further, it follows from Bogunovic et al. (2017, Lemma D.6, Supplementary) and Bo-
gunovic et al. (2017, Lemma D.7 with η = 4⌈log2(w)⌉, Supplementary) that f satisfies

f(
⌈log2(w)⌉⋃

i=0
(Gi,j(i) \D)) ≥ 1

1 + α
f(G⌈log2(w)⌉,j(⌈log2(w)⌉))

and

f(G⌈log2(w)⌉,j(⌈log2(w)⌉) ∩D|
⌈log2(w)⌉−1⋃

i=0
(Gi,j(i) \D)) ≤ αf(

⌈log2(w)⌉−1⋃
i=0

(Gi,j(i) \D)),

where α ≤ 3
4 .

Therefore, and because S1 is constructed in Line 6 of Algorithm 4 by applying Algo-
rithm 1 to (I, f, k − |S0|)|I\S0 after determining the set G

⌈log2(w)⌉,⌈ w

2⌈log2(w)⌉ ⌉, we can ap-
ply Bogunovic et al. (2017, Lemma D.4, Supplementary) (with X =

⋃⌈log2(w)⌉−1
i=0 (Gi,j(i) \

D), Y = G⌈log2(w)⌉,j(⌈log2(w)⌉), Z = S1, EY = D ∩ Y and EZ = S1 ∩D = D1) to obtain

f(D1|(G⌈log2(w)⌉,j(⌈log2(w)⌉) \D) ∪
⌈log2(w)⌉−1⋃

i=0
(Gi,j(i) \D))
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≤ ( |D1|(1 + α)
|G⌈log2(w)⌉,j(⌈log2(w)⌉)|

+ α)f((G⌈log2(w)⌉,j(⌈log2(w)⌉) \D) ∪
⌈log2(w)⌉−1⋃

i=0
(Gi,j(i) \D))

≤ 19
16f(

⌈log2(w)⌉⋃
i=0

(Gi,j(i) \D),

where the last inequality follows by α ≤ 3
4 and |D1|

|G⌈log2(w)⌉,j(⌈log2(w)⌉)| ≤
w

2⌈log2(w)⌉4⌈log2(w)⌉ ≤
1
4 . In total, we have shown:

f(D1|
⌈log2(w)⌉⋃

i=0
(Gi,j(i) \D) ∪ (S1 \D))

≤ f(D1|(G⌈log2(w)⌉,j(⌈log2(w)⌉) \D) ∪
⌈log2(w)⌉−1⋃

i=0
(Gi,j(i) \D)) ≤ 19

16f(
⌈log2(w)⌉⋃

i=0
(Gi,j(i) \D).

B. Appendix: Upper bound for the approximation factor of
Algorithm 2.

Example 2. For n ∈ N, n ≥ 2, let S = {s1, . . . , sn+1}, A = {a1, . . . , an+1}, A′ =
{a′

1, . . . , a′
n+1} and let I = S ∪A ∪A′. Further, let

σ : 2A∪A′ → N, Y 7→ |Y | − |{j ∈ {1, . . . , n + 1} : aj ∈ Y, a′
j ∈ Y }|

be the function that assigns to each set Y ⊆ A ∪ A′ the cardinality of Y minus the
cardinality of the set of all those indices that appear twice in Y .

Let fn : 2I → R≥0 be defined by

f(∅) := 0,

fn(si) :=


(n + 1)

(
1− 1

(1+ 1
n

)n

)
if i = 1,

1
(1+ 1

n
)i−2 if i ∈ {2, . . . , n + 1},

fn(a) := 2− 1
(1 + 1

n)n
if a ∈ A ∪A′,

fn(X) :=
∑
x∈X

fn(x) if X ⊆ S,

fn(X ∪ Y ) := σ(Y )fn(a1) + fn(X)− σ(Y )(1− 1
1 + 1

n

)fn(X) if X ⊆ S and Y ⊆A ∪A′.

It is straightforward to prove that fn is submodular. We first demonstrate for any a ∈
A∪A′ and j ∈ {1, . . . , n+1} that fn(a|{s1, . . . , sj−1}) = fn(sj |{s1, . . . , sj−1}) by showing
fn({a} ∪ {s1, . . . , sj−1}) = fn({s1, . . . , sj}):

fn({a} ∪ {s1, . . . , sj−1}) = fn(a1) + fn({s1, . . . , sj−1})− (1− 1
1 + 1

n

)fn({s1, . . . , sj−1})
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= 1 + (1− 1
(1 + 1

n)n
) + 1

1 + 1
n

fn({s1, . . . , sj−1})

= 1 + (1− 1
(1 + 1

n)n
) + 1

1 + 1
n

(
(n + 1)(1− 1

(1 + 1
n)n

)

+
j−1∑
i=2

1
(1 + 1

n)i−2


= 1 + (n + 1)(1− 1

(1 + 1
n)n

) +
j∑

i=3

1
(1 + 1

n)i−2

= fn(s1) + fn(s2) +
j∑

i=3
fn(si) = fn({s1, . . . , sj}).

Furthermore, this implies for all j ∈ {1, . . . , n + 1} and x ∈ {sj , . . . , sn+1} that
fn(a|{s1, . . . , sj−1}) = fn(x|{s1, . . . , sj−1}), since

fn(a|{s1, . . . , sj−1}) = fn(sj |{s1, . . . , sj−1}) = fn(sj) > fn(x) = fn(x|{s1, . . . , sj−1}).

Thus, Algorithm 1 applied to the SMC-instance (I, fn, n+1) returns the set S, when we
assume that Algorithm 1 breaks ties in Line 3 by favoring any x ∈ S over any a ∈ A∪A′.
Consequently, Algorithm 2 returns for the RSMC-instance (I, fn, n + 1, 1) the initial
solution S and the second-stage solution R = ∅. Then, (S, {s1}, ∅) is a solution tuple of
(I, fn, n + 1, 1) with D chosen adversarially to minimize the value of the corresponding
ultimate solution.

Furthermore, {a1, . . . , an} ∪ {a′
n+1} is the ultimate solution corresponding to the opti-

mal solution tuple (A, {an+1}, {a′
n+1}) and for the limit n→∞, we have

lim
n→∞

fn({s2, . . . , sn+1})
fn({a1, . . . , an} ∪ {a′

n+1})
= lim

n→∞

∑n+1
i=2

1
(1+ 1

n
)i−2

(n + 1)(2− 1
(1+ 1

n
)n )

= lim
n→∞

(n + 1)(1− 1
(1+ 1

n
)n )

(n + 1)(2− 1
(1+ 1

n
)n )

= 1− e−1

2− e−1 = 0.387 . . . .

Hence, the approximation factor of Algorithm 2 can not be better than 1−e−1

2−e−1 .
Notice that, even if we set – deviating from Algorithm 2 – the second-stage solution

to R = {a1}, which is optimal for the initial solution S and deletion set {s1}, we still
cannot achieve a better approximation of the optimal ultimate solution, since

lim
n→∞

fn({a1, s2, . . . , sn+1})
fn({a1, . . . , an} ∪ {a′

n+1})
= lim

n→∞

2− 1
(1+ 1

n
)n + 1

1+ 1
n

∑n+1
i=2

1
(1+ 1

n
)i−2

(n + 1)(2− 1
(1+ 1

n
)n )

= lim
n→∞

1 + (1− 1
(1+ 1

n
)n ) + n+1

1+ 1
n

(1− 1
(1+ 1

n
)n )

(n + 1)(2− 1
(1+ 1

n
)n )
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= lim
n→∞

1 + (1− 1
(1+ 1

n
)n ) + n(1− 1

(1+ 1
n

)n )

(n + 1)(2− 1
(1+ 1

n
)n )

= lim
n→∞

1− 1
(1+ 1

n
)n

2− 1
(1+ 1

n
)n

= 1− e−1

2− e−1 = 0.387 . . . .

Hence, no algorithm that determines an initial solution analogously to Algorithm 2
can achieve an approximation factor better than 1−e−1

2−e−1 .
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